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UNIQUENESS OF SOLUTION TO
A FREE BOUNDARY PROBLEM FROM COMBUSTION

C. LEDERMAN, J. L. VAZQUEZ, AND N. WOLANSKI

ABSTRACT. We investigate the uniqueness and agreement between different
kinds of solutions for a free boundary problem in heat propagation that in
classical terms is formulated as follows: to find a continuous function u(z,t) >
0, defined in a domain D C RN x (0,7) and such that

Au—f—Zaiuxi—ut:O in DN {u>0}.

We also assume that the interior boundary of the positivity set, DN o{u > 0},
so-called free boundary, is a regular hypersurface on which the following con-
ditions are satisfied:

u=0, —0u/ov=0C.

Here v denotes outward unit spatial normal to the free boundary. In addition,
initial data are specified, as well as either Dirichlet or Neumann data on the
parabolic boundary of D. This problem arises in combustion theory as a limit
situation in the propagation of premixed flames (high activation energy limit).

The problem admits classical solutions only for good data and for small
times. Several generalized concepts of solution have been proposed, among
them the concepts of limit solution and wviscosity solution. We investigate
conditions under which the three concepts agree and produce a unique solution.

INTRODUCTION

In this paper we deal with a free boundary problem in heat propagation which in
its classical form can be formulated as follows: given a domain D C RY x (0, T), the
problem consists in finding a nonnegative function u(x,t), defined and continuous
in D, which satisfies the equation

AU-FZGHL@ —u; =0

in the positivity set DN {u > 0}. We also assume that the interior boundary of the
positivity set, I' = D N d{u > 0}, so-called free boundary, is a regular hypersurface
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on which the following conditions are satisfied

u=0, —% =V2M.
v
Here M is a positive constant, and v denotes outward unit spatial normal to the
free boundary I'. In addition, initial and boundary conditions have to be prescribed
on the parabolic boundary of D. Thus, if the domain is a space-time cylinder,
D =Qx (0,T), we prescribe initial data at ¢t = 0

u(r,0) = ug(z) for x € Q,

as well as boundary conditions of Dirichlet or Neumann type on the lateral bound-
ary, 002 x (0,T). We will refer to this free boundary problem as problem P. Let
us recall that classical solutions to problem P in one space dimension are relatively
easy to construct; cf. [Ve]. The problem is much more difficult in several space
dimensions; cf. [M], [AG]. In general, classical solutions exist only locally in time,
since singularities can arise in finite time. Classical solutions are constructed in
[GHV] under the assumption of radial symmetry.

Problem P arises in several contexts and is currently the object of active in-
vestigation; cf. the survey paper [V]. The most important motivation to date has
come from combustion theory, where it appears as a limit situation in the descrip-
tion of the propagation of premixed equi-diffusional deflagration flames, which after
convenient simplifications are reduced to solving the equation

(P.) Auf + > aius, — uf = e (uf),

for the variable u®(z,t) = Ty — T'(z,t), with T the temperature of the reactive
mixture and T the flame temperature, so that 7' < T; and u® > 0. The function
B (u) represents the exothermic chemical reaction and has accordingly a number of
properties: it is a nonnegative and Lipschitz continuous function which is positive
in an interval (0,6.) near v = 0 and vanishes otherwise (i.e., reaction occurs only
in the range Ty — 6. < T < Ty). The parameter ¢ > 0 is essentially the inverse
of the activation energy of the chemical reaction and plays an important role in
the analysis. Finally, the integral [ S.(u)du = M is fixed. The vector (a1, -+ ,an)
represents the transport velocity of the reactive mixture, which is sometimes taken
to be zero in the quoted literature. For further details on the model see [Bul], [W],
[BLJ.

The important point in order to establish a connection of the two problems P
and P. is that in the latter ¢ is in many cases a very small parameter so that
in the limit e — 0 (so-called limit of high activation energy) the support of the
function B¢ concentrates at u = 0. The relevant limit happens when we let € — 0,
and consequently 6. — 0, while keeping a constant integral M. The function [
tends then to a Dirac delta, Md(u). In this way the reaction zone where (. acts is
reduced to a surface, the flame front, and the free boundary problem arises. The
fact that M > 0 ensures that a nontrivial combustion process takes place so that a
non-empty free boundary actually appears.

The study of the limit P. — P as e — 0 was proposed in the 1930’s by Zeldovich
and Frank-Kamenetski [ZF] and has been much discussed in the combustion liter-
ature. Although the convergence of the most relevant propagation modes, i.e., the
traveling waves was already discussed by Zeldovich and Frank-Kamenetski, and has
made enormous progress, a rigorous mathematical investigation of the convergence
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of general solutions is still in progress. Berestycki and his collaborators have rigor-
ously studied the convergence problem for traveling waves and, more generally in
the elliptic stationary case; cf. [BCN] and its references. See also [LW]. The study
of the limit in the general evolution case for the heat operator has been performed
in [CV] and extended in [C1], [C2], [CLWI] and [CLWZ2] to the two-phase case,
where no sign restriction on v is made.

In any case, the validity of the free boundary model for general curved geometries
is still under debate with many open problems waiting to be settled. Various
concepts of generalized solution have been introduced in the literature in order to
justify the limit process and to obtain solutions for general data. Thus, when we
perform the approximation process P. and pass to the limit ¢ — 0, this gives rise
to a kind of solutions to problem P, called limit solutions. In [CV] a concept of
weak solution is introduced to clarify the nature of the limit solutions. On the other
hand, the concept of viscosity solution for problem P was introduced in [CLW?2] and
[CW] with the same purpose and the two-phase version of this problem is studied.

Let us recall that there exist other applications, approaches and solution concepts
for which we refer to [V]. For the case of the heat operator, [HH] discusses the
existence of generalized solutions to P based on an elliptic-parabolic formulation
in one space dimension, and such an approach is extended in [GHV] to several
dimensions under conditions of radial symmetry. Such solutions are shown to be
classical until a singularity forms. The singularity is then classified.

As a precedent to this work we can quote the convergence results for traveling
waves, starting from [BNS]. In [GHV] the classical solutions obtained by the elliptic-
parabolic approach are shown to coincide with the limit solutions of [CV]. Strong
conditions are imposed, in particular radial symmetry in space. See [Gl] and [BoG]
for recent work.

1. MAIN RESULT AND OUTLINE OF THE PAPER

It is the purpose of this work to contribute to the questions of unique character-
ization of the solution of the free-boundary problem P and the consistency of the
different solution concepts. Our results can be summarized as saying that, under
suitable assumptions on the domain, the reaction function . and on the initial and
boundary data, if a classical solution of problem P exists in a certain time interval,
then it is at the same time the unique classical solution, the unique limit solution
and also the unique viscosity solution in that time interval.

For definiteness we take as spatial domain a cylinder of the form 2 = R x 3 with
¥ ¢ RV~! asmooth domain, or a semi-cylinder, and we put homogeneous Neumann
conditions on the lateral boundary R x 0%. This is a usual choice in combustion
problems. Meirmanov [M] constructs classical solutions in such domains in two
dimensions (with periodic lateral conditions, however). It is worth recalling in this
context that problem P is not globally well-posed for general geometries where
the solutions do develop singularities; see examples and discussion in [V]. We
require monotonicity of the initial data in the direction of the cylinder axis. On
the contrary, we make no requirement of monotonicity of the solution in time. In
the family of problems P. we assume that the functions . are defined by scaling
of a single function §: R — R satisfying:

(i) B is a Lipschitz continuous function,
(i) 8> 01in (0,1) and 8 = 0 otherwise,
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(iii) [ B(s)ds = M.
We then define

(1) Gels) = 2602).

The coefficients a; in the operator are assumed to be independent of z1, the direction
of the cylinder axis, and belong to C* % (X x [0, T)).

Our result shows in particular that there is a unique limit solution independently
of the choice of the function 8. Moreover, we actually prove that the limit exists
for any approximation of the initial datum.

An outline of the contents is as follows. In Section 2 we give precise definitions of
the classical and viscosity solutions and prove a first consistency result (Propositions
2.1 and 2.2). In Section 3 we prove that, under certain assumptions on the domain
and on the initial datum, a classical solution to problem P is the unique classical
solution and also the unique viscosity solution (Theorems 3.1 and 3.2 and Corollary
3.1). In Section 4 we prove some auxiliary results. In Section 5 we prove that a
classical subsolution to problem P is the uniform limit of a family of subsolutions to
problem P. and we prove the analogous result for supersolutions. Finally, in Section
6 we show that, under similar assumptions as in Section 3, a classical solution to
problem P is the uniform limit of any family of solutions to problem P. (Theorems
6.1 and 6.2). We include an Appendix at the end of the paper with a result on
parabolic semilinear mixed problems in noncylindrical space-time domains, that is
used throughout the paper.

Notation. Throughout the paper N will denote the spatial dimension, ¥ ¢ RN ~!
a bounded C® domain with unit exterior normal " and 1 = (0,7’) will denote the
unit exterior normal to R x . In addition, the following notation will be used:

For any zg € RY, ¢ty € R and 7 > 0, B,(z0) := {z € RN /|z — 20| < 7} and
BT(il,'o,to) = {((E,t) € RN+1/|{E — LL'()|2 + |t — If()|2 < 7'2}.

When necessary, we will denote points in RY by x = (x1,2'), with 2/ € RV ~1L.
Given a function v, we will denote v = max(v, 0).

The symbols A and V will denote the corresponding operators in the space
variables; the symbol 9, applied to a domain will denote parabolic boundary.

Let us define the Holder spaces we are going to use. Let m > 0 be an integer and
0 < a < 1. For a space-time cylinder Q@ = Q x (0,7) c RN+, C’m"’o"#(Q) is

m4a

the parabolic Hélder space denoted by H™t*"2~(Q) in [LSU]. If D c RN*!

is a general domain, then Ccmto. g (D) will denote the space of functions in
Cmta, 3 (Q) for every _space—time cylinder @ C D. If Zlis bounded, we will
say that u € O™ (D) if there exist a domain D’ with D C D’ and a function
u € CmTe"* (D') such that u = «/ in D. If D is unbounded, we will say that

mta mta ——

u € CMH"2 (D) if uw € C™F 27 (DY) for every bounded domain D’ C D. The
space C1(D) is defined in an analogous way.
In addition, M will denote a positive constant that will remain fixed throughout

the paper.
Given a domain D C RY*!, we will write
(1.2) Lu=Au+) ity —uw,  a; € L¥D)NC*%(D).

Incase D=0 x (0,T) with Q =R x X or Q= (0,+00) x ¥, we will assume that
a; are independent of x1, that is, a; = a;(z',t), a; € C¥ 2% (X x [0,T)).
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Finally, we will say that u is supercaloric if Lu < 0, and w is subcaloric if Lu > 0.

2. PRELIMINARIES ON CLASSICAL AND VISCOSITY SOLUTIONS

In this section we give precise definitions of the classical and viscosity solutions
and derive some consequences. In particular, we prove that in the situations con-
sidered in this paper a classical solution is a viscosity solution.

Definition 2.1. Let Q = Q x (T1,T3), with Q € RY a domain, be a space-time
cylinder. Let v be a continuous function in . Then v is called a classical subsolu-
tion (supersolution) to P in @ if v > 0 in Q and
(i) Lv>0 (L0) in @N{v>0};
(ii) ve C*{v > 0}),Vo e C%%({v > 0});
(iii) for any (x,t) € {v =0} Nd{v > 0}, we have Vo' (z,t) # 0 and

+
—88% >V2M (< V2M),

o Vot :
where v := Vo r - That is,

Vot >V2M (< V2M).

Observe that the set {v =0} N d{v > 0} is a closed subset of Q.
We say that v is a classical solution to P in @ if it is both a classical subsolution
and a classical supersolution to P.

Definition 2.2. Let u € C(Q); w is called a viscosity subsolution (supersolution)
to Pin Q if u > 0 in @ and, for every space-time subcylinder Q' C @ and for every
v bounded classical supersolution (subsolution) to P in @', with @ N d{v > 0}
bounded,

u<v (u>wv) on 9,Q,
v>0 on {u>0}N9Q,
(u>0 on {v>0}N09,Q")
implies that u < v (u > v) in Q’.
The function w is called a viscosity solution to P if it is both a viscosity super-
solution and a viscosity subsolution to P.

We can now prove the consistency between both concepts of solution.

Proposition 2.1. If u is a bounded classical supersolution (subsolution) to P in
Q with Q Nd{u > 0} bounded, then u is a viscosity supersolution (subsolution) to
Pin Q.

Proof. Let Q' C @ be the cylinder Q' = Q' x (t1,t2) and let v be a bounded classical
subsolution to P in @’ with @ N d{v > 0} bounded, satisfying
uw>v on 8,,@’
and
u>0 on{v>0}N0d,Q".

We will show that u > v in Q’.
If {fv >0}N9,Q =0, then v = 0 on 9,Q" and therefore v = 0 in ’. Thus,
u>wvin Q.
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If {v>0}N38,Q" #0, it follows that w > 0in {v >0} NQ’ for t; <t < T, for
some 7 > t;. This is a consequence of the continuity of v and v, and the fact that
the free boundaries of w and v are bounded. It is not hard to see that having u > 0
in{v>0}NQ fort; <t <simpliesu >vin @ N{t; <t < s} We set

to =sup{s : t1 < s <ty such that u > 0in {v >0} NQ N {t1 <t < s}},

and we will get to a contradiction by assuming ¢y < ts.

We have tg > t; and u > v in Q' N {t; < ¢ < tr}. In addition, there exists a
sequence (wn,t,) — (20,t0) € Q' such that u(wn,t,) = 0, (zn,tn) € {v >0} N Q"
Then, u(xo,to) = v(zo,t0) = 0 and (zo,%) € Q' NJ{v > 0}. Since v is a classical
subsolution to P, there exists a sequence y, — xo such that 0 < v(y,,to) <
w(Yn, to), so that we have proved

u>vin Q N{t; <t <t}
(w0, t0) € Q' NO{u>0}No{v>0}.

That is, the function u—w is positive and supercaloric in {v > 0}NQ'N{t1 < t < to}.
From the definition of classical subsolution and supersolution we deduce that

VU+ (J)Q, to) V’U,+ (J)Q, to)

= = —v,
[Vot(zo, to)|  [Vut(zo,t0)]

and from Hopf’s principle (see [KHI)
—uf (zo,t0) > —v (w0, t0)-
But there holds that
V2M > —ujf(zo,t0) and  — o) (z0,t0) > V2M,

which gives a contradiction and proves the result. [l

Definition 2.3. Let Q2 C RY be a domain and let Q = Q x (0,T). Let I'y be an
open C! subset of 99 and let OnQ = ' x (0,7).

Let u € C(Q). We say that u is a viscosity solution to P in @ with g_:; =0on
ON@, if u > 0 and there holds:

For every space-time subcylinder @’ C @ and for every v bounded classical
supersolution (subsolution) to P in @', with @' N d{v > 0} bounded, such that
g—f] =0on 0,Q NINQ,

u<v (u>v) on 9,Q" \INQ,
v>0 on {u>0}N09,Q" \INQ,
(u>0 on {v>0}N3,Q \INQ)

implies that u < v (v > v) in Q’.

Proposition 2.2. Let Q =R x X (or (0,+00) x X), Q@ = Q x (0,T) and InQ =
R x 0¥ x (0,T) (or OnQ = (0,+00) x 0¥ x (0,T)).

Let u be a bounded classical solution to P in Q with Q N d{u > 0} bounded and
g—f} =0 on ONQ. Then u is a viscosity solution to P in @ with g—f} =0 on ONQ.
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Proof. Let Q' C Q be the subcylinder Q' = ' x (¢1,t2) and let v be a bounded
classical subsolution to P in @', with Q' N d{v > 0} bounded, such that g—f] =0on
0pQ" N INQ, satisfying

u>wvon d,Q" \ INQ

and

u>0on {v>0}NJ,Q" \ INQ.

We will show that v > v in Q’.

We will proceed as in Proposition 2.1. In fact, we define ¢y in the same way and
there holds that tg > t1.

If ty < to, proceeding in a similar way as in Proposition 2.1, we find a point
(z0,1t0) such that u(zo,to) = 0 and

u>vin Q N{t; <t <tp},
(zo,t0) € O{v >0} N (Ql U (0,Q" N 81\7@))

If (zo,t0) € Q" we proceed as in Proposition 2.1 to see that (zo,%9) € 0{u > 0}
and we conclude the proof exactly as the one of Proposition 2.1.

If (z9,t0) € OnQ, necessarily there exists a neighborhood N of (x¢, tp) such that
NNP,Q" C OnQ and thus, as in Proposition 2.1 we deduce that (zg, o) € O{u > 0}.

Then, it follows that the function u — v is positive and supercaloric in R = {v >
0}NQ NN N{t <t <to}and 2% =0on {v >0} NINQNN N{t <t <t}
Applying Proposition A.1 and Remark A.1 in the Appendix, we see that we can
proceed as in the case in which (zg,t9) € Q’, but considering instead of the operator
L, a more general uniformly parabolic operator (see Proposition A.1). And again,
the contradiction follows from the application of the result in [KH]. O

Observation. The efficiency of the concept of viscosity solution depends on the
existence of a sufficient number of classical sub-, super- and solutions to serve as
test functions. We recall that, in the case of the heat operator (this is, a; = 0), the
existence of classical solutions has been studied in [Ve|, [M], [AG] and [GHV].

As an application of the definition we prove that viscosity subsolutions have the
property of finite propagation of the support.

Proposition 2.3. Let Q@ C RY be a bounded domain, Q = Q x (0,T) and a; = 0.
Given any viscosity subsolution u to P in @ which vanishes at time t = 0 in an
open ball By(xg) C Q and given v’ € (0,7) there exists a small time T > 0 such that
u vanishes in By (xg) for 0 <t < 7.

Proof. The result is true for classical solutions according to Definition 2.1. For a
viscosity subsolution v we only have to compare u with a suitable classical solution,
for a small time interval 0 < ¢ < 7. For instance, with a radially-symmetric classical
solution v, corresponding to initial data v(z,0) = f(Jx—xzo|) > 0, such that f(s) =0
for 0 < s <r—e, f(s) = 2||u| r= for s > r. By |[GHV] this solution exists and thus
the conclusion follows.

O

In the next propositions we will show that, in the situations considered in this
paper, a classical solution has a bounded free boundary; and in particular, it is a
viscosity solution.
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Proposition 2.4. Let Q =R x X, Q@ = Q x (0,7), OnQ =R x 90X x (0,T) and
IpQ = 9,Q \ ONQ.

Let u be a bounded classical solution to P in @Q with g—z = 0 on ONQ and
||u||ca,%@) < oo, such that u|aDQ has a bounded, nonempty free boundary and

Uy, <0 on {u>0}NIpQ.
Then Q N O{u > 0} is bounded.

Proof. From the assumptions it follows that there exist ¢, K > 0 such that u| 9p0 >
¢ for 1 < —K and u|8DQ =0 for z; > K.

Let us first consider the case of the heat operator, i.e. a; =0, and let K = 2K.

On one hand we can see that there exists 71 > 0 such that u(z,t) = 0 for 1 = K
and 0 < ¢t < 71. In fact, if not, there exist (z™,t") with u(a™, ") > 0, 2} = K
and t" — 0. Then, there exists 2° with 29 = K such that (2°,0) € {u > 0}.
On the other hand, u(z°,0) = 0. Thus, (2°,0) € {u = 0} N d{u > 0} so that
|VuT(2°,0)] = v2M > 0. But u(x,0) = 0 in a neighborhood of z°, which is a
contradiction.

On the other hand, there exists 72 > 0 such that u(x,t) > ¢ for z; < —K
and 0 < t < 7o. In fact, this is true because u(z,0) c for 1 < —K and
||u||ca,%@) < oo.

It follows that @ N d{u > 0} is bounded for 0 < t < 7 = min{m, ™2} and
therefore, by Proposition 2.2, u is a viscosity solution to P in @ N {t < 7} with
Se=0ondnQnN{t <7}

Let L = [|u]| (@) and let

v_(x,t) =c¢ <1 — eXp{ \/im 2M K\/CW}>+ )

$1+C—2t+

+
vV2M 2M KV2M
vy(x,t) = 2L (1—exp{T:¢1 mt— 5T —1og2} .

vy _ Ov_ -0

There holds that v, are bounded classical solutions to P in @ with o o

on Oy @ and bounded free boundaries, and

v_(z,0) < u(z,0) < vy(z,0).

Moreover,
u>0 on{v_ >0}N{t=0},
vy >0 on {u>0}n{t=0}.
Therefore,
v_(z,t) <ulx,t) <wvp(x,t) nm@Q@N{t <7}
Let

to=sup{T >0/v_<u<wvy m@QnN{t<7}}.
Let us see that tg = T (in which case we deduce that @ N d{u > 0} is bounded
and the proof is finished).
If not, we see that by continuity, v_ < u <wv; in QN {t < ¢p} and in particular
QN o{x/u(x,ty) > 0} is bounded. Moreover, by proceeding as in the proof of
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Proposition 2.2 it can be seen that
u>0 on{v_ >0}N{t=to},
vy >0 on {u>0}N{t=1to}.

In addition, since v_(z,t9) < u(x,tg) < vy(x,tg) there holds that there exist
c1, K1 > 0 such that v > ¢; for 1 < —K3, t = tg and v = 0 for z; > Kj,
t = to. Arguing as before, we can see that there exists t; > to such that Q N {tg <
t < t1} No{u > 0} is bounded and therefore, u is a viscosity solution to P in
QN{to <t <t} with §%=0on QN {to <t <t1}.

We conclude that

v_(z,t) <ulx,t) <wvp(x,t) nQ@N{t <t}

which contradicts the definition of t3. Therefore tg = T and the proof is finished
for the case a; = 0.

When a; # 0 we replace v_, vy by w_, wy defined by w_(z,t) =
v_(z1 + At, 2’ t) and wy (x,t) = vy (xy — At, 2/, t), with A > ||a1]||p=. O

The next propositions can be proved in a similar way as Proposition 2.4 (in the
proof of Proposition 2.6 we use Proposition 2.1 instead of Proposition 2.2).

Proposition 2.5. Let 2 = (0,4+00) x X, @ =Q x (0,T), InQ@ = (0, +00) X 9% X
(0,T) and 0pQ = 9,Q \ ONQ.

Let u be a bounded classical solution to P in QQ with g—% =0 on OnQ, such that
u|aDQ has a bounded, nonempty free boundary and u,, <0 on {u >0} NIpQ.

Assume that u(0,2,t) > 0 for (2/,t) € £ x[0,T]. Then QNo{u > 0} is bounded.

Proposition 2.6. Let Q= (0,+00) x X, Q@ =Q x (0,T) and 0pQ = 9,Q.
Let u be a bounded classical solution to P in Q, such that u|aDQ has a bounded,
nonempty free boundary and uz, <0 on {u >0} NIpQ.
Assume that u(0,2',t) > 0 for (a',t) € ¥ x[0,T]. Then QNA{u > 0} is bounded.
The same result holds if we let instead Q = R x Y and we assume that [|ul] ja.¢ ©)

< 00 (with no assumptions on u on {0} x ¥ x [0,T]).

3. UNIQUENESS OF CLASSICAL AND VISCOSITY SOLUTIONS

In this section we show that, under suitable assumptions, a classical solution is
the unique viscosity solution to the initial and boundary value problem associated
to P and, in particular, it is the unique classical solution. This is done in Theorems
3.1 and 3.2 and Corollary 3.1. We also show comparison.

Theorem 3.1. Let Q = (0,4+00)x X, Q = Qx(0,T), InQ = (0, +00) x X x (0,T)
and OpQ = 0,Q \ ONQ.
Let u be a bounded classical solution to P in QQ with g—z =0 on ONQ, such that
u|aDQ has a bounded, nonempty free boundary and uzy, <0 on m NopQ.
Assume that u(0,2’,t) > 0 for (2/,t) € Tx[0, T] with u(0,2',t) € C*(Xx[0,T)).
Let v € C(Q) be a viscosity solution to P in Q with g—f] =0 on INQ.
Ifv=wu ondpQ and {v >0} NIpQ ={u>0}NIpQ, then v =u in Q.
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Remark 3.1. Let w and v be as in the statement of Theorem 3.1. The condition
{v>0}NIpQ = {u > 0}NIpQ implies that the free boundaries of v and v coincide
on dpQ and both start from Q N d{u(z,0) > 0}.

A condition like this one is necessary in order to get the uniqueness result since
otherwise, the bounded solution of the heat equation in ¢ with homogeneous Neu-
mann datum on dy@ and with Dirichlet datum « on dp@ (which is a viscosity
solution to this problem) would be a counterexample when a; = 0.

Proof of Theorem 3.1. Let us consider any v as in the statement of the theorem.
We will show that v = v in Q.

Let us first remark that u satisfies the assumptions of Proposition 2.5. Therefore,
Q N o{u > 0} is bounded.

Let us fix § > 0 small and define, for (z,t) € Q,

us(z,t) = u(zy + 6,2, t).

Since u is a classical solution to P in (), then w is a classical subsolution to P in ()
and the same happens with us. Also %}i = 0 on dy@Q. From our assumptions, it

follows that, for (z,t) on OpQ,
v(z,t) = u(z,t) > u(zy + 6,2',t) = us(x, t).
That is,
v>us onJdpQ.
In addition, there holds that
v>0 on {u; >0} NdpQ.
Since v is a viscosity supersolution to P in ) with g—f] =0 on dn@, we obtain
v(z,t) > us(w,t) = u(zy + 0,2',t) for (z,t) € Q,
and letting § — 0 we conclude that
v>u in Q.

In order to show that v > v in Q we proceed in the following way. We first
extend u to a neighborhood of z; = 0 letting, in —p < z1 <0, (¢/,t) € ¥ x [0,T],

u(zy, 2’ t) = u(0,2',t) — cay — kal.

Here ¢ > 0 is a constant such that u,, (07, 2/,t) < —c for (2/,t) € ¥ x [0,T], k is a
positive constant and g > 0 is a small constant such that v > 0in —pu < z; <0.

Then, w is continuous up to x1 = —u and moreover, it is strictly decreasing in
—p < x1 <0 in the direction e; if y is chosen small enough. Also,
ou

8_:0 on {—p <z <0} x99 x (0,T).

Ui

On the other hand, since v is smooth in —p < 7 < 0 it follows that, if k is large
enough and p is small, then

Lu<0 in{—p<z <0} x3x(0,7T).

If we now notice that u,, (07,2, t) > ug, (01,2, t), we deduce that u is supercaloric
in {z1 > —p}N{u>0}.
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Now consider, for 0 < ¢ < g small and (z,t) € Q,
u(xy, 2’ t) = u(zy — 6,2, 1).
It is not hard to see that
w >v on 0pQ.

Let us show that % > v in (. To this effect let us choose a > § such that u >0
and v > 0 in [0,a] x X x [0,7]. Then Lv =0 in (0,a) x ¥ x (0,T) and g—z =0 on
(0,a) x 0¥ x (0,T) in the classical sense. This follows from Definition 2.3, using
the fact that v > 0 in this region.

In addition, there holds that u®(z,0) > v(x,0) in [0,a] x ¥ and therefore,

uw’>v  in[0,a] x X x [0,7],

for some 7 > 0.
Now let 0 < tg < T be such that

uw’ > in [0,a] x T x [0, ).
We will show that if a > b > J, then
(3.1) W’ >v  in [0,6] x T x [0, t).
In fact, u® — v is supercaloric in (0,a) x ¥ x (0, o) and it is continuous up to the
boundary. We also know that u’ — v > 0 in {0} x ¥ x [0,7] by construction.
If we had u® — v = 0 somewhere in (0,b] x ¥ x (0,%], we would contradict the
strong maximum principle. If, on the other hand, we had u® — v = 0 somewhere on

(0,b] x 9% x (0, to], we would contradict the Hopf principle. Then, (3.1) is proved.
From the continuity of 4% and v it follows that

uw’ >wv  in 0,0 x T x [0, ]

for some t1 > tg.
Then, v is a viscosity solution to P in @ with g—z =0 on dnQ and u° is a classical

solution to P in {7 > b} N Q with 88—“: =0 on {1 > b} NINQ satisying
u’ >wv  on {b} x ¥ x (0,t),
u’ >wv  on (b,400) x ¥ x {0},
w’ >0 on{v>0}N({t=0}U{z; =b}).

Therefore,

uw’ >v  in [0,400) x X x [0,1].
Let us now prove that u’ > v in Q. If not, we let
t=inf {0 <t < T/ there exists (z,t) € Q/u’(x,t) < v(z, 1)} .

The argument above implies, in particular, that u® > v if 0 < ¢ < 7 and therefore
0 <t < T. From the definition of ¢ it follows that

ul(z,t) > v(x,t)  fort <t
If we now let ty = ¢ and proceed as above, we deduce that

ul(x,t) > v(x,t)  for t <t,
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with ¢; > to = £, a contradiction. Consequently, u® > v and thus, u > v. The
theorem is proved. [l

For two classical solutions we have the following uniqueness result.

Corollary 3.1. LetQ, Q, ONQ, IpQ and u as in Theorem 3.1. Let v be a bounded
classical solution to P in QQ with g—f] =0 on ONQ, such that v =u on OpQ. Then,

v=uin Q.

Proof. We first notice that {v >0} NIdpQ = {u > 0} N IpQ. Then, proceeding as
in Proposition 2.5 we deduce @ N d{v > 0} is bounded. By Proposition 2.2, v is
the viscosity solution to P in ) with g—z = 0 on dy@ and thus, from Theorem 3.1

we conclude that u = v in Q. O

A Comparison Principle for bounded classical solutions follows from Proposi-
tion 2.2 if the free boundaries are bounded in @) and separated on dpQ. With a
monotonicity assumption on dp@Q, we get a different comparison result.

Corollary 3.2. Let 2, Q, OnQ, OpQ and u as in Theorem 3.1. Let v be a bounded
classical solution to P in @ with g—f’ =0 on ONQ, and such that Q N O{v > 0} is

bounded. If v > u on OpQ, there holds that v > u in Q.
Proof. The proof follows the lines of Theorem 3.1 by using Proposition 2.2. O

In the next theorem we prove the uniqueness of viscosity solution under different
assumptions from those in Theorem 3.1. As in Corollaries 3.1 and 3.2, uniqueness
and comparison of classical solutions follow.

Theorem 3.2. The result of Theorem 3.1 holds if we let instead OnQ = ) so that
OpQ = 0pQ). Moreover, the result of Theorem 3.1 also holds if we let @ =R x X
with ONQ = Rx 90X x (0,T) or OnQ =0, as long as lull a.g ) < 00 In this case

we make no assumptions on u on {0} x ¥ x [0,T].
Proof. The proof follows the lines of the proof of Theorem 3.1. In this case we use

Propositions 2.4 and 2.6 instead of Proposition 2.5 in order to see that QNd{u > 0}
is bounded. O

Corollary 3.3. Let u be as in Theorem 3.1. Then u is a decreasing function in Q
in the direction eq and ug, <0 in {u>0}NQ.

Moreover, for every € > 0, the level set {u = €} is given by x1 = g-(a',t) with
g € CL(E x [0,T)) and Vyg. € C%% (X x [0,7T7).

The same conclusion holds under the assumptions of Theorem 3.2.

Proof. Let us fix § > 0 small and define, as in Theorem 3.1,
us(z,t) = u(zy + 6,2, t).
Since w is a viscosity solution to P in @ with g—z = 0 on Iy @, then, reasoning as
in Theorem 3.1, we obtain
u(z,t) > us(z,t) = u(zy +6,2',t)  for (z,t) € Q,

which implies that uy, <0 in {u > 0}.

Since Lug, = 0in @ N {u > 0} and 8;% =0 on {u > 0} N INQ, there holds
that, for every € > 0, uy, < 0in {u>e}N(QUINQ).
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Since u,, < 0 in {u > 0} N Ip@Q, there holds that for every € > 0, u,, < 0 in
{u > e} N Q and the result follows immediately. O

4. AUXILIARY RESULTS

This section contains results on the following problem:
(Pr) Au — up = f(u)

where the function 3 is as in Section 1. The results will be used in the next
sections where P appears as a blow-up limit. The transport term will disappear
in the blow-up process.

Lemma 4.1. Let a,b > 0 and let ¢ =14 be the classical solution to
wsszﬂ(w) fO?”S>O,

(1) BO) = a, $s(0) = —V3b,

Let B(r) = [, 3
(4.2) Ifb—O anda€ {O}U[l +00), then ¥ = a.

(4.3) If b=0 and a € (0,1), then lims_, 4 P(s) = +o0.

(4.4) Ifb e (0, B(a)), then lims_ o0 1(s) = +o00.

(4.5) If 0 < b= B(a), then s < 0 and lims_, o ¥(s) = 0.

(4.6) Ifb e (B(a)7 —l—oo), then 1y < 0 and limg_, 100 ¥(s) = —00.

Proof. We first recall that the function 3 is Lipschitz continuous and therefore,
there is a unique classical solution to (4.1).
Let us multiply equation (4.1) by ¢,. We get

d
Yssts = 5(@% = % (B(’Lp)) for s > 0.

Then, if we integrate the expression above, we deduce that

(47) SU2(5) = BU(s) = 592(0) = B(0) =b - Bla)

for every s > 0.

I. Assume b = 0 and a € {0} U [1,4+00). Then, (4.2) follows easily if we recall
that G(s) =0 for s € {0} U[1,400).

IT. Assume b = 0 and a € (0,1). Since ¥ss > 0, then ¢s(s) > 0. Moreover,
Ys(s) > 0 if s > 0 (otherwise ¥y = a in some interval, which is not possible). In
particular, given sg > 0, we must have, for s > s,

P(s) = P(so) + ¥s(s0)(s — s0)

and hence, (4.3) follows.
II. Assume b € (0, B(a)). From (4.7) we deduce

B(¢(s)) = B(a) = b >0,
which implies, for some constant p,
(4.8) P(s) > p>0.
Let us suppose a > 1. Then, ¢, = 3(1)) = 0 near the origin. Hence

Y(s) =a—V2bs,
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as long as 9 (s) > 1. In any case (@ > 1 or a < 1), there exists sop > 0 such that
¥(s0) <1 and ¥s(so) = —/2b, and therefore, there exists s; > 0 such that

Y(s1) <1, s(s1) <O.
If we had v, < 0 for s > s;, then, from (4.8) and from equation (4.1), we would
get, for s > sq,
0<p<9(s) <e(s1) <1 and  the(s) > 6 >0
for some constant §. Thus,
0> 9s(s) = Ps(s1) + (s — s1),

for s > sy, which is not possible.
That is, we have shown that there exists sy > 0 such that t(s2) > 0. Then,
s > 0 now gives, for s > sg,

Y(s) > P(s2) + Ys(s2)(s — s2),

that is, (4.4) holds.
IV. Assume 0 < b = B(a). Now, (4.7) gives

(4.9) %1/)3(3) = B(y(s)) for s>0.

If there existed so > 0 such that 1s(so) = 0, then B(t(so)) = 0, implying
1¥(89) < 0. The uniqueness of (4.1) would give ¥(s) = ¥ (sg), a contradiction.

Hence, ¥(s) < 0 and thus B((s)) > 0. This implies that 1(s) > 0 and that
there exists

lim ¥(s) =7, 0<~v<+oo.

s——+o0

If v > 0, it follows from (4.9) that lims_, ;o0 ¥s(s) = —y/2B(7) < 0, and then
¥ (s) < 0 for s large. This gives a contradiction and thus, (4.5) holds.
V. Finally, assume b € (B(a), +00). Then, (4.7) gives

%wg(s) > b— Ba) > 0.

In particular, ¥, never vanishes and we have, 14(s) < — 2(b - B(a)). It follows
that

U(s) < 9(0) = /2(b— Bla)) s,
for s > 0, then (4.6) holds and the proof is complete. O

Lemma 4.2. Let B(t) = [ B(p) dp.
a) Let Y™ > 0, symmetric with respect to s = %, be a solution to

Yss = B(¥) in (0,n),
¥(0) =v(n) =ac€ (0,1).

Then, ¥?(0) = —v/2b,, with b, / B(a) as n — oo.
b) Let ™ > 0 be a solution to

wss = ﬁ(lp) in (O,Tl),
(4.11) $(0) = a € (0,1],
¢(n) = 0.

(4.10)
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Then, Y7 (0) = —/2b,, with by, \, B(a) as n — 0.
Proof. Part a). Since ¥™ is symmetric, 97 (%) = 0.
On the other hand, since
1 n\2 n
L)~ B") = b~ Ba)
there holds that
—B(¢"(n/2)) = b, — B(a).

In particular, there holds that b,, < B(a).
We claim that ¢"(5) — 0 as n — oo. In fact, if not there would exist o > 0
such that, for a subsequence that we still call ™,

P (s) > ¢Y"(n/2) > a for 0 < s < n.

On the other hand, there holds that ¢"(s) < a for 0 < s < n. Thus, 8("(s)) >
Bo > 0 for 0 < s < n. Therefore, ¥, > §y for 0 < s < n and thus

P (s) > a+ %(s — n/2)2 for s € [n/2,n).
In particular,
a=1"(n)>a+ (B/8)n* — o0 asn — oo
which is a contradiction. Thus,
b, — B(a) = =B(¢"(n/2)) — 0 asn — oo.
Part b). Since

S W1 = BW") = by — Bla),
there holds that
S ()2 = by~ B(a) 0.

We claim that ¢?(n) — 0 as n — oco. In fact, if not, there would exist o > 0 such
that, for a subsequence that we still call ¢, ¢¥7(n) < —a. Since ¥, > 0, there
holds that

vi(n) = ¢¢(s)
for 0 < s < n. Thus,
Pr(s) < —a for0<s<mn.
Therefore,
a =" (0) = $"(0) — "(n) = —¢(O)n > an — 00 as n — oo
which is a contradiction. Therefore, 7 (n) — 0 as n — oo and there holds that
by, — B(a)

as n — oo. O
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Lemma 4.3. Let Ry = {(z,t) e RN /21 >0, —co <t <~},0< 60 <1 and let
U € C?t*1+5(R,) be such that
AU - U, = B(U) in R,
U=1-60  on{x; =0},
0<U<1-6 inR,.
1) If § =0, then |VU| < v2M on {2, = 0}.
2)If0 <60 <1and0 < o < M is such that fol_eﬁ(p)dp = M — o, then
\VU| = /2(M — o) on {x; = 0}.
Proof. For 6 € [0,1), let V;, be the bounded solution to
AV -V, =8(V) in{0<z <n, 2’ e RN >0},
V(0,2 t)=1-6,
V(n,2',t) =0,
V(x,0) =0,
and let W,, be the bounded solution to
AW — W, =p(W) in{0<z <n,z’ € RV ¢t>0},
W(0,2',t) =1-6,
Wn,2',t) =1-86,
W(z,0)=1-90.
Let us point out that V,, and W, are actually functions of (x1,1t).
For k € N, let VF(x,t) = V,,(2,t + k) and W (x,t) = W, (z,t + k). Since V¥,
U and W} are bounded solutions to equation P; in the domain {0 < z; < n, 2’ €

RN=1 —k < t < 4}, and on the parabolic boundary of this domain, we have
VE < U <WE. Tt follows that

VF(,t) U, t) <Wr(a,t) in{0<a <n, o’ eRVH k<t <~}

On the other hand (see [H]), Vi (x,t) — 9" (x1) uniformly as ¢ — oo, where
™ >0 is a solution to (4.11) with a =1 — 0.

Analogously, W, (x,t) — 9% (x1) uniformly as ¢ — oo, where 9 > 0, symmetric

with respect to x; = %, is a solution to (4.10) with a =1 — 6.

Therefore, letting k — oo we get
P (x) S U(x,t) <P(wy) for0<ay <n,t <7,
In particular,
(¥7)s(0) < U, (0,2',1) < (¥})s(0) for t <.
Let 8 = 0. We deduce from Lemma 4.2, b) that
—|[VU(0,2',8)] = Uy, (0,2',¢) > lim (47),(0) = —V2M.
Let 0 > 0. We deduce from Lemma 4.2, a) and b) that
V20T~ ) = lim (67):(0) < U, (0.2',1) < lim (%),(0) = —/200 ).

n—oo
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Therefore,
—|VU(0,2",t)] = U, (0,2",t) = —/2(M — o).
O

Lemma 4.4. Let €5, 7., and 7., be sequences such that €; > 0, €; — 0, 7, >0,
Ye; — 7, with 0 < v < +oo, 7e; > 0, 7o, — 7 with 0 < 7 < 400, and such that
T < 400 tmplies that v = 4+o00. Let p > 0 and

P P’ p’
A, = (z,t) / |z| < —, —min(7,;, =) <t < min(y,;, ) ¢
€; £ &5
Let 0 <0 <1 and let u%7 be weak solutions to
0 ( e,  0u < ous
_ AJ b'J t _ EJ
Z ox; (azk (J,‘) Oxy, ) + Z ¢ (.23, ) ox;
i,k )
= B(@) in {1 > f-, (@, 1)} N A,
a9 =1-0 on{z1=f, (@ 1)}NA,,
0<a” <1-0 inf{x>f, (2, )} NA,,
with @ € C({z1 > f., (', )} NA.,), and Vui € L% Here ajj — 6, and b;’ — 0
uniformly on compact sets of RN and of RN x (—7,7) respectively, and fej are

continuous functions such that fgj (0,0) = 0 with fej — 0 uniformly on compact
subsets of RN =1 x (—1,v). Moreover, we assume that || f-,||c1 ()| Var fc, |

™% (K)
are uniformly bounded, for every compact set K C RN~! x (—7,7), and in addi-

tion, ||b;’ ||z and ||aj||w1. are uniformly bounded. Moreover, a;; are uniformly
parabolic with constant independent of ;.
Then, there exists a function @ such that, for a subsequence,

ue C*rTE ({o1 >0,y >t > —7}),
@ — a  uniformly on compact subsets of {x1 >0, v >t > —7},
Au—ty=p@) in{rx1>0,v>t>-7}
1-60 on{x1=0,v>t>—7},
0<u<1l-60 in{x;1>0,y>t>-7}.
If v < 400, we require, in addition, that
1fe; (2"t + 7, = Mllor) + [ Var fo; (27,8 + 72, = )

™% (K)

be uniformly bounded for every compact set K C RV~ x (—o0,7]. And we deduce
that

e Crelte ({21 > 0,t <A}).
If T < 400, we let

J
and we require, in addition, that for every R > 0,

|| (2, =72, )| C(B.;nBr(0)) = Cn
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and that there exists r > 0 such that
17 (2, =72, lln e (B., B ) < Cr-
J
Moreover, we assume that ||ij (2, t—7, +T)||01(K)+||szf_€j (@' t=7c,+7)l| po g (K)
are uniformly bounded for every compact set K C RVN™1 x [—7, 4+00).
Then, there holds that

ueC®2 ({21 >0,t>-7}), Vue C({0 <z <r t>—7}),
u (z,—7c;) — u(x, —T) uniformly on compact subsets of {x1 > 0}.
In any case (1,7 be infinite or finite)
|[Va©i(0,0)| — [Vu(0,0)].

Proof. We will drop the subscript j when referring to the sequences defined in the
statement and € — 0 will mean j — oo.
Case I. 7 = +00, v = 4o00.

In order to prove the result, we first apply suitable changes of variables to
straighten up the boundaries z; = f.(2’,t). Namely, for every ¢, we let

z = h®(x,t)
where
hg =m = fo(a't), B =ai, i>1,
and we define
(2, t) = a°(x, t).
Let R > 0 be fixed and let
B} ={(z,t) / z1 > 0} N Bg(0,0).

Then the function ¢ € C(B_E), with V¢ € L?(B},) is a weak solution to
(%r (dil(z,t)g—i) + ;Ei(z,t)g—z - % = B(v°) in Bf,

*=1-0 onB_Eﬁ{zle},
0<t°<1-6 inB}

if € is small enough. Here

3 _ons ahs
ag(z,t) = Zaik(m) B 8:5;’
ik '
(4.12) ohe B

bi(z,t) = Y b5 (1) e~
’i K3

Note that there exists Cr > 0 such that

llagillpoog 57y < Cr
(4.13) &= (Eh)

||bi||Loo(Bg) < Cg.
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Moreover, there exists A’ > 0 such that, if € is small enough,
(4.14) S as(z )6 & = NIEP? for (z,t) € By,
rl

Here we have used that, by hypothesis, there exists A > 0 such that
D ah ()& & > Mg
i, k

and the fact that |(Dh®)~!| are uniformly bounded on any compact set, if ¢ is small
enough.
By Theorem 10.1, Chapter III in [LSU], there exists Cg > 0 such that

< Ckg.

1%

¢ 8 (BY)
2
On the other hand, by Theorem 1.4.3 in [CK] we also have that

IVl 5, < i

+
R
2

Moreover, by Theorem 1.4.10 in [CK], the functions V#° are continuous in B}, with
2
a modulus of continuity independent of ¢.

Therefore, there exists a function @ € C*2 (ﬁ) and a subsequence that we still
2

call ¥° such that v* — uw and Vov* — Vu uniformly in B_Jé
2

Clearly,

gl
Il

1-6  in{xm =0}nB},
2

0<

g
IN

1-6 inB%.

Since f. — 0 and V. f. — 0 uniformly on compact sets, it is easy to see that
we actually have that

ut — T uniformly on compact sets of B},
Fl

and

Vu® — Vu uniformly on compact sets of BY.
2

Clearly % is a solution of AT —u; = 3(u) in Bf. Standard Schauder estimates
. 2
imply that @ € C?**1+3(BY).
_ _ 7

Since f-(0,0) = 0, V, f-(0,0) — 0 and V©¢(0,0) — Vu(0,0), it is easy to see
that V< (0,0) — Vu(0,0).

Since R is arbitrary, a standard procedure gives the result in

{zx1 >0, -1 <t<~y} for7=+00and y= +o0.

Case II. 7 < +00.
As in the previous case, we apply suitable changes of variables to straighten up
the boundaries x; = f.(2/,t). Namely, for every ¢, we let

{z: he(z,t),

s=t+4+717.—7T
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where

BS(z,t) = 21 — fe(2',t), hS(w,t) =z, 0> 1,
and we define

w*(z,8) = u(x,t).
Let R > 0 be fixed and let
BET ={(z,8) / z21 >0, s> —7}N Bg(0,0).

Then the function w* € C(@), with Vw® € LQ(BEJ) is a weak solution to

a a 8’[1}6 Ie Jw® 8’[116 _ _e . +
Z 97 (arz(z,s)a—zl) + zr:br(as) P B(w%) in Bf, _,

rl

—E

w

1—6  onBj_nN{zn =0},
0<w®<1-6 inB}_,
w° = g°(z) in BE’T N{s=—-7}

if € is small enough, where we have called ¢°(z) = w*(z,—7). Here aZ;(z,s) and
be(z, s) are defined in BET in a way analogous to (4.12) and moreover, they satisfy
estimates similar to those in (4.13) and (4.14) in BET. In addition,

9" lloe Br@ngzizonp = Cr and g% llorra Br@ingzz0p < O

Moreover, g =1—6 on {z; = 0}.
By Theorem 10.1, Chapter III in [LSU]|, there exists Cr > 0 such that

< Ck.

—€
||w ||Ca)%<B%,7)

On the other hand, by Remark 1.4.11 in [CK], applied to the functions w® = @° —g¢°,
we also have that

. o <
Ve ”Lw((Bgm)x[fr,%])m{zlzm) < Cr

and that the functions V@® are continuous in (B (0) x [—, £ N {z > 0} with a
modulus of continuity independent of e.

Proceeding as in the case 7 = 400 and using that 7. — 7 we see that there exists

a function @ € C*% (B}, ,) such that for a subsequence
z,

w* —u uniformly in B} o
L,
V@ — Vu  uniformly on compact sets of BY, i
L,

u® —u, Va®— Vu uniformly on compact sets of B, o
L,

u®(z,—71.) = u(z,—7) uniformly on compact sets of {z; > 0} N Bg (0),

Vw® — Vu  uniformly in (B_i(O) x [—T, g]) N{z > 0}.
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This function @ satisfies
ue CHOE ({220, t > —1} N B (0,0)),
Au—uy = p(u) in{z >0,t>-7}NBx(0,0),
1-0 on{zn=0,t>-7}NBx(0,0),
1-0 in{z >0,t>-7}NBx(0,0).
Moreover, there holds that V< (0,0) — Vu(0,0).
Since R is arbitrary, Case II is proved.

Case III. v < 4o0.
We proceed as in the previous cases. For every e, we let

{z—hf(x,t),

s=1—"7+7
where
hS(z,t) = 21 — fo(a',t), hS(x,t) =z, 0> 1,
and we define
w®(z,s) = u°(x,t).
Let R > 0 be fixed and let
BE,«, ={(z,8) / z1 >0, s <~} N Br(0,0).

As in the previous cases, by using Theorem 10.1, Chapter III in [LSU], and Theo-
rems 1.4.3 and 1.4.10 in [CK] we deduce that there exists a function@ € C*% (B )

such that for a subsequence -
w® —u, Vw® — Vu uniformly in %,
u® —u, Vu®— Vu uniformly on compact sets of B%ﬁﬁ.
This function @ satisfies
ue C*rTE ({2 >0, t <y}N Bz(0,0)),
At —ay = p(u) in{zn >0,t<v}mB§(0,0),
u=1-0 on{z =0,t<~v}NBx(0,0),
0<u<1-9 in{2120,t§7}ﬂB§(0,0).
Moreover, there holds that Va*(0,0) — Vu(0,0).
Since R is arbitrary, the lemma is proved. O

5. APPROXIMATION RESULTS

In this section we prove that, under certain assumptions, a classical subsolu-
tion to problem P is the uniform limit of a family of subsolutions to problem P
(Theorem 5.1). We prove the analogous result for supersolutions (Theorem 5.2).

Throughout this section we will assume that @ =R x X (or Q = (0,400) x X).
We define Q = 2 x (0,T) and we let OvQ =R x X x (0,T) (or OnQ = (0, +00) x
0% x (0,T)). In addition, w will be a function satisfying
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(H1)
i) For every ¢ > 0 small, {w > ¢} is given by z1 < gc(2',t) with g. €
CY(E x [0,T]) and Vyg. € C*2 (X x [0,T]). Moreover, ||g:||r=(sx(0,1)) +
19 (2", 0)[| ga(x) < C for & small.
ii) wy, <0on {w>0}n{t=0} B
iii) In case = (0,400) x X, we assume that w(0,2’,t) > 0 for (z/,¢) € ¥ x[0,T].

Theorem 5.1. Let w be a classical subsolution to P in Q, with %—7“;]’ =0 on ONQ,
satisfying (H1). Assume, in addition, that there exists o > 0 such that

|[VwT|=+v2M +38y  on QN o{w > 0}.

Let R > 0. Then, there exists a family v € C(Q), with Vo® € L? (Q), of weak
subsolutions to P. in Q, with % = 0 on ONQ, such that, as € — 0, v° — w
uniformly in Q.

Moreover, v° = w in {w > e}, v° = 0 in {z1 > g.(2',t) + R} and Vo© €
C(QN{ge(2',t) < a1 < go(2/,t) + R}N{t > 0}).
Proof. Step 1. Construction of the family v¢. For every ¢ > 0 small, we define the
domain D% C @ in the following way:

7={(z.t) €Q/g:-(a',t) <z1 < g.(2,t) + R}.
Let w® be the solution to P. in D% with boundary data:

€ on x1 = g (2',t),
w®(z,t) =<0 on r1 = g.(2',t) + R,
w§(z) on 0Dj N {t =0},
8“}5 £ / !
an =0 ondnDg:=0nQN{ge(a',t) <1 < g-(a',1) + R}.

In order to give the initial data w§ we let ¢ = 1, be the solution to (4.1) with
a=1, b:M+60/8.

We now let
0(6) = v (o),
and we define
wh(a) = < ule, 0) ) x@(@))

where  is a locally Lipschitz continuous function in Q such that @(z) = w(z,0) in
{w(x,0) > 0} and w < 01in Q\{w(z,0) > 0}. Here x € C*°(R) is such that y(s) = 1
for s > —1k, x(s) = 0 for s < —2k, 0 < x < 1 and —k = max{@(z), for z /21 =
go(x',0) + R} where go(z’,0) = lim._¢ g-(2/,0) uniformly on 3. Note that {w =
0} No{w > 0} N {t =0} is given by x1 = go(2’,0).

For the existence and regularity of such a solution we refer to [LVW], Theorem
1.1, where it is shown that there exists a unique solution w® € C(D%) with Vu* €
C(D% N {t>0}) N L*(D3).
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Finally, we define the family v¢ as follows:
w in{w > e},
v® = w® in D%,
0

otherwise.

Step I1. Passage to the limit. If (z,0) € D5, we have 0 < %w(x, 0) < 1. Since, from
Lemma 4.1, we know that 0 < ¢+ (s) < 1 for s > 0, it follows that 0 < w®(z,0) < e.
Applying the comparison principle for solutions of P. we deduce that 0 < w® < e.
Hence,

sup [v° —w| < 2

and therefore, the convergence of the family v¢ follows.
Step 1II. Let us show that there exists 9 > 0 such that the functions v® are
subsolutions to P. for € < gg.

If v¢ > &, then v® = w, which by hypothesis is subcaloric. Since (.(s) = 0 when
s > ¢, it follows that v® are subsolutions to P- here.

If 0 < v® < ¢, then we are in D% and therefore, by construction, v* are solutions
to P..

If v* = 0, the same conclusion holds, due to the fact that 5.(0) = 0.

That is, the v®’s are continuous functions, and they are piecewise subsolutions
to P.. In order to see that v¢ are globally subsolutions to P, it suffices to see that
the jumps of the gradients (which occur at smooth surfaces), have the right sign.

To this effect, we will show that there exists €9 > 0 such that

(5.1) |Vws| < /2M 4 60/2 on {w=e}, for e < ep.
Assume that (5.1) does not hold. Then, for every j € N, there exist ¢; > 0 and
(7;,te;) € Q, with
e —0 and (z.,,t;) — (zo0,t0) € {w = 0} NI{w > 0},
such that

(5.2) w (xe;,te;) =¢;  and  |Vw (z.,,t.,)| > V/2M + 0o/2.

From now on we will drop the subscript j when referring to the sequences defined
above and ¢ — 0 will mean j — oo.

Since on the lateral boundary Oy D% we have the Neumann data 88% =0, we
will use a reflection argument and assume that the points (z¢,t.) are far from the
lateral boundary (with a different equation).

In fact, if (20, to) € Rx9Xx[0,T] (or (0, 4+00)x 0% %[0, T]), we apply Proposition
A.1 in the Appendix and deduce that there exists a change of variables y = h(x)
such that h(zg) = 0 and such that the function

5( f,) _ we(xvt) for yn > 0,
G T e (- ynv—1, —ynot) for yn <0
is a weak solution to
0]
>y (040

%]

for y in a neighborhood N of the origin and ¢ € [0,T]. Here a;; € WhH>(N),
b; € L=¥(N x [0,T7).

ou® ou’
+ bi(y,t)=— —ui = F-(u®) in{u® <e
o) D)~ = ) i o < e}
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We choose the variables in such a way that Vhj(z¢) = —%, Vhi(xo).
th (1[,'0) = 6”» and Qi (0) = (Sij.

We will sometimes denote y = (y1,%’). And we denote y. = h(z.).

We point out that the change of variables, the neighborhood A" and the coeffi-
cients a;; in the equation depend only on the domain ¥; the coefficients b; depend
only on ¥ and the coefficients a;. In particular, all of them are independent of
F = ¢ — w in Proposition A.1.

If, on the other hand, (z¢,tp) € © x [0,T] we change the origin and perform a
rotation in the space variables and we are in a situation similar to the one above,
with u®(y,t) = we(z,t) for y € N.

In any case, since Vhq(zg) = —%, Vhi(zo) - Vhj(xo) = 6;; and {w® =
e} = {w = ¢}, there exists a family f. of smooth functions such that, in a neigh-
borhood of (ye, te),

{us =ce} ={(w,t) /1 —yer = f(y' — v, t = 1)},
{ur <ely={(w.t) /1 —yer > [ (4 —y' t — L)},
where there holds that

f=(0,0) =0, |Vy/f5(0,0)| —0, —0.

(5.3)

We can assume that (5.3) holds in (B,(ye) x (t- — p*,t- + p?)) N {0 <t < T} for
some p > 0.
Let us now define

_ 1
ue(yvt) = gus(yE +ey,te + 62t);

. 1
fs(y/vt) = gfe(gyl, EQt)v
and let
e Tt
Te = 5_2 y Ye = 5—2
We have, for a subsequence,

Te =T, Ye 7

where 0 < 7,7 < 400 and 7 and 7 cannot be both finite.
We now let

p p? P
A = {(y,t) / |yl < . — min(7e, 6—2) < t < min(~e, 8—2)} )
Then, the functions @° are weak solutions to
0 ., ou® R ous e -
> (w3 )+ G —uf =6 in (> L0k A
i, ] i
on {y1 = f-(y/', 1)} N A,

ut =1
0<a® <1 in{y > f(y/, )} NAL,

where af;(y) = aij(y= + €y), bi(y,t) = ebi(y- + ey, t. + £°t). Note that we are

under the hypotheses of Lemma 4.4. Then, there exists a function @ such that, for
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a subsequence,

we CHlTE ({y >0, -1 <t <7}),
@ — u uniformly on compact subsets of {y; >0, —7 <t <},
Au—1uy=pB(u) in{y; >0, -7 <t <~}
u=1 on{y =0, -7 <t<n~},
0<u<l in{y1 >0, -7 <t <~}
We will divide the remainder of the proof into two cases, depending on whether
T =400 or 7 < +00.
Case 1. Assume 7 = 4o00.
In this case, Lemma 4.4 also gives

|[Va£(0,0)] — |Va(0,0)|.
On the other hand, @ satisfies the hypotheses of Lemma 4.3 and therefore,
IVa| < V2M  on {y; =0},
which yields

|Va©(0,0)] < 2M + 60/4,

for € small. But this gives

|[Vw® (ze, te)| < v/2M + 6o/2,

for € small. This contradicts (5.2) and completes the proof in case 7 = +o0.
Case II. Assume 7 < 400. (In this case v = +00.)
There holds that a®(y, —7.) = %us (ye + €y, 0), then

G4 a ) = o Zul (5 + ), 0)x(@0 5 + )

when z¢ € R x . When 2y € R x 9%, (5.4) holds for (y. +ey)n > 0 and we obtain
uf(y, —7e) for (ye + ey)n < 0, recalling that
UE(yvo):ue(yla"' 7yN717_yNa0) for yN<O
We want to apply here the result of Lemma 4.4 corresponding to 7 < 4+00. In
fact, we can see that there exist C,r > 0 such that ||a°(y, —7:)||s14a (B.(0) <C.In

case 19 € R x X we use the fact that w is locally Lipschitz continuous in Q x [0, 7]
and = — 0 (and therefore, to = 0) when 7 < 400, so that w(h ™' (ye + €y),0) > §
for |y| < r1 and e small. We also use that ¢ € C?(1 —m, +o0) for some m > 0. In
case that xop € R x 9 we argue in a similar way and we also use (see Proposition
A.1) that gyL;(y, 0) =0 on {yx = 0} if € is small and y bounded.

Now Lemma 4.4 gives, for a subsequence,

ueC® ({y1 >0,t>—1}),

w*(y, —7.) — u(y, —7) uniformly on compact subsets of {y; > 0}.

Now using that Vhy(zg) = —% and Vhy(zg) - Vhi(xg) = d;1, we get that

aly, —7) = o (1 = [Vw* (2o, t0) 11 ).
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We know by hypothesis that |[Vw™ (zo,%0)| = vV2M + 0y, thus,
a(y, —7) =" (y1)-
(Notice that, in particular, the function @ depends only on y; and ¢.)

Since the function ¥ (y;) is a stationary subsolution to equation P;, bounded
for y; > 0, and 2 = ¢+ on the parabolic boundary of the domain {y1 >0,t> —T},
we conclude that

a(y,t) 2 ¢ () i {p =0t > -7}
It follows that

V| < /2M +60/4 on {yy =0,t > —7}.
But Lemma 4.4 gives
[Va©(0,0)] — [Va(0,0)],
which yields

V@€ (0,0)| < /2M + 35,/8,

for € small. Then,

|[Vw® (ze, te)| < v/2M + 6o/2,

for € small. This contradicts (5.2) and completes the proof in case 7 < +o0. O

Theorem 5.2. Let w be a classical supersolution to P in @, with %—7;]’ =0 on INQ,
satisfying (H1). Assume, in addition, that there exists o > 0 such that

|VwT|=+2M -5y on QN d{w >0}

Then, there ezists a family v¢ € C(Q), with Vv® € L2 (Q), of weak supersolutions
to P. in Q, with %—v; =0 on ONQ, such that, as € — 0, v° — w uniformly in Q.

Moreover, there exists 0 < 6 < 1 such that v¢ = w in {w > (1 — d)e} and
Ve e C(QN{w < (1—=0)e}n{t>0}).
Proof. Step 1. Construction of the family v¢. Let 0 < § < 1 be such that

1-46
BU-8)= [ Bloydp=M —bo/s.
0

For every € > 0 small, we define the domain D® C @ in the following way:

D ={(z,t) € Q/x1 > gn_s):(z',)}.
Let w® be the bounded solution to P- in D® with boundary data
W (e.1) {(15_ de on a1 = gis)-(',1),

w§(x) on 0D N {t =0},
ow®
on
In order to give the initial data w§, we let ¢ = 1,5 be the solution to (4.1) with

a=1-49, b=M — /8.

=0 on InD* := INQ N {x1 > gz’ 1)}

We now let
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and we define
1
wg(x) = Ega(gw(m, O))

For the existence and regularity of such a solution we refer to [LVW], Theorem
2.1, where it is shown that there exists a unique solution w® € L>(D?) N C(D#?),
with Vw® € C(De N {t > 0}) N L (D?).

Finally, we define the family v¢ as follows:

R {w in {w > (1-9)e},

v = o
w® in DeE.

Step 1I. Passage to the limit. If (2,0) € D¢, we have 0 < %w(m,O) < 1-06.
Since, from Lemma 4.1, we know that 0 < ¢(s) < 1 — 46 for s > 0, it follows that
0 < wé(z,0) < (1 —J)e. Since B:(s) > 0, constant functions are supersolutions to
P.. Therefore the comparison principle for bounded super and subsolutions of P
implies that 0 < w® < (1 — §)e. Hence,

sup [v® —w| < 2(1 —d)e
Q
and therefore, the convergence of the family v¢ follows.
Step III. Let us show that there exists ¢y > 0 such that the functions v® are
supersolutions to P- for € < &.

If v > (1 — d)e, then v* = w, which by hypothesis is supercaloric. Since
B:(s) > 0, it follows that v® are supersolutions to P. here.

If v° < (1—9)e, then we are in D° and therefore, by construction, v® are solutions
to P-..

That is, the v®’s are continuous functions, and they are piecewise supersolutions
to P.. In order to see that v¢ are globally supersolutions to P, it suffices to see
that the jumps of the gradients (which occur at smooth surfaces), have the right
sign.

To this effect, we will show that there exists €9 > 0 such that

(5.5) |[Vw®| > /2M — §p/2 on {w = (1—-9)e}, fore < ep.

Assume that (5.5) does not hold. Then, for every j € N, there exist ¢; > 0 and
(7;,te;) € Q, with
e —0 and (z,,t;,) — (zo0,t0) € {w = 0} NI{w > 0},
such that
(5.6) w (ze,,te,) = (1 =0)e;  and  [Vw (xc;, ;)| < /2M — do/2.

From now on we will drop the subscript j when referring to the sequences defined
above and ¢ — 0 will mean j — oo.

Since on the lateral boundary 9y D¢, we have the Neumann data 88% =0, we
will use a reflection argument and assume that the points (z,t.) are far from the
lateral boundary (with a different equation). To this effect we will proceed exactly
as in Theorem 5.1.

In fact, if (xg,t9) € Rx9Xx[0,T] (or (0, +00)xIXx[0,T]), we apply Proposition
A.1 in the Appendix and deduce that there exists a change of variables y = h(x)
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such that h(z¢) = 0 and such that the function

w®(x,t) foryy >0
€ _ ’ -
u (yvt) - {UE(yl, C L YN-—1, _yN;t) for YN <0

is a weak solution to
8 8’11,5 8’11,5
- i _ (Y, ) — — € _ 2 5 . B 1—

for y in a neighborhood N of the origin and ¢ € [0,T]. Here a;; € WhH>(N),
b; € LN x [0,T1]).

We choose the variables in such a way that Vhy(zg) = —%, Vhi(xo).
th (330) = 57;]' and Qi (0) = (Sij.

We will sometimes denote y = (y1,¥’). And we denote y. = h(x.).

We point out that the change of variables, the neighborhood N and the coeffi-
cients a;j; in the equation depend only on the domain X; the coefficients b; depend
only on X and the coefficients a;. In particular, all of them are independent of
F =(1-4)e — w in Proposition A.1.

If, on the other hand, (zg,%) €  x [0,T] we change the origin and perform a
rotation in the space variables and we are in a situation similar to the one above,
with u®(y,t) = w®(x,t) for y € V.

In any case, since Vhi(zg) = —%, Vhi(zo) - Vhj(zo) = 6;; and {w® =
(1 =9)e} = {w = (1 — e}, it follows that there exists a family f. of smooth
functions such that, in a neighborhood of (y., t.),

{uw'=1-0e} ={(y,t) /1 —yer = f-(¢y —y" L — 1)},
{us <@ =0e} ={(y,t) /1 —yer > fo(y' —y' L — 1)},
where there holds that

f(0,0) =0, |V, f(0,0)] =0, e—0.

(5.7)

We can assume that (5.7) holds in (B, (y:) x (t- — p?,t- + p?)) N{0 < ¢t < T} for
some p > 0.
Let us now define

) 1
Wy, t) = - (ye + ey te + e’t),

f(y' t) = %fs (ey', %),

and let

ot Tt
7—6*5—2776* 52 .

We have, for a subsequence,
Te =T, Ye 7

where 0 < 7,7 < 400 and 7 and « cannot be both finite.
We now let

2 2
p P P
A = {(y,t) / ly| < o — min(7e, 52) < t < min(7e, 52)}.
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Then, the functions @° are weak solutions to

€

0 ou® ou _
> o (65 )+ L o005~ af = 6 in > /00 N A
) 7 i )

i,]
u*=1-4 on {yl = fs(ylvt)} mAE)
0<a®<1-46 in{y > fe(y )} NA..
where a$

5 W) = aij(ye +ey), b5(y,t) = ebi(ye + ey, te + £2t). Note that we are
under the hypotheses of Lemma 4.4. Then, there exists a function @ such that, for
a subsequence,

aeC?roMtE ({y; >0, -7 <t <A}),
@® — @ uniformly on compact subsets of {y1 >0, —7 <t < v},
At —u =) in{yr >0, -7 <t <~}
t=1-¢ on{y1 =0, —7 <t <~}
0<u<1-¢ in{y1 >0, -7 <t <~}
We will divide the remainder of the proof into two cases, depending on whether
T =400 or 7 < 400.
Case 1. Assume 7 = +o0.
In this case, Lemma 4.4 also gives

[Vas(0,0)] — [Vau(0,0)].
On the other hand, @ satisfies the hypotheses of Lemma 4.3 and therefore,

|Va| = v/2M — 6o/4 on {y1 = 0},

which yields

V@£ (0,0)| > /2M — 36,/8,

for € small. But this gives

|Vwe (zc,te)| > /2M — /2,

for € small. This contradicts (5.6) and completes the proof in case 7 = +o0.
Case II. Assume 7 < 400. (In this case v = +00.)
There holds that a°(y, —7.) = Tu®(y- + €y, 0), then

(59) w(y, —7) = o (Sw(h ™ e +9),0)

when zo € R x X. When zy € R x 9%, (5.8) holds for (y. +ey)n > 0 and we obtain
uf(y, —7¢) for (ye + ey)n < 0, recalling that
us(yao):ue(ylv"' ayN—la_yN70) for yN<O'

Here we want to apply the result of Lemma 4.4 corresponding to 7 < +oo. In
fact, we can see that there exist C,r > 0 such that |[a°(y, —7:)|| c14a (B.(0) <C.In
case 79 € RxY we use the fact that w is locally Lipschitz continuous in 2x [0, T’ and
= — 0 (and therefore, ty = 0) when T < 400, so that w(h ™! (y+£y),0) > $(1-6)e
for |y| < 71 and e small. We also use that p € C2. In case that zop € R x 9% we
argue in a similar way and we also use (see Proposition A.1) that %(y, 0) =0on
{yn = 0} if € is small and y bounded.
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Now Lemma 4.4 gives, for a subsequence,
ueC® ({y1 >0,t>—1}),

u®(y, —7e) — u(y,—7) uniformly on compact subsets of {y; > 0}.

Now using that Vhy(zg) = —% and Vhy(zg) - Vhi(xg) = d;1, we get that

ay, =) = (1 6 = [Vw* (w0, o) 31 )
We know, by hypothesis that |[Vw™ (zg,to)| = vV2M — d, thus,
u(y, —7) = ¢(y1)-

Since the function v (y;) is a stationary solution to equation P;, bounded for
y1 > 0, and @ = ¥ on the parabolic boundary of the domain {y1 >0,t> —T}, we
conclude that

u(y,t) =) in{y >0,t>-7}.
It follows that

|Va| =+/2M — /4 on{y1 =0,t > —7}.

But Lemma 4.4 gives
[Va©(0,0)] — [Va(0,0)],
which yields

IVa(0,0)] > /2M — 35,/8,

for € small. Then,

|Vwe (zc,te)| > /2M — /2,

for € small. This contradicts (5.6) and completes the proof in case 7 < +o0. O

6. EXISTENCE AND UNIQUENESS OF THE LIMIT SOLUTION

In this section we prove that, under certain assumptions, a classical solution
to the initial and boundary value problem associated to P is the uniform limit of
any family of solutions to problem P. with corresponding boundary data. This, in
particular, implies that such limit exists and is unique. Moreover, it is independent
of the choice of the function £.

In particular, under the assumptions of this section our classical solution is the
unique classical solution and also the unique viscosity solution (by the results of
Section 3).

First, we give the result in a semi-cylinder.

Theorem 6.1. Let Q = (0,+00) x X, Q =Q x (0,T), OnQ = (0,00) x 9% x (0,T)
and OpQ = 0,Q \ ONQ.
Let u be a bounded classical solution to P in @Q, with g—z =0 on INQ, such that
u|aDQ has a bounded, nonempty free boundary and u,, <0 on {u >0} NIpQ.
Assume that u(0,2’,t) > 0 for (z/,t) € Tx[0, T] with u(0,2',t) € C*(Xx[0,T)).
Let u¢ € C(Q) with Vu® € L? (Q) be a family of bounded nonnegative weak

loc
solutions to P. in Q, with %—“; =0 on INQ, such that u® — u uniformly on OpQ

and {u® > 0} NIpQ — {u >0} NIpQ. Then u® — u uniformly in Q.
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Remark 6.1. In order for P. to approximate problem P properly, we need to impose
some condition on how the Dirichlet datum of u is approximated by the Dirichlet
datum of u® so that we get a limit solution with a free boundary starting from the
initial free boundary QNo{z / u(x,0) > 0}. In fact, when a; = 0, if u® > £ on IpQ,
then the limit function # = limu® is the bounded solution to the heat equation
with Dirichlet datum u. Therefore, the uniqueness result does not hold if we only
require u¢ — u on dpQ.

However, we can relax the assumption that {u® > 0} N IpQ — {u > 0} N
dpQ, imposing instead a suitable control on the growth of uf(x,0) away from
QN {z/u(z,0) > 0} and Theorem 6.1 still holds.

Proof of Theorem 6.1. Given p > 0 and o > 0 small, we define in Q
Uma(l‘, t) = (1 + U) U’(‘xl + 12 xl7 t)

Then, u,,, is a classical subsolution to P in () with vanishing Neumann data on
On@. Given § > 0 we choose p, o so that

Upo > u—0 in Q.

On the other hand, using Proposition 2.5 and Corollary 3.3 we see that u, , satisfies
the hypotheses of Theorem 5.1. Therefore, there exists a family v° (depending on
p and o) of weak subsolutions to P: in @, such that

v =0 on ONQ,
an

I . . -
v® — Uy, uniformly in @, ase — 0.

In addition, it follows from the construction of the family v that o can be chosen
small enough (depending on p), so that we have
v® <u®  on dpQ,

ov®  Ouf

an — on

=0 on INQ.

Consequently,
¥ <wuf  in Q.
Therefore, there exists £0(d) such that, if € < gq,
Upo — 6 <u®  inQ
and finally we obtain
u—20<u® in Q.

In order to show that u® < u + 2§, we proceed in a similar way. But we first
extend u to a neighborhood of z1 = 0 exactly as we did in Theorem 3.1. For
example, in —p < 1 <0, (2/,t) € X x [0,T], we let

u(zy, 2’ t) = u(0,2',t) — cry — ka?,
where u,c and k are positive constants, chosen as in Theorem 3.1 in such a way
that u > 0in —p <1 <0 and Lu <0 in {21 > —pu} N {u>0}.

For 0 < p < p and ¢ > 0 small, we define in @

uP?(x,t) = (1 — o) u(xy — p, 2, t).
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We choose p and o small enough so that
u?? <u+d in Q.

Now we fix a > p small. Then, u? is a classical supersolution to P in QN {z1 > a}

with vanishing Neumann data on OyQ N {z1 > a} which satisfies the hypotheses

of Theorem 5.2 in the domain @ N {x; > a}. Therefore, there exists a family v®
(depending on p and o) of weak supersolutions to P. in @ N {1 > a}, such that

v

(6.1) on

v — u”°  uniformly in Q N {z; > a}, ase — 0.

=0 on INnQN{z1 >a},

Notice that, by the construction in Theorem 5.2, v = u”? in a neighborhood of
1 = a. Then, if we extend v® to the whole region @ letting

v* =u”? In0<z <a,
it follows that v are supersolutions to P. in @ satisfying (6.1) up to z; = 0.
We finally choose o small enough (depending on p) so that we have

v® >u®  on dpQ,
ov®  Ou®
on — on

=0 on INQ.

It follows that
v > in Q.
Therefore, there exists £1(§) > 0 such that if € < ey,
u”? +6>u° in Q.
So that,
u+20>u° in Q.
Thus, u° converges uniformly to v in Q. O

A similar result holds for a full cylinder as spatial domain, under suitable mono-
tonicity assumptions at x; = —o0.

Theorem 6.2. Let @ = R x X, Q = Q x (0,T), OvQ = R x 90X x (0,T) and
IpQ = 0,Q \ OnNQ.

Let w be a bounded classical solution to P in Q, with g—f] = 0 on ONQ and

[|u] < 00, such that u|8DQ has a bounded, nonempty free boundary.

3@
Assume that uy, <0 on {u>0}NIpQ and uy (x,0) < —c1e®2 for x1 < —a
for some constants c1, ca, a > 0.

Let u® € C(Q) with Vu® € L? (Q) be a family of bounded nonnegative weak

loc
solutions to P- in @, with aain =0 on ONQ, such that u® — w uniformly on OpQ,

with {u® > 0} NOpQ — {u > 0} NIpQ and |u(z,0) — u(z,0)] < Kk e~k22i for
r1 < —a for some constants kl_, ko > 0.
Then u® — u uniformly in Q.
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Proof. Step 1. Behavior of u® and wu for 1 — —oo.
Let us first see that we can take a large enough so that, for some g1 > 0,

(6.2) u® > e inx < —a, ife <eq.

In fact, let ¢, K > 0 be such that, for e < ¢, there holds that u¢(z,0) > 2¢ for
21 < —%. For 6o > 0 and A > ||a||z, let us consider the function

V2M +9 IM+06y  KV2ZM +o5\ "
{ C+ O($1+At)+ C:— Ot+ C + O}) .

v_(z,t) =c¢ (1 — exp

Then v_ is a bounded classical subsolution to P in ), with % = 0 on ONQ,

such that @ N 9{v_ > 0} is bounded and |Vv_| = v/2M + §p on Q N d{v_ > 0}.
Moreover, there holds that v_(z,0) < ¢ for x € Q and v_(z,0) =0 for x; > —K.
Since v_ satisfies the hypotheses of Theorem 5.1, we can construct a family

ve of weak subsolutions to P- in @, with % = 0 on ONQ, such that v& — v_
uniformly in Q and v¢ (z,0) = 0 for z; > —%. There exists 0 < g1 < g such that
ve (2,0) < 2¢if € < g7 and thus,
v (2,0) <u(z,0) in Q, if e <ej.
Therefore, v° < u® in Q. So that, if a is taken large enough, (6.2) holds.
On the other hand, u satisfies the hypotheses of Proposition 2.4. Therefore,

QN o{u > 0} is bounded. So that, we may choose a large enough in order to have,
in addition, that

u>0 inx; <—a.
Therefore, for € < €7 and w® = u® — u, there holds that
Lw®=0 nz<—a, 0<t<T,
w®(z,0) < kie k27t in 2y < —a,
w® <L onz; < —a, 0<t<T,

for some constant L independent of €. Therefore, there exist ki, ko > 0 such that,
for some constant /3 > a independent of ¢,

w®(z,t) < I:;le*]_“”? inz; <=1y, ife <ey.
We may replace the function w® above by —w*. Therefore,
(6.3) [uf(z,t) —u(z, t)| < 12316_];2;8? inz; < =1y, ife <egq.
Let us now analyze the behavior of u,, for ;1 — —oo. There holds that
Luz, =0 inx; <—a, 0<t<T,
Ug, (2,0) < —c1e7™?
Uy, < —7 onzxy =-—a, 0<t<T,

in 1 < —a,

for some positive constant r. Therefore, there exist ¢1, ¢2 > 0 and I3 > a such that
(6.4) Uy, (7,1) < —1€2" in 71 < —la.
Step I1. Let § > 0. We will show that

|u® —u| <20 inQ

if £ is small enough.
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From (6.3), it follows that if [ > Iy is such that kie=F2l” < 25, then
(6.5) |uf —u| <20 inzy <1, ife <e.

We now proceed as in the proof of Theorem 6.1. For p > 0 and ¢ > 0 small, we
define in Q

Up,o(2,t) = (L4 o)u(wr + p,a’,t).
< o0, there exists ¢ > 0 such that

Since ||u] % @)

upo(z,t) —u(z,t)] < o A+cp® inQ,

where A > ||u|| o (q)-
Let us fix 0 < p < 1 such that cp® < g. We now fix I > max{l,l1,l2} + 1, such

that kye~ 71 < Se~%! and such that p > e~
We finally fix o > 0 such that oA < min{g, &e

{u > 0} N {t =0}, o may be chosen small enough so that

_kap2 g . .
3=l Since u,, < 0 in

(6.6) Upo(x,0) < u(x,0) in Wﬂ {z1 > -1}.
We will next show that, if € is small enough,

(6.7) Upo — 0 < uf in QN {x > -1}
First, let us see that there holds, for € < ¢7, that

(6.8) Up o (=12’ t) <uf(=l,a’',t) —6(1) fora’ €X, 0<t<T

with (1) > 0. In fact, by (6.3) and (6.4)
(1 + O')U,(—l + P, xlv t) - U'E(_L xla t) < —51652(_l+9p)/) + kle_fwlz +oA
where 0 < § < 1. Thus,

ko 12

Up,o(—l, 2 t) —us (=1, t) < e F (kie= 2" —cre ) + oA

G _Eap_ g G -krc
S _Elei%l27czl + UA S _Zlef%lzic2l = —(S(l).

Since u, , satisfies the hypotheses of Theorem 5.1, we let v* be a family of

weak subsolutions to P. in @ converging to u, , uniformly in @, constructed as in
Theorem 5.1. Then, by (6.8), if € is small enough,

v® <wu® onxz = -1
On the other hand, from (6.6), it follows that, for € small,
v¥(z,0) <u®(z,0) onx; > —lI.

We deduce that v° < u€ in Q N {x; > —I}, and therefore, (6.7) holds.
Since p and o were chosen so that
[up,o(z,t) —u(z,t) <5 in Q,
we finally deduce from (6.7) that
(6.9) u—20 <u® inQN{xr > I}

if € is small.
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Therefore, by (6.5) and (6.9) there holds that
u—20 <u® inQ

if £ is small enough.
We proceed analogously to deduce that

u® <u+ 20 in Q

if £ is small enough. The theorem is proved. (|

APPENDIX

In this Appendix we prove that a point (x0,%y) € ONR C 9,R for the problem
Av+ > a; vy, — v =P(v) in R, g—z =0 on xR, can be seen as an interior point
for an equation with principal part in divergence form. In addition, if OyR and
OpR = 0,R \ OnR (on which Dirichlet data are given) are transversal, the new
region has a Dirichlet boundary with the same regularity as the original one. The
result is also true if (zg, to) lies in IvR N IpR.

We will consider a domain R = O x (Ty, T2) N{F(z,t) > 0}. Here O = Br(xo)N
{G(x) > 0} where G € C3(Bg(z0)) with [VG| # 0 on {G = 0}, G(x¢) = 0 and
Fe C(@ X [Tl,TQ]).

We prove the following result.

Proposition A.1. Let ¢ € L>(R) be globally Lipschitz continuous and let a; €
L®(RNHL). Let v € C(R), with Vv € L*(R), be a weak solution to

Av—f—Zaivm - =) inR,

(A1)
@ =0 ondyNR,
I
where ONR = (Bgr(zo) x (T1,T2)) N {F > 0} N {G =0} and n(x) = \ggggl'

Then, there exist 0 < r < R, a neighborhood N of the origin in the variables
(y1,-..,yn) and an invertible function h € C?(B,.(x¢), N') with nonvanishing Jaco-
bian in By(xo), which are z'ndependent of the function F, such that h(xzo) = 0 and
h(O N B,(z0)) =N N{yx > 0}, 2 ayN “(y) = n(h~(y)) on {yx = 0}, and such that
the following result holds:

Fort e [Ty, Ts], let

F(y,t)=F(h '(y),t), yeNn{yn >0},
and

~(y £ = If‘(yla...,nyla_yN,t), y e Nn{yny <0},
’ F(yat)7 yENﬁ{yN>O}

Let us define analogously éhe function 0(y,t). Then, there holds ~that U 1S con-
tinuous in (N x [Th, Te])) N {F > 0} with Vo € L*(N x (T1, T2))N{F > 0}) and ©
is a weak solution of the following uniformly pambolic equation:

(A2) Zay( )+Zb D00 (1) — B = (0l 1),

in (N x (Ty, T2)) N {F > 0}, where a;; € W (N),b; € L2

i (N x [Th,Ts)) are
independent of the function F'.

loc
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Let v € RN be such that |v] = 1 and VG(xg) - v = 0. We may choose the
coordinates (yi,...,yn) in such a way that Vhi(zo) = v, Vhi(zo) - Vhj(zo) = di;
and Qi (0) = 51]

IfFeC', VF € C%% in a neighborhood of {F = 0} up to {G =0}, VF(x,t)-
VG(z) = 0 for every (z,t) in that neighborhood such that G(z) = 0, and |VF| >
¢ >0 on {F =0}, then there holds that F e C', VF € C*% in the corresponding
neighborhood of {F =0} and VF # 0 on {F = 0}.

Moreover, if v(z,Th) € C*T% in a neighborhood of {F(z,T1) = 0} up to {G = 0},
Vou(x,Th) - VG(x) = 0 for every x in that neighborhood such that G(z) = 0, there
holds that o(y, T1) € C't* in the corresponding neighborhood of {F(y,Ti) = 0}.

Proof. Let » > 0 be small so that there exists a regular C® parameterization o of
{G = 0} N B,-(z9) in the variables y' = (y1,...,yn—1) in a neighborhood of the
origin in RN~1. Let n(x) be the interior unit normal to {G > 0} at = € {G = 0}.
Then if r is taken small enough, every point « € B,.(x¢) can be written in a unique
way as

z=0(y)+ynn(o®y)) =h(y)

with y € A a neighborhood of the origin in RY and h € C?(B,(x0),N) with
nonvanishing Jacobian in B,.(zo). Then h(O N B,(zg)) = N N{yn > 0}.

Let v € RY be as in the statement. We may choose the parameterization o
in such a way that ¢(0) = zo, g—;l(O) = v and {g—;(o)hgigN—l are orthonormal
vectors.

Let # and F as in the statement. Then ¢ is a continuous function in (N x
[Ty, T2])) N {F > 0}. Since v is a weak solution to (A.1), it is easy to see that @ is a
weak solution to

e (amy)a% ) D005 00) = 000 )
in (N x (T1,T2)) N {F > 0} {yx > 0},

0
Zawa =0 on (N x (T1,T2)) N {F > 0} N {yn = 0}.
i,

Here b; € L* and a;;(y) = Vhi(z) - Vhj(z) , y = h(z). For yny <0 let

bi(y, —yn.t)  ifi <N,
bz-<y,t>={ &, ~yw, 1) ifi <

=bi(y', —yn,t) ifi=N
and
0 (y) = aij(y,—yn) Hi<Nandj< N ori=j=N,
“ —ai;(y,—yn) Hfi=Nandj<N ori<N and j=N.

Then @ is a weak solution to (A.2) in (N x (T1,T2)) N {F > 0}.
Let us see that

(A.3) Zaz] (y)&&5 > >‘|£|2
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for some A > 0. In fact, for yy >0

> ai)&& =Y Vhi(2)& - Vhi()é; = [(Dh(x)"¢* > NgJ.
1, 1,]

From the fact that (A.3) holds for yy > 0 and from the definition of a;; we see that
(A.3) holds in {yn < 0}.

Clearly, b; € LS, (N x [T1,T»]). Let us see that a;; € W,22°(A). On one hand,
ai; € CYN N {yn > 0}) N CHN N {yy < 0}). On the other hand, a;; € C(N)
since a;n (y',0) = 0 for i < N. Indeed, from the fact that h(c(y') +ynn(c(y’))) =y
it follows that, on {G = 0}, Vh; is tangent to {G = 0} if i < N and Vhy = 7.
Therefore,

Vhi(z) - Vhn(z) =0 forz e {G=0} ifi<N.

In addition, it can be seen that Vh;(zo) = g—;(O) for ¢ < N. Thus, a;;(0) = &;;
and Vhl (J)Q) = V.

When F' is smooth in a neighborhood of { ' = 0}, we use the fact that VF(x,t)-
VG(z) =0 on {G = 0} implies that aay—};v =0 on {yy = 0} in order to prove that
F is smooth.

We proceed analogously with v(x,T1). O

Remark A.1. In Proposition A.1 we may consider sub- or supersolutions instead of
solutions and a similar conclusion holds.
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