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DIFFERENTIABILITY OF SPECTRAL FUNCTIONS
FOR SYMMETRIC o-STABLE PROCESSES

MASAYOSHI TAKEDA AND KANEHARU TSUCHIDA

ABSTRACT. Let p be a signed Radon measure in the Kato class and define a
Schrodinger type operator HM = %(—A)% + Ap on R%. We show that its
spectral bound C()\) = — inf o(H ) is differentiable if @ < d < 2a and p is
Green-tight.

1. INTRODUCTION

Let (£, D(£()) ,0 < a < 2, be the Dirichlet form generated by a symmetric
a-stable process and u a signed Radon measure in the Kato class. Denote by H

a Schrodinger type operator %(—A)% + A, A € R, and define its spectral function
C(N) by

C(\) —inf{f: 0 € o(H)}

—inf{é’(o‘)(u,u)—i—)\ @2dp - uw e D(EW), /

u?dr = 1} ,

Rd

where o(H*) is the spectrum of H M and @ is a quasi-continuous version of wu.
When a = 2, the symmetric a-stable process is nothing but a Brownian motion
and (£(®), D(£(®)) is the classical Dirichlet integral. In this paper, we consider the
differentiability of the function C()).

When a = 2 and the potential u is a function in a certain Kato class, Arendt
and Batty [3] proved that the spectral function is differentiable at A = 0 and its
derivative equals zero ([3, Corollary 2.10]). Using a large deviation for additive
functionals of the Brownian motion, Wu [33] obtained a necessary and sufficient
condition for the spectral function being differentiable at A = 0. In [30] and [31] we
extended Wu’s result to measures in the Kato class. Furthermore, we showed that
if d < 4 and the measure p belongs to Kg%, the spectral function is differentiable

Rd

on R!. Here the class K3 is the set of Green-tight measures introduced in Zhao
[35]. The notion of Green-tightness was extended by Chen [7] for a large class of
Markov processes including the symmetric a-stable process. Denote by K3, the
set of Green-tight measures corresponding to the symmetric a-stable process (see
Definition 2.1 (III) below). Then a main objective of this paper is to extend the
results in [30] and [31I] to the symmetric a-stable process. In particular, the main
theorem is the following.
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Theorem 1.1. Ifa <d<2a and p=p™ —pu~ € K — Kas then the spectral
function C(\) is differentiable for all A € RY.

To prove the differentiability of the spectral function at A = 0, one of authors
used in [30] a well-known property of the Brownian motion; if d < 2, the Brownian
motion is a Harris recurrent process with infinite invariant measure, the Lebesgue
measure. However, since the symmetric a-stable process is transient for a < d, the
arguments in [30] cannot be used immediately for the proof of Theorem [[LIl Thus
to overcome this, we prepare criticality theory for the Schrédinger type operator
H M. More precisely, let

AT = inf{A>0:C(\) >0},
AT = sup{A<0:C(\) >0}

We prove that if a < d, then the operator H>* # is eritical, that is, H* * does not
admit the minimal positive Green function (i.e. non-subcriticality) but admits a
positive continuous HA*1_harmonic function (this function is called a ground state
and uniquely determined up to constant multiplication.). Moreover, we prove that
if d < 2a, then 'H)‘i“ is null critical, that is, the ground state does not belong to
L?. In fact, denoting by h the ground state, we show in section 5 that there exist
positive constants ¢, C' such that

c C

(11) ‘x|d7a

Using these facts, we find that if & < d < 2« the h-transformed process generated
by the Markov semigroup

P @) = s expl—6Y ) () ),
(z)
is a Harris recurrent Markov process with infinite invariant measure h2dxz. Conse-
quently, the arguments in [30] still work for o < d < 2. This is a key idea of the
proof of Theorem [T.11

The criticality of Schrodinger type operators has been studied by many people
(M. Murata, Y. Pinchover, R. Pinsky,...). The equation (L.T]) was shown by Murata
[16] for Schrodinger operators on R? and extended by Pinchover [I8] to second order
elliptic operators in a domain of R%. If y = 0, criticality and null criticality are
equivalent to recurrence and null recurrence respectively.

The equation (L)) says that if d > 2«, then HAN R s positive critical, that
is, the ground state belongs to L?. Hence the transformed process has a finite
invariant measure h%dz. Using the argument in [23], we can show that C()\) is not
differentiable at A = A* (6.3).

Our motivation lies in the proof of a large deviation principle for the continuous
additive functional A} in the Revuz correspondence with p. The function C'(\) is
regarded as a logarithmic moment generating function of the additive functional A*
(see [26]), and the differentiability of logarithmic moment generating functions plays
a crucial role in the Gértner-Ellis Theorem (see [11]). When o = 2 (the Brownian
case), C'(A) is indeed the logarithmic moment generating function (see [26]). Thus
using Theorem [T} we can prove the large deviation principle for additive functional
A} associated with p = put —p~ € K, — K35, However, for general o, we have
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not yet known whether C()\) is regarded as the logarithmic moment generating
function.

The structure of this paper is the following. In Section 2, we collect necessary
preliminary material on measures in the Kato class, and give another characteri-
zation of A* (Lemma 24). This shows the non-subcriticality of HA 1. In Section
3, we prove that the extended Dirichlet space of the symmetric a-stable process is
compactly embedded in the L2-space with respect to a positive Green-tight measure
(Theorem [B4)).

In section 4, we prove the criticality of H 1, To do this, we construct a ground
state of H’\i”(Lemma 4.9, Lemma 4.10, and Proposition 4.12). If a = 2, that is,
the Shrodinger operator HA 1 is a local one, a “standard compactness argument”
is applicable for the proof of existence of the ground state (see the Remark below
[19, Theorem 3.2]). On the other hand, we do not know whether the “standard
compactness argument” is generalized for our non-local operators. Hence we show
it by a different method; instead of constructing the ground state of Hxi”, we
first prove the existence of the principal eigenfunction of a time changed process by
using the compact embeddness established in Section 3, and then identifying the
principal eigenfunction with the ground state. In the proof of the identification,
we introduce a new notion of extended Schridinger spaces, which is regarded as a
generalization of the notion of extended Dirichlet spaces. Moreover, we prove that
HA 1 is null eritical if and only if d < 2a (see (4.19)).

In the proof of Theorem [[I] a functional inequality due to Oshima [I7] plays
an important role. Oshima’s inequality has been derived for a general Dirichlet
form generated by symmetric Harris recurrent Markov processes (this is the reason
why we need Harris’s recurrence). In Section 5, we extend Oshima’s inequality to
critical Schrodinger forms through h-transform (Theorem 5.3). In Section 6, we
prove the main theorem.

2. PRELIMINARIES

Let M® = (0, F,F;,0:, Py, X;) be a symmetric a-stable process on R? with
0 < o < 2. Here {F;}1>0 is the minimal (augmented) admissible filtration and 6,
t > 0, is the shift operator satisfying X;(6;) = X4 identically for s, > 0. When
a =2, M is a Brownian motion. We assume that a < d, that is, the process M®
is transient. Let p(t,x,y) be the transition density function of M* and G(z,y) be
its Green function:

G(z,y) = / p(t,z,y)dt = C(d, )|z — y|* ¢,
0

where C(d, o) = 21797 ~4/21(452)['(2)~!. For a measure y, the 0-potential of p
is defined by

Gula) = | Glamyuldy).
Let P; be the semigroup of M¢,

P f(x) = /Rd p(t,z,y) f(y)dy = E.[f(Xy)].
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Let (£, D(£(®)) be the Dirichlet form generated by M. For 0 < a < 2, it is
given by

fw = S f[ (1) ~ u(@)(0(2) o) ;)

|z — yl|dte

ulr) —u 2

21T (afd)
/20 (1 - %)

where
A(d, o) =
(2, Example 1.4.1]). For a = 2
ED(u,v) = %D(u,v),

DE®) = H'(R?),

where D denotes the classical Dirichlet integral and H!(R?) is the Sobolev space
of order 1 ([I2, Example 4.4.1]). Let D.(£(*)) denote the extended Dirichlet space,
that is, the family of measurable functions v on R such that |u| < co m-a.e.
and there exists an £(®)-Cauchy sequence {u,} of functions in D(£(*)) such that
lim, oo n = u m-a.e. ([I2, p.35]). Then D.(£(*)) is a Hilbert space with inner
product £(®) because M is transient ([I2, Theorem 1.5.3]).

Throughout this paper, m is the Lebesgue measure and B(R) is an open ball
with radius R centered at the origin. We use ¢, C, ... as positive constants which
may be different at different occurrences.

We now define classes of measures which play an important role in this paper.

Definition 2.1. (I) A positive Radon measure p on R? is said to be in the Kato
class (1t € Kq,o in notation), if

(2.1) lim sup / G(z,y)p(dy) = 0.
a—0 ,cpd |lz—y|<a
(II) A measure p is in Kg°, if p1 is in Kg,o and satisfies
(2.2) lim sup/ G(z,y)p(dy) =0
R—0c0 perd JIy|>R

(cf. [35] Definition 1]).

For p=put —p~ € Kgo — K4, define a symmetric bilinear form £* by

(2.3) EF(u,u) = £ (u,u) + / Wdp, ue DED),
Rd

where @ is a quasi-continuous version of u ([I2, Theorem 2.1.3]). In the sequel, we al-
ways assume that every function u € D, (€ (O‘)) is represented by its quasi-continuous
version. Since p1 € Kgq  charges no set of zero capacity by [2, Theorem 3.3], the form
& is well defined. We see from [2, Theorem 4.1] that (£#, D(E(®))) becomes a lower
semi-bounded closed symmetric form. We call (%, D(E()) a Schridinger form.
Denote by H* the self-adjoint operator generated by (E#,D(E(®)): EF(u,v) =
(H*u,v). Let P! be the L2-semigroup generated by H*: P} = exp(—tH"). We
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see from [2| Theorem 6.3(iv)] that P/* admits a symmetric integral kernel p* (¢, z,y)
which is a jointly continuous function on (0, 00) x R? x R

For pn € Kg,0, let A} Dbe a positive continuous additive functional which is in the
Revuz correspondence with p: for any f € BT and ~vy-excessive function h,

(2.4) (hys, f) = lim %Ehm ( /O t f (Xs)dA’;>

(12, p.188]). For pp = put — = € Kaga — Ka,a, set A = Aéﬁ — A" . By the
Feynman-Kac formula, the semigroup P}’ is written as

(2.5) Pl f(z) = Eqlexp(—=A}) f(X3)].

The spectral function C()) is defined by the bottom of the spectrum of H : for
p=pt—pT € KFE, - KE.,

(2.6) C(A) = —inf {EA“(u,u) :u e DED), /]Rd ulde = 1} .

Lemma 2.2. The following statements are equivalent:

(i) inf {E(a)(u,u) +/ udp™ / widp~ = 1} <1
R4 Rd

(ii) inf {5(a)(u,u) +/ u?dp : / ulde = 1} < 0.
R4 R4

Proof. Assume (i). Then there exists a ¢o € C5°(R?) with [, @3dp™ = 1 such
that

5(a)(9007<ﬁ0)+/ podp™ < 1.
]Rd

Hence we see that

5‘“)(<po,<po)+/ pidp™ </ wodp.
R4 R4

Letting
(44
Uy = ———,
\/ Jga Pidz
we have

uddp < 0.
d

5(&)(%,”0) +/

R
Assume (ii). Then there exists a 19 € C§°(R?) with [, ¥§da = 1 such that

£ o o) + [ vhdu<0.

Letting
_ o
Uy = —F/—m———,
A/ fRd w(Z)d:u_
we have

£ (ug, ug) —|—/ uddp™ < 1.
Rd
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Remark 2.3. We see from [29, Lemma 3.5] that if

inf {8(“)(% w) +/ u?dp : / udr = 1} >0,
R R

inf {5(“)(u,u) +/ uwrdp ™ :/ widp~ = 1} > 1.
Rd R4

However, the converse does not hold in general. In fact, let « = 2 and p = —op,
the surface measure of the sphere B(R). Then if R < %, the first infimum is
equal to zero, while the second one is greater than 1 ([29]).

Define

then

AT = inf{A>0:C(\) >0},
AT = sup{A<0:C(\) >0}
Lemma 2.4. Let p=pt —p~ € KF, — K3, with p= # 0 (resp. p* #0). Then

the number AT (resp. A~ ) is characterized as a unique positive (resp. negative)
number such that

(2.7) inf {E(Q)(u,u) + )\+/ widp™ )\+/ w?dp~ = 1} =1
Rd R

<7“esp. inf {5(“) (u,u) — /\_/ u?dp —)\_/ w?dpt = 1} = 1) )
R4 R4

Remark 2.5. From now on, we suppose that p~ is non-trivial, = # 0, and consider
the differentiability of C(\) at A = A™. The proof for other cases is precisely the
same. We know from [30, Lemma 4.2] that AT > 0.

Proof of Lemma 4. Let R? = F + F° be the Hahn decomposition: = (F) =
p=(RY), pt(Fe) = pt(RY). Take R > 0 so large that u~(F N B(R)) > 0 and let
A= FNB(R). Take a sequence of non-negative functions f,, in C§°(R?) such that

[ (ale) = Fu@)Plul(dn) — 0 asn— .
It then holds that
lim [ fi(2)p”(de) = p=(A) >0, lm | fi(z)p’(dr) = p*(A) =0,

n—oo [p n—oo [pd

and consequently, there exists a function f € C§°(R?) such that

(28) Pl =1, [ Pt <1
Set

=1in (@) (4, u u?(z)pt (dz) : w?(z)p~(dz) =1 .
29) P =it {0 [ ot [ e -1

First we find that £'(0) > 0 (F(0) is the bottom of the spectrum of the time changed
process of M® by the additive functional A¥ (|27, Lemma 3.1])). Indeed, since the
embedding of D.(£(®)) to L?(~) is compact by Theorem 4 below, there exists
the function ug in D.(£(*)) that attains the infimum of ). If F(0) = 0, then
E@ (ug,up) = 0, and thus uy = 0 because (D, (E(®)), () is a Hilbert space. This
contradicts that fRd uddpu~ = 1. Moreover, F(\), A > 0, is a concave function by the
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definition and dominated by the function G(A) := E@(f, f) + A [pa f2(2)p* (dz),
where f is a function satisfying (Z.8]).

These properties of I show that there exists a unique A’ > 0 such that F(A\%) =

A%, We see from Lemma 2.2 that \° = A* and thus F(A*)/AT = 1, which leads us
to the lemma. g

The operator H* is said to be subcritical, if H* possesses the minimal positive
Green function G*(z,y), that is,

G"(z,y) =/ p(t,z,y)dt <oo, x#y.
0

It was shown in [32] that the following condition is a necessary and sufficient one
for a operator H* being subcritical:

inf {E(Q)(u,u) +/ uw?dp™ :/ widp~ = 1} > 1.
Rd R?

Lemma [2.4] proves that operators H"H and H> # are not subcritical.

o)

- A
A O AT

FIGURE. SPECTRAL FUNCTION

3. COMPACT EMBEDDING OF D,(£(®)) INTO L?(p)

In this section, we prove that for u € K75, the embedding of Do (@) into L2 ()
is compact.

Lemma 3.1. Let ¢ € C°(RY) and u € D(E)). Then up € D(EY)), and there
exists a constant C depending only on ¢ such that

(3.1) E (up, up) < CE@ (u,u).
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Proof. By the inequality “(a + b)? < 2(a? + b?)”,

(u(@)p(x) — uly)e(y))?
//Rded\d |z — y|dt dedy

u(@)?(p(x) — ¢ (y))? p(y)* (u(z) — u(y))?
//Rdled\d |z — y|dte drdy //Rded\d |z — y|dte dardy
(I) + (1II).

By Holder’s inequality, the first term (I) is dominated by

IN

p—2

<//RdXRd\d el (QDS)_ ﬁia da:dy> <//Rdxmd\d |z — |d-('ra)) dmdy) ” )

where 1/p =1/2 — a/2d. We put

_ o P = W)
= [[ . @y,

and divide (IIT) as a sum of two terms

//|x <1 fut@)l” |(x)— y|d+o dxdy+//|a: ot |u(z) [P |( z) — |dia)) dxdy.

Since |p(z) — p(y)|? < |z — y|?, the first term of ([3.2)) is bounded by

1
c w(x)|P —————=dxd
[ M o

1 d—1
= Ollul? / i =Clul.
p 0 rd+o¢—2 P

The second term of ([3.2)) is bounded by

) 00 ’I“d_l
Cllully [ Sz < Cllul

Hence (III)Z/p is bounded by C|[ul|2. Using the Sobolev inequality for order /2
([12, p.44, (1.5.20)]), the first term (I) is bounded by CE&(®)(u,u). Since the second
term (IT) is also bounded by C/||¢||2. € (u, u), we see from the definition of D(£(*))
that the for u € D(£(*)), the product up belongs to D(£(®) and the inequality
(BI) holds. This can be extended to u € D (). O

Now we provide known facts on measures in the Kato class. Let Gg(z,y) be the
[-resolvent kernel of M®.

Theorem 3.2 ([25]). Let p € Kqo. Then
(33) [ @ulde) < 1Ganlwgs (), e DEC)

where Eéa)(u, u) = E@ (u,u) + B [pa uide.
It is known from [I] (see also [34]) that p € Kq,0 if and only if
(3.4) Jim ||Gppilloe = 0.
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Therefore the equation ([B3) shows that for any € > 0 there exists M (¢) such that
(3.5) /Rd w?(z)p(de) < €€ (u,u) + M(e) /]Rd wlde, we DEW).
It is known in [7, Proposition 2.2] that u € K, is Green bounded :
(3.6) sup Gu(z) = sup E,[AL] < .
z€R? zER?

Hence the equation (B.5) says that for u € K35,
(3.7) [t < 1GullE ), e D),
Rd

in particular, L?(u) is contained in D, (£(®)).
Recall that the extended Dirichlet space D.(£(®)) is a Hilbert space with inner
product £(@).

Lemma 3.3. Let u, € DS(E(Q)), n=1,2,..., be a sequence such that u,, converges
to u weakly in D,(E®)). Then for any set A of finite Lebesque measure, u,Ia
converges to ul s strongly in L*(m).

Proof. The proof of this lemma is just the argument in [I4] Theorem 8.6].
First note that the semigroup P; of M® can be uniquely extended to a linear
operator on D, (£(®)) and that

u— Poully < VEE (u,u)/?, u e D(E)
(see [12] Lemma 1.5.4]). We then have

[(un —u)lalle < |[(un — Paun)lallz + [|(Prun — Pru)lall2 + [[(Pru — u)lall2
(3.8) < 2WWitsupEW (Un,un) + ||(Pruy, — Pru)lallo.

By the Sobolev inequality, u,, is a bounded sequence in LP(m), 1/p = 1/2—«/2d
and thus there exists an L?(m)-weakly convergent subsequence. Using the Banach-
Saks Theorem, as in the proof of [12] Lemma 3.2.2], we can show that the entire
sequence u,, converges to u weakly in LP(m). Using the Sobolev inequality again, we
see that the integral kernel p;(x,y) of P, is bounded. Consequently, pi(z,-) € LI(m)
(1/g+1/p =1), | Prtin || is bounded in n, and Piu,, converges to P;u m-a.e. Hence,
by the dominated convergence theorem the last term of [B.8]) converges to zero as
n — oo. This lemma follows by letting n — oo and ¢ — 0 in (B.8]). O

For a measure u, let us denote
pr() = p(- N B(R)), pre = p(-NB(R)).
Theorem 3.4. If u € K7, then the embedding of D (E)) into L*(u) is compact.

Proof. First note that the embedding of D.(£(*)) into L?(p) is bounded by (B.7).
Let {u,} be a sequence in D.(£(®)) such that u, — u weakly in D.(£(®)). Then
Lemma [3.3] says that for R > 0

(3.9) unlp(r) — ulp(r) L?(m)-strongly.
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Now fix a function ¢ € C§°(RY) with ¢ = 1 on B(R). Then by (3.5)
[ = uPuntdn) = [ funsp = welPun(da)
R4 R4

< eg(a)(ungo — up, U —up) + M(e) / [un — up|?de.
Rd
The second term of the right hand side converges to 0 as n — oo by (B3], and
Lemma [3.1] proves
sup £ (Unp — up, unp — up) < co.

Hence the sequence {u,} is L?(ug)-convergent to u because e is arbitrary.
Moreover, since by Theorem [3.2]

[t = uPutdn) = [~ aPun(do) + [ = une(de)
R4 R4 R4

< [ un — uPhn(do) + Gt o) 1 — w0, — ),
R
we have

lim sup / ot — () < limsup | Gire oo™ (tn — 1 — ).
n— oo Rd n— oo

By the definition of K7, the right hand side converges to 0 as R — oo, which
proves that {u,} is an L?(u)-convergent sequence to . O

4. CONSTRUCTION OF GROUND STATES
We define an ‘H*-harmonic function probabilistically.

Definition 4.1. A bounded finely continuous function h on R? is said to be HH-
harmonic, if for any relatively compact domain D C R¢,
(4.1) h(z) = Eglexp(=AY )h(X,,)], z€ D,

where 7p is the first exit time from D.

If ‘H* is subcritical, the measure p is gaugeable, that is, sup,cra Fz [e’Ago] < 00
(|32, Theorem 3.1]). Set h(x) = E,[e~4%]. Then h is an H*-harmonic function.
Indeed, for any bounded domain D

_pv _AY _pv

h(z) = Ee Awh(XTD)] = E,le” " EXTD e AW]]

= Ex[e_AiDh(XTD)]a xeD.

Moreover, we see from ([B.6) and Jensen’s inequality that
(4.2) inf h(z) = inf E le"%] > exp(— sup E,[A"]) > 0.

z€RY z€RI zERA
H* is said to be critical, if H* is not subcritical and admits a positive H*-harmonic
function (cf. [19, p.145)). Recall that the operator H* # is not subcritical.

Let P; be a positive semigroup with integral kernel p(t, z,y). A positive function

h is called P;-excessive if h satisfies Pih(x) 1 h(xz) as t | 0. For a Pi-excessive
function h, set

(4.3) ph(t, x,y) = ﬁp(t,x,y)h(y), t>0,z,y € {0 < h < oo},
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and denote by P} the associated semigroup, P f(x) = Jto<h<oo) p(t,z,y) f(y)dy.

Then p"(t,z,y) becomes a transition probability density because
1 h(z)

Ph <——==1.
n(w) L) < 3

We call the process generated by p" Doob’s h-transformed process.

Phi(z) =

Lemma 4.2. A positive H"-harmonic function h is P} -excessive.

Proof. 1t follows from the definition of an H*-harmonic function that lim;_.o P/'h(x)

= h(zx).
Let € B(m). By Definition [4] h satisfies

h(z) = Ex[exp(A} )h(X,)]

for any n > m. Here 7, is the first exit time from B(n). It follows from the Markov
property that

E [exp(AN)W(X}y);t < T
= E.lexp(A})Ex,[exp(A% Yh(X. )]t < T)
= Eylexp(A}) exp(A%, 0 0:)h(X7, 0 0;);t < 7]
= Eglexp(AY )h(X,,)it < 7] < h(x).

Hence we have

Pl'h(z) = lim E,lexp(AY)h(Xy);t < 7] < h(x).

m— 00

d

Assume that H* is subcritical or critical and let h be a positive H*-harmonic
function. Let P/*" be the h-transformed semigroup of P. Then, P/*" is the
L?(h*m)-strongly continuous symmetric Markov semigroup, (P} g 9 hzm
(f, P'"g) 2. Denote by (E#:" D(E#M)) the Dirichlet space on L2(h2m) gener-
ated by P/". We define a symmetric positive form (£#, D.(E)) by

u v

8#(U7U) = gmh(ﬁaﬁ)v
D.(E") = {u: %EDe(c‘f“’h)}.

We call the form (E¥, D (E)) an extended Schrédinger form. By the definition
of D.(E#M) ([12] p.35]), D.(EF) is identified with the family of an m-measurable
function u on RY such that |u| < co m-a.e. and there exists an £#-Cauchy sequence
{u,} of functions in D(E(®) such that lim, .o u, = u m-a.e. We call {u,} as
above an approzimating sequence for u € D (EH*). Then, for u € D (E¥) and its
approximating sequence {u, }

(4.4) EM(u,u) = lim E*(up, uy), u € D(EM).

Moreover, in the second definition of D.(E#), the condition for {u,} being an EH-
Cauchy sequence can be replaced by

sup EM (U, up) < 00
n

([23] Definition 1.6]).
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If (£#,D(£(™)) is a subcritical Schrodinger form, that is, the associated operator
H* is subcritical, then (E#,D.(E)) becomes a Hilbert space by [12], Lemma 1.5.5].
If (E#,D(E(*)) is a critical Schrodinger form, that is, the associated operator H*
is critical, its ground state h belongs to D.(E*) on account of [I2] Theorem 1.6.3].
Noting that for p = p* — u= € K3, — K,

€M (u,u) < (14 [|Gluall|o0) € (u, )

by Theorem 3.2, we see that D,(E*) includes D, ().

For a non-negative bounded Borel function w # 0 with compact support, define
v = Atu + wdz. We then see from Lemma 2.4 and [32] Theorem 3.1] that H” is
subcritical and its Green function G¥(z,y) is equivalent to G: there exist positive
constants ¢, C such that

(4.5) cG(z,y) < G"(z,y) < CG(z,y) forz#y.
Let G” be the Green operator, G¥ f(z) = [pa G¥(x,y)f(y)dy.

Lemma 4.3. For a non-negative function o € Co(RY), G¥p belongs to D.(EY).

Proof. Let G} be B-resolvent of H”. Then G belongs to D(£) and Ghe 1 G

as 3 — 0. Moreover, by (£I)
£ (G, Ghe) E5(Ghp, Ghp) = (0, Ghp)
(9, G"p) < Clp, Gp) < 0,

which proves the lemma. (Il

<
<

Noting that v is gaugeable, we set ho(z) = E,[e~=]. Then hq is an H”-harmonic
function as mentioned above. Let (£%"0 D(E¥"0)) be the Dirichlet form generated

by h-transformed semigroup Ptl"hO and G¥" its Green operator :
1
GYhof = —G¥(ho - f).
ho
Then, for a non-negative function ¢ € Cp(R?)

/ G”7h°(h£)-h£h(2>dx:/ G”so~sodx§0/ Gy - pda.
R4 0 0 R4 R

Thus Theorem 1.5.4 in [12] says that ¢/hg belongs to D.(E"), and for any f €
D.(EY)

gV’hO(GV’hO(h%), hio) = /Rd (pfdl’

Noting that the left hand side above equals £¥(Gy, f), we have

Lemma 4.4. For any non-negative function ¢ € Co(R%)

&G ) = [ ofdn, feD(E),

We now construct an H*" “-harmonic function. Since the embedding of D, (E(*))
to L?(p~) is compact, there exists a function ug € D,(£(®) such that ug attains
the infimum:

(4.6) inf {E(a)(u,u) + )\Jr/ u?dpt € D (EW), >\+/
Rd

uidp = 1} =1.
Rd
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Let MM #" be the subprocess of M® by the multiplicative functional exp(—AT A% ’ ).
Then the function ug is the first eigenfunction corresponding to the generator of the

time changed process of M i" by Ai‘ "7 The time changed process is irreducible
because [pa Gt (z,y)p~ (dy) > 0. Hence ug > 0 p~-a.e by [9 Theorem 7.3].

Lemma 4.5. Let ug be the function in (EQ). Then the measure uop™ is of finite
. . Attt
energy integral with respect to E* F .

Proof. Let f € D(E(™)). Then

1/2 1/2
[ e @) < ([ @) ([ reea)
and the right hand side is dominated by
CEC(f,f)V* < CEN T (£.1)1?
by Theorem O

The function ug is also characterized by the equation:

(4.7) 5(a>(u0,f)+A+/ uo fdu™ :)\+/
Rd

uofdu~, for all f € D ().
Rd

Hence we see from Lemma that

EH (uo, f) = N /R Juofdu” = EXIT (TGN (wop”), f),

and so

w(x) = X[ G (@, y)uo(y)du~ (dy)

= E, {/ exp()\JrAéﬁ)uo(Xt)dAiﬁ“_} > 0, m-a.e.
0
Now we set

(4.8) h(z) = E, [/Ooo eXP(—)\JrAer)uo(Xt)dA;\W]

and prove that the function A is a bound continuous H> " H_harmonic function. We
remark that h is equal to ug q.e. and is strictly positive because G T (z,y) > 0.

Lemma 4.6. The function h is finely continuous.

Proof. By the Markov property,

M) = Ex | [ oAt ual |

= E, [/Oo exp(~AT AL (0,))uo(Xors)dA) M (0,)
0

7|
— exp(ATAM)E, { / exp(—)ﬁAf)uo(Xt)dAf“‘fs}
0

—exp(AtAL) / exp(— AT A Yo (X,)dAN
0

Since the first term of right hand side is right continuous because of the right
continuity of Fg, we see that h is finely continuous by [12] Theorem A.2.7]. (]
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Note that if h(x) = ug(z) m-a.e., then h(zx) = ug(z) q.e. by [12], Lemma 4.1.5].
Hence [12] Theorem 4.1.2] proves the next lemma.

Lemma 4.7. The function h is strictly positive and satisfies
o + Aty

(4.9) h(z) = E, [/ exp(—=ATAY Yh(X)dA}
0

for all z € RY.

The next theorem was first obtained by Murata [16, Theorem 2.2] when o =
2. Using a probabilistic argument, we extend the theorem to symmetric a-stable
processes.

Theorem 4.8. For w € Cy(RY) with w > 0, w # 0, let v = \Tpu + wdz. The
function h defined in (L8] satisfies

(4.10) h(z) = y G (z,y)h(y)w(y)dy.

Proof. Note that h satisfies (@7) and for any non-negative ¢ € Co(R9)
E"(h, Ghyp) = / h-Gje-wdr, >0.
Rd
By Lemma [£3] and Lemma 4] we obtain, by letting 5 to 0
/ h(z)p(z)de = / h(z)w(x)GYo(x)dr = G” (hw)(z)p(z)dx
R4 R4 R4
and thus
W)= | G @ y)hly)wly)dy, m-ae

by the same argument as in Lemma [£.6 in the above equation “m-a.e. z” can be
replaced by “any z”. O

Lemma 4.9. The function h is bounded.

Proof. Since h is finely continuous, we can find a compact set K such that h < ¢
on K. Let v = p+ Ik (z)dz. Note that v belongs to Kg°, — Kg°,. Theorem .8 says
that h satisfies
h(z) = | G"(z,y)h(y)Ix(y)dy.
R
Since G¥(z,y) is equivalent to G(x,y) by [32, Theorem 3.1], it holds that

hiz)<c | G"(z,y)Ix(y)dy <C" [ G(z,y)Ik(y)dy.
R4 Rd

The right hand side of the above inequality is bounded because h(y)Ik(y)dy €
K3, O

+
Lemma 4.10. The function h is Pt)‘ " _excessive.
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Proof. Set My = E,[f;° exp(—AT AL Y(X,)dAX P |F]. Then we showed in the
proof of Lemma 4.4 that

t
exp(~A* AL IR = My — [ exp(-ATAE Jug(X,)dAY .
0
Hence by Ito’s formula
exp(— AT AY)h(X,) = exp(AT AL ) (exp(—AT AL A(X,))

t t
:h(X0)+/ exp()ﬁA’s‘_)dMsf/ exp(f)\JrA‘;)h(Xs)dAi‘Jr“_
0 0
t
+ / exp(—ATAY V(X)) exp(AT AL )dAY
0
t
= h(Xj) +/ exp(ATA* )dM,,
0

which implies that
E.lexp(—ATAMR(X,)] < h(x).
O

We see from Lemma that the h-transformed semigroup PtA+“ o generates
an h?m-symmetric Markov process. Let us denote by M* #h the Markov process
generated by P{w“ " Then M> #" is recurrent because of non-subcriticality of
H)‘+”, in particular, conservative, Pt)‘+“’hl = 1. As a result, the function h is

Pt)‘+“ -invariant:
(4.11) PN R = .

+
Lemma 4.11. A finely continuous Pt)‘ K _excessive function is unique up to constant
multiplication.

Proof. We follow the argument in [I9] Theorem 3.4]. Let h, h’ be finely continuous

AT . . .
P} F-excessive functions. Since

. [ eo(-xt At () (0] <0 (o),

we have

' '
ENh T x| < ().
2| E x| < G
Fory € R and ¢, — 0 as n — oo, OB(y,en) < 00, Plj\Jr“’h—a.s by [12, Problem 4.6.3],
;lvhere B(y,en) = {2z : |z — y| < en}. Denote 0,, = op(y.,)- Replacing t by o, we
ave

(412) e )| < f o

==
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Noting that the left hand side of [II2]) converges to };—;(y) as n — 00, we obtain by
Fatou’s lemma that

h/ >‘+N’ h . . h,
5 W) = Ep ot liminf (X))
+ n
< liminf B} " [h(Xan)]
h/
Since x and y are arbitrary, h’/h must be a constant function. O

Proposition 4.12. The function h is an HA M -harmonic function: for any bounded
domain D

(4.13) EyJexp(—\T A% )h(X,,)] = h(z), = € D.

Proof. We first note that if the equation (£I3]) holds for D, then it holds for any
D’ € D by the strong Markov property. Thus it suffices to prove this proposition
for a large D such that p= (D) > 0.

In Lemma4.6land Lemma[£9], we proved that h is finely continuous and bounded.
Set

My = exp(=AT AN A(X,).
Then M, is a martingale. In fact, by the Markov property and the equation (1)
EuMi|F] = exp(—A*AY) Ex[exp(—\* AL )h(Xo,)
= exp(-ATAY)h(X,), t>s.
On account of the optional stopping theorem, we have
(4.14) Ey[exp(=AT Agnrp )M Xenrp)] = h(z),
where D is a bounded domain of RY.

We claim that

(4.15) inf {5)‘+“(u,u) tu € D(Sl()a)),/ ude = 1} >0,
D

where Ega) is the part Dirichlet form of £ on D (see [12, Section 4.4]). Indeed,
if the left hand side equals zero, there exists a function u, € D(é’ga)) such that

E(Q)(u*,u*)Jr)\Jr/ wldpt = )\Jr/ u2dp”.

RY Rd

Note that [p, uZdu~ > 0 because u,(z) > 0 g.e. on D and m™ (D) > 0. Then
the function u, /4/ [ps u2dp~ attains the infimum of (&6)), and thus u, > 0 g.e. on

R? as proved for the function ug. This is contradictory, because u, = 0 m-a.e. on
R\ D.
The equation ([@IH) implies that A*y is gaugeable on D, that is,

sup B, [exp(—ATA4;,)] < o0
xz€D
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(cf. [7], [32]). We then see from [7, Corollary 2.9] that

(4.16) sup B, | sup exp(—)ﬁAf)] < 0.
z€eD 0<t<7p
Noting that
(411) Jop(- A Aunry o Xinrs)| < il (50 exp(-X7AD)).
0<t<7p
we have

tlggo E, [eXp(_AJrAéLATD ) Xinrp)] = Ex [exp(—A+AﬂD )h(X7p)]
on account of the quasi-left continuity of M<. O

Lemma 4.13. The function h satisfies

(4.18) h(z) = Ey [h(X7p)] — AT E, { /O " h(Xs)dAg‘] .

Proof. Since h is H)‘+”—harmonic, for a bounded domain D,
™D TD
M\TE, {/ h(Xt)dAé‘] =\"E, {/ Ex, (exp(—)\JrA‘T‘D)h(XTD)) dAf} .
0 0
By the Markov property the right hand side equals
TD
\TE, {/ exp( AT AL — A*A‘T‘D)h(XTD)dAf}
0
By [exp(=ATAY )A(X7,) (exp(ATAL)) — 1)]
= Ez[h(XTD)] -k, [eXP(_/\+A¢D)h(XTD)} )
which implies (ZI8). O

By the same argument as in [4, Proposition 6.1], we see that the right hand side
of (AI8) is continuous on D. Hence we have

Proposition 4.14. The function h is continuous.

Now we consider asymptotic of h as |x| — co. Let w be a positive continuous
function with compact support. Suppose that 0 € supp[w] C B(R). By Theorem
and the continuity of h

c G"(z,y)w(y)dy < h(z) < C G (z,y)w(y)dy,
B(R) B(R)
and so by the inequality ([.3]),
of Gy <h<C [ Gayumi.
B(R) B(R)

The Harnack inequality to {G(z,-)}{zeB(r)c} says that for any x € B(R) and
y € supp[uw]
cG(z,y) < G(z,0) < CG(z,y).
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Therefore we see that
¢G(z,0) < h(z) < CG(x,0) for x € B(R),

namely,

C  <ha)<

4.19 -
( ) |x|d7a — — |x|dfo¢

for x € B(R)“.

We call H '+ positive (resp. null) critical if the ground state h is in (resp. not
in) L?(m). These notions are corresponding to the positive (resp. null) recurrence.
The equation (LTI9) leads us to

Theorem 4.15. The operator H 1 s null critical if and only if o < d < 2a.

5. AN EXTENSION OF OSHIMA’S INEQUALITY

In this section, we prove a functional inequality for critical Schrédinger forms.
This inequality is regarded as a version of Oshima’s inequality and plays a crucial
role for the proof of the differentiability of C'()\).

Lemma 5.1. Let h be the H* "-harmonic function constructed in the previous
section. Then the h-transformed semigroup Pt)‘+”’h of Pt)‘+” has the strong Feller
property.

Proof. We follow the argument in [I0, Corollary 5.2.7]. Let f be a bounded Borel
function and {2, } a sequence so that z,, — z as n — oo. Recall that p* #(¢,z,y) is

jointly continuous (|2, Theorem 3.10]). Then by Fatou’s lemma and the continuity
of h,

fmint [ o ) (1o £ £

> / d ﬁpk*wt,x,y)h(yxnfnm + f(y))dy,

and thus the function,

e [ ﬁ)pw(t, 2,9)h(y) (|1 lloe £ £(9))dy,

h

. . . At . . . .
is lower semi-continuous. Note that P; % is recurrent, in particular, conservative.

Then

[ b f )y

= /Lp”“(t,x,y)h(y)(llf\loo+f(y))dyfIIfIIOO
ra h(z)

1 +
= [t e ) £y +
and thus the function

1

xTr — R4 WPH“(t,x,y)h(y)f(y)dy,

is lower and upper semi-continuous. ([l
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Proposition 5.2. The h-transformed process M mh = (PQ?Jr“’h,Xt) ts Harris
recurrent, that is, for a non-negative function f,

(5.1) / f(Xy)dt = 0 P£‘+“’h—a.s,
0

whenever m({z : f(x) > 0}) > 0.

+
Proof. Set A = {z: f(x) > 0}. Since P," *" gencrates an h2m-symmetric recur-
rent Markov process,

(5.2) Pyloaob, <oco, Vn >0l =1 for qe. xR’

by [12 Theorem 4.6]. Moreover, since the Markov process M 4k has the transition
density function

with respect to h?m, (5.2)) holds for all x € R? by [12, Problem 4.6.3]. Using Lemma
B (52), and the proof of [22, Chapter X, Proposition (3.11)], we see that M ok
is Harris recurrent. i

Theorem 5.3. There exist a positive function g € L'(h*m) and a function ¢ €
Co(R?) with [o, Yh?*dx =1 such that

(5.3) /R lu(z) — h(x)L(%)|g(m)h(x)dx < CEN M (u, )2, we DENM),

where

L(u) = /]Rd uph?d.

Proof. By Proposition[5.2] we can apply Oshima’s inequality in [I7] to the Dirichlet
form (8’\+“’h,D(E>‘+“’h)) satisfying the Harris recurrence condition; there exist a
positive function g € L'(h?m) and a function ¢ € Co(R?) with [, Yh*dz = 1 such
that

(5.4) /Rd lu(z) — L(u)|g(z)h?(z)dx < CS>‘+”’h(u,u)1/2, u € D(E”\+“’h)
where
L(u) = / uph?d.
R
Substituting v/h for u in (4] together with the equality
8)‘+”’h(v,v) = 5)‘+“(hv, hv),

we obtain the equality (B.3]). O
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6. DIFFERENTIABILITY OF SPECTRAL FUNCTION

Before proving the differentiability of spectral function, we prepare a lemma
relevant to general regular Dirichlet forms.

Lemma 6.1. Let X be a locally compact separable metric space, m a positive
Radon measure on X, and (£,D(E)) a regular Dirichlet form on L?(X;m). Let
{un} C D(E) be a sequence with im,,_, o € (Un, uy) = 0 and lim,, o u, = 0 m-a.e.
Then there is a subsequence {un, } such that limy_ o upn, =0 g.e.

Proof. Let g be a non-negative continuous function with compact support and
define

(6.1) E9(u,u) = E(u,u) —|—/ u?gdm.
X

Then (£9,D(E9)(= D(E))) becomes a transient Dirichlet form. Let ul) = (=) v
Up) AL, 1 =1,2,---. Then by the assumption lim,,_ 59(ug),ug)) = 0 for any [.
Hence the 0-order version of [12, Theorem 2.1.4] says that there exists a subsequence
{USQ} of {ug)} such that limy_, uﬁf,{ = 0 Cap®®-q.e. Here Cap®® denotes the
r-order capacity with respect to (£9,D(€9)). Note that by [12] Theorem 2.1.6],
Cap®©_q.e. is equivalent to Cap®M-q.e. and Cap®M-q.e. is equivalent to Cap)-
q.e. because & (u,u) < & (u,u) < (14 ||g]loo)E1(u, w).

Therefore we see that limg_, . uﬁf,ﬂ = 0 g.e. This proves the lemma because [ is
arbitrary. 0

Theorem 6.2. Let =t —p~ € K, — K3, If o < d < 20, that is, KN * is
null critical, then the spectral function C(\) is differentiable.

Proof. We deal with the case of A\ > 0. First note that for A > AT, —C(])) is the
principal eigenvalue of the operator H* = 2(—A)*/2 — Ay ([30, Lemma 4.3]) and
thus C()) is differentiable by the analytic perturbation theory [I3l Chapter VII].
Hence it is enough to prove the differentiability of C'(A) at A = AT. Furthermore,
since C'(A) is convex by the definition, we have only to prove the existence of a
sequence {\,} such that dC(\,)/d\ | 0 as A, | AT.

By [13] p.405, Chapter VII (4.44)], we see
(6.2) M:—/ uidp >0, A>T,

d\ Rd

where ) is the L?-normalized eigenfunction corresponding to the eigenvalue —C'(\),
that is,

(6.3) CO) = M (uy, uy) = A / W2+ £ (uy, uy).
Rd
Neglecting the positive part u* of u in the (G.3]), we have

E@ (uy,up) < —C(\) + )\/ uidp”.
Rd

Furthermore, it follows from (B3] that the right hand side above is dominated by
—C(\) + XeE@ (uyn, ur) + AM (e).
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Let {\,} be a sequence with lim,, .o, A,, | AT. Substituting A, for A in the equation
above and taking € > 0 so small that \,e < 1, we have

—C (M) + A\ M (e)

g(a) (ukn’ u>\n) <

1— \e ’
and thus
AT M(e)
; (@)
(6.4) h’in—?olipg (un,,uy,) = T e

because C'(A,) — 0 as n — oo. Since by (64)
€2 () + OO = €7 (un, un,) = E3F ()|

<O =A%) [ i du
R4
< O = NG (i, 0, )) — 0

as n — 00,

(6.5) lim X (uy, ,uy, ) = 0.

n—oo

Let h be the H* “-harmonic function constructed in Section 4 and denote by
(EXTmh D(EXTmMY)) the Dirichlet form of the h-transformed process. Then the
equation (GH) proves

i eANTh (BAn UAL Y
(6.6) & < hh ) =0
Let ¢ and L(u) be the things in Theorem Then since
uATI,
HESIIE (@) ()

IN

\// u3. dx\/ d¢2(x)h2(a:)dx < 00,

we may assume that L(uy, /h) converges to a certain constant C' by taking a sub-
sequence of {\, } if necessary. In addition, since (B3] says

/|u>\n—C’h|ghdaz < /|u)\ —hL( )
Rd h

< O s w4 [ L) - Clghida 0,
Rd

ghdx+/ \hL(%)—Cmghdx
d

we may assume that uy, — Ch m-a.e. Now recall that HA"# is null critical if and
only if d < 2a. Then the constant C' must be equal to 0 because

(6.7) 1 =liminf [ w3} dz 2/ hmmfu)\ dx—Cz/ h2dz,
n—oo  Jpd " Rd N—00 R

and consequently

(6.8) lim uy, =0, m-a.e.

Notice that £} #h-q.e. is equivalent to £®-q.e. Then combing (6.0) and (G.8)
with Lemma [6.1] we may assume that uy, converges to 0 g.e.
Since uy,, is the eigenfunction corresponding to C'(\,,),

_ An,
uy, = e~ GOt prntyy
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and
[ur, oo < e CODPTAM g o <P |lg00 < 00

by [2, Theorem 6.1 (iii)]. Hence we have
/ uindu’ < lim sup/ uind
Rd n—oo Rd

= 1imsup</ uind\mR%—/ uind,uIRc>
n—oo Rd Rd

lim sup 1

n—oo

< timsup [ i dlal + limsup Gl o8 0, 0,
n— oo R n— oo
AT M (e)
< Glplgelloo 1=+
< Gl lloe T3 12
By letting R to oo, we complete the proof. (I

Remark 6.3. When a = 2 and the potential p is absolutely continuous with re-
spect to the Lebesgue measure, non-differentiability of the spectral function was
considered in [24]. The argument in [24] Theorem 2.1] can be adapted to prove
that if d > 2a, then C'(A) is not differentiable. Indeed, the ground state h belongs

to L?(m), that is, zero is an eigenvalue of H>"#. We normalize the function h as
[Ih]l2 = 1. Let {uy,} be the sequence defined in the proof of Theorem [6.2] that is,
uy, is the L?(m)-normalized eigenfunction corresponding with the eigenvalue A,
(A, > A1), Since {uy,} is bounded in £(*) and in L?(m), we may suppose that

uy, — ug, weakly in £ and in L?(m).
Moreover we know in the proof of Theorem that
uy, — Ch, m-a.e.

Hence ug = Ch, m-a.e., and thus the constant C is less than or equal to 1. Since
for A > AT,

—C(\) < E(h, h) +)\/h2du

and
E@(h,h) = —)\+/ h2dy,
R4
we have
c) 2
. > — .
(6.9) s /hdu
Noting that there exists a constant 6 € (0, 1) such that
CA) iyt +
T =C'AT+0(N—2T)),

by the mean value theorem, we can find a sequence {a,} such that a,, — AT as
n — oo and

. cn)
1 = lim ¢’ .
m sup 35 = lim C"(an)

By Theorem [B.4],
lim C'(a,) = — lim [ w2 dp= —02/ h2dpu.

n—oo n—oo Rd
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Since h > 0 € D, (£) and (£, D,(£(™)) is a Hilbert space, we know that

f/ h2dy = ig(a)(h, h) > 0.

Hence

Rd At
. C(\) 2 2 2
limsup ———— < —-C hodp < — hedpu.
A—at A= AT Ré Ré

On the other hand, by ([@3), we find that

oW )
i 3= 5 2 - [, W

Therefore o)
lim —~2 =— [ h%du>0.
)\irilJr A=At /Rd K
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