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LOW-DIMENSIONAL LINEAR REPRESENTATIONS
OF Aut Fn, n ≥ 3

A. POTAPCHIK AND A. RAPINCHUK

Abstract. We classify all complex representations of Aut Fn, the automor-
phism group of the free group Fn (n ≥ 3), of dimension ≤ 2n − 2. Among
those representations is a new representation of dimension n + 1 which does
not vanish on the group of inner automorphisms.

Introduction

In this paper we study low-dimensional linear representations of Γn = Aut Fn

(n ≥ 3), the automorphism group of the free group (low-dimensional representa-
tions of Aut F2 were analyzed in [DP]). It is known (see Theorem 1.2) that any
n-dimensional representation of AutFn factors through the the canonical homomor-
phism f : Γn → GLn(Z). We show that in dimension higher than n, the group Γn

acquires new representations. Namely, we will establish the existence of a homomor-
phism g : Γn → GLn(Z)nZn which “lifts” f and gives rise to an (n+1)-dimensional
representation. The main result of the paper (Theorem 3.1) claims that this rep-
resentation accounts in fact for all representations of Γn of dimension ≤ 2n− 2 (in
particular, any such representation factors through g). We also use the homomor-
phism g to construct an infinite family of pairwise inequivalent representations of
Γn (Proposition 2.5).

We are grateful to the referee for helpful comments and especially for pointing
out a number of relevant references we were not aware of.

1. Notations and preliminaries.

Throughout the paper, Em will denote the identity m×m-matrix; for a partition
m = m1 + · · ·+mk, G(m1, . . . ,mk) will denote the product

GLm1(C)× · · · ×GLmk
(C)

diagonally embedded in GLm(C), pi(m1, . . . ,mk) : G(m1, . . . ,mk)→GLmi(C) be-
ing the corresponding projection; Sn is the symmetric group on {1, . . . , n}. To
comply with the classical tradition, Γn and Sn will be treated as groups of right
transformations (in other words, the result of application of f to a will be written
as (a)f, with the law of composition given by (a)(fg) = ((a)f)g).
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We will use the following elements of Γn = Aut Fn:

ρij :
{

xi → xixj ,
xk → xk, k 6= i,

λij :
{

xi → xjxi,
xk → xk, k 6= i,

εi :
{

xi → x−1
i ,

xk → xk, k 6= i,
εij = εiεj;
ε = ε1 . . . εn : xi → x−1

i ∀i,
∀π ∈ Sn, σπ : xi → x(i)π .

It is known that these elements generate Γn (cf. [MKS]). One easily checks the
following identities:

ε2i = idFn , εiεj = εjεi, σ−1
π εiσπ = ε(i)π,

ε−1
i ρijεi = λ−1

ij , ε−1
ij ρijεij = ε−1ρijε = λij ∀i, j, i 6= j.

(1)

It follows that Hn, the subgroup generated by all εi, is isomorphic to (Z/2Z)n; all
σπ, π ∈ Sn, form a subgroup Σn which is a replica of Sn; and the subgroup Ωn,
generated by all εi and σπ together, is the semidirect product Σn nHn.

A special feature that distinguishes the case n ≥ 3 from the case n = 2 is the
existence of the following commutator relations:

[λij , λjk] = λik, [ρij , ρjk] = ρik(2)

(i, j, and k are all distinct), where [x, y] = xyx−1y−1.
Passing to abelianization, we obtain a (surjective) homomorphism

f : Γn → Aut(Fn/[Fn, Fn]) = GLn(Z)

(matrix presentation is taken with respect to the basis of Fn/[Fn, Fn] ' Zn made
up of the images of x1, . . . , xn; for consistency, Zn is treated as n-rows of integers,
with right action of GLn(Z)). Let N = Ker f. Our argument makes essential use
of the fact (see [LS], p.28) that N as a normal subgroup of Γn is generated by the
element

β = λ−1
n,n−1ρn,n−1.

Another element to be frequently used is

γ = λn,n−1ρn,n−1.

Lemma 1.1. Let ϕ : Γn → G be a homomorphism of Γn to some group G. If the
restriction of ϕ to Ωn is not injective, then ϕ factors through f.

Proof. First, assume that the restriction ϕ | Hn is not injective. It is easy to see
that Hn has only two proper subgroups normalized by Σn : 〈ε〉 and H ′ = {h ∈ Hn |
det f(h) = 1}. If Ker f = 〈ε〉, then (cf. (1))

ϕ(λij) = ϕ(ερijε
−1) = ϕ(ρij),

implying that ϕ(β) = 1G, which in view of the fact quoted above implies that
ϕ(N) = {1G}; hence our claim. If Ker(ϕ | Hn) ⊃ H ′, we observe that εij ∈ H ′

(i 6= j), so the same argument applies with ε replaced by εij .
Now, suppose z = (σπ , h) ∈ Ker(ϕ | Ωn) with π nontrivial. If i is such that

π(i) 6= i, then the commutator [z, εi] = εiπ(i) ∈ Ker(ϕ | Hn), reducing the argument
to the previous case.

Lemma 1.1 implies
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Theorem 1.2 ([DF], [R1]). Every n-dimensional representation θ : Γn → GLn(C)
factors through the canonical homomorphism f : Γn → GLn(Z).

Proof. It follows from Lemma 1.1 that θ(Hn) ⊂ GLn(C) is isomorphic to (Z/2Z)n,
so after replacing θ by an equivalent representation we may assume that θ(Σn)
contains representatives of all cosets of the Weyl group W = N/Dn. Since ε is fixed
by Σn, and −En is the only nontrivial element of θ(Hn) fixed by W , we conclude
that θ(ε) = −En. But then θ(β) = θ([ρnn−1, ε]) = En, and our claim follows.

Remark 1.3. As pointed out by the referee, Theorem 1.2 was first proved in [DF].
Being unaware of this result, the second-named author rediscovered it in [R1] (with
the same proof which we reproduced above for the sake of completeness) in an
attempt to see whether Γn (n ≥ 3) has finite representation type.

2. The homomorphism g : Γn → GLn(Z) n Zn.

To avoid ambiguity, we note that since we are using the right action of GLn(Z)
on Zn, the operation on the semidirect product GLn(Z)oZn is given by (A, u)(B, v)
= (AB, uB + v).

Let v1, . . . , vn be the standard basis of Zn.

Proposition 2.1. For every n ≥ 2, there exists a homomorphism

g : Γn → GLn(Z)oZn

such that

g(λij) = (f(λij), vj) , g(ρij) = (f(ρij),−vj),

g(εi) = (f(εi), 0) , g(σπ) = (f(σπ), 0).

Proof. For n ≥ 4, Γn is generated by the following four automorphisms:

P = σ(12), Q = σ(12...n), S = ε1, U = λ12,

and admits the following presentation in terms of these generators (cf. [MKS],
[N]):

P 2 = S2 = Qn = (QP )n−1 = 1,(1)

[S,Q−1PQ] = [S,QP ] = [S,Q−1SQ] = [P,Q−iPQi] = 1,(2)

(i = 2, 3, ..., [n/2])

U−1PUPSUSPS = (PSPU)2 = (PQ−1UQ)2UQ−1U−1QU−1 = 1,(3)

[U,Q−2PQ2] = [U,QPQ−1PQ] = [U,Q−2SQ2] = [U,Q−2UQ2] = 1,(4)

[U, SUS] = [U, PQ−1SUSQP ] = [U, PQ−1PQPUPQ−1PQP ] = 1.

Since the GLn-components of g(P ), g(Q), g(S) and g(U) as defined in the statement
of the proposition coincide with f(P ), f(Q), f(S) and f(U) respectively, for the
existence of a homomorphism g : Γn → GLn(Z) n Zn with such images of P,Q, S,
and U, we need to verify only the equality of the Zn-components in the relations
(1)–(4). For computations, we need to observe that f(S) = diag(−1, 1, . . . , 1),
f(U) = E12, the elementary matrix with 1 as the (12)-entry, and f(σπ) = (δi(i)π),
the permutation matrix. Note that since the Zn-components of g(P ), g(Q) and
g(S) are trivial, we only need to verify the relations involving U, i.e. (3) and (4).
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The triviality of the Zn-component in all relations (3) is easily verified by direct
computation. Namely, the Zn-component of U−1PUPSUSPS is

(−v2)f(PUPSUSPS) + (v2)f(PSUSPS) + (v2)f(SPS)

= −v2 + (v1 + v2)− v1 = 0.

The Zn-component of (PSPU)2 is

(v2)f(PSPU) + v2 = −v2 + v2 = 0.

Finally, the Zn-component of (PQ−1UQ)2UQ−1U−1QU−1 is

(2v2)f(UQ−1U−1QU−1) + (v2)f(Q−1U−1QU−1)− (v2)f(QU−1)− v2

= 2v3 + (v2 − v3)− v3 − v2 = 0.

For verification of (4), we note the following commutator identity:

[(A, u), (B, v)] = ([A,B], u(B − En)A−1B−1 + v(A−1 − En)B−1).

It follows that the Zn-component of [(A, u), (B, v)] is trivial if uB = u and vA = v.
In the first three commutators, the Zn-component of the second element is trivial,
and it suffices to show that this element fixes v2 (= Zn-component of g(U)). This
is easily done by direct computation; for example,

(v2)Q−2PQ2 = (vn)PQ2 = (vn)Q2 = v2, etc.

For triviality of the Zn-component in the remaining four commutators, we need to
show in addition that the Zn-component of this element is fixed by U, i.e. it doesn’t
involve v1. The computations are routine, and we consider below only two out of
four cases:

(v2)f(Q−2UQ2) = (vn)f(UQ2) = (vn)f(Q2) = v2,

and the Zn-component of Q−2UQ2 is v2f(Q2) = v4;

(v2)f(SUS) = (v2)f(US) = (v2)f(S) = v2,

and the Zn-component of SUS is v2f(Q2) = v4 (in the remaining two commutators
the Zn-components of the second element are v3 and v4, respectively).

Once we have established the existence of a homomorphism g : Γn → GLn(Z) n
Zn which has the required images on P,Q, S, and U, the standard relations in Γn

show that the images under this g of all elements εi, λij , ρij , and σπ coincide with
those given in the statement of the proposition. Indeed, since the permutations (12)
and (12 . . . n) generate Sn, we have g(σπ) = (f(σπ), 0) for all π ∈ Sn. The identity
ε1λ12ε

−1
1 = ρ−1

12 implies that g(ρ12) = (f(ρ12),−v2), and then the identities

σ−1
π ε1σπ = ε(1)π, σ−1

π λ12σπ = λ(1)π(2)π, σ−1
π ρ12σπ = ρ(1)π(2)π

easily complete the verification that g indeed has the prescribed images on all
elements.

For the remaining two dimensions n = 2 and 3, one can argue similarly, using the
known presentations of Γ2 and Γ3 (see [MKS]). However, there is a shorter argument
based on the “functoriality” of g = gn with respect to n, by which we mean the
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following: for m < n, consider the embedding ιmn : Γm → Γn obtained by letting
Γm act trivially on xn−m+1, . . . , xn; then the following diagram is commutative:

Γm
gm

//

ιm
n

��

GLm(Z) n Zm

θm
n

��

Γn
gn

// GLn(Z) n Zn

where θm
n identifies Zm with (Zm, 0, . . . , 0) ⊂ Zn, and embeds GLm(Z) in the left

upper corner of GLn(Z). In fact, since θm
n is an embedding, the images under gn of

the elements ιmn (λij), ιmn (ρij), ιmn (εi) (1 ≤ i, j ≤ m) and ιmn (σπ) (π ∈ Sm) belong to
Im θm

n , and (θm
n )−1 applied to these elements yields exactly the elements given in

the statement of the proposition for Γm. The existence of gn implies the existence
of gm for any m < n, completing the proof.

Remark 2.2. The referee suggested that it should be possible to obtain a different
proof of Proposition 2.1 using the GLn(Z)-isomorphism between N/[N,N ] and
HomZ(Fn/[Fn, Fn], Fn/F

(3)
n ), where F (3)

n is the third term of the lower central series
of Fn (see [F], pp. 426-428).

Corollary 2.3. For the group of inner automorphisms Int Fn ⊂ Γn, one has

g(Int Fn) = (En, 2(n− 1)Zn).(5)

In particular, g doesn’t vanish on Int Fn.

Proof. Since

Int xj =
∏
i6=j

λ−1
ij ·

∏
i6=j

ρ−1
ij ,

(5) follows.

Note that the homomorphism g is not surjective. This plays a crucial role in the
proof of the following fact.

Corollary 2.4. The extension

1 → Nab → Γn/[N,N ] → GLn(Z) → 1,(6)

and consequently also the extension

1 → N → Γn → GLn(Z) → 1,

do not split.

Proof. If (6) were split, so would be the extension

1 → g(N) → g(Γn) → GLn(Z) → 1;

in particular, g(Γn) ⊂ GLn(Z) n g(N). But g(β) = (2vn, En), so g(N) = 2Zn, and
we see that g(λnn−1) /∈ GLn(Z) n g(N).

As yet another application of the existence of the homomorphism g, we will show
that (contrary to some expectations) Γn does not have finite representation type.

Proposition 2.5. For any n ≥ 2, there exists an infinite family {ρs} of pairwise
inequivalent representations ρs : Γn → GLm(C) in some dimension m = m(n).
Thus, Γn has infinite representation type for all n ≥ 2.
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Proof. Since Γ2 has the virtually free group GL2(Z) as a quotient, our assertion is
trivial for n = 2. So, in what follows n ≥ 3.

We will say that two representations ρ1, ρ2 : H → GLm(C) of a certain group H
are strongly inequivalent if HomH ((Cm, ρ1), (Cm, ρ2)) = 0; in other words, there
is no nonzero operator T : Cm → Cm such that ρ1(h)T = Tρ2(h) for all h ∈ H.
Our construction of the required family {ρs} (which generalizes the construction
described in [R2]) hinges on the existence of an infinite family of pairwise strongly
inequivalent representation of the algebraic group Gn = SLn(C) n Cn. Though
this should be well-known to the specialists in representation theory, we have been
unable to find a reference, and therefore include the formulation and proof of the
required fact.

Lemma 2.6. For any n ≥ 3, there exists an m = m(n) such that Gn admits an
infinite family of pairwise strongly inequivalent representations θs : Gn → GLm(C).

Proof. We will need six pairwise inequivalent irreducible rational representations
ρ1, ..., ρ6 of the algebraic group SLn(C) with the following property: for for every
pair (i, j) from the set

I = {(1, 4), (2, 4), (2, 5), (3, 5), (3, 6), (1, 6)},
the tensor product ρ̂i ⊗ ρj contains the standard representation of SLn(C) on
V = Cn, where for a representation ρ, ρ̂ denotes the contragredient representation
defined by ρ̂(g) = tρ(g)−1. Such representations (which exist for any n ≥ 3) were
kindly constructed for us by E. B. Vinberg, to whom we acknowledge our thanks.
Namely, it follows from the formula for the multiplicities of irreducible components
of the tensor products of two irreducible representations (cf. [OV], pp. 290, and
Exercise 14 to §9 of Ch. VIII in [Bo]) that the representations with the following
highest weights possess the required property:

ρ1 : 3ε1 + ε2 + ε3, ρ4 : 2ε1 + ε2 + ε3,
ρ2 : 2ε1 + 2ε2 + ε3, ρ5 : 2ε1 + 2ε3,
ρ3 : 3ε1 + 2ε2, ρ6 : 3ε1 + ε2.

Let ni = dim ρi (i = 1, ..., 6), and let Mij be the space of complex ni × nj-matrices
with the following action of SLn(C) :

A · g = ρi(g)−1Aρj(g), g ∈ SLn(C),

where in the right-hand side we have the usual product of matrices. Obviously,
this representation of SLn(C) is equivalent to ρ̂i ⊗ ρj . Let m = n1 + ...+ n6. This
partition of m makes it sensible to talk about the ij-block (of size ni × nj) of a
matrix from Mm(C), where i, j = 1, ..., 6. Let Vij ⊂ Mm(C) be the subspace of
matrices in which all blocks, except ij, equal zero. Then Vij is invariant under
Adρ, where ρ = ρ1⊕ ...⊕ρ6, and the restriction Adρ|Vij defines an SLn(C)-module
isomorphic to Mij , hence to ρ̂i ⊗ ρj . Thus, according to our choice of ρi, for each
pair (i, j) ∈ I there exists an embedding of SLn(C)-modules ϕij : V → Vij . (As
remarked by E. B. Vinberg, since V does not have multiple weights, it follows from
the above mentioned formula for multiplicities that ϕij is actually unique up to a
scalar.)

Let Wij = ϕij(V ). For any two pairs (i1, j1), (i2, j2) ∈ I we have j1 6= i2 and
therefore Wi1,j1 ·Wi2,j2 = 0 (the product is taken in Mm(C)). Since W 2

ij = 0 for
all i 6= j, we see that W =

⊕
(i,j)∈I Wij satisfies W 2 = 0.
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Consider the family of linear maps ϕs : V →W, s ∈ C, defined by

ϕs(v) = sϕ14(v) +
∑

(i,j)∈I
(i,j) 6=(1,4)

ϕij(v).(7)

One easily checks that θs : Gn → GLm(C), given by

θs(g, v) = ρ(g)(Em + ϕs(v)),

is a family of rational representations of Gn, so it only remains to show that θs and
θt are strongly inequivalent for s, t ∈ C, s 6= t.

Suppose T : Cm → Cm intertwines ρs and ρt. Then T must commute with ρ,
and therefore T = diag(α1En1 , ..., α6En6) for some α1, ..., α6 ∈ C, as ρ is the direct
sum of the pairwise inequivalent irreducible representations ρ1, ..., ρ6. In view of (7)
the condition Tϕs = ϕtT implies that αi = αj for all i, j such that (i, j) ∈ I and
(i, j) 6= (1, 4), and therefore α1 = ... = α6. So, if T 6= 0, then Tϕs = ϕtT forces
s = t, completing the proof.

We now proceed with the proof of the proposition. Clearly, it suffices to construct
an infinite family of pairwise inequivalent representations of Λn = g(Γn). Note that
Φn = Λn∩(SLn(Z)nZn) is a normal subgroup of Λn of index 2; on the other hand,
being of finite index in SLn(Z) n Zn, it is Zariski dense in Gn. It follows that on
restricting θs to Φn (θs as in Lemma 2.6) we obtain a family of pairwise strongly
inequivalent representations πs of Φn. Fix g ∈ Λn−Φn and let π̃s(h) = πs(ghg−1).
We show that the family

ρs = IndΛn

Φn
(πs)

contains infinitely many inequivalent representations. Since representations π̃s are
pairwise inequivalent, it suffices to establish the implication

ρs ' ρt for s 6= t ⇒ πs ' π̃t,(8)

where ' denotes the equivalence of representations.
Obviously, the restriction ρs|Φn is equivalent to πs ⊕ π̃s, so ρs ' ρt implies the

existence of an isomorphism

T : πs ⊕ π̃s → πt ⊕ π̃t.

However, since πs and πt are strongly inequivalent, the projection of T ◦ πs to πt

must be trivial, implying that T yields the equivalence of πs and π̃t, which proves
(8) and completes the proof of Proposition 2.5.

Remark 2.7. Note that for the family ρs constructed in Proposition 2.5, ρs(N) is
abelian, so Theorem 2 in [R1], which claims that Γn (n ≥ 3) is SS-rigid with respect
to the class of representations ρ for which ρ(N) is nilpotent of a fixed nilpotency
class, cannot be upgraded to a statement about finiteness of representation type.
On the other hand, representations ρs are not completely reducible, so the question
of whether or not Γn is SS-rigid, i.e. has only finitely many inequivalent completely
reducible representations in every dimension, remains open.
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3. Statement of the Main Theorem.

We need to introduce some special representations of Γm. Let µ : Γn → GLn(C)
be the representation obtained by composing f : Γn → GLn(Z) with the embedding
GLn(Z) ⊂ GLn(C). Let δ(x) = detµ(x); since for n ≥ 3 the commutator subgroup
[Γn,Γn] coincides with f−1(SLn(Z)) (this easily follows from the commutator re-
lations), δ is the only nontrivial character of Γn.

Next, the homomorphism g : Γn → GLn(Z) n Zn, g(x) = (f(x), v(x)), con-
structed in the previous section, gives rise to the following representation of Γn in
GLn+1(Z) :

x 7→
 f(x) 0

v(x) 1

 ,

and we let ν : Γn → GLn+1(C) denote the composition of this representation with
the embedding GLn+1(Z) ⊂ GLn+1(C). (Obviously, Ker ν = Ker g; in particular,
ν doesn’t vanish on Int Fn.)

Theorem 3.1. Let n ≥ 3, and let θ : Γn → GLm(C) be a representation of dimen-
sion m ≤ 2n−2. Then either θ factors through f, or it is equivalent to a direct sum
θ1⊕ θ2, where θ1 is one of the following (n+ 1)-dimensional representations: ν, δν,
or their contragredient representations, and θ2 is a direct sum of 1-dimensional rep-
resentations of Γn. In particular, θ always factors through g and therefore vanishes
on [N,N ].

Here δν denotes the δ-twist of ν given by δν(x) = δ(x)ν(x), and the contragre-
dient representation for ϕ : Γn → GLd(C) is τϕ, where τ : g 7→ tg−1.

Corollary 3.2. Let n ≥ 3. Then Γn has only finitely many inequivalent represen-
tations in any dimension ≤ 2n− 2.

Indeed, it follows, for example, from the affirmative solution of the congruence
subgroup problem for SLn(Z) (see [BMS]), or from Margulis’s superrigidity (see
[Ma]), that GLn(Z) has finitely many inequivalent representations in every dimen-
sion.

Remark 3.3. There is a general construction of representations of Γn (see [BL]): one
looks at the natural action of Γn on the representation variety Rm(Fn) for some m,
which gives rise to an action of Γn on the ring of regular functions A = C[Rm(Fn)];
now, if m ⊂ A is the maximal ideal associated with the trivial representation, one
gets a family of finite-dimensional representations of Γn on the quotients mi/mj

(i < j). It would be interesting to find out if ν occurs as a subrepresentation in
some such representation.

4. Restricting low-dimensional representations of Γn to Ωn.

Let Ĥn be the group of characters of Hn, ε̂i and let be defined by ε̂i(εj) = δij
(Kronecker’s delta). We will need some specific representations of Ωn. Let ψ : Σn →
{±1} be the sign homomorphism, and χ0 = ε̂1 + . . .+ ε̂n. Then for k, l ∈ {0, 1} we
define a character of Ωn,

ηk,l(σπ , h) = ψ(σπ)kχ0(h)l
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and the corresponding twisted n-dimensional representation

µk,l = ηk,l · µ |Ωn ,

where µ : Γn → GLn(C) is the standard representation introduced in the previous
section.

Proposition 4.1. Let θ : Γn → GLm(C) (n ≥ 3) be a representation of dimension
m ≤ 2n−2. Then θ(N) 6= {Em} is possible only if the restriction θ | Ωn is equivalent
to a representation of the form:

µp,q ⊕
 ⊕

k,l∈{0,1}
(ηk,l)

αk,l


for some p, q ∈ {0, 1}, and some integers αk,l (k, l ∈ {0, 1}) such that α00 + · · · +
α11 = m− n.

Proof. Let V = Cm, and let

V = Vχ1 ⊕ · · · ⊕ Vχr(1)

be the decomposition of V as the direct sum of nonzero eigenspaces of Hn corre-
sponding to characters χi ∈ Ĥn (observe that {χ1, . . . , χr} is the union of some
orbits of Σn acting on Ĥn). If χ ∈ Ĥn is of the form

χ = ε̂i1 + · · ·+ ε̂il
,

then the orbit Σn ·χ consists of
(
n
l

)
elements. It follows that if n ≥ 5, | Σn ·χ |≥ 2n

unless l = 0, 1, n − 1, or n, i.e. χ = 0, ε̂i, χ
0 − ε̂i, or χ0 for some i, and therefore

only such characters can appear in (1), as dimV < 2n. On the other hand, if n = 3,
then the characters of such form exhaust all characters, so only the case n = 4 will
require special consideration. Furthermore, in view of Lemma 1.1, there should be
a χi in (1) which is different from 0 and χ0. Then the orbit O = Σn · χi consists
of n elements, so W =

⊕
χ∈O Vχ has dimension n · dimVχi , so dimVχi = 1. The

stabilizer Σn(χi) is isomorphic to Sn−1, so its representation on Vχi is either the
trivial or the sign representation, which easily implies that the representation of Ωn

onW is equivalent to one of the µp,q. Those Vχ in (1) which are not inW correspond
to χ = 0 or χ0; hence they are Σn-invariant, and have dimension ≤ n− 2. But for
n 6= 4, Sn has only one nontrivial irreducible representation of dimension ≤ n− 2,
viz. the 1-dimensional sign representation (see [JK], Theorem 2.4.10), and our
assertion follows.

For n = 4, there is one orbit of Σ4 on Ĥ4 consisting of 6 elements, viz. O =
Σ4 · χ, χ = ε̂1 + ε̂2, so we need to eliminate the possibility of this χ in (1) when
dimV = 6. In this case O = {ε̂i + ε̂j | i 6= j}, which restricts to three distinct
characters of the subgroup H̃ = 〈ε1, ε2〉, each of the corresponding eigenspaces
being 2-dimensional. Let Γ̃ be the group Aut F 〈x3, x4〉 isomorphically embedded
in Γ4 as acting identically on x1 and x2. Then H̃ and Γ̃ commute, so each of
the eigenspaces is Γ̃-invariant. Since any 2-dimensional representation of Aut F2

factors through the canonical homomorphism AutF2 → GL2(Z) (Theorem 1.2),
this implies that θ(β) = Em, and hence θ(N) = {Em}—a contradiction.

It remains to be shown that if Vχ from (1) doesn’t occur in W (so χ = 0 or
χ0, and Vχ is Σ4-invariant), then the representation of Σ4 on Vχ cannot be a 2-
dimensional irreducible representation of Σ4. It is known (see [FuH], p.19) that
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S4 has only one 2-dimensional irreducible representation τ which is obtained by
composing the standard representation of S3 with the isomorphism

S4/{1, (12)(34), (13)(24), (14)(23)} ' S3.

We need only the fact that det τ(t) = −1 for any transvection t ∈ S4. So, let us
suppose that

θ | Ωn ' µp,q ⊕ τl,

where τl(σπ , h) = χ0(h)lτ(π), l ∈ {0, 1}. Let x = (σ(12), ε1). Then

det θ(x) = det f(x) det τ((1, 2)) = −1.

On the other hand, since [Γn,Γn] = f−1(SLn(Z)) for n ≥ 3, we have x ∈ [Γn,Γn],
and consequently det θ(x) = 1—a contradiction.

5. Proof of Theorem 3.1.

Our proof of Theorem 3.1 is based on the description of the restriction of a rep-
resentation θ : Γn → GLm(C) to Ωn provided by Proposition 4.1, and information
about how elements of Ωn interact with ρij and λij . We may (and we will) assume
that

θ | Ωn = µp,q ⊕ θ̄,

where θ̄ =
⊕

k,l∈{0,1}(ηk,l)αk,l (notation as in §4) has dimension l = m−n, 0 ≤ l ≤
n− 2. We collect in the following statement some properties of µp,q and θ̄ that are
immediate consequences of their description and will be used below.

Lemma 5.1. (i) µp,q(εij) = diag(α1, . . . , αn), where αi = αj = −1 and αk = 1
for k 6= i, j.

(ii) θ̄(εi) = θ̄(εj) for all i, j, so θ̄(εij) = El for all i 6= j.
(iii) Let g ∈ Γn be such that θ(g) = diag(A,B) ∈ G(n, l), and suppose that either

n = 3, or g commutes with εi and σ(jk) for some i and some j 6= k. Then B

commutes with θ̄(Ωn).

(Assertion (iii) is immediate if n = 3, since then θ̄ is at most one-dimensional;
otherwise one needs to use (ii) and the fact that for any two transposition, the
corresponding automorphisms have the same image under θ̄.)

Let Γ′ be the subgroup of Γn generated by ρij , λij , εi for i, j ∈ {n− 1, n}, i 6= j,
and σ(n−1n), ∆ = 〈Γ′, Hn〉.
Lemma 5.2. If either n ≥ 4, or n = 3 but θ doesn’t factor through f, then θ(∆) ⊂
Dn−2 ×GLl+2(C), where Dn−2 ⊂ GLn−2(C) is the diagonal torus.

Proof. Let Hn−2 ⊂ Hn be the subgroup generated by εi for i ≤ n − 2. Then
∆ commutes elementwise with Hn−2, implying that θ(∆) is contained in the cen-
tralizer C = CGLm(C)(θ(Hn−2)). First, we assume that n ≥ 4. Since θ(εij) =
diag(α1, . . . , αm) with αi = αj = −1 and all other α’s equal to 1, we see that
C ⊂ G(n−2, l+2). Furthermore, since for i ≤ n−2 we have p1(n−2, l+2)(θ(εi)) =
±diag(β1, . . . , βn−2), where βi = −1 and all other β’s are 1, we get our claim.

If n = 3, we only need to consider the case m = 4. We have θ(ε1) =
±diag(−1, 1, 1, α), where α can be 1 or −1. If α = 1, our claim is immediate.
Otherwise, the subspaces V1, V2 ⊂ C4 spanned by the 1st and 4th, and the 2nd and
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3rd basic vectors, respectively, are invariant under θ(∆). Since Γ′ ' AutF2, we con-
clude from Theorem 1.2 that the restriction of θ(Γ′) to each of them factors through
the canonical homomorphism f ′ : Γ′ → GL2(Z). This implies that θ(β) = E4, and
therefore θ factors through f.

So, in terms of proving Theorem 3, we may (and will) assume henceforth the
inclusion given in Lemma 5.2. Since β = [εnn−1, λnn−1] and γ = [λnn−1, εn], we
obtain

p1(n− 2, l+ 2)(θ(β)) = p1(n− 2, l+ 2)(θ(γ)) = En−2.

We let θ′ denote the representation of ∆ obtained by composing θ with the projec-
tion p2(n− 2, l+ 2). Then

θ′(ε1,n) = diag(1,−1, El) and θ′(εn,n−1) = diag(−1,−1, El),

so the fact that γ and εn,n−1 commute (which immediately follows from (1) in §1)
implies that

θ′(γ) = diag(A,B)

with A ∈ GL2(C), and B ∈ GLl(C). Moreover, using the identity

(γε1,n)2 = 1

(which is again an immediate consequence of (1) in §1), we conclude that

(diag(1,−1)A)2 = E2 and B2 = Em.(1)

If

A =
(
a b
c d

)
,

then we obtain from (1) that

a2 − bc = d2 − bc = 1 and (a− d)b = (a− d)c = 0.(2)

Case 1. b 6= 0 and c 6= 0. We claim that in this case A cannot possibly have
eigenvalues ±1. Indeed, we obtain from (2) that a = d and detA = 1. This means
that if one of the eigenvalues is ±1, the other is the same. So, tr A = 2a = ±2,
which implies that bc = 0—a contradiction. Since the eigenvalues of B are ±1,
the fact that γ and λnn−1 commute implies that θ′(λnn−1) ∈ G(2, l) ⊂ GL2+l(C).
Hence

θ′(β) = θ′([εnn−1, λnn−1]) = El+2.

So, θ(β) = Em, and θ factors through f.
Case 2. b = c = 0, i.e. A is diagonal. We will show that in this case θ factors

through f as well. We claim that in addition to the obvious identity θ′(γ)2 = El+2,
we also have

θ′(εnσ(nn−1)γ)4 = El+2.(3)

Indeed, the matrices θ′(γ), θ′(σ(nn−1)) and θ′(εn) belong to G(2, l). Then (3) for
their 2× 2-blocks follows from the fact that these have the following shape:

diag(±1,±1), ±
(

0 1
1 0

)
, diag(±1,±1).

To analyze their l× l blocks, we observe that since γ commutes with σ(12) and ε1 if
n ≥ 4, it follows from Lemma 5.1 that the m×m block of γ commutes with those
of σ(nn−1) and εn, and again (3) follows.
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Now, the identity

(σ(nn−1)λnn−1)−1λnn−1(σ(nn−1)λnn−1) = εnσ(nn−1)γ

implies that θ′(λnn−1)4 = El+2, so

θ′(β)2 = θ′(λnn−1)−4θ′(γ)2 = El+2.

Thus, θ′(εnn−1βε
−1
nn−1) = θ′(β)−1 = θ′(β), and since θ′(εnn−1) = diag(−E2, El),

we obtain

θ′(β) = diag(B1, B2) ∈ G(2, l).

Moreover, since β commutes with εn, and εn has ±diag(1,−1) as its 2 × 2 block,
we see that B1 is a diagonal matrix.

Next, we need the following easily verifiable identity:

λ−1
n−1nβλn−1n = (σ(nn−1)β)2.(4)

Since θ′(β) and θ′(σ(nn−1)) belong to G(2, l), and the same argument as above
shows that their m × m blocks commute, (4) implies that β = diag(B1, B2) is
conjugate to

diag

((
±B1

(
0 1
1 0

))2

, B2
2

)
.

The eigenvalues of β are ±1, and it follows from the conjugacy of these matrices
that the multiplicity of −1 is ≤ 2. Since det θ(β) = 1 (β is a commutator), it can
only be 0 or 2. If it is 0 or B1 = ±E2, we obtain θ(β) = Em. So, it remains to
eliminate the possibility of –1 occurring as an eigenvalue in each of B1 and B2 with
multiplicity one.

Assume that this is the case. Then the matrix B1 can be either diag(1,−1)
or diag(−1, 1), however by switching xn−1 and xn (or alternatively by passing to
the element β′ = σ−1

(n−1n)βσ(n−1n), which equally generates N), we may assume
that B1 = diag(1,−1). Furthermore, it follows from Lemma 5.1 that B2 commutes
with θ̄(Ωn), and therefore there exists a matrix C ∈ GLl(C) that conjugates B2

to diag(−1, 1, . . . , 1) and preserves the shape of θ̄ (i.e. C−1θ̄C remains the direct
sum of 1-dimensional representations of Ωn). So, by passing to an equivalent rep-
resentation whose restriction to Ωn has the same structure, we may assume that
θ(β) = diag(En−1,−E2, El−1).

Then, since λnn−1 commutes with β, θ′(λnn−1) must be of the form
s 0 0 u
0 x y 0
0 z t 0
v 0 0 W


where s ∈ C∗, u ∈ C1×(l−1), v ∈ C(l−1)×1, and W ∈ Ml−1(C). Now, using the
identity

ε−1
nn−1λnn−1εnn−1 = λnn−1β(5)

and the fact that θ′(εnn−1) = diag(−E2, Em), one easily obtains that u = 0 and
v = 0. In particular, θ(λnn−1) ∈ G(n+ 1, l− 1). Since also θ(Ωn) ⊂ G(n+ 1, l− 1),
and Ωn and λnn−1 together generate Γn, we see that θ(Γn) ⊂ G(n + 1, l − 1). Let
θ! : Γn → GLn+1 be the composition of θ with the projection to p1(n+ 1, l− 1).
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Obviously, θ(λnn−1) ∈ G(n − 2, 3, l − 1), and letting p = p2(n − 2, 3, l − 1), we
will have

p(θ(λnn−1)) =

 s 0 0
0 x y
0 z t

 .

Since p(θ(εnn−1)) = diag(−1, 1, 1) and p(θ(β)) = diag(1,−1,−1), the identity (5)
implies that x = t = 0. In particular, θ!(λnn−1) belongs to the group of monomial
matrices Mn+1 ⊂ GLn+1. Since θ!(Ωn) ⊂ Mn+1, we obtain θ!(Γn) ⊂ Mn+1. If

Mn+1
φ→ Sn+1 is the canonical homomorphism, then φ(λnn−1) = (n, n+ 1). Using

π = (n− 1, n, n− 2) ∈ Sn, we obtain

φ(λn−2,n) = φ(σ−1
π λnn−1σπ) = (n− 2, n+ 1).

Then the commutator identity (2) of §1 implies that φ(λn−2,n−1) = (n−2, n+1, n);
on the other hand, φ(λn−2,n−1) = (n− 2, n+ 1)—a contradiction.

Case 3. b = 0, c 6= 0. Then

A2 =
(

1 0
2c 1

)
.

Since λnn−1 and γ commute, we have

θ′(λnn−1) =

 x 0 0
y x u

v 0 W

 ,

for some x, y ∈ C, u ∈ C1×m, v ∈ Cm×1, W ∈ Mm(C). The relation γ =
ε−1

nn−1λnn−1εnn−1λnn−1 implies that

x2 = 1 and xu− uW = 0,

while the identity ε−1
1n−1λnn−1ε1n−1 = λ−1

nn−1 yields

xu + uW = 0.

So, u = 0.
Next, since λnn−1 commutes with σ(12), W commutes with p2(n, l)(θ(σ)) for any

σ ∈ Σn, to the effect that θ(λij) has the structure ∗ 0

∗ W

 ,

with the same W for all i 6= j. Then the identity (2) in §1 implies that actually
W = El. Since the elements λij , εi, and σπ generate Γn, θ has the following block
structure:

θ(g) =
(
ω(g) 0
∗ η(g)

)
, g ∈ Γn,

where ω and η have dimension n and l, respectively. It follows from [R1] that ω
coincides either with µ or with (detµ)µ (it cannot be τµ or (detµ)τµ, as ω(λnn−1)
is a lower triangular matrix). Replacing θ by (detµ)θ if necessary, we may assume
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that ω = µ; in particular, ω(λij) = Eij . We see that θ(λnn−1) has the following
shape: 

En−2 0 0

0
1 0
1 1 0

0 v 0 El

 .

The fact that λnn−1 commutes with ε1 and σ(12) easily implies that v is fixed by
η(Γn), and therefore, after conjugation by a suitable matrix of the form diag(En, D),
D ∈ GLl(C), which preserves the shape of η, we may assume that

v =


1
0
...
0

 .

Then, in particular, θ(λnn−1) ∈ G(n + 1, l − 1), and therefore θ(Γn) ⊂ G(n +
1, l − 1) as the images under θ of the elements εi and σπ , π ∈ Sn, also belong to
G(n + 1, l − 1), and together with λnn−1 these elements generate Γn. Moreover,
on all these elements (including λnn−1) p1(n + 1, l − 1)(θ) coincides with ν. On
the other hand, p2(n + 1, l − 1)(θ) is El−1 on λij and is the direct some of 1-
dimensional representations of Ωn. So, we finally are able to conclude that θ is
equivalent to a representation of the form ν ⊕ κ, where κ is a direct sum of 1-
dimensional representations of Γn, as required.

Case 4. b 6= 0, c = 0. This case is immediately reduced to Case 3 by applying
the automorphism g

τ7→ tg−1 of GLn(C) (observe that θ(Ωn) lies in the orthogonal
group, hence is fixed by τ).

The proof of Theorem 3.1 is now complete.
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