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THE ODD PRIMARY H-STRUCTURE OF LOW RANK LIE
GROUPS AND ITS APPLICATION TO EXPONENTS
STEPHEN D. THERIAULT

Abstract. A compact, connected, simple Lie group G localized at an odd
prime p is shown to be homotopy equivalent to a product of homotopy associative, homotopy commutative spaces, provided the rank of G is low. This
holds for SU (n), for example, if n ≤ (p − 1)(p − 3). The homotopy equivalence
is usually just as spaces, not multiplicative spaces. Nevertheless, the strong
multiplicative features of the factors can be used to prove useful properties,
which after looping can be transferred multiplicatively to ΩG. This is applied
to prove useful information about the torsion in the homotopy groups of G,
including an upper bound on its exponent.

1. Introduction and statement of results
The compact, connected, simple Lie groups are Spin(n) for n ≥ 3, SU (n) for
n ≥ 2, Sp(n) for n ≥ 1, and the exceptional groups G2 , F4 , E6 , E7 , and E8 . The
group Spin(n) is the universal cover of SO(n). The multiplicative properties of
these groups from a homotopy theoretic point of view have been well investigated.
Each has a classifying space and so is a loop space. In particular, all are homotopy associative. James and Thomas [JT] showed that none of them is homotopy
commutative by showing that any Lie group whose loop multiplication is homotopy
commutative must be homotopy equivalent to a torus. Bott [B] made this explicit
in the cases of SU (n) and Sp(n) by exhibiting nontrivial Samelson products. Let
i ≤ n and xi ∈ π2i−1 (SU (n)) = Z represent a generator. Then if i + j − 1 = n, the
(i+j−1)!
. A similar formula holds for Sp(n).
Samelson product xi , xj  has order (i−1)!(j−1)!
A natural question to ask is whether noncommutativity changes after localizing
at a prime p. Bott’s result shows that if 2n > p, then i and j can be chosen so
(i+j−1)!
is divisible by p. Thus xi , xj  is not null homotopic and so SU (n)
that (i−1)!(j−1)!
for 2n > p is not homotopy commutative when the loop multiplication has been
localized. The analogous formula for Sp(n) gives a similar result. McGibbon [Mc]
classiﬁed all the compact, connected, simple Lie groups G whose loop multiplications are homotopy commutative when localized at p. They are: Spin(2n + 1) if
4n < p, Spin(2n) if 4(n − 1) < p, SU (n) if 2n < p, Sp(n) if 4n < p, Sp(2) at
the prime 3, and G2 at the prime 5. On the other hand, the situation changes if
nonloop multiplications are considered. McGibbon [Mc] and Iriye and Kono [IK]
showed that at odd primes there is always some multiplication on G which is
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homotopy commutative. However, this exotic multiplication is not known to be
homotopy associative, and except for special cases, probably is not.
In this paper we seek to combine the properties of homotopy associativity and
homotopy commutativity. We show that in low rank, a compact, connected, simple Lie group G is homotopy equivalent to an H-space which is both homotopy
associative and homotopy commutative. At ﬁrst glance this is a strange statement,
because the homotopy equivalence is not as H-spaces, it is only as spaces. So we
are not talking about a multiplication directly on G but rather one on a homotopy
equivalent space. Nevertheless, this “other” space arises naturally, and the associative and commutative properties of its multiplication allow us to prove interesting
properties about the homotopy and multiplicative exponents of G – discussed in
this paper – and the subgroup of multiplicative self-maps in [G, G] – to be discussed
in subsequent work.
The “other” space is going to be a certain universal space. We begin by deﬁning
what is meant by universal. Suppose there is a map i : A −→ B where A is a
space and B is a homotopy associative, homotopy commutative H-space. We say
that B is universal for A if any map f : A −→ Z into a homotopy associative,
homotopy commutative H-space Z extends to a unique H-map f : B −→ Z with
the property that f  f ◦ i. (See Section 3 for a general discussion and examples.)
There is no known functorial construction of universal spaces; the known examples
are constructed on a case by case basis. Typically, starting with a space A one looks
 ∗ (A)), and hopes to show that B is universal
for an H-space B with H∗ (B) ∼
= S(H
for A. Here, homology has been taken with mod-p coeﬃcients and S( ) is the free
 ∗ (ΣCP n−1 )),
symmetric algebra functor. For example, we have H∗ (SU (n)) ∼
= S(H
n−1
and the canonical map ΣCP
−→ SU (n) induces the inclusion of generating set
in homology. But SU (n) is not homotopy commutative if 2n > p, so in those cases
it cannot be universal for ΣCP n−1 . What we aim to do is construct the universal
space for ΣCP n−1 , provided n ≤ (p − 1)(p − 3), and show it is homotopy equivalent
to SU (n). This is the thrust of Theorem 1.1 when G = SU (n).
To state the general case, recall that G is rationally homotopy equivalent to a
l
product of spheres, G Q j=1 S 2nj −1 , where n1 < n2 < . . . < nl . We say that
the type of G is {2n1 − 1, . . . , 2nl − 1}. Now localize at an odd prime p and take
homology with mod-p coeﬃcients. In a way that will be made more explicit in
 ∗ (A(G))). For each G,
Section 2, there is a space A(G) such that H∗ (G) ∼
= S(H
p−1
 ∗ (Ai (G)) consists
there is a homotopy decomposition A(G)  i=1 Ai (G) where H
 ∗ (A(G)) in degrees 2i + 2k(p − 1) + 1 for 0 ≤ k < ∞. Note
of those elements in H
 ∗ (Ai (G)) = 0 and so Ai (G)  ∗. We
that it may be possible for a given G that H
show:
Theorem 1.1. Suppose G is one of the following: SU (n) if n ≤ (p − 1)(p − 3),
Sp(n) if 2n ≤ (p − 1)(p − 3), Spin(n) if 2n + 1 ≤ (p − 1)(p − 3); G2 , F4 , or E6 if
p ≥ 5; E7 or E8 if p ≥ 7. Then there is a homotopy decomposition
G

p−1


Bi (G)

i=1

where each Bi (G) is homotopy associative, homotopy commutative, and universal

for Ai (G), and the product p−1
i=1 Bi (G) is universal for A(G).
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A few brief remarks are in order. First, the restrictions on the primes imply
that the p = 3 case never arises, so we may as well assume from now on that
p ≥ 5. Second, if G = SU (n), then A(G) = ΣCP n−1 , and if G = Sp(n), then
A(G) = ΣHP n−1 . Third, if the decomposition of A(G) has Ai (G)  ∗ for some
i, then Bi (G)  ∗. Fourth, Mimura, Nishida, and Toda [MNT2] gave explicit
p−1
decompositions for every G as a product G  i=1 B i (G) where H∗ (B i (G)) ∼
=

S(H∗ (Ai (G))) and each factor B i (G) is indecomposable. In the decompositions of
Theorem 1.1, the factors Bi (G) are obtained diﬀerently, as applications of Cohen
and Niesendorfer’s [CN] construction of ﬁnite torsion free H-spaces. So B i (G) and
Bi (G) may not be the same space, but we will show in Lemma 4.5 that they are
homotopy equivalent.
In the cases where McGibbon proved the loop multiplication on 
G is homotopy commutative, Theorem 1.1 improves. The universal property of p−1
i=1 Bi (G)
for A(G) implies that the usual inclusion A(G) −→ G extends to an H-map

p−1
∼
∼

e : p−1
i=1 Bi (G) −→ G. Since H∗ ( i=1 Bi (G)) = S(H∗ (A(G))) = H∗ (G) and e∗ is
an algebra map which is an isomorphism on the generators, e∗ is an isomorphism
and therefore e is a homotopy equivalence. Thus:
Theorem 1.2. Let p ≥ 5. Let G be one of Spin(2n + 1) if 4n < p, Spin(2n) if
4(n − 1) < p, SU (n) if 2n < p, Sp(n) if 4n < p, or G2 at the prime 5. Then the decomposition in Theorem 1.1 is a homotopy equivalence of H-spaces. Consequently,
in those cases, G is universal for A(G).

An interesting and practical example is SU (3). It is well known [MT] that SU (3)
is homotopy equivalent to S 3 × S 5 at primes p ≥ 3. Theorem 1.2 shows that this
homotopy equivalence is multiplicative if p ≥ 7.
The decomposition in Theorem 1.1 and the universal property of the factors Bi
can be applied to prove exponent information about the group G. To set the stage,
ﬁrst return to Mimura, Nishida, and Toda’s decomposition
G

p−1


B i (G)

i=1

. We say that B i (G) has type {2m1 −1, . . . , 2mk −1} if B i (G) is rationally equivalent
k
to j=1 S 2mj −1 , where m1 < m2 < . . . < mk . The same deﬁnition applies to
Bi (G). Mimura, Nishida, and Toda show that each B i (G) is spherically resolved. In
particular, there is a map to the highest dimensional resolving sphere q̄ : B i (G) −→
S 2mk −1 . As well, they show there is an integral summand in π2mk −1 (B i (G)). Let
c̄ : S 2mk −1 −→ B i (G) be a representative of a generator. Then q̄ ◦ c̄ has degree
pri (G) for some nonnegative integer ri (G). In the case G = SU (n), the map c̄ is the
standard characteristic map S 2n−1 −→ SU (n) composed with the projection to the
factor B i (SU (n)) whose type includes 2n − 1. In this case, ri (G) = νp ((n − 1)!),
where νp (t) is the number of powers of p which divide the positive integer t. Now

switch to the decomposition G  p−1
i=1 Bi (G) in Theorem 1.1. In Corollary 5.5 we
show that Bi (G) is spherically resolved, so there is a map to the highest dimensional
resolving sphere q : Bi (G) −→ S 2mk −1 . The homotopy equivalence B i (G)  Bi (G)
composed with c̄ gives a map c : S 2mk −1 −→ Bi (G). The composite q ◦ c has degree
pri (G) . Using the universal property of Bi (G) we show that multiplication by pri (G)
on Bi (G) factors multiplicatively through the product of the resolving spheres.
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Theorem 1.3. Let G be one of the groups listed in Theorem 1.1. Then there is a
homotopy commutative diagram of H-maps
Bi (G)

pri (G)

/ Bi (G)


2nj −1
S
j=1

k

/ Bi (G).

 ∗ (Ai (G))), the exponent ri (G) is equal to the
Moreover, with H∗ (Bi (G)) ∼
= S(H
 ∗ (Ai (G)) on which the dual Steenrod operation P∗1 acts
number of generators in H
nontrivially.
p−1
Now consider G itself. As G  i=1 Bi (G) and each Bi (G) is spherically resolved, so is G. As the homotopy equivalence is not necessarily multiplicative, we
cannot immediately combine the factorizations in Theorem 1.3 for each Bi (G). But
after looping, the multiplication on ΩG is an H-map, so the composite
p−1


ΩBi (G) −→

i=1

p−1


µ

ΩG −→ ΩG

i=1

is a multiplicative homotopy equivalence. Suppose G has type {2n1 −1, . . . , 2nl −1}.
Let
r(G) = max{r1 (G), . . . , rp−1 (G)}.
Then multiplication by pr(G) on ΩG factors through the product of its looped
resolving spheres. Speciﬁcally:
Theorem 1.4. Let G be one of the groups listed in Theorem 1.1. Then there is a
homotopy commutative diagram
ΩG
l
j=1

pr(G)


ΩS 2nj −1

/ ΩG

/ ΩG


in which all maps are loop maps.

For example, when G = SU (n), then the description of ri (SU (n)) implies that
r(G) = νp ((n − 1)!).
The factorization in Theorem 1.4 results in exponent information about G. Two
types of exponents are considered. The homotopy exponent of a space X is the least
power of p which annihilates the p-torsion in π∗ (X). We write this as exp(X) = pr .
A stronger notion is that of a multiplicative exponent. If Y is an H-space, then it
has a pth -power map p : Y −→ Y . The multiplicative exponent of Y is the least
pr

pr−1

power of p such that Y −→ Y is null homotopic while Y −→ Y is essential. We
say that Y has no multiplicative exponent if the pr -power map on Y is essential
for all r ∈ N. The notion of a multiplicative exponent is stronger than that of a
homotopy exponent, for if the multiplicative exponent of Y is pr , then exp(Y ) ≤
pr . A fundamental homotopy exponent result is due to [CMN], who showed that
exp(S 2n−1 ) = pn−1 . Observe that the integral class in π2n−1 (S 2n−1 ) guarantees
that S 2n−1 has no multiplicative exponent. To get this out of the way, consider the
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(2n − 1)-connected cover of S 2n−1 , denoted by S 2n−1 2n − 1. In [NS] it was shown
that Ωj S 2n−1 2n − 1 has no multiplicative exponent for 0 ≤ j ≤ 2n − 4. When
p ≥ 5, it was shown in [S2] that Ω2n−3 S 2n−1 2n − 1 has multiplicative exponent
pn−1 . The factorization in Theorem 1.4 then implies the following:
Theorem 1.5. Suppose G is one of the groups listed in Theorem 1.1, with type
{2n1 − 1, . . . , 2nl − 1}. Then the following hold:
(a) Ωj G2nl − 1 has no multiplicative exponent for 0 ≤ j ≤ 2nl − 4,
(b) Ω2nl −3 G2nl − 1 has multiplicative exponent ≤ pnl −1+r(G) ,
(c) exp(G) ≤ pnl −1+r(G) .
For example, when G = SU (n), then r(SU (n)) = νp ((n−1)!) and so exp(SU (n))
≤ pn−1+νp ((n−1)!) .
Using diﬀerent methods, the homotopy exponent bounds in Theorem 1.5 (c)
were also obtained in [DT]. The methods there, in fact, give exponent bounds for
a wider range of Lie groups than those listed in Theorem 1.1. For example, the
formula in Theorem 1.5 (c) is valid for G = SU (n) if n < p2 + p instead of just for
n ≤ (p−1)(p−3). This alternative method has the advantage of being much simpler
to compute, but the disadvantage of being more crude. It simply produces an upper
bound on the homotopy exponent. It is not designed to track with precision how
the torsion in the homotopy groups of Bi (G) or G are aﬀected upon successive
multiplications by p, in contrast to the factorizations in Theorems 1.3 and 1.4. The
additional information these factorizations provide should be useful in other explicit
calculations of the homotopy groups of G.
The author would like to thank Mamoru Mimura, who suggested that a paper
originally about SU (n) should really be about any compact, connected, simple Lie
group G.
2. Decompositions of Lie groups
In this section we review the known odd primary homotopy decompositions of
compact, connected, simple Lie groups. We ﬁrst consider the matrix groups and
then the exceptional groups.
Harris [H] showed there are p-local homotopy equivalences
SU (2n)  Sp(n) × (SU (2n)/Sp(n)),
Spin(2n + 1)  Sp(n),
Spin(2n)  Spin(2n − 1) × S 2n−1 .
Thus if SU (n) could be written as a product of indecomposable factors for any
n, Harris’ equivalences would show that any matrix group could be written as a
product of indecomposable factors. Such a decomposition of SU (n) was obtained
by Mimura, Nishida, and Toda [MNT2]. They used idempotents derived from
unstable Adams operations to show that there is a p-local homotopy equivalence
SU (n) 

p−1


k

Bi

i=1
k
Bi

where each
is indecomposable and is described homologically as follows. Let
q = 2(p − 1). Take homology with mod-p coeﬃcients. Recall that H∗ (SU (n)) ∼
=
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Λ(x3 , . . . , x2n−1 ), where the degree of xt is t. Let k =
greatest integer less than or equal to. Then

n−i−1
p−1

+ 1, where

is the

k
H∗ (B i ) ∼
= Λ(x2i+1 , x2i+q+1 , . . . , x2i+(k−1)q+1 ).


The action of the dual Steenrod algebra is given by P∗j (x2r+1 ) = rj x2r+jq+1 .
Mimura, Nishida, and Toda then showed that this decomposition of SU (n) together with Harris’ decompositions give homotopy equivalences,


(p−1)/2

Sp(n)  Spin(2n + 1) 

k

B 2i−1 ,

i=1



(p−1)/2

Spin(2n)  S 2n−1 ×

k

B 2i−1

i=1




2(n−i)
p−1

2(n−i−1)
p−1

where k =
+ 1 and k =
+ 1.
The decomposition of SU (n) is compatible with an analogous decomposition of
 ∗ (ΣCP n−1 )), and the canonical map
ΣCP n−1 . Observe that H∗ (SU (n)) ∼
= S(H
n−1
−→ SU (n) induces the inclusion of the generating set in homology. There
ΣCP

k
k
is a decomposition [MNT1] ΣCP n−1  p−1
i=1 Ai where H∗ (Ai ) consists of those
n−1
elements in H∗ (ΣCP
) in degrees 2i + jq + 1 for values of j ≥ 0. Speciﬁcally,
H∗ (Aki ) has vector space basis {x2i+1 , x2i+q+1 , . . . , x2i+(k−1)q+1 }. Observe that
k
 ∗ (Ak )) and the inclusion of the generating set is realized geometriH∗ (B i ) ∼
= S(H
i
cally by the composite
k

Aki −→ ΣCP n−1 −→ SU (n) −→ B i .
This framework of homotopy decompositions and homology generation occurs
for all odd-primary compact, connected, simple Lie groups G which are torsion
free. Here, G is torsion free if its integral (co)homology has no p-torsion. The
torsion free Lie groups are the matrix groups Spin(n), SU (n), and Sp(n) at all odd
primes, and the exceptional groups G2 at p ≥ 3, F4 , E6 , and E7 at p ≥ 5, and E8 at
p ≥ 7. The framework provides a convenient means of expressing Mimura, Nishida,
and Toda’s work. They did not state their results in this fashion, particularly in
regard to the existence and role of the space A(G) described below, so our proof of
Theorem 2.1 consists mainly of identifying A(G) and its wedge summands Ai (G).
We do this in two parts, ﬁrst with respect to the matrix groups, and later for the
exceptional groups.
Theorem 2.1. Let G be a compact, connected, simple Lie group which is torsion
 ∗ (A(G))) and a
free. Then there is a co-H space A(G) such that H∗ (G) ∼
= S(H
map A(G) −→ G which induces the inclusion of the generating set in homology.
Further, there are homotopy decompositions
A(G) 

p−1

i=1

Ai (G) and G 

p−1


B i (G)

i=1

where H∗ (Ai (G)) consists of those elements in H∗ (A(G)) in degrees 2i + jq + 1 for
 ∗ (Ai (G))). Moreover, the composite
some j ≥ 0 and H∗ (B i (G)) ∼
= S(H
Ai (G) −→ A(G) −→ G −→ B i (G)
induces the inclusion of the generating set in homology.
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Remark 2.2. Since G is ﬁnite dimensional, H∗ (A(G)) and therefore H∗ (Ai (G)) are
ﬁnite, so beyond a certain value of j the elements in H∗ (A(G)) in degrees 2i + jq + 1
are all zero. Also, it may be possible that for a given G, H∗ (Ai (G)) = 0, in which
case Ai (G) is homotopy equivalent to a point.
Proof of Theorem 2.1 when G is a matrix group. The argument for G = SU (n)
has been given: take A(G) = ΣCP n−1 and Ai (G) = Aki .
(p−1)/2 k
When G = Sp(n)  Spin(2n + 1), let A(G) = i=1
A2i−1 . Note that here

k
A2i−1 (G) = A2i−1 for 1 ≤ i ≤ (p − 1)/2 and A2i (G) = ∗ for 1 ≤ i ≤ (p − 1)/2. Since
 ∗ (Ak ) generates
A(G) is a wedge of co-H spaces, it is a co-H space. Since each H
2i−1


k
k
∼

H∗ (B 2i−1 ), we have H∗ (G) = S(H∗ (A(G))), and adding the maps Ak −→ B i
gives a composite


(p−1)/2

A(G) =

i=1



(p−1)/2

Ai (G) −→

B

k



−→ Sp(n)  Spin(2n + 1)

i=1

which induces the inclusion of the generating set in homology.
(p−1)/2 k
A2i−1 ).
When G = Spin(2n)  S 2n−1 ×Spin(2n−1), let AG = S 2n−1 ∨( i=1
Observe that there is a unique i0 with 1 ≤ i0 ≤ (p − 1)/2 such that 2n − 1 = 2i0 +


tq + 1 for some t. If i0 = 2i0 − 1, take Ai0 (G) = Ak2i0 −1 ∨ S 2n−1 ; A2i−1 (G) = Ak2i−1
for 1 ≤ i ≤ (p − 1)/2 and i = i0 ; and A2i (G) = ∗ for 1 ≤ i ≤ (p − 1)/2. If i0 = 2i0 ,

take A2i−1 (G) = Ak2i−1 for 1 ≤ i ≤ (p − 1)/2; A2i0 (G) = S 2n−1 ; and A2i (G) = ∗
for 1 ≤ i ≤ (p − 1)/2 and i = i0 . The assertions of the theorem now follow as in
the previous case.


Remark 2.3. The proof of Theorem 2.1 shows that when G = Sp(n) or Spin(2n+1)
then A(G)  ΣHP n−1 , the suspension of the quaternionic projective plane, and

when G = Spin(2n) then A(G)  S 2n−1 ∨ ΣHP n−2 .
Mimura, Nishida, and Toda [MT, MNT2] showed that in all cases but one the tork
sion free exceptional Lie groups decompose as products of factors B i similar to those
k
for the matrix groups. Now, we have H∗ (B i ) ∼
= Λ(x2i+1 , x2i+q+1 , . . . , x2i+(k−1)q+1 ),
but it is possible to have
i
≥
p.
The
action
of the dual Steenrod algebra is again

given by P∗j (x2r+1 ) = rj x2r+jq+1 . As an alternative notation, write
k

B i = B(2i + 1, 2i + q + 1, . . . , 2i + (k − 1)q + 1).
The one special case is G2 at the prime 3. Here, G2 is homotopy equivalent to
a space B 2 (3, 11) with H∗ (B 2 (3, 11)) ∼
= S(x3 , x11 ), and the action of the dual
k
Steenrod algebra is diﬀerent from that of the spaces B i , as we have P∗2 (x11 ) = x3 .
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The speciﬁc homotopy decompositions are as follows:
G2

F4

E6
E7

E8

p=3
p=5
p>5
p=5
p=7
p = 11
p > 11
p=5
p>5
p=5
p=7
p = 11
p = 13
p = 17
p > 17
p=7
p = 11
p = 13
p = 17
p = 19
p = 23
p = 29
p > 29

B 2 (3, 11)
B(3, 11)
S 3 × S 11
B(3, 11) × B(15, 23)
B(3, 15) × B(11, 23)
B(3, 23) × S 11 × S 15
S 3 × S 11 × S 15 × S 23
F4 × B(9, 17)
F4 × S 9 × S 17
B(3, 11, 19, 27, 35) × B(15, 23)
B(3, 15, 27) × B(11, 23, 35) × S 19
B(3, 23) × B(15, 35) × S 11 × S 19 × S 27
B(3, 27) × B(11, 35) × S 15 × S 19 × S 23
B(3, 35) × S 11 × S 15 × S 19 × S 23 × S 27
S 3 × S 11 × S 15 × S 19 × S 23 × S 27 × S 35
B(3, 15, 27, 39) × B(23, 35, 47, 59)
B(3, 23) × B(15, 35) × B(27, 47) × B(39, 59)
B(3, 27) × B(15, 39) × B(23, 47) × B(35, 59)
B(3, 35) × B(15, 47) × B(27, 59) × S 23 × S 39
B(3, 39) × B(23, 59) × S 15 × S 27 × S 35 × S 47
B(3, 47) × B(15, 59) × S 23 × S 27 × S 35 × S 39
B(3, 59) × S 15 × S 23 × S 27 × S 35 × S 39 × S 47
S 3 × S 15 × S 23 × S 27 × S 35 × S 39 × S 47 × S 59

Proof of Theorem 2.1 when G is an exceptional
group. Observe that the product

B
(G)
where H∗ (B i (G)) ∼
decompositions are of the form G  p−1
= S(Vi (G))
i
i=1
for a generating set Vi (G) which consists of the generators of H∗ (G) in degrees
2i + jq + 1 for j ≥ 0. Note that for a given G, Vi (G) may consist entirely of zeroes,
in which case we take B i (G) to be a point. We need to show there is a co-H space
Ai (G) such that H∗ (Ai (G)) ∼
= Vi (G) and there is a map Ai (G) −→ B i (G) which
induces the
inclusion
of
the
generating
set in homology. Provided we can do so, let

A(G) = p−1
i=1 Ai (G). Then A(G) is a co-H space and the composite
=

A(G) −→

p−1

i=1

Ai (G) −→

p−1




B i (G) −→ G

i=1

is a map which induces the inclusion of the generating set in homology.
To determine the spaces Ai (G), we consider the factors B i (G) one at a time. If
B i (G)  ∗, then let Ai (G) = ∗. The asserted properties of Ai (G) and B i (G) hold
trivially. If B i (G) = S 2m−1 for some m, then take Ai (G) = S 2m−1 . Observe that
 ∗ (Ai (G))), and the identity map Ai (G) −→ B i (G)
Ai (G) is co-H, H∗ (B i (G)) ∼
= S(H
induces the inclusion of the generating set in homology.
Suppose B i (G) = B(2m + 1, 2m + q + 1) for some m. Let Ai (G) be the (2m +
q + 1)-skeleton of B i (G). Observe that Ai (G) has two cells in degrees 2m + 1 and
2m + q + 1 which in homology are connected by the dual Steenrod operation P∗1 .
 ∗ (Ai (G))), as required. It remains to show that Ai (G) is a
So H∗ (B i (G)) ∼
= S(H
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co-H space. The cellular description of Ai (G) implies it is homotopy equivalent
α1
S3,
to the (2m − 2)-fold suspension of the homotopy coﬁber of the map S 2p −→
3 ∼
where α1 represents a generator of π2p (S ) = Z/pZ. If 2m − 2 > 0, then Ai (G) is a
suspension. If 2m − 2 = 0 then Ai (G) is itself the homotopy coﬁber of α1 . It is well
known that α1 is a co-H map (it is easy to check the co-H deviation vanishes) and
so in all cases Ai (G) is a co-H space. The same argument applies to the special
case of G2  B 2 (3, 11) at 3, where Ai (G2 ) is now the 11-skeleton of B 2 (3, 11).
It remains to consider the factors of rank ≥ 3 in the decompositions of E7 at
5 and 7, and E8 at 7. All the information on the factors which follows comes
from [MNT2, Section 7, Theorem 8.1]. The factor B(3, 11, 19, 27, 35) of E7 at 5
5
is homotopy equivalent to the factor B 1 of SU (18). So take Ai (E7 ) = A51 . Then
 ∗ (Ai )) and the composite
H∗ (B(3, 11, 19, 27, 35)) ∼
= S(H


Ai = A51 −→ B15 −→ B(3, 11, 19, 27, 35)
induces the inclusion of the generating set in homology. The same argument applies
to the factors B(3, 15, 27) and B(11, 23, 35) of E7 at 7 which are homotopy equiva3
3
lent to the factors B 1 and B 5 of SU (18) respectively, and the factor B(3, 15, 27, 39)
4
of E8 at 7 which is homotopy equivalent to the factor B 1 of SU (20).
The factor B(23, 35, 47, 59) of E8 at 7 is special. It is not a retract of SU (n)
for any n. In homology, it is a retract of H∗ (SU (30)/SU (11)). So to ﬁnd the
appropriate space A5 (E8 ), we look to stunted projective spaces. It follows from the
6
 ∗ (Ai )
decomposition of ΣCP n−1 in [MNT1] that ΣCP 29 /ΣCP 10  i=1 Ai where H
29
10
consists of those elements in H∗ (ΣCP /ΣCP ) in degrees 2i + jq + 1 for j ≥ 0. In
particular, A5 has vector space basis {x23 , x35 , x47 , x59 }, and the action of the dual
 ∗ (A5 )). Note that A5 is a
Steenrod algebra is such that H∗ (B(23, 35, 47, 59)) ∼
= S(H
co-H space because it retracts oﬀ a co-H space. Taking A5 (E7 ) = A5 , to ﬁnish the
proof we need to ﬁnd a map A5 −→ B(23, 35, 47, 59) which realizes the inclusion
of the generating set in homology. Such a map can be constructed by iteratively
extending the inclusion of the bottom cell S 23 −→ B(23, 35, 47, 59) to the 35, 47,
and 59 skeletons of A5 . The obstructions to doing so lie in πt (B(23, 35, 47, 59))
for t ∈ {34, 46, 58}. But all such groups can be seen to be zero by applying the
homotopy spectral sequence of [MNT2, Section 6].

 ∗ (Ai (G))) in
As a ﬁnal remark, observe that the condition H∗ (B i (G)) ∼
= S(H
Theorem 2.1 suggests that B i (G) may be universal for Ai (G). But while B i (G)
is an H-space because it retracts oﬀ G, the construction of B i (G) does not lend
itself well to determining whether or not it is homotopy associative and homotopy
commutative. The universal space for Ai (G), provided n ≤ (p − 1)(p − 3), will be
obtained by a diﬀerent construction described in Section 4.
3. Universality
This is a preliminary section in which we expand upon the notion of universality
discussed in the Introduction, and prove three lemmas to be used later on. The
universal property we are interested in pertains to homotopy associative, homotopy commutative H-spaces. The analogue for H-spaces which are only homotopy
associative is much more familiar; it is the James construction, so we begin with it.
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Let X be a connected space. Let X (i) be the i-fold smash product of X with
itself. Let E : X −→ ΩΣX be the suspension map. Let J(X) be the free monoid
on the points of X, with the basepoint as the identity. James [J] proved:
Theorem 3.1. The following hold:
(a) there is a homotopy equivalence J(X)  ΩΣX,
∞
(b) there is a homotopy equivalence ΣΩΣX  i=1 ΣX (i) ,
(c) if Y is a homotopy associative H-space and there is a map
f : X −→ Y , then there is a unique (up to homotopy) H-map
f : ΩΣX −→ Y with the property that f ◦ E  f .

The universal property is given by item (c) in Theorem 3.1. In particular, it
implies there is a one-to-one correspondence between the set of homotopy classes
of maps from X to Y and the set of homotopy classes of H-maps from ΩΣX to Y .
Now we turn to homotopy associative, homotopy commutative H-spaces. Given
a space A, we would like to ﬁnd a homotopy associative, homotopy commutative Hspace B which is universal for it, in the sense that any map from A to a homotopy
associative, homotopy commutative H-space Z extends uniquely to an H-map from
B to Z. To be precise, we make the following deﬁnition.
Deﬁnition 3.2. Let A be a space. A homotopy associative, homotopy commutative
H-space B is universal for A if there is a map i : A −→ B (which is to be regarded
as an inclusion) with the following property: given a map f : A −→ Z where Z is
homotopy associative and homotopy commtutative, then there is a unique H-map
f : B −→ Z such that f ◦ i  f .
There is no known functorial construction of such a space B. The known examples of universal spaces have all been ad hoc constructions. A basic example which
will be referred to later is the following.
Example 3.3. If p ≥ 5, then S 2n+1 is its own universal space. It is homotopy associative and homotopy commutative. Take i : S 2n+1 −→ S 2n+1 to be the identity
map. Then Gray [G] showed that any map from S 2n+1 to S 2m+1 is homotopic to
an H-map. His method in fact shows that any map from S 2n+1 to a homotopy
commutative, homotopy associative H-space Z is homotopic to an H-map.
Note that if a space A has a universal space, then it is unique. For if B and
i



i

B are both universal for A, then the inclusions A −→ B and A −→ B  can be
i

i



extended to give H-maps B  −→ B and B −→ B  . The identity map 1B on B and

i
i ◦ i are both H-maps which extend A −→ B, so the uniqueness property of the


multiplicative extension implies that i ◦ i  1B . Similarly, i ◦ i  1B  . Thus there
is an H-equivalence B  B  .
The value of this universal property comes from the fact that the uniqueness of
the multiplicative extensions implies there is a one-to-one correspondence between
homotopy classes of maps from A to Z and homotopy classes of H-maps from B to
Z. One common use of this in practice is to show that two H-maps B −→ Z are
homotopic by showing that their restrictions to A are homotopic. Doing exactly
this is the key point behind the proofs of the following three lemmas, which will be
used subsequently.
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Lemma 3.4. Suppose B1 and B2 are homotopy associative, homotopy commutative
H-spaces which are universal for spaces A1 and A2 . Then B1 × B2 is a homotopy
associative, homotopy commutative H-space which is universal for A1 ∨ A2 .
Proof. The product H-structure on B1 × B2 is clearly homotopy associative and
homotopy commutative. By hypothesis, there are inclusions i1 : A1 −→ B1 and
i2 : A2 −→ B2 . Let i be the composite
i ∨i

j

1
2
B1 ∨ B2 −→ B1 × B2
i : A1 ∨ A2 −→

where j is the inclusion of the wedge into the product. Let Z be a homotopy
associative, homotopy commutative H-space and suppose there is a map f : A1 ∨
A2 −→ Z. We need to show that there is a unique H-map f : B1 × B2 −→ Z such
that f ◦ i  f .
We ﬁrst show existence. Since the domain of f is a wedge, it is determined by
its restrictions f1 and f2 to A1 and A2 respectively. Since B1 and B2 are universal
for A1 and A2 , there exist unique H-maps f 1 : B1 −→ Z and f 2 : B2 −→ Z such
that f 1 ◦ i1  f1 and f 2 ◦ i2  f2 . Let f be the composite
f ×f

µ

1
2
f : B1 × B2 −→
Z × Z −→ Z

where µ is the multiplication on Z. Since Z is homotopy associative and homotopy
commutative, µ is an H-map. Thus f is a composite of H-maps and so is an
H-map. Now consider the homotopy commutative diagram
A1 ∨ A2

i1 ∨i2

/ B1 ∨ B2 f 1 ∨f 2 / Z ∨ Z
EE
EE ∇
EE
EE
E"


f 1 ×f 2
µ
/ Z ×Z
/Z
B1 × B2

where ∇ is the folding map. The lower direction around the diagram is the deﬁnition
of f ◦ i. The top row is f 1 ◦ i1 ∨ f 2 ◦ i2  f1 ∨ f2 . Thus the upper direction around
the diagram is homotopic to f . Hence f ◦ i  f .
To show uniqueness, suppose g : B1 × B2 −→ Z is another H-map such that
g ◦ i  f . For t = 1 or t = 2 let gt be the composite
g

gt : Bt −→ B1 × B2 −→ Z
where the left map is the inclusion into the tth -wedge summand. Observe that the
inclusion Bt −→ B1 × B2 is an H-map, so gt is an H-map, as it is the composite
of H-maps. Since Z is homotopy associative and homotopy commutative, g is
homotopic to the sum of its restrictions, that is, to the composite
g1 ×g2

µ

B1 × B2 −→ Z × Z −→ Z.
Thus f  g◦i  µ◦(g1 ×g2 )◦j◦(i1 ∨i2 ). Restricting to it shows that gt ◦it  ft . The
universal property of Bt for At then implies that gt  f t . Thus g  µ ◦ (g1 × g2 ) 

µ ◦ (f 1 × f 2 )  f .
If A is a co-H space, let p : A −→ A be the degree p map. If B is an H-space,
let p : B −→ B be the pth -power map. Note that if B is homotopy associative and
homotopy commutative, then p is an H-map. An odd dimensional sphere, S 2n+1 ,
is both a co-H space and an H-space, and the degree p map is homotopic to the
pth -power map; both maps will be commonly denoted by p.
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Lemma 3.5. Suppose B is a homotopy associative, homotopy commutative Hspace which is universal for a co-H space A. Then there is a homotopy commutative
diagram
p
/A
A
i


B

i

p


/ B.

Proof. We begin with an observation about looped Whitehead products. Let
wj : ΣA(j) −→ ΣA be the j-fold iterated Whitehead product of the identity map on
ΣA with itself. The adjoint of wj is a Samelson product, and is homotopic to the
E

Ωwj

i

composite A(j) −→ ΩΣA(j) −→ ΩΣA. The James construction extends A −→ B
to an H-map r : ΩΣA −→ B. As B is homotopy associative and r is an H-map,
the composite r ◦ (Ωwj ◦ E) is a Samelson product, and as B is homotopy commutative, this Samelson product is null homotopic. The uniqueness assertion of the
James construction says that the H-map r ◦ Ωwj is determined by its restriction to
A by E. Thus the triviality of r ◦ Ωwj ◦ E implies that r ◦ Ωwj is null homotopic.
Returning to the main problem, as in [C, §4], the Hilton-Milnor theorem shows
p−ΩΣp

that the diﬀerence ΩΣA −−−−→ ΩΣA is homotopic to a sum Σα (Ωwα ◦ Hα ), where
Hα is a Hilton-Hopf invariant and wα is an iterated Whitehead product of the
r
identity map on ΣA with itself. Composing with the H-map ΩΣA −→ B lets us
distribute on the left, giving r ◦(p−ΩΣp)  r ◦(Σα (Ωwα ◦Hα ))  Σα (r ◦Ωwα ◦Hα ).
Since r is an H-map and B is homotopy associative and homotopy commutative,
the argument in the ﬁrst paragraph shows that r ◦ Ωwα is null homotopic for
each α. Thus r ◦ (p − ΩΣp)  ∗ and so r ◦ p  r ◦ ΩΣp. Since r is an H-map,
r ◦ p  p ◦ r, and so p ◦ r  r ◦ ΩΣp. This proves the homotopy commutativity of
the right square in the following diagram:
A

E

/ ΩΣA

E


/ ΩΣA

p


A

r

/B

r


/ B.

p

ΩΣp

The left square homotopy commutes by the naturality of E. The deﬁnition of r
as an extension of i via the James construction implies that i  r ◦ E. Thus the
homotopy commutativity of the outer rectangle shows that p ◦ i  i ◦ p, proving the
lemma.

Lemma 3.6. Let X1 −→ X2 −→ X3 be a homotopy coﬁbration of path-connected
spaces. Suppose for each Xi there is a homotopy associative, homotopy commutative
H-space Yi which is universal for Xi , and which has the property that H∗ (Yi ) ∼
=
 ∗ (Xi )). Suppose in addition that H
 ∗ (X2 ) ∼


S(H
H
(X
)
⊕
H
(X
).
Then
there
are
= ∗ 1
∗
3
H-maps Y1 → Y2 , Y2 → Y3 and a homotopy commutative diagram
/ X2
/ X3
X1

Y1


/ Y2


/ Y3

in which the bottom row is a multiplicative homotopy ﬁbration.
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Proof. For 1 ≤ j ≤ 3, let ij : Xj −→ Yj be the inclusion into the universal space.
The universal property of Y1 for X1 implies there is an H-map g1 : Y1 −→ Y2 extendi2
Y2 . Similarly, there is an H-map g2 : Y2 −→ Y3
ing the composite X1 −→ X2 −→
i3
extending the composite X2 −→ X3 −→
Y3 . This proves the homotopy commutativity of the asserted diagram. Since the composite θ : X1 −→ X2 −→ X3 is
null homotopic, both g2 ◦ g1 and the trivial map are H-maps extending the comi3
θ
posite X1 −→ X3 −→
Y3 . The universal property says that such a multiplicative
extension is unique, and so g2 ◦ g1 is null homotopic.
It remains to show that the bottom row of the diagram in the statement of
g2
the lemma is a homotopy ﬁbration. Let F be the homotopy ﬁber of Y2 −→ Y3 .
Since g2 is an H-map, F is an H-space and the ﬁber map h : F −→ Y2 is an Hmap. The Serre spectral sequence converging to H∗ (F ) is therefore multiplicative.
The homological hypotheses imply that this spectral sequence collapses at the E2  ∗ (X1 )), and h∗ is the subalgebra inclusion S(H
 ∗ (X1 )) −→
term, H∗ (F ) ∼
= S(H
 ∗ (X2 )). Note that h∗ = (g1 )∗ . The null homotopy g2 ◦ g1  ∗ implies
 ∗ (X1 ) ⊕ H
S(H
that g2 lifts to a map λ : Y1 −→ F . Since h∗ = (g1 )∗ and both are injective, λ∗ must
be an isomorphism. Since Y1 and F are path-connected, Whitehead’s theorem says
g1
g2
that λ is a homotopy equivalence. It follows that the sequence Y1 −→ Y2 −→ Y3 is
a homotopy ﬁbration.

4. Alternative low rank decompositions of Lie groups
The purpose of this section is to prove the decompositions in Theorem 1.1. The
factors in these new decompositions arise from Cohen and Neisendorfer’s [CN] construction of low rank, torsion free, ﬁnite H-spaces, stated in Theorem 4.1. Conditions describing when they are homotopy associative, homotopy commutative, and
universal were given by the author in [T], and are stated in Theorem 4.2.
Theorem 4.1. Let X be a CW -complex consisting of l odd dimensional cells, where
 ∗ (X)) and there is
l < p − 1. Then there is an H-space Y such that H∗ (Y ) ∼
= S(H
a map X −→ Y which induces the inclusion of the generating set in homology. 
Theorem 4.2. Given the hypotheses in Theorem 4.1, suppose in addition that X
is a suspension and l < p − 2. Then the corresponding H-space Y is homotopy
associative, homotopy commutative, and universal for X.

The additional hypothesis that X is a suspension in Theorem 4.2 is a little too
strong for the application we have in mind. What is needed is a statement which
is valid when X is a co-H space. We prove this in the following proposition.
Proposition 4.3. Given the hypotheses in Theorem 4.1, suppose in addition that
X is a co-H space and l < p − 2. Then the corresponding H-space Y is homotopy
associative, homotopy commutative, and universal for X.
Proof. Examining the proof of Theorem 4.2 (which appears as Theorem 1.1 in [T]),
there was only one instance in which the hypothesis that X is a suspension was
used. This occurred in Lemma 2.2 of that paper and arose as follows. Let ad1 :
X −→ ΩΣX be the suspension map. For k ≥ 2, let
adk : X (k) −→ ΩΣX
be the k-fold iterated Samelson product deﬁned recursively by adk = [E, adk−1 ].
Suppose X is a suspension. Then X (k) for k ≥ 2 is a double suspension and so the
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set of homotopy classes of maps [X (k) , X (k) ] has the structure of an abelian group.
Observe that if σ is a permutation in the symmetric group Σk on k letters, then
there is a corresponding map σ : X (k) −→ X (k) deﬁned by permuting the smash
factors. Deﬁne a map
βk : X (k) −→ X (k)
inductively by letting β2 = 1 − (1, 2) and βk = (1 − (k, k − 1, . . . , 2, 1)) ◦ (1 ∧ βk−1 ).
In homology, (βk )∗ (x1 ⊗ · · · ⊗ xk ) = [x1 , [x2 , . . . [xk−1 , xk ] . . .]]. The abelian group
structure on [X (k) , X (k) ] lets us carry out the same arithmetic that Dynkin, Specht,
and Wever [Sp, W] used on the group ring Z(p) [Σk ] to show that βk ◦ βk  k · βk .
Thus if we restrict to k < p and deﬁne β k = k1 βk , then β k is an idempotent. Let
Qk = hocolimβ k X (k) . The linearity of the Samelson product then implies that
there is a homotopy commutative diagram
X (k)

Qk

adk

/ ΩΣX
/ ΩΣX.

The existence of this homotopy commutative diagram is the content of Lemma 2.2
of [T].
Now weaken the hypothesis that X is a suspension to X being a co-H space.
The set [X (k) , X (k) ] only has the structure of a group, but ΣX is homotopy cocommutative so [ΣX (k) , ΣX (k) ] has the structure of an abelian group. We can
therefore similarly deﬁne a map β k : ΣX (k) −→ ΣX (k) as before and β k = k1 βk
is an idempotent if k < p. Let Qk = hocolimβ k ΣX (k) . The adjoint of adk is the
k-fold iterated Whitehead product wk : ΣX (k) −→ ΣX of the identity map on ΣX
with itself. The bilinearity of the Whitehead product can then be used in place of
the bilinearity of the Samelson product to show there is a homotopy commutative
diagram
wk
/ ΣX
ΣX (k)

Qk

/ ΣX.

As the arguments in [T] are phrased in terms of Whitehead products rather than
Samelson products, it was really the adjoint of the factorization of adk through Qk
that was used. That is, the factorization of wk through Qk would have suﬃced to
carry the argument through. As this factorization also holds when X is a co-H
space, the proof of Theorem 4.2 is equally valid in that case too.

We now use Theorem 4.1 and Proposition 4.3 to produce the spaces which will be
the factors appearing in the decompositions of low rank Lie groups in Theorem 1.1.
For each compact, connected, simple Lie group G which is torsion free, Theorem 2.1
 ∗ (A(G))) and there
shows that there is a co-H space A(G) such that H∗ (G) ∼
= S(H
is a map A(G) −→ G which induces the inclusion of the generating set in homology.
p−1
The space A(G) decomposes as A(G)  i=1 Ai (G), where H∗ (Ai (G)) consists of
those elements in H∗ (A(G)) in degrees 2i + jq + 1 for j ≥ 0. Observe that Ai (G)
is a co-H space because it retracts oﬀ a co-H space. Restricting to the groups G
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listed in Theorem 1.1, we see that each of the p − 1 wedge summands Ai (G) has at
most p − 3 cells, and all are in odd dimensions. Theorem 4.1 and Proposition 4.3
then apply to show:
Lemma 4.4. There exists a homotopy associative, homotopy commutative H-space
 ∗ (Ai (G))) and Bi (G) is universal for Ai (G).
Bi (G) with H∗ (Bi (G)) ∼

= S(H
Recall the factors B i (G) in the decomposition of G in Section 2. Observe that
 ∗ (Ai (G))) ∼
there are abstract isomorphisms H∗ (B i (G)) ∼
= S(H
= H∗ (Bi (G)). We
wish to realize these ismorphisms geometrically by showing that B i (G) and Bi (G)
are homotopy equivalent. To do so, we ﬁrst prove a general lemma.
Lemma 4.5. Let A be a space consisting of l odd dimensional cells, where
l < p. Suppose: (i) there are H-spaces B1 and B2 satisfying coalgebra isomor ∗ (A)) ∼
phisms H∗ (B1 ) ∼
= S(H
= H∗ (B2 ), and (ii) there are maps f1 : A −→ B1 and
f2 : A −→ B2 which induce the inclusion of the generating set in homology. Then
there is a homotopy equivalence B1  B2 .
Proof. Let j ∈ {1, 2}. Since Bj , j = 1 or 2, is an H-space, the James construction
gives a map f j : ΩΣA −→ Bj such that f j ◦ E  fj . Note that the James
construction is usually applied when the target is a homotopy associative H-space,
in which case the extension f j would be an H-map. In our case, Bj is an Hspace but not homotopy associative. However, the James construction can still
be applied, but the extension f j need not be an H-map. The upshot is that in
(f j )∗

 ∗ (A)), and the homotopy
 ∗ (A)) −→ S(H
homology we have a coalgebra map T (H
 ∗ (A)) isomorphically
f j ◦ E  fj implies that (f j )∗ sends the generating set of T (H
 ∗ (A)).
onto the generating set of S(H
As in [CN, 4.1], the condition that the number l of odd dimensional cells in A is
less than p implies that f j has a right homotopy inverse sj : Bj −→ ΩΣA. Consider
the composite
s

f

2
1
g : B1 −→
ΩΣA −→
B2 .
It is more convenient to use cohomology at this point. Observe that each element
 ∗ (A) is of odd degree so S(H
 ∗ (A)) is an exterior algebra, so it is therefore
in H
 ∗ (A) so H ∗ (Bj ) ∼
isomorphic to its dual. Let V be the dual of H
= S(V ). Dualizing
the last sentence of the previous paragraph shows that if x ∈ V , then (f 1 )∗ (x) =
(f 2 )∗ (x). Since s1 is a right homotopy inverse of f 1 , we have (s1 )∗ ◦ (f 1 )∗ (x) = x.
Thus (s1 )∗ ◦ (f 2 )∗ (x) = x. That is, g ∗ is an isomorphism on algebra generators.
Hence g ∗ is an isomorphism and so g is a homotopy equivalence.


Proof of Theorem 1.1. Let G be one of the Lie groups listed in the hypotheses.
In Theorem 2.1 we saw that there is a space A(G) and a map A(G) −→ G such
 ∗ (A(G))). Further, there are homotopy decompositions G 
that H (G) ∼
= S(H
p−1
p−1 ∗
∼

i=1 B i (G) and A(G) 
i=1 Ai (G) such that H∗ (B i (G)) = S(H∗ (Ai (G))) and
the composite
Ai (G) −→ A(G) −→ G −→ B i (G)
induces the inclusion of the generating set in homology.
On the other hand, Lemma 4.4 shows that the universal space Bi (G) of Ai (G)
 ∗ (Ai (G))) and the map Ai (G) −→
also has the property that H∗ (Bi (G)) ∼
= S(H
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Bi (G) induces the inclusion of the generating set in homology. Lemma 4.5 then
p−1
shows that B i (G) and Bi (G) are homotopy equivalent. Hence G  i=1 Bi (G),
completing the proof.

Remark 4.6. Observe that the list of Lie groups G to which Theorem 1.1 applies
excludes the torsion free cases of G2 at 3 and E7 at 5. This is due to the restriction
that the number of cells of X is less than or equal to p − 3, which arises from
Proposition 4.3. In particular, the theorem never applies to a nontrivial X when
p = 3, and does not apply to the factor B(3, 11, 19, 27, 35) of E7 , as its corresponding
space “X” has 5 cells.
5. Exponents
In this section we apply the universal properties to prove the factorization in
Theorem 1.3, which leads to the exponent result in Theorem 1.5. We do so by
proving a more general statement, Theorem 5.1. Basically, the suspension of a
complex projective space or a stunted complex projective space has a canonical
decomposition into a wedge of p−1 summands. If A is one of the summands, and if it
has at most p−3 cells, then there is a homotopy associative, homotopy commutative
H-space B which is universal for A. Moreover, B is spherically resolved. We
use information about the action of the Steenrod algebra on H∗ (A) to prove that
multiplication by pr on B – for a suitably small r – factors through the product of
the resolving spheres of B.
In what follows, we are going to consider co-H spaces Aki such that there is a
vector space isomorphism
 ∗ (Aki ) ∼
H
= {x2i+1 , x2i+q+1 , . . . , x2i+(k−1)q+1 }


and the action of the Steenrod algebra is given by P j (x2r+1 ) = rj x2r+jq+1 . Note
that k records the number of cells in Aki . Let C be the collection of all such spaces. If
Aki ∈ C, then by Theorem 4.1 and Proposition 4.3 there is a homotopy associative,
homotopy commutative H-space Bik which is universal for Aki . Note that as all
 ∗ (Ak ) are of odd degree, the symmetric algebra S(H
 ∗ (Ak )) is an
generators in H
i
i
exterior algebra and so is isomorphic to its dual. Thus, by Theorem 4.1, H ∗ (Bik ) ∼
=
 ∗ (Ak )). So k records the rank of B k .
S(H
i
i
Spaces Aki always exist for each 1 ≤ i, k < ∞. They can be realized as retracts
n
= CP n /CP m−1
of suspensions of stunted complex projective spaces. Let CPm
be the stunted projective space. Note that when m = 1 we have CP1n = CP n ,
so we are considering the complex projective spaces and the (genuinely) stunted
projective spaces simultaneously. A corollary of the homotopy decomposition of
ΣCP n discussed in Section 2 is a homotopy decomposition
n

ΣCPm

p−1


Aj

j=1

 ∗ (Aj ) has vector space basis {x2i+1 , x2i+q+1 , . . . , x2i+(k−1)q+1 } for i =
where H
n−i
m + j − 1 and k = p−1
+ 1, and the action of the Steenrod algebra is given by
r
s
P (x2r+1 ) = s x2r+sq+1 . So Aj is a realization of Aki .
 ∗ (Ak ) on which the
Fix i and k. We wish to record the number of generators in H
i
1
k
Steenrod operation P acts nontrivially. Let ci be the number of nonzero elements
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in the set {P 1 (x2i+1 ), . . . , P 1 (x2i+(k−2)q+1 )}. Here, x2i+(k−1)q+1 has been excluded
as P 1 acts trivially on it for dimensional reasons. Observe that if 1 ≤ t < p − 1,
then

i + (t − 1)(p − 1)
P 1 (x2i+(t−1)q+1 ) =
x2i+tq+1 = (i + (t − 1)(p − 1)) x2i+tq+1 .
1
As 1 ≤ t < p − 1, we have i + (t − 1)(p − 1) ∼
= 0 (mod p) for exactly one value
 ∗ (Ak ) are
of t. Thus there is at most one instance where consecutive generators of H
i
 ∗ (Ak ) satisﬁes P 1 x2r+1 =
not connected by P 1 . So if every generator x2r+1 of H
i
u · x2r+q+1 where u = 0, then cki = k − 1; otherwise, cki = k − 2.
In what follows, we will need to make certain statements about the degrees of
maps to and from spheres. These will often be multiples of p, in which case they
are zero in mod-p cohomology. So for the degree statements alone, we use Z(p) cohomology and for all other statements we use mod-p cohomology. Observe that
no real discrepancies arise between the two in our case since the spaces Aki are
 ∗ (Ak ; Z/pZ) ∼
 ∗ (Ak ; Z(p) ) ⊗ Z/pZ. We
retracts of CP n for some n, and so H
= H
i
i
∗
continue to use H ( ) to mean mod-p cohomology.
Theorem 5.1. Let 1 ≤ k ≤ p − 3. Then there is a homotopy commutative diagram
of H-spaces and H-maps
k

pci

Bik
k
t=1


S

2i+(t−1)q+1

/ Bk
i

/ Bk ,
i

k

t

where the composite S 2i+(t−1)q+1 → i=1 S 2i+(t−1)q+1 −→ Bik has degree pci in
p−1
Z(p) -cohomology and the composite Bik −→ t=1 S 2i+(t−1)q+1  S 2i+(t−1)q+1 has
k
t
degree pci −ci in Z(p) -cohomology.
Remark 5.2. It should be emphasized that Theorem 5.1 has two useful features.
It may be the case that it can be shown for other more general reasons that some
power of p on Bik factors through the product of the resolving spheres. Theorem 5.1
gives cki as a precise power of p for which this works, and it makes explicit what
the maps are into and out of the product of spheres. It would be interesting to
know if the value of cki is the smallest possible power of p for which there is such
a factorization. Since cki depends so strongly on the action of the Steenrod algebra
on the generators of H ∗ (Bik ), it is likely that it is best possible.
Example 5.3. As the proof of Theorem 5.1 is lengthy, it may be helpful to focus on
the rank 2 case. Observe that A2i has two cells, in degrees 2i+1 and 2i+q+1. There
are two cases, depending on i. If c2i = 1, then the two cells of A2i are connected
in cohomology by the Steenrod operation P 1 . The statement of Theorem 5.1 then
claims there is a homotopy commutative diagram
Bi2

p


S 2i+1 × S 2i+q+1

/ B2
i
/ B2.
i
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In Z(p) -cohomology, the maps Bi2 −→ S 2i+1 and Bi2 −→ S 2i+q+1 are of degrees p
and 1 respectively, and the maps S 2i+1 −→ Bi2 and S 2i+q+1 −→ Bi2 are of degrees
1 and p respectively. If c2i = 0, then the two cells of A2i are not connected in
cohomology by the Steenrod operation P 1 , and so for low dimensional reasons,
A2i  S 2i+1 ∨ S 2i+q+1 . The statement of Theorem 5.1 then claims there is a
homotopy commutative diagram
/ B2
i

1

Bi2


S 2i+1 × S 2i+q+1

/ B2
i

where all the maps to and from spheres are degree 1 in cohomology. In particular,
this implies Bi2  S 2i+1 × S 2i+q+1 .
Before proceeding with the proof of Theorem 5.1 we record a particular instance
of Lemma 3.6 which will be used repeatedly.
−→ Aki be the skeletal inclusion. Then there is a homotopy
Lemma 5.4. Let Ak−1
i
commutative diagram
Ak−1
i

/ Ak

/ S 2i+(k−1)q+1




/ Bk
i



i

=

Bik−1

/ S 2i+(k−1)q+1

where the top row is a homotopy coﬁbration, the bottom row is a homotopy ﬁbration
of H-spaces and H-maps, and the vertical maps are the inclusions into the universal
spaces.
→ Aki → S 2i+(k−1)q+1 ,
Proof. Apply Lemma 3.6 to the homotopy coﬁbration Ak−1
i
2i+(k−1)q+1
noting that by Example 3.3 the universal space for S
is itself.

Iterating Lemma 5.4 applied to the homotopy coﬁbrations At−1
−→ Ati −→
i
S
for 1 ≤ t ≤ k gives:
2i+(t−1)q+1

Corollary 5.5. The space Bik is spherically resolved by multiplicative homotopy

ﬁbrations Bit−1 −→ Bit −→ S 2i+(t−1)q+1 for 1 ≤ t ≤ k.
Proof of Theorem 5.1. We induct on the rank of Bik . The k = 0 case is a tautology
as Bi1 = S 2i+1 and all the maps in the asserted diagram are identities. Assume
the (k − 1)st case holds. Two possibilities exist at each stage of the induction,
depending on whether or not consecutive cells in Aki are connected by the Steenrod
operation P 1 in cohomology. The setup for both cases is the same.
Setup: Consider the homotopy coﬁbration
−→ Aki
S 2i+(k−1)q −→ Ak−1
i
which attaches the top cell of Aki . Let ψ be the composite
−→ Bik−1 −→
ψ : Ak−1
i

k−1


S 2i+(t−1)q+1

t=1
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where the left map is the inclusion and the right map is from the inductively
k−1
assumed factorization of the pci -power map on Bik−1 . Let θ be the composite
ψ

−→
θ : S 2i+(k−1)q −→ Ak−1
i

k−1


S 2i+(t−1)q+1 .

t=1
2i+(t−1)q+1

represents an element in
Note that the projection of θ to S
π2i+(k−1)q (S 2i+(t−1)q+1 ). Since k < p−2, Toda’s [To] calculations of the low dimensional unstable homotopy groups of spheres show that π2i+(k−1)q (S 2i+(t−1)q+1 ) ∼
=
k−1
Z/pZ, with a generator represented by the stable map αk−t . So θ = t=1 st · αk−t
for constants st ∈ Z/pZ. In particular, focus on t = k − 1. Then θ projects to
sk−1 · α1 . The map α1 is detected in cohomology by the Steenrod operation P 1 . To
be precise, we have H ∗ (Aki ) ∼
= Λ(x2i+1 , . . . , x2i+(k−1)q+1 ). If P 1 (x2i+(k−2)q+1 ) =
u · x2i+(k−1)q+1 for some unit u ∈ Z/pZ, then sk−1 is also a unit in Z/pZ. If
P 1 (x2i+(k−2)q+1 ) = 0, then sk−1 = 0 as well.
Case 1: P 1 (x2i+(k−2)q+1 ) = u · x2i+(k−1)q+1 for some unit u ∈ Z/pZ, and so
sk−1 = 0. Then θ is nontrivial and has order p. Thus there is a homotopy pushout
(1)
/ Ak−1
/ Ak
S 2i+(k−1)q
i

i

S 2i+(k−1)q



p◦ψ

/ k−1 S 2i+(t−1)q+1

∗

t=1



ρ

/ (k−1 S 2i+(t−1)q+1 ) ∨ S 2i+(k−1)q+1
t=1

which deﬁnes the map ρ. Observe that ρ followed by the pinch map to S 2i+(k−1)q+1
is homotopic to the pinch map from Aki onto its top dimensional cell, and so is
degree 1 in cohomology. By the deﬁnition of ψ and the inductive hypothesis, the
composite
k−1
ψ  2i+(t−1)q+1
−→
S
 S 2i+(t−1)q+1
Ak−1
i
t=1

has degree p

ck−1
−cti
i

ρ

in Z(p) -cohomology, so the composite

Aki −→ (

k−1


S 2i+(t−1)q+1 ) ∨ S 2i+(k−1)q+1  S 2i+(t−1)q+1

t=1
ck−1
+cti +1
i

has degree p
. As we assumed that P 1 (x2i+(k−2)q+1 ) = 0 to begin this
k−1
+ 1 = cki since cki counts the number of nonzero P 1 operations
case, we have c
 ∗ (Ak ).
connecting the generators of H
i
Step 1 : To use pushout (1), we claim that the composites
k

(2)

pci

−−−−→ Aki −−−−→ Bik −−−−→ Bik
Ak−1
i

and
(3)

p◦ψ

Ak−1
−−→
i

k−1


S 2i+(t−1)q+1 −−→ Bik−1 −−→ Bik

t=1

k−1
are homotopic. First, ψ is the composite Ak−1
−→ Bik−1 −→ t=1 S 2i+(t−1)q+1 ,
i

2i+(t−1)q+1
−→ Bik−1
and by inductive hypothesis the composite Bik−1 −→ k−1
t=1 S
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k−1

is homotopic to pci

, so we see that (3) is homotopic to
k−1

pci

+1

Ak−1
−−−−→ Bik−1 −−−−→ Bik−1 −−−−→ Bik .
i

(4)

As mentioned, in this case ck−1
+ 1 = cki . Applying Lemma 5.4 to the inclusion
i
k−1
Ai
−→ Aki , we can assume the corresponding map Bik−1 −→ Bik of universal
spaces is an H-map. Thus (4) is homotopic to the composite
k

pci

Ak−1
−−−−→ Bik−1 −−−−→ Bik −−−−→ Bik .
i

(5)

Lemma 5.4 also says that Ak−1
−→ Bik−1 −→ Bik is homotopic to Ak−1
−→ Aki −→
i
i
k
Bi , so (5) is homotopic to (2). Hence (2) is homotopic to (3). The homotopy

2i+(t−1)q+1
pushout in (1) then gives a pushout map b : ( k−1
)∨S 2i+(k−1)q+1 −→
t=1 S
k
Bi and a homotopy commutative diagram
/ Bk

Aki

(

k−1
t=1

i

k

ρ



b

S 2i+(t−1)q+1 ) ∨ S 2i+(k−1)q+1



pci

/ Bk .
i

k−1
Step 2 : Let b1 , b2 be the restrictions of b to t=1 S 2i+(t−1)q+1 and S 2i+(k−1)q+1
respectively. The construction of b in Step 1 implies that b1 is an H-map, as it is

2i+(t−1)q+1
−→ Bik−1 −→ Bik . Example 3.3
the composite of the H-maps k−1
t=1 S
shows that any map from an odd dimensional sphere to a homotopy associative,
homotopy commutative H-space is homotopic to an H-map. Since Bik is homotopy
associative and homotopy commutative, b2 is therefore homotopic to an H-map.
Clearly b factors through the composite
b1 · b2 : (

k−1


b ×b

µ

1
S 2i+(t−1)q+1 ) × S 2i+(k−1)q+1 −
−→2 Bik × Bik −−→ Bik .

t=1

Bik

is homotopy associative and homotopy commutative, µ is an H-map. Thus
As
b1 · b2 is a composite of H-maps and so is an H-map. Hence there is a homotopy
commutative diagram
Aki

/ Bk
i




/ Bk
i

k

k
t=1

S 2i+(t−1)q+1

pci

where the map along the lower row is an H-map.
k
2i+(k−1)q+1
−→ Bik be the lower direction
Step 3 : Let φ : Aki −→
t=1 S
around the square at the end of Step 2. The homotopy commutativity of the
k

pci

square implies that Bik −−→ Bik is an H-map which extends φ. On the other

hand, kt=1 S 2i+(k−1)q+1 is homotopy associative and homotopy commutative and
k
Bik is universal for Aki , so the map Aki −→ t=1 S 2i+(k−1)q+1 extends to an Hk
2i+(k−1)q+1
map Bik −→
. Thus the composite of H-maps ϕ : Bik −→
t=1 S
k
2i+(k−1)q+1
k
−→ Bi also extends φ. The universal property says there is
t=1 S
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k

a unique H-map Bik −→ Bik extending φ, and so ϕ  pci , giving a homotopy
commutative diagram of H-maps
k

pci

Bik
k
t=1

/ Bk
i


S

/ Bk .
i

2i+(k−1)q+1

All that remains to complete the inductive step is to check the degree assertions.
It suﬃces to check that these hold when the lower direction around the previous
square is restricted to Aki . By construction, this restriction is homotopic to the com
ρ
b
2i+(t−1)q+1
posite Aki −→ ( k−1
) ∨ S 2i+(k−1)q+1 −→ Bik . The degree assertions
t=1 S
now follow from the degree properties of ρ stated immediately after (1).
Case 2: P 1 (x2i+(k−2)q+1 ) = 0, and so sk−1 = 0. If Aki has two cells, then this
case has been dealt with in Example 5.3. So we may assume that Aki has at least
three cells, meaning k > 2. As sk−1 = 0, the projection of θ to S 2i+(k−2)q+1 is null
homotopic.
Step 1 : Since Bik is spherically resolved there is a homotopy ﬁbration Bik−1 −→
k
Bi −→ S 2i+(k−1)q+1 . The triviality of θ when projected to S 2i+(k−2)q+1 then
implies there is a lift
k−2

i Bi
i i
i
λ i
i
i i
i

i
/ B k−1
/ Ak−1
S 2i+(k−1)q
i
i

S 2i+(k−2)q+1
for some map λ.
Step 2 : We claim that the diagram
/ B k−1
i

Bik−2

(6)
k−2
t=1


S 2i+(t−1)q+1

p̃


/ k−1 S 2i+(t−1)q+1
t=1

homotopy commutes. Here, the two vertical maps are the inductively assumed Hk−2
maps and p̃ is multiplication by p on t=1 S 2i+(t−1)q+1 followed by the inclusion
k−1 2i+(t−1)q+1
.
into t=1 S
To prove the claim, ﬁrst recall from when cki was deﬁned that there is at most
one instance of two consecutive cells in Aki not being connected by a P 1 in cohomology. The hypothesis P 1 (x2i+(k−2)q+1 ) = 0 to start this case then implies that
P 1 (x2i+(k−3)q+1 ) = 0, and so the preceding step in the induction going from rank
k−2 to rank k−1 was subject to Case 1. We assume this from here on. Observe that
k−1 2i+(t−1)q+1
is homotopy associative and homotopy commutative, and that
t=1 S
all maps in (6) are H-maps. Since Bik−2 is universal for Ak−2
, it suﬃces to show
i
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that (6) homotopy commutes when restricted to Ak−2
. Consider the composites
i
(7)

−−−−→ Bik−2 −−−−→
Ak−2
i

k−2


p̃

S 2i+(t−1)q+1 −−−−→

t=1

k−1


S 2i+(t−1)q+1

t=1

and
(8)

Ak−2
−−−−→ Bik−2 −−−−→ Bik−1 −−−−→
i

k−1


S 2i+(t−1)q+1 .

t=1

We need to show that (7) is homotopic to (8). First, the combination of the left
and middle maps in (7) is the deﬁnition of ψ (in the k − 2 case), so (7) is homotopic
to the composite
p◦ψ

−→
Ak−2
i

k−2


S 2i+(t−1)q+1 −→

t=1

k−1


S 2i+(t−1)q+1 .

t=1

Clearly, this is homotopic to the composite
p◦ψ

−→
φ1 : Ak−2
i

k−2


S 2i+(t−1)q+1 −→ (

t=1

k−2


S 2i+(t−1)q+1 ) ∨ S 2i+(k−1)q+1

t=1
k−1


→

S 2i+(t−1)q+1 .

t=1

Bik−2

Bik−1

On the other hand, since
and
are universal for Ak−2
and Ak−1
respeci
i
k−2
k−1
tively, applying Lemma 5.4 to the inclusion Ai
−→ Ai
implies that (8) is
homotopic to the composite
−→ Ak−1
−→ Bik−1 −→
Ak−2
i
i

k−1


S 2i+(t−1)q+1 .

t=1


2i+(t−1)q+1
−→ k−1
was constructed in Case 1 as an extension of
The map
t=1 S
k−2 2i+(t−1)q+1

k−1 ρ
2i+(t−1)q+1
−→ ( t=1 S
)∨S 2i+(k−1)q+1 −→ k−1
.
the composite Ai
t=1 S
Thus (8) is homotopic to the composite
Bik−1

ρ

−→ Ak−1
−→ (
φ2 : Ak−2
i
i

k−2


S 2i+(t−1)q+1 ) ∨ S 2i+(k−1)q+1 →

t=1

k−1


S 2i+(t−1)q+1 .

t=1

Thus to show (7) is homotopic to (8) it suﬃces to show that φ1  φ2 . But this is
exactly given by the homotopy pushout
Ak−2
i
k−2
t=1



p◦ψ

S 2i+(t−1)q+1

/ Ak−1
i


ρ

/ (k−2 S 2i+(t−1)q+1 ) ∨ S 2i+(k−1)q+1
t=1

which began the proof of Case 1 (in the step from rank k−2 to rank k−1). Thus (6)
homotopy commutes.
Step 3 : We return to the lift λ in Step 1. Again using Toda’s calculations
λ
of the low dimensional homotopy groups of spheres, the composite S 2i+(k−1)q −→


2i+(t−1)q+1
is homotopic to k−2
Bik−2 −→ k−2
t=1 S
t=1 rt ·αk−t for constants rt ∈ Z/pZ.
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rt · αk−t ) is null homotopic. The homotopy commutativity
λ

of (6) therefore shows that the composite S 2i+(k−1)q −→ Bik−2 −→ Bik−1 −→
k−1 2i+(t−1)q+1
is null homotopic. The deﬁnition of λ then says that the comt=1 S
k−1
2i+(k−1)q
posite S
−→ Ak−1
−→ Bik−1 −→ t=1 S 2i+(t−1)q+1 is null homotopic. So
i
there is a homotopy pushout
/ Ak−1
i

S 2i+(k−1)q

S 2i+(k−1)q

∗



/ Ak
i

ψ



ρ̄

/ (k−1 S 2i+(t−1)q+1 ) ∨ S 2i+kq+1
t=1

/ k−1 S 2i+(t−1)q+1
t=1

which deﬁnes the map ρ̄. Observe that this pushout is similar to the one which
k−1
−→ t=1 S 2i+(t−1)q+1 here
began the proof in Case 1, except that the map Ak−1
i
is ψ, while in Case 1 it is p ◦ ψ. Proceeding now as in Case 1, we replace (3) by
(9)

ψ

Ak−1
−−→
i

k−1


S 2i+(t−1)q+1 −−→ Bik−1 −−→ Bik .

t=1

Arguing as before, with ψ in (9) instead of p ◦ ψ in (3), we see that (9) is homotopic
to the composite
k−1

pci

−→ Bik−1 −→ Bik−1 −→ Bik
Ak−1
i
which in turn is homotopic to the composite
k−1

(10)

pci

Ak−1
−→ Bik−1 −→ Bik −→ Bik .
i

As we assumed that P 1 (x2i+(k−2)q+1 ) = 0 to begin this case, we have cki = ck−1
i
 ∗ (Ak ).
since, by deﬁnition, cki counts the number of nonzero P 1 operations in H
i
Hence (10) equals (2), and so (9) is homotopic to (2). The remainder of the proof
now follows as in Case 1.

k

Remark 5.6. The maps S 2i+(k−1)q+1 −→ Bik of degree pci in Theorem 5.1 are
“characteristic” maps. Recall that there is a canonical characteristic map S 2n−1 −→
SU (n) which, when composed with the quotient map SU (n) −→ S 2n−1 , has degree
(n − 1)!. As we are localized at p, we only care about the number of times p divides
p−1
(n−1)!, which we write as νp ((n−1)!). The decomposition SU (n)  i=1 Bi results
in a map Bik −→ S 2i+(k−1)q+1 and a “characteristic” map S 2i+(k−1)q+1 −→ Bik
such that the composite S 2i+(k−1)q+1 −→ Bik −→ S 2i+(k−1)q+1 is homotopic to
pνp ((i+(k−1)(p−1))!) . With 1 ≤ i ≤ p − 1 and 0 ≤ k ≤ p − 3, it is easy to see that
cki = νp ((i + (k − 1)(p − 1))!). So the H-map S 2i+(k−1)q+1 −→ Bik of Theorem 5.1
can be regarded as a particularly well-behaved choice of a characteristic map.
Proof of Theorem 1.3. We are considering the factors Bi (G) of the decomposition

G  p−1
i=1 Bi (G) in Theorem 1.1. Each Bi (G) is universal for a space Ai (G),
which is explicitly described in the proof of Theorem 2.1. In particular, when
G = SU (n), then A(G) = ΣCP n−1 and so Ai (G) is a wedge summand of ΣCP n−1 .
Thus Ai (SU (n)) = Aki ∈ C with 1 ≤ i ≤ p − 1 and 1 ≤ k ≤ p − 3. The factorization
in Theorem 1.3 is therefore a special case of Theorem 5.1. Here, ri (SU (n)) = cki ,
and this is explicitly described in Remark 5.6.
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As described in the proof of Theorem 2.1, the nonsphere factors of G for the
other Lie groups are factors of SU (n) for 1 ≤ n ≤ (p − 1)(p − 3), except for some of
the rank two factors of the exceptional groups, and the factor homotopy equivalent
to B(23, 35, 47, 59) in E7 at the prime 7. Those Bi (G)’s which are also factors of
SU (n) have already been taken care of. The factorization in Theorem 1.3 for the
rank two factors of the exceptional groups is explicitly given in Example 5.3. The
proof of Theorem 2.1 shows that B(23, 35, 47, 59) at 7 is homologically generated
by a retract of a stunted complex projective space A with four cells, and P 1 acts
nontrivially on the 23, 35, 47 generators in cohomology. Theorem 5.1 then applies

to the corresponding universal space B and c4i = 3.
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