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HOW PARABOLIC FREE BOUNDARIES APPROXIMATE
HYPERBOLIC FRONTS

BRIAN H. GILDING, ROBERTO NATALINI, AND ALBERTO TESEI

Abstract. A rather complete study of the existence and qualitative behaviour
of the boundaries of the support of solutions of the Cauchy problem for nonlin-
ear first-order and second-order scalar conservation laws is presented. Among
other properties, it is shown that, under appropriate assumptions, parabolic
interfaces converge to hyperbolic ones in the vanishing viscosity limit.

1. Introduction

We investigate phenomena associated with the nonnegative solution of the non-
linear first-order hyperbolic equation

ut + (f(u))x = 0 in R× R+(1.1)

with the initial condition

u = u0 on R× {0},(1.2)

and the nonnegative solution of the nonlinear second-order parabolic equation

ut + (f(u))x = ε(a(u))xx in R× R+(1.3)

in which ε > 0 is a real parameter, with the same initial condition. About the
coefficients in these equations and the initial data function we assume the following.
(H1) The function f ∈ C([0,∞)) ∩C1(0,∞), with f ′ locally Hölder continuous on

(0,∞), and f(0) = 0.
(H2) The function a ∈ C([0,∞))∩C2(0,∞), with a′′ locally Hölder continuous on

(0,∞), a′(s) > 0 for s > 0, and a(0) = 0.
(H3) The function u0 ∈ L∞(R),∫

R
|u0(x+ h)− u0(x)| dx→ 0 as h→ 0,

u0 is nonnegative, and is nontrivial in the sense that

M := ess sup{u0(x) : x ∈ R} > 0.(1.4)
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Problem (1.1),(1.2) may be regarded as the limit as ε ↓ 0 of problem (1.3),(1.2).
Indeed, under the assumptions (H1) and (H3), it can be shown that problem
(1.1),(1.2) admits a unique entropy solution [37, 38, 39, 40, 41], while, under the as-
sumptions (H1)–(H3), problem (1.3),(1.2) has a unique weak solution for any ε > 0
[21]. Moreover the solution of the parabolic problem converges to the entropy so-
lution of the hyperbolic problem as ε ↓ 0 in C([0, T ];L1

loc(R)) for every 0 < T <∞
[35, 36, 37, 38, 39, 41].

In this paper we investigate the relationship between fronts associated with
the propagation of the support of the entropy solution of the hyperbolic problem
(1.1),(1.2) and the corresponding free boundary in the solution of the parabolic
problem (1.3),(1.2). More precisely, we shall study how the interface denoting the
upper boundary of the support of the solution of (1.3),(1.2), also known as the “right
front”, approximates the corresponding interface in the solution of (1.1),(1.2) in the
vanishing viscosity limit ε ↓ 0.

To fix ideas, let us denote by u(x, t; ε) the unique weak solution of problem
(1.3),(1.2) if ε > 0, and by u(x, t; 0) the unique entropy solution of problem
(1.1),(1.2). Define the front

ζ(t; ε) := sup{x ∈ R : w(x, t; ε) > 0},

where

w(x, t; ε) :=
∫ ∞
x

u(y, t; ε) dy for any t > 0(1.5)

and ε ≥ 0. Our objective is to study the relationship between the fronts ζ(·; ε) for
ε > 0 and the front ζ(·; 0). A crucial rôle in the analysis is played by the quantities:

σM := sup{f(s)/s : 0 < s ≤M}(1.6)

and

σ0 := lim
δ↓0

σδ = lim sup
s↓0

f(s)/s.(1.7)

Obviously, by definition σ0 ≤ σM . Setting

ζ0 := sup{x ∈ R : w0(x) > 0},

where

w0(x) :=
∫ ∞
x

u0(y) dy,(1.8)

we shall prove the following result concerning the front of problem (1.1),(1.2).

Theorem 1.1. Let assumptions (H1) and (H3) hold.

(a) If σ0 =∞, then ζ(t; 0) =∞ for all t > 0.
(b) If σ0 <∞, then as an extended function ζ(·; 0) is lower semi-continuous and

continuous from the right on [0,∞) with ζ(0; 0) = ζ0, and

ζ(t; 0) ≤ ζ(t0; 0) + σM (t− t0) for all t > t0 ≥ 0.(1.9)

Moreover if σ0 > −∞, then ζ(·; 0) is continuous on [0,∞) with

ζ(t; 0) ≥ ζ(t0; 0) + σ0(t− t0) for all t > t0 ≥ 0.(1.10)
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We shall also characterize the speed of the front ζ′(t; 0) for t ≥ 0 in terms of the
behaviour of u(·, t; 0) near ζ(t; 0).

Such a qualitative description of the behaviour of the fronts of problem (1.1),(1.2)
appears to be new, at least in such generality. When the function f ∈ C2([0,∞))
and is strictly convex or concave, and solutions of problem (1.1),(1.2) are assumed
to be of locally bounded variation, a quite complete theory was developed in [10]
by using generalized characteristics. This theory was later extended to the case in
which the flux function f has a single inflection point in [11].

In the regular case that f ∈ C1([0,∞)) the quantity σ0 = f ′(0). Hence if the
flux function f is concave, then σM = σ0 = f ′(0), and the front ζ(·; 0) corresponds
to a classical characteristic [10]. For the Riemann problem, with u0 = Mχ(−∞,0],
the ensuing regular wave is called a rarefaction fan. On the other hand, if f is
convex and the front moves at a speed ζ′(t; 0) > σ0 = f ′(0), we recognize that it
corresponds to a shock wave [8, 26, 43, 50] and its speed is given by the Rankine-
Hugoniot formula. In general, the situation is more involved. When no convexity
or concavity is assumed, even for the Riemann problem the solution exhibits a
complicated structure and is a composition of rarefaction fans, shocks and contact
discontinuities, i.e. shock waves moving at characteristic speed.

Similar results for problem (1.3),(1.2) have been proven in [20] and easily extend
to the present situation. These results involve the condition

(H4) ∫ δ

0

a′(s)
max{s,−f(s)} ds <∞ for some δ > 0.

Theorem 1.2. Let ε > 0 and assumptions (H1)–(H3) hold.

(a) If σ0 =∞ or assumption (H4) is negated, then ζ(t; ε) =∞ for all t > 0.
(b) If σ0 <∞ and (H4) is satisfied, then as an extended function ζ(·; ε) is lower

semi-continuous and continuous from the right on [0,∞) with ζ(0; ε) = ζ0,
and

ζ(t; ε) ≤ ζ(t0; ε) + σM (t− t0) +QM (t− t0, ε) for all t > t0 ≥ 0,(1.11)

where

QM (t, ε) := inf
σ>σM

{
(σ − σM )t+ ε

∫ M

0

a′(s)
σs− f(s)

ds

}
.

Moreover if σ0 > −∞, then ζ(·; ε) is continuous on [0,∞) with

ζ(t; ε) ≥ ζ(t0; ε) + σ0(t− t0) for all t > t0 ≥ 0.(1.12)

According to the above results, if σ0 = ∞, then, irrespective of the initial data
u0, there holds ζ(t; ε) =∞ for all t > 0 and ε ≥ 0. In this case both the hyperbolic
problem and the parabolic problem display infinite speed of propagation. On the
other hand, if σ0 <∞, then the hyperbolic problem (1.1),(1.2) displays finite speed
of propagation; i.e. if ζ0 < ∞ there holds ζ(t; 0) < ∞ for all t > 0. For the
parabolic equation, finite speed of propagation depends on the additional condition
(H4). Therefore, the condition σ0 < ∞ may be viewed as of a hyperbolic nature,
while (H4) ensures that the parabolic character of (1.3) is not too dominant, or, in
other words, that the diffusion is ‘slow’ enough.
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To give a better quantitative description of the balance between the effects of the
convective and the diffusion terms in equation (1.3), it is informative to recapitulate
the above results for the model equations

ut + λ(un)x = 0(1.13)

and

ut + λ(un)x = ε(um)xx(1.14)

where λ ∈ {−1, 0, 1}, n > 0 and m > 0 are real parameters. Equation (1.14)
has a number of well-known special cases including the Burgers equation when
n = 2 and m = 1 and the porous media equation when λ = 0. Properties of
interfaces in solutions of the porous media equation have been intensively studied
[5, 32, 45, 54]. The more general case of (1.14) has also been widely investigated
[2, 3, 12, 14, 15, 18, 22, 23, 27, 28, 31, 34, 47, 48, 49]. For these particular equations
Theorems 1.1 and 1.2 were already known [12, 14, 20, 23, 24, 25, 35]. If λ = 1
and n < 1, we have the situation that σ0 = ∞ and thus ζ(t; ε) = ∞ for all t > 0
and ε ≥ 0. If λ = 0 or n ≥ 1, then σ0 is finite and thus ζ(·; 0) is a continuous
function on [0,∞). Moreover if m ≤ 1, then (H4) is negated and thus ζ(t; ε) = ∞
for every t > 0 and ε > 0, whereas if m > 1, then (H4) is satisfied and ζ(·; ε) is
continuous on [0,∞) for every ε ≥ 0. In the remaining case λ = −1 and n < 1
we have σ0 = −∞ and (H4) holds if and only if m > n. This situation displays
exceptional behaviour, since in this instance both equations (1.13) and (1.14) admit
instantaneous shrinking, this is to say that one can have ζ0 =∞ and ζ(t; ε) <∞ for
all t > 0, and deferred instantaneous shrinking, where ζ(t; ε) =∞ for all 0 ≤ t < τ
and ζ(t; ε) < ∞ for all t > τ for some 0 < τ < ∞ [23, 35]. In particular in [35] a
family of solutions of (1.13) for which ζ(t; ε) =∞ for all 0 ≤ t < τ and ζ(t; ε) <∞
for all t ≥ τ for some 0 < τ < ∞ was constructed. This family shows that the
continuity stated in Theorem 1.1 is the best possible.

In the general situation with σ0 > −∞ we shall completely clarify the relation
between the parabolic free boundaries and the hyperbolic front. From Theorems 1.1
and 1.2 it turns out that there are three mutually exclusive cases when σ0 > −∞.
The first is σ0 =∞ or ζ0 =∞. In this case ζ(t; ε) =∞ for all t > 0 and ε ≥ 0. So
the interfaces ζ(.; ε) do not effectively exist for any ε ≥ 0. The second is σ0 < ∞,
(H4) does not hold, and ζ0 <∞. In this case ζ(t; 0) <∞ = ζ(t; ε) for all t > 0 and
ε > 0. So ζ(·; 0) denotes a well-defined front, whereas the parabolic free boundary
ζ(·; ε) for ε > 0 does not exist. In both of these cases, the relation between the
parabolic free boundaries and the hyperbolic front is clear. The final case is σ0 <∞,
(H4) holds, and, ζ0 <∞, which implies that ζ(t; ε) <∞ for all t > 0 and all ε ≥ 0.
Concerning this case, we shall establish the following result on the convergence of
the interfaces.

Theorem 1.3. Suppose that assumptions (H1)–(H4) hold and −∞ < σ0 < ∞.
Suppose furthermore that ζ0 <∞. Then

ζ(·; ε)→ ζ(·; 0) as ε ↓ 0

in C([0, T ]) ∩ C0+α([τ, T ]) for all 0 < τ < T <∞ and 0 < α < 1.

We conclude that in the case that σ0 is finite, the hyperbolic front is the vanishing
viscosity limit of the free boundary of the parabolic problem when the latter displays
finite speed of propagation.
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With regard to the singular situation σ0 = −∞ we shall obtain a weaker result.
Recall that this is the situation in which instantaneous shrinking and deferred
instantaneous shrinking can occur, and that the interface ζ(·; 0) is not necessarily
continuous. The result we shall obtain in this instance is the following.

Theorem 1.4. Suppose that assumptions (H1)–(H4) hold and σ0 = −∞. Then

lim inf
ε↓0

ζ(t; ε) ≥ ζ(t; 0) for all t > 0,

and, if there exists a t0 ≥ 0 such that lim supε↓0 ζ(t0; ε) <∞, there holds

lim sup
ε↓0

ζ(t; ε) ≤ lim sup
s↑t

ζ(s; 0) for all t > t0.

It follows that if ζ0 < ∞, then ζ(·; ε) converges pointwise to ζ(·; 0) as ε ↓ 0
at all times t at which ζ(·; 0) is continuous while the cluster points of ζ(t; ε) as
ε ↓ 0 lie within the range of the jump of ζ(·; 0) at any time t at which ζ(·; 0) is
discontinuous. If ζ0 = ∞, then either ζ(t; 0) = ∞ for all t > 0, or there is an
“instantaneous-shrinking” time 0 ≤ τ <∞ such that ζ(t; 0) = ∞ for all 0 ≤ t < τ
and ζ(t; 0) <∞ for any t > τ . In the first event, ζ(t; ε)→∞ = ζ(t; 0) as ε ↓ 0 for
all t > 0. In the second event, ζ(t; ε)→∞ = ζ(t; 0) as ε ↓ 0 for all 0 < t < τ , and,
there exists a τ∗, with τ ≤ τ∗ ≤ ∞, such that the cluster points of ζ(t; ε) as ε ↓ 0
lie between ζ(t; 0) and ∞ for any τ ≤ t ≤ τ∗, while ζ(t; ε) converges to ζ(t; 0) as
ε ↓ 0 for t > τ∗ in the same manner as when ζ0 <∞.

The major tool in our investigation will be a comparison principle for the prim-
itive (1.5) of the solution of problems (1.1),(1.2) and (1.3),(1.2). We recall that
solutions of problem (1.3),(1.2) are known to converge to the entropy solution of
(1.1),(1.2) as ε ↓ 0 only in C([0, T ];L1

loc(R)) for any 0 < T < ∞ — a convergence
which is too weak to investigate the behaviour of the support of solutions directly.
So it can be viewed as both necessary and natural to investigate properties of the
fronts using this variable. Applying this principle we shall obtain our results by
comparing the solution of problems (1.1),(1.2) and (1.3),(1.2) with suitably con-
structed self-similar solutions. For the hyperbolic equation we employ solutions of
the Riemann problem. For the parabolic equation we rely on travelling waves.

In Section 2 we present some useful results on the second-order parabolic problem
(1.3),(1.2); and, in Section 3 we do the same for the first-order hyperbolic problem
(1.1),(1.2). We prove Theorems 1.1 and 1.2 and further results concerning the speed
of propagation of the fronts and their qualitative behaviour. Section 4 is devoted to
the question of the convergence of the parabolic free boundaries to the hyperbolic
front. In particular Theorems 1.3 and 1.4 will be proven there, and a number
of situations in which the convergence can be improved upon will be described.
Finally, in Section 5, we present a review of the consequences for the power-law
equations (1.13) and (1.14).

Note added in proof. Since the present paper was submitted for publication,
results comparable to Theorem 1.1 and Theorem 3.10 part (ii) have appeared in:
J. I. Diaz and S. N. Kruzhkov, Propagation properties for scalar conservation laws,
C. R. Acad. Sci. Paris Sér. I Math. 323 (1996), 463–468. MR 97e:35105

2. The second-order equation

Since equation (1.3) is not necessarily of uniformly parabolic type, problem
(1.3),(1.2) need not admit a classical solution, even for smooth initial data [13,
18, 19, 20, 21]. Hence the following notion of a weak solution is introduced.

http://www.ams.org/mathscinet-getitem?mr=97e:35105
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Definition 2.1. A solution of problem (1.3),(1.2) is a nonnegative function u ∈
L∞(R× R+) such that∫∫

R×R+
{uϕt + f(u)ϕx + ε a(u)ϕxx} dx dt = 0(2.1)

for every nonnegative function ϕ ∈ C∞0 (R× R+), and

ess lim
t↓0

∫ x2

x1

|u(x, t)− u0(x)| dx = 0 for all −∞ < x1 < x2 <∞.(2.2)

Concerning the existence and uniqueness of such a solution, the following can be
established.

Lemma 2.2. Let ε > 0 and hypotheses (H1)–(H3) hold. Then problem (1.3),(1.2)
admits a unique solution u(x, t; ε). Moreover, u(·, ·; ε) ∈ C([0,∞);L1

loc(R)) ∩
C(R× R+), u(x, t; ε) ≤M for all (x, t) ∈ R× R+,∫

R
|u(x+ h, t; ε)− u(x, t; ε)| dx ≤

∫
R
|u0(x+ h)− u0(x)| dx(2.3)

for all t > 0 and h > 0, and∫
R
u(x, t; ε) dx =

∫
R
u0(x) dx for all t > 0.(2.4)

The major assertions of this lemma, albeit with an alternative definition of a
solution of problem (1.3),(1.2), have been established in [21] under the additional
assumption that u0 ∈ C(R). The present result can be obtained by combining the
ideas in [21] with those of Kruzhkov and co-workers in [36, 38, 39, 40, 41].

Let us now introduce some notation which will be adhered to throughout the
remainder of this paper. We define

FM := max{|f(s)| : 0 ≤ s ≤M} and AM :=

(∫ M

0

a(s) ds

)1/2

.

We let σM be given by (1.6) for M > 0, and σ0 by (1.7). Observing that σM <∞
for M > 0 if and only if σ0 <∞; we set

IM :=
∫ M

0

a′(s)
σMs− f(s)

ds,(2.5)

and note that 0 < IM ≤ ∞, if σ0 <∞. Finally, if σ0 <∞ we define

qM (t, ε, σ) := (σ − σM )t+ ε

∫ M

0

a′(s)
σs− f(s)

ds(2.6)

for any σ > σM , and

QM (t, ε) := inf{qM (t, ε, σ) : σ > σM}.(2.7)

The last quantity has the properties stated below.

Lemma 2.3. Let σ0 < ∞ and assumptions (H1), (H2) and (H4) hold. Then, for
any M > 0: (i) QM ∈ C([0,∞)× [0,∞)); (ii) QM is increasing in both arguments t
and ε; (iii) QM (t, ε) ≤ εIM for all t > 0 and ε > 0; (iv) QM (0, ε) = 0 for all ε ≥ 0;
and (v) QM (t, 0) = 0 for all t ≥ 0.
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Proof. Following analysis in [20, 24, 25], under the hypotheses of the lemma, the
quantity qM (t, ε, σ) is finite for each σ > σM , t ≥ 0 and ε ≥ 0. Therefore QM
is well defined, and the continuity, the monotonicity and upper bound of QM
are straightforward. In fact it can be shown that QM ∈ C([0,∞) × [0,∞)) ∩
C1(R+ × R+) with (∂QM/∂t)(t, ε) ≥ 0 and (∂QM/∂ε)(t, ε) > 0 for any t > 0
and ε > 0. With respect to the remaining assertions, we note that by definition
QM (0, ε) ≤ qM (0, ε, σ) for all σ > σM , whence, letting σ → ∞, (iv) holds while,
QM (t, 0) ≤ qM (t, 0, σ) = (σ − σM )t for all σ > σM , whence, letting σ → σM , (v) is
obtained.

We shall now outline the proof of Theorem 1.2.

Proof of Theorem 1.2. Using travelling-wave solutions for comparison, the first two
claims of the theorem were proven in [20] under the additional assumption that
u0 ∈ C(R). Furthermore the estimate σ0(t− t0) ≤ ζ(t; ε)− ζ(t0; ε) ≤ σM (t− t0) +
q(t − t0, ε, σ) for any σ > σM and t > t0 ≥ 0 such that ζ(t0; ε) < ∞ was also
obtained in [20] under this assumption. These results readily extend to the present
situation. Application of Lemma 2.3 to optimize the upper bound completes the
proof.

To show further properties of the right interface of the solution of problem
(1.3),(1.2), we need the following estimate on the regularity of the solution.

Proposition 2.4. Suppose that ε > 0 and assumptions (H1)–(H3) hold. Let u
denote the unique solution of problem (1.3),(1.2). Then the derivative (a(u))x exists
in the classical sense and satisfies

|f(u)− ε(a(u))x|(x, t) ≤ FM + ε1/2AM t
−1/2(2.8)

at every point (x, t) ∈ R × R+. Moreover, if σ0 < ∞ and assumption (H4) holds,
then

(f(u)− ε(a(u))x) (x, t) ≤ {σM +QM (1, ε/4t)}u(x, t)(2.9)

for all (x, t) ∈ R× R+.

Proof. We refine the Bernstein technique as applied in [7, 20, 21]. Suppose that u
is a classical solution of problem (1.3),(1.2) which is bounded below by a positive
constant, and which has a bounded derivative (a(u))x. Consider the function

z(x, t) :=
(
f(u)− ε(a(u))x − σu− β

θ(u)

)
(x, t)

where σ and β are constants which will be chosen later and θ ∈ C2((0,M ]) is a
positive function which will also be defined later. Then by calculation it can be
verified that N(z) = 0 in R × R+, where N is the nonlinear parabolic differential
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operator

N(η) = εa′(u)ηxx −
(

2θ′(u) +
a′′(u)θ(u)
a′(u)

)
ηηx

−
(
f ′(u) +

{σu+ β − f(u)}a′′(u)
a′(u)

+ 2
{σu+ β − f(u)}θ′(u)

θ(u)

)
ηx

+
θ(u)θ′′(u)
εa′(u)

η3 + 2
{σu+ β − f(u)}θ′′(u)

εa′(u)
η2

+
{σu+ β − f(u)}2θ′′(u)

εa′(u)θ(u)
η − ηt.

Our objective is to apply a comparison principle argument using the operator N to
estimate z in terms of a suitable test-function η.

Our first choice is the combination σ = 0, β = FM ,

θ(s) =

(
γ + ε

∫ M

s

a(r) dr

)1/2

(2.10)

for some constant γ > 0, and η = (t + τ)−1/2 for some constant τ > 0. With this
combination we find

N(η) =
(
θ(u)θ′′(u)
εa′(u)

+
1
2

)
η3 + 2

{FM − f(u)}θ′′(u)
εa′(u)

η2 +
{FM − f(u)}2θ′′(u)

εa′(u)θ(u)
η.

By differentiation of (2.10), it can be checked that this function has the property
θ′′(s) = −[εa′(s) + 2{θ′(s)}2]/2θ(s) ≤ −εa′(s)/2θ(s) < 0 for all 0 < s ≤ M .
Additionally f(s) ≤ FM for all such s. Hence we deduce

N(η) ≤ 0 in R× R+.(2.11)

Simultaneously we can choose τ so small that

z ≤ η on R× {0}.(2.12)

By the comparison principle in [33] we then obtain

z ≤ η in R× R+.(2.13)

This yields f(u) − ε(a(u))x − FM ≤ θ(u)η ≤ (γ + εA2
M )1/2t−1/2, whence letting

γ ↓ 0 we obtain

f(u)− ε(a(u))x ≤ FM + ε1/2AM t
−1/2.(2.14)

As a second option, we take σ = 0, β = −FM , θ as in (2.10) and η = −(t+τ)−1/2

for some τ > 0. Arguing as above, we obtain (2.11)–(2.13) with the inequalities
reversed. By the comparison principle [33] we now obtain

f(u)− ε(a(u))x ≥ −FM − ε1/2AM t
−1/2(2.15)

in analogous fashion.
Our third and final choice, when σ0 <∞ and (H4) is satisfied, is σ > σM , β = 0,

θ(s) = γ + ε

∫ s

0

∫ M

r

a′(ξ)
σξ − f(ξ)

dξ dr(2.16)
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for some constant γ > 0, and η = 1
4 (t+τ)−1 for some constant τ > 0. The outcome

is

N(η) =
θ(u)θ′′(u)
εa′(u)

η3 + 2
(
{σu− f(u)}θ′′(u)

εa′(u)
+ 2
)
η2 +

{σu− f(u)}2θ′′(u)
εa′(u)θ(u)

η

=
{σu− f(u)− θ(u)η}2θ′′(u)

εa′(u)θ(u)
η + 4

(
{σu− f(u)}θ′′(u)

εa′(u)
+ 1
)
η2.

At the same time, differentiation of (2.16) yields θ′′(s) = −εa′(s)/{σs− f(s)} < 0
for 0 < s ≤ M . Thus once again (2.11) holds, while a suitable choice of τ gives
(2.12). The conclusion is once more (2.13). In this particular case this can be
reformulated as

f(u)− ε(a(u))x − σu ≤ θ(u)η ≤
(
γ + εu

∫ M

0

a′(s)
σs− f(s)

ds

)
1
4
t−1,

whence, letting γ ↓ 0, we obtain

f(u)− ε(a(u))x ≤ {σM + qM (1, ε/4t, σ)}u.(2.17)

Combining (2.14) and (2.15) yields (2.8), while (2.17) provides (2.9) in view
of the arbitrariness of σ > σM . By applying a standard parabolic regularization
argument, these estimates for a positive classical solution of equation (1.3) can
be extended to the solution of problem (1.3),(1.2) in the sense of Definition 2.1.
Indeed, the estimate (2.8) can be used to construct the weak solution as the limit
of a sequence of classical solutions of the equation, as was done in [13, 19, 21]. This
also gives the existence of (a(u))x as a generalized derivative in R × R+ and as a
continuous classical derivative in {(x, t) ∈ R × R+ : u(x, t) > 0}. To prove that
(a(u))x actually exists in the classical sense everywhere in R × R+, four different
situations need to be considered. The first is that σ0 =∞ or (H4) does not hold, and
that the analogous condition for the left front denoting the infimum of the support
of u to be infinite irrespective of the initial data holds. In this case, u is necessarily
positive everywhere in R × R+, and thus (a(u))x exists classically everywhere in
R × R+. The second case is that σ0 < ∞ and (H4) holds, but the condition for
the left front to be infinite irrespective of the initial data still holds. In this case u
is necessarily positive for all x ∈ R with x < ζ(t) and t > 0. Thus (a(u))x exists
everywhere except possibly at the interfacial points (ζ(t), t) with t > 0. However,
for such a point there holds

a(u(x, t))− a(u(ζ(t), t)) = 0 for all x > ζ(t),(2.18)

a(u(ζ(t), t)) − a(u(x, t)) ≤ 0 for all x < ζ(t),(2.19)

while (2.9) implies

a(u(ζ(t), t)) − a(u(x, t))(2.20)

≥ ε−1

∫ ζ(t)

x

[f(u(y, t))− {σM +QM (1, ε/4t)}u(y, t)] dy

for all x < ζ(t). Dividing (2.18)–(2.20) by |x− ζ(t)|, letting x→ ζ(t) and using the
continuity of u demonstrate that (a(u))x(ζ(t), t) exists and equals 0. Thus (a(u))x
exists everywhere in R × R+ in this case also. The third case in which conditions
are such that ζ is infinite irrespective of the initial data, but the corresponding
left interface may exist, can be treated by analogy. In the final case, where the
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conditions on f and a are such that both right and left interfaces may occur, a
lower bound on f(u)−ε(a(u))x analogous to (2.9) may be obtained alongside (2.9).
These two bounds can be employed, as in the argument immediately above, to
show that necessarily (a(u))x exists and equals 0 at every point (x, t) ∈ R × R+

such that u(x, t) = 0. Thus in this case too, (a(u))x is defined in the classical sense
everywhere in R × R+. In fact, in this case, the bounds can be used to show that
(a(u))x is continuous in R× R+.

To show further properties of the right interface of problem (1.3),(1.2), let us
also recall the notation (1.5) previously introduced, and for completeness define

w(x, 0; ε) = w0(x)(2.21)

for any x ∈ R, where w0 is given by (1.8). About the function w we can then state
the following.

Lemma 2.5. Suppose that ε > 0 and assumptions (H1)–(H3) hold.
(a) If w0(x) =∞ for some x ∈ R, then w(x, t; ε) =∞ for all (x, t) ∈ R× [0,∞).
(b) If w0(x) <∞ for some x ∈ R, then w(x, t; ε) <∞ for all (x, t) ∈ R× [0,∞),

and

|w(x1, t1; ε)− w(x2, t2; ε)|(2.22)

≤M |x1 − x2|+ FM |t2 − t1|+ 2ε1/2AM |t2 − t1|1/2

for all (x1, t1), (x2, t2) ∈ R× [0,∞).

Proof. Let ψ ∈ C∞(R) be such that ψ(x) = 0 for x ≤ x1, ψ′(x) ≥ 0 for x1 < x < x2,
and ψ(x) = 1 for x ≥ x2, for some −∞ < x1 < x2 < ∞. Let T > 0. Denote by
{ψi}∞i=1 a sequence of C∞(R) functions such that ψi(x) = ψ(x) for x ≤ i, ψi(x) = 0
for x ≥ i + 1 and |ψ′′i (x)| ≤ K for all x ∈ R for some constant K which does
not depend on i. Pick 0 < τ < T and denote by {φj}∞j=1 a sequence of C∞0 (R+)
functions such that φj(t) = 0 for t ≤ τ−1/j, φ′j(t) ≥ 0 for τ−1/j < t < τ , φj(t) = 1
for τ ≤ t ≤ T , φ′j(t) ≤ 0 for T < t < T + 1/j, and φj(t) = 0 for t ≥ T + 1/j.
Substitute ϕ = ψi(x)φj(t) in (2.1). By following standard procedures and adapting
arguments in [18, 20, 21], one may take the successive limits j → ∞, τ ↓ 0 and
i→∞ to deduce∫

R
u(x, T ; ε)ψ(x) dx(2.23)

=
∫
R
u0(x)ψ(x) dx +

∫ T

0

∫ x2

x1

{f(u)ψ′ + εa(u)ψ′′} dx dt.

Part (a) of the lemma and the first conclusion of part (b) follow directly from this
identity in view of the arbitrariness of ψ and T . To confirm (2.22), we see that
(2.23) implies∣∣∣∣∫

R
{u(x, t2; ε)− u(x, t1; ε)}ψ(x) dx

∣∣∣∣ =
∣∣∣∣∫ t2

t1

∫ x2

x1

{f(u)− ε(a(u))x}ψ′ dx dt
∣∣∣∣

≤
∫ t2

t1

∫ x2

x1

{FM + ε1/2AM t
−1/2}ψ′ dx dt

= FM (t2 − t1) + 2ε1/2AM (t1/22 − t1/21 )

for any −∞ < x1 < x2 < ∞ and 0 ≤ t1 < t2 < ∞, by (2.8). This gives (2.22)
easily.
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With the above notation, we can state the following preliminary result.

Lemma 2.6. Let ε > 0, assumptions (H1)–(H4) hold, and σ0 <∞. Fix δ > 0 and
define xδ(t) by ∫ ∞

xδ(t)

w(x, t; ε) dx = δ.

Then for any t2 > t1 ≥ 0 such that ζ(t1; ε) <∞ there holds

xδ(t2)− xδ(t1) =
∫ t2

t1

∫∞
xδ(t)

f(u(x, t; ε)) dx+ εa(u(xδ(t), t; ε))

w(xδ(t), t; ε)
dt.(2.24)

Proof. Assume u is a positive classical solution of (1.3) in R×R+. Fix x∗ ∈ R and
define xδ(t) < x∗ by

X(xδ(t), t) = δ,(2.25)

where

X(x, t) :=
∫ x∗

x

∫ x∗

y

u(z, t) dz dy.

Since u is continuously differentiable and positive, (2.25) defines a function xδ ∈
C1(R+) according to the Implicit Function Theorem. Furthermore,

0 =
d

dt
X(xδ(t), t) = −x′δ(t)

∫ x∗

xδ(t)

u(x, t) dx+
∫ x∗

xδ(t)

∫ x∗

x

ut(y, t) dy dx.

Using (1.3) to eliminate ut and expanding the right-hand side, this gives

x′δ(t)
∫ x∗

xδ(t)

u(x, t) dx =
∫ x∗

xδ(t)

f(u(x, t)) dx + εa(u(xδ(t), t)) − r(x∗, t),(2.26)

where

r(x, t) := εa(u(x, t)) + {x− xδ(t)} (f(u)− ε(a(u))x) (x, t),

whence, dividing (2.26) by the integral on the left-hand side of this identity and
integrating with respect to t yield

xδ(t2)− xδ(t1) =
∫ t2

t1

∫ x∗
xδ(t)

f(u(x, t)) dx + εa(u(xδ(t), t))− r(x∗, t)∫ x∗
xδ(t)

u(x, t) dx
dt.

The result now follows if we choose x∗ > ζ(t; ε) for all t1 ≤ t ≤ t2 and approximate
u(·, ·; ε) by a sequence of positive solutions.

The promised “finer” properties of the right interface are given in the next state-
ment.

Theorem 2.7. Suppose that ε > 0, assumptions (H1)–(H4) hold, and σ0 <∞. Let
u(·, ·; ε) denote the unique solution of problem (1.3),(1.2) and define

V (t) := lim inf
x↑ζ(t;ε)
u(x,t;ε)>0

(
f(u)− ε(a(u))x

u

)
(x, t; ε),

V (t) := lim sup
x↑ζ(t;ε)
u(x,t;ε)>0

(
f(u)− ε(a(u))x

u

)
(x, t; ε)

for all t > 0. Then:
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(i) For any t0 ≥ 0 such that ζ(t0; ε) <∞ there holds∫ t

t0

V (s)ds ≤ ζ(t; ε)− ζ(t0; ε) ≤
∫ t

t0

V (s) ds for all t > t0.(2.27)

(ii) For any t0 > 0 such that ζ(t0; ε) <∞ and any γ > 0, there exists a t1 > t0
such that

{V (t0)− γ}(t− t0) ≤ ζ(t; ε)− ζ(t0; ε) ≤ {V (t0) + γ}(t− t0)

for all t0 < t ≤ t1. Moreover, if a(u0) is absolutely continuous on R, this conclusion
extends to t0 = 0 when the limits in the definition of V and V are interpreted as
essential limits.

Proof. The first claim is a consequence of Lemma 2.6. Using the notation of that
lemma, for any t > 0 such that ζ(t; ε) <∞ and any δ > 0 there holds∫ ∞

xδ(t)

f(u(x, t; ε)) dx + εa(u(xδ(t), t; ε))(2.28)

=
∫ ∞
xδ(t)

(f(u)− ε(a(u))x) (x, t; ε) dx,

while, noting that f(u)− ε(a(u))x = 0 if u = 0 by Proposition 2.4, we can estimate∫ ∞
xδ(t)

(f(u)− ε(a(u))x) (x, t; ε) dx(2.29)

≤ ess sup
xδ(t)<x<ζ(t;ε)
u(x,t;ε)>0

{(
f(u)− ε(a(u))x

u

)
(x, t; ε)

}∫ ∞
xδ(t)

u(x, t; ε) dx.

Combining (2.24), (2.28) and (2.29) yields

xδ(t2)− xδ(t1) ≤
∫ t2

t1

ess sup
xδ(t)<x<ζ(t;ε)
u(x,t;ε)>0

{(
f(u)− ε(a(u))x

u

)
(x, t; ε)

}
dt

for any t2 > t1 and t1 ≥ 0 such that ζ(t1; ε) <∞. Letting δ ↓ 0 subsequently gives
the right-hand inequality in (2.27). The proof of the left-hand inequality in (2.27)
is similar. The second claim of the theorem was proved in [20] using a comparison
argument with travelling-wave solutions under the additional assumption that u0 ∈
C(R). This proof readily extends to the present situation.

Corollary 2.8. For any t0 ≥ 0 such that ζ(t0; ε) <∞ there holds

ζ(t; ε)− ζ(t0; ε) ≤ σM (t− t0) +
∫ t

t0

QM (1, ε/4s) ds for all t > t0.(2.30)

Proof. From (2.9) it follows that V (t) ≤ σM+QM (1, ε/4t) for all t > 0. Substitution
in (2.27) gives the result.

As mentioned in the introduction, our major tool in the ensuing investigation will
be a comparison principle for the primitive with respect to x of the solution of prob-
lems (1.3),(1.2) and (1.1),(1.2). Such a comparison principle was first introduced
in the study of the porous media equation by Vázquez [52] and was designated a
shifting comparison principle. Extensions were made in [2, 9]. The principle is the
following.
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Lemma 2.9. Consider two problems (1.3),(1.2) with respective initial data func-
tions u(1)

0 and u
(2)
0 , functions f1 and f2, and parameters ε1 and ε2, but with the

same coefficient a for which hypotheses (H1)–(H3) hold. For i = 1, 2, let Mi, w
(i)

and w
(i)
0 denote the corresponding variables defined by (1.4), (1.5) and (1.8) re-

spectively. Finally, let D denote a domain of the form D := (x0,∞) × (0, T ] with
−∞ ≤ x0 <∞ and 0 < T <∞. If

f1(s) ≥ f2(s) for all 0 ≤ s ≤M2,(2.31)

ε1 ≥ ε2,(2.32)

w
(1)
0 (x) ≥ w(2)

0 (x) for all x ∈ (x0,∞),(2.33)

(ε1 − ε2) ess sup{u(1)
0 (x+ h)− u(1)

0 (x) : (x, h) ∈ R× R+} = 0,(2.34)

and, in the event that x0 > −∞,
w(1)(x0, t; ε1) > w(2)(x0, t; ε2) for all t ∈ [0, T ],(2.35)

then

w(1)(x, t; ε1) ≥ w(2)(x, t; ε2) for all (x, t) ∈ D.(2.36)

Proof. In the case ε1 = ε2 this lemma may be found in [2]. We adapt that proof
for the case ε1 > ε2. In light of Lemma 2.5, without loss of generality, we may
suppose that w(i)(x, t) < ∞ for all (x, t) ∈ R × R+ and i = 1, 2. Furthermore it
suffices to consider positive classical solutions u(i) of problem (1.3),(1.2), since any
nonnegative weak solution may be constructed as the limit of a sequence of such
solutions [2, 13, 19, 21]. In this case (2.32) and (2.34) may be interpreted as reading
ε1 = ε2, or ε1 > ε2 and u

(1)
0 is nonincreasing on R. In this latter event, though, it

follows that u(1)(·, t) is also nonincreasing on R for any t > 0 [44, 46, 51]. Thus,
(2.32) and (2.34) imply

(ε1 − ε2)u(1)
x ≤ 0 in R× R+.(2.37)

Now we observe that for i = 1, 2 the function w(i) satisfies w
(i)
x = −u(i) and

w
(i)
t = −εia′(u(i))u(i)

x + fi(u(i)) = εia
′(u(i))w(i)

xx + fi(u(i)) in R × R+. Therefore
defining

z(x, t) := w(2)(x, t) − w(1)(x, t),

we can compute

zt = ε2a
′(u(2))zxx − ε2u

(1)
x {a′(u(2))− a′(u(1))}+ {f1(u(2))− f1(u(1))}

+(ε1 − ε2)a′(u(1))u(1)
x + f2(u(2))− f1(u(2)),

whence, setting

α(x, t) :=
∫ 1

0

(
ε2u

(1)
x a′′(ωu(2) + (1− ω)u(1))− f ′1(ωu(2) + (1− ω)u(1))

)
(x, t) dω,

there holds

ε2a
′(u(2))zxx + αzx − zt = f1(u(2))− f2(u(2))− (ε1 − ε2)a′(u(1))u(1)

x

≥ 0
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by (2.31) and (2.37), Simultaneously, by (2.33) and (2.35) we have z ≤ 0 on D \D.
This implies z ≤ 0 in D [33, 42], which proves (2.36).

3. The first-order equation

In this section we present some results on the nonlinear first-order conservation
law (1.1). Following Kruzhkov [37] we employ the following definition.

Definition 3.1. An entropy solution of problem (1.1),(1.2) is a nonnegative func-
tion u ∈ L∞(R× R+) such that∫∫

R×R+
{|u− k|ϕt + sgn(u − k)(f(u)− f(k))ϕx} dx dt ≥ 0(3.1)

for every nonnegative function ϕ ∈ C∞0 (R × R+) and constant k ≥ 0, and (2.2)
holds.

Concerning existence and uniqueness for problem (1.1),(1.2), the following has
already been established [37, 38, 39, 40, 41].

Lemma 3.2. Under hypotheses (H1) and (H3) problem (1.1),(1.2) admits a unique
entropy solution u(x, t; 0). Moreover, u(·, ·; 0) ∈ C([0,∞);L1

loc(R)), u(x, t; 0) ≤ M
for almost all (x, t) ∈ R× R+, (2.3) holds with ε = 0 for all t > 0 and h > 0, and
(2.4) holds with ε = 0.

Using the vanishing viscosity method it is also possible to show that entropy
solutions are the limit, as ε ↓ 0, of the corresponding solutions to problem (1.3),(1.2)
[35, 36, 37, 38, 39, 41].

Lemma 3.3. Under the assumptions (H1)–(H3) one has u(·, ·; ε) → u(·, ·; 0) in
C([0, T ];L1

loc(R)) as ε ↓ 0 for every 0 < T <∞.
The above makes it possible to extend the properties of the primitive of the solu-

tion of problem (1.3),(1.2) with respect to x to the solution of problem (1.1),(1.2).
Let w(x, t; 0) be defined by (1.5) and (2.21) with ε = 0.

Lemma 3.4. Suppose that assumptions (H1) and (H3) hold.
(a) If w0(x) =∞ for some x ∈ R, then w(x, t; 0) =∞ for all (x, t) ∈ R× [0,∞).
(b) If w0(x) <∞ for some x ∈ R, then w(x, t; 0) <∞ for all (x, t) ∈ R× [0,∞),

and

|w(x1, t1; 0)− w(x2, t2; 0)| ≤M |x1 − x2|+ FM |t1 − t2|(3.2)

for all (x1, t1), (x2, t2) ∈ R× [0,∞). Moreover, if hypothesis (H2) holds, then
w(·, ·; ε)→ w(·, ·; 0) as ε ↓ 0 uniformly on compact subsets of R× [0,∞).

Proof. Taking k = 0 and k = M in (3.1) we obtain an identity for u(·, ·; 0) similar
to (2.1). The proof of all but the last assertion may subsequently be completed
along the lines of the proof of Lemma 2.5. To verify the last assertion, we use the
identity (2.23) where ψ ∈ C∞(R) is such that ψ(x) = 0 for x ≤ x1, ψ(x) = 1 for
x ≥ x2, and ψ′(x) ≥ 0 for x1 < x < x2, for some −∞ < x1 < x2 < ∞. Since, by
Lemma 3.3, u(·, ·; ε)→ u(·, ·; 0) in C([0, T ];L1

loc(R)), we deduce from (2.23) that∫
R
u(x, T ; ε)ψ(x) dx→

∫
R
u(x, T ; 0)ψ(x) dx as ε ↓ 0

for any function ψ of the chosen type and any T > 0. Thus lim supε↓0 w(x2, T ; ε) ≤
w(x1, T ; 0) and lim infε↓0 w(x1, T ; ε) ≥ w(x2, T ; 0) for any x1 < x2 and T > 0.
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This yields the pointwise convergence of w(·, ·; ε) to w(·, ·; 0) in R × R+. The
uniform convergence on compact subsets of R × [0,∞) subsequently follows from
the continuity estimate (2.22).

With the aid of the above lemma, we have the following simple result.

Lemma 3.5. For any t0 ≥ 0 there holds lim inft→t0 ζ(t; 0) ≥ ζ(t0; 0).

Proof. Pick x0 < ζ(t0; 0). Then w(x0, t0; 0) > 0. By Lemma 3.4 this implies
w(x0, t; 0) > 0 for all t ≥ 0 sufficiently close to t0, whence ζ(t; 0) > x0 for all such
t. Subsequently, lim inft→t0 ζ(t; 0) ≥ x0, and, since x0 < ζ(t0; 0) was arbitrary, the
result is proved.

Lemma 3.4 also provides the extension of the comparison principle, given for the
parabolic problem by Lemma 2.9, to the hyperbolic problem.

Lemma 3.6. Consider two problems (1.1),(1.2) with respective initial data func-
tions u(1)

0 and u
(2)
0 , and functions f1 and f2, for which hypotheses (H1) and (H3)

hold. For i = 1, 2, let Mi, w
(i) and w

(i)
0 denote the corresponding variables defined

by (1.4), (1.5) with ε = 0, and (1.8) respectively. Finally, let D denote a domain of
the form D := (x0,∞)× (0, T ] with −∞ ≤ x0 <∞ and 0 < T <∞. If (2.31) and
(2.33) are satisfied, and, in the event that x0 > −∞, w(1)(x0, t; 0) > w(2)(x0, t; 0)
for all t ∈ [0, T ], then w(1)(x, t; 0) ≥ w(2)(x, t; 0) for all (x, t) ∈ D.

In deriving the results on the interface in solutions of the parabolic equation
(1.2) a crucial rôle was played by travelling-wave solutions [20]. For the hyperbolic
equation (1.1) we would like a similar class of special solutions for comparison. Our
choice falls upon solutions of the Riemann problem for equation (1.1), i.e. problem
(1.1),(1.2) with initial data u0 = Mχ(−∞,0]. From classical theory, see for instance
[8, 17, 26], it can be deduced that the solution of this problem is given by

u(x, t) = U(x/t),(3.3)

where

U(η) ∈


M for η ≤ f̃ ′(M),(
f̃ ′
)−1

(η) for f̃ ′(M) < η < σM ,

0 for η ≥ σM ,
(3.4)

and f̃ denotes the concave hull of f on the interval [0,M ], i.e.

f̃(s) := sup
0≤s0≤s≤s1≤M

s0<s1

{
(s− s0)f(s1) + (s1 − s)f(s0)

s1 − s0

}
.(3.5)

An early proof that (3.3)–(3.5) is the vanishing viscosity solution when f ∈
C2([0,M ]) and f ′′ has at most a finite number of zeros on [0,M ] can be found
in [30]. Since, however, a rigorous proof under the general conditions which we are
considering in the present paper appears to be absent, we shall provide one be-
low. We observe beforehand that, by elementary but somewhat lengthy arguments,
f̃ ∈ C([0,M ]) ∩ C1((0,M ]), with f̃ ′ Hölder continuous on every set [δ,M ] with
0 < δ < M , f̃(0) = 0, and f̃(M) = f(M). Moreover, f̃ ′ is decreasing on (0,M ],
and f̃ ′(s)→ σM as s ↓ 0.
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Proposition 3.7. Suppose that hypothesis (H1) holds and u0 = Mχ(−∞,0] for
some M > 0. Then the unique entropy solution of problem (1.1),(1.2) is given
by (3.3)–(3.5).

Proof. It is easily verified that u satisfies (2.2). The proof of the proposition boils
down to showing that (3.1) holds for all ϕ ∈ C∞0 (R×R+) and real numbers k ≥ 0.
We prove this in three steps under increasingly weaker conditions on the function
f .
Step 1. Suppose that f ∈ C2([0,M ]) and there exists a partition 0 = s−0 ≤ s+

0 <

s−1 ≤ s+
1 < · · · < s−n−1 ≤ s+

n−1 < s−n ≤ s+
n = M such that f̃ is affine on [s−i , s

+
i ]

for i = 0, . . . , n and f̃ = f with f ′′ < 0 on (s+
i−1, s

−
i ) for i = 1, . . . , n. Fix

k ≥ 0, and if necessary add an extra element to the partition of [0,M ] so that
without loss of generality one can assume that k /∈ (s+

i−1, s
−
i ) for i = 1, . . . , n. Set

ηi := f̃ ′(s−i ) = f̃ ′(s+
i ) for i = 0, . . . , n. Then making the change of variables x = ητ

and t = τ , we deduce that∫∫
R×R+

{|u− k|ϕt + sgn(u− k)(f(u)− f(k))ϕx} dx dt

=
∫∫

R×R+
{|U − k|(τϕτ − ηϕη) + sgn(U − k)(f(U)− f(k))ϕη} dη dτ

=
∫∫

R×R+
{|U − k|(−ϕ− ηϕη) + sgn(U − k)(f(U)− f(k))ϕη} dη dτ

for all ϕ ∈ C∞0 (R× R+). Subsequently, to prove (3.1) it suffices to confirm that

J :=
∫
R
{|U − k|(−ψ − ηψ′) + sgn(U − k)(f(U)− f(k))ψ′} dη ≥ 0

for any nonnegative function ψ ∈ C∞0 (R). However, noting that U = s+
n in

(−∞, ηn),

|U − k|(−ψ − ηψ′) + sgn(U − k)(f(U)− f(k))ψ′

= {sgn(U − k)[f(U)− f(k)− (U − k)f ′(U)]ψ}′

in (ηi, ηi−1) for i = n, . . . , 1, and u = s−0 in (η0,∞), one computes

J =
n∑
i=0

[
sgn(s+

i − k){f(s+
i )− f(k)− (s+

i − k)f ′(s+
i )}

− sgn(s−i − k){f(s−i )− f(k)− (s−i − k)f ′(s−i )}
]
ψ(ηi),

whence, since f ′(s−i ) = f ′(s+
i ) for i = 0, . . . , n, and in particular f ′(s−i ) = f ′(s+

i ) =
{f(s+

i )− f(s−i )}/(s+
i − s−i ) if s−i < s+

i , we deduce that

J = 2
{
f(s+

i )(k − s−i ) + f(s−i )(s+
i − k)

s+
i − s−i

− f(k)
}
ψ(ηi) ≥ 0

if s−i < k < s+
i for some i, and J = 0 otherwise.

Step 2. Suppose that f ∈ C1+α([0,M ]) for some 0 < α ≤ 1. Fix γ > 0 and choose
n so large that if δ := M/n, there holds |f ′(s)−f ′(r)| < γ for all 0 ≤ r, s ≤M with
|s−r| < 4δ. Subsequently, define the function φ on (−2δ,M+2δ) by φ(s) := f ′(4iδ)
for (4i − 2)δ < s ≤ (4i + 2)δ and i = 0, . . . , n, and thereafter the function ψ on
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[0,M ] by

ψ(s) :=

∫ s+δ
s−δ exp

(
−1/{1− (r − s)2δ−2}

)
φ(r) dr∫ δ

−δ exp (−1/{1− r2δ−2}) dr
.

Finally, define the functions g and h on [0,M ] by

g(s) :=
∫ s

0

ψ(r) dr + γs and h(s) :=
∫ s

0

ψ(r) dr − γs.

Using the standard theory of mollifiers [1], it can be verified that g and h both satisfy
the requirements for Step 1 above, while f ′(s)+2γ ≥ g′(s) ≥ f ′(s) ≥ h′(s) ≥ f ′(s)−
2γ for all 0 ≤ s ≤M , whence g(s) ≥ f(s) ≥ h(s), and if g̃ and h̃ denote the concave
hull of g and h on [0,M ] respectively, f̃ ′(s)+2γ ≥ g̃′(s) ≥ f̃ ′(s) ≥ h̃′(s) ≥ f̃ ′(s)−2γ
for all 0 ≤ s ≤M . Subsequently, by Lemma 3.6, the primitive (1.5) of the entropy
solution of problem (1.1),(1.2) is boxed in by the corresponding primitives of the
solution of this problem with f replaced by g and h respectively, and in the limit
γ ↓ 0 we obtain the asserted result.
Step 3. Suppose that (H1) holds. Let δ ∈ (0,M) be fixed. By Step 2, the explicit
solution u(δ) of problem (1.1),(1.2) with the initial condition

u
(δ)
0 := δ + (M − δ)χ(−∞,0]

is given by (3.3) and (3.4) where f̃ is replaced by the concave hull of f on [δ,M ],
σM by sup{(f(s) − f(δ))/(s − δ) : δ < s ≤ M}, and “0” by “δ”. Moreover, by
monotonicity [39, 40, 41], the sequence u(δ) converges almost everywhere to the
entropy solution of problem (1.1),(1.2) with the initial condition u0 = Mχ(−∞,0].

Corollary 3.8. Suppose that hypothesis (H1) holds and u0 = Mχ(−∞,ζ0] for some
M > 0 and ζ0. Then ζ(t; 0) = ζ0 + σM t for all t > 0.

Utilizing the comparison principle and the known behaviour of the solution of a
Riemann problem for equation (1.1), we are able to obtain the next key estimate.

Lemma 3.9. Suppose that ζ0 <∞. Then

ζ0 + σ0t ≤ ζ(t; 0) ≤ ζ0 + σM t for all t > 0.(3.6)

Proof. The right-hand inequality in (3.6) is immediate from Corollary 3.8 and
Lemma 3.6. To confirm the left-hand inequality, fix T > 0 and x1 < ζ0. By
Lemma 3.5 there exists an x0 < x1 such that ζ(t; 0) > x0 for all t ∈ [0, T ], whence
we can find a µ > 0 such that w(x0, t; 0) > µ for all t ∈ [0, T ] and w0(x) > µ
for all x ∈ [x0, x1]. Next, let δ > 0 be so small that δ(x1 − x0) + FδT < µ
and consider the entropy solution ũ of the Riemann problem (1.1),(1.2) with ini-
tial data ũ0 := δχ(−∞,x1]. If w̃ is the corresponding variable given by (1.5)
and (2.21) with ε = 0, by (3.2) there holds w̃(x, t) ≤ δ(x1 − x) + Fδt for all
(x, t) ∈ [x0, x1] × [0, T ]. Summarizing, this gives w(x0, t; 0) > µ > w̃(x0, t) for all
t ∈ [0, T ], w(x, 0; 0) > µ > w̃(x, 0) for all x ∈ [x0, x1], and w(x, 0; 0) ≥ 0 = w̃(x, 0)
for all x ∈ [x1,∞). So all the assumptions of Lemma 3.6 are satisfied. Conse-
quently, if ζ̃ denotes the supremum of the support of w̃, we have ζ(t; 0) ≥ ζ̃(t) for all
t ∈ [0, T ]. However, by Corollary 3.8, ζ̃(t) = x1 +σδt. This yields ζ(t; 0) ≥ x1 +σ0t
for all t ∈ [0, T ]. Letting x1 approach ζ0 and T approach infinity, the proof is
complete.
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We are now in position to prove Theorem 1.1.

Proof of Theorem 1.1. Identifying ζ(0; 0) with ζ0, Lemma 3.5 infers that ζ(·; 0) is
lower semi-continuous on [0,∞). Furthermore, noting that to prove (1.9) and (1.10)
without loss of generality we may take t0 = 0, by Lemmata 3.6 and 3.9 we have
(1.9), and (1.10) if σ0 > −∞. Now, the inequality (1.9) implies lim supt↓t0 ζ(t; 0) ≤
ζ(t0; 0) for all t0 ≥ 0, which, together with the lower semi-continuity, gives the
continuity of ζ(·; 0) from the right, while, if σ0 > −∞, the inequality (1.10) im-
plies lim supt0↑t ζ(t0; 0) ≤ ζ(t; 0) for all t > 0, which, together with the previous
conclusions, gives the full continuity. Thus the theorem is proved.

It is also possible to give some further refinements for the qualitative description
of the hyperbolic fronts, in the spirit of Theorem 2.7.

Theorem 3.10. Let assumptions (H1) and (H3) hold and σ0 < ∞. Let u(·, ·; 0)
denote the unique entropy solution of problem (1.1),(1.2) and define

V (t) := lim ess inf
x↑ζ(t;0)
u(x,t;0)>0

(
f(u)
u

)
(x, t; 0) and V (t) := lim ess sup

x↑ζ(t;0)
u(x,t;0)>0

(
f(u)
u

)
(x, t; 0)

for all t > 0. Then:
(i) For any t0 ≥ 0 such that ζ(t0; 0) <∞ there holds

ζ(t; 0)− ζ(t0; 0) ≤
∫ t

t0

V (s) ds for all t > t0.

Furthermore, if lim infs↓0 f(s)/s > −∞ there holds∫ t

t0

V (s)ds ≤ ζ(t; 0)− ζ(t0; 0) for all t > t0.

(ii) For any t0 ≥ 0 such that ζ(t0; 0) < ∞ and any γ > 0, there exists a t1 > t0
such that

{σu − γ}(t− t0) ≤ ζ(t; 0)− ζ(t0; 0) ≤ {σu + γ}(t− t0)(3.7)

for all t0 < t ≤ t1, where

u := lim ess inf
x↑ζ(t0;0)

u(x, t0; 0) and u := lim ess sup
x↑ζ(t0;0)

u(x, t0; 0).

Proof. Letting ε ↓ 0 in Lemma 2.6, the conclusions of Lemma 2.6 hold with ε = 0.
The proof of part (i) of the present theorem may subsequently be completed along
the lines of the proof of part (i) of Theorem 2.7. As regards the proof of part (ii),
without loss of generality we may take t0 = 0. Furthermore, we may suppose that
σu − γ > σ0, for otherwise the left-hand inequality in (3.7) holds by Theorem 1.1.
In this case, let 0 < δ < u be such that σδ > σu − γ. Consider next the entropy
solution ũ of problem (1.1),(1.2) with initial data ũ0(x) := δχ(−∞,ζ0]. If w̃ denotes
the corresponding variable defined by (1.5) and (2.21), then w0(x) ≥ w̃(x, 0) for
all x ≥ x0 and in particular w0(x0) > w̃(x0, 0) for some x0 < ζ0, whence by the
continuity of w and w̃ there exists a T > 0 such that w(x0, t; 0) > w̃(x0, t) for
all t ∈ [0, T ]. Lemma 3.6 and Corollary 3.8 then imply ζ(t; 0) ≥ ζ0 + σδt for all
t ∈ [0, T ]. Identifying t1 with T yields the left-hand inequality in (3.7). The proof
of the right-hand inequality is similar.
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4. Convergence of the fronts

In this section, we address the question of the convergence of ζ(·; ε) to ζ(·; 0) as
ε ↓ 0. Since it is not clear in advance that ζ(·; ε) has a limit as ε ↓ 0, we need to
introduce the quantities:

ζ(t) := lim inf
ε↓0

ζ(t; ε) and ζ(t) := lim sup
ε↓0

ζ(t; ε)

for t ≥ 0. Furthermore, since ζ(·; 0) is not necessarily continuous when σ0 = −∞,
for convenience we define

ζ̃(t) := lim sup
s↑t

ζ(s; 0)

for all t > 0. As an extended function ζ̃ is upper semi-continuous and continuous
from the left on R+ with ζ̃(t) ≥ ζ(t; 0) for all t > 0.

To prove our main results, namely Theorems 1.3 and 1.4, we present three pre-
liminary lemmata.

Lemma 4.1. Suppose that assumptions (H1)–(H4) hold and σ0 <∞. Then ζ(t) ≥
ζ(t; 0) for every t > 0.

Proof. The proof of this result bears much resemblance to the proof of the lower
semi-continuity of ζ(·; 0) in Lemma 3.5. Fix t > 0 and x0 < ζ(t; 0). Then
w(x0, t; 0) > 0. Subsequently, since w(·, ·; ε) converges to w(·, ·; 0) as ε ↓ 0 uniformly
on compact subsets of R× [0,∞) by Lemma 3.4, w(x0, t; ε) > 0 for sufficiently small
ε > 0, whence ζ(t; ε) > x0 for such ε, and thus ζ(t) ≥ x0. Letting x0 approach
ζ(t; 0) yields the desired result.

Lemma 4.2. Suppose that assumptions (H1)–(H4) hold and σ0 <∞. Then

ζ(t) ≤ ζ(t0) + σM (t− t0) for all t > t0 ≥ 0.(4.1)

Moreover if σ0 > −∞, then

ζ(t) ≥ ζ(t0) + σ0(t− t0) for all t > t0 ≥ 0.(4.2)

Proof. The inequalities (4.1) and (4.2) follow from (1.11) and (1.12) respectively,
in view of Lemma 2.3.

The next lemma is the more difficult part of our proof.

Lemma 4.3. Suppose that σ0 < ∞ and that ζ̃(T ) < ζ(T ) for some T > 0. Then
there exists a τ ∈ [0, T ) such that

ζ(T ) ≤ ζ(t0) + σ(T − t0)(4.3)

for all t0 ∈ [τ, T ) and σ > σ0.

Proof. Pick an x0 such that ζ̃(T ) < x0 < ζ(T ) and let 0 ≤ τ < T be such that
ζ(t; 0) < x0 and x0 + σM (T − t) < ζ(T ) for all t ∈ [τ, T ]. Next fix t0 ∈ [τ, T )
and σ > σ0. Now, (4.3) is trivially true if ζ(t0) = ∞, while (4.3) is a corollary of
Lemma 4.2 when σ ≥ σM . It remains therefore to verify (4.3) when ζ(t0) <∞ and
σ0 < σ < σM . For this case, fix x1 so large that

x1 > max{x0, x0 − σ(T − t0), ζ(t0)},(4.4)

and define

µ := sup{δ > 0 : σδ < σ}.
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Subsequently, as in [20], for any ε > 0 we can construct a travelling-wave solution
U(·, ·; ε) of equation (1.3) in R× [0,∞), via the identity∫ U(x,t;ε)

0

εa′(s)
σs− f(s)

ds = max{x1 − x+ σ(t− t0), 0}.

It is easy to check that U(x, t; ε) = 0 for all x ≥ x1 + σ(t − t0), U(x, t; ε) > 0
for all x < x1 + σ(t − t0), and U(x, t; ε) → µ as x → −∞, for every t ≥ 0 and
ε > 0. Furthermore, U(x, t; ε) → µ as ε ↓ 0, uniformly on compact subsets of
{(x, t) ∈ R × [0,∞) : x < x1 + σ(t − t0)}. Let W (·, ·; ε) denote the variable (1.5)
associated with U(·, ·; ε). Observe that W (x0, t; ε) → µ{x1 − x0 + σ(t − t0)} and
w(x0, t; ε)→ w(x0, t; 0) = 0 as ε ↓ 0 for any t ∈ [t0, T ]. Also, W (x, t0; ε)→ µ(x1 −
x0) and w(x, t0; ε)→ w(x, t0; 0) = 0 as ε ↓ 0 for all x ∈ [x0, x1), while, by definition,
W (x, t0; ε) = 0 for all x ∈ [x1,∞) and w(x, t0; ε) = 0 for all x ∈ [ζ(t0; ε),∞) for
every ε > 0. Since x1 > ζ(t0), it follows that we can choose an ε∗ > 0 so small
that W (x0, t; ε) > w(x0, t; ε) for all t ∈ [t0, T ] and W (x, t0; ε) ≥ w(x, t0; ε) for all
x ∈ [x0,∞), for every 0 < ε < ε∗, whence, by the comparison principle given by
Lemma 2.9, there holds W (x, t; ε) ≥ w(x, t; ε) for all (x, t) ∈ (x0,∞) × (t0, T ] and
0 < ε < ε∗. This implies ζ(T ; ε) ≤ x1 + σ(T − t0) for all 0 < ε < ε∗. Hence, letting
ε ↓ 0 and thereafter letting x1 approach its lower bound in (4.4), we obtain

ζ(T ) ≤ max{x0 + σ(T − t0), x0, ζ(t0) + σ(T − t0)}.
However, since x0 +σ(T − t0) < x0 +σM (T − t0) < ζ(T ) and x0 < ζ(T ), this yields
(4.3).

We are now in a position to prove Theorem 1.3.

Proof of Theorem 1.3. In light of Lemma 4.1, to obtain the pointwise convergence
of ζ(·; ε) to ζ(·; 0) it suffices to show that

ζ(t) ≤ ζ(t; 0) for all t > 0.(4.5)

By Theorem 1.1 and Lemma 4.2, ζ(·; 0) and ζ are both continuous on [0,∞) with
ζ(0; 0) = ζ(0) = ζ0. It follows that if (4.5) is not true, then there exist a τ ≥ 0 and
a T > τ such that

ζ(τ) = ζ(τ ; 0)(4.6)

and

ζ(t) > ζ(t; 0) for all t ∈ (τ, T ].(4.7)

In this event, for every t1 ∈ (τ, T ) there is a t0 ∈ [τ, t1) such that ζ(t1) ≤ ζ(t0) +
σ0(t1 − t) for all t ∈ [t0, t1) by Lemma 4.3. From the arbitrariness of t1 and a
continuation argument we thus obtain

ζ(t) ≤ ζ(τ) + σ0(t− τ) for all t ∈ (τ, T ].(4.8)

On the other hand, by (1.10)

ζ(τ ; 0) + σ0(t− τ) ≤ ζ(t; 0) for all t > τ.(4.9)

Combining (4.6), (4.8) and (4.9) contradicts (4.7). This proves the pointwise con-
vergence in R+ of ζ(·; ε) to ζ(·; 0) as ε ↓ 0. The remainder of the proof is now
straightforward. From Theorem 1.2, Corollary 2.8 and the properties of the func-
tion QM proved in Lemma 2.3, we have a uniform estimate of the continuity of
ζ(·; ε) on [0, T ] and a uniform estimate of the Lipschitz continuity of ζ(·; ε) on [τ, T ]
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for any 0 < τ < T <∞ and 0 < ε < ε∗ with ε∗ > 0 fixed. The asserted convergence
follows via the Ascoli-Arzelà Theorem.

A direct consequence of Theorem 1.3 is given by the following refinement. Recall
the definition of σM and σ0 by (1.6) and (1.7), and the definition of IM by (2.5).

Proposition 4.4. Under the conditions of Theorem 1.3 the following additional
convergence occurs : (i) ζ(·; ε) → ζ(·; 0) in C0+α([0, T ]) for all 0 < T < ∞ and
0 < α < 1/2 if a′(s)/s ∈ L1(0,M); (ii) ζ′(·; ε) → ζ′(·; 0) in L∞(τ,∞) for all
0 < τ <∞ if σM = σ0; (iii) ζ(·; ε)−ζ(·; 0)→ 0 in C0+1([τ,∞)) for all 0 < τ <∞ if
σM = σ0 and IM <∞; and (iv) ζ(·; ε)→ ζ(·; 0) in C0+1([τ,∞)) for all 0 < τ <∞
if σM = σ0 = 0 and IM <∞.
Proof. (i) We polish an estimation in [20]. By definition

qM (t, ε, σ) = (σ − σM )t+ ε

∫ M

0

a′(s)
σs− f(s)

ds

≤ (σ − σM )t+ ε

∫ M

0

a′(s)
σs− σM s

ds.

Hence, setting

cM := 2

(∫ M

0

a′(s)
s

ds

)1/2

,

we can estimate QM (t, ε) ≤ qM (t, ε, σM + cMε
1/2t−1/2/2) ≤ cMε

1/2t1/2 for any
ε > 0 and t > 0. By Theorem 1.2, for every ε∗ > 0 this gives a uniform bound for
ζ(·; ε) in C0+1/2([0, T ]) for any T > 0 and 0 < ε < ε∗, from which the assertion
follows. (ii) If σM = σ0, then by Theorem 1.1 we have explicitly that ζ′(t; 0) = σ0 for
all t ≥ 0, while by Theorem 1.2 and Corollary 2.8 the function ζ(·; ε) is absolutely
continuous on R+ with σ0 ≤ ζ′(t; ε) ≤ σ0 + QM (1, ε/4τ) for almost all t > τ
and all ε > 0. This provides the required result. (iii) This case builds on the
previous one, since now by Theorem 1.2 and Lemma 2.3, ζ(t; 0) = ζ0 + σ0t and
ζ0 + σ0t ≤ ζ(t; ε) ≤ ζ0 + σ0t + εIM for all t ≥ 0. (iv) This case is covered by the
proof of the previous one.

We remark that the equation ut = (a(u))xx admits a unique similarity solution
of the form u = U(xt−1/2) in the sense of distributions in R × R+ where a(U)
is continuously-differentiable and nonincreasing on R, U(η) → M as η → −∞,
and U(η) → 0 as η → ∞. Furthermore, if a′(s)/s ∈ L1(0,M), then there is a
cM > 0 such that U(η) > 0 for all η < cM and U(η) = 0 for all η ≥ cM [16]. By
a change of variables, it can subsequently be verified that when f(s) = σMs for
all 0 ≤ s ≤ M the solution of problem (1.3),(1.2) with u0 = Mχ(−∞,0] is given
by u(x, t; ε) = f((x − σM t)ε−1/2t−1/2) so that in this particular instance one finds
ζ(t; ε) = σM t + cMε

1/2t1/2 for a constant cM which depends only on a and M .
This shows that the convergence established in parts (i) and (ii) above is the best
possible in general.

Let us turn now to the singular situation, σ0 = −∞.

Proof of Theorem 1.4. Recalling Lemma 4.1 to prove the theorem it suffices to show
that if ζ(t0) <∞ for some t0 ≥ 0, then

ζ(t) ≤ ζ̃(t) for all t > t0.(4.10)
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Let us therefore hypothesize, contrary to (4.10), that

ζ̃(T ) < ζ(T ) for some T > t0.(4.11)

Then, by Lemma 4.3 there exists a t1 ∈ (t0, T ) such that

ζ(T ) ≤ ζ(t1) + σ(T − t1)(4.12)

for all σ > −∞. However, by Lemma 4.2 we have

ζ(t1) ≤ ζ(t0) + σM (t1 − t0).(4.13)

Combining (4.11)–(4.13) we obtain ζ̃(T ) < ζ(t0) + σM (t1 − t0) + σ(T − t1) for all
σ > −∞. In the limit σ → −∞ this is inadmissible. We therefore conclude that
(4.10) must hold.

There are particular situations in which we can strengthen the results of Theo-
rem 1.4.

Proposition 4.5. Suppose that assumptions (H1)–(H4) hold and σ0 < ∞. (i) If
w0(x) =∞ for some x ∈ R, then ζ(t; ε) =∞ for all t ≥ 0 and ε ≥ 0. (ii) If ζ0 <∞
and

u0(x) ≥ µ for almost all x ∈ (−∞, ζ0)(4.14)

for some µ > 0 such that σµ = σM , then ζ(·; ε) → ζ(·; 0) in L∞(0, T ) for all
0 < T < ∞. (iii) If ζ0 < ∞ and (4.14) holds for some µ > 0 such that σµ = σM
and IM <∞, then ζ(·; ε)− ζ(·; 0)→ 0 in L∞(R+). (iv) If ζ0 <∞ and (4.14) holds
for some µ > 0 such that σµ = σM = 0 and IM < ∞, then ζ(·; ε) → ζ(·; 0) in
L∞(R+).

Proof. Part (i) is an immediate consequence of the first part of Lemma 2.5 and the
first part of Lemma 3.4. The key to the remaining parts is the estimate

ζ(t; ε) ≥ ζ0 + σµt for all t > 0 and ε ≥ 0.(4.15)

With this in hand, parts (ii)–(iv) of the proposition can be deduced similarly to
the corresponding parts of Proposition 4.4. To obtain (4.15) in the first-order
case ε = 0, we may compare the given entropy solution of (1.1),(1.2) under the
restriction (4.14), with the solution of the same problem with initial data function
ũ0 := µχ(−∞,ζ0]. Then Lemma 3.6 and Corollary 3.8 give (4.15) with ε = 0. For
the second-order case the inequality (4.15) is similarly proved by a comparison
argument with the travelling-wave solution U of problem (1.3),(1.2) given by∫ U(x,t)

0

εa′(s)
σµs− f(s)

ds = max{ζ0 − x+ σµt, 0}

with appropriate initial data and ε > 0.

Note that Proposition 4.5 is also valid in the situation that σ0 > −∞, and in this
light parts (iii) and (iv) complement the corresponding parts of Proposition 4.4.

Our final result in this section concerns the monotonic convergence of the fronts
ζ(·; ε) in both the cases σ0 > −∞ and σ0 = −∞.

Theorem 4.6. Let hypotheses (H1)–(H3) hold. Suppose that u0 is nonincreasing
in the sense that ess inf{u0(y) : y ∈ (−∞, x)} ≥ ess sup{u0(y) : y ∈ (x,∞)} for all
x ∈ R. Then

ζ(t; ε1) ≥ ζ(t; ε2) ≥ ζ(t; 0) for any ε1 > ε2 > 0 and t > 0.
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Proof. By Lemma 2.9, there holds w(x, t; ε1) ≥ w(x, t; ε2) for all (x, t) ∈ R×R+ and
ε1 > ε2 > 0, whence, by Lemma 3.4, w(x, t; ε2) ≥ w(x, t; 0) for all (x, t) ∈ R× R+

also.

5. The special case of power laws

In this final section we provide a synopsis of the previous results for the prototype
equations (1.13) and (1.14) with λ ∈ {−1, 0, 1}, n > 0 and m > 0 real parameters.
Although these results do not present any new qualitative information, there is a
novelty in that the power-law structure of equations (1.13) and (1.14) enables us
to obtain explicit estimates of the continuity of the interfaces.

Theorem 5.1. Let λ ∈ {−1, 0, 1}, n > 0 and m > 0 be real constants, and suppose
that u0 satisfies assumption (H3). As described in the introduction, let ζ0 denote
the supremum of the support of u0, ζ(·; 0) denote the supremum of the support of the
entropy solution of problem (1.13),(1.2), and, ζ(·; ε) the supremum of the support
of the solution of problem (1.14),(1.2) for ε > 0.

(i) If n < 1 and λ = 1, there holds ζ(t; ε) =∞ for all t > 0 and ε ≥ 0.
(ii) If n = 1, there holds ζ(t; 0) = ζ0 + λt for all t > 0. Moreover :

(a) If m ≤ 1, then ζ(t; ε) =∞ for all t > 0 and ε > 0.
(b) If m > 1, then ζ0 + λt ≤ ζ(t; ε) ≤ ζ0 + λt + R(t, ε,M) for all t > 0 and

ε > 0, where

R(t, ε,M) = Cε1/2t1/2M (m−1)/2(5.1)

for some constant C which depends only on m. Furthermore if ζ0 < ∞
then the generalized derivative ζ′(t; ε) exists and satisfies λ ≤ ζ′(t; ε) ≤
λ+ t−1R(t, ε/4,M) for almost all t > 0 and all ε ≥ 0.

(iii) If n > 1 and λ = −1, there holds ζ(t; 0) = ζ0 for all t > 0. Moreover :
(a) If m ≤ 1, then ζ(t; ε) =∞ for all t > 0 and ε > 0.
(b) If m > 1, then ζ0 ≤ ζ(t; ε) ≤ ζ0 + R(t, ε,M) for all t > 0 and ε > 0,

where R(t, ε,M) is given by (5.1) or by

R(t, ε,M) =

 Cε
(n−1)/(2n−m−1)t(n−m)/(2n−m−1) for m < n,

Cε{ln(ε−1tMn−1 + 1) + 1} for m = n,
CεMm−n for m > n,

(5.2)

for some constant C which depends only on m and n. Furthermore if
ζ0 < ∞, then the generalized derivative ζ′(t; ε) exists and satisfies 0 ≤
ζ′(t; ε) ≤ t−1R(t, ε/4,M) for almost all t > 0 and all ε ≥ 0.

(iv) If n > 1 and λ = 1, there holds ζ0 ≤ ζ(t; 0) ≤ ζ0 + Mn−1t for all t > 0.
Moreover :
(a) If m ≤ 1, then ζ(t; ε) =∞ for all t > 0 and ε > 0.
(b) If m > 1, then ζ0 ≤ ζ(t; ε) ≤ ζ0 + Mn−1t + R(t, ε,M) for all t > 0 and

ε > 0, where R(t, ε,M) is given by (5.1) or by

R(t, ε,M) = CεMm−n{ln(ε−1tM2n−m−1 + 1) + 1}(5.3)

for some constant C which depends only on m and n. Furthermore if
ζ0 < ∞, then the generalized derivative ζ′(t; ε) exists and satisfies 0 ≤
ζ′(t; ε) ≤Mn−1 + t−1R(t, ε/4,M) for almost all t > 0 and all ε ≥ 0.

(v) If n < 1 and λ = −1, there holds ζ(t; 0) ≤ ζ0−Mn−1t for all t > 0. Moreover :
(a) If m ≤ n, then ζ(t; ε) =∞ for all t > 0 and ε > 0.
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(b) If m > n, then ζ(t; ε) ≤ ζ0 −Mn−1t+R(t, ε,M) for all t > 0 and ε > 0,
where R(t, ε,M) is given by

R(t, ε,M) =


Cε(1−n)/(m+1−2n)t(m−n)/(m+1−2n) for m < 1,
Cε1/2t1/2 ln1/2(εt−1M2(1−n) + 1) for m = 1,
Cε1/2t1/2M (m−1)/2 for m > 1,

(5.4)

or by

R(t, ε,M) = CεMm−n{ln(ε−1tM2n−m−1 + 1) + 1}(5.5)

for some constant C which depends only on m and n. Furthermore there
holds ζ′(t; ε) ≤ −Mn−1 + t−1R(t, ε/4,M) for almost all t > 0 and all
ε ≥ 0 such that ζ(t; ε) <∞ and the generalized derivative ζ′(t; ε) exists.

In cases (iii), (iv) and (v) above, two alternatives for the function R have been
presented. In these cases the first estimate is sharper for small values of t, whereas
the second one is sharper for small values of ε and large values of t.

Proof of Theorem 5.1. The major conclusions are covered by Theorems 1.1 and 1.2
and Corollary 2.8. It remains to obtain the explicit estimates on ζ(·; ε) for ε > 0
in terms of the function R. In light of the inequalities (1.11) and (2.30) and the
observation that QM (1, ε/4t) = t−1QM (t, ε/4), these estimates may be obtained by
showing that, in each case, QM (t, ε) ≤ R(t, ε,M). To achieve this, recalling that
QM is defined by (2.7), it suffices to show that for each t > 0 and ε > 0 we can find
a σ ≥ σM such that

qM (t, ε, σ) ≤ R(t, ε,M),(5.6)

where σM is given by (1.6) and qM by (2.6), for a suitable constant C in the function
R. We apply this strategy case by case below.

(ii) Retracing the proof of part (i) of Proposition 4.4 there holds

qM (t, ε, σ) ≤ Cε1/2t1/2M (m−1)/2

for σ = σM + Cε1/2t−1/2M (m−1)/2/2, where C = 2m1/2(m − 1)−1/2. This yields
(5.6) with R given by (5.1). Note that this proof also partially covers cases (iii),
(iv) and (v).

(iii) In view of the last remark, we only have to consider (5.2). We begin with
the case m < n. In this case

qM (t, ε, σ) = (σ − σM )t+ ε

∫ M

0

msm−1

σs+ sn
ds

≤ (σ − σM )t+ ε

∫ ∞
0

msm−1

σs+ sn
ds

= (σ − σM )t+ εσ−(n−m)/(n−1)

∫ ∞
0

mrm−1

r + rn
dr.

Choosing σ = σM + ε(n−1)/(2n−m−1)t−(n−1)/(2n−m−1) we arrive at (5.6) with a
suitable constant C in (5.2). Note that this argument applies just as well when
n < m < 1. For m = n the first integral above can be evaluated explicitly to
yield qM (t, ε, σ) = σt+ εn(n− 1)−1 ln(σ−1Mn−1 + 1). Taking σ = εt−1 we obtain
the required result. Finally, for m > n we have qM (t, ε, 0) = εm(m− n)−1Mm−n,
which yields the last part of (5.2).
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(iv) Only (5.3) still has to be verified. Let p = min{m,n}. Then

qM (t, ε, σ) = (σ − σM )t+ ε

∫ M

0

msm−2

σ − sn−1
ds

≤ (σ − σM )t+ ε

∫ M

0

mMm−psp−2

σ −Mn−psp−1
ds

= (σ −Mn−1)t+ εm(p− 1)−1Mm−n{lnσ − ln(σ −Mn−1)}.

Taking σ = Mn−1 + εt−1Mm−n, we obtain (5.6) with C = max{1,m(p− 1)−1} in
(5.3).

(v) The proof of (5.6) with R given by (5.4) in the case m > 1 has been covered
with part (ii), while the proof in the case m < 1 has been covered with part (iii).
This leaves (5.4) for m = 1. In this instance, one has qM (t, ε, σ) = (σ +Mn−1)t+
ε(1−n)−1σ−1 ln(σM1−n + 1) if σ 6= 0 and qM (t, ε, 0) = Mn−1t+ ε(1−n)−1M1−n.
Taking σ = −Mn−1 + ε1/2t−1/2 ln1/2(εt−1M2(1−n) + 1), we derive our bound after
some tedious but elementary calculations. Lastly, we have to verify the bound in
(5.5). This we can do similarly to (5.3). Setting p = min{m, 1}, we observe that

qM (t, ε, σ) = (σ − σM )t+ ε

∫ M

0

msm−n−1

1 + σs1−n ds

≤ (σ − σM )t+ ε

∫ M

0

mMm−psp−n−1

1 + σM1−psp−n
ds

= (σ +Mn−1)t+ εm(p− n)−1Mm−1σ−1 ln(σM1−n + 1),

whenever σ < 0, while qM (t, ε, 0) = Mn−1t+ εm(m− n)−1Mm−n. The conclusion
follows, again after some calculations, taking σ = min{−Mn−1+εt−1Mm−n, 0}.

Under the assumption that u0 is continuous, further estimates of the kind in
Theorem 5.1, both from above and below, can be found in the literature. Esti-
mates specifically concerned with the dependence of the initial growth rate on the
smoothness of u0 near ζ0 have been obtained in [2, 3]. In [22, 34] results on the
large time behaviour in relation to the decay of the solution in some reference point
have been obtained, while in [12, 14, 15, 18, 23, 27, 31, 47] the large time behaviour
when u0 has compact support has been investigated. In a number of instances it is
known that the interface ζ(·; ε) in the solution of problem (1.14),(1.2) is smoother
than suggested by Theorem 5.1 [15, 28, 47, 48, 49]. In particular, for the case n = 1
the theory of the porous media equation [4, 6, 29, 53] may be applied to deduce
especially refined regularity.
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