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ISOMETRIES OF HILBERT C*-MODULES

BARUCH SOLEL

ABSTRACT. Let X and Y be right, full, Hilbert C*-modules over the algebras
A and B respectively and let T': X — Y be a linear surjective isometry. Then
T can be extended to an isometry of the linking algebras. T then is a sum
of two maps: a (bi-)module map (which is completely isometric and preserves
the inner product) and a map that reverses the (bi-)module actions. If A (or
B) is a factor von Neumann algebra, then every isometry T': X — Y is either
a (bi-)module map or reverses the (bi-)module actions.

1. INTRODUCTION

Given a right Hilbert C*-module X over a C*-algebra A it is a module over A
and has an A-valued inner product. One then defines the norm of X using the
inner product and it makes X a Banach space. It is known that once the module
structure and Banach space structure are given (for a C*-module X') the A-valued
inner product is uniquely defined. This was proved by Lance in [LI], Theorem| and,
shortly afterwards, by Blecher in [BI], Theorems 3.1 and 3.2]. In fact, as Blecher
showed, the inner product can be recovered from the module and Banach space
structures. The results of Lance and Blecher can be stated as follows.

Theorem 1.1 ([B2], [L1]). Let X1 and X5 be right Hilbert C*-modules over a C*-
algebra A and let S : X1 — X3 be a surjective isometry which is an A-module map.
Then S preserves the inner product, i.e. (Sx,Sy), = (x,y), (where <-,->j s the
inner product in X;). Moreover, the inner product of a right Hilbert C*-module X
over A can be recovered from the norm and the module structure by

(x,z) = sup{r(z)*r(z) : r is an A-module map: X — A, ||r|| <1}
and

3
Zik (z+i*y, z+ify)  (i=V-1).

k=0

] =

(a:,y> =

Another proof can be found in [, Theorem 5]. One can modify the first part of
the theorem for the case where X is a C*-module over A and X5 is a C*-module
over B and S is a module map in the sense that there is a *-isomorphism o« : A — B
such that S(za) = (Sz)a(a). In this case S satisfies (Sz, Sy), = a((z,y);). (See
IMS|, Lemma 5.10].)
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In the present paper we study to what extent it is possible to recover the C*-
module structure from the Banach space structure alone. In other words, given
an isometry T (linear and surjective) of a C*-module X over A onto a C*-module
Y over B, is it a module map? i.e. can we find a *-isomorphism «a of A onto
B with T(za) = T(z)a(a)? If we can, then, as we mentioned above, we have
(Tz, Ty) = a({z,y)). Also, denoting by y ® z* (for y,z € X) the operator on X
defined by (y ® z*)(z) =y (z x), we have

)
T(y®z ) :T(y(z,x)) ZT(y)oz(<z,x>)
=T(y)(T(2), T(2)) = (T(y) @ T(2)")(T())-

The operators of the form y ® z*, y,z € X, generate a C*-algebra denoted by
K(X). It is possible to show that, for T as above, f(y ® z*) = Ty ® (T'z)* defines
a *-isomorphism [ : K(X) — K(Y'). The computation above shows that T(Kz) =
B(K)Tz for ze€ X, K € K(X). The relationship we have now between T', & on
0 can be summarized by considering the *-algebra £(X) defined by

£(X) = <Kg_§) )j)

(where X and the product and involution on £(X) will be defined shortly) and
noting that the map ¢ : £L(X) — L(Y) defined by

K z\ _ (B(K) Tz
\g o) "\ Ty ol
is a *-isomorphism.

Hence to say that T preserves the C*-module structure amounts to saying that
T can be extended to a *-isomorphism of £(X) onto L(Y).

By considering the transpose map that maps the Hilbert column space H¢ (a
right C*-module over C, isometric to a Hilbert space H) onto the Hilbert row space
H" (a right Hilbert C*-module over K(H)) it is clear that we don’t always have
such a *-isomorphism.

Our main result, Theorem 3.2, shows that, if X and Y are full, T can always be
extended to an isometry of £(X) onto L(Y).

The celebrated result of Kadison [Kl, Theorem 7] states that every unital isom-
etry of unital C*-algebras is a selfadjoint Jordan map. For von Neumann algebras
we can, in fact, decompose the algebras as a direct sum of two summands. On one
summand the map is a *-isomorphism and on the other it is a *-anti-isomorphism
(IKl, Theorem 10]). A similar result was proved also for isometries of some non-
selfadjoint operator algebras ([S]). For an isometry T of self-dual C*-modules over
von Neumann algebras we find that T can be written as a sum of an isometry which
is a module map (and preserves the inner product) and an isometry that is, in some
sense, an anti-module-map. (For a precise statement see Corollary 2.25.) The case
of (not necessarily self-dual) Hilbert C*-modules over general C*-algebras is similar
except that the decomposition of X is done by a projection in the enveloping von
Neumann algebra of £(X) (Theorem 3.2).

As a corollary we show that, if we assume that the isometry T is in fact a 2-
isometry (i.e., the map IQT : Mo® X — M>®Y is an isometry), then T preserves
the C*-module structure (Corollary 3.4). In particular, a 2-isometry of Hilbert
C*-modules is necessarily a complete isometry.
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After this work was completed it was pointed out to us by D. Blecher that
M. Hamana had previously proved this last fact using different methods [Hal.

Also we show that, for a given Hilbert space H, H® and H" are the only Hilbert
C*-modules that are isometric to H (Corollary 3.6).

Now we turn to set some notation and recall the definitions that we need.

Definitions. (1) A right pre-Hilbert C*-module over a C*-algebra A is a right-
module X equipped with a map (-,-) : X x X — A satisfying:

(i) (x,2) >0, z€ X, and (z,z) =0 onlyif z=0.

(i) (z.y)" =(y,2), y,reX.
(i) y — (z,y) is a linear map for all z € X.
(iv) (z,ya) =(z,y)a, z,y€ X, ac A.

(2) The norm on a pre-Hilbert C*-module X over A is defined by ||z| =
| (z,z)||z. If X is complete with respect to this norm, then X is said to be
a (right) Hilbert C*-module over A.

(3) A Hilbert C*-module X over A is said to be full if

A =span{(z,y) : z,y € X}.
One can define left Hilbert C*-module similarly. X is then a left A-module and
the inner product is assumed to be linear in the first entry. Also (az,y) = a (z,y).
Given a right Hilbert C*-module X over A we define X, the conjugate module,

as follows. As a set we write X = {z : 2 € X}. The linear structure is defined by
\x + 1y = A% + 7. X becomes a left A-module when we set

a-T=za*
and the A-valued inner product is

(z,9) = (z,y).
This makes X a left Hilbert C*-module over A.

From now on, unless we say otherwise, all Hilbert C*-modules are assumed to
be right modules and full.

A bounded module map T : X — X (where X is a Hilbert C*-module) is said
to be adjointable if there exists a map T* : X — X with (T'z,y) = (z, T*y) for all
z,y in X. The set of all adjointable maps on X is a C*-algebra (with respect to
the operator norm) and is denoted B(X).

Given X and Y in X we can define an adjointable operator x ® y* € B(X) by

@y (2) = (y,2).
(Another notation frequently used for this operator is 65 ,.) The C*-subalgebra
generated by these operators will be written K(X). Elements of K(X) are some-
times referred to as “compact operators”. If H is a Hilbert space, viewed as a
C*-module over C, then K(X) = K(H), the algebra of compact operators on H.
In general K(X) # B(X).
Given a Hilbert C*-module X over A one can form

£(X) = (Kgf) ii) .

Then £(X) is a *-algebra with product and involution defined by

(Kl 331) <K2 x2> KiKo+z1®y; Kiza+T102
hroa) \Y2 a2 Kiyi+ai-92  (y1,22) +aras
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6= 5

There is also a natural action of £(X) on X @ A which defines a norm on £(X)
making it a C*-algebra. We shall refer to £(X) as the linking algebra of X.

A (right) Hilbert C*-module X over A is said to be self-dual if for every A-module
map

and

f: X—-A

there is some y € X such that f(z) = (y,z). Suppose now that X is a self-dual
Hilbert C*-module over a von Neumann algebra M. Then X is a dual Banach
space (i.e. there is a Banach space X, such that X = (X,)*) and B(X) is a von
Neumann algebra. (See [Pl, Proposition 3.8 and Proposition 3.10].) In this case we

set LX) = (BE(X) ]\)2)

This is then a von Neumann algebra which we call the linking von Neumann algebra
of X. (See [B2].)
For more about Hilbert C*-modules see [[.2], [RW] and [P].

2. ISOMETRIES OF SELF-DUAL MODULES
The main theorem in this section is the following.

Theorem 2.1. Let M, N be von Neumann algebras and p € N, q € N be projec-
tions such that each of the projections p, I —p, q and I —q has central support equal
toI. Let T : pM(I —p) — gN(I — q) be a surjective linear isometry. Then there
are central projections e1,es in M, f1, fo in N with ey +ex =1 and fi+ fo =1 and
there are maps

V:eiMer — fiN fi,
‘I) . 62M€2 had fQNfQ
satisfying
(1) U is a (surjective) *-isomorphism,
® is a (surjective) *-antiisomorphism.
(2) Forx € pM(I —p),
T(x) = ¥(erzer) + P(eaxes).

(3) W(ewp) = frq and P(ezp) = fo(l —q).

The proof will be divided into several lemmas and propositions. The final argu-
ments can be found following Corollary 2.23.

Note first that both pM (I — p) and ¢N (I — ¢) have a structure of a JB*-triple
with {z,y,2} = 2(zy*z + zy*2).

Since linear isometries preserve the triple product we have the following result
which is well known (see [Kal, Proposition 5.5] or [H, Theorem 4]).

Lemma 2.2. For z,y,z € pM(I — p),
T(wy*z+zy'w) = T(x)T(y)"T(2) + T(2)T(y)"T(x)
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and, in particular,
T(xy x) =T (x)T(y)" T (z).
Note that an element u € pM (I — p) is a partial isometry if and only if it is a
tripotent (i.e. {u,u,u} = u); hence T'(u) is also a partial isometry.
From now on we assume that M, N,p,q and T are as in assumptions of Theo-
rem 2.1.

Lemma 2.3. Suppose {zq }aea is an orthogonal family of central projections in M
with > zo = I. Then there is an orthogonal family {cs}aea of central projections
in N with > cq = I and such that, for every a € A,
T(zapM(I - p)za) =caqN(I = q)cq.
Proof. Suppose M C B(H) and N C B(K) for Hilbert spaces H, K. For each
a € A write
1 _

Cp = [T(zapM(I —p)za)K},

2 = [T (zapM (I —p)za)*K}
(where [S] for a subspace S C K is the projection onto the closure of §). Clearly
cl, ¢ € N. Also ¢} <gq, 2 <I—q (in particular ¢l c? = 0).

Ifue T(zapM(I — p)za) and v € T(25pM(I — p)zg) are partial isometries and
a # B in A then T~(u), T~ !(v) are orthogonal; hence u and v are orthogonal.
Since pM (I — p) is spanned by its partial isometries we find that
T(z;;pM(I — p)25)*T(zapM(I — p)z(y) =0.

It follows that

and similarly

ic% =0, a#p0.
We now set ¢, = cl, +c2 € N and we find that {c,}aen is an orthogonal family of
projections in N. Now suppose y € ¢N (I — q) satisfies cLy = 0 for all & € A. Then
T(zqx)*y =0 for all z € pM(1 — p). In particular

yT(zanl(y))*y =0.

C

Applying T~ we get
*

T y) (2T () T (y) = 0.

Hence 2,77 (y) (zaT_l(y))*zaT_l(y) = 0; thus 2,77 (y) = 0 for all @ € A. As
S zo =1, T Y(y) = 0 and, consequently, y = 0.

This proves that 3" ¢!, = ¢ (recall that the central support of I —q is I). Similarly
> c2 =1 —gq. Hence Y ¢, = I. To show that each c, is in the center of N it
suffices to show that, for a # 3

calNcg = 0.
To show that ciNcé =0 we fix y € M, and z9,21 € pM(1 — p) and compute
T(zqx1)y T (zpx2) + T(2822)y" T (2021)
=T (200 T ((ay(I = ) 22 + 22T ((ay(I — ))) 2021 )
=T(0+0) (as zq23 =0).
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Since LT (zqw1) = T(2471) while ¢} T(z512) = 0, we get
T(zqx1)y T (zpx2) =0
forally € N, 1,29 € pM (I — p). Hence
ciNc[lg = 0.
Now we turn to the proof of céNc}a = 0. We have to show that c}quqc[lg =0 and,
since ¢Nq is the o-weak closure of span of {ab* : a,b € ¢N (I —q)}, we need to show

c}yab*cé = 0 for all such a,b.
Write a = T'(d) and b = T'(g) and then compute, for z1,z2 € pM (I — p),
T(zqx1)*T(d)T(g)*T(za12)
=T(2q71)" [T(d)T(g)*T(ngg) + T(ngg)T(g)*T(d)]
*T(dg*zpx + 2pw29™d)

)
)*11

cocpT (z3dg" w2 + zpwag™d) = 0.

=T (zq21
=T (zq21
Hence c}ché =0.

Thus coNcg =0 for all a # 5; ie., co € Z(N). R

Lemma 2.4. Let {z4}aca be an orthogonal family of central projections of M with
S zo = 1. Let {ca} be as Lemma 2.3. Suppose that, for every o € A, Theorem 2.1
holds for zo M, co N and the restriction of T to zopM (I — p)za, in place of M, N
and T. Then it holds for M, N,T.

Proof. From the conclusion of Theorem 2.1, applied to z, M and c, N, we get projec-

tions e1,q, €2,a, f1,a; f2,o and maps ¥, ®,. Setting e; => € a, fi =D fia, ¥ =
S>EP Y, and ® => P ¥, we obtain the conclusion of the theorem for M, N. W

Lemma 2.5. There is an orthogonal family of central projections {zo : o € A} in
M with Y zo = I such that, for each o € A, either

(1) zap and zo(I — p) are abelian projections in M or
(2) There is a family {u; : i € I}, of cardinality |I| > 2, of partial isometries in
2apM (I — p)z, satisfying
(1) wju; =uju; for alli,j €I,
(i) wiujuju; =0 for all i # j in I,
(i) Y wiuf = pza
or
(3) There is a family {u; : i € I}, of cardinality |I| > 2, of partial isometries in
2aPM (1 — p)za satisfying
(i) wuf =wuju; for alli,j €1,
(ii") wjwuju; =0 for alli# j in I,
(i) dufu; = zo(I —p).
Proof. Since M can be written as a direct sum of algebras of different types we can
deal with each type separately. Recall that for a projection g, c(g) is its central
support.
Case 1: M is of type III.
Then we can write p = p1 + p2 with p; ~ pa. Since ¢(p1) = ¢(p2) = clp) =1 =
¢(I — p) and py, I — p are both properly infinite, p; ~ I —p, i =1,2. Hence there
are uq,u2 in M such that w,u} =p;, u;u; =1 —p, i =1,2, and we are done.
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Case 2: M is of type 1.

In this case there is an abelian projection e; € M with c(e;) = I. Since c(eg) <
(I —p) (=1), we have e; 2 I —p ([KR] Proposition 6.4.6]) and, thus, there is an
abelian projection e < I — p with ¢(e) = I. It now follows [KR| Corollary 6.5.5]
that there is a family {g; : 1 < j < oo} of central projections with > ¢; = I

J
and such that g¢;p is the sum of j equivalent abelian projections g;p = > g;pi.
i=1

As c(gjpi) = c(gjp) = q; = c(gje) we have g;p; ~ g;e for all i+ < j. Hence for
each algebra g;Mg; with j > 2 statement (2) holds. We are left to deal with the
case ¢1. So we assume now that p is abelian. If I — p is not abelian we can use
a similar argument to the one above (interchanging the roles of p and I — p) and
get statement (3). We are left with the case where both p and I — p are abelian
projections and this is (1).

Case 3: M is of type II.

By splitting M using central projections we can assume that each of the projections
p and I — p are either finite or properly infinite.

If I — p is properly infinite we can argue as in the type III case: p = p1 +p2,p1 ~
pe X I —p and, thus, there are uq,ug with p; = u;ul, ujus = ubus < I — p; hence
statement (2) holds. If p is properly infinite we reverse the roles of p and I — p and
get statement (3). So we assume that both p and I — p are finite (thus we are in
the type II; case). In this case we let A be the center-valued dimension function,
defined on the projections of M with range equal to the set of all positive operators
in the unit ball of the center (see [KRI §8.4]).

For every j > 2 we can let g¢; be the maximal central projection satisfying
%qu(p) < ¢;A(I —p), and go = I —\/ ¢;. But, for every j > 2,

1

1
QA —p) < qo ; A(p) < < o

Hence goA(I —p) = 0 and A(qo(I — p)) = 0 implying that ¢o(I — p) = 0. But
c(qo(I —p)) = goc(I —p) = qo; hence g =0 and I = 3" (g; —qg;—1) (setting g1 = 0).

j=2
Given j > 2,

% (g5 — qj-1)A(p) < (g5 — ¢j-1)AU —p).

Restricting our attention to the algebra (¢; — ¢j—1)M(g; — ¢j—1) we can write
%A(p) < (I — p). Thus we can write p as a sum of j equivalent subprojections
p=>.p; with p; 31— p; hence p; ~e < I —p for all ¢ < j. This shows that, in
this case, (2) holds. H

Lemma 2.6. If M, N, T are as in Theorem 2.1 and, in addition, p and I —p are
abelian projections in M, then Theorem 2.1 holds.

Proof. Since p and I — p are abelian projections, M is *-isomorphic to Ms ® A
where A is an abelian von Neumann algebra and M is the algebra of 2 x 2 complex
matrices. We assume now that M = My @ A. Write u = e12 ® I (where {e;;} are
the matrix units in Ms) and v = T'(u). Given a € A we have

T(e12®a) = T((e12 ®@I)(er1a ®a*)* (e12 ® I)) =vT(e12 ® a*)*v.

Then ¢N(1 — q¢) = T(e12 ® A) = vT(e12 ® A)*v. Hence ¢ < vv* and I — g < v*v.
But v € ¢N(1 — q) so that ¢ = vv*, I —q = v*v.
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Now write
P11(a) =T(e12 ® a)v* € ¢N(1 — q)v* = qNgq, a€ A

11,1 maps I into vv* = ¢ and it is an isometry onto the von Neumann algebra ¢/Ng.

By [K] Theorem 10] this map is a *-isomorphism (using the fact that A is abelian).

Hence ¢NNq is abelian. Similarly one sees that I — ¢ is also an abelian projection.
We now have, for a,b,c € A,

T(e12 ® a)v*T(e12 ®@b) = T(e12 ® a)v*T(e12 ® b)v*v
= 11(a)Y11(b)v = 11 (ab)v = T(e12 ® ab),
T(e12 ® b)T(e12 ® )" = ¢ (b)o[thna(c™)v]" = P11 (b)ov o (c”)”
= 11(0)11(c) = T(e12 ® be)v™,
and, using similar identities we see that the map

Pv: M — N

’ <a b> B T(e12 ® a)v* T(e12 ®b)
¢ d T(e12®c*)* v*T(e12®d)
is a *-isomorphism of M onto N extending 7. This completes the proof of Theo-
rem 2.1 in this case. (Here ey =1, e2=0.) N

defined by

From now on, in this section, we assume that condition (2) of Lemma 2.5 holds
(with z, = I).

We fix the family {u;} as in Lemma 2.5 and write v; for T'(u;) € ¢N(1 — q).
Then v; is a partial isometry and we write

i =007 (< q), di = vjvi(< T —q).

Now fix 7 # j. We wish to study the relative position of v; and v;.
We have

X

J

* *
= 0V V5 + VvV = vid; + 155,

vi = T(uuiu;) = T(uujuy) = T(wuju; + ujuiug)
It then follows that 7;v;d; = 0. Since we can interchange ¢ and j we get
v; = vid; +ryv; and  ryvid; =0,
v; =v;d; +rv; and  rvd; =0,
and, thus,
ri = vv] = (vid; +rjv)(dv] + vir;) = vidv; + vy

But then r;ryr; < r; and, consequently (I —r;)r;rir;(I —r;) = 0 which implies that
rirj = 137573 and ;7 = 7475, Similar analysis works for d;, d; and we find that

Ty =115, did; = d;d;.
The computation above now shows that
Ty = vidjv; + 1T
and similarly

d; = U;iji + dzd]
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We summarize as follows.

Lemma 2.7. With the notation and assumptions above, for i # j,
(1) V; = Uidj +rjv; = (I - Tj)’l)idj =+ iji(I - dj),

(2) v; = ’Ujdi + riv; = (I - ri)vjdi =+ TZ‘U]‘(I - dl),
(3) ’I“j’l}idj = mvjdi = 0,

(4) riry; =TT, didj = djdi,

(5) wvidjv} =ri(l —15)

and
(6) UZTj’Ui = dz(I — d]) |

Lemma 2.8. With the notation and assumption above we have for every triple
{i,4,k} of different indices,

(1) did;(I —dy) =0,
and

(2) rirj(I—ry)=0.
Consequently, if we write v for \/[{r; : i € I} and ro for N{r; : ¢ € I}, then
{ri —ro : i € I} is an orthogonal family of projections with sum equal to r — rg.
Similar statement holds for {d; — do}.

Proof. For every a € u;Mu} we have

*

* * *
aupuiug +ugujau; =0 (as ujugp = 0= uju;).

Thus
(%) T'(au;)v;vg + vipv; T (au;) = 0.
Now set

a=uwu; T (rj(I —ri)vi)uf € u;Muj.
Then

T(aw;) = T(un;T " (rj(I —ri)vi)ufu;)
= viT(uinl(rj(I - rk)vi)*ui)*vi
= [vi(v;‘rj(l - rk))vi}*vi
i (I — 75 )v;.
Using (x) we have
i (I — ri)viv; vg + vpviriri (I — ri)v; = 0.
Multiplying on the left by v;v; we get
vjvgrry (L — rk)viv;vk + vjdkv;frirj (I —rk)v; =0.

As v (I —rg) = 0, the first term vanishes. From Lemma 2.7 we know that v;dyv; =
rj(I — rg); hence r;(I — r)rir; (1 — rg)v; = 0.

It follows that r;r;(I — ry) = 0. Statement (1) is proved similarly and the final
statement of the lemma follows immediately. |

Lemma 2.9. (1) For a € pM(I —p) and a partial isometry u € pM (I — p),
T(uu*au*u) = vv*T(a)v*v

where v = T (u).
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(2) For a partial isometry uw € pM (I — p) with T'(u) = v,
T(w*Mu*u) = vv*Nv*v.
(3) If z,y € pM(I — p) and x*y = yz* = 0, then
T(x)"T(y) =0="T(y)T(z)".
Proof. (1) T(uu*au*u) = vT (ua*u)*v = v[vT (a)*v]*v = Vv*T (a)v*v.
(2) From (1) it follows that
T(uu*Mu*u) C vv*Nv*v.

Applying the same argument to T~! we get equality.

(3) Let z,y € pM(I — p) satisfy *y = yz* = 0. Let x = wq|z| be the polar
decomposition of z and y = uz|y| be the one for y. Then ujus = usui = 0.
If we write v; = T'(u;) then

0 = T(urujug + ugujuy) = v1v]v2 + VoV V1
and
0 =T (uruiuy) = v1v3v;.
hence

* * * * *
vive = vivvive + (vivev] )y

v} (110 ve + vavivy) = 0.
Similarly vovi = 0.
Since z € wyufMujuy, y € uguiMujug, part (1) shows that
T(x) € vivi Nvivy, T(y) € vovs Nvjvs.
As vov] = vivy =0,
T(x)'T(y) =0=T(yT(x)". W
Lemma 2.10. If u is a partial isometry in pM(I — p), v = T(u) and e is a

projection satisfying e < vv*, then there is a projection eq < uu* with T~1(ev) =
ceolU.

Proof. Write v' = ev,v” = (vv* — e)v. Both are partial isometries and they satisfy
v'v"* = v"v"* = 0. Hence (Lemma 2.9), the partial isometries u’ = T~!(v') and
o’ =T~ (v") satisfy 0 = w'u"* = u"u'*. Since v/ +u” =T 1(v'+0") =T (v) =u

the conclusion follows. |
Lemma 2.11. For alli,j € I, r; commutes with the elements in r;Nr;.

Proof. For ¢ = j it is clear, so assume i # j. Since " Nd; = T(uufMulu;)
(Lemma 2.9 (2)),

riNr; =r;Ndv; = T (uu; Muju;)v;.

So fix & = w;ufzuju; and compute (using the fact that wju

*

gk — * J—
juiu; =0 and uju; =

T(x) = T(vujw)=T(zuju; +ujujz) =T (x)vjv; +vv;T ()
= T({E)dj + TjT({E).
Hence
T(x) = —r;)T(x)d; +r;T(x)(I — d;).
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T(x)vir; = T(z)virjvv =T (x)d;i(I —dj)v]
= 1T (x)di(1 —dj)v;.
Hence, for every y € r;Nr;, yr; = rjyr; and the claim follows. |

Our next objective is to show that, for ¢ # j and for xz,y,z in u;Mu;,
ri(l —r;)T(zy*z) = (I — r;)T(x)T(y)*T(z). This will be proved in Proposi-
tion 2.13.

We first consider the map

o uu; Muul — v;of Nvo;
defined by
* * * *
o(uulzuul) = T(uulzu; vy .

Since T'(u;ufMu;) = r;Nd; (Lemma 2.9), the map ¢ is a surjective isometry from
the von Neumann algebra w;u; Mu;u; onto the von Neumann algebra r; Nr; that
is unital (cp(ulu;") = ri). By [Kl, Theorem 10] there are central projections g, h in
r;N7; and central projections go, ho in w;u; Mu;u; with g +h =i, go+ ho = wu;
and such that ¢, restricted to goM go, is a *-isomorphism onto gIN g and ¢, restricted
to hoMhg, is a *-anti-isomorphism of hqM hg onto hINh.

Lemma 2.12. With the notation above, h(I—r;) is an abelian projection in r;Nr;.

Proof. Since h € r;Nr; it follows from Lemma 2.11 that h(I —r;) is a projection in
riNr;. Write ¢ = h(I —r;). To show that cNc is abelian it suffices to show that one
cannot find in ¢Ne¢ projections e, es that are equivalent (in ¢Nc¢) and orthogonal
(i.e. erea = 0). Assume, by negation, that there are such projections. Then there
is a partial isometry w € ¢Nc¢ with

ww* = ey, w'w=e.
Write
*
tl = €1V, t2 = V;V; €105, t3 = WY;

and set s; = T*I(ti). Then t; and s; are partial isometries. We have tjt; =
* * % * * * K,k % :
v;ev, tata = V; 10050507 e10; and tits = v wrwy; = vieiv;. Since

vierv; < viev; < i (I —rj)v = did; <dj,
(using Lemma 2.7), we have
tit, =vlev;, 1=1,2,3.

Also, t1t] = eq, toth = Vv e1vv; <y and t3t5 = wuvfw* = eg < I —r;. Hence
{t:t¥ :i=1,2,3} is an orthogonal set.
By Lemma 2.10, there are projections ¢1 < w;u; and ¢; < uju; with

§1 = C1U5, S2 = C2Uj.
Now, by the definition of h, the map
o(x) = T(xu;)v], x € hoMhy,
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is a *-anti-isomorphism. Hence

T(szsis1) = @(sssisiu;)vi = o((s3u])(uisy)(s1uf))vs
= p(s1u])p(s1u;) p(szu; )v;
= p(s1u))viv; p(s1ui) p(s3ui)vi
= T(51)T(s1)"T(s3) = tatjts = 0.

Hence s3s7 = 0.

We can use Lemma 2.8 and Lemma 2.7 for {t;,ts,t3} and T~! in place of
{vi,vj,v} and T (since they also have pairwise orthogonal ranges and the same
initial space). Since sjszsisi = 0 (by the computation above) it follows from
Lemma 2.8 (1) that s3sasis1 = s5sa2s3s3sisy = 0 and, similarly, s5sesiss = 0. So
that {sIs;} is an orthogonal family. By Lemma 2.7 (5) (applied to the situation

here) we get for ¢ # j in {1,2,3}, s;s7 (1 — sjsj) = sisjs;js; = 0.

We conclude that s;s; = s;s} for all 4,5 in {1,2,3}. But s1s] < wu; (as
s1 = cru;) and s285 < ujul < I — ;.

This is a contradiction and it completes the proof. |

Proposition 2.13. For x,y,z in u;Mu; and j # 1,
rill —ry)T(xy*z) = ri(l —r;)T(x)T(y)"T(2).
Proof. Fix x,y, z in u;Mu; and write
ri(l —r))T(zy*2z) = ri(I —rj)hT(zy*2) + ri(I — ;) 9T (xy*z)
where g, h are defined above. With ¢ as above we have
(I —rj)hT(xy*z) = (I —rj)he(zy*zui)v;.
Since @(zy*zuf) lies in 7;Nr;, we can use Lemma 2.11 and Lemma 2.7 to get
(I = rj)plxy*zul)v, = pzy*zul)(I — rj)vi = p(ry*zul)vivf (I — rj)v;. Hence,
by the definition of h, (I — r;)hT(zy*z) = (I — rj)he(zy*zuf)hri(I — rj)v; =
(I —rj)ho(zul)e(yul)* o(zul)hri(I — rj)v;. But since (I —r;)h is an abelian pro-
jection in 7; Nr; (Lemma 2.12) we have
(I —r)hT(zy*z) = (I —rjhe(zug)e(yu;) e(zui)hri(l —rj)u;

= (I —rj)hT(z)v;v;T(y)* T (2)v;hri(I —r;j)v;

= (I —rj)hT ()T (y)"T(z).
Also, from the definition of g,

(I —r))gT(zy*z) = (I —rj)gp(zy”zu;)v;
(I = rj)gp(zu; ) e(yu; ) p(zu; )v;
= (I —rj)gT(x)T(y)*T(2).

This completes the proof. |

We now turn to define a map
0:pMp— N.

For if we note first that p = > w;u} and every x € pMp, = = Zu ujzuju; (o-
i.j
weakly). For every i,j € I we set

. ¥ o ¥
Gij .uzuiMujuj — N
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by

0i; (uzu;"xu]u;‘) = (r; — ro)T(uiufxuj)v; + U;T(uiufxuj)(di —dp),

where ro = Ar;, do = A\ d;.
To study the map 6 defined by {6;;} we first write

*

aij(ugui rujuy) = (ri — o) T (wsu; wuj)v;

J
and

Bij(wiuizujuy) = viT (usui vuy)(di — do).

Also write, for every finite subset F' C I, pr = Y, puiuj, rr = Y ;cpTi, dp =
2 ier di and

x(F) = prappr (for x € pMp)
and ap : ppMpprp — N is defined by

ar(prrpr) = Z g (uiug Tujug).
iLjEF
(Similarly, Br can be defined.) We have ar(prMpr) C (rF — 10)N(rF — o) and
if i CFy, x €N,

Ry (plepFl) = (rFl - TO)aF2 (pFprFQ)(TFl - TO)'

Lemma 2.14. Given a finite subset F C I, ap is a *-homomorphism of ppMpp
onto (rp — ro)N(rp — r9) and Br is a *-antihomomorphism of ppMppr onto
(dp — do)N(dp — dp).

Proof. We prove the properties of ap. The proof for Br is similar.

Fori,j € I, wiui Mu; = wyu; Mujuiu; C uiui Muiu; = uiui Muiu; Cuguy Mu;.
Hence w;u; Muj; = wju; Mufu, and T'(u;uf Mu;) = r; Nd;. Hence T(uiufMuj)v;‘ =
riNd;v;. For i = j this is r;Nr; and, thus, o (uuf Muul) = (r; — ro)Nry =
(ri —ro)N(ri — o) (as I — ro commutes with r; Nr; by Lemma 2.11).

For i # j

aij(uiui Mujui) = (r; — ro) Ndv; = (r; — o) Nvj (vjd;v}) = (ri —ro)Nvj (I — 7).

As rj(I —r;) =1; —ro (Lemma 2.8) we see that «;; is onto (r; — 179)N(r; — r9).
This shows that ap maps ppMpg onto (rp — ro)N(rp —19).
We now show that ap is a *-map. For that, fix z = w;ujxu;ju; and consider

*

J

*

aij(@) = (ri = r0)T (wu;)vy = (ri — ro)T (zu;)vj(r; —ro).

If = j we have
aii(x) = (ry —ro)T (uu]zu;)v) (r; — o)
= (r; —ro)uT(x"u;) vv) (r; — o)
= [(ri = ro)T(x*us)v; (ri — 1))
= a(z")".
If i # j we have T'(u;ujzuj) = T (uuf vujtujuizu;) = v, T (2 w;) v4+v;T (% u;) *v;.
Hence

agj(x) = (r; —10) [viT(x*ui)*vj + va(:c*ui)*vi} vj*- (rj —ro).
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Since (r; — r9)v; = 0 we have
aij(x) = (ry —ro)ui T(x™u;)* (r; —10) = s (x™)”.

This shows that ap is a *-map.
Finally, we shall show that ar is a homomorphism. For that we fix

* * * *
T = Uil TUR U, Y = UjUTY U Uy,

If £ # j, then zy = 0. In this case 7x(r; — ro) = 0 and ap(z)ar(y) =
(ri — ro)T (zug)vi(r; — ro)T (yum)v), = 0. So we suppose now that £ = j and
then zy = w;ujvujujyumuy,. Hence ar(zy) = (ri —ro)T (zyum)vy,. If i # j this
is equal to

(r; — ro)T( TU;)u yum )v:1 =(r; — ro)T[(xuj)u*(yum) + yumu;fxuj}v:1
= (r; —ro)[T (xuj)v T (yum) + T (yum ) v} T (zuy)| vy,
Now T'(yum) = T (yumuju;) € rjNd; and (r; —ro)T(yum) = 0. Hence
arp(zy) = (ri — 7o) T (zy;)v; T (yum)vy, = ar(z)ar(y).
Now consider the case ¢ = j. Then
ar(zy) = (ri — r0)T ((zus)ui (yum)) vy,

Since yuy, = wiuyumuiu; € u;Mu,; and xu;, u; also lie in u;Mu;, we can apply
Proposition 2.13 and get

ap(zy) = (ri = ro)T (zus)v; T (yum)v,, = ar(z)ap(y). W
It follows from Lemma 2.14 that for each finite subset F' C I and each = € pMp
e ()] < [l

Hence, for a fixed x € pMp the net {ap(z) : F C I} is bounded and we can find a
o-weakly convergent subset ap (x) — a(z).

For every finite subset F' C I there is some F}} in the subnet with Fj D F. But
then, for every F' D F{, rpap (z)rr = ap(x); hence

rrpa(z)rp = ap(z)
and, consequently.
a(z) = o-weak li}n ap(x).

We can now conclude from Lemma 2.14 the following. (The statement for § is
proved similarly.)

Corollary 2.15. There is a surjective *-homomorphism
a:pMp — (r —ro)N(r — 7o)
and a surjective *-antihomomorphism
B pMp — (d — do)N(d — do)
such that, for alli,j,
ria(z)r; = aij(z),  d;jf(x)d; = Bij(x).
Lemma 2.16. For x € pM(I —p) and i,j € I we have ri(I —r;)T(ujujz) = 0.
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Proof. We can assume i # j and z = u]u;‘x Write x = 21 + 22 where z1 = xu;uj
and z2 = (I —uju;). Then 1 € ujAu; and, thus, T'(1) € v;Nv; = r;Nd;. Hence
(I = 7;)T(ujufry) = 0. For zo we have ujujzs = mauju; = 0 (as wju; = uju;).
Hence 0 = T'(uufzs + zoufu;) = 00T (x2) + T (z2)viv; = riT(x2) + T(22)d;. We
also have w;x3u; = 0; hence v;T(x2)*v; = 0. Therefore
TiT(xg) = TiT({EQ)di + TiT(xg)(I — di)
= TiT(l‘Q)di + [TiT(J?Q) + T(l‘g)dz] (I — dz) =0.

Note that a similar argument shows that
Lemma 2.17. For x € uju;M(I —p), y € uju; Mu;,

ri(L —ro)T(y)v;T(x) = ri(I —ro)T (yujz).
Proof. Assume first that ¢ # j. Then it follows from Lemma 2.16 that
7i(I —79)T () = 0. Also we have rujy = 0. Hence

ril —ro)T(yujz) = ri(l = ;)T (yujz + zujy)

=ri(l =) [Ty T(x) + T(2)v; T (y)]

=r( - rj)T(y)v;»‘T(:c).
Now consider the case i = j. if € usuf Muju; the result follows from Propo-
sition 2.13. So assume now that x = w;ufz(l — ufu;). Then zuly = 0 and
riT(x)vf = rT(x)d;vf = T (wufrufu)vd =0 (where we used Lemma 2.9). Hence

rT(yuie) = rT(yuis+ zuly)

ri[T(y)viT(x) + T(x)v; T (y)]
= rT(yvT(x). N1

Corollary 2.18. For every i, j,k if a = ujujauju; and x = upupz(l — p), then
(r—ro)T(az) = a;5(a)T(z).

Proof. Assume first that j # k. Then az = 0. Also oy;(a) € (ri—ro)N(r; —r0) (see
the proof of Lemma 2.14) and (r; — r9)T(x) = r;({ — k)T (x) = 0 by Lemma 2.16.
Hence «a;;(a)T(xz) = 0. We now consider the case j = k. In this case ay;(a)T(z) =
(ri—r0)T (au;)v;T(x) and Lemma 2.17 (with y = au; € wiu; Muju; = wjuj Muju;)
applies to give

aij(@)T (x) = ri(I —ro)T (aujujz) = ri(I — r0)T(ax).

As (r —r;)T(ax) = 0 (Lemma 2.16), we are done. W

Before we conclude from the last corollary that T' is a module map we need the
following.

Lemma 2.19.
(1) (= a+ B) is an injective map.
(2) « and B are o-weakly continuous maps on pMp.
(3) There are projections g1, g in Z(pMp) such that
(i) g1+92=p,
(ii) kera = goMgo and ker 8 = g1 M g1,
(i) if c(g:) is the central support of g; in M, then c(g1) + c(g2) = I.
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Proof. (1) Recall that for every 4,7 € I,

* *

O(ugujzuju;) = (r; —ro)T (ujujzus)vi(ry —ro)
T+ (dy — do)ui T(usu}ou;)(d: — do).

Since {r; — 1o} and {d; — do} are orthogonal families, it will suffice to show the
injectivity of 6;; (: 9|uzufMuJu]*) for all 4,5 € I.

So fix 4,7 € I and x = u;ujzu;uj such that

(ri = r0)T (usui wuy)vi(ry —ro) = 0= (dj — do)v; T (wiv;zu;)(d; — do).
From Lemma 2.7 we get v;(d; — do)vj = ro and v} (r; — 10)v; = do and we have
(ri —ro)T (wuizu;)do = 0 = roT (uu;xu;)(d; — do).
Also, fix k # i, and compute
roT (uwu; xuj)dy = riT (usu 2u; )di, = T(upujuu; cujupug) =0

(using Lemma 2.9).

Now we will show that (r; —ro)T (uw;u}zu;)(d; —do) = 0. It will then follow that
T(uufzu;) =0 (as it lies in r; Nd; by Lemma 2.9) and consequently, u;ufzu; =0
implying « = 0.

Fix k # i and note that

(ri —10)T (uiuizu;)(di — do) = (15 — ro)T (wsu; zuj)virgv] € (ri — o) Nrirpvy.

But the last set is {0} since r, commutes with r; Nr; (Lemma 2.11) and r(r; —rg) =
0.

(2) B is a map onto (d — do)N(d — dp) and « is onto (r — 7o) N(r — ro). Since
d — dg and r — rg are orthogonal projections, we can view N as acting on a Hilbert
space H with two orthogonal subspaces Hy = (d — dp)(H) and Hy = (r — ro)(H).
Let 7 : B(Hy) — B(H1) be a transpose map, then a @ 7o 3 is a *-isomorphism of
pMp into B(H). Thus it is o-weakly continuous and so are its compressions to H;
and Hs; i.e. a and (3 are o-weakly continuous.

(3) Since «, 8 are o-weakly continuous their kernels are o-weakly closed ideals
in pMp and the existence of projections g1, g2 in the center of pMp and satisfying
(ii) follows. We now turn to proving (i). Since § = a + (3 is injective, g1g2 = 0.
So we write h = p — (g1 + g2) and claim that h = 0. Write, for ¢ € I, 4; = hu;
and 0; = T'(@;) and note that Lemma 2.7 and Lemma 2.8 apply to 4;,0; in place
of u;,v; (since {@;u;} is an orthogonal family and 44, = uja; for all 4,5). We
also write 7; = ©;0}, d; = 0;0;. Using Lemma 2.10 applied to T~!, we find that
¥; = cv; for some projection ¢ < v;v} = r; and thus 7; € r;Nr; and, by Lemma 2.11,
7; commutes with all r;. In particular 7;rg = ro7;, ¢ € I.

Now ro¥; = 0;0;r00; € 73 Nd; = T (huuf Mufu;) and we can find a = wu}auju;
such that ro0; = T'(ha). Hence

alhaul) = (r; — ro)T (ha)v] = (r; — ro)rot;0; = 0.

But o, restricted to hMh is injective. Hence hau] = 0 and also ha = 0 and
ro¥; = T'(ha) = 0. But then ro7; = 0 for all 4; i.e. 7 < r; — 7o and it follows that
7375 = 0 for all ¢ # 7. Similar argument shows that LLJJ =0, i # j. For a given
i€l and j # i,
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But then ©; = 0 and, thus, hu; = 0 for all 4 € I. This shows that h = 0 and we are
done.

It is now left to prove (iii): ¢(g1) + c(g2) = I. But since g1 + g2 = p and ¢(p) = I
and g; € Z(pMp) it is obvious. W

Because of Lemma 2.4 it will suffice now, in order to prove Theorem 2.1 to
restrict our attention to the cases ¢(g1) = I and ¢(g2) = I. Since the proof is
similar in these cases we now assume c(g1) = I (i.e. g2 = ¢(g2) = 0).

Lemma 2.20. When ¢(g1) = I (with g1 as in Lemma 2.19) we have, for all a €
pMp and x € pM(I — p),

T(azx) = a(a)T(x).

*

Moreover, we have now ro = 0, « is a *-isomorphism of pMp onto TNr and T
maps pM (I —p) onto rN(I —r) (i.e. 7 =q).

Proof. Now, that go = 0, « is injective and, thus, a *-isomorphism onto
(r —ro)N(r — 19). But then we can repeat the argument of the proof of Lemma
2.19(3)(ii) (with p replacing h) to show that rov; = 0 for all 4. hence ro = 0 and «
maps onto rNr. Now fix © € pM (I — p) with © = wufzx. Write z = 1 + z2 with
r1 = uwuirulu; and zo = wufr(l — ufu;). We have T'(z1) € T(uwjuf Mufu;) =
r;Nd; (Lemma 2.9) and T'(z2) = T(uiu;‘xg + :cgu;?‘ui) = r;T(x2) + T(x2)d;. How-
ever, for all j # i, xouj = 0 (as uju; = uju;) and ujze = 0 (as ujujuu; = 0);
hence (Lemma 2.9(3)) T'(z2)v; = 0 and also T'(v2)d; = T'(z2)vjv; = 0. But d; = d;

J
(as d;j(I — d;) = viriv; = virov; = 0) and we conclude that
T(x2) = r;T(xz2) CTN.

Hence T'(pM (I — p)) C rN. But T(pM(I — p)) = gN(I — q); hence ¢N(I — q) C
rN while r < ¢q. If r # ¢ then it follows from the fact that ¢(I — ¢) = I that
(g —r)N(I —q) # 0 but this contradicts ¢N(I — ¢) C rN and we get ¢ = r.

We then conclude, from Corollary 2.18, that, given 4,7,k in I, a € uju; Mujuj
and = € upui M (I — p), we have

T(azx) = a(a)T(x).

This equality then holds for finite sums of such a,x. Since T is o-weakly continuous
by [Ho, Corollary 3.22] and « is o-weakly continuous the equality holds for all
a € pMp and x € pM (I — p). |

Corollary 2.21. Assume c¢(g1) = 1. For all xz,y € pM (I — p)

T(x)T(y)" = alzy”).

Proof. This is [MS], Lemma 5.10] (which generalizes the result of Lance [I.2, Theo-
rem 3.5]). |

Proposition 2.22. Assume c¢(g1) = I as above. Then there is a *-isomorphism
v:(I =p)M(I —p) — (I —qg)N( —q)
with

(i) v is surjective.
(ii) Forae (I —p)M(I —p) and z € pM(I —p),

T(za) =T (z)v(a).
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(iil) For xz,y € pM (I — p),
T(z)"T(y) = v(z"y)-
Proof. Suppose N C B(H) (and the unit of N is Iy) and write Hy = span{T(z)*h :
x € pM(I —p), h € H}. Since T(pM (I — p)) = gN(I — q) and c(q) = I, it follows
that Hy = (I — ¢)(H).
For a € (I — p)M(I — p) we define y(a) as an operator in B(Hp) and assume
that it is defined to be zero on H & Hy. We define

v(a) <Z T(xi)*hz) = T(xia*)*h;
i=1 1=1

where z; € pM (I —p), h; € H.
Note the following

<Z T(zia*)* b, ZT(mia*)*hi> = Y (T(xja")T(wia") iy by)
4,
= Z (a(zja*az])h;, hj) .
4,
Since the matrix (zja*ax}) € M, (pMp) is majorized by the matrix ||a||?(z;z}) and
« is a *-isomorphism,
(a(zja*az})) < |lal® (a(zja7)).

Hence

IN

HZT(mia*)*hi ’

lall®> (e} )his hy)
_ HZ T(2:)*hi

It follows that y(a) is well defined and can be extended to an operator in B(H)
with ||y(a)|| < ||a||. For ; € pM(I —p), h; € H, i =1,2, we have

(Y(@)T (i) h1, T(w2)"he) = (T(x10")"h1, T(22)"he)

= (a(x2ax)h1, ha) = (T'(x1)"h1, T (z2a)"ha)

= (T'(x1)"h1,~(a")T (x2)"ha) .

Hence y(a*) = v(a)*. It is easy to check that v is multiplicative and injective. Now
suppose b € N’ then for every x € pM (I — p), h € H,

¥(a)bT(x)*h = v(a)T(x)*bh = T (za™)*bh = bT (xa*)*h = by(a)T(x)*h
)

Hence y(a) € N. Since 7(a) is zero on H & Hy, v(a) € (I —q)N(I —
It follows from the definition that, for « € (I — p)M( — p) and z €
pM(I - p), 4(a)T(x)* = T(xa")"; hence

T(z)v(a) = T(xa).

2
lal?.

This proves part (ii).
Now choose z,t € ¢N (I — q) and write a = T 1(2)*T~1(t) € (I — p)M(I — p).
Compute, for x € pM (I —p) and h € H,
Y(@)T(z)*h = T(@T'#)*T'(2)) h=[alT(t)*)z]"h
= [T(x)t*z]"h = 2"tT(x)"h = 2"tT(x)*h.

*
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Hence z*t € y((I—p)M (I—p)). Since products of this form generate (I —¢)N (I —q)
as a von Neumann algebra and the image of v is a von Neumann algebra, v is
surjective. This proves (i). We can now apply [MS| Lemma 5.10] to get (iii). [ |

Remark. Note that ~ is in fact equivalent to the representation on the internal
tensor product (I —p)Mp @, H.

Corollary 2.23. Assume c¢(g1) = I. Then there is a *-isomorphism
v:M-— N

such that, for a € M,

(i) ‘P(pap)—a(pap)Gqu,

(ii) ¥(pa(l —p)) = T(pa(I —p)) € ¢N(I —q),
(iii) Y(({ —p)a(l —p)) =~v({ - p)a (I p) € (I —q)N(I —q),
(iv) W((I —p)ap) =T(pa*(I —p))* € (I —q)Nqg.

Proof. The equations (i)-(iv) define ¥ and the properties of o and v (see Lemma
2.20, Corollary 2.21 and Proposition 2.22) show that ¥ is indeed a *-isomorphism
of M onto N. |

Proof of Theorem 2.1. It was shown in Lemma 2.4 that, to prove Theorem 2.1, it
will suffice to write the algebra as a direct sum (using central projections) of algebras
for which Theorem 2.1 holds. In Lemma 2.5 we saw that we can assume that the
algebra M and the projections p and I — p satisfy one of the conditions ((1), (2)
or (3)) stated in that lemma. If condition (1) is satisfied then Theorem 2.1 follows
from Lemma 2.6. So we can assume that either condition (2) or condition (3)
is satisfied. Condition (3) is, in fact, condition (2) for p, I — p interchanged. It
will suffice, therefore, to assume condition (2). We then find, in Lemma 2.19, two
central projections, ¢(g1) and ¢(g2), with ¢(g1) + ¢(g2) = I and (again, by referring
to Lemma 2.4) we can assume that either ¢(¢g1) = I or ¢(g2) = I. For the first
case the theorem is proved in Corollary 2.23. In this case we get, in fact, that
e2 = 0 and the map, extending T, is a *-isomorphism. The proof of the other case,
when ¢(g2) = I, is similar and is omitted. In that case the map turns out to be a
*-anti-isomorphism. |

Remark 2.24. The map ® + ¥ of Theorem 2.1 is an isometry of M onto N that
extends T and maps pMp + (I — p)M(I — p) onto gNg + (I — ¢q)N(I — ¢) and
pM (I — p) onto ¢N (I — q). We write A for ® + U.

Recall from the introduction that given a right self-dual Hilbert C*-module X
over a von Neumann algebra A, we can form the von Neumann linking algebra

which can be written
_(B(X) X
LX) = ( X A>

where B (X) is the algebra of all bounded, adjointable A-linear maps on X and X is
the conjugate module (which is a left Hilbert C*-module over A). It is known that
this algebra is indeed a von Neumann algebra. We assume that our C*-modules
are full and this implies that we can write X as pLy,(X)(I — p) for a projection p
with ¢(p) = ¢(I — p) = I. The following corollary then follows immediately from
the theorem.
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Corollary 2.25. If X andY are right selfdual C*-modules over (possibly different)
von Neumann algebras A, B and if L,(X) and L,(Y) are the von Neumann linking
algebras of X and Y respectively, then every linear surjective isometry to a linear
surjective isometry A : Lo,(X) — L,(Y).

Moreover, there is a central projection z € L(X) such that if we write ¥ =
A|zLy(X) and © = A|(I — 2)Ly(X) then

(1) U is a *-isomorphism onto A(2)Ly(Y). It defines a *-isomorphism ¥qy :
zB(X) — A(2)B(Y) and a *-isomorphism Was : zA — A(2)B such that, for L €
B(X)z, a€ Az and x € zX, y € zX,

T(La:a) = \Ifll(L)T(J))\IIQQ(G),
T(x)T(y)" = ¥n(z ®@y"),
T(x)"T(y) = ¥o2({z,y) 4)
and
(2) @ is a *-anti-isomorphism onto A(I—2)L,(Y). It defines *-anti-isomorphisms
D : (I—2)B(X) = Al —2)B and Paz : (I —2)A — A(I — 2)B(Y) such that, for
LeB(X)I—-2), x,ye(I—2)X, a€ (I —2)A,
T(LJ?CL) = @QQ(G)T(J?)(I)ll(L),
(2)T(y)" = P22((z,y)),
(z)'T(y) = enu(y®2"). N
Corollary 2.26. If XY, A, B are as in Corollary 2.24 but we assume also that A

is a factor then the surjective linear isometry T : X — Y can be extended to a map

A:Ly(X)— Ly(Y)

T(x) o
T(x) o

which is either a *-isomorphism of or a *-anti-isomorphism.

Moreover, if Xt is any C*-module that is isometric to X and such that the
induced isometry from L, (X") to L,(X) is a *-anti-isomorphism, then Y is com-
pletely isometric to either X or X*t. |

3. ISOMETRIES OF HILBERT C*-MODULES

Now let X and Y be right (full) Hilbert C*-modules over the C*-algebras A and
B respectively and let T : X — Y be a surjective linear isometry. Write £(X) (and
L(Y)) for the linking algebra of X (and Y); i.e.

con = (90 )eem = (97 7)

where X and Y are the conjugate modules. X is a left Hilbert C*-module over
A and Y is over B. (See Section 1 for the definitions.) It is known that £(X)
and L(Y) are C*-algebras. Now the isometry T : X — Y induces an isometry
T** . X** — Y** (where X** is the second dual of X) extending T'. Write

M = L(X)™, N = L(Y)™.

Then M (respectively N) is a von Neumann algebra. In fact it can be identified
with the universal enveloping algebra of £(X) (respectively £(Y')). To continue we
note the following.
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Lemma 3.1. There is a projection p € L(X)** such that pL(X)**(I — p) is the
w*-closure of X C L(X) C L(X)**. Similarly, the w*-closure of Y in L(Y)** is
qL(Y')**(I — p) for some projection q € L(Y)**. Moreover, ¢(p) = c¢(I —p) =1 and
similarly for q.

Proof. We can identify £(X)** with the o-weak closure of 7, (£(X)) where (7, Hy,)
is the universal representation of £(X). The w*-topology of £(X)** is then the o-
weak topology of m, (L£(X)). Write

K(X) X 0 0
ne (590 X) <oy zm (3 9) <oom
Write M for the o-weak closure of 7, (£(X)). Z; and Zy are right ideals in £(X)

and the o-weak closures of Z; and Z, are of the form p; M and psM respectively.
In fact, p1 = V{r(y) : y € mu(Z1)} and p2 = V/{r(z) : z € m,(Z2)} where r(y) is the
range projection (in M) of y. The o-weak closure of 7, (X) is then p1 M N (paM)* =
p1Mpo. But it is clear that p; + p2 = I and, thus, writing p = p; we find that the
o-weak closure of m,(X) is pM(I — p). A similar argument works for Y. Finally
note that MpM contains 7, (L(X)Z1) = m,(L(X)); hence is o-weakly dense in M
and it follows that ¢(p) = I. The argument for I — p(= p2) is similar. [ |

Since it follows from Banach space theory that X** is isometrically isomorphic
to the w*-closure of X in £(X)** we conclude that T** induces a surjective linear
isometry

S pL(X)™ (I —p) = qL(Y)™ (I —q)

and S extends T (when we view X,Y as subspaces of £(X)** and L(Y)** respec-
tively). In particular, S maps X onto Y. Applying Theorem 2.1 to S we obtain
the following.

Theorem 3.2. Let X be a right full Hilbert C*-module over the C*-algebra A and
Y be a right full Hilbert C*-module over B. Let T : X — Y be a surjective linear
isometry. Then

(1) There is a surjective linear isometry
Ao L(X) — L(Y)
extending T and mapping K(X) ® A onto K(Y') & B.
(2) There is a projection f in the center of L(Y)** such that the map
\IIO(G‘) = AO(a)fa ac ‘C(X)v
18 a *-homomorphism and the map
Do(a) = Ao(a)(I = f), a€ L(X),
s a *-antthomomorphism.
Proof. Part (2) follows from Theorem 2.1 but in fact it is known whenever A is an
isometry of C*-algebras (see [K] and [T}, p. 188]). For part (1) we need only to notice
that the isometry A = ¥ + ®, given by Theorem 2.1 and Remark 2.24 (mapping
L(X)** onto L(Y)**) maps L£(X) onto L(Y). But we know from Corollary 2.25
that ¥ maps K(X) onto K(Y) since
U(xey") =5 @Sy =Tk T(y) e KY)

and similarly ¥ maps A onto B, X onto Y and X onto Y. The statements for ®
are similar (although here ®(K(X)) = B, ®(A) = K(Y)). [ |
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Remark 3.3. If we have X,Y and T as in Theorem 3.2 and we let ¥q; define the
restriction of ¥y to K(X) and Was be the restriction of ¥y to A, then it follows
from the properties of ¥y that both ¥y; and Woy are *~-homomorphisms and

T(Ka:a)f = \Ifll(K)T(J))\IIQQ(G), ac A, K e K(X), e X.
Similarly, we get *-antihomomorphisms ®1; and ®9o with
T(Kza)(I — f) = Po2(a)T(2)P11(K), ac A, KeKX), z€X.

Corollary 3.4. Suppose X and Y are as in Theorem 3.2 and T : X — Y is a 2-
isometry (i.e. the map IQT that maps Ma® X onto Ma®Y is an isometry). Then
the map Ao of Theorem 3.2 is a *-isomorphism (i.e. Ag = Wy, f = 1) and if we let
V11 and Yoy be the maps induced by Ao = ¥y on K(X) and on A respectively (so
that U1 : K(X) = K(Y) and $oo : A — B), then W11 and Yoy are *-isomorphisms
and

(i) T(Lza)=T11(L)T(x)P22(a), LeK(X), a€ A, z€X,

(i) T(@)T(y) = Va((v.y). w.ye X,

(i) T()T@W) = Vn(z@y), o.ye X,

Proof. Write Ty for the isometry Th : Mo ® X — M3y ® Y. Fix
T=e12@%g, Yy=e€11 @Yo, 2 =¢€21 @20 in M@ X.
Since T5 satisfies Lemma 2.2,
Ty(zy*z + zy*x) = To(x)T2(y) " Ta(2) + T2(2)T2(y) Ta(@).

But zy*z = 0 and Ta(z)T2(y)*T2(z) = 0. This implies that T (622 ® zoy(’;mo) =
To(zy*x) = To(2)Ta(y)*Te(x) = ez @ T(20)T (yo)*T (vo). Hence T(zoyjzo) =
T (20)T (yo)*T(x0) for all o, yo, 20 in X. We again write X** as pM (I —p) (M =
L(X)™*)and Y™ as gN(I —q) (N = L(Y)**). We get an isometry S : pM (I —p) —
gN (I — q) extending T. Clearly this extension still satisfies

S(zy*z) = S(2)S(y)*S(x), =z,y,2 € pM(I —p).

We can now apply the results of the previous section to S. Asin Lemma 2.5, M can
be decomposed into a direct sum of von Neumann algebras each satisfying one of
the conditions stated in Lemma 2.5. If condition (1) holds then, using the proof of
Lemma 2.6 we see that the map induced on the linking algebra is a *-isomorphism.
Suppose now that condition (2) holds. Let {u;} be as in this condition and write
v, = S(ug), i = S(u;)S(u;)* and d; = S(u;)*S(u;). We have, for i # j,

0= S(usujuj) = S(u;)S(u;)*S(uy).

Hence r;7; = 0. It follows form Lemma 2.7 that d; = d; for all 4,j. It then
follows that the map 3, defined in the discussion following Lemma 2.13, vanishes;
i.e. 8 = a. Hence the map induced on the linking algebra M is a *-isomorphism. A
similar argument works if condition (3) (of Lemma 2.5) holds. Statements (i)-(iii)
now follow. |

Remark 3.5. Corollary 3.4 shows that a (surjective) 2-isometry from one C*-Hilbert
module to another is necessarily completely isometric. I do not know to what extent
it holds for larger classes of operator spaces. The argument above (combined with
Corollary 2.10 of [AS]) can be used to show that unital 2-isometries of operator
algebras are multiplicative and for some classes of operator algebras this would
imply that they are complete isometries.
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Given a Hilbert space H there is more than one way to represent it as an operator
space; i.e. one can find different operator spaces that are all isometric to H but
they are pairwise non-completely-isometric. One representation of H as an operator
space is when you fix an orthonormal basis {e;} for H and consider the space of all
bounded operators in B(H) whose matrix with respect to this basis has non-zero
entries only in the first column. This subspace of B(H) is isometric to H and is
called the Hilbert column space, written H¢. One can write H¢ = B(Cey, H).
Replacing the word “column” by the word “row” we get the Hilbert row space
H" (or B(H,Cey)). It is known that these two operator spaces are isometric but
not completely isometric. Both operator spaces have a natural Hilbert C*-module
structure. H€ is a C*-module over the algebra C and H" is a C*-module over the
algebra K (H), the compact operators on H. But in addition to H¢ and H" there
are many other different (i.e. not completely isometric) representations of H as
an operator space (see [Pi]). The following corollary shows that none of these is a
Hilbert C*-module.

Corollary 3.6. Let H be a fixed Hilbert space and X be a Hilbert C*-module over
a C*-algebra A that is isometric (as a Banach space) to H. Then either A is
isomorphic to C and X is completely isometrically isomorphic to H® or A is *-
isomorphic to K(H) and X is completely isometrically isomorphic to H".

Proof. Assume, for simplicity, that H is infinite dimensional. Write T': H¢ — X
for the linear surjective isometry of H¢ onto X. From Theorem 3.2 it follows that
we can extend 7' to an isometry

No: L(HS) = (Kgf) fé) s L(X) = (Kg) i)

But £(H¢) is *-isomorphic to K(H) and thus £(H®)** is a factor. Hence A is
either a *-isomorphism or a *-anti-isomorphism. In the former case Ag maps C
onto A and H¢ onto X and is a complete isometry. In the latter case we consider

the map 7
([ C H" . K(H) Hc¢
\T K@) H C
defined by

t t
T@ I%)—(; yA) y,z€ H", K € K(H), A\ C

(where K is the transpose of K and y' is the transpose of y). Then 7 is a *-anti-
isomorphism and Ago7 is then a *-isomorphism that maps, completely isometrically,
K(H)onto Aand H" onto X. N
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