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ABSTRACT. Let A be a unital simple C*-algebra, with tracial rank zero and
let X be a compact metric space. Suppose that hi,hy : C(X) — A are two
unital monomorphisms. We show that h; and hs are approximately unitarily
equivalent if and only if

[h1] = [h2] in KL(C(X),A) and 7ohi(f)=r7oha(f)

for every f € C(X) and every trace 7 of A. Inspired by a theorem of Tomiyama,
we introduce a notion of approximate conjugacy for minimal dynamical sys-
tems. Let X be a compact metric space and let «, 8 : X — X be two minimal
homeomorphisms. Using the above-mentioned result, we show that two dy-
namical systems are approximately conjugate in that sense if and only if a
K-theoretical condition is satisfied. In the case that X is the Cantor set, this
notion coincides with the strong orbit equivalence of Giordano, Putnam and
Skau, and the K-theoretical condition is equivalent to saying that the associate
crossed product C*-algebras are isomorphic.

Another application of the above-mentioned result is given for C*-dynamical
systems related to a problem of Kishimoto. Let A be a unital simple AH-
algebra with no dimension growth and with real rank zero, and let o € Aut(A).
We prove that if a” fixes a large subgroup of Ko(A) and has the tracial Rokhlin
property, then A x4 Z is again a unital simple AH-algebra with no dimension
growth and with real rank zero.

1. INTRODUCTION

Let X be a compact metric space and let o, 3 : X — X be homeomorphisms.
Suppose that a and 8 are minimal, i.e., neither o nor 3 has non-trivial invariant
closed subsets. Recall that @ and § are conjugate if there exists a homeomorphism
0 : X — X such that « = 0 o Bo o~ !. They are flip conjugate if either o and
are conjugate or a and $~! are conjugate. It was proved by Jun Tomiyama ([56])
that a and 3 are flip conjugate if and only if there exists an isomorphism from
C(X) XoZ onto C(X) xZ such that it maps C'(X) onto C(X), where C(X) x,Z
and C'(X) X gZ are the associated crossed product C*-algebras or the transformation
group C*-algebras. It is speculated that C*-algebra theory may help to understand
the minimal dynamical systems (X, «) and (X, 3). This is further demonstrated in
Giordano, Putnam and Skau’s work ([I6]) on minimal Cantor systems. They show,
among other things, that two minimal Cantor systems (X, «) and (X, 3) are strong
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orbit equivalent if and only if the associated crossed products are isomorphic. It
is worth noting that under the assumption that X is an infinite set and o and
are minimal, the associated crossed product C*-algebras are amenable simple C*-
algebras. Given the recent development in the classification of amenable simple C*-
algebras, it seems possible to have a K-theoretical description of a useful equivalence
relation for minimal dynamical systems as demonstrated in Giordano, Putnam and
Skau’s work. The author has proposed to study a version of approximate conjugacy
for minimal dynamical systems (see [43]). The original purpose of this research is
to give a K-theoretical description of approximate conjugacy in minimal dynamical
systems.

Diverging from dynamical systems, consider homomorphisms from C(X), the
C*-algebra of continuous functions on a compact metric space, to a unital simple
C*-algebra A. It is fundamentally important in topology to study homomorphisms
from C(X) to C(Y). In C*-algebra theory, it is also fundamentally important to
understand homomorphisms from C(X) into a unital C*-algebra. The earliest
study of this kind is the classical Brown-Douglass-Fillmore theory (see [3] and [4]).
The BDF-theory classified monomorphisms from C(X) into the Calkin algebra
B(1%)/K(1%). The original motivation was to classify essentially normal operators.
There is no doubt that BDF-theory plays a crucial role in the development of
C*-algebra theory, in particular, in the aspect of C*-algebra theory related to K-
theory and K K-theory. One may note that the Calkin algebra is a very special
(non-separable) C*-algebra. But it is a simple C*-algebra with real rank zero.
It becomes clear that the study of monomorphisms from C(X) into a separable
simple C*-algebra with real rank zero is also very important (see [8], [31], [32],
[33], [34], [18], [19] and [20]). In this paper, we prove that, under the assumption
that A is a unital simple C*-algebra with tracial rank zero, then monomorphisms
from C(X) into A can be classified up to approximate unitary equivalence by their
K-theoretical information. We believe that this result is potentially very useful.
We will demonstrate this by presenting two applications.

Returning to minimal dynamical systems, it is known that many crossed product
C*-algebras associated with minimal dynamical systems are simple C*-algebras
with tracial rank zero. For example it is known (see for example Theorem 1.15 of
[16]) that C'(X) X, Z is an AT-algebra of real rank zero if X is the Cantor set.
It follows (see [I3] and [35]) that they have tracial rank zero. More recently it
is shown by Q. Lin and N.C. Phillips ([48]) that crossed products resulted from
minimal diffeomorphisms on a manifold are inductive limits of subhomogeoneous
C*-algebras. Consequently, by [41], they have tracial topological rank zero. Thus
by the classification theorem of [39] these simple C*-algebras are classified by their
K-theory. The classification of monomorphisms from C(X) to those simple C*-
algebras leads to the notion of approximate (flip) conjugacy in minimal dynamical
systems. Briefly speaking, two minimal dynamical systems (X, «) and (X, 3) are
approximately K-conjugate if there exist two sequence of homeomorphisms o,,, vy, :
X — X such that

hmfoa'noﬁOU;l:an and lim fo'ynoao'yglzfoﬁ
n—o0 n—o0

for all f € C(X) and both o,, and =, satisfy a K-theoretical constrain. A prelim-
inary result ([45]) shows that when X is a Cantor set, o and [ are approximately
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K-conjugate if and only if C(X) x4 Z = C(X) xg Z. In this paper, we define a
C*-version of approximate flip conjugacy and use the classification of monomor-
phisms from C(X) into a unital simple C*-algebra of tracial rank zero to give a
K-theoretical condition for two minimal dynamical systems being approximate flip
conjugate in that sense.

We present another related application of the above-mentioned classification of
monomorphisms from C(X). We study C*-dynamical systems (A, «), where A is
a unital simple C*-algebra with tracial rank zero and a € Aut(A) which satis-
fies a certain Rokhlin property. The Rokhlin property in ergodic theory was first
adopted into operator algebras in the context of von Neumann algebras by A.
Connes ([7]). It was adopted by Herman and Ocneanu ([29]), then by M. Rgrdam
(B3]), A. Kishimoto and more recently by M. Isumi ([22]) in a much more general
context of C*-algebras. Kishimoto has studied the problem when a crossed product
of a simple AT-algebra A of real rank zero by an automorphism « € Aut(A) is again
an AT-algebra of real rank zero. A more general question is when A X, Z is a unital
simple AH-algebra with real rank zero if A is a unital simple AH-algebra. Given
the classification theorem for simple separable amenable C*-algebra with tracial
rank zero, a similar question is under what condition A x,, Z has tracial rank zero.

In order to make reasonable sense, one has to assume that « is sufficiently outer.
As proposed by A. Kishimoto ([26]), the right description of “sufficiently outer” is
that a has a Rokhlin property. One version of Rokhlin property was introduced in
[50] called “tracial Rokhlin property” which is closely related to, but slightly weaker
than, the so-called approximate Rokhlin property used in [24] (see Definition [312]
below). It was shown in [50] that the tracial Rokhlin property occurs quite often.
Tracial cyclic Rokhlin property was introduced in [47] which is a strong Rokhlin
property (see Definition B I3]below). For example, if o has the tracial cyclic Rokhlin
property, then . fixes a large subset of Ko(A). It is shown in [44] and [47] that if
A has tracial rank zero and « has the tracial cyclic Rokhlin property, then A x, Z
has tracial Rokhlin property. Thus one may apply classification theorem in [39] to
these simple crossed products. This leads to the question of when an automorphism
« has tracial cyclic Rokhlin property. We will apply the results of classification of
monomorphisms from C(X) into a unital simple C*-algebra with tracial rank zero
to this problem. Among other things, we will show that, if aly|¢ = idg for some
subgroup G C Ky(A) for which p4(G) = pa(Ko(A)) and « has tracial Rokhlin
property, then « has tracial cyclic Rokhlin property. This result implies that,
under the same condition, A X, Z is a unital simple AH-algebra with no dimension
growth and with real rank zero if A is. This solves the generalized version of the
Kishimoto problem.

The paper is organized as follows. In Section 2, we list some conventions that will
be used in this paper. In Section 3, we present the main results. We first give (in
Subsection 2.1) the classification of monomorphisms from C'(X) into a unital simple
C*-algebra with tracial topological rank zero. We then give two applications of the
theorem, one for minimal dynamical systems (Subsection 2.2) and the other for
the C*-dynamical systems and the Rokhlin property (Subsection 2.3). In Section
4, we give the proof of the classification theorem mentioned above and also give
proofs of several approximate version of it. In Section 5, we present the proof of
the theorems presented in Subsection 3.2. Finally, in Section 6, we give the proof
of the main results in Subsection 2.3.
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2. NOTATION

We will use the following conventions:

(1) Let A be a C*-algebra. A;,. is the set of all selfadjoint elements of A, and
A, is the positive cone of A.

(2) Let A be a C*-algebra and let a € A. We write Her(a) for the hereditary
C*-subalgebra generated by a, i.e., Her(a) = aAa.

(3) Let A be a C*-algebra and let p,q € A be two projections. We write p ~ ¢
and say p is equivalent to ¢ if there exists a partial isometry v € A such that v*v =p
and vv* =¢q. lf a € Ay, we write [p| < [a] if p ~ ¢ for some projection ¢ € Her(a).

(4) Let A be a C*-algebra. We denote by Aut(A) the automorphism group of
A. If A is unital and u € A is a unitary, we denote by ad u the inner automorphism
defined by ad u(a) = u*au for all a € A.

(5) T'(A) is the tracial state space of A. Denote by p4 : Ko(A) — Aff(T(A))
the homomorphism induced by pa([p])(7) = 7(p) for 7 € T(A).

Furthermore, we also use pa : Aso — Aff(T(A)) for the homomorphism defined
by pa(a)(t) =7(a) for a € As,.

(6) Let A and B be two C*-algebras and let ¢,¢ : A — B be two maps. Let
e >0 and F C A be a finite subset. We write

¢~ on F
if
lo(a) —Y(a)|| < e for all a € F.
If B is unital and there is a unitary u € B such that

lladu o ¢p(a) — ¢(a)|| < e for all a € A,

then we write
¢ ~. 1 on F.

(7) Let z € A, ¢ > 0 and F C A. We write z €, F if dist(z, F) < € or there is
y € F such that ||z —y| <e.

Let F and G be subsets of a C*-algebra A; we write F C. G, if for every x € F,
r e, G.

(8) Let A be a separable amenable C*-algebra. We say that A satisfies the
Universal Coefficient Theorem (UCT) if for any o-unital C*-algebra B one has the
following short exact sequence:

0 — extz(K._1(A), K.(B)) — KK*(A, B) — Hom(K,(A), K.(B)) — 0.

Every C*-algebra A in the so-called “bootstrap” class N satisfies the UCT.

Let G and F' be abelian groups. Denote by Pext(G, F') the group of pure group
extensions in extz (G, F'), i.e., those extensions of F' by G so that every finitely gener-
ated subgroup of F lifts. Denote K L(A, B) = KK(A, B)/Pext(K._1(A), K.(B)).

(9) Let C,, be a commutative C*-algebra with Ko(C,,) = Z/nZ and K;(C,,) = 0.
Suppose that A is a C*-algebra. Then K;(A,Z/k7Z) = K;,(A®Cy). Let P(A) be the

set of equivalence classes of projections in Mo, (A), M (C(SYH®A), Moo (A2 C,y))

and M., ((C(S') ® A® C,,)). We have the following commutative diagram ([55]):

Ko(A) — Ko(A,Z/kZ) — Ki(A)
Tk bk
Ko(A) « Ki(AZ/kZ) — Ki(A)
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As in [I0], we use the notation

KA)= € Ki(AzZ/nZ).
i=0,1,n€Z
By Homa(K(A), K(B)) we mean all homomorphisms from K(A) to K(B) which
respect the direct sum decomposition and the so-called Bockstein operations (see
[10]). It follows from [I0] that if A satisfies the Universal Coefficient Theorem, then
Homy(K(A), K(B)) = KL(A, B).
(10) Let {A,} be a sequence of C*-algebras. Set I*°({B,}) = [[,—, Bn (C*-

n

product of {B,, }) and ¢o({ B, }) = @, Bn (C*-direct sum). We will use ¢oo ({ By, })
for the quotient [*°({B,})/co({Bn})-

(11) Let A = lim,,—.oo (A, dn), where ¢, : A, — A, is the connecting ho-
momorphism. We denote by ¢, o : A, — A the homomorphism induced by the
inductive system. A is said to be an AT-algebra if each A,, has the form C(T)® F,,,
for some finite-dimensional C*-subalgebra F),. A is said to be an AH-algebra if
each A, has the form P, My, ,,)(C(X,))P,, where X,, is a finite CW-complex and
P, € My, (C(X,)) is a projection. We say that A has no dimension growth if
there is an integer N such that dimX, < N.

(12) Let A and B be two C*-algebras and let ¢ : A — B be a contractive
completely positive linear map. Let € > 0 and let F C A be a subset. The map ¢
is said to be F-e-multiplicative if

[lo(ab) — d(a)p(b)|| < e for all a,be F.

(13) Let A be a C*-algebra, let {B,} be a sequence of C*-algebras and let
¢n : A — B, be a sequence of contractive completely positive linear maps. We say
that {¢,} is a sequentially asymptotic morphism if

lim |pr(ab) — ¢n(a)@, ()| =0 for all a € A.

Let @ : A — [*°({B,}) be defined by ®(a) = {¢,} and let ¢ = 70 P : A —
Qoo ({Brn}), where 7 : {®°({Bp}) — ¢oo({Br}) is the quotient map. Then ¢ is a
homomorphism. In particular, [¢] gives an element in Hom(K(A), K(¢so({Bn})))-
It follows that, for any finite subset P C P(A), for sufficiently large n, [¢,]|p is
well defined partial map to K(B,,).

Thus, given any finite subset P C P(A), there is 6 > 0 and a finite subset F C A,
such that, if ¢ : A — B is an F-d-multiplicative contractive completely positive
linear map, then [¢]|p is well defined.

In what follows, given a finite subset P C P(A), and ¢ is an F-d-multiplicative
contractive completely positive linear map, when we write [¢]|» we mean it is well
defined.

(14) Let h : C(X) — A be a homomorphism and let O C X be an open subset.
We write

Her(h(0)) = {h(f): f(t) =0 t € X \ O}.

(15) Let A be a C*-algebra and let {a,} be a sequence of elements in A. We say
that {a,} is a central sequence if

lim ||a,x — zay,| =0 for all x € A.

These conventions will be used throughout the paper without further explana-
tion.
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3. THE MAIN RESULTS

3.1. Monomorphisms from C(X). In the 1970’s, Brown, Douglass and Fillmore
(Bl, M and [5]) proved that two unital monomorphisms h; and he from C(X)
into the Calkin algebra B(I%)/K(I%), where B(I?) is the C*-algebra of bounded
operators and K(12) is the C*-algebra of compact operators on the Hilbert space
I2, are unitarily equivalent if and only if they induce the same K K-element. It
should be noted that the Calkin algebra is a simple C*-algebra with real rank
zero. M. Dadarlat showed that two monomorphisms from C(X) to a unital purely
infinite simple C*-algebra are approximately unitarily equivalent if and only if
they give the same element in KL(C(X), A). We consider two monomorphisms
hi,hs : C(X) — A, where A is a unital simple C*-algebra with tracial (topological)
rank zero. One important previous result was obtained in [I9], where we assume
that A has a unique trace.
We recall the definition of the tracial (topological) rank of C*-algebras.

Definition 3.1. Let A be a unital simple C*-algebra and & € N. Then A is said
to have tracial (topological) rank zero if and ouly if for any finite set 7 C A, and
€ > 0 and any non-zero positive element a € A, there exists a finite-dimensional
C*-subalgebra B C A with idg = p such that

(1) |l[z,p]|| < e for all x € F,

(2) pxp €. B for all z € F,

(3) L—pl<la].
We write TR(A) = 0 if A has tracial (topological) rank zero.

Recall that a C*-algebra A is said to have the Fundamental Comparison Prop-
erty, if, for any two projections p, ¢ € A, 7(p) < 7(q) for all 7 € T(A) implies that
p ~ ¢ < q. If Ahas the Fundamental Comparison Property, then condition (3)
above can be replaced by

(3") 71(1—p) <eforall 7 € T(A).

It is proved in [36] that if TR(A) = 0, then A has real rank zero, stable rank one
and weakly unperforated Ky(A). Every simple AH-algebra with slow dimension
growth and with real rank zero has tracial rank zero. Other simple C*-algebras
that are inductive limits of type I are also proved to have tracial rank zero (see

[41]). Separable simple amenable C*-algebras with tracial rank zero which satisfy
the UCT are classified by their K-theory (see [39] and [3§]).

Definition 3.2. Let A be a C*-algebra and let B be a unital C*-algebra. Suppose
that hi,hy : A — B are two maps. We say h; and hs are approximately unitarily
equivalent if

hl fy-‘a h2 on F
for every finite subset F and € > 0. In other words, there exists a sequence of
unitaries u,, € B such that

lim |lad u, o hy(a) — ha(a)|] =0 for all a € A.

Suppose that A has tracial states and both h; and he are homomorphisms. Let
T € T(A). It is clear that if hy and hg are approximately unitarily equivalent, then
T70ohy = 7o hs. In other words, 7o hy and 7 o hy induce the same Borel measure on
X

The first main result of this paper is the following.
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Theorem 3.3. Let X be a compact metric space and let A be a unital separable
simple C*-algebra with TR(A) = 0. Suppose that hy : C(X) — A is a unital
monomorphism. For any e > 0 and any finite subset F C C(X), there exist § > 0
and a finite subset G C C(X) satisfying the following: if ho : C(X) — A is another
unital monomorphism such that

[hi] = [he] in KL(C(X),A) and |Tohi(f)—7oha(f)|<$¢
for all f € G and 7 € T(A), then there exists a unitary u € A such that
hy ~. hy on F.
Consequently, we have

Theorem 3.4. Let X be a compact metric space and let A be a unital separable
simple C*-algebra with TR(A) = 0. Suppose that hy, hs : C(X) — A are two unital
monomorphisms. Then hy and ho are approximately unitarily equivalent if and only
if

[h1] = [ho] in KL(C(X), A)
and 7o hy(a) = 7o ha(a) for all a € C(X).

A special case when A has a unique tracial state was obtained in [19].

Corollary 3.5. Let X be a compact metric space with torsion free K;(C(X)) (i =
0,1) and let A be a unital separable simple C*-algebra with TR(A) = 0. Suppose
that hi,he : C(X) — A are two unital monomorphisms. Then hy and hy are
approximately unitarily equivalent if and only if

(h1)si = (h2)xi, i=0,1,
and 7o hy(a) = 7o hg(a) for all a € C(X).

We will give two interesting applications of these results. Some approximate
versions of it will be give in Section 4.

3.2. Minimal dynamical systems. Let X be a compact metric space and let
a: X — X be a homeomorphism. Recall that « is said to be minimal if {a"(z) :
n € Z} is dense in X. We assume that X is an infinite set. The corresponding
transformation group C*-algebra denoted by A, = C(X) %, Z is a unital simple
C*-algebra. It is also amenable and separable. It is in the so-called “Bootstrap”
class of C*-algebras. Therefore it satisfies the Universal Coefficient Theorem.

Many C*-algebras described above have tracial rank zero. For example, if X is
a connected manifold and « is a diffeomorphism, then TR(A,) = 0 if and only if
pa, (Ko(Aq)) is dense in Af f(T(Ay)) (see [49] and [41]).

In what follows, we will use Ay for C(X) Xy Z and jo : C(X) — A, for the
obvious embedding.

A theorem of Tomiyama (see [56]) establishes the following important relation
between C*-algebra theory and topological dynamics.

Theorem 3.6 (J. Tomiyama). Let X be a compact metric space and let o, :
X — X be homeomorphisms. Suppose that (X,«a) and (X,[3) are topologically
transitive. Then « and B are flip conjugate if and only if there is an isomorphism
¢ C(X)%qgZ — C(X) xg Z such that ¢ o jo = jg o x for some isomorphism
x:C(X)— C(X).
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It should be noted that all minimal dynamical systems are transitive.
In the light of Tomiyama’s theorem, we introduce the following version of ap-
proximate flip conjugacy (for the case that TR(A,) = TR(Ag) =0).

Definition 3.7. Let (X,a) and (X, ) be two minimal dynamical systems such
that TR(A.) = TR(Ag) = 0. We say that (X,a) and (X, ) are C*-strongly
approximately flip conjugate if there exists a sequence of isomorphisms ¢, : A, —
Apg and a sequence of isomorphisms x,, : C(X) — C(X) such that [¢,] = [¢1] in
KL(A,,Ag) for all n and

Jim 16, 0 4a(f) = 45 Xa(£)]| = 0 for all f € C(X).

For the general case that the crossed products are not assumed to have tracial
rank zero, a modified definition is given in [46].

In Theorem [3.0] let § = [¢] in KK (Aq, Ag). Let I'(0) be the induced element in
Hom(K.(Ay), K.(Ag)) which preserves the order and the unit. Then one has

[jal x 0 = [jg o x]

Suppose that TR(A,) = TR(Ag) = 0. Then pa, (Ko(Aa)) and pa,(Ko(Ag))
are dense in Aff(T(Ay)) and Aff(T(Ag)), respectively. Thus I'(#) induces an
order and unit preserving affine isomorphism 6, : Aff(T(As)) — Aff(T(Ag)).
Recall pa, : (Aa)sa — Aff(T(An)) by pa,(a)(r) = 7(a) for 7 € T(A). Therefore,
in terms of K-theory and K K-theory, one has the following: If o and ( are flip
conjugate, then there is an isomorphism y : C(X) — C(X) such that

(€3.1) [Ja] xO0=[jpox] in KK(C(X),Ag) and 6,0pa, ©ja = pa,©jsoX.
The following theorem gives a K-theoretical description of C*-strong approxi-

mate flip conjugacy.

Theorem 3.8. Let (X, «) and (X, 3) be two minimal dynamical systems such that
Ay and Ag have tracial rank zero. Then o and 3 are C*-strongly approximately flip
conjugate if and only if the following hold: There is a sequence of isomorphisms
Xn : C(X) — C(X) and 6§ € KL(A,, Ag) such that T'(0) gives an isomorphism
from (Ko(Aa), Ko(Aa)+, [1], K1(Aa)) to (Ko(Ag), Ko(Ap)+, [1], K1(Ap)), for any
finitely generated subgroup G C K(C (X)),

(€3.2) [jol X 0la =lisoxnlle in KL(C(X),Ap) for all sufficiently large n

and
(e3.3) nlLH;o ||pAB ojgoxn(f)— 6,0pa, o Ja(HII=0 for all f e C(X)s.q-

Corollary 3.9. Let X be a compact metric space with torsion free K-theory.
Let (X,a) and (X, ) be two minimal dynamical systems such that TR(A,) =
TR(Ag) = 0. Suppose that there is a unit preserving order isomorphism

(e3.4)
7+ (Ko(Aa), Ko(Aa)+ [1a,]; Ki(Aa)) = (Ko(Ap), Ko(Ap)+ [1a,], K1(Ap)),
(e3.5) lJa] X 0 =[jgox] in KL(C(X),Ap) and 7,0 jo=pasojsox

for some isomorphism x : C(X) — C(X). Then (X,a) and (X, 3) are C*-strongly
approzimately flip conjugate.
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Remark 3.10. In Definition B7 we require that [¢,] = [¢1] for all n. It will be
only a marginal gain by removing this condition from the definition. If both
K;(A,) and K,;(Ag) are finitely generated (¢ = 0,1), then there are only finitely
many order isomorphisms which preserve the identity. Moreover, in this case,
extz(K;—1(Aq), Ki(Ag)) has only finitely many elements. Thus, in this case, there
are only finitely many elements § € K L(A,, Ag) which gives order and unit preserv-
ing isomorphisms from K;(A,) to K;(Ag) (i =0, 1). Hence, there is a subsequence
{nk} such that [¢p,,] = 6 for some 6. Therefore one may well assume that [¢,,] = [¢1]
for all n.

In the case when X is the Cantor set, Ko(C(X)) = C(X,Z). It follows that, if
there is 6 : K;(A,) — K;(Ap) that is an order and unit preserving isomorphism,
then there exists y : C(X) — C(X) such that

00 (ja)xo = (j ©X)s0
(see Theorem 2.6 of [45]). Moreover, it implies that
050 pA, O Ja = PAs ©J50X-

In other words, in the case that X is the Cantor set condition ([€33]) or (3.5 is
automatic.

Furthermore, if X is the Cantor set, two minimal homeomorphisms « and [
are C*-strongly approximately conjugate if and only if they are approximately K-
conjugate. More precisely we have the following theorem which is also related to
the work of Giordano, Putnam and Skau in [16].

Theorem 3.11 (Theorem 5.4 of [45]). Let X be the Cantor set and let a and 3 be
minimal homeomorphisms. Then the following are equivalent:
(i) @ and B are C*-strongly approzimately flip conjugate,
(ii) « and B are approximately K -conjugate,
(ii) Ao and Ag are isomorphic,
(1v) (Ko(Au)s Ko(Aa) s [14.]) = (Ko(Ag), Ko(As) 1, [14,).
(v) there exists a sequence v, € [[&]] and o, € [[ﬁ]], and a homeomorphism
X : X — X such that
foa=lm foxoo,ofoo, ox " and
fof=lim foxtomy0a0y, oy

for all f € C(X).

(vi) @ and B are strong orbit equivalent.

In Theorem B.I1] [[a]] is the set of topological full group with respect to «, i.e.,
the group of all homeomorphisms v : X — X such that y(z) = o™®)(z) for all
x € X, where n € C(X,Z). We will explain other terminologies used in Theorem
[BI1 in Section 5. Further discussion of approximate conjugacy will be given in
Section 5.

3.3. C*-dynamical systems and the Rokhlin property. By a C*-dynamical
system we mean a pair (4, ), where A is a C*-algebra and o € Aut(A). Let A be
a unital simple AT-algebra with real rank zero and o € Aut(A) be a “sufficiently
outer” automorphism. A. Kishimoto studied the problem when the associated
crossed product is again an AT-algebra of real rank zero ([24], [25], [26] and [27]).
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In particular, Kishimoto studied the case that A has a unique tracial state and «
is approximately inner. Kishimoto also suggested that the appropriate notion for
“sufficiently outer” is the Rokhlin property. A more general question is: Let A
be a unital simple AH-algebra with no dimension growth and with real rank zero.
Suppose that a € Aut(A). When is A x4 Z again a unital simple AH-algebra with
no dimension growth and with real rank zero?

With the classification theorem for simple C'*-algebras of tracial topological rank
zero, an important question related to the crossed products is the following: Let
A be a unital separable simple C*-algebra with tracial rank zero and « an (outer)
automorphism. When does A X, Z have tracial rank zero?

The following is defined in [50, Definition 2.1].

Definition 3.12. Let A be a simple unital C*-algebra and let a € Aut(A). We say
« has the tracial Rokhlin property if for every finite set F' C A, every € > 0, every
n € N, and every nonzero positive element = € A, there are mutually orthogonal
projections eg, eq,...,e, € A such that:

(1) [Jalej) —ejq1]| <efor 0<j<n—1.

(2) |leja —aej|| <efor0<j<mandallackF.

(3) With e= Z?:o ej, [1 —e] <[z].

Recall that a unital simple C*-algebra A is said to have the Fundamental Com-
parison Property if for any two projections p,q € A, p ~ ¢’ < ¢, if 7(p) < 7(q) for
all 7 € T(A). In Definition B12 if A has the Fundamental Comparison Property,
then condition (3) can be replaced by

(3") 7(1—e) <e for all 7€ A.

This is the reason why it called tracial Rokhlin property.
A much stronger version of Rokhlin property was recently introduced in [47].

Definition 3.13. Let A be a simple unital C*-algebra and let o € Aut(A4). We
say « has the tracial cyclic Rokhlin property if for every finite set F' C A, every
e > 0, every n € N, and every non-zero positive element z € A, there are mutually
orthogonal projections eg, e1,...,e, € A such that

(1) |lalej) —€ejy1]l < € for 0 < j < n, where e,4+1 = eg.

(2) lleja—aejl| <efor0<j<mnandallaeckF.

(3) With e =377 ej, [1 —e] < [z].

Note that if o has the tracial cyclic Rokhlin property, then Ky(A) must have a
“dense” subset which is invariant under ag.

It is shown (see Theorem 2.9 of [47] and also [44]) that if o has tracial cyclic
Rokhlin property, then indeed the crossed product A %, Z has tracial rank zero.
It is proved in [50] that tracial Rokhlin property occurs more often than one may
think. For example, assuming that A is a unital separable simple C*-algebra with
a unique tracial state and with tracial rank zero, they prove in [50] that A x4 Z has
tracial Rokhlin property if and only if A X, Z has a unique tracial state, or A X, Z
has real rank zero. It is proved in [47] that if o” is approximately inner for some
integer r > 0 and « has the tracial Rokhlin property, then « has the tracial cyclic
Rokhlin property. Consequently, A %, Z has tracial rank zero. In particular, by
the classification theorem for simple unital separable amenable C*-algebras with
tracial rank zero (see [39]), if A is a unital AT-algebra of real rank zero, in this case,
A X, Z is again a unital AT-algebra with real rank zero provided that A %, Z has
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torsion-free K-theory. This solves Kishimoto’s problem in this setting. By applying
an approximate version of Theorem B3] (see Corollary [£.8]), we have the following
theorem.

Theorem 3.14. Let A be a unital separable simple amenable C*-algebra with
TR(A) = 0 which satisfies the UCT and let o € Aut(A). Suppose that o satis-
fies the tracial Rokhlin property. If there is an integer r > 0 such that oyl = idg
for some subgroup G C Ky(A) for which pa(G) = pa(Ko(A)), then a satisfies the
tracial cyclic Rokhlin property.

From this we obtain:

Theorem 3.15. Let A be a unital separable simple amenable C*-algebra with
TR(A) = 0 which satisfies the UCT and let o € Aut(A). Suppose that o satis-
fies the tracial Rokhlin property and oyl = idg for some subgroup G C Ky(A)
for which pa(G) = pa(Ko(A)). Then A X, Z is a unital simple AH-algebra with no
dimension growth and with real rank zero.

As a consequence, combining the results in [50], we also have the following.

Theorem 3.16. Let A be a unital separable simple amenable C*-algebra with
TR(A) = 0 and with o unique tracial state which satisfies the UCT, and let
a € Aut(A) be such that of)|G = idg for some subgroup G C Ky(A) for which
pA(G) = pa(Ko(A)). Then the following are equivalent:

(i) « has the tracial Rokhlin property;
(ii) A X4 Z has a unique tracial state;
(iii) A X Z has real rank zero;
(iv) « has the tracial cyclic Rokhlin property;
(v) A X Z has tracial rank zero;
(vi

Vi) A X Z is a unital simple AH-algebra with unique tracial state and real rank

Finally we would like to mention the Furstenberg transformations on irrational
rotation algebras studied recently by H. Osaka and N. C. Phillips. These also
include the transformation group C*-algebras of minimal Furstenberg transforma-
tions on the torus.

Definition 3.17. Let Ay be the usual rotation algebra generated by unitaries u
and v satisfying vu = e>™yv. Let 0,7 € R, let d € Z, and let f : S' — R
be a continuous function. The Furstenberg transformation on Ay determined by
(0,7,d, f) is the automorphism «ayg - 4 5 of Ag such that

Qo yaf(u) =™y and  ag.qgp(v) = exp(2mif(u))uv.
The resulted crossed product is denoted by Ag x4 Z.
Combining the results in [50] and Theorem [3.16] we obtain the following.

Theorem 3.18. Let 6,7 € R and suppose that 1,0, are linearly independent over
Q. Let d € Z and let ag ~.q, 5 € Aut(Ag) be as defined in Definition BI7. Then

(1) Ag X Z is a unital simple AH-algebra with no dimension growth, with real
rank zero and with a unique tracial state.

(2) If, in addition, d = 0, then Ag X4 Z is an AT-algebra with real rank zero.
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4. Maps FrROM C(X)

In this section we will prove Theorem[B.3and Theorem 3.4l We do this by proving
an approximate version of these (Theorem [£.6]). We will also prove Theorem [£.J]
which we use in Section 5.

Lemma 4.1. Let A be a unital C*-algebra. For any € > 0 and any finite subset
F C A, there exists 6 > 0 and G C A which satisfy the following:

If B is another unital C*-algebra, T € T(B) and ¢, : A — B is a unital contrac-
tive completely positive linear map which is G-0-multiplicative, then there exists a
tracial state o € T(A) such that

|70 ¢n(a) —o(a)| <e for all a € F.

Proof. Suppose that the lemma is false. Then there exist ¢g > 0 and a finite subset
Fo C A, there exists a G,-d,-multiplicative contractive completely positive linear
map ¢, : A — By, where B,, are unital C*-algebras and |J,-, G, is dense in A
and 7 | 6, < oo, and a sequence of tracial states 7, € T'((B,,) such that

nireljfv{inf{sup{h'n opp(a)—o(a)l:a€ Fot:oe€T(A)}} > eo.

Take a weak limit o of {7, 0, }. Then o is a tracial state of A. There is subsequence
®n(k) such that

o(a) = lim 7o ¢ppy(a) for all a € A.
k—o0
This gives a contradiction. O

Definition 4.2. Let X be a compact metric space and let A be a unital C*-
algebra. Suppose that ¢ : C(X) — A is a unital positive linear map and suppose
that 7 € T'(A). Then 7o ¢ is a positive linear functional on C'(X). We use fi;04 for
the induced probability Borel regular measure.

Let X be a compact metric space and n > 0. Then there are finitely many
(distinet) points 1,29, ..., &y € X such that {x1, 3, ..., 2., } is an n-dense subset.
There is an integer s > 0, such that

O0;N0; =0, i#j,

where O; = {z € X : dist(z,z;) < n/2s}, i =1,2,...,m. The integer s depends on
the choice of {x1, 2, ..., Zm }.

Lemma 4.3. Let X be a compact metric space, let € > 0 and let F C C(X) be a
finite subset. Let L > 0 be an integer and let n > 0 be such that |f(x) — f(2')] <
e/8 if dist(x,2’) < n. Then, for any integer s > 0, any finite n/2-dense subset
{@1,29, ..., xm} of X for which O; NO; =0, if i # j, where

0; ={¢ e X :dist(§, z;) <n/2s}

and any 1/2s > o > 0, there exist a finite subset G C C(X) and § > 0 satisfying
the following:

For any unital separable stably finite C*-algebra A with real rank zero, T € T(A)
and any G-6-multiplicative contractive completely positive linear map ¢ : C(X) —
A, if troy(O;) > o -1, for all i, then there are mutually orthogonal projections
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D1y P2y s P in A such that
m
lo(f) — (1 —p)o( +fo1pl|<€forallf€.7:
i=1

and [|(1—p)o(f) —o(f)(1—p)ll <e,
where p =Y " | pi.

T(px) > (dmL + 4)1 1—2:19z and 7(pr) >

w| Q
3
ol
[
\:—‘
N
3

(In the above statement, n does not depend on the choice of ¢.)

Proof. Suppose that there exists ¢g > 0 and a finite subset Fy C C'(X) so that the
lemma is false. Fix € > 0 so that € < 9/4. Let n > 0 so that

[f(z) = fy)l <e/8 if dist(z,y) <n, z,y € X,
for all f € Fy. Suppose that {z1,x2, ..., 2 } is an 1/2-dense subset of X such that
0,N0; =0,if i # j, where

0; ={x € X : dist(z,z;) <n/2s},i=1,2,....,m,
for some integer s > 0. Let 1/2s > o > 0. Since the lemma is false (for a choice
of the aboved-mentioned z1, ..., Z,,, s and o), there exist a sequence of unital sep-

arable stably finite C*-algebra B,, of real rank zero, a sequence of unital G,-d,-

multiplicative contractive completely positive linear maps ¢,, : C(X) — B,,, where
U,2, G, is dense in C(X) and Y., 6, < 0o, and there are 7, € T'(B,,) such that

n=1

Hrog, (O;) > o - n satisfying the following:

inf{sup{[|¢n(f) = [(1 = pa)dn(l = pa) + > fl@)p(i,n)]l| : f € Fo} :n} > e

i=1
where the infimum is taken among all mutually orthogonal projections p(1,n),
p(2,n),...,p(m,n) which satisfy
Tn(p(ivn)) > (4mL + 4)Tn(1 - pn) and Tn(p(ia n)) > 077/2,
where p, = Y1~ p(i,n).
Define @ : C(X) — I®({B,}) by ®(f) = {én(f)} and let 7 : I*({B,}) —
Goo({Bn}). Then 10 @ : C(X) — ¢oo ({Bn}) is a homomorphism.

By passing to a subsequence, if necessary, we may also assume that there is
T € 1°({B,}) such that

nh—>r20 Tn(an) = 7({an})
for any {a,} € I°°({B,}). Moreover, since, for each {a, } € co({Bn}), lim,_co Tn(an)
=0, we may view 7 as a tracial state of goo({Bn}). It follows that
/J’T,T(Oq)(oi) >0 m,
1=1,2,....m
Exactly as in the proof of 2.11 of [34], there are r; € (0, 1) such that
(e 46) N‘r,ﬂ-o@(cm) =0,

where
Cr, ={C € X : dist(C,i) = (1+71)(n/2)}.
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Let Q1,9,, ...,k be disjoint open subsets such that Ufil Q=X \U~, C,.
Therefore

K’ m

U QU (U Cr,)=X and diam(Q;) <n/2.

i=1 i=1
(Note that K < m™.) Since O, N O; = 0, if i # j, we may assume that O; C Q;,
i=1,2,....,m, and proroa () > 0,i=1,2,..., K (and piroroa(2;) = 0if i > K and
K' > K > m). Let B, = Her(m o ®(Q;)), i = 1,2,..., K’. Since B,, has real rank
7€10, (oo ({Bn}) also has real rank zero. Hence there is an approximate identity
{ei(n)} for Bp, for each i. Then

T(egn)) /l /'[/TOTFO(I)(Qi)7
i=1,2, .., K. Since piroroa(X \ U Cr,) =0,

K
> e™) 1
=1

as n — 00. So
K

7(1 - Zegn)) — 0 as n — oo.
i=1
Since firomoa(€2;) > 0 for ¢ = 1,2, ..., K, we obtain projections ¢; (= e;(n) for some
large n) so that

K
AKL+5)7(1 =Y aq) <7(g), i=12,...K.
k=1
By Lemma 2.5 of [34] and by the choice of 7, one obtains

lmo @(f) = [(1 = )mo ®(f)(1 =) + D f(C)ar]l <e/2 and

k=1
[gm o ®(f) — 7o ®(f)qll <e/2

for all f € Fy, where g = Zszl qr- Thus, for all sufficiently large n, there are non-
zero mutually orthogonal projections p(1,n),p(2,n),...,p(K,n) € B, such that

K
H(bn(f) - [(1 - pn)(bn(f)(]- - pn) + Z f(Ck)p(k7n)]” < 5/2a

k=1
1Prdn(f) — dn(f)pnll < /2 for all f e Fy and
(4K L + 4)7,(1 = pp) < T(p(k, m)),

where p,, = Ziilp(i,n). Note that O; C Q;, i = 1,2, ...,m. Since {x1,29, ..., Tm }
is /2-dense in X, by the choice of  and by replacing some of points £; which close
to x; within /2 by x; and p(k,n) by sum of some p(k’,n)’s, we may assume that
K =m and &; = x;. Furthermore, it is also clear that we may assume that

7(pg) > %, k=1,2,...,m.

This is a contradiction. O
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Lemma 4.4. Let X be a compact metric space, let € > 0 and let F C C(X) be a
finite subset. Let L > 0 be an integer and let n > 0 be such that |f(x)— f(2)]| < &/8
if dist(x,2’) <. Then, for any integer s > 0, any finite n/2-dense subset of X for
which O; NO; =0 for i # j, where

0; ={¢ € X : dist(§,z;) <n/2s}
and any 1/2s > o > 0, there exist v > 0, a finite subset G C C(X) and § > 0
satisfying the following:

For any unital separable stably finite C*-algebra A with real rank zero, T € T(A)
and any unital G-0-multiplicative contractive completely positive linear map ¢, :
C(X) — A with

[Todlg) —Tod(g)l <y foral geg,
and if
trog(Oi), piroy(Oi) > 0 -1,
for all i, then there are mutually orthogonal projections p1,p2, ..., Pm and qi,qz, ...,
qm n A such that

m

e(f) = (1 =p)o(f)A—p) + Y fx)pi)ll < for all f€F

i=1
and |[(1 —p)o(f) —o(f)(1 —p)ll <e/2,
where p =" | i,

7(px) > (3mL + 3)7T 1—sz and Tpk)>Tk—12 m,

and

NE

lv(f) = (1= )v(f)(1—q)+
and ||(1 - q)y(f

flx)g)|l <e for all feF

- (N1 =gl <,

—

— .
Il

where ¢ = >0 | q;,

7(qx) > (3mL + 3)7 1—2% and T(qx) >0-n/2, k=1,2,.

and
ming{7T
(ed.7) () ()] < TP gy
(Here v depends on m, which depends on 7 as well as 0. But 1 does not depend
on o.)

Proof. First we note that only (e4.7]) needs a proof. The proof is similar to that of
Lemma [£:3] But we need to “dig” out the projections simultaneously

Let B, be any sequence of unital separable C*-algebras of real rank zero, let
Ony ¥+ C(X) — By, be any unital contractive completely positive linear maps and
let 7, € T(B,,) such that

Jim |[¢n(ab) = dn(a)dn(b)]| = 0, lim |4, (ab) = ¢n(a)yn(b)]| =0 and
nlggo 1T © on(f) = Tn o Pn(f)I| =0
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for all a,b, f € C(X). Let &,V : C(X) — [°°({B,}) be defined by ®(f) = {o.(f)}
and U, (f) = {¥n(f)}, respectively. Let 7 : [°°({B,}) — ¢oo({Br}) be the quotient
map. As in the proof of Lemma 3] mo ®, 7m0 ¥ : C(X) — goo({Bn}) are unital
homomorphisms. By the assumption, borrowing the notation in the proof of Lemma
M3l Tomo® =7 omoW. Thus, in the proof of Lemma [£.3] one has

P rod (§4) = pr 70w (€2), 1 = 1,2, ..., K.
Note that we assume that pr o (€2;) > 0,7 =1,2,..., K. Note also that m < K <
m™. Let {€}(n)} be an approximate identity for Her(m o W,,(€2;)). Put
r=1inf{pt; roa () :1=1,2,.., K} > 0.
So one can choose n so that

[7(e)(n)) —7(ej(n))| <r/(AKL +4) as well as

K
7(ej(n)) > AKL +4)r(1 - Zeg(n)),j =1,2,..,K.

We then apply the last argument of the proof of Lemma [£3] It is then clear from
the proof of Lemma that, by matching the size of projections, one may further
require ([€47) to be held. O

The following is taken from Theorem 3.1 in [20] (see also Remark 1.1 in [20]).
Some special cases of this can be found in [31], [I5]. A different form, but similar
in nature, of the following was proved in [§].

Theorem 4.5. Let X be a compact metric space. For any € > 0 and any finite
subset F C C(X), there exist § > 0, n > 0, an integer N > 0, a finite subset
G C C(X) and a finite subset P C P(C(X)) satisfy the following:

For any unital C*-algebra A with real rank zero, stable rank one and weakly un-
perforated Ko(A) and any unital G-0-multiplicative contractive completely positive
linear maps ¢, : C(X) — A, if

[Gllp = [¥]lp,

then there exists a unitary uw € Mygy1(A) such that

O(f) ® fla1) - In @ flz2)  In @ - @ flan) 1y ~e Y(f),
flx1) @I @ f(x2) - IND - @ flag) - In
for all f € F, and for any n-dense set {x1,xa,...,xx} in X.

Theorem 4.6. Let X be a compact metric space, € > 0 and F C C(X) be a
finite subset. Let n > 0 be such that |f(z) — f(2)] < ¢/8 if dist(x,z") <n. Then,
for any integer s > 0, any finite n/2-dense subset {x1,xa,...,xm} of X for which
0,N0; =0, where
O; ={z € X : dist(z,z;) < n/2s}

and any 1/2s > o > 0, there exist v > 0, a finite subset G C C(X), § > 0, and a
finite subset P C P(C(X)) satisfying the following:

For any unital separable simple C*-algebra A with TR(A) = 0, any G-d-multipli-
cative unital contractive completely positive linear maps ¢, : C(X) — A with

|Tod(g) —To(g)| <~ for all g€ G and  for all T € T(A), if
,u‘rogb(oi); N‘row(oi) >0,
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for all i and for all T € T(A), and, if
[l = [W]lP,

then there exists a unitary u € A such that
¢~ on F.
(Here 7 does not depend on . But v does depend on o as well as 7.)

Proof. Fix € > 0 and a finite subset F C C(X). Let 61, G1, P1, m and integer N
be required by Theorem for £/8 and F. Let L = 2N. There is a finite subset
Fi1 C C(X) and 6y > 0 satisfying the following: For any Fi-do-multiplicative
contractive completely positive linear maps Hy, Hy : C(X) — B (for any unital B)
if Hy ~5, Hs on F; implies that

(e4.8) [(Hi]lp, = [H2]|p,

Without loss of generality, to simplify notation, we may assume that 7, O F and
0y < 51. Set Fo = G; U F;. Let e > 07 g > 0, 53 > 0, Y1 > 0 and a finite subset Gy
be required in Lemma [£.4] corresponding to £/16, F», L. We now let G = F5 U Go
and n = min{ny,n2}. We may assume that d3 < d5. Let 21,29, ...,2, € X be an
1/2-dense subset. Suppose that

0,N0; =0, if i #j,
where O; = {x € X : dist(x, z;) < n/2s}, and suppose that
Urop(05), froy(0;) >n-o for all 7€ T(A),1<i<m.
We also assume that
(e4.9) |[Tod(f) —Top(f)] <~/2 for all feG and for all 7€ T(A).

Since TR(A) = 0, there exists a sequence of finite-dimensional C*-subalgebras
B,, with e,, = 1p, and a sequence of contractive completely positive linear maps
¢n : A — B, such that
1) lim,,— ||lena — ae,|| =0 for all a € A,

2) limy, oo [|Pn(a) — enae,|| =0 for all a € A and ¢, (1) = e,
3) limp oo ||pn(ab) — ¢dn(a)Pn(b)|| = 0 for all a,b € A, and

4) 7(1 — e;,) — 0 uniformly on T'(A).

n what follows, we may assume that

(
(
(
(
I

T for all 7 T(A).

4.1 1—e, e —
(e4.10) 7( e)<8mL+1

We write B, = @:g) D(i,n), where each D(i,n) is a simple finite-dimensional C*-
algebra, a full matrix algebra. Denote by ®(i,n) : A — D(i,n) the map which is the
composition of the projection map from B,, onto D(i,n) with ¢,,. Denote by 7(i,n)
the standard normalized trace on D(i,n). Note that any weak limit of 7(i,n)o®(i,n)
gives a tracial state of A. By (e49]) and (4), we have, for all sufficiently large n,

|7(i,n) 0 ®(i,n) 0 #(g) — 7(i,n) o B(i,n) o Y(g)] < for all g €G.
Put ¢(; ) = ®(4,n) 0 ¢ and 1) ) = ®(i,n) 0 . By (4), for all sufficiently large n,

we have
(e4.11)

Hr(im)odgm (Ok) = 0 -n/2 and  pr(inyoy,.,,(Ok) = 0-1/2, k=1,2,...,m,
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for each i. From (1), (2), (3) above and (e4I1l), by applying Lemma 4] for each
1 and all sufficiently large n, we have

(e4.12)
H(b(z,n) (f) - [(1D('L,n) - pz,n>¢(z,n)(f>(1D(z,n) - pi,n) + Z f(xj)p(.ja i n)]” < 5/85
j=1
(e4.13)

||Q/J(z,n) (f) - [(]'D(z,n) - QZ,n)¢(z,n) (f)(]-D (i,n) — 4i, n + Zf ]71 n || < 5/8
j=1
||pi,n¢i,n(f) - ¢z,n( )pz n” < 5/8 and H%ﬂ;[}z n(f) djz nn( )

for all f € G, where p(1,4,n),p(2,4,n), ..., p(m,i,n) € D(i,n) are non-zero mutually
orthogonal projections, pi, = 1 — >0, p(j,3,n) and ¢;,, = 1 — 3771, q(j,4,n).

Moreover,
(e4.14) (BmL +3)7(i,n)(1p(in) — Pin) < 7(3,n)(p(k,i,n)),
(e4.15) (BmL +3)7(i,n)(1p(in) — Gim) < 7(i,n)(q(k,i,n)),
(e4.16)
|7(i,n)(p(k,i,n)) — 7(i,m)(q(k,i,n))| < Inkin{T(i, n)(p(k,i,n))}/3mL and
(e4.17) 7(i,n)(p(k,i,n)), 7(i,n)(q(k,i,n)) >0o-n/2,1 <k < m.

For convenience, we may assume that
74, n)(p(k,i,m)) > 7(i,n)(q(k,i,n)), 1<k <m; <m, and
7(i,n)(q(k,i,n)) = 7(i,n)(p(k,i,n)), mi+1<k<m.

In D(i,n), there are projections p(k,i,n)" < p(k,i,n), k =1,2,...,mq, and q(k,i,n)’
<gq(k,i,n), k =mi+1,mq 4+ 2,...,m, such that

T(z,n)(p(k,z,n)’) = T(z,n)(q(kz,z,n)), k=1,2,..,m1, and
7(i,n)(q(k,i,n)") = 7(i,n)(p(k,i,n)),k =ms + 1,m; +2,....m
Put p; ,, = >0 p(k,i,n)" + 370, 1 p(k,d,n) and

mi m
Gip = Z q(k,i,n) + Z q(k,i,n)".
k=1 k=my+1

One computes, by (e4.14), (e4.15) and (e4.I6l), that
(2mL 4 1)7(i,n)(Ipgin) — Pin) < 7(i,n)(p(k,i,n)), 7(i,n)(p(k,i,n)") and
(2mL 4 1)7(i,n)(Ipgin) — ¢i.n) < 7(i,1)(q(k,i,n)), 7(i,n)(q(k,i,n)") and
7(i,n)(p(k,i,n)") > (6-n)/2 for 1 <k <my, and
7(i,n)(q(k,i,m)) > (o -n)/2 for m; <k <m.

One also has

[6¢i,n) (f) = [(AD(n) — Pin)dg, )(f)(lD(z' n) — Din)

—|—Zfa:] p(j,i,n) Z flz)p(d,i,n)]|| <e/8

j=mi+1
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and
196,y (F) = (LD im) = @.0) %) () (AD(im) — €6 0)
+ Zf(ivj)Q(j,i,n) + Z f(z;)q(4,i,n)]|| <e/8
j=1 j=mi+1
for all feg.

Note that in D(i,n), there is a unitary u; ) such that
ua‘,n)p(ja i7 n)/u(i,n) = Q(ja ia n), 1< ] < my, and

uz(z,n)p(.% i7 n)“’(z,n) = Q(.ja iv n)l7 mp < .7 <m.
Thus without loss of generality, we may assume that p(j,i,n) = ¢(j,i,n) and
p(j,i,m) = q(j,4,n). Furthermore, by changing notation if necessary, we may as-
sume that (e4.12) and (e4.13]) hold as well as
(e4.18) (@mL+ 1)7(i,n)(1 = pa) < 76, m) (PG i)
and p;.n = Gin, p(J, %, 1) = q(j, i,n). By combining all ¢, without loss generality, we
may write that
(e4.19)

m

160 (f) = (L5, = Pa)én(f) (15, = Pa) + Y flar)P(k,n)]| <e/4 and

k=1

(€420)  [[¢n(f) = (g, = Pa)vn(H)(Alp, = Pa) + D flar) Plk,n)]|| < /4
k=1

for all f € F. Here P(k,n) = Y7 p(k,i,n) and P, = 15, — S, P(k,n).
Furthermore, we also have
(e4.21)

2mL+1)[1p, —P,] < [P(k,n)] in B, and t(P(k,n))> UTW for all t € T(A).

It follows from (421 and (€4.10) that (TR(A) =0)
(e4.22) (mL+1)[1a— P, <[P(k,n)] in A, k=1,2,..,m
Put
Hi(f) = (1a = Po)ha(f)(1a — Pp) and  Hy(f) = (1a — Po)ha(f)(1a — Pn)

for f € C(X). It follows from (1), (2) above and by (€4.I9) and (€420), for all
sufficiently large n, one estimates that

(e4.23) ¢~y Hi® (@ f(zi)P(k,n)) and
k=1
(e4.24) ~era Hy ® (@D fl:)
k=1

on G. By the choice of F; and d2, one obtains that

H16969facz (k,n)]|p, = Hz@@fﬂﬁz (k,n)]|p,-
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It follows that (working in each group K;(4A® C,,))

[Hillp, = [Ha]lp, -
Denote E =14 — P, and define H| : C(X) — M,,(EAFE) by

H(I)(f) = diag(f(xl)af(:EQ)a 7f(xm)) for all f € C(X)

and define Hy = Hy @ H) @ --- ® H, : C(X) — My,n(FAE). Then, by the
choice of N, n1, 61, G1 and P; and applying Theorem 5 we obtain a unitary
u € Mpyni1(EAE) such that

(e4.25) Hy @ Hy =5 Hy ® Hy on F.

Rewrite Ho(f) = Y., f(zx)E}, where Ei, E}, ..., El, are mutually orthogonal
projections, for f € C(X). By (e422]), there is a unitary W € A such that
W*E,W < P(k,n), k = 1,2,...,m. Put Qp = P(k,n) — W*E;W and define
Hoo(f) =Y, f(xk)Qy for f € C(X). Then one has

(e4.26) Hy & Hy ® Hoo ~ H1 @ (@ f(zr)P(k,n)) and
k=1
(e4.27) Hy ® Ho ® Hoo ~ Hy @ (@ f(xi)P(k,n))
k=1
on F. Finally, by (€4.25)), (e4.26), (4.217), (c4.23]) and (e4.24]), one obtains
¢~c on F.

Now we are ready to prove Theorem [3.31

Proof of Theorem B3l Let n > 0 and let x1, 2o, ..., 2y, € X be an n/4-dense subset.
Choose an integer s > 0 such that

0,N0; =0, if i # 7,

where O; = {z € X : dist(x,z;) < n/2s}. Let ¢g; € C(X) such that 0 < g; < 1,
gi(x) =1 if dist(x, ;) < n/8s and g¢;(x) = 0 if dist(x,x;) > n/4s, i = 1,2,...,m.
Since A is simple and h; is a monomorphism,
inf{r(g;) : 7 €T(A)} =a; >0,i=1,2,...,m.

Thus piron, (0;) > a; for all 7 € T(A), i = 1,2,...,m. Choose d = inf{a; : 1 <i <
m}/n. Then
trohy (O05) > d-nyi=1,2,...,m.
Choose 0 = min{d/2,1/2s}. Let G = GU {g; : 1 <i < m}. By choosing small v, if
|Tohi(g) —Toha(g)] <~ for all g€ g,
one also has
trohy (Of) > 0on, i=1,2,...,m.
We see then Theorem follows from Theorem

Proof of Theorem B4l It is an immediate consequence of Theorem [3.3
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Definition 4.7. Let X be a compact metric space and let A be a stably finite
C*-algebra. Let C' = PM(C(X))P. Suppose that h: C' — A is a unital homomor-
phism and 7 € T(A). Define ¢ : C(X) — C by ¢(f) = f- P for f € C(X). Define
T=710¢:C(X)— C. We use fi, for the probability measure induced by 7. This
notation will be used below and in the proof of Lemma Note also that if X is
connected and has finite dimension, then C is a full hereditary C*-subalgebra of
M (C (X)), consequently K;(C) = K;(C(X)) (i =0,1).

Corollary 4.8. Let X be a finite-dimensional compact metric space and let C =
PM(C(X))P, where P € Mi(C(X)) is a projection. Let ¢ > 0, F C C be a finite
subset. Let n > 0 be such that |f(z) — f(2')| < €/8. Then, for any integer s > 0,
any finite n/2-dense subset {x1,x2,...,xm} C X such that O; N O; = 0 if i # j,
where

O; ={z € X : dist(z,z;) <n/2s}

and any 1/2s > o > 0, there exist v > 0, § > 0, a finite subset G C C and a finite
subset P C P(C) satisfying the following:

For any unital simple C*-algebra A with TR(A) = 0, any unital G-6-multiplica-
tive contractive completely positive linear maps, ¢, : C — A with

|Tod(a) —Tov(a)| <y for all g€ G and for all T € T(A),
if
firog(Oi), firoy(0s) > 0 -1

for alli and 7 € T(A), and if

[l = [Y]l»,
then there exists a unitary in A such that
b on F.

(Here 7 does not depend on . But v does depend on n and ¢.)

Proof. First let us assume that C' = M (C(X)). Let {e;;} be a system of matrix
unitis. Suppose that {¢,} : C — A is a unital sequentially asymptotic morphism.
There is a sequence of projections p, € A such that

lim_{l¢n(e11) = pal = 0.
11— 00

7

One obtains a sequence of elements a,, € A such that a,¢,(e11)a, = p, and
(e4.28) lim ||a, — pn|| = 0.
n—oo

Let ¢}, (¢) = andn(c)ay, for ¢ € e11Ce11 (=2 C(X)). Then ¢, is a completely positive
linear map. Since ¢}, (1¢) = pp, it is a contractive completely positive linear map.
Since Zle eii = 1o, it is easy to check that, for all large n, there are elements
{aE;L)} C A such that {az(-?)} forms a system of matrix unit (with size k) such that
(n)
1

aj, = e, and Zle e;i = 1. In other words, we may write A = My(e, Aey,).

Define ¢, : C — My (enAey) by @) = ¢, @ idyy, - By ([€425), we have
Tinn 6, — ¢ = 0.
It follows that
lim ¢, — ¢y, || = 0.
n—oo
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Therefore we may assume that ¢(ei1) is a projection. Note that 7(¢(f - e11)) =
(1/k)Tog(f - P)) for f € C(X). It is then clear, by identifying e11Ce;; with C(X),
that we reduce the case that C' = M (C(X)) to the case that C = C(X) which has
been proved in Theorem

Now we consider the general case. Suppose that C = PM}(C(X))P and dimX =
d. Tt follows from 8.12 of [2I] (see also 6.10.3 of [I]) that there exists an integer
K > 1 (K < 2dk) such that there is a projection @ € M (C) and partial isometry
z € My(C) such that z*z = P and zz* < @, and QMg (C)Q = M;(C(X)) for
some integer Kk > 1 > 0. Suppose that {¢,} and {¢,} are two unital sequentially
asymptotic morphisms from C into A. Define ®,, = ¢, ® idas, and ¥,, = ¢, ®
idpsy . Then {®,} and {¥,,} are two unital sequentially asymptotic morphisms from
Mg (C) into Mg (A). Use ®,, and ¥,, again for the restriction of ®, and ¥, on
QMg (C)Q. There exist projections e,,, el, € Mg (A) such that

T [[9,(Q) el =0 and  lm [0, (Q) — [ = 0.
One obtains ay,, al, € My (A) such that
an‘I)n(Q)an = e'rua%\Pn(Q)a/n =e, and nh_{[;o ”an - en” =0.

Thus, by replacing ®,, by a,®,a, and ¥, by a, ¥a,, we may assume that @,
and ¥, map into e,Ae, and e] Ae!,, respectively. By the assumption, we may
also assume that e, and e/, are unitarily equivalent. Without loss of generality,
therefore, we may assume that e, = e/,. Note that we have proved the case that
C = M (C(X)). Since C'is a C*-subalgebra of QMg (C)Q = M;(C(X)), one easily
concludes that this corollary holds. O

5. APPROXIMATELY CONJUGATE

Proposition 5.1. Let (X, a) and (X, 5) be minimal systems such that TR(A,) =
TR(Ag) =0. Then (X, a) and (X, 3) are C*-strongly approzimately flip conjugate
if and only if there exists an isomorphism ¢ : Ay, — Ag, a sequence of unitaries
{un} in Ag and a sequence of isomorphisms x, : C(X) — C(X) such that

nli_)rréoHadunquOja(f)—jlgoxn(f)H =0 for all f e C(X).

Proof. The “if part” is obvious. Suppose that (X, «) and (X, ) are C*-strongly
approximately flip conjugate. Suppose that ¢, : A, — Ag are isomorphisms such
that [¢,] = [¢1] in KL(Aq., Ag) for all n and

T [ ¢n 0 ja(f) = ja o Xu(£)| = 0 for all f e C(X).

Let {F,} be an increasing sequence of finite subsets of A, for which the union
U,, Fn is dense in A. Since [¢,] = [¢1] in KL(A, Ag), by Theorem 2.3 in [37],
there is a unitary u, € Ag such that

ad Uy © @1 ~q/2n P o0 Fy.
It follows immediately that
lim |Jaduy, 0 ¢1 0 jo(f) —dgoxn(f)|| =0 for all fe C(X).
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Proof of Theorem 3.8l To see the “only if ” part, suppose that there exists a se-
quence of isomorphisms ¢,, : A, — Ag and there exists a sequence of isomorphisms
Xn : C(X) — C(X) such that [¢,] = [¢1] in KL(An, Ag) for all n and

(¢5.20) 1[G () = G 0 xa(£)] =0 for all £ € CLX).
Put 6 = [¢,]. It follows from [53] and (e5.29]) that
[ja] X 0 =[js o xn] for all n.
Since [¢y] = 0, it follows that
(¢n)p = op-
Therefore
Jim flpag 0 s o xn —bp0pa, o jalf)l =0

for all f € C(X). This proves the “only if ” part.

To prove the “if” part, we apply Theorem 3.3 Since both A, and Ag are simple
amenable separable C*-algebras which satisfy the UCT, if (X, ) and (X, §) satisfy
the condition of the theorem, then, by [38], there is an isomorphism h : 4, — Ag

such that [h] = 0. Moreover, for any finite subset G C C'(X) and any v > 0, there
exists IV > 0 such that, for all n > N,

|Tohojo(f)—Tojsgoxn(f)] <7 for all feC(X)
and all 7 € T(Ag). Since
[hojal = lip o xn] in KL(C(X), Ap),
it follows from Theorem [33] that there are unitaries u,, € Ag such that
i [l (h o g (F))tn — G50 xu()]] = 0 for all f € C(X).

Let h,, = adu, o h. We conclude that a and [ are C*-strongly approximately flip
conjugate. O

Definition 5.2 (3.1 of [45]). Let X be a compact metric space and let o, 5 : X — X
be minimal homeomorphisms. We say that a and g are weakly approximately
conjugate if there exists two sequences of homeomorphisms o,,, v, : X — X such
that

lim (6, 000, ')(f) =B(f) and

n—oo

lim (7,0 Boy,7)(f) = a(f) for all e C(X).

It easy to see (as in 3.2 of [45]) that there exists a sequentially asymptotic
morphism {¢,} : Ax — Ap and a sequentially asymptotic morphism {¢,,} : Ag —
A, such that

nh_)rréo ||¢n(ua) - uﬁ” =0, nh—{r;o Wn(“ﬁ) - UaH =0,
nh_{go ||¢n(.7a(f)) _jﬁ(f o'Yn)H =0 and nh_f%o ”wn(Jﬁ(f)) _ja(f © Un)H =0

for all f € C(X).
It is proved in [45] that o and § are weakly approximate conjugate if a and 8
have the same period spectrum, i.e., D(K¢(A4y),1) = D(Ko(Ag),1), where

D(Ky(C),1) ={n € N :nz = [1¢] for some z € Ko(C)+}.
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A much stronger version of it, called “approximately K-conjugacy” was intro-
duced in [45] for the Cantor set.

Definition 5.3. Let X be a compact metric space and let o, 3 : X — X be minimal
homeomorphisms. We say « and (§ are approximately K -conjugate, if o and § are
weakly approximately conjugate with the conjugate maps {0, } and {7, } such that
the induced sequentially asymptotic morphisms {¢,,} and {¢,, } induce two elements
in KL(Aq, Ap) and unit preserving order isomorphisms in Hom(K,(Ay), K.(A4g)).
Furthermore, we require that [{¢,}] X [{#n}] = [ida,] and [{1n}] X [{¢n}] = [ida,].

We say o and 8 are approzimately flip K-conjugate, if o and 3, or o and 871,
or a1 and 3 are approximately K-conjugate.

It should be noted that if & and 3 are actually flip conjugate, then the conjugate
map o gives an isomorphism between A, and Ag. In particular, ¢ induces an
element in K L(A,, Ag) which gives a unit preserving order isomorphism.

Theorem 5.4. Let X be a compact metric space and let o, B : X — X be minimal
homeomorphisms. Suppose that TR(A,) = TR(Ag) = 0. Suppose that o and 3 are
approximately flip K-conjugate. Then a and 3 are C*-strongly approximately flip
conjugate.

Proof. 1t is clear that it suffices to show that o and [ are approximately K-
conjugate implies that they are C*-strongly approximately flip conjugate.
Suppose that o, v, : X — X are homeomorphisms such that

lim (0, 00000, )(f) = B(f) and I (7, 0 B0 )(f) = alf)

n—oo

for all f € C(X). Let {¢,} : Aa — Ap and {¢,} : Ag — A, be the sequentially
asymptotic morphisms induced by {o,} and {7,}. By the assumption, there is
z € KL(Aa, Ap) and ¢ € KL(Ag, A,) such that

[Pnllp = zlp

for any finite subset P C P(A4,) and all sufficiently large n, and

[Ynlla = Clo

for any finite subset @ C P(Ag) and all sufficiently large n. By the assumption, z
gives a unit preserving order isomorphism from K;(A,) to K;(Ag) (i =0,1). From

(05.30) 600 5alf) = 3o (A =0 for all J € COX)
one concludes that
lal x 2 = [js o 1] in KL(C(X), Ap).
Moreover, by (e5.30),
Jim [z, 0 pa, ©Jalf) = pag o dsom(f)l =0

for all f € C(X). It follows from Theorem [B.§ that o and 3 are C*-strongly ap-
proximately conjugate. Il

The converse is also true, at least for the case when X is the Cantor set. It is
not known if the converse of Theorem [5.4] is true in general.
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Proof of Theorem BIIl Most of the proof was given in [45]. In particular, the
equivalence of (iii), (iv) and (v) are given there. The equivalence of (iii) and (vi)
was given in [16]. That (ii) implies (i) follows from Theorem [54 Moreover, it is
obvious that (i) implies (iv). It follows from Lemma 3 of [56] that if o € [[5]], then
there is a unitary u € Ag such that u*jg(f)u = jg(f o o)) for all f € C(X). Then
an easy computation of ordered K-theory of A, and Ag shows that (v) implies
(ii). O

6. THE ROKHLIN PROPERTY

Lemma 6.1. Let A be a unital simple separable C*-algebra with stable rank one
and real rank zero and let a € Aut(A) such that a.olg = idg for some subgroup
G C Ko(A) for which pa(G) = pa(Ko(A)). Then 7(a) = 7 o afa) for all T € T(A)
and for all a € A.

Proof. First we claim that a.o(kerps) = kerpa. Since « is an automorphism, it
suffices to show that a.g(kerps) C kerpa. Let z € kerpy. Take x € Ko(A)+ \ {0}.
Then x +nz > 0 for all positive integer n. It follows that a.o(x +nz) > 0. Thus
palaso(x £nz)) > 0. It is then easy to see that pa(aso(z)) = 0.

For any projection p € A, there is € G such that z— [p] € kerpa. It follows that
x > 0. Since A has stable rank one, there is a projection ¢ € A such that [¢] = z.
Thus 7(p) = 7(q) for all 7 € T(A). Since [q] € G, by the above assumptions,
[a(q)] = [gq]- Again since A has stable rank one, there is a partial isometry v € A
such that

v'v=¢q and " = al(q).

By the first part of the proof, a..o([p]—[q]) € kerpa. In particular, 7(a(p)) = 7(a(q))
for all 7 € T(A). It follows that

(e6.31) 7(p) = 7(q) = 7(a(q)) = 7(a(p))-
In other words, [p] — [a(p)] € kerpa.

Suppose that a = Y. | \;p;, where \; are scalars and p1, ps, ..., p, are mutually
orthogonal projections. Then a(a) = Y"1 \ja(p;). It follows from (e6.31)) that
7(a) = 7o afa) for all 7 € T(A). Since A has real rank zero, it follows from [6]
that every self-adjoint element is a norm-limit of self-adjoint elements with finite

spectrum. It follows that 7(a) = 7 o a(a) for all self-adjoint elements. The lemma
then follows. O

Lemma 6.2. Let A be a unital simple separable C*-algebra with TR(A) = 0 and
let @ € Aut(A) such that a.o|lg = idg for some subgroup G of Ko(A) for which
pa(G) = pa(Ko(A)). Suppose that {p;} is a central sequence of projections such
that [p;] € G and define ¢p;(a) = pjap; and Yn(a) = a(pj)ac(p;), j = 1,2,....
Then {¢,} and {¥n} are two sequentially asymptotic morphisms. Suppose also
that there are finite-dimensional C*-subalgebras B; and C; = a(Bj;) with 1, = p;
and 1o; = a(p;) such that [p;;] € G for each minimal central projection p;; of
Bj (1 <i<k(j)) and there are sequentially asymptotic morphisms {¢’;} and {¢}}

such that
¢i(a) C By, ¢j(a) C Cy,
Jim [i¢;(a) = ¢5(a)ll = 0 and lim ||4;(a) — ¢f(a)]| =0
for all a € A.
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Then, for any € > 0 and for any finite subset G C A and a finite subset of
projections Py C My(A) for which [p] € G for all p € Py, there exists an integer
J > 0 such that

|70 ¢;(a) —Toj(a) <e/T(p;) for all a €§G
and for all T € T(A), and, for all j > J,
[9j(p)] = [1;(p)] in Ko(A).

Proof. Let ¢ € My(A) be a projection such that [¢] € G. Put 8 = o ® idp,. By
replacing A by M (A), a by 8, ¢; by ¢; ®idar, and ¢; by ¢ ®idy, , respectively, to
simplify notation, we may assume that ¢ € A. By the assumption, there is a partial
isometry v € A such that vv* = ¢ and vv* = a~1(q). Define B;; = p;;Bj, i =
1,2,...,k(j). Keep in mind that B,; is a simple finite-dimensional C*-subalgebra.

Define
bji = DjibiDii, Pji = 05i® Yii = a(pja)vja(pjs) and @), = ap;q)),
i=1,2, ..., k(j).

By replacing 1; by adw; o v; for some suitable unitaries w;, if necessary, we
may assume that Bj is orthogonal to C. There is a partial isometry z;; € A such
that

2; %50 =i and 220 = a(p)i).
Then z;;, Bj;, Cj, generate a C*-subalgebra D;; = My(B;,;) which is a simple
finite-dimensional C*-algebra.

There are projections e;; € B;; and 6971- € C},; such that

Jim flej = 0u(@)| =0 and  lim e}, — ()] = 0.

Moreover,
lim ||p; iv*pjivpji —€jill =0 and  lim ||p;vp;v*pji — ¥5.4(e " (q))]| = 0.
j—o0 j—o0
Thus

leji] = [5.:(a™"(a))]
for all large j. On the other hand,
a(pji)ac(psi) = alpjia (@)pjq)-
Therefore
[e}.i] = [a(e;.i)]
for all large j. But [a(e; ;)] — [e;,i] € kerpa. So, for any 7 € T'(A),
T(eji) = 7(a(e;;)) for all large j.

However, for each trace 7 € T'(A), there is A;; > 0 such that 7|p,, = A; T, where
T'r is the standard trace on D; ;. Hence

Tr(ejq) =Tr(e};,;) for all large j.
It follows that
lej.i] = [€),;] in Ko(Dj,) for all large j.
Thus

(€6.32) [9i(¢)] = [¥;(g)] in Ko(A) for all large j.
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Since [p;] € G, there is a unitary Z; such that
Zj*a(p])Zj =Pj-

Suppose that a = Z;nzl Ak€k, where \g are scalars and ey, es, ..., €, are mutually
orthogonal projections. Then, since A has stable rank one (since TR(A) = 0), by
(e6.32), there is a sequence of unitaries {U;} in p; Ap; such that

Jim U5 ¢;(a)U; — ad Zj 0 ¢ (a)|| = 0.

It follows that there is an integer Jy > 0 such that

17(¢5(a)) = 7(;(a))| <e
for all 7 € T(p;Ap;) and for all j > J. Since TR(A) = 0, the set of self-adjoint
elements with finite spectrum is dense in A, ,.. The lemma follows. (I

Lemma 6.3. Let A be a unital separable simple amenable C*-algebra with TR(A) =
0 satisfying the UCT, and let o € Aut(A) be such that a.ol¢ = idg for some
subgroup G of Ko(A) for which pa(G) = pa(Ko(A)). Suppose also that {p;(l)},
1=0,1,2,..., L, are central sequences of projections in A such that

pi(Dp; () =0 if 1#£1" and i {lp; () — ol (p;j(0)[| =0, 1<I< L.

Then there exist central sequences of projections {q;(l)} and central sequences of
partial isometries {u;(l)} such that q;(1) < p;(1),
ui (D (1) = ¢;(1), u;(Du; (1) = a'(g;(0)),
for all large j,
fim It (¢;(0)) — ;D) = 0
and
lim 7(p;(1) = ¢;(1)) =0

J—00

uniformly on T(A).

Proof. Tt follows from Theorem 5.2 of [39] and Theorem 4.18 of [13] that we may
assume that A = (J,, A,, where each A, has the form P, My ,)(C(X))P,, where
each X is a finite-dimensional compact metric space and P,, € My ,)(C(X)) is a
projection. We may further assume that ¢,, are injective. Fix a finite subset F C A
and € > 0. Let F; = UIL:O a~!(F). Without loss of generality, we may assume that
F1 C C, where C = P,y Myy() (C(X)) Py.

Note that {a(p;)} is also a central sequence. Since lim;_,« [|p; (1) —a!(p;(0))]| =
0, there are unitaries w; € A such that

(€6.33) Jim flw; =1 =0 and wja'(p;(0))w; = p;(1)-
Let 3; = adw; o a.

Let P C P(C) be a finite subset. Choose an integer ko > 0 such that
(e6.34) POK(C,Z/5Z) = {0}, j > ko.

Fix > 0, and let {21, 9, ...,xx } be an n/2-net in X. Suppose that s > 0 is an
integer so that O; NO; =0, if i # j, i,j,= 1,2, ..., K, where

0; ={x € X : dist(z,z;) <n/2s}, i=1,2,.... K.
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Let f; be a non-negative continuous function in C(X) such that 0 < f; < 1,
fily) = 1if dist(y, x;) < e/4 and fi(y) = 0 if dist(y, ;) > n/2. Let a;, = f; P, € C.
Since A is simple, there are b; ; € A such that

m(i)
Z b:kaibik = 1,4.
k=1

Let ¢ = max{bj,biyx : 1 < k < K} and My = max{m(k) : k = 1,2,...,K}. Put
o = 1/4cMyn.
Since {p;(1)} is central,

(€6.35) Jim | Z i (Db3ep; (Daip; (Dbixp; (1) — p;(1)]| =0,

i=1,2,.. K.

Since TR(A) = 0, there is a central sequence of projections {e, } and a sequence
of finite-dimensional C*-subalgebra B,, C A with 1 = e,, such that

(i) enxen Ce,, By for all z € A, where ¢, > 0 and ZZO=1 €n < 00, and

(ii) limy,— oo 7(1 — €5,) = 0 uniformly on T'(A).

There is a subsequence {n(j)} and projections Q;(I) < p;() (l=0,1,...,L) such
that

Tim Q50— p el = 0.
Note also that, by (i),
lim dist(pjen(j),Bn(j)) =0

There are also sequences ofjprojections En),1 € By such that Ey, ) 1 En ) =0,
ifl £,
T [ Eugiya — Q0] = 0.
Let z, be a sequence of unitaries such that
Jim ||z — 1] =0, 27 Epjyz = Q;(I) and 2 i Enya7i = Q(1),0< 1< L.

Set D,y = Q;(0)z; Bp(jy#nQ;(0), n = 1,2,.... Note D,,(; is of finite dimension.
Write D,, () = @i\/f(jm) Dy, (j),t, where each D,,(;) ¢ is simple and has rank R(n(j),1).
Let d,,(j), be a minimal projection in D, ;). Since TR(A) = 0, by Theorem 7.1
of [36], A has real rank zero, stable rank one and weakly unperforated Ky(A). It
follows from [2] that pa(Ko(A)) is dense in Af f(T'(A)). Consequently, one has (ko)!

many mutually orthogonal and mutually equivalent projections dy(jy.1s < dn(j).e
(s =1,2,...,(ko)!) such that [d,, ] € G and

(kO)' (d ( ) t)
n ’
(e 636) TL(]) t — E dn(]) t, é m for all 7 c T(A)
Put
R(n(4),t)

In(5),s,t = dlag(dn(j),t,sv dn(j),t,s7 dn(j) t, S)
(ko)!

M(jm
@ n(j),s,t and In(j Z In(j
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Note that g,,(;),s commutes with every element in D, ;). Put Cyj),s = gn(j),s Pn(j)
and Cp(j) = gn(j)Dn(j)- Then C ;) s and C,,(;y are finite-dimensional C*-subalge-
bras, and the image of each minimal central projection of Cy,;) s and Cy,(;) in Ko(A)
are in G.

Combining (i) above, we note that {g,(;) s} and {g,,} are central (as j — oo)
and

(1) dist(gn(j),sTn(s).s» Cn(i).s) — 0 and dist(gn(j)@gn(j), Cn(z)) — 0 as j — oo,

(2) 7(Qj = gn(s)) — 0 as j — oo (by (e6.36)).

For each x € F and [ = 0,1,..., L, there are y;(l) € Cy,(;y such that

lgnye ™" (@)gni) =y (DIl = as j — oo
Thus
185 (g0 () 2B (gnis)) — By (1) — 0 as j — oo.
Therefore
dist(B (dn()) 2B (dni)): B (Crijy))) — 0, 1=1,2,..., L,
as j — oo. Define
(I);',s(x) = gn(j),sxgn(j),sa (I);(x) = gn(])xgn(j)a
V(@) = B5(9n(5),8) 205 (9n(i),s)  and  W5(x) = B5(9n () 265 (9n(5))
for x € A. Let
Ljs0 0 9n(i).sA9nG)s = Cnii)sss Lt 9n()A9n() = Cn(j)s
Lj,s,l : ﬁ;‘(gn(j),s>Aﬁ§(gn(j),s) - ﬁ;(c’ﬂ(]),s) and
Lji: ﬁé‘(gn(j))Aﬁé(gn(jﬂ - 5§(Cn(j))

be contractive completely positive linear maps which are extensions of id¢
ide,, ;) idﬁzv(c s and idﬁzv(c ) l=1,2,...,L, respectively. Put
J n s S J n

n(5),s’

©js=Ljso0®s, ®j=Lijod;, Wy =1Ljs0W; and ;= 1L; oW,
Note that {®; s}, {®;}, {¥; s} and {¥;;} are sequentially asymptotic morphisms
(1 < s < (ko)!). We also have

(ko)! (ko)!
(¢6.37) ;=P P, and V=P V. 1=1,2,., L

Let H; = 1j0® 01, wherer: C — Aand v, : Cyj) — gn(j)Agn(;) are embeddings (we
may also omit ¢ and ¢; when there will be no confusion). There is a unitary Z;; € A
such that Z;:lgn(j)Zjvl = ﬂé (gn(])), l= 1, 27 ey L. Define HjJ =ad Zj,l 012510 \I/j,l o1,
where 1 : ﬂjl- (Cimn) — 6; (gn(j))Aﬂjl-(gn(j)) is an embedding.

Therefore, for all sufficiently large j, by (€6.31),
(e6.38) (Hjllprk,c(x)z/5z) =0 and  [H]]lpak,c(x),z/5z) =0
for i =0,1,0 < j < ko. Since both H; and Hj;; factor through a finite-dimensional
C*-subalgebra one has
(€6.39) [Hjllpar,cx)y =0 and  [Hjillpak, (cx) =0
By applying Lemma [6.2] one computes that, for all sufficiently large 7,

(e6.40) [Hjllprkocx)) = [Hjillparocx))-
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Combining (£6.40), (€6.37), (e6.39) and ([€6.34), one has, if j is sufficiently large,
(e6.41) [Hjllp = [Hj]
It follows from that

(€6.42) jlilgo(sup{h o®j(a) —Toad Zj oW (a)l: 7 € T(gn)Agn())}) =0

for all a € A. Hence
lim (sup{|7 o Hj(x) — 70 Hj(x)| : 7 € T(gn(j)Agn(;))}) = 0 for all z € C.
J—00

It follows from (€6.39]) that
m(i)

(€6.43) oo ] > 9n()bikIn() 2in()VikIn(i) — In(pl =0 and
k=1

m(i)
(e6.44) jlijgo 1> B4 ()05 B (9n(3) i B5 (9 ())bik B (9n(i)) — B4 (gni)) Il = 0.
k=1

It follows from (e6.44)), when j is sufficiently large, that

(e6.45) pr(O) > on/2 for all 7€ T(gnjyAgni)), k=1,2,..., K.
Therefore, by .8 there is unitary v;; € g,(;)Agn(;) such that
(e6.46) .lim lladv;; o Hji(x) — Hj(z)|| =0 for all z € F.

Define zj; = gn (v}, 25165 (gn(j))- Then
(€6.47) zj (H;(x) + Vju(x)) = 2,V u(x) and  (Hj(z)+ V;(2))z; = Hj(x)z;.
Thus, by (£6.40]),

i 2,0 %0 () — Hj(x)zj,

= lim [l %5 (0) = Hy (@)05, 25153 (gni)|
= Jim [lz; @50 (x) — vy Hja (@) Z5155(gn )|
= jhjgo 12,09 (x) — (Zj,lHj,l(x)Z;,lﬁé'(gn(j)))H
= fim flzj,15() - 1) =0
for all x € F. In other words,
(€6.48) _]ll>nolo |19 (x) — Hj(x)z;,]| =0 for all x € F.

Note that, for all x € A,
21T = 2, lﬂl-(gn(j))x and 221 = Tgn(j)%j1-
Therefore, since {g,,(;)} and {ﬁl (gn(j))} are central, we have, for z € F,

limy oo |20 — 220l = 1My oo 125085 (9n(i))T — Tgni) 250l
= lim; o0 szlﬂ (9n(1)2B5(Gn()) = In()TIn() 2 |
=lim; oo HZJJ‘I/J,Z( ) — H]( )Zjl)” = 0.

On the other hand, we have
(e6.49) 251250 = gn(jy and 2125, = 5§'(9n(j))'
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l — apxal — ¥
Recall that £} (gn(j)) = wja'(gn(j))w;. Define u;(l) = wjz;;. Then

(e6.50) (uj()*u; (1) = ;-"lew*-zjl = gn(y and  u;(l)(u;(l)" = al(gn(j)).

Denote ¢;(0) = gn(;) and g;(1) = ﬁ (9n(jy), 1 = 1,2, ..., L. We also have, by (i) and
(2) above,

(€6.51) ¢;(1) < Q;(1) <p;(l) and 7(p;(l) = g;(1)) =0
as j — oo uniformly on T'(A).

Finally, since (€6.33)),
(€6.52) thgo |lujz — zu;l| =0 for all z € F.

The following lemma is taken from [47] that has its origin in [24].

Lemma 6.4. Let A be a unital separable simple C*-algebra with TR(A) = 0 and
with unique tracial state and let o € Aut(A) such that oly|G = idg for some
subgroup G C Ko(A) for which pa(G) = pa(Ko(A)) and for some integer r > 1.
Let m € N, mg > m, be the smallest integer such that my = 0 modr and | =
m+ (r—1)(mo + 1).

Suppose that {ez(n)}, 1=0,1,..,1, n=1,2,..., are l + 1 sequences of projections
i A satisfying the following:

lel™) = efll < 6a, lim 5, =0,
el =0, if i #

and for each 1, {ez(n)} is a central sequence. Then for each i = 0,1,2,... ,m, there
are central sequences of projections {pz(-")} (i=0,1,2,...,m) and a central sequence

of partial isometries {wz(")} such that

(w (n)) () (n) (n)(

=D; and w; wz(n))* :pgi)lﬂ i:0717"~7m_17

r—1 (n)
7=0 'Hr] (mo+1)

l m
Qe =>on) 0
=0 =0

as n — oo uniformly on T(A). Moreover, for each i,

where pl RS and

lim a(p] ey —p | =o.

Proof. Since o'y|¢ = idg, it follows from LemmalG.2lthat there is a central sequence

of projections {q(()n)} and a central sequence of partial isometries {z(0, j,n)} and
(n) (n)

Q@ < e

2(0,5,n)* = ¢, 2(0,4,1)2(0, §,n)* = o’ (¢{™)

and
T(e(()") — q(()")) — 0.
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Moreover, there are central sequences of projections {qm)} such that q(”) < Sﬁ
and
lim g} — a7 (™) =0, j=1,2,... [[/r].
gj (n) (n) (n) (n) . . . (n) (n)
ince q5 ' < ey’ and |la(ey’) — ey || < On, there exists a projection ¢; ~ < €]

such that
laag") = ai™ || < 26,

) -
Similarly, we obtain projections q( n) <e (n) such that

K2

lim la(g My =™ =0, i=23,..,r—1
Moreover, it is easy to check that

Tim. loi(gi™) = ¢™ | =0,i=1,2,....r—1.

Since {g{"} is central, {a(g{™)} is also central for each i. It follows that {g\™}
are central for i = 1,2,...,7 — 1 and for i = rj, j = 1,2,...,[l/r]. Again, there are

projections qz(_gv < e§+)m such that

lm (o7 () = ¢ | =0,i=1,2,...r—1.

n—s 00 qz+r]
— i
Define z; ; , = a*(2 ;,,)- Then

(2 jm) % = @ (25 nz0,4m) = @'(gg"”)  and

% (Zijn)" = (Zo,j,nzo,j,n) = o™i (g§").

In particular, {z; ;»} is central, since {29 ;,} is central. Because
Jim flo(”) =gl =0 and  lim o™t (gy") = a” (g")]| = 0

for i = 1,2,...,7 — 1, one obtains sequences of unitaries {ZJ(")} and {U](”)} such
that

lim (2"~ 1) =0, (Z7)*a'(q{)Z" = ¢/, and

n—oo

Tim ||U§" — 1] =0, UM (gi")(UM)* = am(g"),

j=1,2,...,r — 1. Define z; ; , = U]( R Zit1,, an( ). Then {2} is central and

(n)

* — ri(, (n)
2i jnZigm = 4 and 2 jnzi i, =Q (g;").

Now put

quﬂ(moﬂ), =0,1,2,...,m.

Note that
l
Z )3 p) < (el — ) = 1o (el — ) — 0.
1=0 1=0 1=0

To prove that the so defined p§”> meets the requirements, one checks exactly the
same way as in the proof of Lemma 3.2 of [47]. O
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Let {E; ;} be a system of matrix units and let I be the compact operators on
(%(Z) where we identify E;; with the one-dimensional projection onto the functions
supported by {i} C Z. Let S be the canonical shift operator on ¢?(Z). Define an
automorphism o of K by o(x) = SzS* for all z € K. Then o¢(E; ;) = Ejj1,;4+1. For
any N € N let Py = Z]'\;()l Ei,i~

To prove Theorem [3.14], we quote the following lemma.

Lemma 6.5 (Kishimoto, 2.1 of [24]). For anyn >0 and n € N there exist N € N

and projections eg, €1, ...,en—1 in K such that
n—1
Z e;i < Py,
i=0
llo(e;) —eig1l] <my, i=0,...,n—1, e, = e,
ndﬁleo S

Proof of Theorem B16. We use a modified argument of Theorem 3.4 in [47] by
applying Lemma We proceed as follows.

Let € > 0. Let ¢/2 > n > 0 and m € N be given. Choose N which satisfies the
conclusion of Lemma [6.5] (with this n and n = m). Identify Py Py with My. Let
G={Fit1,:1=0,1,..., N — 1} be a set of generators of My. Let eg,e1, ..., €m_1
be as in the conclusion of Lemma For any € > 0, there is § > 0 that depends
only on N, such that if ||ag — ga|| < 6 for g € G, then

llae; —e;al <e/2, i=0,1,...,n

We assume that § < 7. Fix a finite subset Fy C A. Choose my € N such that
mo > m is the smallest integer with mg =0 mod r. Let L = N + (r — 1)(mg + 1).
Since « has the tracial Rokhlin property, there exists a sequence of projections
{e; k)= 0,1,..., L} satisfying the following:
(*) Y (48 _
||a( )_e'L—‘rlH< (2k)4N7 € j _0 if Z#J?
klim ||e£k)a - aez(-k)H =0 for all ae A,71=0,1,...,L, and
— 00

1-— Zegk)) <n/2 for all T€ T(A), k=1,2,....

By applying Lemma [6.4] we obtain a central sequence {wgk)} in A such that

(w®)r® = p®

w® (W =P® k=0,1,.., i=0,1,...,N,

2

PPN =0, i,

and

5
la(P®)) — P(k1||<4 k=0,1,..,i=0,1,...,N —1,

’ L’
L-1 -
T(Z egk) — Z Pi(k)) <n/2, for all 7€ T(A),

whereP <Z; é Ei)(m 41y fori=0,1,...,N.
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It follows that {al(w(k))}, I =0,1,...,N, are all central sequences. As in the
same argument in Lemma [6.4] there is a unitary uy, € U(A) with |lur — 1|| < §/2N

such that aduy o a(Pi(k)) = Pz(f)l, 1 =0,1,....,. N — 1. Put B = adug o a, and
wk) = w(()k). Choose a large k, such that

8L (w ™ a — aBl(w®)|| < & for all a e F,
l=0,1,...,N.

Now let C; and Cs be the C*-algebras generated by w(), Bi (w™), ..., ]va L (w(®))
and by w®), B,i(w(k)), ey ﬂ,ﬁv(w(k)), respectively. Note that C1 = My, Co = M.
Define a homomorphism @ : C; — K by

(B (w*)) = B4, i=0,1,..,N -1

(see Lemma [6.5]). Then one has o o ®|¢, = @ o B;|¢, and &(C1) = PyKPy. Now
we apply Lemma to obtain mutually orthogonal projections eg,eq, ..., €,m_1 in

My such that
m dim ey

llo(e;) —ei—1|| <n and N 1—n.
Let p; = ®1(e;), i = 0, 17 ...,m — 1. One estimates that
N-1 m-1 . :
dim(ep) m dim(eg) 5
A <1-Y —F=1-— P o<
OLEDEER RS EERAE

for all 7 € T(A). So one has mutually orthogonal projections pg, p1, P2, ...s Pm—1
such that

€ .
”5k(pl) 7pi+1|| < 571 =0,1,2,...,m—1, pm = po.
By the choice of §, one also has

llap; — pial] <e, i=0,1,....,m—1, for all a € Fy and

L—1 L—1 N—-1
1= p)<71- e+ (e PRy 42 <n/2+77/2+ <e,
3 =0 =0 i=0

for all 7 € T(A). Since
18k — ol < §/2 < e/2,
one finally has

Ha(pl) _pi+1|| <g, 1= 07 17 e T — 1a Pm = Do-

In other words, a has the tracial cyclic Rokhlin property. (]
Proof of Theorem B0l This follows from Theorem B.I4] and Theorem 3.4 of [47].
(I

Proof of Theorem BI6. The fact that (i), (ii) and (iii) are equivalent (without as-
suming that afy|¢ = idg) is established in [50].

That (iv) = (v) is given by Theorem 2.9 in [47] (see also [44]). It is known that
(v) = (iv).

Thus we have shown that (i), (ii), (iii), (iv) and (v) are equivalent.

To see these imply (vi), we apply the classification theorem in [39]. It follows
that A x, Z is a unital simple AH-algebra with no dimension growth and with real
rank zero. By (ii), it has a unique tracial state.

It is obvious that (vi) implies (iii). O
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Proof of Theorem B8 It follows from Theorem 8.3 in [50] that ag .~ 4, has the
tracial Rokhlin property. It also follows from Corollary 8.4 in [50] that Ay X, Z
is a unital simple C'*-algebra with real rank zero and with unique tracial state.
It follows from Theorem that Ay X, Z is an AH-algebra with no dimension
growth and with real rank zero. This proves (1). To see (2), since d = 0, by Lemma
1.7 of [B0], Ko(Ag X4 Z) is torsion free. It follows that it is an AT-algebra. d
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