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INTERSECTION THEORY ON NON-COMMUTATIVE SURFACES
PETER JØRGENSEN

Abstract. Consider a non-commutative algebraic surface, X, and an effective
divisor Y on X, as defined by Van den Bergh. We show that the Riemann-Roch
theorem, the genus formula, and the self intersection formula from classical
algebraic geometry generalize to this setting.
We also apply our theory to some special cases, including the blow up of
X in a point, and show that the self intersection of the exceptional divisor
is −1. This is used to give an example of a non-commutative surface with
a commutative P1 which cannot be blown down, because its self intersection
is +1 rather than −1. We also get some results on Hilbert polynomials of
modules on X.

0. Introduction
In any decent world, two curves on a surface should have an intersection. This
is so fundamental that it ought to hold even when “curve” and “surface” mean
something other than they normally do.
The above truism has become topical with Van den Bergh’s paper [10], which
introduces a new general framework for the study of non-commutative algebraic
surfaces, and curves and points on such surfaces. Van den Bergh’s setup is so comprehensive, including things such as blow up, that we can hope to develop a theory
of non-commutative surfaces which parallels the commutative theory closely. Hence
it seems obvious that we should try to develop a non-commutative intersection theory — after all, intersection theory is one of the essential ingredients in the classical
commutative theory of algebraic surfaces. This project has been initiated in [7],
[8], and [9].
Also, it is hoped that the theory of non-commutative surfaces will help us to
understand 3-dimensional graded algebras better: When A is such an algebra,
Proj(A) (as constructed in [2]) is a non-commutative algebraic surface (and this is
the principal way of getting such surfaces). Again, intersection theory should prove
a useful ingredient, just as in the classical commutative theory.
This manuscript does some intersection theory within the framework set up by
Van den Bergh in [10] to which we refer for the terminology of “quasi-schemes”
which we will employ, but see also section 1 below for an explanation of some
rudiments of the theory. However, for the purpose of this introduction, one should
just think of quasi-schemes as some sort of “non-commutative schemes”, and keep
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in mind that a special case of a non-commutative scheme is a commutative scheme
— in other words, an ordinary scheme!
The strategy we will use for getting intersection theory is the following: We start
with a quasi-scheme (X, OX ) over the field k. We suppose that Y is an effective
divisor on X. We then define c(Y ), the first Chern class of Y , as the operator
[M ] 7−→ [M ] − [M (−Y )]
defined on the K-theory of X, which we use as a substitute for X’s (presumably
non-existing) Chow groups. We think of c(Y ) as being the operator “intersect a Kclass with the hypersurface determined by the divisor Y ”. This idea of defining the
first Chern class as an operator on K-theory, rather than an element in K-theory
(as many authors do) is borrowed from [3]. The operator point of view turns out
to be very well suited to the present situation.
The Chern class c(Y ) is now used to define intersection multiplicities: If C ∈
mod(X) is a curve module on the quasi-scheme X, we define the intersection multiplicity between the divisor Y and the curve C by
hY, [C]i = χ(c(Y )([C])),
where χ is Euler characteristic, which is well-defined on K-theory.
Specializing the above to the case where X is 2-dimensional (i.e. a “quantum
surface”), and making a number of further assumptions on X and Y (which basically
say that X is proper, and also prohibit the worst pathological behaviour), it turns
out that one can prove several theorems which directly generalize well-known results
from the intersection theory of commutative projective surfaces:
• There is a Riemann-Roch theorem, theorem 5.1, stating that
1
χ(OX (Y )) = χ(OX ) + (hY, [OY ]i − hY, [ω] − [OX ]i).
2
For a detailed explanation of the symbols involved in this formula, we refer
to sections 3 and 4 below. However, note already here that, typographically
speaking, the terms in the Riemann-Roch formula look like terms well-known
from commutative algebraic geometry, and that, when X is in fact a commutative projective algebraic surface, the terms in the formula become equal to
the relevant terms from commutative geometry.
• There is a genus formula, theorem 5.2, stating that
2g(Y ) − 2 = hY, [OY ]i + hY, [ω] − [OX ]i,
where g(Y ) is the “genus” of the “non-commutative curve” Y . Note that if
Y is in fact a commutative smooth projective curve, then g(Y ) is the usual
genus of Y .
• There is a self intersection formula, theorem 4.5, stating that
hY, [OY ]i = deg(N ),
where N is the normal bundle of Y in X.
e −→ X is the blow up of X in p, and if p is such
• If p ∈ X is a point, and α : X
that the blow up admits an exceptional divisor, E (see [10, sec. 6.6]), then
e by theorem 6.3 we have that
on X,
hE, [OE ]i = −1.
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In fact, all these results contain the corresponding commutative results as special
cases.
We also give some sample applications of these results. First, we develop a theory
of Hilbert polynomials of modules on non-commutative surfaces. The principal
results here are corollary 5.3, theorem 5.6, and corollary 5.9. Secondly, we perform
some concrete computations. One such is example 5.5, where Riemann-Roch is
employed to compute the degree of the normal bundle of a certain effective divisor
on an elliptic quantum P2 . Another is example 6.4, where Riemann-Roch is applied
to a certain quantum P2 , which contains an effective divisor isomorphic to P1 .
Riemann-Roch here tells us that the divisor has self intersection different from −1,
and so cannot be blown down.
The results of this paper can be used on non-commutative surfaces of the form
Proj(A) where A is a 3-dimensional graded algebra, illustrating the point made
above that the theory of non-commutative algebraic surfaces can be applied to get
results about such algebras.
One general remark: The structure of the theory in this paper differs from
commutative geometry in one important way. In the commutative theory, there is
an isomorphism between the group of divisor classes, Pic(X), and a certain slice of
K(X), namely
Pic(X) ∼
= Fd−1 K(X)/Fd−2 K(X)
(the filtration Fi K(X) of K(X) is given by dimension of support). In the noncommutative theory, this breaks down: Now Pic(X), the group of divisor classes,
consists of certain bi-modules in the sense of [10] (see section 1 below), and could
be a non-commutative group. And there is no reason to suppose that an arbitrarily
chosen element of
Fd−1 K(X)/Fd−2 K(X)
has a bi-module corresponding to it; presumably, there are only rather few bimodules. In other words, there is a genuine schism between “one-sided divisors”
(given by elements of Fd−1 K(X)/Fd−2K(X)) and “two-sided divisors” (given by
bi-modules), and this is reflected in the design of the intersection theory, which uses
both bi-modules and (classes of) elements of K(X).
Of course, one has to prove a number of things about c(Y ) and hY, −i in order to
get the results quoted. The manuscript is therefore structured as follows: Section
1 collects a number of definitions and basic lemmas concerning quasi-schemes and
effective divisors on quasi-schemes. Section 2 defines positive multiples of effective
divisors, and gives some technical results; it turns out that positive multiples are
handy when combined e.g. with the Riemann-Roch theorem. Section 3 defines c(Y )
and proves some properties. Section 4 defines hY, −i and proves some properties,
and also proves the self intersection formula. Section 5 contains the Riemann-Roch
theorem, the genus formula, and some consequences, mainly for Hilbert polynomials. Finally, section 6 applies the theory to the case of a non-commutative blow up,
and proves the result about the exceptional divisor quoted above.
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1. Effective divisors on quasi-schemes
Throughout this manuscript, k is a fixed field. All categories and functors are klinear.
This section collects a number of definitions and basic properties from the theory
of quasi-schemes as laid out in [10]. It deals with the following subjects:
•
•
•
•
•

Quasi-schemes and bi-modules on quasi-schemes (definitions 1.1 and 1.2).
Effective divisors and their basic properties (definition 1.3 to example 1.10).
The K-theory of quasi-schemes (definition 1.11 to definition 1.13).
Useful conditions which can be imposed on effective divisors (definition 1.14).
The case of a commutative divisor (proposition 1.15).

When reading below, one should keep in mind that commutative schemes, divisors and so on are special cases of the non-commutative objects introduced. For this
to make sense, one has to identify a commutative scheme X with the Grothendieck
category Mod(X) of quasi-coherent sheaves on X, and identify an invertible sheaf
L with the functor Hom(L, −).
We start by reiterating from [10] the notion of quasi-scheme and the definition
of a bi-module on a quasi-scheme.
Definition 1.1. A quasi-scheme over k is a pair (X, OX ), where X is a k-linear
Grothendieck category, OX an object of X.
We follow [10] and define Mod(X) = X.
(For Mod(X) to be a Grothendieck category means that it is abelian, cocomplete,
that colimits over small directed sets are exact in Mod(X), and that Mod(X) has a
small set of generators. Note that a Grothendieck category has enough injectives;
in fact, it has injective envelopes.)
If OX is a noetherian object of Mod(X), and Mod(X) has a small set of generators
which are noetherian, then we call the quasi-scheme (X, OX ) over k noetherian.
In the noetherian case, we write mod(X) for the full subcategory of Mod(X)
which consists of all noetherian objects.
Definition 1.2. Let (X, OX ) be a quasi-scheme over k.
We write
BIMOD(X, X) = LeftExactk (Mod(X), Mod(X))opp ,
where LeftExactk (A, B) denotes the category of k-linear left exact functors from A
to B, when A, B are k-linear categories.
If M is an object of BIMOD(X, X), we write
Hom(M, −)
for the corresponding functor in LeftExactk (Mod(X), Mod(X)). Composition of
functors is denoted by ⊗, so
Hom(M ⊗ N , −) = Hom(M, −) ◦ Hom(N , −) = Hom(M, Hom(N , −)).
The identity functor on Mod(X) gives us a bi-module which we denote by oX .
So
Hom(oX , −) = idMod(X) .
A bi-module M is called invertible if the functor Hom(M, −) is an autoequivalence.
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Finally, we also write
Bimod(X, X) = {M ∈ BIMOD(X, X) | HomX (M, −) has a left adjoint}.
Note that by [10, prop. 3.1.1(3)], the category BIMOD(X, X) is abelian, and in
fact k-linear.
We go on to discuss effective divisors on a quasi-scheme.
Definition 1.3. Let (X, OX ) be a quasi-scheme over k. An effective divisor Y on
X is a subobject of oX (in the category BIMOD(X, X)) for which each representing
monic, I ,→ oX , satisfies that the bi-module I is invertible.
Any BIMOD(X, X)-object which represents the subobject Y is denoted oX (−Y ).
So oX (−Y ) comes with a monic oX (−Y ) ,→ oX , and oX (−Y ) is invertible and
determined up to unique isomorphism.
It should be noted that the word “subobject” in this definition is meant in the
strict categorical sense; see [6, p. 122]. So the definition in fact says that an effective
divisor Y is a certain class of monics going into oX . The use of the notation oX (−Y )
is possible because it will always be true that only the BIMOD(X, X)-isomorphism
class of oX (−Y ) really matters. Of course, this class is the same no matter which
representing object of Y we take. Also for this reason, we usually write “=” between
bi-modules even when we only mean that they are isomorphic, and not literally
equal.
In the next definition, our conventions can be seen at work.
Definition 1.4. Let (X, OX ) be a quasi-scheme over k, let Y be an effective divisor
on X, and let n be an integer.
We write
oX (nY ) = (oX (−Y ))⊗(−n)
(where it is understood that raising to a negative power is defined by raising the
inverse bi-module to the corresponding positive power).
For M ∈ Mod(X) we write
M (nY ) = M ⊗ oX (nY )
(see [10, secs. 3.1 and 3.7] for a discussion of this notation, which is based on
identifying M with the bi-module given by the functor HomX (M, −). Note that
Hom(oX (nY ), M ) = M (−nY )).
Some remarks: The bi-module oX (nY ) is only defined up to isomorphism. This
is because, as noted above, the bi-module oX (−Y ) itself is only defined up to
isomorphism, since it is only defined as a representative of an oX -subobject.
If Y is an effective divisor on X, we will see in section 2 that oX (−nY ) determines
an effective divisor for any n ≥ 0.
Note that invertibility of HomX (oX (−Y ), −) implies that oX (−Y ) is in
Bimod(X, X). As a consequence of the following lemma, we see that oX /oX (−Y )
is also in Bimod(X, X).
Lemma 1.5. Let (X, OX ) be a quasi-scheme over k, and let
0 → M0 −→ M −→ M00 → 0
be an exact sequence in BIMOD(X, X).
If M0 and M are in Bimod(X, X), then also M00 is in Bimod(X, X).
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Proof. By [10, prop. 3.1.1(5)], we need to see that Hom(M00 , −) commutes with
direct products when evaluated on injectives. For the purpose of this proof only,
we dispense with the Hom-notation, and write M00 (M ) rather than Hom(M00 , M ).
So let {Iα }α be a small family of injectives from Mod(X). We have a commutative diagram
/ M(Q Iα )
/ M0 (Q Iα )
/0
/ M00 (Q Iα )
0
∼
=

∼
=

Q 
Q 
Q 
/ M(Iα )
/ M0 (Iα ).
/ M00 (Iα )
0
Q
The top row is exact since Iα is injective (cf. [10, proof of 3.1.1(3)]). Similarly,
each sequence
0 → M00 (Iα ) −→ M(Iα ) −→ M0 (Iα ) → 0
Q
is exact, and since
is a left exact functor, this means that the diagram’s bottom
row is exact. Finally, the two rightmost vertical morphisms in the diagram are isomorphisms by [10, prop. 3.1.1(5)], since we have assumed M, M0 ∈ Bimod(X, X).
Applying the five lemma to the diagram, we now get what we want: The canonical map
Y
Y
M00 (Iα )
M00 ( Iα ) −→
is an isomorphism.
Definition 1.6. Let A be a k-linear category with a full subcategory A0 . Write
i∗ : A0 ,→ A for the embedding functor.
We say that A0 is closed in A if A0 is closed under subquotients (taken in A), and
the functor i∗ has a right adjoint.
We say that A0 is bi-closed in A if A0 is closed under subquotients (taken in A),
and the functor i∗ has both a right and a left adjoint.
Proposition 1.7. Let (X, OX ) be a quasi-scheme over k, and let Y be an effective
divisor on X determined by oX (−Y ) ,→ oX . Write λ : id −→ Hom(oX (−Y ), −)
for the corresponding natural transformation.
By [10, prop. 3.4.2], the BIMOD(X, X)-monic oX (−Y ) ,→ oX determines a
category, Mod(oX /oX (−Y )), which can be viewed as a full bi-closed subcategory of
Mod(X) (bi-closedness follows since oX /oX (−Y ) ∈ Bimod(X, X) by lemma 1.5).
We denote the embedding functor by
i∗ : Mod(oX /oX (−Y )) ,→ Mod(X).
◦

1 ) The right-adjoint of i∗ is given by
i! (−) = Hom(oX /oX (−Y ), −),
and the left-adjoint of i∗ is given by
i∗ (−) = − ⊗ oX /oX (−Y ) = Hom(oX (−Y )−1 , R1 i! (−)).
2◦ ) The pair
(1.1)

(Mod(oX /oX (−Y )), i∗ (OX ))

is a quasi-scheme over k. If (X, OX ) is noetherian, then so is the pair (1.1).
3◦ ) For any M ∈ Mod(X), there is an exact sequence
(1.2)

λ

M
Hom(oX (−Y ), M ) −→ R1 i! (M ) → 0.
0 → i! (M ) −→ M −→
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4◦ ) If M ∈ Mod(X), then
M ∈ Mod(oX /oX (−Y )) if and only if λM = 0.
◦

5 ) The subcategory Mod(oX /oX (−Y )) of Mod(X) is closed under the functors
Hom(oX (−Y ), −) and Hom(oX (−Y )−1 , −) = − ⊗ oX (−Y ). So these functors
define inverse autoequivalences of
Mod(oX /oX (−Y )).
Proof. 1◦ : The formulas for the right and left adjoints of i∗ follow from the discussion in [10, beginning of sec. 3.4] (one has to compute a bit to see i∗ (−) =
Hom(oX (−Y )−1 , R1 i! (−))).
3◦ : The short exact sequence
0 → oX (−Y ) −→ oX −→ oX /oX (−Y ) → 0
in BIMOD(X, X) corresponds to a short exact sequence
0 → Hom(oX /oX (−Y ), −) −→ Hom(oX , −) −→ Hom(oX (−Y ), −) → 0
in LeftExactk (Mod(X), Mod(X)). Rewriting, this is
0 → i! −→ id −→ Hom(oX (−Y ), −) → 0.
If one applies this sequence to an injective object from Mod(X), one gets a short
exact sequence in Mod(X) (see [10, proof of 3.1.1(3)]), and consequently, for any
M ∈ Mod(X), there is a long-exact sequence of right-derived functors, consisting
of pieces
Rj i! (M ) −→ Rj id(M ) −→ Ext j (oX (−Y ), M ),
where we use the obvious notation Ext j = Rj Hom. The start of this sequence gives
the sequence (1.2).
4◦ : It is easy to see that if M ∈ Mod(X), then i! (M ) is equal to the maximal
M -subobject which is in Mod(oX /oX (−Y )). So we have
M ∈ Mod(oX /oX (−Y )) ⇔ i! (M ) −→ M is an isomorphism ⇔ λM = 0,
where the second “⇔” follows from the sequence (1.2).
Note that this result shows that we are in fact in the situation described in [11,
sec. 8]. Our notation can be translated into the notation of [11] as follows:
our notation
Mod(X)
Hom(oX (−Y ), −)
Mod(oX /oX (−Y ))
λ

[11]’s notation
A
G−1
B
−1
G (η).

2◦ : It is clear from [11, lem. 8.1(1)] that Mod(oX /oX (−Y )) is cocomplete and
has exact colimits over small directed sets. And it is easy to see that if {Oα }α is a
small set of generators of Mod(X), then
{i∗ Oα }α
is a small set of generators of Mod(oX /oX (−Y )).
Grothendieck category, and
(1.3)

So Mod(oX /oX (−Y )) is a

(Mod(oX /oX (−Y )), i∗ (OX ))

is a quasi-scheme over k.
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And generally, if M ∈ Mod(X) is noetherian, then i∗ (M ) is also noetherian,
because there is an epimorphism M −→ i∗ (M ). So suppose that (X, OX ) is noetherian. Then OX is noetherian, and all the Oα ’s can be chosen noetherian. This
makes i∗ (OX ) and all the i∗ (Oα ) noetherian, hence (1.3) is a noetherian quasischeme over k.
5◦ : As one can see using the above dictionary between our notation and [11]’s
notation, this is proved as [11, lem. 8.1(2)].
Remark 1.8. If we are in the situation of proposition 1.7, and twist the exact sequence (1.2) by −Y , we get an exact sequence
(1.4)

0 → (i! M )(−Y ) −→ M (−Y )

λM (−Y )

−→

M −→ i∗ M → 0,

which is frequently handier than (1.2) itself.

2

Definition 1.9. Let (X, OX ) be a quasi-scheme over k, let Y be an effective divisor
on X, and denote by i∗ : Mod(oX /oX (−Y )) ,→ Mod(X) the embedding functor.
The support of Y is the quasi-scheme
(Mod(oX /oX (−Y )), i∗ (OX )),
which we denote by
(Mod(Y ), OY ) = (Y, OY ).
Note that the letter “ Y ” has a double role: On one hand, it denotes an effective
divisor on X (i.e. an invertible subobject of oX ). On the other hand, it denotes a
quasi-scheme (namely the Grothendieck category Y = Mod(Y )).
By proposition 1.7, part 1◦ , the quasi-scheme (Y, OY ) is a bi-closed sub-quasischeme of (X, OX ). We shall denote the inclusion of Y into X by i : Y ,→ X; by
the definition Y = Mod(Y ) = Mod(oX /oX (−Y )), this is consistent with the way i∗
was used above. Note that i∗ (OX ) = OY .
By proposition 1.7, part 2◦ , if (X, OX ) is noetherian, then (Y, OY ) is also noetherian.
To illustrate the concepts of the theory, let us look at an example.
Example 1.10 (The cubic divisor in the elliptic quantum plane). For this example, let k be algebraically closed. Let Y be a smooth curve of degree three in P2k .
The curve Y is elliptic, and we let τ be a translation of Y . Denoting the inclusion
by i : Y ,→ P2 , we set L = i∗ OP2 (1).
By the methods of [1] we can associate to the data (Y, τ, L) a certain algebra, A,
which has the following properties:
• It is connected graded Artin-Schelter regular with gldim(A) = 3.
• It has Hilbert series HA (t) = (1 − t)−3 , and consequently, dim An = 12 n2 +
3
2 n + 1 for any n ≥ 0.
• It contains a regular central element g ∈ A3 such that A/(g) is a so-called
twisted homogeneous coordinate ring of Y . Moreover, we have (Y, OY ) =
Proj(A/(g)).
We know that (S, OS ) := Proj(A) = (Tails(A), πA) is a quasi-scheme over k,
known in the literature as “an elliptic quantum plane”, and as we shall see, Y is
isomorphic to an effective divisor T on S. We prove this in two steps.
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1◦ : There is an effective divisor T on S, defined as follows: Consider the invertible
bi-module oS (−T ) on S given by the functor M 7−→ M(3). There is a natural
transformation of functors
λ : id −→ Hom(oS (−T ), −) = (−)(3)
induced by multiplication with the regular central element g. This gives a morphism
of bi-modules oS (−T ) −→ oS , and we claim that the morphism is monic, and so
determines an effective divisor T on S.
To see monicness, observe that by [10, proof of 3.1.1(3)] it just means that λI is
epic for each injective I ∈ Mod(S). But λ is induced by multiplication with g, so λI
is obtained by taking a graded module I with π(I) = I and setting λI = π(g·). (We
use π in the sense of [2, p. 234] for the canonical functor GrMod(A) −→ Tails(A).)
By [2, prop. 7.1(1)], we can suppose that I is injective in GrMod(A), and then
g·
I −→ I(3) is surjective because I is divisible. Since π is exact, λI = π(g · ) is then
epic as claimed.
2◦ : T can be identified with the curve Y considered above. For this, note that
proposition 1.7, part 4◦ , says that for M ∈ Mod(S), we have M ∈ Mod(T ) precisely
if λM = 0. That is, M is in Mod(T ) precisely if M comes from a module annihilated
by g. So
(1.5)

(T, OT ) = Proj(A/(g)) = (Y, OY ),

where the latter “=” is one of the general properties given above.

2

As one of our basic tools, we need K-theory for quasi-schemes. In particular, we
need filtered K-groups with filtration induced by Krull dimension.
Definition 1.11. Let (X, OX ) be a noetherian quasi-scheme over k. We can then
consider Krull dimension of objects in mod(X) (although not all objects may have
Krull dimension). If d is an integer, then we say that X is d-dimensional if
• Each object M ∈ mod(X) has a Krull dimension, and Kdim(M ) ≤ d.
• There exists an object M ∈ mod(X) with Kdim(M ) = d.
Note that if (X, OX ) is a noetherian quasi-scheme over k, and Y is an effective
divisor on X, and we consider an object N ∈ Mod(Y ), then N has the same
subobjects whether we think of N as sitting in Mod(Y ) or in Mod(X), because
Mod(Y ) is bi-closed in Mod(X). Consequently, the Krull dimension of N is also
the same whether we compute it in mod(X) or in mod(Y ).
Definition 1.12. Let (X, OX ) be a noetherian quasi-scheme over k. We write
K(X) = K(mod(X)).
So K(X) is the Grothendieck group of the abelian category mod(X). If M ∈
mod(X), then we write [M ] for the class in K(X) corresponding to M .
Definition 1.13. Let (X, OX ) be a noetherian quasi-scheme over k. For any integer j ≥ −1, we set
Fj K(X) = the subgroup of K(X) generated by all [M ]’s with Kdim(M ) ≤ j.
We clearly get a filtration on K(X),
0 = F−1 K(X) ⊆ F0 K(X) ⊆ · · · ⊆ Fn K(X) ⊆ · · · ,
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which may not exhaust all of K(X). But of course, in the case of a d-dimensional
X, the filtration is finite and exhaustive, and of the form
0 = F−1 K(X) ⊆ F0 K(X) ⊆ · · · ⊆ Fd−1 K(X) ⊆ Fd K(X) = K(X).
If (X, OX ) is a noetherian quasi-scheme over k, and Y is an effective divisor on
X, then the inclusion
i∗ : mod(Y ) ,→ mod(X)
is an exact functor, and hence induces a group homomorphism
K(i) : K(Y ) −→ K(X).
Moreover, since Krull dimension of a mod(Y )-object is the same whether we compute it in mod(X) or in mod(Y ), the homomorphism K(i) respects the filtration
we have introduced on the K-groups. That is, for each integer j,
K(i)(Fj K(Y )) ⊆ Fj K(X).
Having introduced K-theory, we go on to look at some conditions that we might
want to impose if we have a noetherian quasi-scheme (X, OX ) over k, and possibly
an effective divisor Y on X. We will refer to these conditions throughout the
manuscript, so for handy reference, they are collected in the following definition in
one long list. The conditions are all rather natural: Some of them (such as [Euler]
and [Dual]) tell us that X behaves like a projective scheme, while others (such as
[(d − 1)-dim] and [Fixd comp]) tell us that Y sits in X like a hypersurface.
Definition 1.14. In the following conditions, (X, OX ) denotes a noetherian quasischeme over k, and Y denotes an effective divisor on X, and d ≥ 0 denotes an integer
which we sometimes think of as X’s dimension.
[(d-1)-dim]: The noetherian quasi-scheme Y is (d − 1)-dimensional.
[Admissible]: We have i! (OX ) = 0, where i : Y ,→ X denotes the inclusion.
(This is sometimes known as admissibility of the divisor Y on X.)
[Fixd comp]: When M ∈ mod(Y ) has Kdim(M ) = d − 1, we have [M ] −
[M (−Y )] ∈ Fd−2 K(Y ).
[Commutative]: The quasi-scheme (Y, OY ) over k is a commutative scheme.
[Euler]: If M ∈ mod(X), then
dimk ExtjX (OX , M ) < ∞
ExtjX (OX , M ) = 0

for any j,
for j  0.

So Euler characteristic is well-defined on mod(X) by
X
(−1)j dimk ExtjX (OX , −).
χX (−) =
j

[Invariant]: (This condition is only imposed when (X, OX ) satisfies condition
[Euler].) If p is a point on X, then χX (p(Y )) = χX (p). By a point on X, we
mean a simple object of the category mod(X). Note that when p is a point,
then the twist p(Y ) is also a point.
[Dual]: There is a dualizing object ω ∈ mod(X), characterized by the existence
of isomorphisms for all integers j,
d−j
ExtjX (OX , M )0 ∼
= ExtX (M, ω),

natural in M ∈ mod(X). The prime denotes dualization with respect to k.
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[Dual+K]: (X, OX ) satisfies condition [Dual], and the dualizing object ω satisfies
[ω] − [OX ] ∈ Fd−1 K(X).
One central point about definition 1.14 is that some of its conditions on (X, OX )
(such as [Euler] and [Dual]) are satisfied when X is a good non-commutative projective scheme; see [2] and [12]. (Non-commutative projective schemes are really
our main examples of quasi-schemes.) Another point is that if (Y, OY ) is a good
commutative scheme (the main example being a smooth projective curve), some
of the definition’s conditions on Y are in fact satisfied. The proof of the following result is a matter of using well-known properties of commutative (projective)
schemes.
Proposition 1.15. Suppose that k is algebraically closed, let (X, OX ) be a noetherian quasi-scheme over k, and let Y be an effective divisor on X. Suppose that
Y satisfies definition 1.14’s condition [Commutative] and is of finite type, reduced,
and irreducible.
Then Y satisfies definition 1.14’s condition [Fixd comp].
Let us round off with a result on Euler characteristic.
Lemma 1.16. Let (X, OX ) be a quasi-scheme over k, let Y be an effective divisor
on X, and let i : Y ,→ X be the embedding.
1◦ ) Let M ∈ Mod(X) and N ∈ Mod(Y ), and suppose that i! (M ) = 0. Then
there are isomorphisms
j
ExtjX (M, N ) ∼
= ExtY (i∗ (M ), N )

for all integers j, natural in M and N .
2◦ ) Suppose that (X, OX ) and Y satisfy definition 1.14’s conditions [Euler] and
[Admissible], and let N ∈ mod(Y ). Then the canonical formula for Euler characteristic on Y ,
X
(−1)j dimk ExtjY (OY , N ),
χY (N ) =
j

makes sense, and we have
χY (N ) = χX (N ).
◦

Proof. 1 : See [10, prop. 5.1.2(1)].
2◦ : This clearly follows from 1◦ , which gives
dimk ExtjY (OY , N ) = dimk ExtjY (i∗ OX , N ) = dimk ExtjX (OX , N )
for each integer j, because we have i! OX = 0 by condition [Admissible].
2. Positive multiples of effective divisors
It will turn out to be useful that one can define positive multiples of an effective
divisor; in particular when one combines positive multiples with the Riemann-Roch
theorem to be proved in section 5. The present section, which is purely technical,
defines such positive multiples, and shows in propositions 2.4 to 2.6 that some of
the important properties from definition 1.14 are inherited from an effective divisor
to its positive multiples. These results are summed up in remark 2.7. Finally, a
result on the connection with K-theory is shown in lemma 2.8.
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Definition 2.1. Let (X, OX ) be a quasi-scheme over k, and let Y be an effective
divisor on X defined by oX (−Y ) ,→ oX corresponding to the natural transformation
λ : id −→ HomX (oX (−Y ), −).
Recall from definition 1.4 that we have oX (−nY ) = oX (−Y )⊗n for any integer n.
Now let n ≥ 0. We construct morphisms oX (−nY ) −→ oX inductively, as follows:
First we set λ0 equal to the identity on Hom(oX , −). This defines a morphism
oX (0Y ) −→ oX , since oX (0Y ) = oX .
Next, suppose that the morphism oX (−(n − 1)Y ) −→ oX is given by the natural
transformation λn−1 : id −→ HomX (oX (−(n−1)Y ), −). We then let oX (−nY ) −→
oX be given by the natural transformation λn defined by the composition
(2.1)
id
λ


Hom(oX (−Y ), −)
Hom(oX (−Y ),λn−1 )


Hom(oX (−Y ), Hom(oX (−(n − 1)Y ), −)) = Hom(oX (−nY ), −).
Note that of course, λ1 = λ.
Like oX (−nY ), the morphism λn is only defined up to unique isomorphism.
The rest of the manuscript uses the notation set up in definition 2.1 (including
the λi ’s) without comments.
Note that the construction of the morphism oX (−nY ) −→ oX could also be
written as follows: Suppose given oX (−(n − 1)Y ) −→ oX . Tensor it with oX (−Y )
to get
oX (−Y ) ⊗ oX (−(n − 1)Y ) −→ oX (−Y ) ⊗ oX = oX (−Y ),
and compose this morphism with the inclusion oX (−Y ) −→ oX . This also makes
it easy to see inductively that each oX (−nY ) −→ oX is monic.
Of course, as suggested by the notation, oX (−nY ) determines an effective divisor
which we denote nY , for any n ≥ 0:
Proposition 2.2. Let (X, OX ) be a quasi-scheme over k, let Y be an effective
divisor on X defined by oX (−Y ) ,→ oX , and let n ≥ 0 be an integer.
Then the monic oX (−nY ) ,→ oX , as defined in definition 2.1, determines a
well-defined effective divisor, nY , on X.
Proof. First recall that an effective divisor is in fact defined as an invertible subobject of oX . However, our monic oX (−nY ) ,→ oX is determined up to unique
isomorphism, so it determines a subobject of oX which is well-defined, that is,
independent of the choice of oX (−Y ) ,→ oX .
We have left to see that the bi-module oX (−nY ) is invertible, but that is obvious
since oX (−nY ) is a tensor product of invertible bi-modules.
Note that we have not tried to attach any meaning to “the divisor nY for n ≤
−1”. In other words, we will always stick with effective divisors, and will not try
to define what the word “divisor” might mean on its own.
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Lemma 2.3. Let (X, OX ) be a noetherian quasi-scheme over k, let Y be an effective divisor on X, and let n ≥ 1 be an integer.
1◦ ) We have, as subcategories of Mod(X),
Mod(Y ) ⊆ Mod(nY ).
2◦ ) If M ∈ mod(nY ) is Kdim-critical (of any dimension), then M ∈ mod(Y ).
Proof. 1◦ : Using the notation of definition 2.1, we obtain the natural transformation
λn which determines oX (−nY ) ,→ oX as
λn = λn−1 (Y ) ◦ λ1
(λn−1 (Y ) denotes the shift of λn−1 by Y ). And combining this with proposition 1.7,
part 4◦ , we get the implications
M ∈ Mod(Y ) ⇔ (λ1 )M = 0 ⇒ (λn )M = 0 ⇔ M ∈ Mod(nY ).
2◦ : We use induction on n. So we suppose that any Kdim-critical object in
mod((n − 1)Y ) is in mod(Y ).
Let M 6∈ mod(Y ) be `-critical with respect to Kdim. We aim to prove that
M 6∈ mod(nY ).
By proposition 1.7, part 4◦ , we know (λ1 )M 6= 0. And by induction, we have
M 6∈ mod((n − 1)Y ), hence (λn−1 )M 6= 0 by proposition 1.7, part 4◦ , hence
(λn−1 )M (Y ) 6= 0.
We now use equation (2.1), by which the map (λn )M is obtained as the composition
(λ1 )M

M −→ M (Y )

(λn−1 )M (Y )

−→

M (nY ).

Since both maps here are non-zero while all three objects are `-critical it follows
that both maps are monic, whence the composition of the maps is monic and, in
particular, non-zero. So M 6∈ mod(nY ) by proposition 1.7, part 4◦ .
Not only can we get new divisors nY from the divisor Y ; it is also true that nY
will inherit some good properties from Y .
Proposition 2.4. Let (X, OX ) be a noetherian quasi-scheme over k, let Y be an
effective divisor on X satisfying definition 1.14’s condition [(d − 1)-dim], and let
n ≥ 1 be an integer.
Then the effective divisor nY also satisfies definition 1.14’s condition [(d − 1)dim].
Proof. We are given a Y satisfying condition [(d − 1)-dim], and use induction on n.
So we suppose that (n − 1)Y satisfies condition [(d − 1)-dim].
On one hand, we have Mod(Y ) ⊆ Mod(nY ) by lemma 2.3, and this makes it
clear that nY is at least (d − 1)-dimensional, since we have assumed that Y is
(d − 1)-dimensional.
On the other hand, suppose that M ∈ mod(X) has
Kdim(M ) 6≤ d − 1
(note that this could mean that M does not have Krull dimension at all). We want
to see that M 6∈ mod(nY ). Letting i : Y ,→ X and j : (n − 1)Y ,→ X be the
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inclusions, we get short exact sequences from proposition 1.7, part 3◦ ,
(λ1 )M

0 → i! M −→ M −→ M (Y ) −→ R1 i! M → 0,
(2.2)

0 → j ! M −→ M

(λn−1 )M

−→

M ((n − 1)Y ) −→ R1 j ! M → 0.

By induction, both i! M and j ! M have Krull dimension less than or equal to d − 1.
The first sequence then implies
Kdim(Im(λ1 )M ) 6≤ d − 1,
and the second sequence implies Kdim(Ker(λn−1 )M ) ≤ d − 1, and hence
Kdim(Ker(λn−1 )M (Y )) ≤ d − 1.
But this shows that
Im(λ1 )M 6⊆ Ker(λn−1 )M (Y ).
However, by equation (2.1), we then see that (λn )M 6= 0, whence by proposition 1.7, part 4◦ , we have M 6∈ mod(nY ).
Proposition 2.5. Let (X, OX ) be a noetherian quasi-scheme over k, let Y be an
effective divisor on X satisfying definition 1.14’s condition [Admissible], and let
n ≥ 1 be an integer.
Then the effective divisor nY also satisfies definition 1.14’s condition [Admissible].
Proof. The proposition is trivial for n = 1. For larger n’s we induct on n, assuming
that the effective divisor (n − 1)Y satisfies condition [Admissible].
Letting i : Y ,→ X and j : (n − 1)Y ,→ X denote the inclusions, we have the
sequences (2.2). The assumption of condition [Admissible] for Y and (n − 1)Y says
that i! (OX ) = 0 and j ! (OX ) = 0, hence that (λ1 )OX and (λn−1 )OX are monics.
The latter fact means that (λn−1 )OX (Y ) is also monic, and hence by equation (2.1),
we see that (λn )OX is monic.
But then if ` : nY ,→ X denotes the inclusion, the sequence (1.2) used on the
divisor nY implies that `! (OX ) = 0, so nY satisfies condition [Admissible].
Proposition 2.6. Let (X, OX ) be a noetherian quasi-scheme over k, let Y be an
effective divisor on X satisfying definition 1.14’s condition [Fixd comp], and let
n ≥ 1 be an integer.
Then the effective divisor nY also satisfies definition 1.14’s condition [Fixd
comp].
Proof. We must show that if M ∈ mod(nY ) is (d − 1)-dimensional, then [M ] −
[M (−nY )] ∈ Fd−2 K(nY ).
By the existence of critical composition series, we can assume that M is (d − 1)critical. But then M ∈ mod(Y ) by lemma 2.3, part 2◦ , so there is the equation
[M ] − [M (−Y )] ∈ Fd−2 K(Y ) in K-theory for Y . Twisting yields
[M (−mY )] − [M (−(m + 1)Y )] ∈ Fd−2 K(Y )
for each m, and adding these for m = 0, . . . , n − 1 gives
[M ] − [M (−nY )] ∈ Fd−2 K(Y ).
And this certainly implies [M ] − [M (−nY )] ∈ Fd−2 K(nY ).
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Remark 2.7. Note that as consequence of propositions 2.4, 2.5, and 2.6, if (X, OX )
is a noetherian quasi-scheme over k, and Y is an effective divisor on X such that
Y satisfies definition 1.14’s conditions [(d − 1)-dim], [Admissible], and [Fixd comp],
then each positive multiple nY satisfies the same three conditions.
2
Lemma 2.8. Let (X, OX ) be a noetherian quasi-scheme over k, and let Y be an
effective divisor on X which satisfies definition 1.14’s conditions [(d − 1)-dim],
[Admissible], and [Fixd comp].
Then for each integer n ≥ 0, we have that in K(X),
[OnY ] − n[OY ] ∈ Fd−2 K(X).
Proof. For n = 0 and n = 1, the conclusion of the lemma is trivial. For larger n’s,
we induct on n, assuming that (n − 1)Y satisfies the conclusion of the lemma.
First note that since Y satisfies condition [Admissible], so does each positive
multiple mY by proposition 2.5. So using the exact sequence (1.4), we clearly have
the equation in K(X),
[OmY ] = [OX ] − [OX (−mY )],
and if one twists this equation by −`Y , one gets
(2.3)

[OmY (−`Y )] = [OX (−`Y )] − [OX (−(m + `)Y )].

This equation is valid for any integers `, m with m ≥ 1.
So in particular, let us write out what equation (2.3) says for some pairs of
integers. For ` = 0 and m = n, we have
[OnY ] = [OX ] − [OX (−nY )];
for ` = 0 and m = n − 1, we have
[O(n−1)Y ] = [OX ] − [OX (−(n − 1)Y )];
and for ` = n − 1 and m = 1, we have
[OY (−(n − 1)Y )] = [OX (−(n − 1)Y )] − [OX (−nY )].
Subtracting the first of these equations from the sum of the latter two produces the
result
(2.4)

[OnY ] = [O(n−1)Y ] + [OY (−(n − 1)Y )].

Next, condition [Fixd comp] is valid for (n − 1)Y by proposition 2.6, hence we
have
(2.5)

[OY (−(n − 1)Y )] − [OY ] ∈ Fd−2 K(X).

Now we combine the equations: By induction,
(2.6)

[O(n−1)Y ] − (n − 1)[OY ] ∈ Fd−2 K(X).

Adding equations (2.5) and (2.6), we have
[O(n−1)Y ] + [OY (−(n − 1)Y )] − n[OY ] ∈ Fd−2 K(X).
And because of equation (2.4), this reads
[OnY ] − n[OY ] ∈ Fd−2 K(X).
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3. Intersecting with an effective divisor
This section defines the first Chern class c(Y ) of an effective divisor Y (definition 3.1), and proves a few key properties, the most important one being lemma 3.4,
which deals with the connection between c(Y ) and K-theory.
Definition 3.1. Let (X, OX ) be a noetherian quasi-scheme over k, and let
M ∈ BIMOD(X, X)
be an invertible bi-module. Clearly
[M ] 7−→ [M ] ⊗ M−1 := [M ⊗ M−1 ]
is a well-defined automorphism of K(X), and we use it to define an endomorphism
c(M) of K(X), called “the first Chern class of M”, by
c(M)([M ]) = [M ] − [M ] ⊗ M−1 .
In particular, let Y be an effective divisor on X. We define
c(Y ) = c(oX (Y ));
that is,
c(Y )([M ]) = [M ] − [M (−Y )].
This definition can already be made in commutative geometry. Moreover, in the
commutative setting, for any integer i it is true that
(3.1)

c(Y )(Fi K(X)) ⊆ Fi−1 K(X),

and hence, one gets well-defined maps
Fi K(X)/Fi−1 K(X) −→ Fi−1 K(X)/Fi−2 K(X).
Defining the ith Chow group of X as Ai (X) = Fi K(X)/Fi−1 K(X) (cf. [3, ex.
1.6.5]), we therefore see that c(Y ) defines intersection operators between Chow
groups,
Y ∩(−)

Ai (X) −→ Ai−1 (X).
This approach fails in the non-commutative case, because equation (3.1) is not true
in general (although something does hold; see lemma 3.4). We therefore refrain
from defining Chow groups, and stick with the K-groups themselves. And here
our philosophy will be the following: If [M ] represents a “closed subscheme” of X
(e.g. M could be a quotient of OX ), one should think of the K-class c(Y )([M ]) as
representing the intersection of the divisor Y with the closed subscheme given by
[M ].
Lemma 3.2. Let (X, OX ) be a noetherian quasi-scheme over k, and let Y be an
effective divisor on X. Then for any M ∈ mod(X), we have the equation in K(X),
(3.2)

c(Y )([M ]) = [i∗ M ] − [(i! M )(−Y )].

Proof. This follows immediately from the exact sequence (1.4), which gives the
second “=” in the following computation:
c(Y )([M ]) = [M ] − [M (−Y )] = [i∗ M ] − [(i! M )(−Y )].
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Example 3.3 (Intersecting with the whole scheme). Let (X, OX ) be a noetherian
quasi-scheme over k, and let Y be an effective divisor on X which satisfies condition
[Admissible]. Then
c(Y )([OX ]) = [i∗ OX ] − [(i! OX )(−Y )] = [i∗ OX ] = [OY ],
where the first “=” follows from lemma 3.2. In other words, intersecting Y with
“everything” gives us the structure sheaf of Y , as one would expect.
Lemma 3.4. Let (X, OX ) be a noetherian quasi-scheme over k, and let Y be an
effective divisor on X. Then
1◦ ) The endomorphism c(Y ) maps K(X) into the image of the canonical map
K(Y ) −→ K(X).
2◦ ) If Y satisfies condition [Fixd comp], then the endomorphism c(Y ) maps
Fd−1 K(X) into Fd−2 K(X).
Proof. 1◦ : From lemma 3.2, we have
c(Y )([M ]) = [i∗ M ] − [(i! M )(−Y )]
in K(X). But i∗ M and i! M are in mod(Y ), and using proposition 1.7, part 5◦ ,
we see that so is (i! M )(−Y ). So c(Y )([M ]) is in the image of the canonical map
K(Y ) −→ K(X).
2◦ : It is clear from the definition of c(Y ) that it maps Fd−2 K(X) to Fd−2 K(X).
Thus, all we need to see is that when M is (d−1)-dimensional, we have c(Y )([M ]) ∈
Fd−2 K(X). And this is immediate from condition [Fixd comp].
Lemma 3.5. Let (X, OX ) be a noetherian quasi-scheme over k, and let M, N ∈
BIMOD(X, X) be two invertible bi-modules. Then as endomorphisms of K(X), we
have
c(M ⊗ N ) = (c(M) + c(N )) − c(M) ◦ c(N ).
Proof. Let M ∈ mod(X). We can compute as follows:
(c(M) + c(N ))([M ]) − c(M ⊗ N )([M ])
= ([M ] − [M ] ⊗ M−1 + [M ] − [M ] ⊗ N −1 )
−([M ] − [M ] ⊗ N −1 ⊗ M−1 )
= [M ] − [M ] ⊗ N −1 − [M ] ⊗ M−1 + [M ] ⊗ N −1 ⊗ M−1
= ([M ] − [M ] ⊗ N −1 ) − ([M ] − [M ] ⊗ N −1 ) ⊗ M−1
= c(M) ◦ c(N )([M ]).

4. Intersection multiplicities on surfaces
This section uses the Chern class c(Y ) to introduce the intersection multiplicity
mapping hY, −i. Under suitable conditions, it then proves some crucial properties
of hY, −i: A self intersection formula (theorem 4.5) and some additivity results
(theorem 4.8 to corollary 4.11).
Definition 4.1. Let (X, OX ) be a noetherian quasi-scheme over k, satisfying condition [Euler], and let Y be an effective divisor on X. We define a homomorphism
hY, −i : K(X) −→ Z, hY, zi = χ(c(Y )(z)).
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Most of the time, we will in fact think of hY, −i as being defined just on F1 K(X).
It is, however, handy to allow hY, −i to be defined on all of K(X). If C ∈ mod(X)
is 1-dimensional (i.e. a curve module), then we think of the integer hY, [C]i as “the
intersection multiplicity of the hypersurface Y with the curve C”.
Before going on to prove properties of hY, −i, let us remark that our intersection
multiplicity is closely connected with the intersection multiplicity introduced in [7,
def. 8.8]. In [7], the bi-linear form on K(X) defined by
X
(−1)j dimk ExtjX (M, N )
([M ], [N ])X =
j

is introduced, and used to define the intersection multiplicity
[M ] · [N ] = −([M ], [N ])X .
Of course, for this to work, one has to require that X satisfies that for any M, N ∈
mod(X), we have
(4.1)

dimk ExtjX (M, N ) < ∞
ExtjX (M, N ) = 0

for any j,
for j  0.

The connection between our intersection multiplicity and the one defined in [7] is
now given by
Proposition 4.2. Let (X, OX ) be a noetherian quasi-scheme over k, satisfying
conditions (4.1), and let Y be an effective divisor on X satisfying [Admissible].
Then (X, OX ) satisfies [Euler], and if z ∈ K(X), then
hY, zi = [OY ] · z(−Y ).
Proof. It is clear that (X, OX ) satisfies [Euler], and the equation can be checked
by direct computation:
hY, zi

=

χ(c(Y )(z))

=
=

χ(z − z(−Y ))
χ(z) − χ(z(−Y ))

=
=

([OX ], z)X − ([OX ], z(−Y ))X
([OX ], z)X − ([OX (Y )], z)X

=

([OX ] − [OX (Y )], z)X

(a)

=
=

(−[i∗ (OX )(Y )], z)X
−([OY (Y )], z)X

=
=

−([OY ], z(−Y ))X
[OY ] · z(−Y ),

where “(a)” is by the sequence (1.4), and condition [Admissible] for Y .
The connection between the two intersection forms hY, −i and [OY ] · (−) is often
even closer than indicated by the proposition: If one restricts to z ∈ F1 K(X), it
will frequently be true that z − z(−Y ) ∈ F0 K(X), and that [OY ] · (−) vanishes on
F0 K(X). In this case, proposition 4.2 can be improved to
hY, zi = [OY ] · z(−Y ) = [OY ] · z.
In the following simple example, hY, −i behaves as one would expect.
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Example 4.3 (Intersecting with a curve in good position). Let (X, OX ) be a noetherian quasi-scheme over k, and let Y be an effective divisor on X which satisfies
condition [Commutative] in a way such that (Y, OY ) is of finite type.
We now borrow some terminology from [9]: We let C ∈ mod(X) be a pure curve
module, that is, we have Kdim(C) = 1 and i! (C) = 0. We also suppose that i∗ (C)
is semisimple, and write
(4.2)

i∗ (C) = p1 ⊕ · · · ⊕ pn ,

for some points p1 , . . . , pn on Y . (Recall that a point on X is just a simple object
of mod(X); when p is a point on Y in the usual sense, we identify it with the
skyscraper sheaf Op at p, which is indeed a simple object of mod(Y ), hence a
simple object of mod(X).) Note that condition (4.2) is among the conditions in [9]
which characterize curve modules in good position with respect to Y . [9] thinks of
the points p1 , . . . , pn as the intersection of Y and C, and of the number n as the
intersection multiplicity between Y and C.
We then have
c(Y )([C]) = [i∗ (C)] = [p1 ⊕ · · · ⊕ pn ] = [p1 ] + · · · + [pn ],
where the first “=” follows from lemma 3.2. So c(Y ) gives the correct intersection
between Y and C. If moreover all points pi have Euler characteristic 1, then we
also get
hY, [C]i = χ(c(Y )([C])) = χ([p1 ] + · · · + [pn ]) = n,
the correct intersection number. The condition that all points have Euler characteristic one is satisfied for instance if k is algebraically closed.
2
From now on, the integer d mentioned in definition 1.14 will always be equal to 2.
We therefore also write “condition [1-dim]” rather than “condition [(d − 1)-dim]” (cf.
definition 1.14).
Now consider a situation where we have a noetherian quasi-scheme (X, OX )
over k, and an effective divisor Y on X satisfying [Commutative] in a way such
that (Y, OY ) is a smooth projective curve. In [10, sec. 3.7], the normal bundle of Y
in X is defined as the bi-module
NY /X = oX (Y )/oX ,
and in [10, sec. 5.1] it is remarked that there is a line bundle (in the usual commutative sense) N on Y , and an automorphism (in the usual commutative sense) τ of
Y , such that
(− ⊗ NY /X ) = τ∗ (− ⊗OY N )
as functors on Mod(Y ). It is understood that in the formula, the right hand side acts
on objects of Mod(Y ) by means of the chosen identification of Y with a commutative
curve.
Theorem 4.5 shows that in this setup our definitions have further good properties,
in that the classical self intersection formula, hY, [OY ]i = deg(N ), is valid. Before
embarking on the theorem we need a small lemma.
Lemma 4.4. Let (X, OX ) be a noetherian quasi-scheme over k, and let Y be an
effective divisor on X, satisfying [Commutative] in a way such that (Y, OY ) is a
smooth projective curve. Let NY /X = oX (Y )/oX be the normal bundle of Y in X
as defined in [10, sec. 3.7] and above, and let τ and N be determined in terms of
NY /X as described above.
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Then for M ∈ Mod(Y ), there are natural isomorphisms,
(4.3)

M (Y ) = M ⊗ NY /X = τ∗ (M ⊗OY N ),

(4.4)

M (−Y ) = Hom(NY /X , M ) = τ∗−1 (M ) ⊗OY N −1 .

Proof. The short exact sequence
0 → oX (−Y ) −→ oX −→ oY → 0
gives rise to the short exact sequence
0 → oX −→ oX (Y ) −→ NY /X → 0.
λ

M
M (Y ) is zero. Hence the leftmost
Let M ∈ Mod(Y ). Then we know that M −→
morphism is zero in the right exact sequence

M ⊗ oX −→ M ⊗ oX (Y ) −→ M ⊗ NY /X → 0,
yielding
M (Y ) = M ⊗ NY /X ,
and since we already know that
M ⊗ NY /X = τ∗ (M ⊗OY N ),
we have proved equation (4.3).
An entirely similar computation yields that for M ∈ Mod(Y ) we have
(4.5)

M (−Y ) = Hom(NY /X , M ).

Now, Mod(Y ) is stable under the inverse equivalences M 7−→ M (Y ) and M 7−→
M (−Y ) by proposition 1.7, part 5◦ . So if we think of M 7−→ M (Y ) as giving an
autoequivalence of Mod(Y ), its inverse is M 7−→ M (−Y ). However, equation (4.3)
allows us to compute the inverse of M 7−→ M (Y ) differently, as
M 7−→ τ∗−1 (M ) ⊗OY N −1 ,
and so the two inverses must be equivalent, that is, for M ∈ Mod(Y ) we have
(4.6)

M (−Y ) = τ∗−1 (M ) ⊗OY N −1 .

Combining equations (4.5) and (4.6), we get equation (4.4).
Theorem 4.5 (The self intersection theorem). Let (X, OX ) be a noetherian quasischeme over an algebraically closed field k, satisfying condition [Euler], and let Y
be an effective divisor on X satisfying condition [Commutative], such that (Y, OY )
is a smooth projective curve.
Let NY /X be Y ’s normal bundle in X, as defined in [10, sec. 3.7], and let the
line bundle N be determined in terms of NY /X as described before lemma 4.4. We
now have the “self intersection formula”,
hY, [OY ]i = deg(N ),
where “ deg” signifies the usual degree of a line bundle on a commutative curve.
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Proof. We can compute as follows,
deg(N )

=

− deg(N −1 )

=

− deg(τ∗−1 (OY ) ⊗OY N −1 )

(a)

=

− deg(OY (−Y ))

(b)

=
=

−(χ(OY (−Y )) − χ(OY ))
χ(c(Y )([OY ]))

=

hY, [OY ]i,

where “(a)” comes from lemma 4.4’s equation (4.4), while “(b)” is valid by the
Riemann-Roch theorem for the commutative curve Y ; see [5, thm. IV.1.3].
In fact, this contains the commutative self intersection theorem for curves on
surfaces, [5, ex. V.1.4.1], as a special case; cf. the remarks after theorem 5.2.
After these facts, we proceed with proving that h−, −i has some handy additivity
properties.
Lemma 4.6. Let (X, OX ) be a noetherian quasi-scheme over k, and let Y be an
effective divisor on X. Then for any M ∈ mod(X), we have the equation in K(X),
c(oX (−Y ))([M ]) = (−c(oX (Y ))([M ]))(Y ) = (−c(Y )([M ]))(Y ).
Proof. For any invertible bi-module M ∈ BIMOD(X, X), we can compute as follows,
c(M−1 )([M ])

=

[M ] − [M ] ⊗ M

=

([M ] ⊗ M−1 − [M ]) ⊗ M

=

−c(M)([M ]) ⊗ M.

Setting M = oX (Y ) in this formula gives the lemma.
Lemma 4.7. Let (X, OX ) be a noetherian quasi-scheme over k, satisfying condition [Euler], and let Y be an effective divisor on X satisfying condition [Invariant].
1◦ ) If M ∈ mod(X) is an object of finite length, then
χ(M (Y )) = χ(M ).
◦

2 ) The homomorphism hY, −i vanishes on F0 K(X).
Proof. 1◦ : When M has finite length, it has a composition series with simple quotients q1 , . . . , qs . Since − ⊗ oX (Y ) is an equivalence of categories, M (Y ) has a
composition series with simple quotients q1 (Y ), . . . , qs (Y ). And by condition [Invariant], we get the second “=” in
s
s
X
X
χ(qi ) =
χ(qi (Y )) = χ(M (Y )).
χ(M ) =
i=1

i=1

◦

2 : Let [M ] be a generator of F0 K(X). So M is noetherian of Krull dimension
0, hence of finite length. Using 1◦ , we get
hY, [M ]i =

χ(c(Y )([M ]))

=
=

χ(M ) − χ(M (−Y ))
χ(M (−Y )(Y )) − χ(M (−Y ))

=

0.
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Theorem 4.8. Let (X, OX ) be a noetherian quasi-scheme over k, satisfying condition [Euler], and let Y, Z, W be effective divisors on X such that
• Y satisfies condition [Invariant].
• Z satisfies condition [Fixd comp].
• W satisfies condition [1-dim].
Then for any z ∈ K(X), and any integers m, n (positive or negative), we have
hY, c(oX (mZ) ⊗ oX (nW ))(z)i = hY, c(oX (mZ))(z)i + hY, c(oX (nW ))(z)i.
Proof. We have
hY, c(oX (mZ))(z)i + hY, c(oX (nW ))(z)i
−hY, c(oX (mZ) ⊗ oX (nW ))(z)i
= hY, (c(oX (mZ)) + c(oX (nW )) − c(oX (mZ) ⊗ oX (nW )))(z)i
(a)

= hY, c(oX (mZ)) ◦ c(oX (nW ))(z)i
= (∗),
where “(a)” follows from lemma 3.5. We want to see that (∗) = 0. The idea of
the proof is to see that c(oX (nW )) maps K(X) into F1 K(X), and that c(oX (mZ))
maps F1 K(X) into F0 K(X); it will then follow from lemma 4.7, part 2◦ , that
(∗) = 0, since Y satisfies condition [Invariant].
We start by proving that
(4.7)

c(oX (nW ))(K(X)) ⊆ F1 K(X).

There are three cases:
Case 1: n = 0. Since oX (0W ) = oX , and c(oX ) = 0, equation (4.7) is trivial in
this case.
Case 2: n ≥ 1. Since W satisfies condition [1-dim], so does nW by proposition 2.4. So nW is 1-dimensional, and by lemma 3.4, part 1◦ , the endomorphism
c(oX (nW )) maps into the image of the canonical map K(nW ) −→ K(X). But
then clearly, c(oX (nW )) maps into F1 K(X), and we have proved equation (4.7).
Case 3: n ≤ −1. By lemma 4.6, we have for any z ∈ K(X) that
c(oX (nW ))(z) = −(c(oX (−nW ))(z)) ⊗ oX (−nW ) = (∗∗).
The integer −n is positive, so by the argument given for case 2, we have
c(oX (−nW ))(z) ∈ F1 K(X).
So clearly also (∗∗) ∈ F1 K(X), and we have proved equation (4.7).
We go on to prove that
(4.8)

c(oX (mZ))(F1 K(X)) ⊆ F0 K(X).

We again split into three cases:
Case 1: m = 0. Since oX (0Z) = oX , and c(oX ) = 0, equation (4.8) is trivial in
this case.
Case 2: m ≥ 1. Since Z satisfies condition [Fixd comp], so does mZ by proposition 2.6. But then lemma 3.4, part 2◦ , states directly that equation (4.8) is valid.
Case 3: m ≤ −1. By lemma 4.6, we have for any z ∈ F1 K(X) that
c(oX (mZ))(z) = −(c(oX (−mZ))(z)) ⊗ oX (−mZ) = (∗ ∗ ∗).
The integer −m is positive, so by the argument given for case 2, we have
c(oX (−mZ))(z) ∈ F0 K(X).
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So clearly also (∗ ∗ ∗) ∈ F0 K(X), and we have proved equation (4.8).
Combining equations (4.7) and (4.8), we have that
c(oX (mZ)) ◦ c(oX (nW ))(K(X)) ⊆ F0 K(X).
In conjunction with lemma 4.7, part 2◦ , this implies
(∗) = 0,
as desired.
Corollary 4.9. Let (X, OX ) be a noetherian quasi-scheme over k, satisfying condition [Euler], and let Y, Z be effective divisors on X such that
• Y satisfies condition [Invariant].
• Z satisfies conditions [1-dim] and [Fixd comp].
For each integer m (positive or negative) and each z ∈ K(X), we have
hY, c(oX (mZ))(z)i = mhY, c(Z)(z)i.
Proof. The case m ≥ 1 is immediate from theorem 4.8 by induction. The case
m = 0 is trivial. And if m ≤ −1, we note that
oX (mZ) ⊗ oX (−mZ) = oX ,
whence
0

= hY, 0i
= hY, c(oX )(z)i
= hY, c(oX (mZ) ⊗ oX (−mZ))(z)i
= hY, c(oX (mZ))(z)i + hY, c(oX (−mZ))(z)i,

where the last “=” uses theorem 4.8. Combining this with the result for m ≥ 1, we
get the corollary’s statement.
Theorem 4.10. Let (X, OX ) be a noetherian quasi-scheme over k, satisfying condition [Euler], let z ∈ F1 K(X) (note that z has to be in F1 K(X)!), and let Y, Z be
effective divisors on X such that
• Y satisfies condition [Invariant].
• Z satisfies condition [Fixd comp].
Let W be the effective divisor on X determined by the invertible subobject
oX (−Z) ⊗ oX (−Y ) in oX . Then
hW, zi = hY, zi + hZ, zi.
Proof. We may compute as follows, using oX (−W ) = oX (−Z) ⊗ oX (−Y ):
(hY, zi + hZ, zi) − hW, zi
= χ((c(oX (Y )) + c(oX (Z)) − c(oX (W )))(z))
= χ((c(oX (−Y )−1 ) + c(oX (−Z)−1 )
−c(oX (−Y )−1 ⊗ oX (−Z)−1 ))(z))
(a)

= χ(c(oX (−Y )−1 ) ◦ c(oX (−Z)−1 )(z))

= χ(c(oX (Y )) ◦ c(oX (Z))(z))
= hY, c(Z)(z)i
= (∗),
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where “(a)” comes from lemma 3.5. To see that (∗) = 0, we observe that since
z ∈ F1 K(X), we have c(Z)(z) ∈ F0 K(X) by lemma 3.4, part 2◦ , and condition
[Fixd comp] for Z. And hence (∗) = 0 by lemma 4.7, part 2◦ , and condition
[Invariant] for Y .
Corollary 4.11. Let (X, OX ) be a noetherian quasi-scheme over k, satisfying condition [Euler], let z ∈ F1 K(X), and let Y be an effective divisor on X which satisfies
conditions [Invariant] and [Fixd comp].
Then for each n ≥ 0, we have
hnY, zi = nhY, zi.
Proof. The case n = 0 is obvious. And the case n ≥ 1 follows immediately from
theorem 4.10 by induction.

5. The Riemann-Roch theorem
We remind the reader that the integer d from definition 1.14 is assumed to be 2.
This section gives our main results, theorems 5.1 and 5.2. These are the noncommutative generalizations of the Riemann-Roch theorem and the genus formula
for curves on surfaces. The results contain their commutative counterparts for
projective surfaces as special cases.
Having obtained these results, we apply them to investigate the behaviour of the
quantity χ(OX (nY )). It turns out to be a second degree polynomial in n which
we call OX ’s Hilbert polynomial. We give explicit expressions for the coefficients
of the Hilbert polynomial in corollaries 5.3 and 5.4. These expressions are just
like the ones encountered in commutative geometry. The use of the first of these
expressions is illustrated in example 5.5, which computes the degree of a certain
normal bundle.
The remaining part of the section considers the quantity χ(M (nY )) for an arbitrary M ∈ mod(X). The main results are theorem 5.6 and corollary 5.9, which tell
us that χ(M (nY )) is a polynomial in n with various properties.
Theorem 5.1 (Riemann-Roch). Let (X, OX ) be a noetherian quasi-scheme over
k, satisfying conditions [Euler] and [Dual], and let Y be an effective divisor on X
satisfying conditions [1-dim], [Admissible], [Fixd comp], and [Invariant].
Then there is the formula
1
χ(OX (Y )) = χ(OX ) + (hY, [OY ]i − hY, [ω] − [OX ]i)
2
(recall that ω ∈ mod(X) is the dualizing object which exists by condition [Dual]).
Proof. Note first that by duality,
(5.1)

χ(ω) = χ(OX ),
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and
χ(ω(−Y )) =

X

(−1)j dimk ExtjX (OX , ω(−Y ))

j

=

X

(−1)j dimk ExtjX (OX (Y ), ω)

j

=

X

0
(−1)j dimk Extd−j
X (OX , OX (Y ))

j

(5.2)

= χ(OX (Y )).

We can now compute as follows:
hY, [OY ]i − hY, [ω] − [OX ]i
(a)

= hY, c(oX (Y ))([OX ])i − hY, [ω] − [OX ]i

(b)

= −hY, c(oX (−Y ))([OX ])i − hY, [ω] − [OX ]i

= −hY, [OX ] − [OX (Y )]i − hY, [ω] − [OX ]i
= hY, [OX (Y )] − [ω]i
= χ(c(oX (Y ))([OX (Y )] − [ω]))
= χ([OX (Y )] − [ω] − [OX ] + [ω(−Y )])
(c)

= 2(χ(OX (Y )) − χ(OX )),

where “(a)” is by example 3.3, “(b)” is by corollary 4.9, and “(c)” is by equations
(5.1) and (5.2). Rearranging terms produces the equation displayed in the theorem.

Theorem 5.2 (The genus formula). Let (X, OX ) be a noetherian quasi-scheme
over k, satisfying conditions [Euler] and [Dual], and let Y be an effective divisor on
X satisfying conditions [1-dim], [Admissible], [Fixd comp], and [Invariant].
Set g(Y ) = 1 − χ(OY ) (note that if k is algebraically closed, and Y is a commutative smooth projective curve, then g(Y ) is the usual genus of Y ).
Then there is the formula
2g(Y ) − 2 = hY, [OY ]i + hY, [ω] − [OX ]i.
Proof. First we compute
hY, [ω] − [OX ]i
= χ(c(oX (Y ))([ω] − [OX ]))
= χ([ω] − [OX ] − [ω(−Y )] + [OX (−Y )])
= χ(OX (−Y )) − χ(ω(−Y ))
(5.3)

= χ(OX (−Y )) − χ(OX (Y )),

where the latter two equalities follow from equations (5.1) and (5.2).
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Now,
hY, [OY ]i + hY, [ω] − [OX ]i
= (hY, [OY ]i − hY, [ω] − [OX ]i) + 2hY, [ω] − [OX ]i
(a)

= 2(χ(OX (Y )) − χ(OX )) + 2hY, [ω] − [OX ]i

(b)

= 2(χ(OX (Y )) − χ(OX )) + 2(χ(OX (−Y )) − χ(OX (Y )))

= 2(χ(OX (−Y )) − χ(OX ))
= −2χ(c(Y )([OX ]))
(c)

= −2χ([OY ])
= 2g(Y ) − 2.
Here “(a)” follows from the Riemann-Roch theorem, “(b)” follows from equation
(5.3), and “(c)” follows from example 3.3.
Theorems 5.1 and 5.2 contain the commutative Riemann-Roch theorem and
genus formula as special cases (although one has to restrict Riemann-Roch to deal
with effective divisors): Suppose that k is algebraically closed, and that one has
a commutative smooth projective surface X over k, and an effective divisor Y on
X. As remarked in section 1, (Mod(X), OX ) is then a noetherian quasi-scheme
over k, and Y determines an effective divisor on the quasi-scheme X in the sense
of definition 1.3.
It is classical that (X, OX ) satisfies conditions [Euler] (see [5, thms. III.2.7 and
III.5.2]) and [Dual] (see [5, thm. III.7.6]).
It is easy to verify that Y satisfies conditions [1-dim] (clear, since Y is a curve),
[Admissible] (clear, from the commutative definition of effective divisors as invertible ideal sheaves), [Fixd comp] (follows since − ⊗ oX (Y ) is given by tensoring with
a locally free sheaf of rank one, which does not move generic points), and [Invariant]
(also follows since − ⊗ oX (Y ) is given by tensoring with a locally free sheaf of rank
one).
So all conditions in theorems 5.1 and 5.2 hold, and we now claim that the statements in the theorems really are the usual Riemann-Roch theorem and genus formula for Y . For this, one has to note two things:
1◦ ) If C is a 1-dimensional module on X, then hY, [C]i = Y.C, where Y.C is the
classical intersection multiplicity between Y and C, as defined in [5, sec. V.1]. This
is easy to check, using the definition of hY, −i (definition 4.1), and [5, exer. V.1.1].
2◦ ) We have hY, [ω] − [OX ]i = Y.K, where K is the canonical divisor on X. This
is also easy to check, since we have in K-theory that [K] = [ω] − [OX ], whence
hY, [ω] − [OX ]i = hY, [K]i = Y.K,
where the second “=” comes from 1◦ . (Note that [K] is not necessarily equal to
[C] for a single 1-dimensional module C, but [K] is a linear combination of classes
of the form [C], so 1◦ applies to K.)
Using 1◦ and 2◦ , we can rewrite theorem 5.1 as
1
χ(OX (Y )) = χ(OX ) + Y.(Y − K),
2
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reproducing classical Riemann-Roch for the effective divisor Y (see [5, thm. V.1.6]),
and we can rewrite theorem 5.2 as
2g(Y ) − 2 = Y.(Y + K),
reproducing the classical genus formula (see [5, prop. V.1.5]).
We can embellish the non-commutative Riemann-Roch theorem in the following
obvious way:
Corollary 5.3 (Hilbert polynomial I: A formula for χ(OX (nY ))). Let (X, OX ) be
a noetherian quasi-scheme over k, satisfying conditions [Euler] and [Dual+K], and
let Y be an effective divisor on X satisfying conditions [1-dim], [Admissible], [Fixd
comp], and [Invariant].
Then for each n ≥ 0, we have
1
1
χ(OX (nY )) = hY, [OY ]in2 − hY, [ω] − [OX ]in + χ(OX ).
2
2
Remark. As we shall see in corollary 5.7, the formula from corollary 5.3 is in fact
valid for any integer n.
Proof. The corollary’s formula is obvious for n = 0, so we assume that n ≥ 1. By
remark 2.7, the effective divisor nY satisfies conditions [1-dim], [Admissible], and
[Fixd comp], and it is obvious that it satisfies [Invariant]. So we may apply the
Riemann-Roch theorem to it, getting
χ(OX (nY ))
1
= χ(OX ) + (hnY, [OnY ]i − hnY, [ω] − [OX ]i)
2
(a)

= χ(OX )
1
+ (hnY, n[OY ] + term from F0 K(X)i − hnY, [ω] − [OX ]i)
2
1
(b)
= χ(OX ) + (hnY, [OY ]in − hnY, [ω] − [OX ]i)
2
1
(c)
= χ(OX ) + (hY, [OY ]in2 − hY, [ω] − [OX ]in),
2
and this is the desired formula. Here “(a)” is by lemma 2.8, “(b)” is by lemma 4.7,
part 2◦ , and “(c)” is by corollary 4.11.
Note that it is the application of corollary 4.11 which makes it necessary to
assume condition [Dual+K] rather than just [Dual]: Condition [Dual+K] requires
that [ω] − [OX ] ∈ F1 K(X), and this is needed for the application of corollary 4.11.
As a variation of this corollary, we have
Corollary 5.4 (Hilbert polynomial II: Another formula for χ(OX (nY ))). Let (X,
OX ) be a quasi-scheme over k, satisfying conditions [Euler] and [Dual+K], and
let Y be an effective divisor on X satisfying conditions [1-dim], [Admissible], [Fixd
comp], and [Invariant].
Then for each n ≥ 0, we have
1
1
χ(OX (nY )) = hY, [OY ]in2 + ( hY, [OY ]i + 1 − g(Y ))n + χ(OX )
2
2
(this is the same formula as in the commutative case; see [5, exer. V.1.2]).
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Remark. As we shall see in corollary 5.7, the formula from corollary 5.4 is in fact
valid for any integer n.
Proof. This is obtained by combining corollary 5.3 with theorem 5.2:
1
1
χ(OX (nY )) = hY, [OY ]in2 − hY, [ω] − [OX ]in + χ(OX )
2
2
1
1
2
= hY, [OY ]in + ( hY, [OY ]i + 1 − g(Y ))n + χ(OX ).
2
2
As one can see from theorem 5.2 and corollary 5.4, the two numbers hY, [OY ]i
(“the self intersection”) and g(Y ) (“the genus”) for an effective divisor Y on X are
important numerical invariants of Y and its embedding in X, just as in commutative
geometry.
The next example shows an application of our machinery, in particular, corollary 5.3, to a practical computation.
Example 5.5. (The degree of the normal bundle of the cubic divisor in the elliptic
quantum plane.) This example is a continuation of example 1.10, and uses its
setup and notation. In particular, A is a graded Artin-Schelter regular algebra of
dimension three over the algebraically closed field k, and g ∈ A3 is a regular central
element. S = Proj(A) is an elliptic quantum plane, and T is the elliptic curve
which is an effective divisor on S.
Applying the theory developed above, in particular, theorem 4.5 and corollary 5.3, we will see that it becomes an easy computation to show that the degree
of the normal bundle of T in S is
deg(N ) = 9
(the construction of N is described prior to lemma 4.4).
We need to do two things:
1◦ : Check that S and T satisfy the conditions posed in theorem 4.5 and corollary 5.3.
2◦ : Perform the mentioned computation based on those results.
1◦ : Condition [Euler] on S: The algebra A is Artin-Schelter regular, in particular,
of finite global dimension, so by [2, thm. 7.2(1)] we see that the cohomology functors
H j (S, −) vanish from a certain step. And from [2, thm. 8.1(1)] we know that A
satisfies [2]’s condition χ, so by [2, thm. 7.4(1)] we see that each H j (S, −) sends
noetherian objects to finite dimensional vector spaces. All in all, this shows that
(S, OS ) satisfies condition [Euler].
Condition [Dual+K] on S: It is an easy computation to see that over A we have

0
for j 6= 3,
j
0
Hm (A) =
A(−3) for j = 3,
and [12, thm. 4.2] then implies that ω = πA(−3) is a dualizing object satisfying
condition [Dual]. To see that the stronger condition [Dual+K] is also satisfied, we
note that the exact sequence
π(g·)

0 → πA(−3) −→ πA −→ (πA)/(πA(−3)) → 0
gives us
[ω] − [OS ] = [πA(−3)] − [πA] = −[(πA)/(πA(−3))] = (∗)
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in K(S), and since πA is 2-critical, we clearly have (∗) ∈ F1 K(S).
Condition [1-dim] on T : This is clear since example 1.10 shows that (T, OT ) is
just a commutative elliptic curve.
Condition [Admissible] on T : For this, we need to see that OS = πA has no
subobject from mod(T ). But this is clear: The objects in mod(T ) come from
modules which are annihilated by g, and g is regular on A.
Condition [Fixd comp] on T : That T satisfies condition [Fixd comp] can be read
in proposition 1.15.
Condition [Invariant] on T : Let p ∈ mod(S) be a point, i.e. a simple object. We
split into two cases:
Case 1: p 6∈ mod(T ). In this case, λp 6= 0, so since p is simple we have that
λp : p −→ p(T ) is an isomorphism. In particular, we must have
χ(p(T )) = χ(p).
Case 2: p ∈ mod(T ). We have
(a)

(5.4)

(b)

χS (p) = χT (p) = 1,

where “(a)” follows from lemma 1.16 and condition [Admissible] on T , and where
“(b)” is because T is a commutative smooth projective curve over the algebraically
closed field k.
Now, mod(T ) is closed under − ⊗ oX (T ), so p(T ) is also a point on T . And
equation (5.4) is valid for any point on T , so
χ(p(T )) = 1 = χ(p).
2◦ : We now have for n  0 that
(b)

(a)

χS (OS (nT )) = χtails(A) (πA(3n)) = dimk A3n =

9 2 9
n + n + 1,
2
2

where “(a)” holds because A satisfies χ, and where “(b)” is by the formula for
dim An given in example 1.10. But by the statements proved in 1◦ , corollary 5.3
applies to the present situation, and tells us that
χ(OS (nT )) =

1
1
hT, [OT ]in2 − hT, [ω] − [OS ]in + χ(OS ).
2
2

Comparing coefficients in the two expressions for χ(OS (nT )), we get
hT, [OT ]i =
hT, [ω] − [OS ]i =
χ(OS ) =

9,
−9,
1.

Theorem 4.5 also applies to the present situation, and so we get the desired result,
deg(N ) = hT, [OT ]i = 9.
2
Corollaries 5.3 and 5.4 tell us that the quantity χ(OX (nY )) is a quadratic polynomial in n for n ≥ 0, and also give us some expressions for the coefficients of this
polynomial. More in the abstract, we can consider any M ∈ mod(X), and ask for
the behaviour of χ(M (nY )).
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Theorem 5.6 (Hilbert polynomial III: The general behaviour of χ(M (nY ))). Let
(X, OX ) be a noetherian quasi-scheme satisfying condition [Euler], and let Y be an
effective divisor on X satisfying conditions [1-dim], [Fixd comp], and [Invariant].
Let M ∈ mod(X).
0◦ ) If Kdim(M ) = 0, then for any n ∈ Z, we have
χ(M (nY )) = χ(M ).
1◦ ) If Kdim(M ) = 1, then there exists b ∈ R such that for any n ∈ Z, we have
χ(M (nY )) = bn + χ(M ).
2◦ ) If Kdim(M ) ≥ 2, then there exist a, b ∈ R such that for any n ∈ Z, we have
χ(M (nY )) = an2 + bn + χ(M ).
Proof. 0◦ : If M ∈ mod(X), and Kdim(M ) = 0, then M has finite length. Lemma
4.7, part 1◦ , then implies that for any integer n, we have
χ(M (nY )) = χ(M ).
1◦ : Euler characteristic is additive, and the category mod(X) has critical composition series, so it is clearly sufficient to prove this statement when M is 1-critical.
For such an M , there are two cases.
Case 1: M 6∈ mod(Y ). We have that λM 6= 0, hence λM (−Y ) 6= 0, so by
criticality of M and the sequence (1.4) we have i! M = 0. Twisting the sequence
(1.4) by nY , we get
0 → M ((n − 1)Y ) −→ M (nY ) −→ (i∗ M )(nY ) → 0,
and telescoping, we get for n ≥ 1 that
χ(M (nY )) = χ(M ((n − 1)Y )) + χ((i∗ M )(nY ))
= ···
= χ(M ) +

n
X

χ((i∗ M )(`Y ))

`=1

= χ(M ) + χ(i∗ M )n.
For the last “=”, we have used that by criticality of M we have
Kdim(i∗ M ) = 0,
whence by lemma 4.7, part 1◦ ,
χ((i∗ M )(`Y )) = χ(i∗ M )
for any `.
Telescoping the other way as well, one gets the same formula as above,
χ(M (nY )) = χ(M ) + χ(i∗ M )n,
so this formula is valid for any n ∈ Z.
Case 2: M ∈ mod(Y ). We use condition [Fixd comp] to write
[M (Y )] = [M ] + y
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in K(Y ), where y ∈ F0 K(Y ). We can telescope as follows for n ≥ 1,
= χ(M ((n − 1)Y )) + χ(y((n − 1)Y ))

χ(M (nY ))

= ···
= χ(M ) +

n−1
X

χ(y(`Y ))

`=0

= χ(M ) + χ(y)n.
For the last “=”, we have used lemma 4.7, part 1◦ , by which we have
χ(y(`Y )) = χ(y)
when y ∈ F0 K(X) and ` ∈ Z.
Telescoping the other way as well, one gets the same formula as above,
χ(M (nY )) = χ(M ) + χ(y)n,
so this formula is valid for any n ∈ Z.
2◦ : Given M ∈ mod(X) with Kdim(M ) ≥ 2. By condition [1-dim], we have
Kdim(i! M ) ≤ 1 and Kdim(i∗ M ) ≤ 1, and parts 0◦ and 1◦ above can thus be
applied to get real numbers s, t such that for any integer m, we have
χ((i! M )(mY ))
χ((i∗ M )(mY ))

(5.5)

= sm + χ(i! M ),
= tm + χ(i∗ M ).

Consider the exact sequence (1.4), and twist it by nY , getting
0 → (i! M )((n − 1)Y ) −→ M ((n − 1)Y ) −→ M (nY ) −→ (i∗ M )(nY ) → 0.
Using this sequence to telescope, we get for n ≥ 1 that
χ(M (nY )) = χ(M ((n − 1)Y )) + χ((i∗ M )(nY )) − χ((i! M )((n − 1)Y ))
= ···
= χ(M ) +
(a)

n
X

χ((i∗ M )(`Y )) − χ((i! M )((` − 1)Y ))

`=1
n
X

= χ(M ) +

t` + χ(i∗ M ) − s(` − 1) − χ(i! M )

`=1

−s + t 2
s+t
)n +
n ,
2
2
where “(a)” uses equations (5.5). Telescoping the other way, one gets the same
equation,
−s + t 2
s+t
)n +
n ,
χ(M (nY )) = χ(M ) + (χ(i∗ M ) − χ(i! M ) +
2
2
which is therefore valid for any n ∈ Z.
= χ(M ) + (χ(i∗ M ) − χ(i! M ) +

Corollary 5.7. (Hilbert polynomial I, embellished; compare with corollaries 5.3
and 5.4). Let (X, OX ) be a noetherian quasi-scheme satisfying conditions [Euler] and [Dual+K], and let Y be an effective divisor on X satisfying conditions
[1-dim], [Admissible], [Fixd comp], and [Invariant].
Then the formulae from corollaries 5.3 and 5.4 are in fact valid for any integer
n (and not just for non-negative n’s).
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Proof. Consider the quantity χ(OX (nY )). On one hand, by theorem 5.6, it is a
polynomial in n of degree at most 2. On the other hand, in corollaries 5.3 and 5.4,
we have concrete expressions of χ(OX (nY )) as polynomials of degree at most 2,
for n ≥ 0. But these statements are certainly only compatible if the concrete
expressions from corollaries 5.3 and 5.4 hold for any integer n.
We can apply theorem 5.6 in another obvious way, when the divisor Y is ample.
Let us recall from [10, def. 3.9.5] the definition of ampleness:
Definition 5.8. Let (X, OX ) be a noetherian quasi-scheme over k, and let Y be
an effective divisor on X. We say that Y is ample if the following are satisfied for
each M ∈ mod(X) and each n  0:
⊕m
−→
• M (nY ) is generated by global sections, i.e. there is an epimorphism OX
M (nY ).
• When i ≥ 1 we have H i (X, M (nY )) = 0.
Let us now look at a noetherian quasi-scheme (X, OX ) over k, and an effective
divisor Y on X. We get a triple (mod(X), OX , − ⊗ oX (Y )) like the ones considered
by Artin and Zhang in [2, sec. 4].
Our triple satisfies [2, cond. (H1)], because we have assumed that (X, OX ) is
noetherian (this includes the condition that OX is a noetherian object). If we assume that (X, OX ) satisfies condition [Euler], then the triple also satisfies condition
[2, cond. (H2)]. Moreover, if we assume that Y is ample, then it is easy to see that
the triple satisfies [2, conds. (H3a) and (H3b)], and also satisfies Serre vanishing
as defined in [2, conds. (H4) and (H5)]. So assuming that X satisfies condition
[Euler] and that Y is ample, we can set A = H 0 (OX )≥0 , and learn:
• A is a graded left-noetherian locally finite k-algebra, and satisfies condition
χ1 , by [2, thm. 4.5(1)].
• There is an equivalence of triples,
(mod(X), OX , − ⊗ oX (Y )) ' (tails(A), π(A), (−)(1))
by [2, thm. 4.5(1)]. Note that [2]’s functor π : grmod A → tails A can be
thought of as a functor π : grmod A → mod X.
• A satisfies condition χ, by [2, cor. 7.6].
Corollary 5.9 (Hilbert polynomial IV: The case of an ample Y ). Let (X, OX ) be
a noetherian quasi-scheme over k, satisfying condition [Euler], and let Y be an
effective divisor on X satisfying conditions [1-dim], [Fixd comp], and [Invariant].
Suppose also that Y is ample.
We have the corresponding triple (mod(X), OX , − ⊗ oX (Y )), and the ensuing
algebra A = H 0 (OX )≥0 , and the conclusions drawn after definition 5.8 hold. Moreover:
1◦ ) The algebra A admits a theory of Hilbert polynomials in the following sense:
Let M ∈ grmod(A). Then there exists a (necessarily unique) polynomial pM (t),
called M ’s Hilbert polynomial, satisfying:
• For n  0, we have
dimk Mn = pM (n),
where Mn is the nth graded piece of M .
• For any integer n ∈ Z, we have
χ((πM )(nY )) = pM (n).

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use

INTERSECTION THEORY ON NON-COMMUTATIVE SURFACES

5849

• The degree of pM (t) is less than or equal to Kdim(πM ).
2◦ ) Let M ∈ grmod(A) have Kdim(π(M )) = 1; that is, π(M ) is a curve module.
Then the Hilbert polynomial of M is obtained in the following concrete way: For
any integer n ∈ Z, we have
pM (n) = χ((πM )(nY )) = hY, [πM ]in + χ(πM ).
Remark. Note in connection with part 2◦ that it really says that when we use Y to
realize X as projective space by the equivalence
(mod(X), OX , − ⊗ oX (Y )) ' (tails(A), π(A), (−)(1)),
and take a module M ∈ grmod(A) such that π(M ) is a curve module, then the
multiplicity of M is obtained as the intersection multiplicity hY, [πM ]i. This is
entirely analogous to the commutative case; see [5, V.1.6.2].
Proof. 1◦ : That χ((πM )(nY )) is equal to pM (n) where pM is a polynomial with
degree less than or equal to Kdim(πM ) can be read in theorem 5.6, because we
have identified tails(A) with mod(X).
So we just need to see that dimk Mn = pM (n) for n  0. However, for n  0
we have
pM (n) =
=

χ((πM )(nY ))
X
(−1)j dimk Extjtails(A) (πA, πM (n))

=
=

dimk Homtails(A) (πA, πM (n))
dimk Mn ,

j

where the last two “=”’s hold because A satisfies condition χ.
2◦ : When Kdim(πM ) = 1, we know from part 1◦ that there exists an integer b
such that
χ((πM )(nY )) = pM (n) = bn + χ(πM )
for any n ∈ Z. And in fact,
b

= (b · 0 + χ(πM )) − (b · (−1) + χ(πM ))
= pM (0) − pM (−1)
= χ(πM ) − χ((πM )(−Y ))
= hY, [πM ]i.

6. Intersection multiplicities on a blow up
Throughout this section, the base field k is algebraically closed.
To exemplify the theory developed above, this section applies it to the quasie obtained by the blow up α : X
e −→ X of the non-commutative surface
scheme X
X in a suitable point p. In particular, it investigates the intersection theoretic
properties of the exceptional divisor, E (when this divisor exists), and shows the
result given in theorem 6.3 below: The self intersection of E is
hE, [OE ]i = −1.
This is a direct generalization of the corresponding property of the exceptional
divisor on a commutative blow up; see [5, prop. V.3.2]. We also apply this result
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in example 6.4 to give an example of a surface with an effective divisor which is
isomorphic to a commutative P1 , but cannot be “blown down”: The divisor turns
e
out to have self intersection +1, and so cannot be obtained as E on any X.
Let us start by setting up some framework. The theory of non-commutative
blow up was developed by Van den Bergh in [10], and we will refer back to that
paper all the time. In particular, we will take over the notation and assumptions
of [10]. So we have a quasi-scheme (X, OX ) over k which contains a commutative
projective curve Y as effective divisor. For each point q ∈ Y , we can consider the
skyscraper sheaf Oq at q; it is an object of mod(Y ), and hence also of mod(X).
Since Y is commutative, q also gives a bi-module oq on Y , and we have canonical
epimorphisms oX −→ oY −→ oq , which allow us to also think of oq as a bi-module
on X.
Like [10], we will make the standing assumption:
Each Oq has finite injective dimension in Mod(X).
Let p be a fixed point on Y . We define bi-modules on X,
mp = Ker(oX −→ op ),
mY,p = Ker(oY −→ op ),

Ip = mp ⊗ oX (Y );
IY,p = mY,p ⊗ oX (Y ),

and Rees algebras
Dp = oX ⊕ Ip ⊕ Ip2 ⊕ · · · ,

2
DY,p = oY ⊕ IY,p ⊕ IY,p
⊕ ··· .

These are N-graded algebras over X, and there is a canonical epimorphism Dp −→
DY,p . The blow up of X in p is defined as
e O f) = Proj(Dp ),
(X,
X
e is defined as
and the “strict transform” of Y in X
(Ye , OYe ) = Proj(DY,p )
(see [10, sec. 3.8] for a discussion of Proj). The epimorphism Dp −→ DY,p gives a
commutative diagram of quasi-schemes over k,
Ye

j

α

β


Y

/X
e

i


/ X,

and it turns out by [10, thm. 6.3.1(1)] that β : Ye −→ Y is isomorphic to the usual
(commutative) blow up of Y in p.
Having introduced the blow up, we also want to say something about the exceptional divisor. For this, we define the automorphism τ ∈ Aut(Y ) by
Oτ q = Oq (Y )
for each point q ∈ Y . For the exceptional divisor to exist, it is necessary to suppose
that τ (p) = p. In this case, as described in [10, sec. 6.6], mp Dp is an ideal in Dp
which is invertible up to right-bounded bi-modules, and so determines an effective
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e Since op = oX /mp is a quotient of Dp /mp Dp , the divisor sits in a
divisor E on X.
commutative diagram of quasi-schemes over k,
u

E

/X
e

γ

α


p

v


/ X.

[10, prop. 6.6.2(1)] identifies E with P1 , the commutative projective line. Let us
describe the identification which we will use below. First note that (E, OE ) is
defined as Proj(Dp /mp Dp ). Now, [10, proof of 6.6.2(1)] shows that the functor
(−)∧
p introduced in [10, thm. 5.1.4(1)] gives an equivalence
'

GrMod(Dp /mp Dp ) −→ GrMod((Dp /mp Dp )∧
p ),
where A = (Dp /mp Dp )∧
p is a genuine N-graded k-algebra. This gives an equivalence
'

(mod(E), OE ) −→ (tails(A), π(A)).
And on mod(E), the twist − ⊗ oX
f(E) is given by ((−)(−1)) ⊗ oX (Y ); see [10, proof
of 6.6.2(2)]. Translating this to tails(A) by using the compatibilities satisfied by
(−)∧
p , we get the autoequivalence
(−)(−1)φ ,
where φ is defined as in [10, thm. 5.1.4(3)].
As indicated in [10, proof of 6.6.2(1)], it turns out that A is either the quantum
plane or the Jordan plane, that is, either
A = khx, yi/(yx − qxy) or A = khx, yi/(xy − yx + x2 ),
and so, A is a twist of the commutative polynomial ring k[x, y]. This gives an
equivalence
'

(tails(A), π(A)) −→ (mod(P1 ), OP1 ).
And one can easily verify that under this equivalence, the autoequivalence (−)(−1)φ
of tails(A) is sent to an autoequivalence s of mod(P1 ) given by s(−) = ((−)(−1))◦σ∗ ,
where σ is an automorphism of P1 .
Putting together the two equivalences above produces an equivalence which we
denote
(6.1)

Ψ

(mod(E), OE ) −→ (mod(P1 ), OP1 ),

under which the twist − ⊗ oX
f(E) is sent to the autoequivalence s(−) = ((−)(−1)) ◦
σ∗ . This is the identification of E with P1 that we will work with below.
Finally, in the case τ (p) = p, we also need some information concerning the
e Recall from the discussion prior
normal bundle of the exceptional divisor E in X.
to lemma 4.4 that the normal bundle is defined as
NE/X
f(E)/oX
f,
f = oX
and that by lemma 4.4,
− ⊗ NE/X
f = (−)(E) = − ⊗ oX
f(E)
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as functors on Mod(E). We can use Ψ to see this as an autoequivalence of mod(P1 ).
But we already know that Ψ takes −⊗oX
f(E) to the autoequivalence ((−)(−1))◦σ∗ ,
so we conclude that
(6.2)

Ψ takes − ⊗ NE/X
f to the same autoequivalence,
((−)(−1)) ◦ σ∗ .

On the other hand, there is a line bundle N on P1 , and an automorphism τ of P1 ,
such that
(6.3)

(− ⊗ NE/X
f) = τ∗ (− ⊗OE N )

as functors on mod(P1 ) (see the discussion before lemma 4.4). In this equation, E
is identified with P1 via Ψ. Combining (6.2) and (6.3), we learn that
((−)(−1)) ◦ σ∗ = τ∗ (− ⊗OE N ).
From this, it is easy to see what N is: The only contribution to N comes from the
shift (−)(−1), whence
(6.4)

N = OP1 (−1).

Having performed the above setup, we are ready to do some intersection theory
e
on blow ups. We start by showing that condition [Euler] is inherited from X to X.
We reach this goal in corollary 6.2 below.
Proposition 6.1. Consider the above setup (without assuming τ (p) = p). For any
e there is a natural long exact sequence consisting of pieces
M ∈ Mod(X),
n−1
1
ExtnX (OX , α∗ (M )) → ExtnX
f, M ) → ExtX (OX , R α∗ (M )).
f(OX

Proof. We first claim that there is a convergent spectral sequence
(6.5)

ExtpX (OX , Rq α∗ (M )) =⇒ Extp+q
f, M ).
f (OX
X

In fact, this is just the Grothendieck spectral sequence for the composition
HomX (OX , −) ◦ α∗ (−) = HomX
f(OX
f, −).
So to check the existence of (6.5), we need to see that α∗ sends injectives to objects
which are acyclic for HomX (OX , −), but this follows from [10, lem. 7.2.12].
Now the desired long exact sequence follows immediately from (6.5), when we
note that by [10, thm. 6.3.1(5)], we have R2 α∗ = R3 α∗ = · · · = 0.
Corollary 6.2. Consider the above setup (without assuming τ (p) = p). If the
quasi-scheme (X, OX ) over k satisfies definition 1.14’s condition [Euler], then so
e O f) over k.
does the quasi-scheme (X,
X
Proof. The functors Ri α∗ send noetherian modules to noetherian modules by [10,
prop. 6.5.2(4)]. So the corollary’s statement clearly follows from the long exact
sequence given in proposition 6.1.
e possesses certain good
After the above results, which show that the blow up X
properties, we can prove our main result on the exceptional divisor.
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Theorem 6.3. (The self intersection of the exceptional divisor of a blow up)
Consider the above setup, and assume that τ (p) = p, so the exceptional divisor
E exists. Suppose that the quasi-scheme (X, OX ) over k satisfies condition [Euler].
Then we have
hE, [OE ]i = −1.
e satisfies condition [Euler] by corollary 6.2.
Proof. The noetherian quasi-scheme X
And (E, OE ) can be identified with the commutative smooth projective curve P1 .
But this situation is treated in theorem 4.5, which states
hE, [OE ]i = deg(N ),
where N is the line-bundle on P1 appearing in equation (6.3). And by equation
(6.4) we have N = OP1 (−1), whence
hE, [OE ]i = −1.

Example 6.4. (A commutative genus 0 curve which cannot be blown down)
Consider the homogenized first Weyl algebra over k, defined by
A=

khx, y, zi
.
(xz − zx, yz − zy, yx − xy − z 2 )

It can also be realized as the Ore extension k[x, z][y; δ] where δ is the derivation of
k[x, z] determined by δ(x) = z 2 and δ(z) = 0. This makes it clear that A satisfies
the following:
• It is Artin-Schelter regular with gldim(A) = 3.
• It has Hilbert series HA (t) = (1 − t)−3 , and consequently, dimk An = 12 n2 +
3
2 n + 1 for any n ≥ 0.
• It contains the regular central element z ∈ A1 , and A/(z) ∼
= k[x, y]. So
Proj(A/(z)) = (P1 , OP1 ).
We know that (S, OS ) := Proj(A) = (Tails(A), πA) is a noetherian quasi-scheme
over k, and as we shall see, P1 is isomorphic to an effective divisor T on S. However,
using corollary 5.3 we will prove that this divisor has self intersection +1, and so
by theorem 6.3 can not be “blown down”.
First we look at the invertible bi-module oS (−T ) on S given by the functor
M 7−→ M(1). There is a natural transformation
λ : id −→ Hom(oS (−T ), −) = (−)(1)
induced by multiplication with the regular central element z. This gives a morphism
oS (−T ) −→ oS which is in fact monic, as one can see using the same method as in
example 1.10, and so determines an effective divisor T on S.
By arguments entirely resembling the ones given in examples 1.10 and 5.5, one
can prove the following:
• We have (T, OT ) = Proj(A/(z)) = (P1 , OP1 ).
• The quasi-scheme (S, OS ) over k satisfies conditions [Euler] and [Dual+K].
• The effective divisor T satisfies conditions [1-dim], [Admissible], [Fixd comp],
and [Invariant].
The first of these three facts implies that it makes sense to ask: Can T be blown
down? That is, does there exist a quasi-scheme (X, OX ) over k with a suitable point

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use

5854

PETER JØRGENSEN

e −→ X in p, we get (S, OS ) = (X,
e O f),
p, such that when we take the blow up X
X
e
and such that T corresponds to the exceptional divisor E on X?
We will use our theory to show that the answer to this question is no. This can
be done as follows: We have for n  0 that
3
(b) 1
(a)
χS (OS (nT )) = χtails(A) (πA(n)) = dimk An = n2 + n + 1,
2
2
where “(a)” is since A satisfies [2]’s condition χ (see [2, thm. 8.1(1)]), and where
“(b)” is by the formula for dim An given above. But by the statements on S and T
given above, corollary 5.3 applies to the present situation, and tells us that
1
1
χ(OS (nT )) = hT, [OT ]in2 − hT, [ω] − [OS ]in + χ(OS ).
2
2
Comparing coefficients in the two expressions for χ(OS (nT )), we get
hT, [OT ]i = 1,

hT, [ω] − [OS ]i = −3,

χ(OS ) = 1.

Theorem 6.3 also applies to the present situation, and so we see that S cannot be a
e in such a way that T is the exceptional divisor: T has self intersection
blow up, X,
+1, not −1.
2
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