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ON SHIMURA, SHINTANI AND
EICHLER-ZAGIER CORRESPONDENCES

M. MANICKAM AND B. RAMAKRISHNAN

Abstract. In this paper, we set up Shimura and Shintani correspondences
between Jacobi forms and modular forms of integral weight for arbitrary level
and character, and generalize the Eichler-Zagier isomorphism between Jacobi
forms and modular forms of half-integral weight to higher levels. Using this to-
gether with the known results, we get a strong multiplicity 1 theorem in certain
cases for both Jacobi cusp newforms and half-integral weight cusp newforms.
As a consequence, we get, among other results, the explicit Waldspurger the-
orem.

1. Introduction

The famous work of Atkin and Lehner [1] partitions the space S2k(N) of cusp
forms of weight 2k, level N into eigensubspaces with respect to the Hecke operators
T (n), (n,N) = 1. In each eigensubspace there exists a normalized Hecke eigen-
form g(z) of weight 2k and level N ′ (N ′ is a positive divisor of N), such that the
eigensubspace is generated by all the forms g(dz), where d varies over all positive
divisors of N/N ′. The direct sum of the eigensubspaces when N ′ = N is known as
the space of newforms of weight 2k, level N , denoted by Snew2k (N). This theory is
known as the theory of newforms of integral weight.

Starting with the remarkable work of Shimura [15], the theory of modular forms
of half-integral weight is well developed with an analogous Hecke theory. The space
Sk+1/2(Γ0(4N)) of cusp forms of weight k+ 1/2 for the group Γ0(4N) is connected
with the space S2k(2N) via the Shimura and Shintani correspondences, commuting
with the action of Hecke operators. Through the results of Waldspurger [22], [23],
the square of the Fourier coefficient of a Hecke eigenform of half-integral weight
is proportional to the special value of the twisted L-function associated with the
corresponding (via the Shimura correspondence) Hecke eigenform of integral weight
at the center of the critical strip. It is therefore natural to set up a parallel theory
of newforms for the space Sk+1/2(Γ0(4N)), which is compatible with the theory
of newforms of integral weight. In turn we get the explicit Waldspurger result
[6, 8, 11]. Several attempts have been made to set up the theory of newforms;
however, there is no complete theory available as in the case of modular forms of
integral weight.
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Another development, noted from the earlier work of Jacobi [5] and arising nat-
urally from Siegel modular forms, is the theory of Jacobi forms. Hecke theory and
the theory of newforms have been completely studied in the space Jk,m of Jacobi
forms of weight k and index m for the full Jacobi modular group ΓJ . The analogues
of the Shimura and Shintani correspondences between Jk,m and S−2k−2(m), a spe-
cial subspace of S2k−2(m), are known. In order to complete the Saito–Kurokawa
correspondence, Eichler and Zagier [2] established a perfect isomorphism between
Jacobi forms and modular forms of half-integral weight in the simplest case when
m = 1.

Our goal in the present paper is three-fold. First (section 3), we set up Shimura
and Shintani correspondences between the spaces Jcuspk,m (M,χ) (the space of Jacobi
cusp forms of weight k, index m and levelM with character χ) and S2k−2

(
mM,χ2

)
.

To do so, we connect Poincaré series of Jacobi forms and certain holomorphic
kernel function of the periods of integral weight cusp forms under the Shimura
correspondence. Second (section 4), we extend the Eichler-Zagier perfect isomor-
phism [2, Theorem 5.4], denoted by Z1, into a linear map Zm commuting with
the action of Hecke operators and which maps Jcuspk,m (M,χ) into a special subspace
Smk−1/2(mM,χ) (see section 4, (19), for the definition) of Sk−1/2 (Γ0(4mM), χ). By
proving that the (n, r)-th Fourier coefficient of a Jacobi newform in Jcusp,newk,m (M,χ)
depends only on the discriminant r2−4mn but not on r modulo 2m, we obtain that
the restriction of Zm on newforms is a perfect isomorphism from Jcusp,newk,m (M,χ)
onto Sm,newk−1/2 (mM,χ), where m is relatively prime to the conductor of χ (refer to
the equation (22) in section 5.1 for the definitions). Now, invoking the known re-
sults [7, 12, 18, 19, 20, 21], we have the “strong multiplicity one” theorem for (i)
Jacobi cusp newforms of index m and square-free level with real character, and
(ii) the newforms in the special space Sm,newk−1/2 (mM,χ), where m is arbitrary, M is
square-free, and χ is real. As a consequence (section 5.2), the Waldspurger result
is derived for Jacobi cusp newforms. Third (section 5.3), we decompose the space
of oldforms both in Jcuspk,1 (M) and in the space Smk−1/2(m), compatible with Zm.
Further, in section 5.2, we obtain the exact eigenvalues for the W -operators on the
space S+

k−1/2 (Γ0(4mM)) for the primes p dividing mM .
We feel that the methods used in this paper can also be used to get similar

results in the case of skew-holomorphic Jacobi forms. For details in the simplest
case (for example, the results of section 3), we refer to the thesis of the first author
[10].

2. Preliminaries

Let k,m,M,N ∈ N, and let τ, w ∈ H (complex upper half-plane), z ∈ C. We
denote by Sk(N,ψ), the space of cusp forms of weight k and level N with character
ψ; by S−k (N) the subspace of Sk(N) consisting of forms f satisfying f

∣∣WN =
(−1)k/2+1f , where WN is the Atkin–Lehner involution; by Sk+1/2 (Γ0(4N), ψ1), the
space of cusp forms of weight k+1/2, for the group Γ0(4N) with character ψ1 in the
sense of Shimura, where ψ1 =

(
4ψ(−1)
·

)
·ψ; by S+

k+1/2 (Γ0(4N), ψ1), the subspace of
Sk+1/2 (Γ0(4N), ψ1), defined by Kohnen, consisting of forms f whose n-th Fourier
coefficient vanishes if ψ(−1)(−1)kn is not a square modulo 4; by Jcuspk,m (N,ψ), the
space of Jacobi cusp forms of weight k, index m, level N with character ψ. The n-th
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Fourier coefficient of a modular form f is denoted as a(f ;n) and the ( r
2−D
4m , r)-th

Fourier coefficient of a Jacobi form φ is denoted as a(φ;D, r).
The Hecke operators in Sk−1/2 (Γ0(4N), ψ1) (resp. S+

k−1/2(Γ0(4N), ψ1), N odd)
are denoted by T (p2), p - 2N , and U(p2), p|2N (resp. T (p2), p - 2N , T+(4) and
U(p2), p|N). The Hecke operators in Jcuspk,m (N,ψ) are denoted by TJ(p), p - mN and
UJ(p), p|N . Note that the Hecke operator UJ(d) has already been defined in [13].

We denote by 〈 ·, · 〉, the Petersson inner product in the spaces of modular forms
of both integral and half-integral weights and the space of Jacobi forms. Throughout
the paper, p denotes a prime. For z ∈ C and c ∈ R, we put ec(z) = e2πiz/c. By
d|n, we always mean a positive divisor d of n. For a fundamental discriminant D0,(
D0
·
)

denotes the generalized quadratic residue symbol. iN denotes the index of
the congruence subgroup Γ0(N) in SL2(Z). For an integer D, D ≡ (mod m)
means that D is a square modulo m. For general reference we refer the reader to
[1, 2, 15].

3. Correspondence between Jacobi cusp forms

and cusp forms of integral weight

Let χ be a primitive Dirichlet character modulo M1, where M1|M , and let
ε = χ(−1). In [8], W. Kohnen constructed a holomorphic kernel function of the
Shimura lift and obtained the adjoint Shintani lift for the spaces S+

k−1/2 (Γ0(4M))
and S2k−2(M) (M odd). Following this, similar lifts were obtained for the spaces
Jcuspk,m and S−2k−2 (m) in [3] and for the spaces Jcuspk,m (M,χ) and S2k−2

(
mM,χ2

)
(M

is odd) in [14]. We also remark here that Kohnen’s work [8] has been generalized for
the spaces Sk−1/2 (Γ0(4N), ψ) and S2k−2

(
2N,ψ2

)
(with some restrictions on the

even part of the conductor of ψ (modulo 4N)) in [11]. In this section, we present a
modified way to get these lifts between Jcuspk,m (M,χ) and S2k−2

(
mM,χ2

)
. The re-

sults of this section are straightforward applications of the known results [3, 8, 14],
and so we omit the proofs.

We need two basic cusp forms in the respective spaces, which we describe below.

Poincaré series. For a negative discriminant D and an integer r modulo 2m with
D ≡ r2 (mod 4m), we have the (D, r)-th Poincaré series P(D,r) in Jcuspk,m (M,χ)
uniquely determined by

〈φ, P(D,r)〉 = αk,m,Da (φ;D, r) ,(1)

where

αk,m,D =
mk−2Γ(k − 3/2)

2πk−3/2
|D|−k+3/2

,(2)

and φ ∈ Jcuspk,m (M,χ).
The other cusp form which we need for our purpose is the holomorphic kernel

function of the periods of cusp forms in S2k−2

(
mM,χ2

)
. Let D0 be a negative

fundamental discriminant, and let r0 (mod 2m) be an integer such that D0 ≡
r2
0 (mod 4m).
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The holomorphic kernel function of the periods of cusp forms. This is the
function fk,mM,χ,M2

1D0D,−r0rM1,D0

∣∣K ∈ S2k−2

(
mM,χ2

)
, where

fk,mM,χ,M2
1D0D,−r0rM1,D0

(w) =
∑
Q

χ(c)χD0(Q)Q(w, 1)−k+1 ∈ S2k−2

(
mM,χ2

)
.

Here the summation varies over all binary quadratic forms Q = [a, b, c] such that
b2 − 4ac = M2

1D0D, a ≡ 0 (mod mMM1) and b ≡ −r0rM1 (mod 2m), χD0(Q)
is the generalized genus character defined in [3] and K is the operator defined by
f(τ) 7→ f

∣∣K(τ) = f(−τ).
We define

Sm2k−2(mM,χ2) =
{
f ∈ S2k−2(mM,χ2) : f

∣∣Wm = ε(−1)k−1χ(m)f
}
.(3)

Note that S−2k−2(m) = Sm2k−2(m).

Proposition 3.1. Let (m,M1) = 1. Then the function fk,mM,χ,M2
1D0D,−r0rM1,D0

belongs to the space Sm2k−2(mM,χ2).

A characterization of the function fk,mM,χ,M2
1D0D,−r0rM1,D0

is given in the fol-
lowing proposition.

Proposition 3.2. Let f ∈ S2k−2(mM,χ2) and let

rk,mM,χ,M2
1D0D,−r0rM1,D0

(f) =
∑
Q

χ(c)χD0(Q)
∫
CQ

f(w) Q(−w, 1)k−2 dw,

(4)

where the sum varies over all quadratic forms Q = [a, b, c] modulo Γ0(mM) such
that b2 − 4ac = M2

1D0D, b ≡ −r0rM1 (mod 2m) and a ≡ 0 (mod mMM1), and
where CQ is the image in Γ0(mM)\H of the semicircle a|w|2+bu+c = 0 (w = u+iv)
with appropriate orientation (see [3, 14] for details). Then

i−1
mMπ

(
2k − 4
k − 2

)
2−2k+4(M2

1D0D)−k+3/2rk,mM,χ,M2
1D0D,−r0rM1,D0

(f)

= 〈f, fk,mM,χ,M2
1D0D,−r0rM1,D0

∣∣K〉.(5)

Corollary 3.3. Let D ≡ r2 (mod 4m) be a negative fundamental discriminant
such that (D,mM) = 1. Assume that (M1,m) = 1. Let R(χ,D) be the following
Gauss type sum:

R(χ,D) = (DM1)−1/2
∑

a(M1|D|)
χ(a)

(
D0
a

)
eM1|D|(a).

Then, for a normalized Hecke eigenform f belonging to the space Sm,new2k−2 (mM,χ2)(
= Sm2k−2(mM,χ2) ∩ Snew2k−2(mM,χ2)

)
, we have

rk,mM,χ,M2
1D

2,−r2M1,D
(f)

=
−ik(M1|D|)k−3/2(k − 2)!R(χ,D)

2πk−1
L(f, χ

(
D
·
)
, k − 1).

(6)
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The Shimura and Shintani lifts. For a negative fundamental discriminant D0

and an integer r0 modulo 2m with D0 ≡ r2
0 (mod 4m), we define the Shimura map

SD0,r0on Jcuspk,m (M,χ) as follows:

φ
∣∣SD0,r0(w) =

∑
n≥1

 ∑
d|n

(d,M2)=1

χ(d) dk−2 a

(
φ;
n2

d2
D0,

n

d
r0

) e(nw),(7)

where M2 = M/M1.
To prove the mapping property of the Shimura lift SD0,r0and to obtain its adjoint

Shintani lift S?D0,r0
, we express the image of the Poincaré series in terms of the

kernel function of the periods of cusp forms of integral weight in the following main
theorem of this section.

Theorem 3.4.

P(D,r)

∣∣SD0,r0(w) =
(−i)k−22k−3(M1|D0|)k−3/2Γ(k − 3/2)R(χ,D0)

πk−1/2
(

2k−4
k−2

)
·
∑
t|M2

µ(t)χ(t)
(
D0
t

)
tk−2fk,mM/t,χ,M2

1D0D,−r0rM1,D0

∣∣K(tw).

(8)

Note. Since all Poincaré series P(D,r), 0 > D ≡ r2 (mod 4m), r (mod 2m) gen-
erate Jcuspk,m (M,χ), it follows from Theorem 3.4 that SD0,r0maps Jcuspk,m (M,χ) to
S2k−2(mM,χ2). One can directly verify that the map SD0,r0commutes with the
action of the Hecke operators.

For a negative fundamental discriminant D0 and an integer r0 modulo 2m with
D0 ≡ r2

0 (mod 4m), we define the Shintani lift S?D0,r0
, the adjoint of SD0,r0with

respect to the Petersson scalar product, as follows.
For f ∈ S2k−2(mM,χ2),

f
∣∣S?D0,r0

(τ, z) =
∑

0>D,r∈Z
D≡r2 (mod 4m)

α−1
k,m,D〈f, P(D,r)

∣∣SD0,r0〉e
(
r2 −D

4m
τ + rz

)
,

(9)

where αk,m,D is the constant defined in (2). In other words, we have

〈f
∣∣S?D0,r0

, P(D,r)〉 = 〈f, P(D,r)

∣∣SD0,r0〉.

From the properties of SD0,r0 , we conclude that S?D0,r0
maps S2k−2

(
mM,χ2

)
to

Jcuspk,m (M,χ), and it is the adjoint of SD0,r0with respect to the Petersson inner
product. Further, it can be easily verified that this commutes with the action
of the Hecke operators. Note that the definition of S?D0,r0

is made using (5) and
Theorem 3.4. Using (5), we have the explicit Fourier coefficients of f

∣∣ S?D0,r0
in the

following (see [3, 14])

a
(
f
∣∣S?D0,r0

;D, r
)

= (−i/2m)k−2
i−1
mMM

−k+3/2
1 R(χ,D0)

×

∑
t|M2

µ(t)χ(t)
(
D0
t

)
t−k+1rk,mMt,χ,M2

1D0Dt
2,−r0rM1,D0

(f)

 .

(10)
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We summarize the above discussion in the following theorem.

Theorem 3.5. SD0,r0maps Jcuspk,m (M,χ) to S2k−2

(
mM,χ2

)
, and S?D0,r0

is the ad-
joint of SD0,r0with respect to the Petersson scalar product. Further, the mappings
commute with the action of Hecke operators.

Remark 3.1. When M = 1, the correspondence given in Theorem 3.5 is actually
between the spaces Jcuspk,m and S−2k−2 (m).

Remark 3.2. In view of Proposition 3.1, whenever (m,M1) = 1, the Shimura map
SD0,r0maps Jcuspk,m (M,χ) to Sm2k−2(mM,χ2).

4. A generalization of Eichler–Zagier map

In this section, we define a map Zm on Jcuspk,m (M,χ), which is a generalization
of the Eichler–Zagier map (see Remark 4.2 below). Using this map as a main tool
(Theorem 4.3), we develop, in the subsequent sections, the theory of newforms in
the space of Jacobi forms from the already known theory of newforms in the space
of cusp forms of half–integral weight, and vice versa. The proofs of the results
presented in this section are straightforward calculations, so we omit them.

Definition. Let χ1 =
(

4ε
·
)
χ. We define the subspaces Smk−1/2 (Γ0(4mM), χ1) and

S+,m
k−1/2 (Γ0(4mM), χ1) as follows:

Smk−1/2 (Γ0(4mM), χ1)

=
{
f ∈ Sk−1/2 (Γ0(4mM), χ1) : a(f ;n) = 0 if ε(−1)k−1n 6≡ (mod m)

}
(11)

and, when mM is odd,

S+,m
k−1/2 (Γ0(4mM), χ1) = S+

k−1/2 (Γ0(4mM), χ1) ∩ Smk−1/2 (Γ0(4mM), χ1)

=
{
f ∈ S+

k−1/2 (Γ0(4mM), χ1) : a(f ;n) = 0 if ε(−1)k−1n 6≡ (mod 4m)
}
.

(12)

We also define the operator A4as

A4 :
∑
n≥1

a(n)e(nτ) −→
∑
n≥1

ε(−1)k−1n≡ (mod 4)

a(n)e(nτ).(13)

In fact, the operator A4is given explicitly in the following (the action is with respect
to the usual stroke operation):

A4 =
[

1
α

(ξ + ξ′) +
1
2

]
,

where

ξ =
((

4 1
0 4

)
, ε1/2eiπ/4

)
, ξ′ =

((
4 −1
0 4

)
, ε1/2e−iπ/4

)
and α = (−1)[

k−1)
2 ]ε2

√
2. (See [7].)

Let us denote by Pm the subspace in Sk−1/2 (Γ0(4mM), χ1) (if 2|mM) or in
S+
k−1/2 (Γ0(4mM), χ1) (if 2 - mM) generated by all Poincaré series P|D| (if 2|mM)

or P+
|D| (if 2 - mM), where D varies over all discriminants such that ε(−1)k−1D > 0,

(D,m) = 1, and D ≡ (mod 4m). Then we have the following proposition.
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Proposition 4.1. A4maps Sk−1/2 (Γ0(4mM), χ1) into Sk−1/2 (Γ0(16mM), χ1),
and it is injective on Pm. In other words, the Poincaré series P|D|, D ≡ r2

(mod 4m), is uniquely determined by its n-th Fourier coefficients whenever
ε(−1)k−1n ≡ (mod 4).

We need the following remark at the end of this section for the extension of the
map Zm.

Remark 4.1. Note that for a positive integer d, P|D||B(d2) is also determined
uniquely by its n-th Fourier coefficients, where ε(−1)k−1n ≡ (mod 4); here
B(d) (d ∈ N) is the operator defined on formal Fourier series as follows:

B(d) :
∑
n≥1

a(n)e(nz) −→
∑
n≥1

a(n)e(ndz).

The map Zm. Define the map Zm on Jcuspk,m (M,χ) as follows.
Let (M1,m) = 1. Then for φ ∈ Jcuspk,m (M,χ),

φ
∣∣Zm(τ) =

∑
D<0

 ∑
r (mod 2m)

D≡r2 (mod 4m)

a (φ;D, r)

 e (|D|τ) .(14)

Remark 4.2. When mM = 1, Z1 is nothing but the map defined by Eichler and
Zagier in [2], which is a canonical map from Jcuspk,1 onto S+

k−1/2 (Γ0(4)) (in fact, it
acts on noncusp forms also). When m = 1 and 2 - M , Z1 is the map defined in
[13] in connection with the Saito–Kurokawa descent. The present map Zm, which
generalizes the previous maps, is introduced to study the correspondence between
Jcuspk,m (M,χ) and Sk−1/2 (Γ0(4mM), χ1), to the extent possible, in general. N.-P.
Skoruppa [17] also obtained a similar generalization.

Lemma 4.2. Let k be even, let χ be an even character and let f ∈ Pm. If 2 - mM ,
then a(f ; |D′|) = 0 whenever D′ 6≡ (mod 4m); if 2|mM , then a(f ; |D′|) = 0
whenever D′ 6≡ (mod 4m) and D′ ≡ (mod 4).

In view of the assumptions of the above lemma, from now on we assume that k
is even and ε = 1.

Denote by PJ(m) the subspace of Jcuspk,m (M,χ) generated by all Poincaré series
P(D,r), where D varies over all negative discriminants such that (D,m) = 1 and
D ≡ r2 (mod 4m).

The main theorem of this section is the following.

Theorem 4.3. The linear map Zm maps PJ(m) onto Pm
∣∣A4.

In view of Proposition 4.1, we redefine the map Zm on PJ(m) as follows:

Zm =
{
Zm if 2 - mM,

Zm A4
−1 if 2|mM .

(15)

Using Theorem 4.3, we have established the following.

Theorem 4.4. Zm maps PJ(m) onto Pm.

We now state a generalized form of [18, Lemma 3.1], whose proof uses the same
techniques.
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Proposition 4.5. Let 0 6= φ ∈ Jcuspk,m (M,χ) be such that a(φ;D, r) = 0 for all
0 > D ≡ r2 (mod 4m) with (D,m) = 1. Then

φ ∈
∑
d>1
d2|m

Jcuspk,m/d2(M,χ)
∣∣ud,

where ud is the operator which maps the function φ(τ, z) ∈ Jk,m(M,χ) to the func-
tion φ(τ, dz) ∈ Jk,md2(M,χ).

The following proposition is a consequence of Proposition 4.5.

Proposition 4.6.

Jcuspk,m (M,χ) = PJ(m)⊕
∑
d>1
d2|m

Jcuspk,m/d2(M,χ)
∣∣ud,(16)

Jcuspk,m (M,χ) = PJ(m) (m square-free).(17)

Lemma 4.7. Let φ ∈ Jcuspk,m (M,χ) such that φ 6∈ PJ(m). Then

φ
∣∣ud∣∣Zm = φ

∣∣Zm/d2

∣∣B(d2).(18)

Note that the mapping property of Zm is obtained only on PJ (m). We extend
the mapping property to Jcuspk,m (M,χ) by using i) induction on the square part of
m, ii) the commutative property (18), and iii) Remark 4.1.

Definition. Define the space Smk−1/2(mM,χ) as follows:

Smk−1/2(mM,χ) =

{
Smk−1/2 (Γ0(4mM), χ) if 2|mM,

S+,m
k−1/2 (Γ0(4mM), χ) if 2 - mM.

(19)

We summarize the above results in the following theorem.

Theorem 4.8. The linear map Zm maps Jcuspk,m (M,χ) to Smk−1/2(mM,χ) and com-
mutes with the action of Hecke operators.

5. Newforms and Waldspurger’s result

Throughout this section we assume that (m,M1) = 1.

5.1. Newforms. Let Snew2k−2(mM,χ2) be the space of newforms in S2k−2

(
mM,χ2

)
.

Let f1, f2, · · · , fν denote the orthogonal basis of normalized Hecke eigenforms in
Snew2k−2(mM,χ2). Define for each i, 1 ≤ i ≤ ν, the following eigensubspaces:

Jcusp,newk,m (M,χ; fi) =
{
φ ∈ Jcuspk,m (M,χ) : φ

∣∣TJ(p) = a(fi; p)φ, p - mM
}
,

(20)

Sm,newk−1/2 (mM,χ; fi) =
{
g ∈ Smk−1/2(mM,χ) : g

∣∣T (p2) = a(fi; p)g, p - mM
}
,

(21)

We define the space of newforms in Jcuspk,m (M,χ) and in Smk−1/2(mM,χ) as follows:

Jcusp,newk,m (M,χ) =
ν⊕
i=1

Jcusp,newk,m (M,χ; fi),

Sm,newk−1/2 (mM,χ) = Pm ∩
ν⊕
i=1

Sm,newk−1/2 (mM,χ; fi).

(22)
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As usual we define the space of oldforms to be the orthogonal complement (with
respect to Petersson product) of the space of newforms in the respective spaces.
(Refer to equations (37), (41) and (52).)

Proposition 5.1. Zm maps Jcusp,newk,m (M,χ) onto Sm,newk−1/2 (mM,χ) and preserves
the corresponding eigenspaces.

Proof. Let φ ∈ Jcusp,newk,m (M,χ) be a Hecke eigenform. Using the commutative
relation

TJ(p)Zm = ZmT (p2) p - mM,(23)

we have φ
∣∣Zm ∈ Smk−1/2(mM,χ), and it is a Hecke eigenform having the same

eigenvalues as that of φ. So, by definition, φ
∣∣Zm ∈ Sm,newk−1/2 (mM,χ) .

For a Jacobi cusp form (resp. an integral or half-integral weight cusp form) φ,
we write φ = φnew⊕φold, where φnew (resp. φold) belongs to the space of newforms
(resp. oldforms).

Theorem 5.2. Zm is injective on Jcusp,newk,m (M,χ). In particular, Pnew(D,r) = Pnew(D,r′)

whenever r ≡ r′ (mod 2m).

Proof. Let φ ∈ Jcusp,newk,m (M,χ) be in the kernel V of Zm. Suppose that φ 6= 0.
In view of (23), we assume that φ is a Hecke eigenform. Then there exists a
fundamental discriminant D < 0, (D,mM) = 1 and D ≡ r2 (mod 4m), such
that a(φ;D, r) 6= 0. This implies that Pnew,V(D,r) 6= 0. (Here, we have put Pnew(D,r) =

Pnew,V(D,r) ⊕ P
new,V ⊥

(D,r) , where Jcusp,newk,m (M,χ) = V ⊕ V ⊥.) Let Vk ∈ Snew2k−2(mM,χ2)
be the image of V under all Shimura lifts SD′,r′ . Now our assumption shows that

Pnew,V(D,r)

∣∣SD,r 6= 0.

This together with Theorem 3.4 imply that

fnew,Vk
k,mM,χ,M2

1D
2,−r2M1,D

6= 0,

which in turn implies that
fnew,Vk
k,mM,χ,M2

1D
2,D
6= 0.

(Refer to [11] for the definition of the function.) This implies that Pnew,Vk−1/2

|D| 6= 0,
where P|D| is the |D|-th Poincaré series which belongs to Pm and Vk−1/2 is the image
of V under Zm. On the other hand, using the relation (whose proof is direct)

S?D,r Zm = S?D when restricted onto newforms,

we get

0 = Pnew,V(D,r)

∣∣Zm =
(
Pnew,Vk1

∣∣S∗D,r) ∣∣Zm = Pnew,Vk1

∣∣S∗D = P
new,Vk−1/2

|D| .(24)

This contradiction proves our claim.

As a consequence of the above theorem, we have the following.

Corollary 5.3. Let φ ∈ Jcusp,newk,m (M,χ) be a non-zero form. Then the Fourier
coefficient a(φ;D, r) of φ depends only on the discriminant D and not on r modulo
2m, where D ≡ r2 (mod 4m).
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Remark 5.1. If φ ∈ Jcusp,newk,m (M,χ), then in view of the above corollary, its Fourier
coefficient is denoted by a(φ;D) instead of a(φ;D, r).

We now state the refinement of Zm on newforms as follows.

Theorem 5.4. The map Zm, defined by

∑
0>D,r∈Z

D≡r2 (mod 4m)

a (φ;D, r) e
(
r2 −D

4m
τ + rz

)
7→

∑
0>D∈Z

D≡ (mod 4m)

a (φ;D) e (|D|τ) ,

(25)

is a canonical isomorphism between Jcusp,newk,m (M,χ) and Sm,newk−1/2 (mM,χ), which
commutes with the action of Hecke operators. It also preserves the Hilbert space
structure.

Corollary 5.5. The strong “multiplicity 1” theorem is valid on Sm,newk−1/2 (mM,χ),
where M is square-free and χ is real.

Proof. If M = 1, then the result follows using the above theorem and the Skoruppa-
Zagier theorem [18, Theorem 5]. Let M > 1 be square-free. For a form f which
belongs to Sm,newk−1/2 (mM,χ) and for a prime p, p2|mM , we have

f
∣∣Rp(τ) :=

∑
n≥1

(
ε(−1)k−1n

p

)
a(f ;n)e(nτ) = f,(26)

so that any Hecke eigenform f in this space is an eigenform under the twisting
operator Rp with eigenvalue 1. Hence, by the results of Ueda [20, 21], we have the
required strong multiplicity one theorem.

Corollary 5.6. If M is square-free and χ is real, then we have the strong “multi-
plicity 1” theorem on Jcusp,newk,m (M,χ).

Proof. Use Corollary 5.5 in the above theorem.

Remark 5.2. In the above two cases, the decomposition of oldforms compatible via
Zm will be discussed in sections 5.3 and 5.4 with some restrictions.

5.2. Waldspurger’s Result. Let f be one of the basis elements (which belongs
to Snew2k−2

(
mM,χ2

)
) described in section 5.1 such that the corresponding eigenspace

Jcusp,newk,m (M,χ; f) is nonempty. Let 0 > D be a fundamental discriminant, and let
r (mod 2m) be such that D ≡ r2 (mod 4m). Then SD,r maps Jcusp,newk,m (M,χ; f)
onto Cf . If {φ1, φ2, · · · , φs} constitutes an orthogonal basis of Hecke eigenforms of
Jcusp,newk,m (M,χ; f), we have

φi
∣∣SD,r = a (φi;D) f, 1 ≤ i ≤ s.(27)

Consider
a (φi;D)φi

∣∣SD,r = |a (φi;D) |2f.
i.e.,

α−1
k,m,DP(D,r)

∣∣SD,r =
s∑
i=1

|a (φi;D) |2

〈φi, φi〉
f on Cf.(28)

Using Theorem 3.4 and the equations (5) and (6) in (28), we get the following.
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Theorem 5.7 (Waldspurger result). Let f and the φi’s be as above. Then, for a
negative fundamental discriminant D ≡ �(mod 4m) and (D,mM) = 1, we have

s∑
i=1

|a (φi;D) |2

〈φi, φi〉
=

(k − 2)!|D|k−3/2

imM22k−3πk−1mk−2

L(f, χ
(
D
·
)
, k − 1)

〈f, f〉 .(29)

Remark 5.3. The above equation (29) is also valid for skew-holomorphic Jacobi
newforms (refer to [10] for the simplest case).

5.3. Decomposition of Jacobi forms. In this section, using the theory of new-
forms developed for the space S+

k−1/2(Γ0(4mM)) when mM is odd and square-free,
we obtain the same for the space Jcusp,newk,m (M) via the map Zm. We also decom-
pose the space of oldforms Jcusp,oldk,m (M), which is compatible with the corresponding
decomposition of oldforms in S+,m

k−1/2(Γ0(4mM)).
First we recall the W -operators defined in S+

k−1/2 (Γ0(4mM)). For p|mM , let

W (p) =
((

pa b
4mMc p

)
, p−1/2 (4mMcz + p)1/2

)
,

where a, b, c ∈ Z are such that b ≡ 1 (mod p) and p2a − 4mMbc = p, be the
W -operator defined on S+

k−1/2 (Γ0(4mM)). Then the analogous Atkin-Lehner W -
operator wp is defined as follows:

wp = p−k/2+3/4U(p)W (p).

Proposition 5.8. Let p|mM and let f ∈ S+
k−1/2 (Γ0(4mM)) be an eigenform un-

der wp. Then

f
∣∣wp =

(
−n0
p

)
f,

where n0 > 0 is an integer such that p - n0 and a(f ;n0) 6= 0.

Proof. The following can be easily verified (see [7]):

f
∣∣wp(τ) =

∑
n≥1

(
(−1)k−1n

p

)
a(f ;n)e(nτ)

+
(
−4
p

)−k+1/2

p−1/2f
∣∣W (p)

((
p 0
0 1

)
, p−1/4

)
(τ).

(30)

Now f
∣∣wp = λpf is equivalent to

p−k+5/4f
∣∣U(p)

((
p 0
0 1

)
, p−1/4

)
(τ) =

(
−4
p

)−k+1/2

f
∣∣W (p)

((
p 0
0 1

)
, p−1/4

)
(τ),

(31)

where we have used the fact that

W (p)2 =
(
−4
p

)k−1/2

on S+
k−1/2

(
Γ0(4mM),

(
·
p

))
.

Using this in (30), we see that f
∣∣wp = λpf is equivalent to

λp
∑
n≥1
p-n

a(f ;n)e(nτ) =
∑
n≥1

(
(−1)k−1n

p

)
a(f ;n)e(nτ).(32)

Since there exists an integer n0 > 0 with p - n0 such that a(f ;n0) 6= 0, we get the
required result from the above equation.
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A characterization of S+,m
k−1/2 (Γ0(4mM)) is given in the following.

Lemma 5.9. i) For p|m, the W -operator wp acts as the identity operator on
S+,m
k−1/2 (Γ0(4mM)).

ii) For D ≡ r2 (mod 4m), D < 0 and (D,m) = 1, the Poincaré series P+
|D| in

S+
k−1/2 (Γ0(4mM)) belongs to S+,m

k−1/2 (Γ0(4mM)).

Proof. Let p divide m and let f belong to S+,m
k−1/2 (Γ0(4mM)). By the definition of

the space S+,m
k−1/2 (Γ0(4mM)), we have a(f ;n) = 0 whenever −n 6≡ (mod 4m).

i.e., a(f ;n) 6= 0 whenever −n ≡ (mod 4p) for all p|m. Now i) follows from
Proposition 5.8. The proof of ii) is contained in the proof of Theorem 4.3.

Let S+,new
k−1/2 (Γ0(4mM)) be the subspace generated by newforms as carried out

by W. Kohnen [7]. Define

S+,m,new
k−1/2 (Γ0(4mM)) = S+,m

k−1/2 (Γ0(4mM)) ∩ S+,new
k−1/2 (Γ0(4mM)).(33)

The following lemma follows from a similar result obtained in S+,new
k−1/2 (Γ0(4mM)).

Lemma 5.10. i) The space S+,m,new
k−1/2 (Γ0(4mM)) is generated by all Poincaré

series P+
|D|, where D varies over all negative discriminants such that D ≡ r2

(mod 4m) and (D,m) = 1.
ii) The space S+,m,new

k−1/2 (Γ0(4mM)) has a basis of eigenforms with respect to the
Hecke operators T (p2), p - mM , or U(p2), p|mM . Further, these are eigenforms
with respect to the W -operators wp, p|mM .

In order to study the theory of newforms in Jcuspk,m (M), we state the following
modified decomposition of S+,m

k−1/2 (Γ0(4mM)), which differs (with respect to the old
class decomposition) from the decomposition obtained by Kohnen. Before doing
that we need the following operators. Set

L1 = I (Identity),

Lp = wp for p|m,
Lst = LsLt for s, t|m with (s, t) = 1.

(34)

Put

B` =
∑
t|`

Lt,

B`,d = B`U(d2) for `|m, d|M.

(35)

Using induction on the number of prime factors of m, we have the following.

Theorem 5.11.

S+,m
k−1/2 (Γ0(4mM)) = S+,m,new

k−1/2 (Γ0(4mM))⊕ S+,m,old
k−1/2 (Γ0(4mM)),

(36)

where

S+,m,old
k−1/2 (Γ0(4mM)) =

⊕
`|m;r,d|M

(`,r)6=(1,M)

S
+,m/`,new
k−1/2 (Γ0(4mr/`))

∣∣B`,d.(37)
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Now we define the corresponding operators in the case of Jacobi forms as follows.
The W -operator on Jcuspk,m (M) is defined by

wp =


1
p

∑
λ,µ(p)

(
I,
[
λ
p ,

µ
p

])
if p|m,

1
p2

∑
λ,µ,v(p)

((
a+ cvM/p v + b/p

Mc p

)
, [λ, µ]

)
if p|M,

(38)

where in the above a, b, c ∈ Z are such that pa− bcM/p = 1.
The operator V` from Jcuspk,m (M) into Jcuspk,m`(M), is defined by

φ
∣∣V`(τ, z) =

∑
0>D,r∈Z

D≡r2 (mod 4m`)

 ∑
d|( r2−D4m` ,r,`)

dk−1a

(
φ;
D

d2
,
r

d

) e

(
r2 −D

4m`
τ + rz

)
.

(39)

A direct verification shows that for `|m and d|M
V` UJ(d) = UJ(d) V` on Jcuspk,m (M).(40)

We now define the space of oldforms as

Jcusp,oldk,m (M) =
∑

`|m;rd|M
(`,r)6=(1,M)

Jcuspk,m/`(r)
∣∣V` UJ(d)(41)

and let Jcusp,newk,m (M) be the orthogonal complement of Jcusp,oldk,m (M) in Jcuspk,m (M)
with respect to the Petersson scalar product.

Lemma 5.12. Let φ ∈ Jcuspk,m (M). Then, for p|m and also for p|M , the operators
wp preserve Jcuspk,m (M). For p|M , wp does not depend on the representatives a, b, c.
Further, these operators are Hermitian involutions and preserve Jcusp,newk,m (M). Fi-
nally, the action of wp for p|m is given by

φ|wp(τ, z) =
∑

a (φ;D, r) e

(
r′2 −D′

4m
τ + r′z

)
,(42)

where the sum runs over all D′ < 0 such that D ≡ r2 (mod 4m), D = D′ ≡ r′
2

(mod 4m), D′ = r′
2 − 4n′m and r, r′ ∈ Z are such that r′ ≡ r (mod 2m/p) and

r′ ≡ −r (mod 2p).

Proof. We prove only that w2
p = I for p|M . The rest of the lemma follows from

standard arguments.
Let

TrMM/p : Jcuspk,m (M) −→ Jcuspk,m (M/p)(43)

be the trace operator adjoint to the inclusion map under the Petersson scalar prod-
uct. Then we have

TrMM/p − I =
∑
h(p)

((
1 h

M/p hM/p+ 1

)
, [0, 0]

)
,(44)

where I = (( 1 0
0 1 ) , [0, 0]). Let φ ∈ Jcuspk,m (M/p). Then

φ
∣∣ (TrMM/p − I

)
= p φ.(45)
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Also, for ψ ∈ Jcuspk,m (M),

pk−1ψ
∣∣ (wpTrMM/p − wp

)
= pk−1ψ

∣∣wp∣∣ (TrMM/p − I
)

= p ψ
∣∣UJ(p).(46)

Consider

pk−1φ
∣∣w2
p

∣∣ (TrMM/p − I
)

= p φ
∣∣wpUJ(p) (using (46))

= pkφ.
(47)

The last step follows from the Fourier expansion of wp on Jcuspk,m (M/p) (see Lemma
5.14 below), which is given by

φ
∣∣wp =

∑
0>D,r∈Z

D≡r2 (mod 4m)

((
D
p

)
a (φ;D, r) + pk−1a

(
φ;
D

p2
,
r

p

))
e

(
r2 −D

4m
τ + rz

)
.

(48)

Thus,

pk−1
(
φ
∣∣w2
p − φ

) ∣∣ (TrMM/p − I
)

= 0,(49)

which implies that

φ
∣∣w2

p = φ on Jcuspk,m (M/p).

Thus, using the definition of Jcusp,oldk,m (M), we have established that w2
p acts as the

identity on Jcusp,oldk,m (M). This completes the proof.

Proposition 5.13. Let p divide m. Then wp is the identity on Jcusp,newk,m (M).

Proof. This follows from Corollary 5.3 and (42).

We now state a lemma whose proof is simple, and hence we omit the details.
Note that when m = 1, this has already been stated in [13, Proposition 6 (i)].

Lemma 5.14. Let p|M . Then, we have the following:

UJ(p) + pk−1wp : Jcuspk,m (M) −→ Jcuspk,m (M/p),

UJ(p) + pk−1wp =
{
TJ(p) on Jcuspk,m (M/p),
0 on Jcusp,newk,m (M).

(50)

Note that from the definition of Jcusp,oldk,m (M), it is clear that TJ(p), p - mM ,
preserves Jcusp,oldk,m (M) and hence preserves Jcusp,newk,m (M). Summarizing the results,
we have the following theorem.

Theorem 5.15. The space Jcusp,newk,m (M) has an orthogonal basis of eigenforms
with respect to all the Hecke operators TJ(p), p - mM , UJ(p), p|M , and the W -
operators wp, p|mM .

Definition. We call a Jacobi form φ ∈ Jcusp,newk,m (M) a Jacobi newform, or for
short, newform, if φ is one of the basis elements of Theorem 5.15.

Using the commutative property

V`UJ(d)Zm = Zm/`B`,d (`|m, d|M)(51)

on Jcuspk,m/`(r) with rd|M and (`, r) 6= (1,M), together with Theorem 5.4, we get the
following theorem.
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Theorem 5.16. The strong “multiplicity 1” theorem is valid on Jcusp,newk,m (M). We
have the decomposition

Jcuspk,m (M) = Jcusp,newk,m (M) ⊕
`|m;rd|M

(`,r)6=(1,M)

Jcusp,newk,m/` (r)
∣∣V` UJ(d).(52)

Remark 5.4. When mM is even and square-free, we have a similar decomposition
as in Theorem 5.16. The only changes here are:

i) Replace S+,m
k−1/2 (Γ0(4mM)) by Smk−1/2 (Γ0(4mM)).

ii) If 2|m, the operator L2 defined in (34) is to be replaced by

f
∣∣L2(τ) =

∑
n≥1

((
(−1)k−1n

2

)
a(f ;n) + 2k−1a(f ;n/4)

)
e(nτ).(53)

Remark 5.5. A natural question seems to be the following.

Is it true that L2 = W (4) on Sk−1/2(Γ0(2mM)) (2|mM)?(54)

Here W (4) is the W -operator defined in [12].

Remark 5.6. If the answer to the above question is in the affirmative, then the
eigenvalues of W (4) are explicitly given by(

(−1)k−1n0
2

)
.

More precisely, if f belongs to Sk−1/2(Γ0(2mM)) (2|mM), and is a Hecke eigenform
and an eigenform with respect to W (4), then

f
∣∣W (4) =

(
(−1)k−1n0

2

)
f,(55)

where n0 is the order of f at i∞. This fact is needed to derive the explicit Walds-
purger result in [11, Theorem 4].

5.4. Decomposition of Smk−1/2(m). Let us first consider the following decompo-
sition given by Skoruppa and Zagier in [18].

Jcuspk,m = Jcusp,newk,m ⊕
`d2|m
`d2>1

Jcusp,newk,m/`d2

∣∣udV`.(56)

Our aim is to carry out a similar decomposition in Smk−1/2(m) , which is compatible
via the map Zm. For this we need certain operators on Smk−1/2(m) . For p|m, define
the operator Lp on functions f ∈ Smk−1/2(m) as follows:

Lp :
∑
n≥1

a(f ;n)e(nτ) 7→
∑
n≥1

−n≡ (mod 4m)

(
a(f ;n) + pk−1a(f ;n/p2)

)
e(nτ).

(57)

For a general square-free divisor t of m, we extend the L operator by

Lt =
∏
p|t
Lp.(58)

Put

B` =
∑
t|`

Lt (` is a square-free divisor of m).(59)
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Finally, we define

B`,d = B`B(d2).(60)

The following commutative relations are true on the space of Jacobi newforms:

udZm = Zm/d2B(d2),
V`Zm = Zm`L`.

(61)

Now using the above operators and (56), we have

Theorem 5.17.

Smk−1/2(m) = Sm,newk−1/2 (m)⊕Sm,oldk−1/2(m),(62)

where

Sm,oldk−1/2(m) =
⊕
`d2|m
`d2 6=1

S
m/`d2,new
k−1/2 (m/`d2)

∣∣B`,d.(63)
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