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ON THE IWASAWA λ-INVARIANTS
OF REAL ABELIAN FIELDS

TAKAE TSUJI

Abstract. For a prime number p and a number field k, let A∞ denote the
projective limit of the p-parts of the ideal class groups of the intermediate
fields of the cyclotomic Zp-extension over k. It is conjectured that A∞ is finite
if k is totally real. When p is an odd prime and k is a real abelian field, we give
a criterion for the conjecture, which is a generalization of results of Ichimura
and Sumida. Furthermore, in a special case where p divides the degree of k,
we also obtain a rather simple criterion.

1. Introduction

Let p be an odd prime number. For a number field k, let k∞ denote the cy-
clotomic Zp-extension of k with its n-th layer kn (n ≥ 0). We denote by A∞ the
projective limit of the p-Sylow subgroup of the ideal class group of each kn with
respect to the relative norms. If k is a totally real number field, it is conjectured
that A∞ is a finite abelian group ([7], [12, p. 316]), which is often called Greenberg’s
conjecture.

When k is a real abelian field whose degree is not divisible by p, Ichimura and
Sumida ([8], [9], [10]) discovered a good method for verifying the conjecture. In
this case, we can decompose A∞ into a direct sum of its χ-parts Aχ∞ for Dirichlet
characters χ corresponding to k. Then they gave a necessary and sufficient condition
forAχ∞ to be finite in terms of certain cyclotomic units and some polynomials related
to the Kubota-Leopoldt p-adic L-function Lp(s, χ) associated to χ. It is suitable
for a practical computer calculation and, for example, using it they showed that the
conjecture holds when p = 3 and k = Q(

√
m) with 1 < m < 104. (Similar criteria

are also obtained by [13] and [14].)
In this paper, we study the case where k is a real abelian field of arbitrary degree,

including the case p | [k : Q]. Although we cannot necessarily decompose A∞ into
direct summands by using characters χ in this case, the conjecture for k follows
from the finiteness of all (suitably defined) χ-parts Aχ∞ of A∞ (cf. Lemma 2.1).
The finiteness of Aχ∞ is also conjectured, and the purpose of this paper is to give
some criteria for this conjecture for χ to be true.

First, we will generalize the criterion of Ichimura and Sumida to arbitrary char-
acters, especially characters of order divisible by p (Theorem 2.6). In their proof,
Ichimura and Sumida ([8], [10]) essentially used a theorem of Iwasawa [11] and
Gillard [6] which describes the Galois module structure of “semi-local units modulo
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cyclotomic units” Uχ/Cχ in terms of the p-adic L-function Lp(s, χ). Iwasawa and
Gillard dealt with only the case where the order of χ is not divisible by p, and this
is a main reason why Ichimura and Sumida imposed the same assumption. The au-
thor [18] removed the assumption on the order of χ in the theorem of Iwasawa and
Gillard and determined the structure of Uχ/Cχ for arbitrary χ (Fact 2). By using
this result, we can prove our theorem by the same way as the proof of Ichimura and
Sumida. When the order of χ is p and χ(p) = 1, Fukuda and Komatsu [5] obtained
a similar criterion.

In a special case where the order of χ is divisible by p, we also obtain the following
simple sufficient condition for the conjecture to be true:

Theorem (Corollary 2.4). Assume that χω−1(p) is a nontrivial p-power root of
unity, where ω is the Teichmüller character. If the distinguished polynomial Pχ(T )
associated to the p-adic L-function Lp(s, χ) is irreducible, then Aχ∞ is finite.

The assumption in the above theorem is satisfied only when the order of χ is
divisible by p, since the order of ω is prime to p. In particular, this case was not
dealt with in the papers [8], [9] and [10] of Ichimura and Sumida. We will prove
the above theorem by using the fact proved in [18] that Uχ/Cχ is not necessarily a
cyclic module.

We remark that there indeed exist characters χ satisfying the condition in the
above theorem. We give some numerical examples in §6. We also verify in §6 the
conjecture for several real abelian fields by applying our theorem, a generalized
criterion of Ichimura and Sumida, to some characters χ.

2. Main results

We fix an odd prime number p. Let χ be a nontrivial Qp-valued even Dirichlet
character of the first kind, i.e., the conductor of χ is not divisible by p2, and let
k = kχ be the fixed field of the kernel of χ. We denote by k∞ the cyclotomic Zp-
extension of k with its n-th layer kn (n ≥ 0). We write An = Akn for the p-Sylow
subgroup of the ideal class group of kn and put A∞ = Ak∞ := lim←−An, the projective
limit being taken with respect to the relative norms. We put ∆ := Gal(k/Q) and
Γ := Gal(k∞/k); so Gal(k∞/Q) = ∆ × Γ, since χ is of the first kind. Then we
regard A∞ as a module over the completed group ring Zp[∆][[Γ]]. It is well known
that A∞ is finitely generated and torsion over Zp[∆][[Γ]] ([12, Theorem 5]). Let O
denote the ring generated by the values of χ over Zp. For any Zp[∆]-module M ,
we define an O-module Mχ, the χ-part of M , by

Mχ := {m ∈M ⊗Zp O | δm = χ(δ)m ∀δ ∈ ∆}
(for the properties of the χ-part, cf. e.g. [17, §II.1] and [18, §2]). If χ′ is a Qp-
conjugate of χ, then Mχ′ ∼= Mχ. Then O-modules Aχn are defined (0 ≤ n ≤ ∞)
and Aχ∞ = lim←−A

χ
n becomes an O[[Γ]]-module. Let f be the prime-to-p part of the

conductor of χ and put q = fp. Denote by µpn the group of pn-th roots of unity
for n ≥ 0 and µp∞ :=

⋃
n µpn . Identifying Γ with Gal(k(µp∞)/k(µp)) in a natural

way, we choose and fix the topological generator γ of Γ such that ζγ = ζ1+q for
all ζ ∈ µp∞ . We identify, as usual, the completed group ring O[[Γ]] with the power
series ring Λ := O[[T ]] by γ = 1 +T . Thus, Aχ∞ is regarded as a module over Λ, and
is finitely generated and torsion over Λ. For a finitely generated torsion Λ-module
M , denote by charΛM the characteristic polynomial of M , which is a uniquely
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determined distinguished polynomial times a power of a fixed prime element of O.
We denote by λχ (resp. µχ) the λ-invariant (resp. µ-invariant) of Aχ∞. We know
that µχ = 0 by the theorem of Ferrero and Washington [4]. Greenberg’s conjecture
for χ is as follows:

Conjecture. Let χ be an even Dirichlet character of the first kind. It is conjectured
that Aχ∞ is finite, that is, charΛA

χ
∞ = 1 or λχ = 0.

Greenberg’s conjecture for a real abelian field implies the above. Indeed, by
using the theorem of Ferrero and Washington [4], one can show the following:

Lemma 2.1. Let K be a real abelian field. Then AK∞ is finite if and only if λχ = 0
for all representatives of Qp-conjugate classes of Dirichlet characters χ of the first
kind with kχ ⊂ K∞.

In our main results of this paper, we give two criteria for the conjecture for χ.
To state these, we need to recall the relation between charΛA

χ
∞ and the Kubota-

Leopoldt p-adic L-function Lp(s, χ) associated to χ. By Iwasawa, there exists a
unique power series gχ(T ) in O[[T ]] such that

gχ((1 + q)s − 1) = Lp(1− s, χ)

(cf. [20, Theorem 7.10]). Using the p-adic Weierstrass preparation theorem and the
theorem of Ferrero and Washington [4], one can uniquely write

(2.1) gχ(T ) = uχ(T )Pχ(T )

for a distinguished polynomial Pχ in O[T ] and a unit uχ(T ) of Λ. Put λ∗χ =
degPχ(T ). It follows from the Iwasawa main conjecture proved in [16] that

(2.2) charΛA
χ
∞ | Pχ(T ),

and hence λχ ≤ λ∗χ (see (3.2) and Fact 1 in §3). Therefore we have charΛA
χ
∞ = 1 if

and only if P (T ) - charΛA
χ
∞ for all distinguished irreducible factors P (T ) of Pχ(T ).

One of our main theorems of this paper is as follows:

Definition. For a distinguished polynomial P (T ) in O[T ] such that P (T ) | Pχ(T ),
we define a condition (T ) as follows:

(T ) vO(Q(q)) < vO(1 − χω−1(p)) where Q(T ) = Pχ(T )/P (T ),

where vO denotes an additive valuation of O and ω the Teichmüller character.

Then we have

Theorem 2.2. Let P (T ) be a distinguished polynomial in O[T ] such that P (T ) |
Pχ(T ). Assume that P (T ) satisfies (T ). Then we have P (T ) - charΛA

χ
∞.

For the condition (T ), we can easily see the following:

Lemma 2.3.
(i) If χω−1(p) 6∈ µp∞ , there exists no factor of Pχ(T ) satisfying (T ). In par-

ticular, if the order of χ is prime to p and χω−1(p) 6= 1, there exists no
factor of Pχ(T ) satisfying (T ).

(ii) If χω−1(p) 6= 1, a factor P (T ) of Pχ(T ) satisfies (T ) if and only if

vO(P (q)) > vO(B1,χω−1)

holds, where B1,χω−1 denotes the first generalized Bernoulli number.
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(iii) If χω−1(p) ∈ µp∞ , then Pχ(T ) satisfies (T ).
(iv) ([3, Proposition 2]) If χω−1(p) = 1, then T − q divides Pχ(T ) and is the

unique irreducible polynomial satisfying (T ).

In the case where χω−1(p) = 1, by (iv) of the above lemma, Theorem 2.2 just
asserts that

T − q | Pχ(T ) and T − q - charΛA
χ
∞.

This is already proved under the assumption that the order of χ is prime to p ([9,
Remark 5]). For other cases, we obtain the following.

Corollary 2.4. Assume that χω−1(p) ∈ µp∞ \ {1}. Then Pχ(T ) - charΛA
χ
∞.

Furthermore, if Pχ(T ) is irreducible, or if vO(B1,χω−1) = 0, we have λχ = 0.

We will give in §6 some examples satisfying the conditions in the above corollary.

Remark 1. For an arbitrary even Dirichlet character χ of the first kind, we can
show that vO(B1,χω−1) = 0 implies Aχn = {1} for all n ≥ 0 (see §5).

Next, we state the other main theorem of this paper, which is a generalization
of the result of Ichimura and Sumida [8], [10] to arbitrary characters. We have to
prepare some notation. We fix a distinguished polynomial P (T ) in O[T ] such that
P (T ) | Pχ(T ). Put ωn = ωn(T ) = (1 +T )p

n − 1 and νn = νn(T ) = ωn/T for n ≥ 0.
By the Leopoldt conjecture for p and kn proved in [1], Λ/(P, ωn) and Λ/(P, νn) are
finite abelian groups for any n ≥ 0. We denote by mP,n the exponent of Λ/(P, ωn)
(resp. Λ/(P, νn)) if χ(p) 6= 1 (resp. χ(p) = 1). Then we take a polynomial XP,n(T )
in O[T ] satisfying

XP,n(T )P (T ) ≡ mP,n mod

{
ωn if χ(p) 6= 1,
νn if χ(p) = 1.

(2.3)

This polynomial XP,n is uniquely determined modulo ωn (resp. νn) since ωn and
P (T ) are relatively prime. Choose an element ỸP,n in Z[∆][T ] such that

ỸP,n ≡ X̃P,n mod mP,n,

where X̃P,n is an element of Zp[∆][T ] satisfying χ(X̃P,n) = XP,n. Here we regard
χ as a Zp[T ]-linear homomorphism Zp[∆][T ] → O[T ] induced by χ. Let ∆p (resp.
∆′) denote the p-Sylow subgroup (resp. the prime-to-p part) of ∆:

∆ = ∆p ×∆′.

We put ψ = χ|∆′ . Let

eψ :=
1

#∆′
∑
δ∈∆′

Tr(ψ(δ))δ−1

be the idempotent of Zp[∆′] corresponding to ψ, where Tr is the trace map from the
field generated by the values of ψ over Qp to Qp. Let α ∈ Z[∆] denote an element
of ∆p of order p (resp. α = 0) if ∆p is nontrivial (resp. trivial), and eχ = eχ,P,n
an element of Z[∆] such that

eχ ≡ eψ(1− α) mod mP,n.

For any m ≥ 1, we fix a primitive m-th root ζm of unity with the property that
ζm
′

mm′ = ζm for all m′ ≥ 1. We use cyclotomic elements in kn defined as follows:

cn = NQ(ζfpn+1)/kn(1− ζfpn+1)t−1,
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where t denotes the cardinality of the residue class field of a prime ideal of k over
p. If f 6= 1, i.e., the conductor of χ is not equal to p, then the element cn is a
(cyclotomic) unit of kn. Since the case where f = 1 is treated in [8], [9] and [10],
we assume f 6= 1 in all that follows. By the identification γ = 1 + T , the element
ỸP,n of Z[∆][T ] can act on the group k×n . For each n ≥ 0 consider the following
condition:

(HP,n) ceχỸP,nn 6∈ (k×n )mP,n .

We can see that the condition (HP,n) does not depend on the choices of XP,n, X̃P,n

and ỸP,n. We remark that, in the case where χ(p) = 1, the condition (HP,0) does
not hold since c0 = 1 and mP,0 = 1 for any P (T ). The following lemma can be
proved in a way similar to [9, Lemma 1] by using Lemma 4.1.

Lemma 2.5. The condition (HP,n) implies (HP,n+1).

Our main theorem is stated as follows:

Theorem 2.6. Let P (T ) be a distinguished polynomial in O[T ] such that P (T ) |
Pχ(T ). Then we have P (T ) - charΛA

χ
∞ if and only if the condition (HP,n) holds

for some n ≥ 0.

The above theorem coincides with theorems in [8] and [10] if the exponent of ∆
divides p− 1.

By Theorems 2.2, 2.6 and (2.2), we obtain

Corollary 2.7. We have λχ = 0 if and only if for any distinguished irreducible
polynomial P (T ) such that P (T ) | Pχ(T ) and P (T ) does not satisfy (T ), the con-
dition (HP,n) holds for some n ≥ 0.

By the Chebotarev density theorem, we obtain the following:

Corollary 2.8. We have λχ = 0 if and only if for any distinguished irreducible
factor P (T ) of Pχ(T ) that does not satisfy (T ), there exist an integer n ≥ 0 and a
prime ideal l of kn of degree one for which the condition

ceχỸP,nn mod l 6∈ ((Z/lZ)×)mP,n

holds. Here lZ = l ∩Q.

3. Preliminaries

We first recall the Iwasawa main conjecture and show its consequence (2.2). Let
M/k∞ be the maximal abelian p-extension unramified outside p, and let L/k∞ be
the maximal unramified abelian p-extension. As usual, we consider Gal(M/k∞),
Gal(L/k∞) and Gal(M/L) as Zp[∆][[Γ]]-modules. Let p be a prime ideal of k over
p. There exists a unique prime ideal pn of kn over p since k is of the first kind. We
denote by Un,p the group of principal units in the completion kn,p of kn at pn. Put

Un :=
∏
p|p

Un,p,

where p runs over all prime ideals of k over p. Let E′n be the group of units ε of
kn such that ε ≡ 1 mod pn for all pn | p. Let En be the closure of the image of E′n
under the diagonal map E′n → Un. Put

U := lim←−Un, E := lim←−En,
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where the projective limits are taken with respect to the relative norms. We regard
U and E as modules over Zp[∆][[Γ]]. By class field theory, we have the following
isomorphisms of Zp[∆][[Γ]]-modules:

(3.1) A∞ ∼= Gal(L/k∞), U/E ∼= Gal(M/L).

(For the latter, see [9, Lemma 3].) Put

X := Gal(M/k∞).

It is known that X is finitely generated and torsion over Zp[∆][[Γ]] ([12, Theorem 17]),
and we further see that X is finitely generated as a Zp-module by [4]. So A∞ and
U/E are also finitely generated over Zp. Hence we have

(3.2) charΛA
χ
∞ · charΛ(Uχ/Eχ) = charΛX

χ

(cf. e.g. [18, §2]). The Iwasawa main conjecture proved in [16] asserts the following:

Fact 1. The torsion Λ-module Xχ has the characteristic polynomial Pχ(T ):

charΛXχ = Pχ(T ).

Hence the relation (2.2), charΛA
χ
∞ | Pχ(T ), holds. Furthermore, Greenberg’s

conjecture for (p, χ) is equivalent to the following:

charΛ(Uχ/Eχ) = Pχ(T ).

Next we recall results on the structures of the Λ-modules Uχ and Uχ/Cχ in [11],
[6] and [18] (Fact 2), which are essentially used in the proof of our main theorems.
(Cχ is a group of cyclotomic units defined below.) Since we are assuming f 6= 1,
cn = NQ(ζfpn+1)/kn(1 − ζfpn+1)t−1 is a unit in E′n, and hence cn ∈ En. We regard
cn as an element of En ⊗O. We define ξχ ∈ O[∆] by

ξχ :=
∑
δ∈∆

χ(δ)−1δ.

Then cξχn =
∑
δ∈∆ cδn⊗χ(δ)−1 is an element of Eχn . We can see that Nm,n(cm) = cn

for all m ≥ n ≥ 0. Then we put

cξχ∞ := (cξχn )n≥0 ∈ Uχ = lim←−U
χ
n

and denote by Cχ the submodule of Uχ generated by cξχ∞ over Λ.
Let Tn denote the Zp-torsion of Uχn and put T := lim←−Tn, where the projective

limit is taken with respect to the relative norms. Then we have

Tχn ∼= (O/(pn+1, 1− χω−1(p)))⊗Zp Zp(1),

and hence

(3.3) Tχ ∼=
{
{1} if χω−1(p) 6= 1,
Λ/(T − q) if χω−1(p) = 1,

where Zp(1) = lim←−µpn .
The following fact plays an important role to prove Theorems 2.2 and 2.6. When

the order of χ is not divisible by p, this is the theorem of Iwasawa and Gillard ([11]
and [6]).
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Fact 2. ([18, Theorem 2.1, Proposition 4.2]) There is a natural Λ-homomorphism

Ψ : Uχ −→ Λ

for which the kernel is Tχ and the image is (T − q, 1 − χω−1(p)), the ideal of Λ
generated by T − q and 1− χω−1(p). Furthermore, we have

Ψ(cξχ∞) = gχ(T ).

Put Vχn :=
⋂
m≥nNm,n(Uχm), with the norm maps Nm,n from km to kn. In the

following lemma, we determine the structure of the Λ-modules Vχn to deal with the
Λ-module Uχn /Eχn .

Lemma 3.1.
(i) The projection Uχ → Vχn induces the following isomorphisms :

Vχn ∼=
{
Uχ/(Uχ)ωn if χ(p) 6= 1,
Uχ/(Uχ)νn if χ(p) = 1.

(ii) We have an isomorphism Uχn /Vχn ∼= O/(1− χ(p)).

By this lemma, the homomorphism Ψ in Fact 2 induces a Λ-homomorphism Ψn

as follows:
Ψn : Vχn −→ Λ/(ϑχn)

where ϑχn = ωn (resp. νn) if χ(p) 6= 1 (resp. χ(p) = 1). We further see that the
kernel of Ψn is Tχn, and we can determine the cokernel by Fact 2.

Proof. We prove this lemma in a way similar to [6, Proposition 2] by using local class
field theory. Let D be the decomposition group of p in ∆ and put χ̃ = χ|D. Fix a
prime ideal p of k over p. Write Un for Un,p, the group of the principal units of kn,p,
for all n ≥ 0. We regard U := lim←−Un and Un as modules over Zp[D][[Γ]] = Zp[D][[T ]]
in a natural way (with γ = 1 + T ). Put V χ̃n :=

⋂
m≥nNm,n(U χ̃m) with norm map

Nm,n from km,p to kn,p. Then we have Λ-isomorphisms

(3.4) Uχn ∼= U χ̃n ⊗OD O, Vχn ∼= V χ̃n ⊗OD O
(see [18, §4]). Here OD denotes the ring generated by the values of χ̃ over Zp.

If χ(p) = 1, i.e., χ̃ = 1, then kp = Qp. In this case, the assertions (i) and (ii)
follow from [6, Proposition 2], [20, Lemma 13.53] and (3.4).

We assume that χ(p) 6= 1, i.e., χ̃ 6= 1. Let X̂n be the p-adic completion of k×n,p;
X̂n := lim←−m k

×
n,p/(k

×
n,p)p

m

, and let X̂∞ := lim←− X̂n. Since the (local) cyclotomic
extension k∞,p/kp is totally ramified, we have the following commutative diagram
with exact rows of Zp[D][[Γ]]-modules:

(3.5)

1 −−−−→ U −−−−→ X̂∞ −−−−→ Zp −−−−→ 1

φ

y y ∥∥∥
1 −−−−→ Un −−−−→ X̂n −−−−→ Zp −−−−→ 1.

Here D and Γ act on Zp trivially. Let kabn,p be the maximal abelian p-extension of
kn,p for 0 ≤ n ≤ ∞. We have isomorphisms X̂n

∼= Gal(kabn,p/kn,p) and NX̂n :=⋂
m≥nNm,n(X̂m) ∼= Gal(kabn,p/k∞,p) of Zp[D][[Γ]]-modules, by local class field theory,

and an isomorphism

Gal(kabn,p/k∞,p) ∼= Gal(kab∞,p/k∞,p)/ωnGal(kab∞,p/k∞,p)
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holds. Then we have NX̂n
∼= X̂∞/X̂

ωn
∞ . Therefore the kernel of φ in (3.5) is

X̂ωn
∞ . So the kernel of the projection U χ̃ → V χ̃n is (X̂ωn

∞ )χ̃. Clearly we have
(X̂ωn
∞ )χ̃ ⊃ (X̂ χ̃

∞)ωn . Let xωn be an element of (X̂ωn
∞ )χ̃, i.e., x ∈ X̂∞ ⊗Zp OD and

(xωn)χ̃(δ)−δ = 1 for all δ ∈ D. Since X̂∞ has no nontrivial element that is killed
by ωn ([12, Theorem 25]), we have xχ̃(δ)−δ = 1, that is, xωn ∈ (X̂ χ̃

∞)ωn . Thus
(X̂ωn
∞ )χ̃ = (X̂ χ̃

∞)ωn . We also see that X̂ χ̃
∞ = U χ̃ by (3.5) under the assumption

χ̃ 6= 1. Hence, the assertion (i) has been proved.
To prove (ii), we first determine the structure of (NUn)χ̃/V χ̃n , where NUn

denotes
⋂
m≥nNm,n(Um). If the order of χ̃ is prime to p, the functor ( ∗ )χ̃ is

exact. Therefore, in this case, we have V χ̃n = (NUn)χ̃, that is, (NUn)χ̃/V χ̃n ∼=
OD/(1− χ(p)). Then we consider the case where p divides the order of χ̃. Decom-
pose D = Dp ×D′ with the p-Sylow subgroup Dp of D and put ψ̃ = χ̃|D′ . We use
the following lemma.

Lemma 3.2 (cf. [17, Lemma II.2]). Assume that Dp is nontrivial and that χ̃|Dp
is a faithful character of Dp. Let C be the subgroup of Dp of order p and NC the
norm of C in Zp[D]. Then, for a Zp[D]-module M , we have a Zp[D]-isomorphism

M χ̃ ∼= ker(NC : eψ̃M → eψ̃M),

where eψ̃ denotes the idempotent of Zp[D′] corresponding to ψ̃.

We see that Ĥ0(C,U) = 0 since kp/Qp is tamely ramified. Therefore, by the
above lemma and the fact that the kernel of U → NUn is X̂ωn proved above, we
have an isomorphism

(NUn)χ̃/V χ̃n ∼= Ĥ0(C, (X̂e
ψ̃ )ωn).

The fact that X̂∞ has no nontrivial element killed by ωn implies an isomorphism
Ĥ0(C, (X̂e

ψ̃ )ωn) ∼= Ĥ0(C, X̂e
ψ̃ ). By using Ĥi(C,U) = 0 for i = −1, 0 and (3.5), we

have isomorphisms Ĥ0(C, X̂e
ψ̃ ) ∼= Ĥ0(C, eψ̃Zp) ∼= OD/(1− χ(p)). Hence

(NUn)χ̃/V χ̃n ∼= OD/(1− χ(p)).

We know that Un/NUn ∼= Zp (see [20, Lemma 13.53]). Thus, we have

(NUn)χ̃ = U χ̃n

under the assumption χ̃ 6= 1. Thus, we have completed the proof. �

Finally, we shall show the freeness of Eχ (Lemma 3.5). The following is well
known.

Fact 3 ([12, Theorem 18]). X has no nontrivial finite Zp[∆][[Γ]]-submodule.

We need the following lemma, which follows from the Leopoldt conjecture for kn
and p proved in [1].

Lemma 3.3 (cf. [20, §5-5]).
(i) The inclusion E′n → En induces an isomorphism

E′n/E
′pa
n
∼= En/Ep

a

n

for any a ≥ 0.
(ii) En is Zp-torsion free.
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By the above lemma, we can regard T as a submodule of U/E and also of X. We
show the following lemma by using Fact 3.

Lemma 3.4. X/T has no nontrivial finite Zp[∆][[Γ]]-submodule.

Proof. We identify Zp[∆][[Γ]] with Zp[∆][[T ]] by γ = 1 + T . For a Zp[∆][[T ]]-module
M , we put MT := {m ∈M | Tm = 0}. If M is nontrivial of finite order, then MT

is nontrivial. Thus, by Fact 3, it suffices to show that (X/T)T ∼= XT . Since TT is
trivial, we have an exact sequence

1 −→ XT −→ (X/T)T
τ−→ (T ∩ TX)/TT −→ 1,

where τ is induced by x 7→ Tx for x ∈ X. Let M0 be the maximal abelian extension
unramified outside p. The restriction map X → Gal(M0/k) induces a surjection
T→ T0, and hence an isomorphism

T/(T ∩ TX) ∼= T0.

On the other hand, we see that Tn is trivial or µn+1
p ⊗ZpZp[∆/D], where D denotes

the decomposition group of p in ∆ for all n ≥ 0 according to whether T0 is trivial
or not. Thus we have

T/TT ∼= T0.

Therefore we have T ∩ TX = TT, as desired. �

Using Lemma 3.4, we prove the following:

Lemma 3.5. Ψ(Eχ) is a principal ideal generated by charΛ(Uχ/Eχ). In particular,
Eχ is a free Λ-module of rank one.

Proof. There exists an element f(T ) of Λ such that the principal ideal (f(T )) of
Λ has a submodule Ψ(Eχ) of finite index. We first show that f(T ) is contained in
Ψ(Uχ) = (T − q, 1−χω−1(p)). If χω−1(p) 6∈ µp∞ \ {1}, this assertion is clear since
Ψ(Uχ) is a principal ideal of Λ. Assume χω−1(p) ∈ µp∞ \ {1}. By Lemma 3.1 (i)
and Fact 2, we have⋂

m≥n
Nm,n(Eχm) ∼= Eχ(Uχ)ωn/(Uχ)ωn ∼= (Ψ(Eχ), ωnΨ(Uχ))/ωnΨ(Uχ).

For sufficiently large n ≥ 0, Ψ(Eχ) ⊇ ωn(f(T )). Hence the above Λ-module has a
finite submodule isomorphic to (f(T ),Ψ(Uχ))/Ψ(Uχ). However, Eχn is Zp-torsion
free (Lemma 3.3 (ii)). Thus we have f(T ) ∈ Ψ(Uχ).

By Lemma 3.3 (ii), Eχ ∩Tχ = {1}. Then Uχ/Eχ has a Λ-submodule isomorphic
to Tχ, which we also denote by Tχ. By Fact 2, we have an exact sequence

1 −→ Tχ −→ Uχ/Eχ −→ Λ/Ψ(Eχ) −→ Λ/(T − q, 1− χω−1(p)) −→ 1.

Then (Uχ/Eχ)/Tχ has a finite Λ-submodule isomorphic to (f(T ))/Ψ(Eχ), since we
have proved that f(T ) ∈ (T −q, 1−χω−1(p)). By (3.1), we can regard (Uχ/Eχ)/Tχ
as a submodule of X/T. Therefore, by Lemma 3.4, we have (f(T )) = Ψ(Eχ).
Furthermore, by using the above exact sequence and (3.3), we have (f(T )) =
(charΛ(Uχ/Eχ)). We have proved the lemma. �

Remark 2. By using Fact 1 (the Iwasawa main conjecture), Fact 2 and the above
lemma, we can see that Greenberg’s conjecture for (p, χ) is equivalent to the fol-
lowing:

Eχ = Cχ.
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4. Proof of the main results

We rewrite the condition (HP,n) as follows:

Lemma 4.1. For each n ≥ 0, the condition (HP,n) is equivalent to the following
condition:

(HP,n) cξχXP,nn 6∈ (Eχn )mP,n .

Proof. We fix n ≥ 0. The isomorphism in Lemma 3.3 maps the class [ceχỸP,nn ] in

E′n/E
mP,n
n to the class [ceψ(1−α)X̃P,n

n ] in En/EmP,nn . Thus the condition (HP,n) holds
if and only if

c
eψ(1−α)X̃P,n
n 6∈ EmP,nn .

Putting E = ker(
∑p−1

i=0 α
i : Eeψn → Eeψn ), we have E∩EmP,nn = EmP,n and ceψ(1−α)X̃P,n

n

∈ E. Then the above condition holds if and only if

c
eψ(1−α)X̃P,n
n 6∈ EmP,n .

By using Lemma 3.2, we also see that E is isomorphic to Eχn by xeψ 7→(x⊗1)
ξχ

1−α for
xeψ ∈ E. (Note that ξχ

1−α is in O[∆].) We can see that ξχX̃P,n = ξχXP,n. Therefore
the above condition is equivalent to the condition (HP,n). �

Proof of Theorem 2.6. We shall show that P (T ) | charΛA
χ
∞ holds if and only if the

opposite

(¬HP,n) cξχXP,nn ∈ (Eχn )mP,n

of (HP,n) holds for all n ≥ 0.
We put Q(T ) = Pχ(T )/P (T ). By Fact 1 (the Iwasawa main conjecture) and

(3.2), we have
charΛ(Uχ/Eχ) · charΛA

χ
∞ = Pχ(T ).

Then P (T ) | charΛA
χ
∞ if and only if charΛ(Uχ/Eχ) | Q(T ). By Lemma 3.5, the

latter condition is equivalent to saying that Q(T ) ∈ Ψ(Eχ). Let Q(n) denote
Q(T ) mod ϑχn in Λ/(ϑχn). Here we recall that ϑχn is ωn (resp. νn) if χ(p) 6= 1
(resp. χ(p) = 1). By using the Λ-homomorphism Ψn : Vχn → Λ/(ϑχn) defined after
Lemma 3.1, we have Q(T ) ∈ Ψ(Eχ) if and only if

(4.1) Q(n) ∈ Ψn(Eχn ∩ Vχn )

for all n ≥ 0. For a fixed n ≥ 0, it suffices to show that (4.1) is equivalent to
(¬HP,n). Since Λ/(ϑχn) is Zp-torsion free, the condition (4.1) holds if and only if

(4.2) mP,nQ
(n) ∈ Ψn((Eχn ∩ Vχn )mP,n).

We defined XP,n to satisfy mP,nQ(T ) ≡ XP,n(T )Pχ(T ) mod ϑχn. By Fact 2, we
have Ψn(cξχn ) = gχ(T ) = uχ(T )Pχ(T ) where uχ is the unit of Λ appearing in (2.1).
Hence we have

(4.3) uχmP,nQ
(n) = Ψn(cξχXP,nn ).

By Fact 2 and Lemma 3.1 (i), the kernel of Ψn is Tn. Hence, the condition (4.2)
holds if and only if

(4.4) cξχXP,nn ∈ (Eχn ∩ Vχn )mP,nTn.
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If we assume that the condition (4.4) holds, there exists ε ∈ Eχn ∩ Vχn such that
(cξχXP,nn /εmP,n) ∈ Tn. Since c

ξχ
n ∈ Eχn and Eχn ∩ Tn = {1} (Lemma 3.3 (ii)),

c
ξχXP,n
n = εmP,n . Thus the condition (4.4) holds if and only if

(4.5) cξχXP,nn ∈ (Eχn )mP,n ∩ (Vχn )mP,n .

In the case where χω−1(p) 6∈ µp∞ , we have Ψ(Uχ) = Λ by Fact 2. Then, clearly
Q(T ) ∈ Ψ(Uχ), and hence Q(n) ∈ Ψ(Vχn ) for all n ≥ 0. In this case, we have Tn =
{1}. Thus, by (4.3), we obtain c

ξχXP,n
n ∈ (Vχn )mP,n . Therefore, the condition (4.5)

is equivalent to (¬HP,n). If we assume χω−1(p) ∈ µp∞ , then χ(p) 6∈ µp∞ . Hence,
by Lemma 3.1 (ii), we have Vχn = Uχn . Thus, (Eχn )mP,n ∩ (Vχn )mP,n = (Eχn )mP,n . This
completes the proof. �

Proof of Theorem 2.2. The assertion follows from Theorem 2.6 and the following.
�

Lemma 4.2. Let P (T ) be a factor of Pχ(T ). Then we have that P (T ) satisfies
(T ) if and only if cξχXP,nn 6∈ (Uχn )mP,nTn for some n ≥ 0.

Proof. By the definition, P (T ) satisfies (T ) if and only if Q(T ) 6∈ (T−q, 1−χω−1(p))
with Q = Pχ/P . By Fact 2, we have Ψ(Uχ) = (T − q, 1 − χ1(p)). Hence P (T )
satisfies (T ) if and only if Q(T ) 6∈ Ψ(Uχ). Furthermore, by using an argument in
the proof of Theorem 2.6, we can show that Q(T ) 6∈ Ψ(Uχ) holds if and only if
c
ξχXP,n
n 6∈ (Vχn )mP,nTn for some n ≥ 0. By Lemmas 2.3 (i) and 3.1 (ii), if P (T )

satisfies (T ), then Vχn = Uχn . Thus, the lemma has been proved. �

Remark 3. Assume P (T ) satisfies (T ). Then we can directly show that P (T ) -
charΛA

χ
∞. Indeed, we have Q(T ) 6∈ Ψ(Uχ) with Q = Pχ/P by the assumption and

Fact 2, and hence Q(T ) 6∈ Ψ(Eχ). The latter condition is equivalent to saying that
P (T ) - charΛA

χ
∞ by Fact 1, Lemma 3.5 and (3.2) (see at the beginning of the proof

of Theorem 2.6).

5. Basic facts on the χ-parts of the ideal class groups

In this section, we shall show sufficient conditions forAχ∞ to be trivial (Lemma 5.1
and Remark 1), which are more or less known. We use the same notation as in the
previous sections.

For a Zp[∆]-module M , we define an O-module Mχ, the χ-quotient, by

Mχ := (M ⊗Zp O)/Iχ(M ⊗Zp O),

where Iχ denotes the ideal of O[∆] generated by all elements of the form δ − χ(δ),
δ ∈ ∆. If M is finite, then Mχ and Mχ have the same orders (cf., e.g., [18, §2]).
Thus we have

(5.1) #Aχn = #An,χ.

We first show the following:

Lemma 5.1. Let χ be a (not necessarily even) Dirichlet character with χ(p) 6∈ µp∞ .
If Aχ0 is trivial, then, for all n ≥ 0, Aχn are trivial, and so is Aχ∞.
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Proof. By Nakayama’s lemma and (5.1), it suffices to show that

An,χ ∼= A∞,χ/ωnA∞,χ

for each n ≥ 0. Let L be the maximal unramified abelian p-extension of k∞, Ln
the maximal abelian extension of kn contained in L, and Hn the Hilbert p-class
field of kn for each n ≥ 0. By class field theory, we have An ∼= Gal(Hn/kn)
and A∞ ∼= Gal(L/k∞). We further see that Gal(Ln/k∞) ∼= A∞/ωnA∞, and hence
Gal(Ln/k∞)χ ∼= A∞,χ/ωnA∞,χ. Then we show that Gal(Ln/k∞)χ ∼= Gal(Hn/kn)χ.

For a prime ideal p of kn over p, let Ip denote the inertia group of p in Gal(Ln/kn).
Since Ln/kn is unramified outside p, we have an exact sequence of Zp[Gal(kn/Q)]-
modules ∏

p|p
Ip −→ Gal(Ln/kn) −→ Gal(Hn/kn) −→ 0.

We further see that
∏

p|p Ip
∼= Zp[∆/D] (recall that D is the decomposition group

of p in ∆). We recall that ∆′ is the prime-to-p part of ∆, ψ = χ|∆′ and eψ ∈ Zp[∆′]
is its idempotent. By the assumption that χ(p) 6∈ µp∞ , i.e., ψ(p) 6= 1, we have
eψ(Zp[∆/D]) = {1}, and hence eψGal(Ln/kn) ∼= eψGal(Hn/kn). Therefore we
obtain Gal(Ln/kn)χ ∼= Gal(Hn/kn)χ (see [18, §2]). Since Gal(k∞/kn)χ = {1}, we
have proved the claim. �

Applying Theorems 2.2 and 2.6 to verify the conjecture for χ, we have only to
consider the case where χ(p) ∈ µp∞ or Aχ0 is nontrivial by the above lemma. We
give a sufficient condition for Aχ0 to be nontrivial.

Lemma 5.2. Let χ be a Dirichlet character and ψ the prime-to-p order part of
χ. If eψAkψ is nontrivial, then so is Aχ0 , where Akψ is the p-Sylow subgroup of the
ideal class group of kψ.

Proof. Assume that eψAkψ is nontrivial. Let ρ be the Dirichlet character with χ =
ψρ. Since kρ/Q is a cyclic extension of degree a power of p, at least one prime l is
totally ramified, and hence a prime ideal of kψ above l is also totally ramified in kχ =
kψkρ. Then we see that the norm map from the p-Sylow subgroup of the ideal class
group Akχ of kχ to Akψ is surjective by class field theory. Therefore, (eψAkχ)∆p →
eψAkψ is also surjective; so (eψAkχ)∆p is nontrivial. Let δp denote a generator of
is the p-Sylow subgroup ∆p of ∆ and put ρ = χ|∆p . By the isomorphism

A0,χ = (Akχ)χ ∼= (eψAkχ ⊗O′ O)/(δp − ρ(δp))(eψAkχ ⊗O′ O)

(cf. [18, §2]), we have

((eψAkχ)∆p ⊗O′ O)/(1− ρ(δp))((eψAkχ)∆p ⊗O′ O) ∼= A0,χ/(1− ρ(δp))A0,χ,

where O′ denotes the ring generated by the values of ψ over Zp. Therefore, A0,χ is
nontrivial, as desired. �

Finally we shall show that if vO(B1,χω−1) = 0, then Aχn are trivial for all n ≥ 0
(Remark 1). Let kωχ−1 denote the fixed field of the kernel of the odd Dirich-
let character ωχ−1; so ωχ−1 is a character of Gal(kωχ−1/Q). The p-Sylow sub-
group of the ideal class group of the n-layer kωχ−1,n of the cyclotomic Zp-extension
kωχ−1,∞/kωχ−1 is a Zp[Gal(kωχ−1/Q)]-module and we define Aωχ

−1

n by its ωχ−1-
part for each n ≥ 0. As a consequence of the Iwasawa main conjecture proved in
[16], the following was proved.
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Theorem 5.3 ([16, Theorem 2 in §1.10], [17, Theorem II.1]). Let χ be a nontrivial
even Dirichlet character. Then we have

#Aωχ
−1

0 = #(O/B1,χω−1O).

We know the following reflection theorem (cf. [20, Theorem 10.9]).

Lemma 5.4. Let χ be an even Dirichlet character. Then the order of An,χ/πAn,χ
divides that of Aωχ

−1

n /πAωχ
−1

n for each n ≥ 0, where π is a prime element of O.

Assume vO(B1,χω−1) = 0. By the above and (5.1), we have that Aωχ
−1

0 and Aχ0
are trivial. For any character χ, we have χω−1(p) 6∈ µp∞ or χ(p) 6∈ µp∞ . Then,
by Lemma 5.1, Aωχ

−1

n or Aχn are trivial for all n ≥ 0. In the former case, the claim
follows from Lemma 5.4.

6. Examples

In this section, we verify Greenberg’s conjecture for several examples by using
Corollary 2.4 and Theorem 2.6. The computations in this section was carried out
by Kazuo Matsuno whom the author wants to thank.

Corollary 2.4 asserts that the condition that Pχ(T ) is irreducible or that
vO(B1,χω−1) = 0 implies λχ = 0 when χω−1(p) ∈ µp∞ \ {1}. We give some
examples satisfying the condition.

The above condition is clearly satisfied when λ∗χ = degPχ(T ) = 1. In [19,
Lemmas 3 and 4], the author showed that, for each even Dirichlet character ψ of
the first kind, there exist infinitely many characters ρ of p-power order such that
λ∗ψρ = λ∗ψ and ρ(p) 6= 1. Then χ = ψρ satisfies the condition in Corollary 2.4 if λ∗ψ =
1 and ψω−1(p) = 1. For example, these conditions are satisfied if p = 3 and ψ is
the quadratic character of conductor 33 (cf., e.g., [2] for other examples). Therefore
there exist infinitely many characters χ satisfying the condition in Corollary 2.4,
and hence λχ = 0. In [18], a method for finding infinitely many χ’s satisfying
vO(B1,χω−1) = 0 and χω−1(p) ∈ µp∞ \ {1} was also given. However, for such
characters χ, we can also verify that λχ = 0 by Lemma 5.1 instead of Corollary 2.4
since we see that Aχ0 = 0 if λ∗χ = 1 or vO(B1,χω−1) = 0 (for the latter see §5). So
we next give examples such that Aχ0 is nontrivial and Pχ(T ) is irreducible.

Let p = 3 and ψ be the quadratic character of conductor 321 = 3 · 107. For
a character ρ of order 3, we put χ = ψρ. We see that eψAkψ = AQ(

√
321) is

nontrivial (the class number of Q(
√

321) is 3), and hence Aχ0 is also nontrivial by
Lemma 5.2. Let ρ be a character of order 3 whose conductor is 7. Then ρ(3) 6= 1;
so χω−1(3) ∈ µ3 \ {1}. For this χ, we calculate Pχ(T ) modulo a power of p as
in [10] and [5] by using the fact that the Stickelberger elements produce gχ(T )
and check the irreducibility of Pχ(T ). More precisely, we calculate NPχ(T ) =
Pχ(T )Pχ−1(T ) ∈ Z3[T ] (χ−1 is a Q3-conjugate of χ), since it is easier to handle
Z3-coefficient polynomials than O = Z3[ζ3]-coefficient ones. We have

NPχ(T ) ≡ T 4 + 5130T 3 + 1020T 2 + 2214T + 4977 mod 38.

We see that NPχ(T ) is irreducible over Z3. So Pχ(T ) is also irreducible over O.
Thus, this χ satisfies the condition in Corollary 2.4, and we have λχ = 0. Moreover,
this implies that Greenberg’s conjecture for kχ, the cyclic field of degree 6 whose
conductor is 2247 = 3 · 7 · 107, is true by Lemma 2.1. In fact, Ichimura and Sumida
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[10, Proposition] showed that λψ = 0, and we can see that λρ = 0 by Iwasawa’s
lemma (cf. [20, Lemma 10.4]) since ρ(3) 6= 1.

We further check the irreducibility of Pψρ(T ) for a nontrivial character ρ of cyclic
cubic fields kρ with conductor less than 103. There are 128 such fields, and 86 fields
among them satisfy ρ(3) 6= 1 (i.e., 3 does not decompose in those fields). Among
these 86 fields, Pψρ(T ) is irreducible for those ρ whose conductor is in the following
list:

7, 43, 97, 109, 127, 139, 157, 181, 211, 229, 277, 337,
349, 379, 409, 607, 691, 709, 733, 739, 751, 877, 907,

217 = 7 · 31, 301 = 7 · 43, 427† = 7 · 61, 469† = 7 · 67,

511† = 7 · 73, 553 = 7 · 79, 721† = 7 · 103.

We remark that there are two cyclic cubic fields kρ satisfying ρ(3) 6= 1 whose
conductor is one of the numbers with † in the above list. (We have only one such
field for others.) Among them, Pψρ(T ) are irreducible for both fields of conductor
427, 511, 721 and for one of the fields of conductor 469. Thus we obtain 33 cyclic
cubic fields kρ of conductor less than 103 such that χ = ψρ satisfies the assumption
of Corollary 2.4.

We can see that λρ = 0 if the conductor of ρ is prime and ρ(3) 6= 1 by Iwasawa’s
lemma. Furthermore, Yamamoto kindly informed us that we know that λρ = 0 for
ρ whose conductor is 217, 301, 427, 469 or 721 (see below for 553). Thus, for such
ρ’s, Greenberg’s conjecture for kχ = kρ(

√
321) is true by Lemma 2.1.

We apply Theorem 2.6 to several examples.
Let p = 3, kχ be a unique cubic field of conductor 553 = 7 ·79 in which 3 does not

decompose and χ a nontrivial character of kχ. We fix a generator σ of ∆p (= ∆)
and put χ(σ) = ζ, a nontrivial p-th root of unity. We have

Pχ(T ) ≡ T − (122 + 160ζ) mod 35.

We check the condition (HPχ,2). We see that mPχ,2 = 33 = 27 and

ỸPχ,2 ≡ T 8 + (23 + 25ζ)T 7 + (3 + 3ζ)T 6 + (24 + 15ζ)T 5

+ (6 + 3ζ)T 4 + 9ζT 3 + (21 + 9ζ)T 2 + (24 + 21ζ)T + 9 + 18ζ mod 33.

Let l = 29863. Then a prime ideal l of k2 above l is of degree one. We verify that

c
(1−σ)ỸPχ,2
2 mod l 6∈ (Z/lZ)×27, and so we have λχ = 0. Greenberg’s conjecture for
kχ (and kχ(

√
321) also) is also true.

Let p = 5 and χ be a character of order 5 with prime conductor f . By a re-
sult of Kurihara [15, §4.4], we know that λχ = 0 for all f < 105 except f =
38851, 41201, 84551. We consider the case f = 38851. By computing NPχ(T ) =∏4
i=1 Pχi(T ) ∈ Z5[T ], we see that Pχ(T ) decomposes into a product of two irre-

ducible factors P1(T ) and P2(T ) of degrees 1 and 3 respectively. In [15], Kurihara
introduced an invariant κ associated to χ and showed that, for a factor P (T ) of
Pχ(T ), we have P (T ) - charΛA

χ
∞ if degP (T ) ≥ κ (cf. [15, Remark 1.11]). We have

κ = 2 in this case. So we check the conditions in Theorem 2.6 only for the factor
P1(T ) of degree 1. We have

P1(T ) ≡ T − (1313 + 416ζ + 1834ζ2 + 2427ζ3) mod 55.
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We check the condition (HP1,1). We see that mP1,1 = 5 and

ỸP1,1 = T 3 + (3 + σ + 4σ2 + 2σ3)T 2.

We verify that c(1−σ)ỸP1,1

1 mod l 6∈ (Z/lZ)×5 with l = 9712751, where a prime ideal
l of k1 above l is of degree one.

We further consider the cases where f = 41201, 84551 in the above setting.
We see that Pχ(T ) decomposes into a product of two irreducible factors P1(T )
and P2(T ) of degrees 1 and 3 respectively, in both cases, and have κ = 2 (resp.
3) if f = 41201 (resp. 84551). Hence we have only to check the conditions in
Theorem 2.6 for the factor P1(T ) of degree 1 for both f ’s. We verify that the
condition (HP1,1) holds in each case. Therefore, together with the result of Kurihara
[15, §4.4], we have that λχ = 0 for p = 5 and all primes f < 105.
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