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ABSTRACT. In this paper we establish a tractable and explicit criterion for
the hyponormality of arbitrary trigonometric Toeplitz operators, i.e., Toeplitz
operators Ty, with trigonometric polynomial symbols ¢. Our criterion involves
the zeros of an analytic polynomial f induced by the Fourier coefficients of ¢.
Moreover the rank of the selfcommutator of T, is computed from the number
of zeros of f in the open unit disk D and in C \ D counting multiplicity.

1. INTRODUCTION

A bounded linear operator A on a Hilbert space $ with inner product (-, -) is said
to be hyponormal if its selfcommutator [A*, A] = A*A — AA* induces a positive
semidefinite quadratic form on $ via & — ([A*, A],€), for £ € $. Recall that
given ¢ € L>(T), the Toeplitz operator with symbol ¢ is the operator T, on the
Hardy space H?(T) of the unit circle T = 9D in the complex plane C defined by
T,f = P(p- f), where f € H?(T) and P denotes the orthogonal projection that
maps L?(T) onto H?(T).

An elegant theorem of C. Cowen [Co2] characterizes the hyponormality of
Toeplitz operators T, on H?(T) by properties of the symbol ¢ € L>(T). Nor-
mal Toeplitz operators were characterized by a property of their symbols in the
early 1960’s by A. Brown and P. Halmos [BH], and 25 years passed before the ex-
act nature of the relationship between the symbol ¢ € L°(T) and the positivity of
the selfcommutator [T}, T,,] was understood via Cowen’s theorem [Co2]. As Cowen
notes in his survey paper [Col], the intensive study of subnormal Toeplitz operators
in the 1970’s and early 80’s is one explanation for the relatively late appearance of
the sequel to the Brown-Halmos work. In fact, it remains still open to characterize
subnormality of Toeplitz operators in terms of their symbols though C. Cowen and
J. Long [Col]] answered in the negative to Problem 5 of Halmos’s 1970 lectures
“Ten problems in Hilbert space” (cf. [Hall, [Ha2]): Is every subnormal Toeplitz
operator either normal or analytic? The characterization of hyponormality in [Co2]
requires one to solve a certain functional equation in the unit ball of H*°(T). Here
we shall employ an equivalent variant of Cowen’s theorem that was first proposed
by T. Nakazi and K. Takahashi [NT|. Suppose that ¢ € L>(T) is arbitrary and
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2462 IN SUNG HWANG AND WOO YOUNG LEE

consider the following subset of the closed unit ball of H>(T):
E(p)={k e H®(T) : ||k||oo <1 and ¢ — kp € H*(T)}.

The criterion is that Ty, is hyponormal if and only if the set £(¢) is nonempty
|[Co2|,INT]. This theorem is referred to as the Cowen’s theorem. Cowen’s method
is to recast the operator-theoretic problem of hyponormality for Toeplitz operators
into the problem of finding a solution of a certain functional equation involving
its symbol. This approach has been put to use in the works [Cull,[FL1],[FL2],
[HKL],[NT],[Zhu] to study hyponormal Toeplitz operators on H?(T). An abstract
version of Cowen’s method has been developed in [Gul.

If ¢ is a trigonometric polynomial of the form p(z) = Znszm a,z", where a_p,
and ay are nonzero, then the nonnegative integers NV and m denote the analytic
and co-analytic degrees of ¢. If a function k € H*°(T) satisfies ¢ — k@ € H>(T),
then k necessarily satisfies

N m
(1) kY @z =Y a2 "€ HX(T).
n=1 n=1

From (1) one computes the Fourier coefficients k(0), ..., k(N —1) of k to be k(n) =
Cn, formn=0,1,..., N —1, where ¢y, c1,...,cny—1 are determined uniquely from the
coefficients of ¢ by the recurrence relation

cg=c=-=cN_m-1=0,
a—m
(2) CN—m = ——
anN
n—1
N1 _
cn = (@n) (a,NJrn— E cjaN,nﬂ-) , form=N-m+1,---,N—-1,
j=N-—-m

or in matrix form,

cp=¢1=+"=CN-m-1 =0,
_ -1,
CN—m GN—-m+1 AN-m+42 ... GN-1 AapN a—1
CN—m+1 GN-m+2 ON-m+3 .. OGN 0 a—3
(3) " = |
CN_1 an 0 - 0 0 a_m

Thus k,(z) := Eé\:\}im c;jz’ is the unique analytic polynomial of degree less than
N satisfying ¢ — kp € H>. However despite the fact that the recurrence relation
(3) can always be solved uniquely to produce an analytic polynomial k, satisfying
w — kpyp € H*, the polynomial k, need not be contained in the set £(y), even if
E(p) is known to be nonempty. Thus the problem of finding a solution in () is
to find a function k in the closed unit ball of H>°(T) interpolating k,. Recently K.
Zhu [Zhu] has adopted a method based on the classical interpolation theorems of
I. Schur [Sch] to obtain an abstract characterization of those trigonometric poly-
nomial symbols that correspond to hyponormal Toeplitz operators. Furthermore,
he was able to use this characterization to give explicit necessary and sufficient
conditions for hyponormality in terms of the coefficients of the polynomial ¢ when-
ever m < 3. Also in [FLI], using the preceding consideration, the hyponormality
of T, was completely characterized for the cases where ¢ has outer coefficients of
the same modulus, i.e., |a_y,| = |an|. However, with polynomials of higher degree
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with |a_y,| < |an/|, the analogous explicit necessary and sufficient conditions (via
properties of coefficients) are not known. Indeed the case of arbitrary trigonometric
polynomial ¢, though solved in principle by Cowen’s theorem or Schur’s algorithm,
is in practice very complicated.

The goal of the present paper is to establish a tractable and explicit criterion for
hyponormality of arbitrary trigonometric Toeplitz operators, i.e., Toeplitz operators
with trigonometric polynomial symbols. In Section 2 we discuss preliminary results
and present the main theorem - a criterion for the hyponormality of trigonometric
Toeplitz operators. In Section 3 we provide auxiliary lemmas which are needed
for proving the main theorem and Section 4 is devoted to the proof of the main
theorem. In Section 5 we give remarks and examples which illustrate the main
theorem.

2. PRELIMINARIES AND THE CRITERION

We first review Schur’s algorithm determining hyponormality of trigonometric
Toeplitz operators. Suppose that k(z) = Z;io ¢;z’ is in the closed unit ball of
H>(T). Let ko := k. Define by induction a sequence {k,} of functions in the
closed unit ball of H*(T) as follows:

_ kin(2) = kn(0)
knt1(z) = 2 (1= kn(0) kn(2))

Then k,(0) only depends on the coefficients cg,c1,- - ,¢,. We write k,(0) =
D, (co, -+ yen) forn=0,1,2,---, where ®,, is a function of n+1 complex variables.
We call the ®,,’s Schur’s functions. Then Zhu’s theorem is as follows:

Zhu’s Theorem ([Zhul). If ¢(z) = Znszm anz", where any # 0 and if co,- -+,

eN—1 are given by (3), then the following statements are equivalent.

, ]zl <1, n=0,1,2,---.

n

1. Ty, is a hyponormal operator.
2. |Pn(coy - y0n)| <1 for everyn=0,1,--- /N —1.

As we noted in the introduction, if k(z) = Z;io cjz? is a function in H*>(T),
then ¢ — kp € H>°(T) if and only if ¢g, -+ ,cy—1 are given by (3). So by Cowen’s
theorem, if ¢y, - - -, cy—1 are given by (3) then the hyponormality of T,, is equivalent
to the existence of a function k € H*>°(T) satisfying

(1) k(]):Cj, ]:OavN_]-,

(i) [|kllse < 1.
This is exactly the classical interpolation theorem solving the so-called Carathéodory—
Schur interpolation problem (CSIP). CSIP is analyzed by Schur’s functions (cf.
[Sch]): CSIP is solvable if and only if |®,,(co, - - - , )| < 1foreveryn =0,1,--- ,N—
1. Thus Zhu’s theorem follows at once. By a straightforward calculation we can
see that
c2(1 — |eo|?) +@oct
(1 —leol?)? = [eaf?”

so that for example, if p(z) = 22:72 anz™ then T, is hyponormal if and only if
le1] < 1 —|col? or equivalently, ‘det (A S| < laz* = a—ze|? (cf. [Fal, [Zhul).
However, with trigonometric polynomials of higher degree, Zhu’s theorem would be
too complicated to be of much value because no closed-form for Schur’s function

®,, is known.

C1

Po(co) = co, Pi(co,c1) = FESPER

¢2(607 C1, 62) =
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The following theorem due to T. Nakazi and K. Takahashi [NT] provides useful
information for £(p) corresponding to hyponormal trigonometric Toeplitz operators
T,.

Nakazi-Takahashi Theorem ([NT]). A Toeplitz operator T, is hyponormal and
the rank of the selfcommutator [T;, T,] is finite (e.g., ¢ is a trigonometric polyno-
mial) if and only if there exists a finite Blaschke product k € E(p) of the form

TR & i) , 1
k(z)=e jl;[ll—ﬁ_jz (181 <1 for j =1, ).

such that deg (k) = rank [T, T,,], where deg (k) denotes the degree of k — meaning
the number of zeros of k in the open unit disk D.

Before continuing further, we record here results on the hyponormality of trigono-
metric Toeplitz operators, which have been recently developed in the literature.
Proposition 1. Suppose that p(z) = Zi\[:_m
(i) If T, is hyponormal, thenm < N, |a—,| < |an| and N —m < rank [T3, T,] <
N. Furthermore, the hyponormality of T, is independent of the particular
values of the Fourier coefficients ag, a1, -+ ,an—m of p.

(ii) If o := g+ f, where f and g are in H®(T), and if ¢ := g+ T f (r < N—m),
then T, is hyponormal if and only if T is.

(ili) If |a—m| = |an|, then Ty, is hyponormal if and only if the following symmetric
condition holds:

anz™, where a_,, and ay are nonzero.

a—1 AN —m+1

a—2 AN —m+2
an . =0_m

A_m an

In this case, the rank of [T}, T,] is N —m and E(p) = {a_m(@n)" ZN=my,
In particular, T, is normal if and only if m = N, |a_m| = |an|, and the
above symmetric condition holds.

Proof. The proof of (i) is known from [FL2],[TW] and [Zhul], the proof of (ii) is given
in [Cull, and the proof of (iii) is given in [FLI]. O

The assertion (ii) of Proposition 1 shows that if ¢(z) = Znszm anz"™, where

m < N, a_,, #0and ay # 0, then the hyponormality of T, can be determined by
that of Ty with symbol 7 of the form

<0),

m).

(4) P(z) = zm: bp2", where b,, = {a” (=m <

n=-—m

IN 3

AN —m+n (1 <n

In the sequel we will assume that m < N.
Our main theorem now follows:

Theorem 1. Suppose that p(z) = Zgz_m anz"™, where a_, and ay are nonzero

and that cg, -+ ,cn—1 are given by (3). Let H denote the block Hankel matriz given
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by
0o ... ... 0 Ap
: 0 A A
H = : : )
0 Ay - Am_3
AO A1 R Am_g Am_g
where
_ (Reenvomis;  Imen—myy . _
Aj = (Im N-mts —Re eN_mis for j =0, ,m—2
and let
Re en—m+1
Im CN—m+1
Re cn_m+2
Vo= Im CN—m—+2 c R2m72.
Re eny_1
Im CN—-1
If the linear system
(5) (Igm—2—H)X =V (the unknown is X € R*™2)

is solvable, let f denote the analytic polynomial

m—1
f(z)i=cnem + Z (xj +iy;)z? + 2™,
j=1
where X 1= (T1,Y1,%2,Y2,"** »Tm—1,Ym—1)" is a solution of the system (5). Then

the following statements are equivalent.

1. T, is a hyponormal operator.

2. The linear system (5) is solvable, and for every zero ¢ of f such that |¢| > 1,
the number 1/C is a zero of f in the open unit disk D of multiplicity greater
than or equal to the multiplicity of C.

In the cases where Ty, is a hyponormal operator, we have that ZN-—m Zj7 is a fi-
nite Blaschke product in E(p). Moreover the rank of the selfcommutator of T, is

computed from the formula
(6) rank [T, T,| = N —m+ Zp — Ze\p,

where Zp and Zg\g are the number of zeros of f in D and in C\ D counting
multiplicity.

It is interesting and surprising that the hyponormality of T}, and the rank of the
selfcommutator [T;, T, are independent of the particular solutions of the system

(5).



2466 IN SUNG HWANG AND WOO YOUNG LEE

3. AUXILIARY LEMMAS
To prove the main theorem we need two auxiliary lemmas.

Lemma 1. Suppose that B is a finite Blaschke product of degree m < n and let

zw . C
(7) = H1 = r=n[Gl# L we ).
—6j
Suppose that k satisfies the finite interpolation
(8) E(]):E(j) forj:()v"'an_]-a

where E(]) and E(]) denote the j-th Taylor coefficients of k and B, respectively.
(Here Taylor series expansions should be understood as to be valid for

o < 1/ max {1,161}

Then k is also a finite Blaschke product. In particular, if m +r < 2n, then B =k,
and if m = r = n, then deg(k) = n.

Proof. For the first assertion, it will suffice to show that all the (; are inside the
unit circle T. Write

6 )
= Hl—ozj (lajl < 1for 1 <j<m).

If k satisfies the interpolation (8), so that B(z) — k(z) = 2" Z?io b;jz’ for some
b; ( = 0,1,---), which is valid for |z| < 1/maxi<;<,{1,|¢;|}, then multiplying
[ (-5 2) [T, (1~ (; z) on both sides gives

m m—+r

(9) sz_% H 1-G2) = e [le-gIla-m2) = > d2

for some dj (n <j < m+r). Note that the expression (9) is valid throughout C.
Observe that if m + r < n then evidently, B = k. Thus we assume m + r > n.
Write

Suppose now that z lies on the unit circle T. Then

) =TG- ¢) H (1—aj2)
j=1

Note that if f(z) := thf a;27, then 2™+ f(2) = Z;’H{)r Amtr—;27. Thus (9)
implies that

m—+r

zef( ) uu m+7"f Zd Zj

SO

(10) ?aj = ami; (j=0,---,n—1).
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Therefore if m + r < 2n then ewaj = a1, for j = 0,---,m + 7, so that

e f(z) = e“z™*+7 f(z). This shows that again B = k. Now it remains to show
that |¢;| < 1for j=1,---,r when m = r = n. By (10) we have that

ein(Z) o eiwz2nw — (ewan o eiwﬁ) P

If e?a,, = €@, then again B = k. Thus we suppose ¢?a,, # ¢“a,. Observe that

a1 o |E) ||y e — ) 2
eszan(Z) 22n (Z)
If we let g(z) denote the function
(ei(efw)an _ m) L (ei(efw)an _ m) P

9(2) = — = wm n —,

227 f(z) [[=(z = G) = (1 —a52)
then by (11), g(T) should lie in the left half-plane Rez < 0. Thus the image
curve g(T) of the unit circle T under g(z) does not surround the origin, so that the
winding number, wind (¢g(T), 0), of g(T) with respect to 0 must be zero. But since

0 = wind (g(T), 0) = 4 (zeros of g inside ’]I‘) —f (poles of g inside ’]I‘)

=n —{ (the ¢;’s inside T) (because all the a; are inside T),

it follows that |(;| < 1 for all j (1 < j < n). This proves the first assertion. The

second assertion was already proved in the above argument. This completes the
proof. O

We review here Carathéodory’s theorem (cf. [Gal Theorem I1.2.1]) which states
that for every function k in the closed unit ball of H*°(T) there exists a sequence
{B,} of finite Blaschke products that converges to k(z) pointwise on . Its proof
relies upon a construction of a sequence {B,,} of finite Blaschke products satisfying
that if k(2) = 372, ;27 is in the closed unit ball of H*(T), then

B:L(j)zcj for j=0,--,n, (é;(]) denotes the j-th Fourier coefficient of B,,).

The construction runs as follows. Write ®,, for the n-th Schur’s function corre-

sponding to the function k. Since |®g| = |cg| < 1, we can take By := %.

|®o| = 1 then By = ¢g is the Blaschke product such that By = k. Write B(()O) := By.
If |®;] <1for j=0,---,n,let

B .= @
" 1+ ®,2

and define by induction
ZBr(zjil) + (I>n—j
1+®, ;2BY"

BY) .= (j=1,---,n).

Set B, := B. Then B, satisfies the interpolation é;(]) =c¢jforj=0,---,n.
If |®,,| =1 then B, is the finite Blaschke product such that B,, = k. This will be
referred to as the Carathéodory construction.

Lemma 2. Suppose that o(z) =Y.' an,z", where a_,, and a,, are nonzero, is

such that Ty, is hyponormal. Then the following statements are equivalent.
L. rank [T, Ty] =r.
2. | =1ifr<m—1; |Ppm_1|<lifr=m.
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3. There exists an analytic polynomial f of degree m with the leading coefficient

1 such that Zi? is a finite Blaschke product in E(p) of degree r.

Remark. 1f f(z) =T[72, (2 = ¢;), then 2™ f(z) = [Tj-, (1 — (;2) on T. Thus if %
is in &(yp), then % is a finite Blaschke product of degree at most m. In fact,

m

if rank [T3;,T,] = 7, then by the Nakazi-Takahashi theorem there exists a finite
Blaschke product k € £(¢) of the form

(12) k(z)—eieg% (18] <1forj=1,---,r).

Therefore the crucial point of Lemma 2 is that if » = m, then we can choose 8 = 0
in (12) (see the proof below).

Proof of Lemma 2. (2) = (3): Suppose that k(z) = Z;io cjzd is in E(y), so
oy, Cm—1 are given by (3) with N = m. Thus we must find a Blaschke product

B of degree r such that B(z) := % whose first m coefficients match those of
k, where f is an analytic polynomial of degree m with the leading coefficient 1. To
do this we will use the Carathéodory construction. Let {B,} be the sequence of
finite Blaschke products in the Carathéodory construction. We first claim that if
|®,,| <1 (and hence |®;| <1 for j =0,---,n— 1), then

__f - _
(13) B, = e with deg(B,) =n+1,

where f is an analytic polynomial of degree n+ 1 with the leading coefficient 1. For

(13) we use an induction argument on j. Evidently, Br(lo) = f:T?"Z is a Blaschke

product of degree 1. If fy := 2z + @, then fo is a polynomial of degree 1 with the
leading coefficient 1 and Bﬁf” = ZJ% Suppose that Bﬁf D — _Jfist g 5 Blaschke

T L fj—l
product of degree j and f;_; is an analytic polynomial of degree j with the leading
coefficient 1. Note that the number of zeros of f;_; in D is j. Observe that

- _
BY) (z) = 2By )(Z) +,(I)"7j S _fij*l(z) i (I)_nfj z fj*l(z).
1+, 5287 V(2) 20 fim(2) + @z fioa(2)
If we define fj(z) := z fj_1(2) + ®n_; 27 fi_1(2), then BY = zJ‘{—if_ and by the
inductive hypothesis, f; is an analytic polynomial of degree j + 1 with the leading
coefficient 1. Concerning the degree of BY’, note that |®,—;| < 1. We need to

show that the number of zeros of f; in D is j 4+ 1. Observe that

@ 2 fim1(2)] = |[®n—jl 1 fi=1(2)] < |fj=1(2)] = |2 fj=1(2)| onT.
Therefore by Rouché’s theorem and the inductive hypothesis,
i (Zeros of f; in ]D)) =4 (zeros of zf;—1 in ]D) =j+1,

which implies that deg(B,(f)) = j + 1. This proves (13). Therefore if |®,,_1| < 1
then by (13), Bj,—1 is the required Blaschke product in (). If instead |®,| =1
for r < m —1 (and hence |®;| < 1for j =0,---,r— 1), then we claim that B, is a
Blaschke product in £(p) of degree r. Indeed,

0 _ 2+t iw

B} = —— =&, =: " for some w € [0, 27).
1+®,2
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So

B(l) _ Zeiw + Q)r,I _ ei‘” z+ eiiwq)rfl
T

14+ ®,_jzew 14+ e wd, 12

is a Blaschke product of degree 1. By the same argument as the above we can see
that B, = Bv(nr) is a Blaschke product in £(p) of degree r. Thus we can write

. - Z—Cj .
z)=¢e" —_— |<lforj=1,---,r).
=i ol <t )

If we take

m

f(z): :ﬁ (z—¢) Hr(z—i—e e )7
j=1

then B,.(z) = 7{: (fz() ) is the required Blaschke product of degree r.

(3) = (1): Suppose that —L= is a finite Blaschke product in £(¢) of degree r.
Assume to the contrary that rank [T;, T,] = ¢ # r. Then by the Nakazi-Takahashi
theorem we can find a finite Blaschke product B of degree £ in £(p). Thus by the
second assertion of Lemma 1, we have that B = —=, a contradiction.

(1) = (2): If rank [T}, Ty] = r < m — 1, then by the Nakazi-Takahashi theorem,
there exists a finite Blaschke product By in £(p) of degree r. Assume to the contrary
that |®,] < 1. Then in view of (13), we can find a finite Blaschke product By in
E(p) such that r +1 < deg (Bz) < m. But by the second assertion of Lemma 1, we
have that By = B, a contradiction. Therefore we have that |®,| = 1. If instead
rank [T}, T,,] = m then by the same argument we must have that [@,,—1| <1. [0

4. PROOF OF THE MAIN THEOREM

We are ready to prove Theorem 1.

Proof of Theorem 1. In view of the assertion (ii) of Proposition 1 we may assume
without loss of generality that N = m for the hyponormality of T,. Let f be an

analytic polynomial of the form f(z) := Z;n o bjz? with b, = 1. Then for all 2
on the unit circle T, 2™ f(z) = Z;n 0bm—;2/. Thus L? € E(yp) if and only if the
following two conditions are satisfied:

(a) 27{7 satisfies the interpolation

IR .
(14) (L)oo G=vm-n,
zm f
where the ¢; are given by (3) with N = m;

(b) oz € (1),

On the other hand, the interpolation (14) is solvable if and only if

m m m—1 00
(15) ijzj = meszj Z Cjzj + Z djzj for some d; (j > m),
7=0 j=0 §=0 j=m
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or in matrix form,

b() Co b_o
by 0 Co C1 b1
(16) : = . . : : for some d,,.
bm—l Co C1 e Cm—1 b"LI
bm co €1 ... Cm—1 dm b,

If we write

bj=xj+iy; (0<j<m), ¢:=a;+if; (0<j<m-—1), and
Am = Q + 1 Bm

for the rectangular representation of each entry in (16), then the system (16) is
solvable if and only if the following system is solvable for some a;,, G, € R:

(17)
[ Qo | o) ﬁO Yo
ap o x Bo B Y1
Ierl - . . = . . )
i ag Q1 ... Q) | Tm Go B1 -+ Dm Ym
fo Yo Bo zo
ag  ai Y1 Bo B T
L1 + . . =
L Qg Q1 ... Q) | YUm 60 61 e ﬂm Tm

Note that x,, = 1 and y,,, = 0. Thus a simplification of (17) shows that the system
(17) is solvable if and only if by = ¢, b, = 1, and the following system is solvable:

(18) (lom—2 —H)X =V,
where
| o Bo
| Bo —ao
| a0 Bo | a1 51
0 | Bo —a0 | B -
H .= ,
a0 Bo | - - | Gm—s Bm-s
| Bo —ao | - | Bm—3 —@m-_3
ap Bo | ar B1 | .. | @m-—3 Bm-3 | @m-2 Bm—2

Bo —ao | B1 —ar | ... | Bm—3 —am—3 | Bm—2 —m—2
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T aq
Y1 B
T2 (&)
Y2 B2
X = : and V := :
Tm—1 Am—1
Ym—1 Bm—l
Therefore if the system (18) is solvable and if % € H*(T), then Z,,{i? € &(v)
and hence T, is hyponormal. But note that ¢ is a zero of f if and only if 1/{
f(z)

is a zero of 2™ f. Therefore is analytic in D if and only if the zeros of f

zMmf(z
have the property that for evergf( z)ero ¢ of f with |{] > 1, the complex number
1/C is a zero of f in D of multiplicity greater than or equal to the multiplicity
of (. This proves the sufficient condition for the hyponormality of T,,. Towards
the necessity condition, suppose that T, is hyponormal. Then by Lemma 2 there

exists an analytic polynomial f of the form f(z) = Z;.n:o bjzd with b, = 1 such

that Zf 7 € E(p). Thus by the preceding argument the system (18) is solvable. It
remains to show that all solutions of the system (18) satisfy the second condition
of statement (2) of this theorem. This follows at once from Lemma 1: if ¢ is an
analytic polynomial induced by another solution of the system (18), then Z,—Zy must

satisfy the interpolation

(%)(j)—(j%;)u) for j =0, m 1.

, ZL, is also a finite Blaschke product, which implies that ¢ also
g

Thus by Lemma 1
satisfies the second condition of statement (2) of this theorem. This proves the
criterion which was sought.

For the second assertion, we argue that if p(z) = 37 anz™ (m < N) and if

n=—m
P(z) = 3" bp2" is the corresponding induced trigonometric polynomial as in
(4), then

(19) rank [T, T,] = N — m + rank [T}, T].

Indeed if B, and By, are the corresponding Blaschke products in £(¢) and £()
such that rank [T, T,] = deg(B,) and rank [T, Ty] = deg(By) then we can find
B, and By, satisfying B, = 2V =™ B,;,, which implies (19). Thus if T}, is hyponormal
then by the preceding argument, B := z’]’i? is a finite Blaschke product in £(%) of
degree at most m, which implies that 2V =" z,f =

€ £(p). In view of Lemma 1, the
degree of B is independent of the particular choices of f. If deg(B) < m then by
the Nakazi-Takahashi theorem and the second assertion of Lemma 1, we have that
rank [T, Ty] = deg(B). If instead deg(B) = m then evidently, rank [T}, Ty = m.
Therefore if Zp and ZC\B denote the number of zeros of f in D and in C \ D
counting multiplicity, then since deg(B) = Zp—Z¢p, it follows that rank [T}, T),] =
N—-—m+ Zp — Z(C\ﬁ- This completes the proof. O
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5. REMARKS AND EXAMPLES

Remark 1. In Lemma 2, the statement (3) cannot be strengthened by adding the
requirement that there exists an analytic polynomial f of degree r with the leading
coefficient 1 such that z{% is a finite Blaschke product in £(p) of degree r. To see
this consider the trigonometric polynomial

o(2) =224+ 22" iz +2i 2%

Then a straightforward calculation shows that rank [T, T,] = 1 and &£(p) has

1
precisely one element f:fZ. This illustrates the above assertion.

2
Remark 2. If p(z) = Y " a,2™ with |am,| = |a—n|, then |co| = 1 because ¢y =
=z So if T, is hyponormal then ¢; = -+ = ¢,—1 = 0. Thus f(z) = ¢o +
2™ satisfies the two conditions in statement (2) of Theorem 1. Note that f has

zeros only on the unit circle T, so that rank [T}, T,,] = 0 and hence T, is normal.
Therefore we can conclude that if |a,,| = |a—y|, then T, is hyponormal if and only
if T,, is normal; this recaptures the key point in the assertion (iii) of Proposition 1.

Example 1. Consider the trigonometric polynomial
P(z) = =274 49273 — 12272 4427t — 222 1925 — 122% 1425,

We use Theorem 1 to determine the hyponormality of T;,. Observe that co = 0 and

o —2 9 —124\ ! 4
3 9 —12 4 0 —-12 | _
T3 —12 4 0 0 9 =
[y 4 0 00 -2

=

|um\w W

|
o

and in turn,

10 00 3% 0 5
01 00 0 —% (Z)
00 3 0-30 3
— H = 2 4 = | 8
Is— H 00 010 3 and V i
b o -0 % 0 i
0-3 0 20 4 0

Since rank [Is — H]| = 4 = rank [I¢ — H : V], the system (5) is solvable and has two
free variables. Set x5 = y3 = 0. Then the solution of the system is given by 1 = 1,
T3 = —%, y1 = y3 = 0. Thus the testing polynomial f is obtained by

1 1
f(z):—§+z—§z3+z4,
which has zeros at z = %,—1,(—1 %,—(—1)%. Therefore by Theorem 1, T, is
hyponormal, and rank [T}, T,,] = N —m + Zp — Ze\p =5 —4+1=2. Moreover,
1
FT3
z € E(p).
=1 )

To illustrate that other solutions of the system (5) lead to the same result, let
us take 3 = y3 = 0. Then the solution of the system (5) is given by z; = %,
2 =% y1 =y2 = 0. So f(z) = —3 + 32+ 12?2 4+ 2%, which has zeros at z =

1,-1,2(1 = V154), (1 + V/154), which leads to the same result as the above.
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Example 2. Consider the trigonometric polynomial
02) =27+ 273 42272 4 22 4+ 223 + 224,

Observe that

1
%o o122\ ! /0 2
aa |l (1220 2| 0
=)~ \2200 1) = 2
o5 2000 1 s
4
and in turn,
1 000-%0
0
0 100 0 3 0
B 00320 00 B 3
Is — H = 0002 0 0 and V = 0,
L _3
-000 1 o0 o
0 00 0 %

Then a straightforward calculation shows that
rank [[¢ — H] =5 # 6 =rank [[¢ — H : V].

Thus the system (5) has no solution, and hence by Theorem 1, T, is not hyponormal.
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