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EXTENSION AND SEPARATION PROPERTIES
OF POSITIVE DEFINITE FUNCTIONS

ON LOCALLY COMPACT GROUPS

EBERHARD KANIUTH AND ANTHONY T. LAU

Abstract. Continuing earlier work, we investigate two related aspects of the
set P (G) of continuous positive definite functions on a locally compact group
G. The first one is the problem of when, for a closed subgroup H of G, every
function in P (H) extends to some function in P (G). The second one is the
question whether elements in G \ H can be separated from H by functions in
P (G) which are identically one on H.

Introduction

Let G be a locally compact group and let P (G) be the set of continuous positive
definite functions of G. Let H be a closed subgroup of G. Following the terminology
of [28], we call H an extending subgroup of G if every continuous positive definite
function on H extends to some continuous positive definite function on G. This is
equivalent to requiring that the restriction map between the Fourier-Stieltjes alge-
bras B(G) and B(H) (compare [8]) is surjective. We say that G has the extension
property if each closed subgroup of G is extending.

For any closed subgroup H of G, let

PH(G) = {φ ∈ P (G) : φ(h) = 1 for all h ∈ H}.
Slightly modifying the notation of [20] and [21], we call H a separating subgroup if
for every x ∈ G \ H, there exists φ ∈ PH(G) such that φ(x) �= 1. Also, G is said
to have the separation property if each closed subgroup of G is separating. The
interest in and importance of the separation properties arose from the fact that it
turned out to be useful in studying the ideal theory of the Fourier algebra A(G)
(see [20]).

The extension and the separation properties have been studied by several authors
(see [5], [7], [9], [13], [14], [19], [24] and [28] for the extension property and [20], [21]
and [25] for the separation property). If H is a closed subgroup of G such that G has
small H-conjugation invariant neighbourhoods of the identity (G ∈ [SIN ]H), then
H is extending as well as separating ([7], [10] and [13]). Consequently, every group
with small conjugation invariant neighbourhoods (SIN-group) satisfies both the
extension and the separation property. Conversely, if G is either almost connected
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or a compactly generated nilpotent group, then either of these properties forces G
to be a SIN-group (see [7], [15], [19] and [20]). Also, for G almost connected, the
separating subgroups of G have been identified as precisely the so-called neutral
subgroups [21] (for the notion and basic theory of neutral subgroups see [23] and
[32]). Very recently, Losert [25] has given an intricate characterization of neutral
subgroups of locally compact groups that possess an almost connected open normal
subgroup. In addition, Losert pointed out the connection between the separation
property and the Mautner phenomenon (see [31] and [34]).

However, apart from these many similarities between the extension and the sepa-
ration properties, there are marked differences between them as soon as single sub-
groups or locally compact groups which are neither nilpotent nor almost connected
are considered. For instance, normal subgroups are of course always separating,
whereas Douady’s observation (see [8, p. 204] and [16, (34.28)]) shows that an
abelian normal subgroup of a connected group is extending only if it is contained
in the centre. In this context, it is worthwhile to mention that the main result
of [7] provides necessary and sufficient conditions for a positive definite function
on a closed normal subgroup of a locally compact group G to be extendible to G.
Moreover, there are 2-step solvable groups which satisfy one of these properties but
not the other (see Section 4 for details).

In this paper we further investigate the extension and separation properties.
In Sections 2 and 3 we focus on the question of when all infinite closed cyclic
subgroups are extending or separating. For brevity of notation, we say that G has
the extension property for cyclic subgroups (respectively, the separation property for
cyclic subgroups) if every closed subgroup of G which is isomorphic to Z is extending
(respectively, separating). Note that the extension and the separation properties
for cyclic subgroups are local properties in the sense that a locally compact group
has one of these properties if and only if every compactly generated open subgroup
has the corresponding property. It turns out that for almost connected groups
and for compactly generated nilpotent groups G, the separation property for cyclic
subgroups implies that G is a SIN-group (Theorem 2.7 and Theorem 3.5). In
contrast, every nilpotent locally compact group has the extension property for cyclic
subgroups (Theorem 3.2).

It was observed in [20, Remark 2.6] that if G is nilpotent and G has the extension
property, then it also has the separation property. This does not remain true for
solvable groups. In fact, in Section 4 we shall show that the Fell group, which is
an extension of the additive group of p-adic numbers by a compact multiplicative
group of p-adic numbers, satisfies the separation property but not the extension
property. In Section 5 we determine all the extending subgroups of examples such
as the ax + b-group and the motion group of the plane. Finally, in Section 6 we
add a number of propositions which demonstrate that some of our results cannot
be generalized.

1. Preliminaries on the extension property

Let G be a locally compact group and let P 1(G) = {φ ∈ P (G) : φ(e) = 1}.
Then P 1(G) is a convex set, and ex(P 1(G)) will denote the set of extreme points of
P 1(G). For φ ∈ P (G), we denote by πφ the associated cyclic unitary representation
of G and, for any representation π of G, by H(π) the Hilbert space of π.
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Let H be a closed subgroup of G and let ϕ ∈ P (H). If ϕ extends to some
element in B(G), then it also extends to some function in P (G) [28, Theorem 3.3].
If τ and π are representations of H and G, respectively, then indG

H τ will denote
the representation of G induced by τ and π|H the restriction of π to H.

The following lemma is something one would expect as a basic result in the area.
However, since we could not find a reference, we include a proof for the reader’s
convenience.

Lemma 1.1. Let H be a closed subgroup of a locally compact group G and let ϕ ∈
P 1(H). Then ϕ extends to some φ ∈ P (G) if and only if πϕ is a subrepresentation
of π|H for some representation π of G. If πϕ is irreducible, then π can be chosen
to be irreducible.

Proof. If πϕ is a subrepresentation of π|H , then there exists an isometric linear
mapping U from H(πϕ) into H(π) such that Uπϕ(h) = π(h)U for all h ∈ H. It
follows that, for some η ∈ H(πϕ) and all h ∈ H,

ϕ(h) = 〈πϕ(h)η, η〉 = 〈Uπϕ(h)η, Uη〉 = 〈π(h)Uη, Uη〉.
Thus φ, defined by φ(x) = 〈π(x)Uη, Uη〉 (x ∈ G), is a continuous positive definite
function extending ϕ.

Conversely, let φ ∈ P (G) be an extension of ϕ. Then φ(x) = 〈π(x)ξ, ξ〉, x ∈ G,
for some representation π of G, namely π = πφ, and some ξ ∈ H(π). Now, ϕ(h) =
〈πϕ(h)η, η〉, h ∈ H, where η is a cyclic vector for πϕ. Since H(πϕ) is the closed
linear span of all πϕ(h)η, h ∈ H, the mapping

n∑
j=1

cjπϕ(hj)η →
n∑

j=1

cjπ(hj)ξ (hj ∈ H, cj ∈ C, n ∈ N)

extends to an isometric linear mapping U of H(πϕ) into H(πφ). Finally, U satisfies

Uπϕ(h)πϕ(k)η = π(hk)ξ = π(h)(π(k)ξ) = π(h)(Uπϕ(k)η)

for all h, k ∈ H, whence Uπϕ(h) = π(h)U , as required.
For the last statement we only have to note that if πϕ is irreducible, then ϕ ∈

ex(P 1(H)) and by [14, Proposition 2, p. 275] there exists φ ∈ ex(P 1(G)) extending
ϕ. �

Remark 1.2. Let N be a closed normal subgroup of a locally compact group G.
Then G acts on N by inner automorphisms and hence on positive definite functions
and on representations in the obvious manner. Let ϕ ∈ ex(P 1(N)) and suppose that
ϕ extends to some element of P (G). Then the stabilizer Gπϕ

= {y ∈ G : y·πϕ = πϕ}
of πϕ is open in G. Indeed, ‖y · ϕ − ϕ‖B(N) → 0 as y → e and, on the other hand,
‖y · ϕ − ϕ‖B(N) = 2 whenever the irreducible representations πϕ and πy·ϕ = y · πϕ

are inequivalent (see [5, Lemma 2]). Consequently, the subgroup Gπϕ
of G contains

a neighbourhood of e.

Lemma 1.3. Let G be a locally compact group and N a closed normal subgroup
of finite index. If H is a closed subgroup of G such that H ∩ N is extending in N ,
then H is extending in G.

Proof. Let ψ ∈ P (H), K = H ∩ N and ϕ = ψ|K . By hypothesis, there exists
φ ∈ P (N) such that φ|K = ϕ. We claim that the representation ρ = indG

N πφ has
the property that ρ|H ≥ πψ.
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To see this, note first that since H/K is finite,

πψ ≤ indH
K πϕ = indH

K πφ|K ≤ indH
K(πφ|K).

On the other hand, for any representation τ of N ,

indH
K(τ |K) ≤ (indG

N τ )|H .

Indeed, since K = H ∩ N and G/N is finite, it is easily verified that the range of
the map

T : H(indH
K(τ |K)) → {F : G → H(τ )},

defined by Tξ(x) = 0 if x �∈ HN and Tξ(x) = τ (y−1)ξ(h) if x = hy with h ∈ H
and y ∈ N , is contained in

H(indG
N τ ) = H((indG

N τ )|H)

and that T provides an intertwining operator between indH
K(τ |K) and (indG

N τ )|H .
Thus πψ ≤ (indG

N πφ)|H , and therefore by Lemma 1.1 ψ extends to some element
of P (G). �

2. Almost connected groups

Let G be a locally compact group and let H and K be closed subgroups of G
such that h−1Kh ⊆ K for all h ∈ H. Then K is said to have small H-invariant
neighbourhoods (K belongs to the class [SIN ]H) if K has a neighbourhood basis
V of the identity such that h−1V h = V for all V ∈ V and h ∈ H. If G ∈ [SIN ]G,
then G is called a SIN-group. SIN-groups and their structure have been extensively
studied by Grosser and Moskowitz [12].

Recall that a locally compact group G is said to have the separation property
for cyclic subgroups if every closed subgroup of G which is isomorphic to Z is
separating in G. Our first purpose is to show that an almost connected group must
be a SIN-group whenever it has the separation property for cyclic subgroups. This
strengthens Theorem 1.1 of [20]. Some parts of the proof are analogous to those of
[20, Theorem 1.1], so that we only have to indicate the necessary alterations. The
main new ingredient, however, is Theorem 1 of [25]. The separation property for
cyclic subgroups is less handy than the full separation property since we do not
know whether it passes to arbitrary quotient groups. Yet we have

Lemma 2.1. Let H be a locally compact group and C a compact normal subgroup
of H such that H/C is either almost connected or locally connected. If H has the
separation property for cyclic subgroups, then H/C has the corresponding property.

Proof. Let B be a closed subgroup of H/C which is isomorphic to Z and let q :
H → H/C denote the quotient homomorphism. Choose a ∈ H such that q(a)
generates B and let A denote the closed subgroup of H generated by a. Then A
cannot be compact and hence is isomorphic to Z [16, Theorem 9.1], and q(A) = B.
Let U be a neighbourhood basis of the identity in H. Since H has the separation
property for cyclic subgroups, A =

⋂
{AUA : U ∈ U} [21, Theorem 1.3]. Using the

compactness of C, it is straightforward to verify that q(AUA) = Bq(U)B and
⋂

{q(AUA) : U ∈ U} = q(
⋂

{AUA : U ∈ U}).
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Thus it follows that

B = q(A) = q(
⋂

{AUA : U ∈ U}) =
⋂

{q(AUA) : U ∈ U}

=
⋂

{Bq(HU)B : U ∈ U}.

Since the set of all q(U), U ∈ U , forms a neighbourhood basis of the identity in
H/C, B satisfies condition (ii) of [21, Theorem 1.3]. Since H/C is either almost
connected or locally connected, B is a separating subgroup of H/C [21, Theorem
1.3]. �
Lemma 2.2. Suppose that G contains a central torus Td such that G/Td is a vector
group. If G has the separation property for cyclic subgroups, then G is the direct
product of Td and a vector group.

Proof. As in the proof of Lemma 1.5 of [20], assuming that G fails to be abelian,
it suffices to consider the reduced Heisenberg group. In this case, retaining the
notation of [20], replace the group L by the subgroup {(n, 0, 0) : n ∈ Z}, which
turns out to be not separating. �
Lemma 2.3. Let G be a semidirect product G = A � V where V is a vector group
and A is a connected locally compact group. If G has the separation property for
cyclic subgroups, then G is the direct product of A and V .

Proof. Let α : A → Aut(V ), a → αa denote the automorphism defined by

(e, αa(y)) = (a, 0)(e, y)(a, 0)−1, y ∈ V, a ∈ A.

We have to show that αa(y) = y for all y ∈ V and a ∈ A. Suppose that α(A)(y) �=
{y} for some y ∈ V and let D = Zy. Since D is separating, by [25, Theorem 1]
there exists a compact neighbourhood U of the identity in G such that dUd−1 = U
for all d ∈ D. Thus, for all a ∈ A and x ∈ V satisfying (a, 0) ∈ U and (e, x) ∈ D,

(a, x − αa(x)) = (e, x)(a, 0)(e, x)−1 ∈ U.

Now, there exists a ∈ A such that (a, 0) ∈ U and αa(y) �= y. Indeed, otherwise we
have αa(y) = y for all a ∈ A since A is connected. This is a contradiction. Since
every automorphism of a vector group is linear, we then obtain (a, n(y−αa(y))) ∈ U
for all n ∈ Z. This contradicts the compactness of U . �
Corollary 2.4. Let G be a solvable simply connected Lie group, and suppose that
G has the separation property for cyclic subgroups. Then G is abelian.

Proof. Proceeding by induction, we can assume that the statement of the lemma
holds for simply connected solvable Lie groups H with dim H < dim G. Choose a
connected closed normal subgroup N of G of codimension one. Then G is isomor-
phic to a semidirect product R � N . By the inductive hypothesis, N is a vector
group and Lemma 2.3 implies that G is abelian. �
Corollary 2.5. Let G be a locally compact group containing a closed normal vector
subgroup V such that G/V is compact and connected. If G has the separation
property for cyclic subgroups, then G is the direct product of V and a compact
group.

Proof. Since V is a vector group and G/V is compact, there exists a compact
subgroup K of G such that G is a semidirect product of K and V [17, Theorem
VIII]. The lemma is now an immediate consequence of Lemma 2.3. �
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Combining Lemma 2.2 and Corollaries 2.4 and 2.5 and using Lemma 2.1, the
next lemma follows in exactly the same way as on page 95 of [20].

Lemma 2.6. Let G be a solvable connected Lie group and suppose that G has the
separation property for cyclic subgroups. Then G is the direct product of a compact
abelian group and a vector group.

Now we are in a position to prove the theorem announced at the beginning of
this section.

Theorem 2.7. Let G be an almost connected locally compact group. If G has the
separation property for cyclic subgroups, then G is a SIN-group.

Proof. Note first that G is a projective limit of Lie groups [29, Theorem 4.6] and
a projective limit of SIN-groups is a SIN-group. Since the separation property for
cyclic subgroups passes to quotients modulo compact normal subgroups (Lemma
2.1), we can assume that G is a Lie group. Then, since G/G0 is finite, it suffices to
show that G0 ∈ [SIN ]. Hence we can assume that G is a connected Lie group.

Let R denote the radical of G and q : G → G/R the quotient homomorphism.
The following reasoning to show that G/R is compact is analogous to that in the
proof of [7, Corollary 2]. First of all, since R has the separation property for
cyclic subgroups, it is the direct product of a vector group and a compact abelian
group (Lemma 2.6). If G/R is non-compact, it has an Iwasawa decomposition
G/R = KAN , where K is compact, A is abelian and N is nilpotent. The group
A normalizes but does not centralize N . Then q−1(AN) is a connected solvable
Lie group having the separation property for cyclic subgroups. By Lemma 2.6,
q−1(AN) is abelian. In particular, AN is abelian, which is a contradiction. Thus
G/R is compact.

As in the last but one paragraph of the proof of Theorem 1.1 in [20, pages 95/96]
it follows that G possesses a closed normal vector subgroup V such that G/V is
compact and connected. Applying Corollary 2.5 again, we conclude that G is the
direct product of a vector group and a compact group. �

3. Nilpotent groups

In this section we study the extension property for cyclic subgroups and the
separation property for cyclic subgroups for nilpotent groups. It turns out that
nilpotent groups always have the extension property for cyclic subgroups whereas
the separation property for cyclic subgroups, like the full separation property, proves
to be very restrictive.

An element x of a locally compact group is called compact if the subgroup
generated by x is relatively compact. Let Gc denote the set of all compact elements
of G. In general, of course, Gc fails to be a subgroup of G. However, if G is
nilpotent, then Gc is a closed subgroup of G [11].

Lemma 3.1. Let G be a locally compact group such that G0 is nilpotent. Let A
be a closed cyclic subgroup of G and suppose that there exists an almost connected
open subgroup L of G such that A ∩ L �= {e}. Then A is extending in G.

Proof. Let a be a generating element of A and choose m ∈ N such that am ∈ L.
Define an open subgroup M of G by M =

⋂
{ajLa−j : 0 ≤ j ≤ m − 1}. Then it is

easy to check that A normalizes M and hence H = AM is an open subgroup of G,
and H/G0 is compact. It suffices to show that A is extending in H.
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Since H is almost connected, it is a projective limit of Lie groups. Fix a compact
normal subgroup K of H such that H/K is a Lie group. Then (H/K)0 has finite
index in H/K and G0K/K ⊆ (H/K)0. However, since

(H/K)/(G0K/K) = H/G0K

is totally disconnected, (H/K)0 = G0K/K, which is nilpotent. Moreover, since
A ∩ K = {e}, A is topologically isomorphic to AK/K. Thus, passing to H/K, we
can assume that H is a Lie group and H0 is nilpotent and has finite index in H.

Let B = A ∩ H0. Then B ∩ Hc
0 = {e}, and since H0/Hc

0 is a connected and
simply connected nilpotent Lie group, it follows from [19, Lemma 3.3] that B is
extending in H0. Lemma 1.3 now shows that A is extending in H. �

In [19, Lemma 3.3] it was observed that if G is a connected and simply connected
nilpotent Lie group, then G has the extension property for cyclic subgroups. The
next theorem and its corollary extend this considerably. We shall see later (Propo-
sition 6.4) that such a result fails for simply connected solvable Lie groups with
trivial centre.

Theorem 3.2. Let G be a locally compact group such that G0 is nilpotent. In
addition, suppose that every compactly generated open subgroup H of G possesses
an almost connected open subgroup which is normal in H. Then G has the extension
property for cyclic subgroups.

Proof. Let A be a closed cyclic subgroup of G and choose a compactly generated
open subgroup H of G containing A. By hypothesis, there exists an almost con-
nected open subgroup L of H which is normal in H. If A ∩ L �= {e}, then A is
extending in G by Lemma 3.1. Thus, assume that A ∩ L = {e}. Then, since L is
open and normal in H, A = AL/L, and therefore A is extending in H and hence
also in G. �

In passing we remind the reader that a locally compact group G is called locally
nilpotent if, given any compact subset C of G, the closed subgroup of G generated
by C is nilpotent. Obviously, the class of locally nilpotent groups is much larger
than the class of nilpotent groups.

Corollary 3.3. Let G be a locally compact group such that G0 is nilpotent and
G/G0 is locally nilpotent. Then G has the extension property for cyclic subgroups.

Proof. We only have to observe that G satisfies the hypothesis of the preceding
theorem. For that, let H be any compactly generated open subgroup of G and let
L = G0H

c = H0H
c. Then L is almost connected since Hc is compact [11] and

H0H
c is open in H [11]. �

We are now turning to the separation property for cyclic subgroups. In the proof
of Theorem 3.5 below, we shall need the following simple lemma, which of course is
a very special case of Theorem 2 of [25]. We believe it is appropriate to avoid the
use of the deep Theorem 2 of [25] whenever possible.

Lemma 3.4. Let G be a semidirect product G = D � G0, where D is discrete and
G0 is locally connected. If D is separating in G, then G0 ∈ [SIN ]D.

Proof. By Theorem 1.3 of [21], D is neutral. Thus given any neighbourhood U of
the identity in G0, there exists a neighbourhood V of the identity such that V ⊆ U
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and DV = V D. We claim that aV a−1 = V for all a ∈ D. Fix a; then for every
x ∈ V there exist yx ∈ V and bx ∈ D such that ax = yxbx or axa−1 = yx(bxa−1).
Now, since G0 is connected, aG0a

−1 ⊆ G0 is connected, whence bx = a for all
x ∈ V . This shows that axa−1 ∈ V for all x ∈ V . �

In the proofs of the next theorem and of Proposition 6.2 we shall use the following
fact about [SIN ]H -groups.

Let A, B and M be closed subgroups of a locally compact group G such that
B and M are normal and M ∈ [SIN ]A ∩ [SIN ]B. Then M ∈ [SIN ]AB. This
can be seen as follows. Let U be a neighbourhood of the identity in M such that
aUa−1 = U for all a ∈ A. There exists a neighbourhood V of the identity satisfying
V ⊆ U and bV b−1 = V for all b ∈ B. Let W =

⋃
a∈A aV a−1. Then W ⊆ U and,

since B is normal in G, AB is a subgroup, and it follows from the construction of
W that cWc−1 ⊆ W for all c ∈ AB.

Theorem 3.5. Suppose that G contains a compactly generated nilpotent closed
normal subgroup N such that G/N is compact. If G has the separation property for
cyclic subgroups, then G is a SIN-group.

Proof. Since N is nilpotent and compactly generated and G/N is compact, G is
a projective limit of Lie groups [18, Theorem 9]. By Lemma 2.1, G/C has the
separation property for cyclic subgroups for any compact normal subgroup C such
that G/C is a Lie group. Moreover, a projective limit of SIN-groups is a SIN-group.
Therefore, to prove the theorem we can assume that G is a Lie group. Note that
a locally compact group is a SIN-group whenever it has a subgroup of finite index
which is a SIN-group.

Since G0 has the separation property for cyclic subgroups, G0 is a SIN-group
by Theorem 2.7. Let q : G → G/G0 be the quotient homomorphism. Since G/G0

is discrete and G/N is compact, q(N) is a nilpotent subgroup of finite index in
G/G0. Thus we can assume that q(N) = G/G0. In addition, since N is compactly
generated, G/G0 is finitely generated and hence has a finitely generated torsion
free subgroup of finite index [3, Theorem 2.1]. Again, after passing to a subgroup
of finite index, we can therefore assume that G/G0 is a finitely generated torsion
free nilpotent group. It follows that G has a sequence of normal subgroups G0 ⊆
G1 ⊆ . . . ⊆ Gr = G with the property that Gj/Gj−1 is isomorphic to Z, 1 ≤ j ≤ r.
So Gj = Aj � Gj−1, 1 ≤ j ≤ r, where Aj is isomorphic to Z. Since G has the
separation property for cyclic subgroups, G0 ∈ [SIN ]Aj

by Lemma 3.4, 1 ≤ j ≤ r.
This implies that G is a SIN-group. Indeed, since G0 is a SIN-group, this follows
by induction on j using what we have observed before the theorem. �

In the sequel, for subsets A and B of a group G, let [A, B] denote the set of
commutators aba−1b−1, a ∈ A, b ∈ B.

Lemma 3.6. Let H be an almost connected nilpotent locally compact group. If H
has the separation property for cyclic subgroups, then H0 is contained in the centre
of H.

Proof. Since H is almost connected it is a projective limit of Lie groups H/Cα [29,
Theorem 4.6]. For each α, let qα : H → H/Cα denote the quotient homomorphism.
Then qα(H0) ⊆ (H/Cα)0 for every α and hence H0 ⊆

⋂
α((H/Cα)0). Suppose we

have shown that (H/Cα)0 is contained in the centre of H/Cα for every α. Then,
for x ∈ H0 and y ∈ H, [x, y] ∈ Cα for all α, and hence [x, y] = e, as required.
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Since by Lemma 2.1 the separation property for cyclic subgroups passes to the
quotients H/Cα, we can therefore assume that H is a Lie group. So H/H0 is finite
and H0 is a connected Lie group. Since H0 has the separation property for cyclic
subgroups, H0 = V ×K, where V is a vector group and K is a compact connected
Lie group (Theorem 2.7). Moreover, since K is nilpotent, it follows that K = Td

for some d ∈ N0.
Let a ∈ H and let A denote the closed subgroup of H generated by a. Since

H has the separation property for cyclic subgroups, H0 normalizes A [21, Lemma
2.3]. Using the facts that H0 and A are abelian and that H0 normalizes A, it is
easily verified by induction that

[ym, a] = [y, a]m = [y, am]

for all y ∈ H0 and m ∈ N. Fix q ∈ N such that aq ∈ H0, and let x be an arbitrary
element of H0. Since V and Td are divisible, there exists y ∈ H0 such that yq = x.
Then

[x, a] = [yq, a] = [y, aq] = e.

This shows that H0 is contained in the centre of H. �

Theorem 3.7. Let G be a locally nilpotent locally compact group and suppose that
G has the separation property for cyclic subgroups. Then G0 is contained in the
centre of G.

Proof. As before, let Gc denote the subgroup of all compact elements in G. Then
G0G

c is an open normal subgroup of G and G/G0G
c is torsion free [11].

Let a be any element of G \ G0G
c and let A denote the closed subgroup of G

generated by a. Then A ∩ G0G
c = {e} and A is discrete, hence isomorphic to Z.

Let H be any compactly generated open subgroup of G such that a ∈ H. Then H
is nilpotent and has the separation property for cyclic subgroups. By [21, Lemma
2.3], H0 = G0 normalizes A. So [G0, a] ⊆ A, and since A is discrete and [G0, a] is
connected, we obtain that [G0, a] = {e}.

Now, let a ∈ G0G
c and let H denote the closed subgroup generated by a and G0.

Then H is nilpotent and H/G0 is compact. Since H has the separation property
for cyclic subgroups, by Lemma 3.6 G0 is contained in the centre of H. Combining
the two cases, we conclude that G0 is contained in the centre of G. �

Corollary 3.8. Let G be a compactly generated nilpotent locally compact group.
Then the following conditions are equivalent:

(i) G has the separation property.
(ii) G has the separation property for cyclic subgroups.
(iii) G is a projective limit of groups each of which has an open centre.
(iv) G is a SIN-group.

Proof. Notice first that (iii) implies (iv) because a projective limit of SIN-groups is
again a SIN-group. Therefore, it only remains to prove (ii) ⇒ (iii).

Since G is compactly generated, it is a projective limit of Lie groups G/Cα [18].
By Lemma 2.1, the separation property for cyclic subgroups passes to the quotients
G/Cα. Since G/Cα is a Lie group, (G/Cα)0 is open in G/Cα, and by Lemma 3.6,
(G/Cα)0 is contained in the centre of G/Cα. Thus (iii) holds. �
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It is not unlikely that in Corollary 3.8 the hypothesis that G be compactly
generated can be dropped. Yet, at present we have no idea of how to treat totally
disconnected nilpotent groups.

4. The Fell group

Losert [25] has announced an example of a locally compact group G such that
G has a compact open normal subgroup and every proper closed subgroup of G
is compact, but G is not a SIN-group. This example shows that even within the
class of IN-groups (that is, groups which have at least one compact conjugation
invariant neighbourhood of the identity) there exist groups which may have both
the separation property and the extension property without being a SIN-group.
Recall that in [14] an example was given of a compactly generated 2-step solvable
Lie group which is not an IN-group and nevertheless has the extension property,
but not the separation property. This group is the semidirect product G = Z � R,
where n ∈ Z acts on R by multiplication with 2n. It is easily seen that the subgroup
Z is not separating. We now present an example of a 2-step solvable group which
has the separation property, but not the extension property, and fails to be an
IN-group.

Let p be a prime number and let N be the additive group of the p-adic number
field Qp. Let K be the multiplicative group of p-adic numbers of valuation one.
Form the semidirect product G = K � N where K acts on N by multiplication.
This group G is usually referred to as the Fell group. It is the most prominent
example of a non-compact locally compact group with countable dual (see [1]). We
are going to show the following.

Theorem 4.1. Let G be the Fell group. Then
(i) G has the separation property.
(ii) A closed subgroup of G is extending (if and) only if it is compact or open.

Let H be a closed subgroup of G. We have verified in [21, Example 3.2(ii)] that
H is separating if and only if H is either compact or H ⊇ N . We claim that there
are no other closed subgroups. In particular, this proves that G has the separation
property.

To start with, let H be a closed subgroup of G such that N �⊆ H. We have to
show that H is compact. Then H ∩N is either trivial or a proper closed subgroup
of N and as such is compact. Indeed, every non-trivial proper closed subgroup
of N is of the form pkZp, where Zp is the subring of p-adic integers and k ∈ Z
(see [16, (10.16)(a)]). Moreover, H/H ∩ N is abelian since the homomorphism
H/H ∩ N → G/N = K is injective. Let q : G → G/N denote the quotient
homomorphism. We claim that q(H) is closed in K. To see this, let (an, xn) ∈ H,
n ∈ N, such that an → a for some a ∈ K. Assume that q(H) �= {1} and fix
(b, y) ∈ H such that b �= 1. Since H/H ∩N is abelian, there exists a sequence (zn)n

in H ∩ N such that

(anb, xn + any) = (an, xn)(b, y) = (1, zn)(b, y)(an, xn)
= (ban, zn + y + bxn).

Since K is abelian, we get that

xn + any = zn + y + bxn.
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Moreover, since H∩N is compact, we can assume that zn → z for some z ∈ H∩N .
It follows that

(1 − b)xn = zn + (1 − an)y → z + (1 − a)y.

Thus xn converges to x = (1 − b)−1(z + (1 − a)y) ∈ N . Hence (an, xn) → (a, x) in
H, whence a ∈ q(H).

Finally, since H is σ-compact and q(H) is closed in K, the group isomorphism
between H/H ∩ N and HN/N = q(H) is a homeomorphism. Thus H is compact
since both H ∩ N and H/H ∩ N are compact.

Turning to (ii), by what we have just shown, it remains to consider the case that
H contains N . Note first that the abelian normal subgroup N is not extending
in G. To see this, fix a character ω of N with kernel equal to Zp. Then the map
x → ωx, where ωx(y) = ω(xy) for y ∈ N , is a topological isomorphism between
N and N̂ . Since (k · ω)(y) = ω(ky) for all k ∈ K and y ∈ N , it follows that
the stabilizer of any non-trivial character of N is trivial. However, by Douady’s
observation (see [16, (34.48)(d)] or [8]), a character of an abelian normal subgroup
A of a locally compact group B extends to a continuous positive definite function
on B only if its stabilizer is open in B. Thus N is not extending.

Now, suppose that H properly contains N , that is, H = C � N for some non-
trivial closed subgroup C of K. We claim that C is either open in K or finite.
Let

U = {x ∈ N : |x|p < p−1/(p−1)}
and

V = {y ∈ K : |x − 1|p < p−1/(p−1)}.
Then U is an open subgroup of N and V is an open subgroup of K of index p− 1.
The exponential map

x → exp(x) =
∞∑

j=0

xj

j!

forms a topological isomorphism from U onto V (see [22, p. 80, Proposition]).
Thus, if C ∩ V is non-trivial, then C ∩ V is open in K since log(C ∩ V ) is a non-
trivial subgroup of N and hence is open in N . If C∩V is trivial, then C is finite. In
the first case H is open in G, while in the second case N is open in H and therefore
H cannot be extending.

Summarizing what we have seen, we obtain that a closed subgroup of G is
extending if and only it is compact or open in G.

5. Examples

We begin with two lemmas which are useful in determining the extending sub-
groups.

Lemma 5.1. Suppose that G has a closed normal subgroup N such that, with
q : G → G/N denoting the quotient homomorphism,

B(G) ⊆ B(G/N) ◦ q + C0(G).

Let H be a non-compact closed subgroup of G. If H is extending, then H ∩ N ⊆
[H, H].
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Proof. Towards a contradiction, suppose there exists h ∈ H ∩ N with h �∈ [H, H].
Select a character χ of H such that χ(h) �= 1. By hypothesis, χ extends to some
φ ∈ P (G) and φ = φ1 + φ2, where φ1 is constant on cosets of N and φ2 vanishes at
infinity. Then, since h ∈ N ,

φ(xh) = φ1(x) + φ2(xh)

for all x ∈ G, and, since |φ(h)| = 1,

φ(xh) = φ(x)φ(h) = χ(h)(φ1(x) + φ2(x)).

It follows that
(1 − χ(h))φ1(x) = χ(h)φ2(x) − φ2(xh)

for all x ∈ G. Now, the function x → χ(h)φ2(x) − φ2(xh) vanishes at infinity, and
hence so does φ1 since χ(h) �= 1. Therefore φ = φ1 +φ2 vanishes at infinity, whence
χ = φ|H vanishes at infinity on H. Since χ is a character, this forces H to be
compact, a contradiction. �
Lemma 5.2. Let G be a locally compact group and let N be a non-compact closed
normal subgroup of G such that G/N is compact, abelian and second countable.
Suppose that

B(G) ⊆ B(G/N) ◦ q + C0(G).
If H is an abelian closed subgroup of G and H is extending, then H must be compact.

Proof. Let χ be a character of H and let φ ∈ P (G) be an extension of χ. Write
φ = φ1 + φ2, where φ1 ∈ B(G/N) ◦ q and φ2 ∈ C0(G). Then, as in the proof of
Lemma 5.1,

φ1(xh) − χ(h)φ1(x) = χ(h)φ2(x) − φ2(xh)
for all h ∈ H and x ∈ G. Since the function x → φ1(xh) − χ(h)φ1(x) is constant
on N , whereas x → χ(h)φ2(x) − φ2(xh) vanishes at infinity, and since N is non-
compact, it follows that

φ1(xh) = χ(h)φ1(x) and φ2(xh) = χ(h)φ2(x)

for all x ∈ G and h ∈ H.
Now assume that H is non-compact. Since the function h → φ2(xh) vanishes at

infinity on H and its absolute value equals |φ2(x)|, we obtain that φ2(x) = 0 for
all x ∈ G. Hence φ = φ1 and so φ ∈ P (G/N) ◦ q. By [14, Proposition 2, p. 275],
we can assume that φ ∈ ex(P 1(G)) and hence φ ∈ ex(P 1(G/N)) ◦ q = Ĝ/N ◦ q

(since G/N is abelian). Thus we have shown that Ĥ ⊆ (Ĝ/N ◦ q)|H . But Ĝ/N is
countable, since G/N is compact and second countable. Therefore Ĥ is countable.
This contradicts the non-compactness of H. �
Example 5.3. Let G be the ax+ b-group, that is, the semidirect product R×

+ � R,
where the multiplicative group of positive real numbers acts on R by multiplication.
We determine all the extending subgroups of G. We identify R with the normal
subgroup {1} × R and R×

+ with the subgroup R×
+ × {0}. Lemma 5.1 applies to G

with N = R [27]. It is known that the normal subgroup R is not extending. Let
H �= {e} be an extending subgroup of G and assume first that H is connected.
Since [H, H] ⊆ R, by Lemma 5.1, H ∩R = [H, H]. Thus, since [H, H] is connected,
either H ∩ R = R or H ∩ R = {0}. In the first case, H = R or H = G.

Now, let H be an arbitrary extending subgroup of G. Since H0 is open in H, H0

is extending as well. By what we already know, either H0 = {0}, H0 = G or G is the



EXTENSION AND SEPARATION PROPERTIES 459

semidirect product of R with H0. In the last case, H0 = H. Indeed, given any a ∈
R×

+, there is a unique xa ∈ R such that (a, xa) ∈ H0. Now, (1, y)(a, xa)(1, y)−1 =
(a, xa + y − ay), so that y = ay for all a ∈ R×

+ and hence y = 0 whenever (1, y)
normalizes H0. It remains to consider the case that H is discrete. Then H ∩ N is
extending and hence H ∩N ⊆ [H ∩N, H ∩N ] = {0} by Lemma 5.1. Thus, if H is
an extending proper subgroup, then H ∩ R = {0}.

Conversely, a subgroup H with H ∩R = {0} is extending. To see this, note that
since G/N is abelian it can be verified in exactly the same way as for the Fell group
in the proof of Theorem 4.1 that HN is closed in G. Then, given ϕ ∈ P (H), define
ψ ∈ P (HN/N) by ψ(hN) = ϕ(h), h ∈ H. Then ψ extends to some φ ∈ P (G/N)
and φ ◦ q extends ϕ. Thus H is extending.

Summarizing, we have seen that the proper extending subgroups of G are pre-
cisely the closed subgroups H of G such that H ∩R = {0}. In [21, Example 3.2(i)]
we have seen that the only separating subgroups of G are the normal subgroups.
In particular, G and {e} are the only subgroups of G which are both extending and
separating.

The hypothesis of Lemma 5.1 is also satisfied by simple Lie groups with finite
centre [33] and by motion groups, that is, semidirect products SO(d) � Rd (d ≥ 2)
(see [6] and [2]). For both kinds of groups we have determined all the separating
subgroups in [21]. However, we are unable to specify the extending subgroups,
except for the motion group of the plane. Therefore we confine ourselves to this
special case.

Example 5.4. Let G = SO(2) � R2, where SO(2) acts on R2 by rotation, and
identify R2 with the normal subgroup N = {(E, x) : x ∈ R2}, where E is the unit
matrix. We claim that a proper closed subgroup of G is extending only if it is
compact. For that, note first that no non-trivial subgroup of R2 can be extending
since B(G) ⊆ B(G/N) ◦ q + C0(G).

Now let H be a proper extending subgroup of G. Since H0 is open in H, H0

is extending as well. By Lemma 5.1, H0 ∩ R2 = [H0, H0], which is connected. So
H0 ∩R2 is either equal to {0} or R2 or Rv for some v ∈ R2, v �= 0. If H ⊇ R2, then,
since H is proper, H0 = R2, which fails to be extending. Next, let H0 ∩ R2 = Rv.
Then H0 = Rv, since E and −E are the only elements of SO(2) mapping Rv to
itself. However, Rv is not extending. Finally, let H0 ∩ R2 = {0}. Then either
H0R2 = G or H0 is trivial. In the first case, H0 is compact and from H0∩R2 = {0}
and H0R2 = G it is easily deduced that H0 is its own normalizer. In particular,
H0 = H. In the second case H is discrete and hence H ∩ R2 is extending. Thus
H ∩ R2 = {0}, and hence H is abelian. Now Lemma 5.2 shows that H is finite.
This finishes the proof of the above claim. Thus a proper closed subgroup of G is
extending if and only if it either finite or conjugate to SO(2).

6. Some additional results

In this final section we present some propositions that show limitations to pos-
sible extensions of our results. Recall that the Fell group, which has the separation
property, is a compact extension of an abelian normal subgroup N . Proposition 6.1
in particular shows that such a group cannot have the extension property unless it
is a SIN-group. Also, observe that N is not compactly generated. A consequence
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of Proposition 6.2 is that if G is a compact extension of a compactly generated
abelian group and G is not a SIN-group, then the separation property fails for G.

In the following two propositions we shall consider compact extensions of Moore
groups. Recall that a locally compact group H is called a Moore group if all the
irreducible representations of H are finite dimensional. These groups are named
after C.C. Moore, who completely clarified their structure [30]. In particular, Moore
groups are SIN-groups.

Proposition 6.1. Let G contain a closed normal subgroup N such that N is a
second countable Moore group and G/N is compact. If N is extending in G, then
G is a Moore group.

Proof. It is a standard fact that if (K, X) is a transformation group with K compact
and X a T1-space, then K-orbits in X are closed. Taking X = N̂ and K = G/N

and observing that N̂ is second countable, we conclude that Mackey’s theory applies
to G and the normal subgroup N (see [26] and the references therein). Thus, given
an irreducible representation π of G, there exists τ ∈ N̂ such that π|N is weakly
equivalent to the orbit G(τ ) in N̂ . Let τ = πϕ, where ϕ ∈ ex(P 1(N)). Since N is
extending, by Remark 1.2 the stabilizer Gτ = {x ∈ G : x · τ = τ} of τ is open in G

and hence of finite index. By Mackey’s theory, π = indG
Gτ

σ for some σ ∈ Ĝτ such
that σ|N is a multiple of τ . Then dim τ = [G : Gτ ] dimσ, and it therefore suffices
to show that σ is finite dimensional.

By Mackey’s theory of multiplier representations [26], σ can be obtained as
follows. There exist a multiplier ω on Gτ/N , an (irreducible) ω-representation γ of
Gτ in H(τ ) (which extends τ ) and an irreducible ω̄-representation δ of Gτ/N such
that σ = γ ⊗ (δ ◦ q), q : Gτ → Gτ/N . Then dim γ = dim τ and dim δ < ∞. Indeed,
δ can be viewed as an ordinary irreducible representation of the central extension
defined by ω̄ of the compact group Gτ/N . Thus σ is finite dimensional. �

Proposition 6.2. Let G contain a closed normal subgroup N such that G/N is
compact and N is a compactly generated Moore group. If G has the separation
property for cyclic subgroups, then G itself is a Moore group.

Proof. We first show that G is a SIN-group. Since G/N is compact and N is
compactly generated and every Moore group is a projective limit of Lie groups [30],
by [18, Theorem 4] G is a projective limit of Lie groups G/Cα. Since a projective
limit of SIN-groups is a SIN-group, it then suffices to show that each G/Cα is a
SIN-group. Now, NCα/Cα is a normal Moore subgroup of G/Cα with a compact
quotient. Thus we can assume that G is a Lie group.

Since G/N is compact and G/G0 is discrete, NG0/G0 has finite index in G/G0

and, being a discrete Moore group, itself has an abelian subgroup of finite index
[30]. Moreover, recall that G/G0 is finitely generated. Putting these facts together
yields that G possesses a subgroup H containing G0 such that G/H is finite and
H/G0 = Zd for some d ∈ N0. Now we find d closed subgroups A1, . . . , Ad of G,
each isomorphic to Z, such that Aj ∩ G0 = {e} and H = A1 · . . . · AdG0. Applying
Lemma 3.4 to each of the groups Aj we conclude that G0 ∈ [SIN ]Aj

, 1 ≤ j ≤ d.
Finally, by the paragraph preceding Theorem 3.5 and the fact that G0 is a SIN-
group (Theorem 2.7), we conclude that G0 ∈ [SIN ]H . Since G/H is finite, this
shows that G is a SIN-group.
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We now apply well-known results in representation theory to conclude that G is
actually a Moore group. In fact, since G has a normal subgroup N which is a CCR
group and G/N is compact, G itself is a CCR group. Thus G is a type I SIN-group
and as such has to be a Moore group. �

We have seen (Corollary 3.3) that every nilpotent locally compact group has the
extension property for cyclic subgroups. This appears to be special to nilpotent
groups as will be demonstrated by Proposition 6.4 below. In preparation for this,
we include the next example.

Example 6.3. With the notation of [4, pp. 180-182], let G = G3,4(α), α ∈ R.
Then G can be realized as R3 with multiplication given by

(t1, x1, y1)(t2, x2, y2)

= (t1 + t2, x1 + eαt1(x2cost1 − y2sint1), y1 + eαt1(x2sint1 + y2cost1)),

tj , xj , yj ∈ R, j = 1, 2. Let A = {(0, n, 0) : n ∈ Z} and let φ ∈ P (G) be such that
φ|A is a character of A. We are going to show that φ(A) = {1}, whence A is not
extending in G. For t ∈ R and n ∈ Z,

φ((t, 0, 0)) = φ([(0, n, 0), (t, 0, 0)](t, 0, 0))
= φ((0, n(1 − eαt cos t),−neαt sin t)(t, 0, 0)).

Let y ∈ R be arbitrary and let tn = −y/n, n ∈ N. Then it is easily verified that
−neαtn sin tn → y and n(1 − eαtn cos tn) → αy. It follows that

1 = lim
n→∞

φ((tn, 0, 0)) = φ((0, αy, y)).

Thus, for all t, x ∈ R and n ∈ Z,

φ((t, x, 0)) = φ((0, n, 0)(t, x, 0)(0, n, 0)−1)
= φ((t, x + n(1 − eαt cos t),−neαt sin t))
= φ((t, x + n(1 − eαt cos t + αeαt sin t), 0)).

Now, the function ϕ defined by ϕ(t) = 1− eαt cos t+αeαt sin t is strictly decreasing
in the interval (−π/2, 0] and strictly increasing in [0, π/2). Let x < 0, then for
sufficiently large n ∈ N there exists tn ∈ (−π/2, π/2) such that ϕ(tn) = −x/n.
Necessarily, tn → 0 as n → ∞, and hence the above equation yields that

φ((0, x, 0)) = lim
n→∞

φ((tn, x + nϕ(tn), 0)) = φ((0, 0, 0)) = 1.

Of course, then φ((0, x, 0)) = 1 for all x ∈ R.

Proposition 6.4. Let G be a simply connected solvable Lie group. If G has the
extension property for cyclic subgroups, then the centre of G is non-trivial. Conse-
quently, if every quotient group of G has the extension property for cyclic subgroups,
then G is nilpotent.

Proof. Towards a contradiction, suppose the proposition fails to hold and let G
be a simply connected solvable Lie group of minimal dimension which has the
extension property for cyclic subgroups and nevertheless has a trivial centre. Fix
any connected closed normal subgroup N of G of codimension one. Then Z(N) is
normal in G and, due to the minimality of G, Z(N) is non-trivial. Actually, Z(N)0
is non-trivial because otherwise the discrete normal subgroup Z(N) of the connected
group G would be contained in the centre of G, contradicting the assumption. Let
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V ⊆ Z(N) be a non-trivial vector subgroup of minimal dimension which is normal
in G. It is well known that V is of dimension one or two since G is solvable.

Choose any element a ∈ G \N , and let H denote the connected closed subgroup
of G generated by a and V . Then dim V ≤ 3, and the centre of H is trivial since
otherwise the centre of G would be non-trivial. Now, such a solvable Lie group
either contains the ax+ b-group as a closed subgroup or is topologically isomorphic
to G3,4(α) for some α ∈ R [4]. Since neither of these groups does have the cyclic
extension property (Examples 5.3 and 6.3), we have reached a contradiction. �
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