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SEMI-CLASSICAL LIMIT FOR RANDOM WALKS

URSULA POROD AND STEVE ZELDITCH

Abstract. Let (G, µ) be a discrete symmetric random walk on a compact
Lie group G with step distribution µ and let Tµ be the associated transition
operator on L2(G). The irreducibles Vρ of the left regular representation of G
on L2(G) are finite dimensional invariant subspaces for Tµ and the spectrum
of Tµ is the union of the sub-spectra σ(Tµ �Vρ ) on the irreducibles, which

consist of real eigenvalues {λρ1, ..., λρ dimVρ}. Our main result is an asymptotic
expansion for the spectral measures

mµρ (λ) :=
1

dimVρ

dimVρ∑
j=1

δ(λ − λρj)

along rays of representations in a positive Weyl chamber t∗+, i.e. for sequences
of representations kρ, k ∈ N with k → ∞. As a corollary we obtain some
estimates on the spectral radius of the random walk. We also analyse the fine
structure of the spectrum for certain random walks on U(n) (for which Tµ is
essentially a direct sum of Harper operators).

0. Introduction

The spectral theory of a random walk (G,µ) on a compact Lie group G is con-
cerned with the spectrum of the Markov (or transition) operator

Tµ : L2(G, dµ0)→ L2(G, dµ0),

Tµ(f) = µ ? f

where dµ0 is a Haar measure on G and where µ is a positive measure of mass 1. If
µ is symmetric, i.e., dµ(g) = dµ(g−1) for all g ∈ G, the operator Tµ is self-adjoint
on L2(G, dµ0). Moreover, if

L2(G, dµ0) =
⊕
ρ∈Ĝ

Vρ ⊗ V ∗ρ (Ĝ = unitary dual)

is the decomposition into irreducibles of the left regular representation of G on
L2(G, dµ0), then

Tµ : Vρ → Vρ for all ρ ∈ Ĝ,
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that is, all irreducibles are invariant subspaces for Tµ. It follows that σ(Tµ), the
spectrum of Tµ, has the form

σ(Tµ) =
⋃
ρ∈Ĝ

σ(Tµ �Vρ)(0.1)

where Tµ �Vρ is the restriction of Tµ to Vρ. Equivalently, we have

σ(Tµ) =
⋃
ρ∈Ĝ

σ(µ̂(ρ))(0.2)

where

µ̂(ρ) =
∫
G

ρ(g)dµ(g)(0.3)

is the Fourier transform of µ at ρ. The decomposition (0.2) shows that σ(Tµ) ⊂
[−1, 1] consists entirely of eigenvalues. The main purpose of this paper is to exploit
it further to determine some fine structure properties of the spectrum.

To state the problem more precisely, we first recall that a unitary irreducible
representation ρ of G is uniquely determined by its highest weight, which for con-
venience we will also denote by ρ. Hence the unitary dual is parametrized

Ĝ = I∗ ∩ t∗+

by the intergral points I∗ in a positive Weyl chamber of the dual of a Cartan subal-
gebra t. For each ρ ∈ I∗ ∩ t∗+ we associate to σ(µ̂(ρ)) = {λρi : i = 1, 2, . . . ,dimVρ}
the probability measure

mµ
ρ(λ) :=

1
dimVρ

dimVρ∑
j=1

δ(λ− λρj)(0.4)

in R. Our interest is in determining the asymptotic properties of the measures
mµ
ρ as |ρ| → ∞ along rays in Ĝ, i.e., for sequences of representations kρ, k ∈ N

with k →∞. This generalizes the analysis of asymptotics of Fourier coefficients of
measures on the circle group S1. Since the limit along rays has many (well-known)
analogies to the semi-classical limit in quantum mechanics, we view the problem as
that of determining the semi-classical limit of the random walk.

Asymptotic expansions for mµ
kρ cannot be expected, and indeed do not exist, for

an arbitrary measure µ on G. For instance, in the case of S1 there are just two
rays in Ŝ1 ' Z, Z+ and Z−, and mµ

±k(λ) = δ(λ − µ̂(±k)). Under the symmetry
condition, µ̂(k) = µ̂(−k), so we have

µ = 1 + 2
∑
k≥1

µ̂(k) cos kθ

and any asymptotic expansion

µ̂(k) ∼ a0k
m + a−1k

m−1 + . . . (k →∞)

of the Fourier coefficients µ̂(k) would immediately entail an asymptotic expansion
(in the sense of singularities)

µ ∼ 1 + a0<χm + a−1<χm−1 + . . .
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of µ in terms of the homogeneous distributions

χr(θ) =
∞∑
k=0

kreikθ

on S1 (<χr denotes the real part of χr). Such µ are clearly of a restricted class.
However, this class is a very natural one which generalizes to any group—it is
the class of “Lagrangean” measures of modern Fourier analysis (aka the theory
of Fourier integral operators; see [Ho, IIV] [D]). For such measures, asymptotic
expansions similar to the one above can be expected.

Many random walks (G,µ) of interest in probability theory fit into this frame-
work, for example, discrete random walks (i.e., with suppµ ⊂ G discrete) or random
walks with µ supported on a conjugacy class (as studied in [R], [P]). For such ran-
dom walks it is possible to apply the methods of microlocal analysis to study the
spectrum and smoothing properties of Tµ. In this paper we concentrate on discrete
random walks, i.e. where µ is a discrete measure

µ =
1
mµ

n∑
i=1

ci(δai + δa−1
i

)

with mµ = 2
∑n
i=1 ci. In the sequel [PZ] we extend the methods and results to cer-

tain continuous Lagrangean random walks, such as δ-functions on positively curved
hypersurfaces or on sums of conjugacy classes. Discrete random walks are much
simpler technically than continuous random walks and hopefully provide a clean
introduction to the microlocalization of random walks to rays of representations.

Let us explain this notion in more detail before describing our methods and
results. The key idea is to simplify the study of a random walk on a compact Lie
group by localizing it to a ray in the cotangent bundle T ∗G or in the unitary dual
Ĝ. The motivation for such a localization is that the Fourier transform µ̂(ρ) can
behave differently in different directions as ρ→∞ and one would like to isolate the
behaviour in each direction. Each ray correponds to a different co-adjoint orbit,
and the localization to a ray restricts the dynamics of the random walk to this
orbit. This kind of behaviour is well-known in the Fourier analysis of surface-
carrying measures on Rn (see e.g. [Stein, VIII: §5]) and arises for essentially the
same reasons on any Lie group. It does not seem to have been studied before in
the setting of non-abelian Lie groups (see however the paper of Taylor-Uribe [TU]
for a microlocal analysis of certain central measures).

Thus, our goal is to microlocalize a discrete random walk Tµ to a ray of reprsen-
tations Nρ and to determine the asymptotic behaviour of its Fourier transform as
encoded by the spectral measures mµ

rρ. Since this only involves the L2 theory of Tµ,
we are free to conjugate to a realization of the ray Nρ best adapated to the problem
of determining the semi-classical limit of the spectral measures mµ

rρ. The relevant
construction is the homogeneous generalization of the Kirillov-Kostant orbit theory
due to Guillemin and Sternberg [GS1].

Recall that in the classical Borel-Weil-Bott-Kirillov-Kostant theory, an irre-
ducible representation (ρ, Vρ) corresponds to the classical “phase space” Oρ, the
coadjoint orbit of ρ in g∗. In the homogeneous quantization theory of Guillemin and
Sternberg [GS1], the entire ray Nρ corresponds to the Hardy subspace H2(Bρ) ⊂
L2(Bρ) where Bρ is the so-called “prequantum” S1-bundle over Oρ. We defer the
precise definitions of these objects to §2. For the time being, the main point is
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that Bρ is a homogeneous space of G, and that H2(Bρ) ≡
⊕∞

r=0 Vrρ. Thus, we
can determine the semi-classical asymptotics of mµ

rρ along the ray by studying the
concrete random walk (G,µ,H2(Bρ)). The spectrum of Tµ on any homogeneous
space, in particular on G, can then be synthesized from these special, but funda-
mental, cases. Concrete examples of such rays of representations will be presented
in §4, along with rays such as L2(Sn) for G = SO(n + 1) which do not arise from
this construction.

Let us now state our results. In the following, we identify irreducibles with
their highest weights ρ, which are lattice points in a positive Weyl chamber t∗+.
The notation interior(t∗+) stands for the interior of the Weyl chamber. There is
a slight distinction in the results between interior weights ρ and weights lying on
the walls of the Weyl chamber (which we will refer to as ‘wall weights.)’ For the
sake of brevity, we concentrate on the interior case and do not describe the possible
behaviours of wall weights. However, we should point out that the results for wall
weights are often identical to the results for interior weights. For instance, in the
case of G = U(n) only scalar weights behave differently from interior weights (see
the remark in §3).

Main Theorem. Let µ = 1
mµ

∑n
i=1 ci(δai + δa−1

i
) be a discrete probability measure

on a compact Lie group G. Then the measures mµ
rρ possess asymptotic expansions

as r → ∞ in the following sense: there exist measures dmµ,z on R (parametrized
by z ∈ ZG) so that for any polynomial f on R,

(a) Interior case: If ρ ∈ interior(t∗+), then∫
R
fdmµ

rρ =
∑

z∈ZG∩Γ

χρ(z)r
∫
R
fdmµ,z +O(r−1)(0.5)

where
(i) ZG denotes the center of G;
(ii) Γ = 〈ai〉 ⊂ G denotes the subgroup generated by {ai};
(iii) χρ denotes the highest weight character of ρ;
(iv)(e) dmµ,e is the positive measure on [−1, 1] determined by the moments∫

R
xpdmµ,e = µ∗p(e) ;(0.6.e)

(iv)(z) dmµ,z is the measure on [−1, 1] with the moments∫
R
xpdmµ,z = µ∗p({z}) ;(0.6.z)

(v) For a polynomial f the sum on the right side of (0.5) is always finite. In the
case where ZG ∩ Γ is a finite set, then for any f ∈ C(R) one has∫

R
fdmµ

rρ =
∑

z∈ZG∩Γ

χρ(z)r
∫
R
fdmµ,z + o(1).

(b) Wall case: Suppose ρ is a wall weight, and let
(vi) Zρ :=

⋂
g∈G g

−1Gρg, where Gρ is the stabilizer group of ρ. Then analogously
to the interior case one has for any polynomial f that
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R
fdmµ

rρ =
∑

z∈Zρ∩Γ

χρ(z)r
∫
R
fdmµ,z + o(1)(0.7)

with (ii)–(v) unchanged.

We observe that the measures dmµ
rρ do not generally tend to a weak limit as

r → ∞ due to oscillations in the asymptote on the right side of (0.5). One may
obtain weak limits along subsquences rkρ with fixed values of χrkρ (cf. Corollary 2).

The main assertion is (0.5) and the other assertions in (i)–(v) are simple con-
sequences of it and of general facts about convolution powers. The finiteness of
the sum on the right side of (0.5) for polynomial f follows immediately from the
finiteness of the support of µ. Moreover, it will follow from the proof that the
asymptote is just the first term of a complete asymptotic expansion.

For a general f ∈ C(R) the sum on the right may be infinite and may be hard
to control. The fact that mµ,z is a measure of finite mass for z 6= e will be proved
in remark (3) below. The main point is that the convolution algebra generated by
{µ, δe} is a commutative C* algebra with unit and hence may be identified with the
space continuous functions on the compact Hausdorff space σ(Tµ). The measure
mµ,z may be identified with a continuous linear functional on the spectrum. Once
this is established the asymptotics in (0.5) lead immediately to the asymptotic in
(v) by approximating continuous functions by polynomials.

Let us now derive a number of consequences from the Main Theorem.
First, consider the asymptote

∑
z∈ZG∩Γ χρ(z)rdmµ,z in the interior case. It is

natural to lump together the terms with a fixed value of χρ(z). We therefore set

Θρ := {θ ∈ [0, 2π) : ∃z ∈ ZG ∩ Γ, χρ(z) = eiθ}(0.8.1)

which is evidently a countable subset of angles {θj}. For each θ ∈ Θρ we also put

Zρ,θ := {z ∈ ZG ∩ Γ : χρ(z) = eiθ}.(0.8.2)

Then the asymptote can be re-written in the form:∑
z∈ZG∩Γ

χρ(z)rdmµ,z =
∑
θj∈Θρ

eirθjdmµ
θj

(0.9.1)

with

dmµ
θj

=
∑

z∈Zρ,θj

dmµ,z .(0.9.2)

As is typical in the world of trace formulae, the terms in (0.9.2) can possibly cancel
each other out. This certainly does not happen in the case of θ = 0 since we have

dmµ
o = lim

N→∞

1
N

N∑
n=0

dmµ
nρ,(0.10.o)

i.e. the limit spectral measure with θ = 0 is the Cesaro mean of the spectral
measures along the ray. Since it is an average of positive measures it must be
positive. However, the other limit spectral measures are given by

dmµ
θj

= lim
N→∞

1
N

N∑
n=0

e−inθjdmµ
nρ(0.10.j)
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and are consequently signed averages. There is no obvious reason why they cannot
cancel out. To take this possibility into account, we henceforth write

Θ∗ρ := {θ ∈ Θρ : dmµ
θ 6= 0}.(0.11)

It is evident from the Main Theorem and from (0.10.j) that the angles θj ∈
Θ∗ρ and the measures dmµ

θj
are spectral invariants of the random walk Tµ along

the ladder Nρ. They are analogous to the so-called principal band invariants of
a self-adjoint Toeplitz operator on contact manifold with periodic characteristic
flow, or of the Laplacian on a Zoll manifold (cf. [BdMG, §13] for background and
references). However, the Markov operator Tµ is a kind of Fourier Integral Toeplitz
operator associated to a Markov chain (the random walk), whereas the previously
studied Toeplitz or pseudodifferential operators have no dynamical aspect (they are
associated to the identity map). Hence the analogy only goes so far. In particular,
we have not one band invariant, but a whole family dmµ

θj
of band invariants. To

give them a name, we will refer to them as the limit spectral measures of the random
walk on the ray. The name is justified by the following:

Corollary 1. In the notation of the Main Theorem, suppose that ρ is an interior
weight. Then ⋃

θj∈Θρ

supp(dmµ
θj

) ⊂ σ(Tµ �Nρ)

(S denotes the closure of the set S).

The proof is just to observe that if λ /∈ σ(Tµ �Nρ), then there is an open set
(λ−ε, λ+ε) disjoint from σ(Tµ �Nρ) and hence all the band spectral measures dmµ

rρ

annihilate the functions in Cc(λ− ε, λ+ ε). Hence so must each limit measure dmµ
θj

.
The result in the wall case is analogous and is left to the reader to formulate.

We note that the converse ⊂ relation is a very difficult problem, since a priori
the limit spectral measures only capture points of density in the spectrum of the
random walk. Whether or not all points of σ(Tµ �Nρ) are points of density is a
question that requires a detailed study in each special case.

Two extreme cases occur when χρ(z) ≡ 1 and when χρ(z) 6= 1 for z 6= e. In the
first case we obviously have

Corollary 2. If χρ(z) = 1 for all z ∈ ZG ∩ suppµp (for example, if ZG is trivial),
then, for interior ρ, there exists a weak limit

mµ
rρ −→w

∗
mµ

with moments ∫
R
xpdmµ =

∑
z∈ZG

µ∗p({z}).(0.12)

In the second case, we can deduce results about the spectral radius

β∗ρ := sup{|λ| : λ ∈ σ(Tµ �Nρ)}
of the random walk (G,µ) along the ray Nρ. The key point here is that the limit
measures dmz,µ depend only on the discrete group Γ := 〈a±1

i , i = 1, . . . , n〉, on
the generating set A = {ai} and on the set ZG. In particular, the limit measure
dmµ,e corresponding to the identity element e is the Kesten spectral measure of the
random walk (Γ, µ) defined by µ on l2(Γ). As is well-known, this spectral measure
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encodes many properties of the pair (Γ, A). See [KV] and [HRV] for background.
From the known results on the spectrum of (Γ, µ), we conclude:

Corollary 3. Suppose χρ(z) 6= 1 for z ∈ ZG ∩ Γ \ {id}. Then, with the above
notation and assumptions:

(i) Suppose Γ is an amenable group. Then β∗ρ = 1.
(ii) Suppose Γ is a free group and {ai, i = 1, . . . , n} is a free set of generators.

Then [−
√

2n−1
n ,

√
2n−1
n ] ⊆ σ(Tµ �Nρ).

Remarks. (1) The Main Theorem may be viewed as connecting the spectral theory
of the random walk determined by µ along rays of representations of G with the
spectral theory of the random walk (Γ, µ) defined by µ on l2(Γ). Essentially, we are
looking at different representations of the element Tµ = 1

mµ

∑
ciai ∈ C[Γ]. For the

random walk (Γ, µ), we are considering the left regular representation λ of Γ on
l2(Γ). Along the ray, we are considering the representation H2(Bρ) of G, restricted
to Γ. For simplicity of notation, let us denote this restricted representation of Γ by
πρ. Then in favorable cases, our results allow us to compare the spectra Sp λ(Tµ)
and Sp πρ(Tµ).

(2) To enlarge on the comparison, we consider it from the C∗-algebraic point of
view (cf. [HRV]). Given a unitary representation π of Γ on a Hilbert space H we
can take the norm closure of C[Γ] in the algebra L(H) of bounded operators on H,
to obtain a C∗ algebra C∗π(Γ). In the case of the left regular representation, we get
the reduced C∗-algebra C∗λ(Γ). In the case of πρ we get a representation C∗πρ .

Consider for instance the spectral measure dmµ,e from the C∗ point of view. Its
moments may be expressed in the form∫

R
xpdmµ,e = 〈λ(Tµ)pδe, δe〉.

The linear functional τ(A) = 〈λ(A)δe, δe〉 on C[Γ] is continuous with respect to the
operator norm of λ(A) on l2(Γ) and hence extends to a continuous trace on C∗λ(Γ).
It further extends to a continuous trace on the weak closure W ∗λ (Γ). In terms of
the spectral resolution dEx of λ(Tµ) we may write

mµ,e(B) = τ(EB)

for any Borel B ⊂ R. It is known that the support of this measure mµ,e equals
the spectrum Spλ(Tµ) of λ(Tµ) as an element of C∗λ(Γ) (cf. [HRV, Proposition 5]).
This fact allows one to relate Spλ(Tµ) to the properties of (Γ, A) (loc. cit.)

The fact that mµ,e arises in the asymptotics of mµ
rρ also allows us to relate

Spπρ(Tµ) to the properties of (Γ, A, πρ). Corollary 3 above gives one example. The
other spectral measures arising in the asymptotics can be used in a similar way, at
least when the oscillatory factors χρ(z)r can be separated out from each other.

(3) We note that the other spectral measures mµ,z with z 6= e also arise from
traces on C∗λ(Γ). They are defined by τz(a) := 〈aδe, δz〉. In other words, τz(λ(γ)) =
1 if γz = e and is otherwise zero.

The trace condition τz(ab) = τz(ba) follows easily from the condition z ∈ ZG,
and continuity on C∗λ(Γ) is obvious. However, τz(I) = 0 if z 6= e so the traces are
not states on the algebra.
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The traces τz induce measures on Sp λ(Tµ) as in the case of z = e; namely, we
define mµ,z on C(Sp λ(Tµ)) by∫

fdmµ,z := τz(f(λ(Tµ))).

Since ||f(λ(Tµ)|| = ||f ||∞ (the sup-norm on the set Spec(λ(Tµ))), it is evident that
mµ,z does actually define a measure on Sp λ(Tµ).

(4) The traces τz originally arise as residue (Dixmier) traces on the algebra of
Toeplitz operators on H2(Bρ). They are in general not continuous traces on the C∗

algebra (norm closure) of the Toeplitz algebra. When restricted to C∗πρ they may
be viewed as defining unbounded traces on this algebra.

Examples. Examples of rays of representations of compact semi-simple Lie groups
and of their discrete random walks will be given in §4. In particular, we will analyze
in detail the spectrum of a specific discrete random walk on the unitary group (the
pseudo-Harper operator) by means of the spectral measures obtained in the Main
Theorem.

For the time being, let us consider some well-known examples from the literature
on the spectral theory of discrete random walks on Lie groups.

Ex. 1. A special case of a discrete random walk on a ray of representations is
given by the Hecke operators on L2(S2) studied by Lubotzky, Phillips, and Sarnak
[LPS] (see also [CV]) In this example, the group is G = SO(3) and L2(S2) consists
of just one ray. The random walk has transition operator T = 1

6

∑
Tai + Ta−1

i

where the ai are rotations around three perpendicular axes and with angle α given
by cosα = − 3

5 . The group Γ is a free group, and the rate of equidistribution of
orbits of the random walk is optimal. Since G has trivial center, only the measure
corresponding to z = e shows up in limit spectral measure, i.e. the limit spectral
measure of this random walk is the Kesten spectral measure for the left regular
representation.

Our methods could also be extended to non-compact Lie groups such as G =
SL(2,R), and would then apply to the (true) Hecke operators Tp, acting in the
discrete or continuous ray (series) of representations of the quotient G/SL(2,Z).
The results are just as in the previous example.

Ex. 2. A well-known example of a discrete random walk on the three-dimensional
reduced Heisenberg group NR is given by the measure 1

4 [δU + δ∗U + δV + δ∗V ], where
U, V are elements satisfying UV = eiθV U. The corresponding transition operator
is the Harper operator Hθ = 1

4 [U + U∗ + V + V ∗]. It is much-studied as a model
for a periodic Schrodinger operator in a magnetic field; see [B], [BVZ], [CEY], [Su]
for a variety of results and points of view.

As is well-known, the spectrum has a very interesting dependence on θ: for
rational values θ = p

q , the spectrum is a union of q + 1 intervals in [−1, 1] with q

gaps between them; when θ is irrational, the spectrum is often (and conjecturally
always) a Cantor set. These facts can be proved by studying the C∗-algebra Aθ
generated by these unitaries (the so-called rotation algebra, or non-commutative
torus). See the articles cited above.

The Harper operator could be studied from the point of view of this paper as
a discrete random walk on a Lie group (namely, NR). However, our concern will
be with a compact analogue on the unitary group U(q). Namely, for θ = p

q with
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(p, q) = 1, the algebra Aθ has an irreducible representation π taking U to the
diagonal matrix u := diag(1, eiθ, . . . , e(q−1)θ) and V into the cyclic permutation
operator v on the standard basis e2 → e1, . . . , en → en−1, e1 → en. These matrices
are unitary, hence π(Hθ) is the transition operator of a random walk

µθ :=
1
4

(δu + δu∗ + δv + δv∗)

on U(q). Given a ray of representations Nρ of U(q) we then get an example of a
random walk (U(q), µθ, H2(Bρ)) to which the Main Theorem applies.

The relation between the spectrum of the random walk µθ and the spectrum of
the Harper operator is not so immediate, however. The problem is that along the
ray, u, resp. v, act by the translation operators Tu, resp. Tv, on H2(Bρ). The
commutation relation between Tu and Tv along the ray is then given by

TuTv = TzTvTu

where Tz is translation by z = eiθ. Evidently Tz is not multiplication by a scalar
so the algebra 〈Tu, Tv〉 generated by Tu, Tv is not the rotation algebra.

Nevertheless, as will be explained in §4, the spectrum of Tµ along a ray can be
related to the spectra of a finite number of Harper operators. Hence the analogy
to the rational Harper operator is not too far fetched. From this example, we see
that the spectrum of discrete random walks along rays of representations can have
interesting multiple band-gap structures.

This article is intended for readers with an interest in random walks but with
little or no background in microlocal analysis. For this reason, we have included
rather lengthy expository sections summarizing the relevant material from homo-
geneous quantization theory and Fourier integral operators (Sections 1–2). Much
of the proof of the theorem above will be given, as examples and illustrations, in
the course of the exposition, so it should be regarded as an integral portion of the
text. The microlocalization of a random walk to a ray of representations actually
requires the theory of Toeplitz operators of [BdMG]. We will be building on this
material as well in the sequel.

Acknowledgements

The discussion in §4 of “pseudo-Harper” operators has benefitted from discus-
sions with Professor G.A. Elliott. Any remaining errors or oversights are of course
the responsibility of the authors.

1. Review of microlocal analysis

The purpose of this section is to present the microlocal machinery that we will
need for the proof of the Main Theorem. Moreover, much of the proof will actually
be carried out in the course of introducing the basic notions. Let us begin with
some heuristic background.

Microlocal analysis is, among other things, a rigorous version of quantization
theory and provides a table of correspondences between notions of classical and
quantum mechanics. For the purposes of this paper, classical mechanics means
the study of the dynamics of canonical transformations f and Hamiltonian group
actions Tg on symplectic manifolds (M,ω). Quantum mechanics means the study
of the spectral theory of their quantizations as unitary Fourier Integral operators
Uf , resp. Ug, on an associated Hilbert space.
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Specifically, the classical mechanics will in part consist of the (Hamiltonian)
action of G by conjugation on the co-adjoint orbits Oρ and on certain symplectic
cones Y encompassing all the orbits in the ray through ρ. But more interestingly it
will consist in the dynamics of the random walk itself—i.e. the discrete dynamical
system generated by the Markov operator Tµ—on these symplectic manifolds. The
quantum mechanics will consist in part of the representation theory of G on the
Hilbert space corresponding to Oρ, namely Vρ and on the Hilbert space H2(B)
corresponding to Y , the ray of representations

⊕∞
r=1 Vrρ thru ρ. But the focus is

on the spectrum of the Markov operator Tµ on the Hilbert spaces Vρ and H2(B).

1.1. Symplectic manifolds. Throughout the paper, we assume familiarity with
basic notions from differential geometry. For background see, for example, [N]. Let
M be a compact connected manifold of dimension n. M is called symplectic if M
possesses a symplectic form ω, i.e., a nondegenerate closed (dω = 0) differential 2-
form. Note that the non-degeneracy of ω implies that n be even. For each x ∈M ,
the tangent space TxM at x is isomorphic to the cotangent space T ∗xM via the map

vx → ι(vx)ωx

where ι denotes the usual insertion map (here, ι(vx)ωx = ωx(vx, ·).
We now assume there exists a group action G ×M → M , (g, x) → g · x of the

Lie group G on the symplectic manifold (M,ω). For each (g, x) ∈ G × N , the
differential of the group action induces a linear map TgG×TxN → Tg·xM . Take in
particular g = e, the identity element of G. Then for each X ∈ g = TeG, the Lie
algebra of G, we get a vector field X# on M (the image of (X, 0) under this map).
We call the group action symplectic if it preserves the symplectic structure, i.e., if

DX#ω = 0 (⇔ d(ι(X#)ω = 0) .

If for all X ∈ g the form (ι(X#)ω is exact , i.e., there exists a smooth function φX
on M such that ι(X#)ω = dφX (the X#’s are symplectic gradient vector fields), we
call the group action Hamiltonian. The corresponding moment map Φ : M → g∗

(where g∗ is the dual of the Lie algebra g) is defined by

〈X,Φ(x)〉 = φX(x) .

(〈X, ξ〉 with ξ ∈ g∗ and X ∈ g denotes the natural pairing ξ(X).) The following
two examples will be crucial.

Example 1. The cotangent bundle of a manifold. Let M be a smooth manifold,
T ∗M its cotangent bundle, and π the natural projection π : T ∗M → M . T ∗M
carries a natural 1-form, α, given by

α(x,ξ) = ξ ◦ dπ(x,ξ) (⇔ α(x,ξ) = π∗(x, ξ)) .

Here (x, ξ) are the local coordinates of a point in T ∗xM (short for (x1, . . . , xn,
ξ1, . . . , ξn)). In these local coordinates, α can be written as α =

∑n
i=1 ξ1dx1. The

canonical 2-form on T ∗xM is ω = dα (=
∑n

i=1 dξi ∧ dxi).

Example 2. Coadjoint orbits. Let G be a Lie group, g its Lie algebra (which can
be identified with the tangent space TeG at the identity e ∈ G), and g∗ the dual of
g. Recall that G acts on g via the adjoint representation Ad:

g ·X = Ad(g)X := d(cg)eX for all X ∈ g, g ∈ G
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where cg : G → G is the conjugation map cg(h) = ghg−1 and d(cg) denotes its
differential. Hence by duality we get the coadjoint action Ad∗ of G on g∗:

〈X,Ad∗(g)ξ〉 = 〈Ad(g−1)X, ξ〉
for all g ∈ G, X ∈ g, and ξ ∈ g∗. For any ξ ∈ g∗, the corresponding coadjoint orbit
Oξ = {Ad∗(g)ξ : g ∈ G} is a symplectic manifold and the (coadjoint) action of G
on Oξ is Hamiltonian. The symplectic structure is given by ω with

ωη(X#
η , Y

#
η ) = 〈[X,Y ], η〉 for all η ∈ Oξ

and the moment map Φ : Oξ → g∗ is the natural inclusion map i. See [Ki] for
details and proofs.

Let (M,ω) and (M ′, ω′) be two symplectic manifolds and f : M → M ′ a dif-
feomorphism. f is called a symplectomorphism or a canonical transformation if
f∗ω′ = ω.

Example 3. The lift of a diffeomorphism. Let X,X ′ be two manifolds and f :
X → X ′ a diffeomorphism. We can lift f to a diffeomorphism F : T ∗X → T ∗X ′

of the cotangent bundles by defining F (x, ξ) = (f(x), (f−1)∗ξ). This map F is a
canonical transformation with respect to the canonical 2-forms ω and ω′ on T ∗X
and T ∗X ′, respectively.

1.2. Lagrangean submanifolds. Let Λ ⊂ M be a smooth submanifold of the
symplectic manifold (M,ω). For each x ∈ Λ, the tangent space TxΛ is a subspace
of TxM . We denote the orthogonal complement of TxΛ in TxM with respect to
ωx by T⊥x Λ. Λ is called isotropic if for all x ∈ Λ, TxΛ ⊆ T⊥x Λ, i.e., ω �Λ= 0
(ω �Λ= i∗ω where i : Λ → M is the natural inclusion map). If Λ is maximal
isotropic, i.e., if TxΛ = T⊥x Λ for all x ∈ Λ, we call Λ Lagrangean. An isotropic
subspace Λ is Lagrangean if and only if dim Λ = 1

2 dimM .
Let (M1, ω1) and (M2, ω2) be two symplectic manifolds. Clearly, M ′2 =

(M2,−ω2), M = (M1 × M2, ω1 + ω2), and M ′ = (M1 × M2, ω1 − ω2) are also
symplectic manifolds. We call a Lagrangean submanifold Λ′ ⊂ M ′ a canonical
relation.

Example 4. Graphs of canonical transformations. Let (M1, ω1) and (M2, ω2) be
two symplectic manifolds and f : M1 → M2 a canonical transformation. Since
f∗ω2 = ω1, ω1 − ω2 vanishes on Graph (f) = {(m1, f(m1))|m1 ∈ M1} ∼= M1.
Furthermore, dim Graph (f) = dim M1 = 1

2 dim (M1 ×M2). Thus Graph (f) is a
Lagrangean submanifold of M ′.

Of particular relevance in this article are the homogeneous canonical transfor-
mations on cotangent bundles; that is, canonical transformations χ : T ∗X → T ∗Y
satisfying χ(x, rξ) = rχ(x, ξ) for r > 0. The simplest examples are lifts F to the
cotangent bundle T ∗X of diffeomorphisms f : X → X . The graph Graphχ of any
homogeneous canonical transformation is naturally diffeomorphic to T ∗X under
either of the projections

Λ ⊂ T ∗(X ×X)
π1

wwooooooooooo
π2

''OOOOOOOOOOO

T ∗X T ∗X.

(1.2.1)
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Example 5. The conormal bundle of a submanifold. Let X be a manifold and
Y ⊂ X a smooth submanifold. The conormal bundle N∗Y ⊂ T ∗X is defined as the
set

N∗Y = {(y, ξ)|y ∈ Y, ξ(v) = 0 for all v ∈ TyY } .

We can define local coordinates x1, x2, . . . , xn in X such that Y is given by x1 =
x2 = . . . = xk = 0. Thus, with respect to the coordinates x1, . . . , xn, ξ1, . . . , ξn in
T ∗X , N∗Y is defined by x1 = · · · = xk = ξk+1, · · · , ξn = 0 and of dimension n. It
is clear that the natural 1-form α (see Example 1) is 0 on T (N∗Y ), therefore also
the canonical 2-form ω = dα, and N∗Y is a Lagrangean submanifold of T ∗X .

A manifold M is called conic, if there exists a free R+ action on M . If M1,M2

and Λ′ are all conic, we call Λ′ a homogeneous canonical relation. Here, conic and
homogeneous are synonyms. In this context, homogeneous has nothing to do with
“homogeneous space”.

Two canonical relations Λ′1 ⊂M1×M2 and Λ′2 ⊂M2×M3 can be composed to

Λ′ = Λ′1 ◦ Λ′2 = {(γ1, γ3)|(γ1, γ2) ∈ Λ1 and (γ2, γ3) ∈ Λ2 for some γ2 }.

Equivalently, Λ′ is the image of Λ′1 ×Λ′2 ∩M1 ×∆(M2)×M3 under the projection

π : M1 ×M2 ×M2 ×M3 →M1 ×M3 .

(Here ∆(M2) denotes the diagonal {(γ2, γ2)|γ2 ∈M2}). In general, Λ′ = Λ′1 ◦Λ′2 is
not a canonical relation. However, a clean intersection hypothesis gives a sufficient
condition. Before we state this result, let us record the following definition.

Definition 1.2.1. Let X,Y, Z be smooth manifolds and f : X → Z and g : Y → Z
two maps. The fiber product

F = {(x, y) ∈ X × Y |f(x) = g(y)}(1.2.2)

can be represented by the diagram

F //

��

X

f

��

Y g
// Z

(1.2.3)

We say the two maps f and g intersect cleanly if
1) F is a submanifold of X × Y and
2) for each p ∈ F , p = (x, y), the tangent space TpF is the fiber product of the

tangent spaces TxX and TyY , i.e., the diagram

TpF //

��

TxX

dfx

��

TyY
dgy

// TxZ

(1.2.4)

is a fiber diagram. The number e = dimF + dimZ − (dimX + dimY ) is called the
excess of the intersection. If e = 0, the intersection is transversal .

For the following theorem see, for example, [DG], Lemma 5.3.
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Theorem 1.2.2. Let Λ′1 ⊂M1×M2 and Λ′2 ⊂M2×M3 be two canonical relations.
If the fiber product diagram

F −→ Λ′1
↓ ↓

Λ′2 −→ M2

is clean, then Λ′ := Λ′1 ◦Λ′2 is an immersed canonical relation in M1 ×M3 and the
map

α : F → Λ′

is a fiber mapping with compact fiber.

1.3. Lagrangean distributions and FIO’s. These are distributions which can
be written as certain types of oscillatory integrals

∫
aeiφ. We begin by describing

the assumptions on the amplitude a and the phase φ. Let M be an n-dimensional
smooth manifold and X ⊂M an open set.

Definition 1.3.1. A function φ ∈ C∞(X × (R \ {0})N) is called a phase function
if

1) Imφ ≥ 0,
2) φ(x, rθ) = rφ(x, θ) for all r ∈ R+,
3) dφ 6= 0.

The phase function φ is called non-degenerate if from dθφ(x, θ) = 0, (x, θ) ∈ X ×
(R\ {0})N , it follows that d(x,θ)

∂φ
∂θj

(x, θ) are linearly independent for j = 1, . . . , N .

It follows from the implicit function theorem that

Cφ = {(x, θ)|dθ(x, θ) = 0},(1.3.1)

called the critical set of φ, is a conic n-dimensional smooth submanifold of X ×
(R \ {0})N . Its image under the map

Iφ : Cφ → T ∗(X), Iφ(x, θ) = (x, dxφ(x, θ))(1.3.2)

is an immersed, conic, Lagrangean submanifold, Λφ, of T ∗(X) (see [D], Section
2.3). It can be shown (see [GS3], Prop. 11.4) that vice versa, every closed conic
Lagrangean submanifold Λ ⊂ T ∗(X) \ {0}, can locally be parametrized in this way.
More precisely, for every (x0, θ0) ∈ Λ there exists a non-degenerate phase function
φ such that Λ = Λφ in a neighbourhood of (x0, θ0).

Definition 1.3.2. Let m be a real number. The set Sm(X×RN), called the space
of symbols of order m, is defined as the space of all a ∈ C∞(X × RN ) with the
property that for all compact K ⊂ X and all α ∈ Nn, β ∈ NN , there exists a
constant CK,α,β(a) such that

|∂αx ∂
β
θ a(x, θ)| ≤ C(1 + |θ|)m−|β|

for all (x, θ) ∈ X × RN . A symbol a ∈ Sm(X × RN) has an asymptotic expansion

a(x, θ) ∼
∞∑
j=0

aj(x, θ) (θ →∞)(1.3.3)
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with aj ∈ Sm−j. The space of polyhomogeneous or classical symbols of degree m,
Smphg, is the set of all symbols a such that

a(x, θ) ∼
∞∑
j=0

aj(x, θ)(1.3.4)

where aj is homogeneous of degree m− j, i.e., a(x, rθ) = rm−ja(x, θ) for r > 0.

For a fixed phase function φ and a fixed symbol a ∈ Sm(X×RN), the oscillatory
integral Iφ(a) given by

Iφ(a) =
∫
eiφ(x,θ)a(x, θ)dθ(1.3.5)

defines a distribution, i.e., an element in D′(X × RN ). Such a u = Iφ(a) has its
singularities (its “wave front set”) in Λφ.

Definition 1.3.3. Let Λ ⊂ T ∗(X)\ {0} be a closed conic Lagrangean submanifold
of T ∗(X). The space of Lagrangean distributions of order m associated with Λ,
Im(X,Λ), is defined as the space of all u ∈ D′(X) with the following properties:
1) The wave front set WF(u) ⊂ Λ.
2) For all (x0, θ0) ∈ Λ and any non-degenerate phase function φ, defined on an
open cone V ⊂ X× (R\{0})N and parametrizing Λ in a neighbourhood of (x0, θ0),
there exists a symbol a ∈ Sm+n

4−
N
2 (X×RN ) with support in a cone ⊂ V such that

u ≡ Iφ(a) in neighbourhood of (x0, θ0).

The local representation of a Lagrangean distribution in terms of an oscillatory
integral is not unique. On the other hand, for a given Lagrangean distribution u,
the Lagrangean Λ, its principal symbol σu, which we will describe below, and its
order are uniquely determined. Our calculations will only involve these invariants.

Definition 1.3.4. If u is a Lagrangean distribution on X satisfying u(1) = 1 and
u(f) ≥ 0 for all nonnegative f ∈ C∞0 (X), then u is called a Lagrangean probability
measure.

Example 6. Discrete measures. The delta function δx0(x) on Rn at a point x0 ∈
Rn is given by the oscillatory integral

δx0(x) = (2π)−n
∫
Rn
ei〈x−x0,θ〉dθ .(1.3.6)

We have Λφ = T ∗x0
R and δx0 ∈ I

n
4 (R, T ∗x0

R). More generally, a discrete measure

µ =
1
mµ

k∑
i=1

ciδxi(1.3.7)

with mµ =
∑k

i=1 ci on a manifold M of dimension n is a mixture of delta functions,
hence can be expressed in local coordinates as a sum of oscillatory integrals of the
form (1.3.6). We have µ ∈ I n4 (M,Λ) with Λ =

⋃
x∈suppµ T

∗
xM .

Example 7. Delta functions on submanifolds. Any C∞ density u on a smooth
submanifold S ⊂ Rn can locally be written as an oscillatory integral. Since S
is a smooth submanifold, for any given point x0 ∈ S we can find k functions
φ1, . . . , φk with dφ1, . . . , dφk linearly independent at x0, such that S is defined in
a neighbourhood around x0 by

φ1(x) = . . . = φk(x) = 0 .
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There exists a function a ∈ C∞0 (Rn) with support near x0 such that

u(x) = (2π)−k
∫
Rk
a(x)eiφ(x,θ)dθ where φ(x, θ) =

k∑
j=1

φj(x)θj .(1.3.8)

Thus Λφ = {(x, dxφ(x, θ))| φj = 0, j = 1, . . . , k, x ∈ suppu}. Note that this is the
conormal bundle N∗(S) of S restricted to supp u. We have u ∈ I k2−n4 (Rn,Λφ).

Delta functions on submanifolds are examples of conormal distributions. They
are defined as having a local expression as an oscillatory integral with phase function
linear in θ.

Example 8. Homogeneous distributions on the circle S1. The basic homogeneous
distributions on S1 are the distributions χk(θ) defined by the Fourier series

χk(θ) =
∞∑
r=1

rkeirθ

with Fourier coefficients homogeneous of degree k. As Lagrangean distribution,
χk ∈ Ik+ 1

4 (S1, T+∗
0 S1), that is, χk has only positive Fourier coefficients, has order

(k + 1
4 ) and has sole singularity at θ = 0. It also has precisely the same singu-

larity as the Fourier integral (θ + i0)−k−1 :=
∫∞

0 ξkeiθξdξ, i.e. differs from it in a
neighborhood of 0 by a smooth function. (The integral needs to be regularized at
ξ = 0; we refer to [GS3] or to [Ho, I] for a more detailed discussion.) The analogous
homogeneous distribution with singularity at θ = θ0 instead of θ = 0 is given by
the Fourier expansion

χk(θ − θ0) =
∞∑
r=1

rkeirθe−irθ0 .(1.3.9)

Example 9. Lagrangean distributions on S1. Since S1 is 1-dimensional, the homo-
geneous Lagrangean submanifolds of T ∗S1 must be finite unions of rays T±∗θj (S1) :=
{(θj, rξ) : r ± 0}. Hence a Lagrangean distribution Y on S1 can only have a finite
number of singular points {θ1, . . . , θn}. Since T±∗θj (S1) is parametrized by the phase
function φ(θ, ξ) := (θ − θj)ξ, near θj , Y must have the form

Y(θ) =
∫ ∞

0

e(θ−θj)ξaj(θ, ξ)dξ

with polyhomogeneous amplitude of the form

aj(θ, ξ) ∼
∞∑
i=0

amj−iξ
mj−i.

Comparing with Example 8, we see that

Y(θ) ∼
n∑
j=1

∞∑
i=0

amj−iχmj−i(θ − θj).(1.3.10)

Thus, Y is a finite sum of polyhomogeneous distributions.

Let X and Y be two C∞ manifolds. A distribution k ∈ D′(X × Y ) defines a
linear operator

K : C∞0 (Y )→ D′(X)(1.3.11)
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via

〈K(f), g〉 = 〈k, f ⊗ g〉, f ∈ C∞0 (Y ), g ∈ C∞0 (X) .(1.3.12)

Conversely, by the Schwartz kernel theorem, for every map K as in (1.3.11) there
exists a unique distribution k ∈ D′(X × Y ) such that (1.3.12) is valid.

Definition 1.3.5. A linear operator K : C∞0 (Y ) → D′(X) is called Fourier Inte-
gral Operator (FIO) if its Schwartz kernel k is a Lagrangean distribution on X×Y ,
i.e., if k ∈ Im(X×Y,Λ) for some m ∈ R and Λ ⊂ T ∗(X×Y ) a Lagrangean subman-
ifold. We will sometimes also write in this case, a bit loosely, K ∈ Im(X × Y,Λ).

Notation. If Λ ⊂ T ∗(X × Y ) is a Lagrangean submanifold, we will denote
{(x, y; ξ, η)| (x, y; ξ,−η) ∈ Λ} by Λ′. Recall that Λ′ is a Lagrangean submani-
fold of T ∗(X × Y ) with respect to the symplectic form ωX −ωY where ωX and ωY
are the canonical forms on T ∗X and T ∗Y , respectively.

The following clean composition theorem gives a sufficient condition for the com-
position of two FIO’s to be FIO again. See, for example, [Ho, IV, Theorem 25.2.3].

Theorem 1.3.6. Let X,Y, Z be smooth manifolds and Λ′1 ⊂ T ∗X×T ∗Y and Λ′2 ⊂
T ∗Y × T ∗Z two homogeneous canonical relations. Let K1 and K2 be two FIO’s
whose Schwartz kernels k1 and k2 are in Im1(X × Y,Λ1) and Im2(Y × Z,Λ2),
respectively. Assume that the composition Λ = Λ′1 ◦Λ2 is clean with excess e. Then
K3 = K1K2 is also an FIO and its Schwartz kernel

k3 ∈ Im1+m2+e/2(X × Z,Λ) .

With few exceptions (the Szegö projector and the trace operation), all of the
Fourier integral operators (FIO’s) we will be considering in this paper come from
Fourier integral representations of Lie groups. In fact, they will just be translations
by group elements on homogeneous spaces. The following gives a summary of the
notation and terminology regarding FIO group actions.

1.4. Hamiltonian and Fourier integral group actions. We begin by describ-
ing the simplest Hamiltonian actions on the cotangent bundle T ∗M of a compact
manifold M which arise from lifts of geometric (translation) actions on the base M .

Thus, let l : G×M →M be an action of the Lie group G on M . The action of G
on M can be lifted to an action L of G on the cotangent bundle T ∗M in a canonical
way: For fixed g ∈ G, L(g;m, ξ) = (lg(m), (dlg−1)∗ξ)) for all (m, ξ) ∈ T ∗M (we
have denoted l(g,m) by lg(m)). This action is always Hamiltonian and we denote
its moment map by Φ. It is determined by the following formula:

ι(X#)ω = d(〈X,Φ(m, ξ)〉) for all X ∈ g, (m, ξ) ∈ T ∗M.(1.4.1)

More concretely, let {X1, . . . , Xr} denote a basis of the Lie algebra g of G and let
X#
i denote the corresponding vector fields on M . They are all Hamiltonian vector

fields on T ∗M with Hamiltonians fi(x, ξ) := 〈(X#
i )x, ξ〉. The moment map can

then be written as

Φ(x, ξ) = (f1, . . . , fr).

In particular if G = S1, and if ∂
∂θ denotes the generator of the action on M , then

the moment map is the Hamiltonian f(x, ξ) := 〈 ∂∂θ , ξ〉.
The action l of G on M induces a unitary representation ρ

ρ(g) · η = l∗gη(1.4.2)
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of G on L2(M,Ω
1
2 ), the space of half densities on M . Here, a 1/2-density η is

the square root |dvol|1/2 of a volume density on M . These rather unusual objects
give M an intrisnic L2-structure since the product of two 1/2-densities is a density
which can be integrated over M . They are ubiquitous in microlocal analysis and
although all of our manifolds have natural volume densities, we will state things in
terms of 1/2-densities to enable us easily to quote relevant microlocal facts from
the references.

Since ρ(g) is translation (pull-back) by g, the Schwartz kernel kg(x, y) of ρ(g)
is essentially the delta-function δ(y − lg(x)). To make this intuitively clear notion
precise, we would have to discuss delta 1/2-densities on a manifold. For the sake
of brevity, we refer to [G] for the precise definitions, and only note that as a delta
function on Graph(l) = {(g,m, l(g,m))|g ∈ G,m ∈ M}, k(g, x, y) is a Lagrangean
distribution on G ×M ×M with associated Lagrangean Γ equal to the conormal
bundle of Graph(l), which is easily seen to equal the moment Lagrangian of the
Hamiltonian action of G on T ∗M , given by

Γ = {(g,Φ(m, ξ); m, ξ; L(g;m, ξ))| g ∈ G, (m, ξ) ∈ T ∗M} .(1.4.3)

In the case of composition of FIO’s coming from translations by (possibly dif-
ferent) group actions, the composition of FIO’s is simply the composition of the
translations and the composition of the Lagrangeans is simply given by the graph
of the composite translation. For future reference, we consider this case in detail.

Cleanness of composition of Tg and Teiθ . Let M be a manifold and l : G×M →
M and and k : S1×M →M two group actions with G not necessarily equal to S1.
For fixed g ∈ G, we denote the corresponding translation operator in L2(M,Ω

1
2 ) by

Tg. Its Schwartz kernel, kg(x, y), is a Lagrangean distribution (the delta function
δ(y − lg(x))) with corresponding Lagrangean

Λg = {(x, ξ; lg(x),−(dlg−1 )∗ξ)|(x, ξ) ∈ T ∗M} ∼= T ∗M .(1.4.4)

For the group action k : S1 ×M → M we also consider translation in L2(M,Ω
1
2 ),

denoted by Teiθ . Now we do not hold a specific element in S1 fixed, but view the
resulting representation of S1 as a distribution on S1 ×M ×M . This distribution
is a delta function on

Graph(k) = {(eiθ;x; k(eiθ, x))|eiθ ∈ S1, x ∈M}

whose conormal bundle is given by

Γ = {(eiθ,Φ(x, ξ); x, ξ; Kθ(x, ξ)|eiθ ∈ S1, (x, ξ) ∈ T ∗M} ∼= S1 × T ∗M .(1.4.5)

Here Kθ(x, ξ) := (k(eiθ, x), dk∗e−iθ ξ) and Φ denotes the moment map of the group
action K : S1 × T ∗M → T ∗M .

The Schwartz kernel of the operator Teiθg := Teiθ ◦ Tg, viewed as a distribution
on S1×B×B, is always Lagrangean, since the composition Γ′ ◦Λ′g is automatically
clean (see Theorem 1.3.6). We recall that this means that the fiber diagram

F //

��

Γ′

π3

��
Λ′g π1

// T ∗M
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is clean, where π3 : Λ′ → T ∗M denotes projection onto the third factor in Γ′ ⊂
T ∗S1×T ∗M ×T ∗M , π1 : Λ′g → T ∗M is projection onto the first factor, and where

F = {(eiθ,Φ(x, ξ); x, ξ; Kθ(x, ξ); Kθ(x, ξ); LgKθ(x, ξ))|eiθ ∈ S1, (x, ξ) ∈ T ∗M}
∼= S1 × T ∗M

with Lg(x, ξ) := (lg(x), (dlg−1 )∗ξ). Since it is a graph, the fiber product F is always
a submanifold of Γ′ × Λ′g and it is easy to see that the derived diagram

TF

��

// TΓ′

dπ3

��

TΛ′g dπ1

// T (T ∗M)

is a fiber diagram with excess e = 0. Denoting the Lagrangean Γ′ ◦ Λg by Λ we
have

Λ={(eiθ,Φ(x, ξ); x, ξ; LgKθ(x, ξ))|eiθ ∈ S1, (x, ξ) ∈ T ∗M} ∼= S1 × T ∗M(1.4.6)

and

Teiθg ∈ I−
1
4 (S1 ×M ×M,Λ) .(1.4.7)

1.5. The trace operation. Taking the trace of an operator A can be viewed as
composing a certain Fourier integral operator Tr with the Schwartz kernel kA of A.

Let kA be a Lagrangean distribution on G ×M ×M . Then TrA = Tr kA =∫
kA(g,m,m)dm. It was pointed out in [DG] that TrA can be viewed as the

composition

TrA = π∗∆∗kA(1.5.1)

with ∆ : G ×M → G×M ×M the diagonal embedding and π : G×M → G the
projection onto the first factor.

Since the operator π∗∆∗ maps distributions on G×M ×M to distributions on
G, its Schwartz kernel kπ∗∆∗ is a distribution on G ×M ×M ×G. The following
lemma can be found in [DG], p. 66.

Lemma 1.5.1. We identify G × M × M × G with (G × M) × (G × M). The
Schwartz kernel kπ∗∆∗ is the same as kid, the Schwartz kernel of the identity map.
Furthermore, kπ∗∆∗ ∈ I0(G×M ×M ×G,Γ) with Γ being the conormal bundle to
the diagonal in G×M ×M ×G.

1.6. The principal symbol of a Lagrangean distribution. Roughly speaking,
the principal symbol σu is a 1/2-density on Λ. (To be completely accurate, it
involves additional factors e±iπ, called Maslov factors.) To define σu, we use a
parametrization of Λ.

Let u be an element in Im(X,Λ), and let

Iφ(a) =
∫
eiφadθ

be a local representation of u. We assume that the phase function φ u is defined
in an open conic subset V ⊂ X × (R \ {0})N and that the projection of V into X
is a domain of local coordinates x1, . . . , xn. We can use ∂φ/∂θi, i = 1, . . . , N , as
local coordinates transversal to Cφ in X× (R \ {0})N . On Cφ itself we choose local
coordinates cj , j = 1, . . . , n, that are homogeneous of degree one with respect to θ.
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Together, the ∂φ/∂θi and cj form a complete coordinate system in V . Cφ carries a
volume form dφ defined by

dφ =
∣∣∣∣ D(x, θ)
D(c, ∂φ/∂θ)

∣∣∣∣ dc1 ∧ · · · ∧ dcn .(1.6.1)

The coefficient on the right hand side denotes the Jacobian determinant of the xj
and θi with respect to the cj and ∂φ/∂θi, j = 1, . . . , n and i = 1, . . . , N . Let

a ∼ a0 + a−1 + . . .

be the polyhomogeneous expansion of a with a0 ∈ Sm+n
4−

N
2 and with terms de-

creasing by steps of degree one. Then the local formula for the symbol is given
by

σu = a0

√
dφ(1.6.2)

on Cφ. More precisely, the diffeomorphism Iφ transfers the 1/2-density a0

√
dφ on

Cφ to a 1/2-density Iφ∗a0

√
dφ on an open set U ⊂ Λ, which is by definition the

symbol σu on this set. Recall that the cj are homogeneous of degree one in θ, the
∂2φ/∂θi∂θk are of degree−1 in θ, therefore D(c,∂φ/∂θ)

D(x,θ) is of degree n−N in θ and the

right hand side in (1.6.1) is of degree N in θ. It follows that σu �U∈ Sm+n
4 (U ; Ω

1
2 )

(here Ω
1
2 denotes the half density bundle over Λ).

There is a complex line bundle, L, over Λ, called the Keller-Maslov line bundle,
which is also involved in piecing together the σ from different coordinate patches
in a smooth way. The precise definition of L is rather technical. Since it will play
a minor role in our computations, we omit further details and refer the reader to
[T], Chapters VII and VIII. Here we merely state the following.

Definition 1.6.1. The section σu ∈ Sm+n
4 (Λ; Ω

1
2 ⊗ L) for which

σu �Λφ= Iφ∗a0

√
dφ

is called the principal symbol of u. The principal symbol σA of a Fourier integral
operator A is the principal symbol of its Schwartz kernel kA.

Example 10. The principal symbol of Tg. Recall that the Schwartz kernel of Tg,
kg(x, y), is a Lagrangean distribution (the delta function δ(y − lg(x))) with corre-
sponding Lagrangean

Λ = {(x, ξ; lg(x),−(dlg−1 )∗ξ)|(x, ξ) ∈ T ∗M} ∼= T ∗M .

Any symplectic manifold (N,ω) of dimension (2n) carries a canonical volume form
Ω := (−1)n 1

n!ω
∧n. In the case of T ∗M , Ω = dx1 ∧ · · · ∧ dxn ∧ dξ1 ∧ · · · ∧ dξn for

which we will write for brevity dx ∧ dξ. Since Λ is a graph, it carries the volume
form π∗Ω where π : Λ → T ∗M denotes projection onto the first factor. We claim
that the principal symbol σTg is simply π∗|Ω| 12 . Indeed, for any coordinate patch
X ⊂M we can write

kg(x, y) �X×X= (2π)−n
∫
Rn
eiφ(x,y,ξ)dξ = (2π)−n

∫
Rn
ei〈ξ,y−lg(x)〉dξ

(recall Example 7). Since φ(x, y, ξ) = 〈ξ, y − lg(x)〉,

Cφ = {(x, lg(x), ξ|ξ ∈ Rn} ∼= X × Rn ∼= T ∗X
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and a complete coordinate system for V = X ×X × Rn satisfying the above con-
ditions is

ci = ξi, i = 1, . . . , n; cj = xj |ξ|, j = n+ 1, . . . , 2n;

∂φ/∂ξk = yk − (lg(x))k, k = 1, . . . , n .

The inverse of the Jacobian in (1.6.1) is∣∣∣∣D(ξ, x|ξ|, y − lg(x))
D(x, y, ξ)

∣∣∣∣ =

∣∣∣∣∣∣
0 0 I
|ξ|I 0 (xiξj/|ξ|)1≤i,j≤n
dg I 0

∣∣∣∣∣∣ = |ξ|n

(all blocks in the second determinant are of size n×n). This yields for dφ in (1.6.1),

dφ = |ξ|−ndc1 ∧ · · · ∧ dc2n = dx ∧ dξ = Ω .

Since a0 = 1 and clearly Iφ = π−1 �T∗X , we have Iφ?|Ω|
1
2 = π∗|Ω| 12 which proves

that σTg = π∗|Ω| 12 .

Example 11. The canonical 1/2-density on a graph. Generalizing Example 10,
we note that the graph of any homogeneous canonical transformation χ carries a
canonical 1/2-density. Since the graph of χ : T ∗X → T ∗X is naturally diffeomor-
phic to T ∗X (by the conic diffeomorphism π1, see (1.2.1)), one can pull back the
symplectic volume 1/2-density |Ω| 12 to the 1/2-density π∗1 |Ω|

1
2 = π∗1 |dx ∧ dξ|

1
2 on

Graph(χ). We will refer to it as the canonical graph 1/2-density and denote it by
|Ωχ|

1
2 . The calculation in Example 10 shows that σTg = |ΩLg |

1
2 .

Example 12(a). The principal symbol of a discrete measure µ :=
∑k

j=1 cjδxj on
R. Recall from Example 6 that µ ∈ I

1
4 (R,

⋃k
j=1 T

∗
xjR). Each cotangent space

T ∗xjR ∼= R carries a natural volume density dt. The principal symbol of µ is the

1/2-density σµ on
⋃k
j=1 T

∗
xjR with σµ �T∗xjR= cj |dt|

1
2 .

Example 12(b). The principal symbol of a transition operator T :=
∑k

j=1 cjTgj .
The Lagrangean corresponding to the Schwartz kernel kT of T is the union Σ =⋃k
j=1 Λgj where the Λgj ’s are as in (1.4.4). By Example 10, the principal symbol

of T is the 1/2-density σT on Σ with σT �Λgj = cjπ
∗|Ω| 12 .

Example 13. The principal symbol of a Fourier Integral group action. We return
to the example of the moment Lagrangean Γ (1.4.5) of a Hamiltonian S1-action
and to the associated Fourier integral representation Kθ. The Lagrangean has a
natural parametrization

j : S1 × T ∗M → T ∗S1 × T ∗M × T ∗M (eiθ, x, ξ)→ (eiθ,Φ(x, ξ), x, ξ,Kθ(x, ξ))

with image Γ. The parameter space carries the natural 1/2-density |dθ| 12 ⊗ |Ω| 12
which gets transported to a 1/2-density |Ωk|

1
2 on Γ, which we will refer to as the

‘canonical density’ on the graph of the action.

Proposition 1.6.2. The principal symbol σK of a Fourier integral S1-action is
given by: σK = |Ωk|

1
2 .
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Proof. (Sketch) Let us denote by D the generator of the S1-action, so that K =
eiθD. Then K is the unique solution of the inital value problem(

( ∂∂θ −D)Kθ = 0
Kθ|θ=0 = Id.

)
The symbol can be determined by considering the corresponding initial value prob-
lem for the symbols. At θ = 0 we have the canonical graph 1/2-density of the
identity graph, and by the equation the symbol is invariant under the classical
Hamiltonian S1 action. The 1/2-density given in the statement of the proposition
is the unique solution of this initial value problem. For more details, see [DG].

Example 14. The principal symbol of the trace operation. Recall from Lemma
1.5.1 that the Lagrangean Γ corresponding to the Lagrangean distribution kπ?∆? is
the conormal bundle

Γ = {(g, γ; x, ξ; g,−γ; x,−ξ)|(g, γ) ∈ T ∗G, (x, ξ) ∈ T ∗M}
of the diagonal ∆(G×M). Clearly, Γ ∼= T ∗G× T ∗M . The principal symbol of the
trace operation is

σTr = π̃∗|dg ∧ dγ ∧ dx ∧ dξ| 12(1.6.3)

where π̃ : Γ → T ∗G × T ∗M denotes projection onto the first and second factors.
See, for example, Lemma 6.3 in [DG].

We will also need to review the principal symbol calculus of FIO’s. Given a
pair of Lagrangeans Λ1, respectively Λ2, and a pair of 1/2-densities σ1, respectively
σ2, on them we wish to define a composite 1/2-density σ1 ◦ σ2 on the composite
Lagrangean Λ1 ◦ Λ2. To do so, we begin with the exterior tensor product of the
1/2-densities, that is, the 1/2-density on the product space

σ1 ⊗ σ2 ∈ Ω
1
2 (Λ1 × Λ2)

given by

σ1 ⊗ σ2(b1, b2) := σ1(b1)σ2(b2)

where bi is a basis for Tλi(Λi). The composition product is a bilinear operation

σ1 ⊗ σ2 → σ1 ◦ σ2

constructing σ1 ◦ σ2 in a canonical way from σ1 ⊗ σ2 in the form

(σ1 ⊗ σ2)λ =
∫
Fλ

σ1 × σ2(1.6.4)

with λ ∈ Λ1 ◦ Λ2, with Fλ is the fiber {(λ1, λ2) ∈ Λ1 × Λ2 : λ1 ◦ λ2 = λ} of the
composition over λ, and with σ1 × σ2 a certain density along the fiber with values
in Ω

1
2 (Λ1 ◦ Λ2), the space of 1/2-densities on the composite. See [Ho, IV] for the

precise definition. Roughly speaking, if σ1 =
√
dxdz and if σ2 =

√
dzdy, with dz a

volume density on Fλ, then σ1 × σ2 =
√
dxdydz

We will only need the following special cases of the composition law, which follow
from the general composition theorem in [Ho, IV].

Theorem 1.6.3 (addendum). (a) Let Λi = Graph(χi) be the graph of a homoge-
neous canonical transformation χi on T ∗M (i = 1, 2), and as above let |Ωχi |

1
2 be

the canonical 1/2-densities on the graphs. Then Λ1 ◦ Λ2 = Graph(χ1 ◦ χ2) and
|Ωχ1 |

1
2 ◦ |Ωχ2 |

1
2 = |Ωχ1◦χ2 |

1
2 .



5338 URSULA POROD AND STEVE ZELDITCH

(b) Let Γ be the moment Lagrangean of a classical Hamiltonian S1 action k,
equipped with the canonical density |Ωk|

1
2 and let Graph(χ) be the graph of a ho-

mogeneous canonical transformation, equipped with the canonical graph 1/2-density
|Ωχ|

1
2 . Then the composite Lagrangean Λ (1.4.6) is parametrized by the map

jχ : S1 × T ∗M→T ∗S1 × T ∗M × T ∗M (eiθ, x, ξ)→(eiθ ,Φ(x, ξ), x, ξ, Lgχ(x, ξ))

and the composite 1/2-density is again given by |Ωχ◦k|
1
2 := |dθ| 12 ⊗ |Ω| 12 .

2. Rays of representations

2.1. Geometric quantization. Let G be a compact, semisimple Lie group, Ĝ
its unitary dual, and I∗ ∩ t∗+ the set of lattice points in the chosen positive Weyl
chamber t∗+. Recall that there is a one-to-one correspondencce Ĝ↔ I∗ ∩ t∗+ under
which ρν ↔ ν with ν the highest weight of the irreducible character χρν . We call
a representation ρ of G a ray of representations through ν if each irreducible ρnν ,
n ∈ N0 occurs exactly with multiplicity 1 in ρ.

Let Oν be the coadjoint orbit corresponding to the integral form ν ∈ I∗ ∩ t∗+
(see Example 2 above). For any ξ ∈ Oν , we denote the stabilizer group of ξ with
respect to the G-action by Gξ. We have Oν ∼= G/Gν . Since ν is an integral point,
the map χν : Gν → S1, g → e2πi〈ν,Xg〉 where g = expXg is a homomorphism (see
[GS1], (2.11)).

By the classical Borel-Weil-Bott theorem, there exists a holomorphic structure
on the orbit Oν and a complex line bundle E over Oν whose holomorphic sections
Γ(E) form the representation space of the irreducible representation of highest
weight ν. Let us explain the situation in more detail. The holomorphic line bundle
E is the quotient space of G× C with respect to the equivalence relation

(gh, z) ∼ (g, χν(h)z) g ∈ G, h ∈ Gν , z ∈ C ,(2.1.1)

i.e., the associated complex line bundle G×Gν C. A holomorphic section s of E is
a holomorphic map s : Oν → E with π ◦ s(ξ) = ξ for all ξ ∈ Oν (here π : E → Oν
is the natural projection). Equivalently, s can be viewed as a map s̃ : G → C for
which s̃(gh) = χν(h)−1s̃(g) for all g ∈ G and h ∈ Gν . For each ν ∈ t∗+, the set of
holomorphic sections Γ(E) of the line bundle E over Oν is finite. The action of G
on Γ(E) is given by

g · s̃(p) = s̃(g−1p) for all g ∈ G, s ∈ Γ(E) .(2.1.2)

Any other irreducible ρnν of G can of course be constructed in the very same way.
Note that the line bundle E(n) over Onν ∼= Oν can also be viewed as the quotient
space of G× C⊗n with respect to the equivalence relation

(gh, z) ∼ (g, χ(n)
ν (h)z) g ∈ G, h ∈ Gν , z ∈ C⊗n .(2.1.3)

Here χ(n)
ν denotes the character χν extended to the nth tensor product C⊗n of C.

2.2. The Hardy space H2(B). For our computations we need to have for each
ray of representations one unified function space which is exactly the representation
space and on which the representations act as Fourier integral operators. Here we
describe the construction of such a ray of representations due to [GS1].
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We denote the E? be the dual bundle of E, i.e., the quotient space of G×C with
respect to the equivalence relation

(gh, z) ∼ (g, χ−1
ν (h)z) g ∈ G, h ∈ Gν , z ∈ C .(2.2.1)

Its disk bundle D is defined by

D = {(ξ, z)|ξ ∈ Oν , z ∈ E?ξ , |z| ≤ 1}(2.2.2)

and its circle bundle B by

B = {(ξ, z)|ξ ∈ Oν , z ∈ E?ξ , |z| = 1} .(2.2.3)

D is a compact complex domain whose boundary is B. Furthermore, G and the
circle S1 act on B and their actions commute. The Hardy space of B, H2(B), is
the space of Cauchy-Riemann (CR) functions on B, i.e., the space of L2-functions
on B that can be extended to holomorphic functions on the whole disk bundle D.
Holomorphic sections of E correspond to S1-equivariant CR functions on B in a
one-to-one way: Let s ∈ Γ(E?) with s(ξ) = [g, z], ξ ∼ gGν . We then define the
corresponding ŝ ∈ H2(B) by

ŝ([g, eiφ]) = zeiφ, for all g ∈ G, eiφ ∈ S1 .(2.2.4)

It is easy to check that ŝ is in fact well-defined on B ∼ G×Gν S1 and that ŝ(eiθ ·b) =
eiθŝ(b) for all eiθ ∈ S1 and b ∈ B. We denote the set of CR functions ŝ on B that
can be derived from holomorphic sections in this way by H2

1 (B) = Γ(E). Since
G acts on B and this action commutes with the action of S1, G leaves H2

1 (B)
invariant. In fact, H2

1 (B) is a representation space of the irreducible representation
ρν of G. By redefining the action of S1 on B successively for each n ∈ N as

eiθ · [g, eiφ] = [g, einθeiφ],(2.2.5)

we arrive at the spaces H2
n(B) = {f ∈ H2(B)|f(eiθ · b) = einθf(b) for all b ∈

B, einθ ∈ S1} which are each representation spaces of the irreducibles ρnν . Since

H2(B) =
∞⊕
n=1

H2
n(B) ,(2.2.6)

this Hardy space is exactly a representation space for the ray through ρν .

2.3. The Szegö projector and Fourier-Toeplitz operators. The Szegö pro-
jector, i.e. the orthogonal projection

Π : L2(B)→ H2(B)(2.3.1)

is a special kind of FIO (of complex type) called a Toeplitz operator. Roughly
speaking, a Toeplitz operator is analogous to a pseudodifferential operator, but
is microsupported on a symplectic sub-cone Y ⊂ T ∗M rather than on the full
cotangent bundle.

More generally, we will be considering Toeplitz-like operators which ‘quantize’
symplectic transformations (and correspondences) on Y . Their wave front sets will
lie along Lagrangean submanifolds of Y ×Y . The basic example is the compression
Π ρ(g) Π of a representation; it corresponds to the classical operation of restricting
the group action to the subcone Y . Such a Toeplitz operator is the composition
of Π, a standard Toepltiz operator, with the FIO ρ(g). Compositions of Toeplitz
operators and FIO’s are discussed in detail in [BdMG] but are not usually included
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under the term ‘Toeplitz operator’. We therefore refer to them as ‘Fourier-Toeplitz
operators’.

The relevant subcone in the case of Π is the cone through the prequantum contact
structure of B. Here, a 1-form α on a (2n− 1)-dimensional manifold B is called a
contact form if α∧ (dα)n−1 is a volume form. The halfline subbundle generated by
α,

Y = {(x, rαx)|x ∈ B, r ∈ R+} ⊂ T ∗B,(2.3.2)

is then symplectic as a submanifold of T ∗B. In the case of our circle bundle B,
α is the connection 1-form with curvature ων for the S1-bundle π : B → Oν (see
[GS2]). It is the unique 1-form invariant under the S1 action for which ι(∂/∂θ)α =
1 and ι(∂/∂θ)dα = 0 (here, ∂/∂θ denotes the infinitesimal generator of the S1

action on B) The cone Y may also be described as the subspace of T ∗B given by
{(x, ξ) : 〈v, ξ〉 = 0} for all holomorphic tangent vectors v ∈ TxB (see [GS1, p. 354].

We then have

Proposition 2.3.1 ([GS1], Proposition 6.5). For all ν ∈ I∗ ∩ t∗+, the orthogonal
projection Π : L2(B) → H2(B), called the Szegö projector, is a Toeplitz opera-
tor (Fourier integral operator of complex type) associated to the identity canonical
relation in Y × Y .

The symbol of Π,

σΠ = |dy| 12 ⊗ πY ,(2.3.3)

is a 1/2-density along Y times a “symplectic spinor” πY in the normal direction
Y ⊥. In fact, πY is a certain rank one projection onto a ground state (Gaussian)
associated to Y ⊥. In the case of discrete random walks, the asymptotics of the
spectral measures are determined by traces which kill the symplectic spinor part.
The basic reason is that in all the principal terms, the canonical relations will fix
πY and then the trace will remove it (since Tr πY = 1). Hence in the case of discrete
random walks it is not necessary to discuss symbols of Toeplitz operators in detail,
and we will concentrate only on the 1/2-density |dy| 12 . In the case of continuous
Lagrangean random walks, the spinor factor is not killed in the trace and plays an
important role (see [PZ]).

In the proof of our Main Theorem we will need to consider two compositions
of FIO’s and Toeplitz operators; namely, Tgeiθ ◦ Π and Tr ◦ Tgeiθ ◦ Π. According
to [BdMG, Theorem 9.4], under a clean composition hypothesis both compositions
produce Fourier-Toeplitz operators associated to the composite isotropic relations.
The general theorem is as follows:

Theorem 2.3.2. Let K ∈ Ir(X × Z,Λ) be a Toeplitz operator or an FIO and
T ∈ Is(Z × Y,Σ) be a Toeplitz operator. We assume that

(i) the composition Λ′ ◦ Σ is clean (cf. Definition 1.2.1);
(ii) the natural projection π : F → Λ′ ◦ Σ has constant rank on each connected

component (F denotes the fiber product of Λ′ and Σ).
Then the composition is a Fourier-Toeplitz operator associated to the isotropic re-
lation Λ′ ◦Σ, that is

K ◦ T ∈ Ir+s+ 1
2 e(X × Z,Λ′ ◦ Σ) .

Example 15. The order of the Szegö projector Π. Theorem 2.3.2 allows us to
compute the order of Π: The composition Π ◦ Π is easily seen to be clean. Its
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excess is e = dimB − 1. From this and the fact that Π2 = Π we get that Π ∈
I−

1
2 (dimB−1)(B ×B,∆(Y )′).

Example 16. The composition Teiθg ◦ Π. Recall that Teiθg ∈ I−
1
4 (S1 × B ×

B,Λ) with Λ ∼= S1 × T ∗B (see (1.4.6–1.4.7)) and Π is the Szegö projector Π ∈
I−

1
2 (dimB−1)(B ×B,∆(Y )′). We thus have the fiber diagram

F −→ Λ′ ∼= S1 × T ∗B
↓ ↓

∆(Y ) ∼= Y −→ T ∗B

with fiber product

F = {(eiθ,−r; b, rα; eiθg · b, rα; eiθg · b, rα; eiθg · b, rα)|r ∈ R+, b ∈ B, eiθ ∈ S1}
∼= S1 × Y.

Since dKθdLg(v) ∈ TY ⇔ v ∈ TY , the following diagram

TF −→ TΛ′ ∼= TS1 × T (T ∗B)
↓ ↓

T∆(Y ) ∼= TY −→ T (T ∗B)

is a fiber diagram with excess e = 0. We have

ΛY := Λ′ ◦∆(Y )′={(eiθ,−r; b, rα; eiθg · b, rα)|r ∈ R+, b ∈ B, eiθ ∈ S1} ∼= S1×Y,
and it is obvious that π : F → ΛY is of constant rank. By Theorem 2.3.2,

Teiθg ◦Π ∈ I 1
4−

1
2 dimB(S1 ×B ×B,ΛY ) .(2.3.4)

We will also need to discuss the composition principal symbols of FIO’s and
Toeplitz operators. To avoid unnecessary technicalities, we will only state the
composition law for symbols in the special cases that arise in the proof of our Main
Theorem.

As in the case of symbol composition for FIO’s the symbols of our operators are
best described using parametrizations of our Lagrangeans and isotropic relations.
As above, the canonical relation Λ underlying the FIO Tgeiθ ∈ I−

1
4 (S1×B×B,Λ)

can be parametrized by S1 × T ∗B. Also, the isotropic cone underlying Π is the
graph of the identity on Y , Graph(id�Y ). Hence the composite Fourier-Toeplitz
operator has underlying isotropic relation parametrized by the map

jY : S1 × Y → T ∗S1 × T ∗B × T ∗B (eiθ, y)→ (eiθ,Φ(y); y;LgKθy).

We recall that σT
geiθ

= |dθ| 12 ⊗ |Ω| 12 and that σΠ = |dy| 12 ⊗ πY . We have

Proposition 2.3.3. With the above notation and assumptions: If the maps LgKθ

preserve Y and if (dLgdKθ)∗(σΠ) = σΠ, then

σT
geiθ
◦ σΠ = |dθ| 12 ⊗ |dy| 12 ⊗ πY(2.3.5)

as a symplectic-spinor-valued 1/2-density on S1 × Y .

Proposition 2.3.4. With the above notation and assumptions: If Tr◦(Π ◦ Tgeiθ )
is a clean composition of the FIO Tr and the Fourier-Toeplitz operator Π ◦ Tgeiθ ,
then the composite isotropic relation is a union

⋃m
j=1 T

+∗
θj

(S1) of cotangent rays,
and the principal symbol of the composition is given on the component T+∗

θj
(S1) by
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σTr◦(Π◦T
geiθ

) = vol(B)ξr|dξ| 12(2.3.6)

where r = 1
2 (e− dimB).

3. Proof of Main Theorem

We will determine the asymptotics of the measures by calculating the moments.
The pth moment Mµ,p

rρ =
∫
xpdmµ

rρ of the spectral measures mµ
rρ, r ∈ N, defined

in (0.4) can be written as

Mµ,p
rρ = (dimVrρ)−1 TrT pµ �H2

r (B)= (dimVrρ)−1 TrTµ?p �H2
r (B) .

To determine their asympotics, we form the generating functions

Yp(θ) =
∞∑
r=1

eirθ TrTµ?p �H2
r (B) , p ∈ N .(3.1)

which equal

Yp(θ) = Tr (Teiθ ◦ Tµ?p ◦Π)(3.1a)

with Teiθ the translation by eiθ in L2(B). This follows since the differential operator
1
i
∂
∂θ is equal to rI on H2

r (B). The main part of the proof of our theorem will be to
show that the Yp(θ) are Lagrangean distributions on the circle S1. Recalling that
Lagrangean distributions on S1 have a very specific type of Fourier expansion (see
Example 9), this will allow us to determine the asymptotics of the moments. This
method of proof is borrowed from [BdMG] where it was used to prove a Szegö type
limit theorem for (pseudodifferential) Toeplitz operators; what we are doing is to
generalize the proof to Fourier-Toeplitz operators which arise in random walks (see
also [TU]).

Recall that µ is a discrete measure on G, hence µ?p is discrete for all p ∈ N. For
fixed p, we can write µ?p =

∑
g∈suppµ?p µ

?p(g)δg. Hence

Tµ?p =
∑

g∈suppµ?p
µ?p(g)Tg .

In order to show that Yp(θ) is a Lagrangean distribution, it therefore suffices to
show this for the case µ?p = δg for some g ∈ G.

We will now verify that the clean composition hypotheses are satisfied in (3.1a)
in each composition. The first step is the composition Teiθ ◦ Tg. The cleanness of
this composition has already been proved in Section 1.4. Recall from (1.4.7) that

Teiθ ◦ Tg ∈ I−
1
4 (S1 ×B ×B,Λ) .

Next, we have the compostion of Teiθ ◦ Tg with the Szegö projector

Π ∈ I− 1
2 (dimB−1)(B ×B,∆(Y )′) .

By the discussion in Example 16, it is clean with excess 0 and we have

Teiθ ◦ Tg ◦Π ∈ I 1
4−

1
2 dimB(S1 ×B ×B,ΛY ) .(3.2)

Third, we take the trace of the Fourier-Toeplitz operator Teiθ ◦ Tg ◦ Π. As
explained in Section 1.5, the operation of taking the trace is itself a composition
of Fourier integrals and hence the trace will be a Lagrangean distribution if the
composition is clean. We now show that cleanliness of the trace is equivalent to
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cleanliness of the fixed point sets of Tg on Oν in the sense of Bott (see below for
the definition).

To prove this, we first recall (Lemma 1.5.1) that taking the trace corresponds
to the compositon of Λ′Y with the diagonal ∆(T ∗B). To apply Theorem 2.3.2, we
must determine when the fiber diagram

F

��

// Λ′Y

��

∆(T ∗B)
i

// T ∗B × T ∗B

(3.3)

is clean and when π : F → Λ′Y ◦∆(T ∗B) is a map of constant rank on the connected
components of F .

The fiber product F in the above diagram is clearly

F = {(eiφ,−r; b, rα; b, rα; b, rα; b, rα)|eiφg · b = b, r ∈ R}
∼= {(b, rα)|∃eiφ s.t. eiφg · b = b, r ∈ R} .

(3.4)

Recall that B is an S1 bundle over the coadjoint orbit Oν and that G and S1 act
on B via

eiφg · b = eiφg · [h, eiθ] = [gh, eiφ+θ], eiφ ∈ S1, g ∈ G, b = [h, eiθ] ∈ B .

From this we see that

(b, rα) ∈ F ⇔ lg(π(b)) = π(b)(3.5)

where lg denotes the action of g on Oν and π is the natural projection π : B → Oν .
Let us denote the fixed point set of lg by Fix(lg). Thus we have

F ∼= {(b, rα)|b ∈ π−1(Fix(lg)), r ∈ R};(3.6)

hence F is a manifold if Fix(lg) is a manifold. We also need to determine when the
diagram

TF //

��

TΛ′Y

dπ2,3

��

T (∆(T ∗B × T ∗B))
di

// T (T ∗B × T ∗B)

(3.7)

is a fiber diagram. Now, for any v ∈ TΛ′Y ∼= T (S1 × Y ),

dπ2,3(v) ∈ T (∆(T ∗B × T ∗B))⇔ dleiφdlg(w) = w ,

w being the orthogonal projection of v onto TB. The contact form α is a connection
one form on TB, i.e., at each b ∈ B, the kernel of α defines a horizontal subspace
Horb ⊂ TbB with Horb ∼= Tπ(b)Oν . Furthermore, TbB = Horb ⊕Vb where Vb is the
one-dimensional tangent space along the fiber S1,

dlg(Horb) = Horg·b, dlg(Vb) = Vg·b and

dleiφ(Horb) = Horeiφ·b, dleiφ(Vb) = Veiφ·b .

From all this it follows that (3.7) is a clean fiber diagram if
1) Fix(lg) is a manifold and
2) for all xGν ∈ Fix(lg), TxGν (Fix(lg)) = Fix(dlg)xGν .

This says precisely that lg has clean fixed point manifolds.
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The next step is to show that for all g ∈ G, lg has clean fixed point manifolds on
Oν . Note that it suffices to show this for all g ∈ T , where T is the chosen maximal
torus. Indeed, each element h ∈ G is conjugate to an element g ∈ T , i.e., h = kgk−1

for some k ∈ G. This implies that Fix(lh) = k ·Fix(lg) and condition 2 holds for lg
if and only if it holds for lh.

At times we will distinguish two types of elements in T , regular elements and
singular elements. An element g is called regular, if its powers generate T . Almost
all (with respect to Haar measure) elements in T are regular. On the other hand,
there is the set of singular elements defined as the union of the kernels of the positive
roots (see [BtD], Section V.2). A singular element g generates a closed subgroup
of T of dimension strictly smaller than dimT .

The case ν ∈ interior I∗∩t∗+. In case ν ∈ interior I∗∩t∗+, the interior of the positive
Weyl chamber, we have Gν = T and thus Oν ∼= G/T . For all yT ∈ Oν we have

gyT = yT ⇔ y−1gy ∈ T ⇔ y = zw with w ∈WG and z ∈ Z(g)(3.8)

where WG denotes the Weyl group of G and Z(g) denotes the centralizer of g. The
centralizer Z(g) is always a closed subgroup of G. Note that

g regular ⇔ Z(g) = T .

This shows that the fixed point set is given by Fix(lg) = {zwT |z ∈ Z(g), w ∈ WG},
hence is a closed submanifold of Oν . (In case g is regular, Fix(lg) = {wT |z ∈
Z(g), w ∈ WG} ∼= WG is a discrete set and independent of g.) This proves condi-
tion 1.

Let us now prove condition 2. First, we show that condition 2 holds at eT ∈
Fix(lg). The tangent space TeTOν is isomorphic to the subspace L(G/T ) :=⊕

β∈R+ Mβ of the Lie algebra g. Here R+ denotes the set of positive roots and Mβ

denotes the 2-dimensional rootspace corresponding to the root β. Furthermore, the
Lie algebra L(Z(g)) of the centralizer Z(g) is the direct sum

L(Z(g)) = t⊕
⊕
β∈N

Mβ(3.9)

where t denotes the Lie algebra of T and N denotes the set of positive roots
β whose kernel contains g (N is empty for g regular). See, for example, [BtD],
Proposition V.2.3. The tangent space of Fix(lg) at eT is therefore isomorphic
to
⊕

β∈NMβ. Under the identification of TeTOν with L(G/T ) =
⊕

β∈R+ Mβ , the
differential dlg : TeTOν → TeTOν is the adjoint representation Ad(g) at g, restricted
to
⊕

β∈R+ Mβ. But by definition of N , the subspace consisiting of fixed points of
Ad(g) is exactly the space

⊕
β∈N Mβ. This proves that Fix(dlg)eT = TeTFix(lg).

We now show that condition 2 holds at any other point in Fix(lg). Observe that
for any zwT ∈ Fix(lg),

TzwTOν ∼= Te/TOν via v ∈ TeTOν ↔ dlzdrw(v) ∈ TzwTOν(3.10)

where rw denotes the map rw : Oν → Oν , rw(xT ) = xwT . Since rw and lz
commute with lg,

v ∈ Fix(dlg)eT ⇔ dlzdrw(v) ∈ Fix(dlg)zwT(3.11)

and in particular
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dim (Fix(dlg)eT ) = dim (Fix(dlg)zwT )

which proves 2) for all g.

The case ν 6∈ interior I∗ ∩ t∗+. In this case ν lies in at least one wall of the fun-
damental Weyl chamber, i.e., there exist α ∈ R+, the set of positive roots, such
that α(µ) = 0. (We have identified t∗ with t via an inner product on t.) The Lie
algebra L(Gν) of the stabilizer group Gν is

L(Gν) = t⊕
⊕
β∈K

Mβ

where K := {α ∈ R+|α(µ) = 0}. This follows from the fact that Gµ = Z(s) for all
singular elements s = expX ∈ T for which α(X) = 0 for all α ∈ K and α(X) 6= 0
for all α ∈ Kc := R+ \K. We therefore have

TeGνOν ∼=
⊕
β∈Kc

Mβ .

For any g ∈ T and any yGν ∈ Oν we claim that the following holds:

gyGν = yGν ⇔ y−1gy ∈ Gν
⇔ y = zwu with z ∈ Z(g), w ∈WG, and u ∈ Gν .

(3.12)

Indeed, y−1gy ∈ Gν implies that there exists a u ∈ Gν such that uy−1gyu−1 ∈ T
(since T is also a maximal torus of Gν). Furthermore, there exists a w ∈ WG such
that wuy−1gyu−1w−1 = g. But this implies that wuy−1 ∈ Z(g), from which the
claim follows.

So far we have shown that the fixed point set is Fix(lg) = {zwGν |z ∈ Z(g),
w ∈ WG} and hence is a closed submanifold of Oν . In order to prove that condition
2 holds, we can apply the same ideas as in the previous case. Again, we consider
the decomposition of L(Z(g)) as in (3.9): L(Z(g)) = t⊕

⊕
β∈N Mβ. This provides

us with the isomorphism

TeGνFix(lg) ∼=
⊕

β∈N\K
Mβ .(3.13)

Under this isomorphism, the differential dlg : TeGνOν → TeGνOν is the adjoint
representation Ad(g) at g, restricted to

⊕
β∈KcMβ. But the fixed point set of

Adg restricted to TeGν is exactly
⊕

β∈N\KMβ . This proves that Fix(dlg)eGν =
TeGνFix(lg). The rest is completely analogous to the case ν ∈ interiorI∗ ∩ t∗+.

The rank of the map π : F → Λ′Y ◦ ∆(T ∗B) is constant and equal to 1. This
follows easily from the fact that the action of S1 and the action of G on Y are both
homogeneous in R (recall (3.4)).

We have now proved that the trace operation is clean and thus that Yp(θ) is
a Lagrangean distribution on S1. We still need to compute the excess of this
composition. From (3.3) and the definition of the excess e we have

e = dimF + dim(T ∗B × T ∗B)− (dim ∆(T ∗B)− dim Λ′Y ) .(3.14)

We know that a Lagrangean distribution on the circle S1 has only a finite number
of singular points θj , j = 1, . . . ,K. Among those singular θj ’s, the ones for which



5346 URSULA POROD AND STEVE ZELDITCH

eiθjg fixes the whole circle bundle B produce the connected components of highest
possible dimension, namely dimY , of F . For b = [h, eiφ] ∈ B we have

eiθg · [h, eiφ] = [gh, ei(θ+φ)] = [h, eiφ] ⇔ ∃t ∈ Gν
such that gh = ht and eiθ = χν(t) .

(3.15)

Thus, if the fixed point set Fix(eiθg) = B it follows that

g ∈ Zν :=
⋂
h∈G

hGν h
−1 .

Hence we have,

Fix(eiθg) = B iff ν ∈ Zν and eiθ = χν(g).

Moreover, Zν = ZG if ν is an interior point, since Gν is then a maximal torus and
the intersection of all maximal torii is the center. Provided that Fix(eiθg) = B, for
at least one (eiθ, g), the excess of the trace operation is

e = dimY + 4 dimB − 2 dimB − (1 + dimY ) = 2 dimB − 1 .(3.16)

From this, (3.2), and the fact that the trace operation Tr∈ I0(S1 × B × B ×
S1,∆(T ∗S1 × T ∗B)) we get

Yp(θ) ∈ I
1
2 dimB− 1

4 (S1,

K⋃
j=1

T+∗
θj
S1) .(3.17)

Remark. We should note that often Zν = ZG even when ν is a wall weight. For
instance, in the case of G = U(n) this happens as long as ν is not a scalar weight
(i.e. a weight of the form (r, r, . . . , r)). Indeed, g ∈

⋂
h∈G hGν h

−1 implies that for
all h ∈ G, g commutes with hνh−1 and thus with any hπh−1 where π denotes any
spectral projection of ν. Here, we are regarding elements of G, of g, thus also of t∗,
as endomorphisms of Cn. If ν is not a scalar, there exists an eigenvalue a of ν whose
eigenspace K (the range the spectral projection πa) has dimension k with k < n.
Since for all h ∈ G, g commutes with hπah−1, g leaves each k dimensional subspace
h(K), h ∈ G, invariant. But this implies that g leaves every k dimensional subspace
invariant (G acts transitively on the Grassmann manifolds). We claim this is only
possible if g is a scalar, i.e. if g ∈ ZG. Indeed suppose g is not a scalar. Then there
is at least one vector x ∈ Rn (Cn, Hn) for which g(x) = cx + y with y ⊥ x, y 6= 0.
We then can find a k dimensional subspace W containing x but not containing y,
which is a contradiction to g(W ) ⊂W .

The situation for the other classical groups SO(n), Sp(n) is more or less analo-
gous (with almost complex structures J playing the role of scalar weights).

Recall now Example 9. Since Yp(θ) is polyhomogeneous and a Hardy distribution
(the wave front set is contained in a union of positive half spaces), it can be written
as a sum

Yp(θ) =
∞∑
j=0

K∑
l=1

aj,lχm−j(θ − θl)(3.18)

of the basic homogeneous distributions χr discussed in Example 8. Provided that
a0,l 6= 0 for at least one l, this means that Yp(θ) ∈ Im+ 1

4 (S1,
⋃K
l=1 T

+∗
θl
S1). We
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easily find that m = 1
2 (dimB − 1) with the use of (3.17). From (3.18) we get

TrTµ?p �H2
r (B)= rm

K∑
l=1

a0,le
−irθl + rm−1

K∑
l=1

a1,le
−irθl + lower order terms .

On the other hand, by Proposition 2.3.4 of Section 2.3,

σ(Yp) =
∑

(i1,...,ip)

ci1 . . . cipσTrΠTgi1 ...gip eiθ

=
∑

(i1,...,ip)

vol(B)ci1 . . . cipσ(χm)(θgi1 ...gip ) .

Since a Lagrangean distribution of orderm with vanishing principal symbol actually
has order m− 1, we conclude that

Yp =
∑

(i1,...,ip):
gi1 ...gip∈Zρ

vol(B)ci1 . . . cipχm(θ − θgi1 ...gip ) + smoother

and hence by (3.18) we have a0,l = ci1 . . . cip vol(B). By comparing Fourier series,
we find that

TrTµ?p �H2
r (B)∼ C vol(B)rm

∑
(i1,...,ip):
gi1 ...gip∈Zρ

ci1 . . . cipe
−irθgi1 ...gip +O(rm−1)

with e
−irθgi1 ...gip = χρ(gi1 . . . gip) and with C a universal constant. After normal-

izing by taking the quotient with dimH2
r (B) =dimVrρ the coefficient rmC vol(B)

cancels and we get
TrTµ?p �H2

r (B)

dimH2
r (B)

=
∑

(i1,...,ip):
gi1 ...gip∈Zρ

ci1 . . . cipe
−irθgi1 ...gip + o(1)

completing the proof of the Main Theorem.
The proofs of Corollaries 1 and 2 were given in the introduction. The proof of

Corollary 3 is essentially the combination of Corollary 1 with known results on the
spectrum of λ(Tµ) (the spectrum of the induced random walk on l2(Γ)). For the
sake of completeness, we include the proof:

Proof of Corollary 3. (i) Kesten’s amenability criterion for countable groups Γ
states that

Γ is an amenable group ⇔ sup supp γ = 1

where γ is the spectral measure of the random walk (Γ, µ) (see [Ke], [KV, Section
5.1]). Suppose that β∗ρ < 1, ρ 6= scalar, and χρ(z) 6= 1 for z ∈ ZG ∩ Γ \ {id}.
Consider an arbitrary continuous function f with support in the interval [β∗ρ , 1]. It
follows that ∫

fdmµ
rρ = 0 ∀r ∈ N .

On the other hand, by (0.5),∫
fdmµ

rρ =
∑

z∈ZG∩Γ

χρ(z)r
∫
fdmµ,z +O(r−1) .(3.19)
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But
∫
fdmµ,e > 0 (mµ,e is Kesten’s spectral measure for (Γ, µ)), so, by our as-

sumptions on the χρ(z), the right hand side in (3.19) is unequal to zero, which is a
contradiction.

(ii) Let Γ be a free countable group and µ a symmetric probability measure on Γ
supported on the set of generators {a±1

i , i = 1, . . . , n} with {ai, i = 1, . . . , n} free.
A theorem by Kesten ([Ke, Theorem 3]) states that

σ(Γ, µ) = [−
√

2n− 1
n

,

√
2n− 1
n

] .

Suppose now that [−
√

2n−1
n ,

√
2n−1
n ] 6⊂ σ(Tµ �Nρ). It follows that there exists an

interval [c, d] ⊂ [−
√

2n−1
n ,

√
2n−1
n ] with [c, d]∩ σ(Tµ �Nρ) = ∅. Consider an arbitrary

continuous function f with support in [c, d]. The same argument as in (i) shows
that integrating both sides in (0.5) against f leads to a contradiction.

4. Examples

4.1. Random walk on the torus T k = (S1)k. Let G = T k and

µ =
1
2

(δ(eiα1 ,... ,eiαk ) + δ(e−iα1 ,... ,e−iαk ))

with (α1, . . . , αk) 6∈ (2πQ)k. All irreducible representations of T k are one di-
mensional. They correspond to the lattice points (Z)k ⊂ Rk. For a given ρ =
(n1, . . . , nk), the eigenvalues of Tµ along the ray Nρ can easily be computed as
λrρ = cos(r(n1α1 + . . .+ nkαk)) (r ∈ N). By the Main Theorem, we have

dmµ
rρ = δcos(r(n1α1+...+nkαk)) ∼

∑
z∈Tk

χρ(z)rdmµ,z
∞ρ +O(r−1)

with χρ(z)r = eri(n1z1+...+nkzk) for z = (eiz1 , . . . , eizk). The dmµ,z
∞ρ are determined

by the moments ∫
R
xpdmµ,z

∞ρ = µ∗p({z})

and are zero unless z = (eilα1 , . . . , eilαk) for some l ∈ Z. Note that for fixed
z = (eilα1 , . . . , eilαk),

µ∗p(z) =

{ ( p
p−|l|)

2 (1
2 )p for |l| ≤ p and (p− |l|) even,

0 otherwise.

No weak limit exists for mµ
rρ as r→∞. Since T k is an abelian group, Γ is amenable,

and by Corollary 2(i), the spectral radius β∗ρ = 1. (This can, of course, also be seen
directly from the fact that {er(n1α1+...+nkαk)|r ∈ N} is dense in S1.)

4.2. Random walk on the sphere. The special orthogonal group SO(n + 1)
acts transitively on the n-dimensional unit sphere Sn ∼= SO(n+1)/SO(n) in Rn+1.
Through this action, we get a representation of SO(n + 1) on the Hilbert space
L2(Sn) which is exactly a ray, namely

L2(Sn) = Nρ1

where ρ1 is the (n + 1)-dimensional natural representation. This follows since
L2(Sn) ∼= L2(SO(n + 1)/SO(n)) is an induced representation, namely the trivial



SEMI-CLASSICAL LIMIT FOR RANDOM WALKS 5349

representation ρ̃0 of SO(n) induced up to SO(n+ 1). By Frobenius reciprocity,

multiplicity of ρ ∈ L2(Sn) = multiplicity of ρ̃0 ∈ resSO(n+1)
SO(n) ρ .

By the familiar branching rules for the restiction of an irreducible of SO(n+ 1) to
SO(n) (see, for example, [FH, §25.3]), we have

multiplicity of ρ̃0 ∈ resSO(n+1)
SO(n) ρ ≤ 1

and

ρ̃0 ∈ resSO(n+1)
SO(n) ρ ⇔ ρ = rρ1, r ∈ N .

(Although L2(Sn) is a ray of representations, it is not presented as the Hardy space
of a prequantum circle bundle B over an orbit O. Nevertheless, the methods of
this paper apply to it, and in fact in a more elementary form; there is no need to
introduce a Toeplitz projector. Otherwise, all of the previous calculations remain
valid.)

4.3. A few rank 2 groups. (a) G = U(2). The maximal torus of the unitary
group U(2) is the subgroup of diagonal matrices T = {diag (eiφ1 , eiφ2)|φ1, φ2 ∈
[0, 2π)} ∼= U(1) × U(1) and its center is the subgroup of scalar matrices ZU(2) =
{diag (eiφ, eiφ)|φ ∈ [0, 2π)} ∼= U(1). There is only one positive root, (e2 − e1)
(ei denotes the ith standard basis vector of R2. The positive Weyl chamber is
t∗+ = {(x1, x2) : x2 ≥ x1} ⊂ R2; it has a unique wall x2 = x1. Below is a picture of
t∗+ and a few rays.
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The orbit corresponding to an interior lattice point ν is Oν = U(2)/T = U(2)/U(1)
× U(1) = SU(2)/U(1) which is the 2-sphere S2 (equivalently, complex projective
space CP 1). The prequantum S1 bundle B is then SU(2) itself and the projection
to S2 is the usual Hopf projection from S3 → S2.

For a lattice point ψ in the wall, we have Gψ = U(2). Thus the orbit Oψ is just
one point. It follows that B = S1, so the Hardy space is just the classical Hardy
space of the unit circle, i.e., H2(B) = {

∑∞
r=1 are

irθ |
∑∞

r=1 a
2
r <∞}.
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(b) G = SO(4). The maximal torus is the subgroup of block diagonal matrices

T = {diag
((

cosφ1 − sinφ1

sinφ1 cosφ1

)
×
(

cosφ2 − sinφ2

sinφ2 cosφ2

))
} ∼= SO(2)× SO(2)

and the center is ZSO(4) = {±I} ∼= Z2 (ZSO(n)
∼= Z2 for any even n). A positive

root system is R+ = {(e2 − e1), (e2 + e1)}; this gives rise to the positive Weyl
chamber t∗+ = {(x1, x2) : x2 ≥ |x1|}. Picture b) below shows t∗+ and a few rays.
The lattice point corresponding to the natural representation ρ1 is (0, 1) and lies in
the interior. The coadjoint orbit Oν for any interior ν is the Grassmann manifold
G2,4(R) = SO(4)/SO(2)× SO(2).

(c) G = SO(5). The maximal torus is the subgroup of block diagonal matrices

T = {diag
(

1×
(

cosφ1 − sinφ1

sinφ1 cosφ1

)
×
(

cosφ2 − sinφ2

sinφ2 cosφ2

))
} ∼= SO(2)× SO(2)

and the center is trivial (ZSO(n) is always trivial for n odd). A positive root system
is R+ = {(e2 − e1), (e2 + e1), e2, e1}; this gives rise to the positive Weyl chamber
t∗+ = {(x1, x2) : x2 ≥ x1 ≥ 0} (see picture c) below). Here the lattice point
(0, 1) corresponding to the natural representation ρ1 lies in the wall x1 = 0. The
stabilizer group Gρ1 is SO(3) × SO(2). It follows that the coadjoint orbit Oρ1 is
the Grassmann manifold G3,5(R) = SO(5)/SO(3)× SO(2).
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4.4. Pseudo-Harper operators. As mentioned in the introduction, an interest-
ing example of a random walk on the unitary group U(q) is provided by the image of
a rational Harper operator Hθ (θ = p

q ) under the distinguished irreducible unitary
representation of the rotation algebra Aθ taking U to u = diag(1, eiθ, . . . , ei(q−1)θ)
and V to the cyclic permutation v ∈ U(q) of the standard (eigenvector) basis
e1, . . . , eq. We recall that the rotation algebra Aθ is the algebra generated by uni-
taries U, V satisfying UV = e2πiθV U . The elements u, v of U(q) determine the
probability measure

µ =
1
4

(δu + δu∗ + δv + δv∗)

on U(q) and hence the transition operator H2(Bρ) given by

Tµ =
1
4

(Tu + Tu∗ + Tv + Tv∗)

with Tg the translation operator by g on H2(Bρ).
We recall from the introduction that

TuTv = TzoTvTu(4.4.1)

where zo = e2πiθ is in the center of U(q). Since this is not the commutation relation
ofAθ we cannot expect Tµ to have a subspectrum of Hθ. Nevertheless, the spectrum
of Tµ can be determined along any ray of representations of U(q) from the spectral
theory of Harper operators. In the following Sp denotes the spectrum in the usual
sense as a closed set.

Proposition 4.4.1. With the notations above: Along any ray of representations
Nρ, Sp(Tµ �H2(Bρ)) = [−1, 1] as a set. In fact, it is the union of the spectra of q
Harper operators, including the commutative Harper operator.

Proof. We begin by relating the commutation relation (4.4.1) along subrays to those
of certain rotation algebras. Observe, then, that at the rth representation, say Vrρ,
along the ray Nρ the center ZU(q) = {zI : z ∈ U(1)} acts by the scalar χρ(z)r.
Indeed, if we let f(g, w) denote a function on G × U(1) which is invariant under
the action of Gρ defining Bρ := (G× U(1))/Gρ, and equivariant of degree r under
the action of U(1) on Bρ, then

Tzf(g, w) = f(zg, w) = f(g, χρ(z)w) = χrρ(z)f(g, w) .

Since Vrρ consists of the degree r CR-functions on Bρ (under the U(1)-action), we
see that on Vrρ the commutation relations for Tu, Tv read:

TuTv = χρ(zo)rTvTu zo = e2πiθ .(4.4.3)

Here χρ(zo)r denotes multiplication by this scalar. We note that if ρ = (λ1, . . . , λq),
then χρ(e2πiθ) = e2πiθρ with ρ = λ1 + · · ·+ λq. Thus, Tu, Tv generate the rotation
algebra Arθρ on Vrρ.

We further observe that when θ = p
q , the multiplier e2πirθρ is periodic of period

q in r. Of course it might be periodic of a smaller period if ρ is not relatively prime
to q. However we always have that

H2(Bρ) =
q−1⊕
m=0

H2
m(4.4.4a)
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with

H2
m :=

⊕
r≡m mod q

Vrρ(4.4.4b)

and with u, v satisfying the commutation relation

uv = e2πimθρvu

on H2
m.

Let us henceforth assume for the sake of simplicity that (ρp, q) = 1. We will call
such a ray a “relatively prime ray” for Tµ. Also, let Tµ,m denote the restriction of
the random walk to the ‘sub-ray’H2

m. The main step in the proof of the proposition
is contained in the following:

Lemma 4.4.2. SpTµ,m = SpH p′
q′

where p′

q′ = mpρ
q .

Proof. We first recall that SpH p′
q′

, the spectrum of H p′
q′

as an element of A p′
q′

,

is the union of the spectra of the q′ × q′ matrices πz1,z2(H p′
q′

) which arise in the

irreducible representations of A p′
q′

. We recall that for θ = p′

q′ , (p
′, q′) = 1, the

irreducible representations of Aθ are all of dimension q′ and are parametrized,
with some redundancies, by the 2-torus T 2 (see [CEY, p. 227]). One irreducible
representation π is defined by π(U) = diag(1, η, η2, . . . , ηq−1) where η = e2πiθ and
by putting π(V ) equal to the cyclic permutation operator on the eigenvector basis
e1, . . . , eq. The other representations πz1,z2 are obtained by composing π with the
automorphism αz1,z2 defined by U → z1U, V → z2V . Thus, the spectrum of H p′

q′

is simply a union of spectra of finite matrices.
On the other hand, the spectrum of Tµ,m is also a union of spectra of finite ma-

trices, namely the matrices Tµ �Vrρ occurring along the points of the subray. These
matrices are the images of Tµ in the irreducible representations of A p′

q′
occurring in

the subray. Hence Sp(Tµ,m) is the union of the spectra of these matrices, taken over
all the irreducibles occurring along the ray. In particular, Sp(Tµ,m) ⊂ Sp(H p′

q′
).

To prove equality, it would suffice to show that the set of irreducibles of A p′
q′

occurring along the subray is dense in the set T 2 of all irreducibles. This is not
implausible, since the dimensions dr = dimVrρ of the irreducibles of U(q) along
the ray are growing at a polynomial rate, while all the irreducibles of A p′

q′
are of

dimension q′. Hence, V(m+nq)ρ are highly reducible as representations of A p′
q′

, at

least for n >> 1. The set of irreducibles of A p′
q′

occurring in H2
m thus determines

a countably infinite subset Â p′
q′ ,ρ,m

of the torus T 2 parametrizing all of the irre-

ducibles, and the closure of the union of all the eigenvalues of H p′
q′

(as we range

over Â p′
q′ ,ρ,m

) gives the spectrum of the random walk along the mth subray.

However, we can argue more directly, using the Main Theorem. To this end,
we reconsider the asymptotic formulae for the spectral measures mµ

rρ as a sum of
measuresmµ,z with the oscillatory coefficients χρ(z)r, where z ranges over Γ∩ZU(q).
We note that uvu∗v∗ = z0 := e2πi pq lies in Γ∩ZU(q) and that all other intersection
points are powers of z0. Indeed, to lie in the center, a word in the letters u, v
must consist of a string of u, u∗, v, v∗ with an equal number of u, u∗’s and v, v∗’s.
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Cancelling out we see that all the central elements lie in the cyclic group generated
by z0. We can therefore rewrite the asymptotic formula for mµ

(m+nq)ρ in the form

mµ
(m+nq)ρ ∼

∑
a∈N

χρ(za0 )mmµ,za0 (n→∞)(4.4.6a)

in the sense that ∫
R
xkdmµ

(m+nq)ρ =
∑
a∈N

e2πimaρ pq µ∗k({za0}) + o(1).(4.4.6(m, k))

We observe that the principal term on the right hand side is independent of n and
hence gives a well-defined (non-oscillatory) asymptote along each of the subrays.

Moreover, the asymptote is identifiable as the spectral measure for the Harper
operator in its “magnetic translation representation” [B], [BVZ], [Su]. In this rep-
resentation U, V get taken to the unitary operators on l2(Z2) defined by

(Uφ)(m,n) = e−2πiα2mφ(m,n+ 1) (V φ)(m,n) = e−2πiα1nφ(m+ 1, n)

where θ = α2−α1. In the physical interpretation, the pair (α1, α2) define the vector
potential α1ydx+α2xdy of a magnetic field B = (α2−α1)dx∧dy whose flux through
a period cell of the lattice is θ. The Harper operator Hθ = 1

4 (U + U∗ + V + V ∗)
has then a spectrum as an operator on l2(Z2), and it coincides with the spectrum
of this operator as an element of the rotation algebra Aθ.

Recall now that there exists a unique trace τ on Aθ, namely

τ
∑

am,nU
mV n = ao,o = 〈

∑
am,nU

mV nδ0, δ0〉

where 0 denotes the origin of Z2 (cf. [B], [Su]). We can thus define a spectral
measure for Hθ via the formula

µθ(f) := τ(f(Hθ)) f ∈ C(Sp(Hθ)).(4.4.7)

It is closely related to the spectral measure for the discrete random walk defined
by Hθ on the Heisenberg group (cf. [BVZ])

We then observe that dmθ is essentially the same measure as the asymptote to
dmµ

(m+nq)ρ in (4.4.6a) when θ = p′

q′ as above. To see this, we compare moments.
In the case of dmθ we can compute these by associating to any monomial in
(U + V + U∗ + V ∗)k a path in the lattice Z2 starting at the origin and then
determined by the following traffic directions: reading from right to left in the
monomial, go right at U , left at U∗, up at V , and down at V ∗. We then observe
that only monomials giving rise to loops (i.e., closed paths starting and ending at
the origin) contribute to the moments. Hence only even moments are non-zero.
Using UV = e2πiθV U , we see that the contribution of such “loop-monomials” to
the 2kth moment has the form∑

a∈N

∑
loops∈Γ2k

χρ(zao )m#{2k-loops : zloop = zao} .

Here, Γ2k is the set of elements of word-length 2k and for a word representing a
“loop”, zloop is the element of the center to which the word reduces. We have also
used the definition of p

′

q′ . Comparing to the leading asymptote of dmµ
(m+nq)ρ we see

that both spectral measures have precisely the same moments. It follows that they
have the same supports.
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Since the spectrum of Hθ equals the support of mθ, we conclude that the spec-
trum of Tµ,m contains the spectrum of Hθ, where as above θ = p′

q′ . Combined with
the reverse inclusion noted above, the proof of the lemma is complete.

To complete the proof of the proposition, we note that

Sp(Tµ �H2
ρ(B)) =

q−1⋃
m=0

Sp(Tµ �H2
m,ρ(B)).

In the case of m = 0, Tµ �H2
m,ρ(B) is Harper operator corresponding to the com-

mutative Harper algebra, and its spectrum is that of the multiplication operator
1
2 (cosx+ cos y), namely [−1, 1]. For the other values of m, Sp(Tµ �H2

m,ρ(B)) equals
the spectrum of the Harper operator Hmpρ

q
and hence is the union of bands sepa-

rated by gaps as described in [B], [CEY]. It follows that Sp(Tµ �H2
ρ(B)) is a dense

pure point spectrum in [−1, 1] whose closure has a well-defined multiplicity function
obtained from the comparison with the q Harper operators.
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