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HEEGNER POINTS AND MORDELL-WEIL GROUPS
OF ELLIPTIC CURVES OVER LARGE FIELDS

BO-HAE IM

Abstract. Let E/Q be an elliptic curve defined over Q of conductor N and

let Gal(Q/Q) be the absolute Galois group of an algebraic closure Q of Q. For

an automorphism σ ∈ Gal(Q/Q), we let Q
σ

be the fixed subfield of Q under

σ. We prove that for every σ ∈ Gal(Q/Q), the Mordell-Weil group of E over

the maximal Galois extension of Q contained in Q
σ

has infinite rank, so the
rank of E(Q

σ
) is infinite. Our approach uses the modularity of E/Q and a

collection of algebraic points on E – the so-called Heegner points – arising
from the theory of complex multiplication. In particular, we show that for
some integer r and for a prime p prime to rN , the rank of E over all the ring
class fields of a conductor of the form rpn is unbounded, as n goes to infinity.

This paper is motivated by the following conjecture of M. Larsen [8]:

Conjecture. Let K be a number field and E/K an elliptic curve over K. Then,
for every σ ∈ Gal(K/K), the Mordell-Weil group E(K

σ
) of E over K

σ
= {x ∈ K |

σ(x) = x} has infinite rank.

In [3] and [4], we have proved this conjecture in certain cases:
For a number field K and an elliptic curve E/K over K,

• if E/K has a K-rational point P such that 2P �= O and 3P �= O, or
• if 2-torsion points of E/K are K-rational,

then for every automorphism σ ∈ Gal(K/K), the rank of the Mordell-Weil group
E(K

σ
) is infinite.

Recall that a field L is said to be PAC (pseudo algebraically closed) if every
absolutely irreducible nonempty variety defined over L has an L-rational point.
We note that if K is a countable separably Hilbertian field, then M. Jarden has
proven in [6, Theorem 2.7] that for almost all σ ∈ Gal(K/K) in the sense of
Haar measure on Gal(K/K), the maximal Galois extension contained in K

σ
is a

PAC field with the absolute Galois group isomorphic to the free profinite group on
countably many generators, so the maximal Galois extension of K in K

σ
is smaller

than K
σ

for almost all σ. In [3], we have shown that under the first assumption
above, the Mordell-Weil group of E over the maximal Galois extension of K in K

σ

for every σ ∈ Gal(K/K) has infinite rank, and under the second assumption, we
have shown a stronger result in [4] that the rank of E over the maximal abelian
extension of K in K

σ
(hence, over the maximal Galois extension of K in K

σ
) is

infinite.
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In this paper, we prove that the conjecture is true for elliptic curves over Q
without any hypothesis on rational points of E/Q, i.e. if E/Q is an elliptic curve
over Q, then for every automorphism σ ∈ Gal(Q/Q), the Mordell-Weil group of E

over the maximal Galois extension of Q contained in the fixed subfield Q
σ

under σ
has infinite rank, so the rank of E(Q

σ
) is infinite.

To prove the conjecture for a given E/K, ultimately one must find an infinite
supply of rational points of E over finite extensions of K contained in K

σ
. In

[3] and [4], we constructed such points using Diophantine geometry, essentially by
searching for sufficiently rational subvarieties of the quotients of the n-fold product
En of E by certain finite groups.

Here we use a completely different approach, coming from arithmetic: taking
advantage of the modularity of elliptic curves over Q, we choose our rational points
on E to be algebraic points over ring class fields – the so-called Heegner points.

The main strategy is as follows: for a given automorphism σ ∈ Gal(Q/Q), we
produce a specially designed infinite sequence Km �= End(E) ⊗ Q of imaginary
quadratic extensions of Q such that

(1) if σ|Km
= idKm

for all m, then we may show using “elementary” arguments
that the rank of E(Q

σ
) is infinite and

(2) if σ|Km
�= idKm

for some m, then (E, Km) satisfies the Heegner hypothesis
(the definition is given in Section 2) and we show that the rank of E over
the fixed subfields under σ of the ring class fields over Km is unbounded as
the ring class fields get larger. Hence the rank of E(Q

σ
) is infinite. Here we

use the norm compatibility properties of Heegner points and a generalized
dihedral group structure of the Galois groups of ring class fields over Q.

1. The main theorem

In this section, we introduce the main theorem. First, we will need the following
Hilbert irreducibility and the denseness of Hilbert sets in any open intervals of R.

Let f ∈ K(t1, . . . , tm)[X1, . . . , Xn] be a polynomial with coefficients in the quo-
tient field K(t1, . . . , tm) of K[t1, . . . , tm] which is irreducible over K(t1, . . . , tm). We
define

HK(f) = {(a1, . . . , am) ∈ Km : f(a1, . . . , am, X1, . . . , Xn) is irreducible over K}
to be the Hilbert set of f over K. If for every m ≥ 1, any intersections of a finite
number of Hilbert sets with a finite number of nonempty Zariski open subsets in
Km are not empty (in fact, they are infinite), a field K is called a Hilbertian field.

Lemma 1.1. Let L be a finite separable extension of a Hilbertian field K and let f
be a polynomial in L(t1, . . . , tm)[X1, . . . , Xn] which is irreducible over the quotient
field L(t1, . . . , tm). Then, there exists a polynomial p ∈ K[t1, . . . , tm, X1, . . . , Xn]
such that p is irreducible over K(t1, . . . , tm) and HK(p) ⊆ HL(f).

Proof. For a given irreducible polynomial f ∈ L(t1, . . . , tm)[X1, . . . , Xn], by [5,
Ch.11, Lemma 11.6], there is an irreducible polynomial

q ∈ K(t1, . . . , tm)[X1, . . . , Xn]

such that HK(q) ⊆ HL(f). By [5, Ch.11, Lemma 11.1], there is an irreducible
polynomial p ∈ K[t1, . . . , tm, X1, . . . , Xn] which is irreducible over K(t1, . . . , tm)
such that HK(p) ⊆ HK(q). Hence the Hilbert set HL(f) of f over L contains the
Hilbert set HK(p) of p over K. �
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Lemma 1.2. Let K be a number field and τ1, . . . , τm be a family of real embeddings
of K. For i = 1, 2, . . . , k, let fi(x, y) ∈ K[x, y] be an irreducible polynomial over
K(x). Let HK(fi) = {α ∈ K : fi(α, y) ∈ K[y] is irreducible over K} be the Hilbert
set of fi over K. Then for any open interval I in R,(

k⋂
i=1

HK(fi)

)
∩

⎛⎝ m⋂
j=1

τ−1
j (I)

⎞⎠ �= ∅.

Proof. Since K is a finite separable extension of Q, by Lemma 1.1, there exist
irreducible polynomials Fi(x, y) ∈ Q[x, y] such that for each i = 1, 2, . . . , k, the
Hilbert set HQ(Fi) of Fi over Q is contained in the Hilbert set HK(fi) of fi over
K.

Let I be an open interval in R. Since
k⋂

i=1

HQ(Fi) is dense in Q by [7, Chapter 9,

Corollary 2.5], and Q is dense in R,
(

k⋂
i=1

HQ(Fi)
)
∩ I is not empty. Hence there

is β ∈
(

k⋂
i=1

HQ(Fi)
)
∩ I. Since

k⋂
i=1

HQ(Fi) ⊆
k⋂

i=1

HK(fi), we have β ∈
k⋂

i=1

HK(fi).

On the other hand, for each real embedding τj of K, we have τj |Q = idQ. Hence

for all j = 1, 2, . . . , m, τj(β) = β ∈ I. Hence β ∈
m⋂

j=1

τ−1
j (I). Therefore, β ∈(

k⋂
i=1

HK(fi)
)

∩
(

m⋂
j=1

τ−1
j (I)

)
.

�

Here is our main theorem.

Theorem 1.3. Let E/Q be an elliptic curve over Q. Then, for every automorphism
σ ∈ Gal(Q/Q), the rank of E over the maximal Galois extension contained in Q

σ

is infinite, hence the rank of E(Q
σ
) is infinite.

Proof. Let N be the conductor of E and let y2 = x3 + ax + b be a Weierstrass
equation of E/Q. By the change of variables, we may assume that a and b are
integers. Let M = 4p1p2 · · · pk, where pk are all distinct prime factors of N .
Consider the polynomial

f(x) = (1 + Mx)3 + aM4(1 + Mx) + bM6 ∈ Z[x].

Then, there exists a real number r such that for all x < r, the expression f(x) is
strictly negative. Let I = (−∞, r) be the open interval in R of all real numbers less
than r. Choose an integer m1 ∈ I. Then, y2 − f(m1) is irreducible over Q, since
f(m1) < 0. If we let Km1 := Q(

√
f(m1)), then Km1 is an imaginary quadratic

extension of Q.
By Lemma 1.1, there is a polynomial p(x, y) over Q such that HQ(p(x, y)) ⊆

HKm1
(y2−f(x)). Then, since Q is Hilbertian, by Lemma 1.2, there exists a rational

number in I ∩ HQ(p(x, y)). In particular, since the Hilbert set HQ(p(−x, y)) con-
tains infinitely many rational primes by [7, Chapter 9, Corollary 2.4], HQ(p(x, y))
contains infinitely many negative (prime) integers. So we can choose an integer
m2 ∈ I ∩ HQ(p(x, y)). Then, since m2 ∈ HKm1

(y2 − f(x)), Km2 := Q(
√

f(m2)) is
a quadratic imaginary extension of Q, and Km1 and Km2 are distinct, hence they
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are linearly disjoint over Q. By repeating this procedure over the composite field
Km1Km2 · · ·Kmr

of imaginary quadratic extensions obtained from the previous
steps inductively, we obtain an infinite set S of integers such that for all m ∈ S,

(1) f(m) < 0, so that Km := Q(
√

f(m)) is an imaginary quadratic extension
of Q,

(2) the fields in the infinite sequence {Km}m∈S are linearly disjoint over Q,

(i.e. [Km1Km2 · · ·Kmr
: Q] = 2r, for any mi ∈ S and for every r ≥ 1)

and
(3) if E/Q has CM, then Km is different from F = End(E) ⊗ Q.

Note that for each m ∈ S and for every prime pi dividing N ,

f(m) ≡
{

1 (mod pi), if pi �= 2,
1 (mod 8), if pi = 2.

Hence, this implies that all primes dividing N are split in Km. On the other
hand, the discriminant of Km is f(m) or 4f(m) depending on whether f(m) ≡ 1
(mod 4) or not, respectively. In any case, the discriminant of Km is prime to N .

Let σ ∈ Gal(Q/Q). We consider two cases. For the first case, suppose that for all

m ∈ S, σ|Km
= idKm

. Then, for each m ∈ S, consider the number
1 + Mm

M2
∈ Q.

By plugging this number into the given Weierstrass equation of E/Q, we get

y2 =
(

1 + Mm

M2

)3

+ a

(
1 + Mm

M2

)
+ b =

f(m)
M6

.

Hence the point

Pm =

(
1 + Mm

M2
,

√
f(m)
M3

)
is in E(Km) but it is not in E(Q). Moreover, since Km = Kσ

m, Pm is fixed under
σ.

So we get an infinite sequence {Pm}m∈S of points in E(Q
σ
) such that each Pm

is defined over the imaginary quadratic extension Km. As shown in [9, Lemma],
we know that the set of all torsion points of E defined over finite extensions of Q of
bounded degree is finite. So we may assume that these points Pm are not torsion
points. Now we show that the points Pm for m ∈ S are linearly independent.
Suppose that for some integers ai and mi ∈ S,

a1Pm1 + a2Pm2 + · · · + akPmk
= O.

Since the fields in {Km}m∈S are linearly disjoint over Q, for each i, we can find an
automorphism of Q which fixes all but exactly one Kmi

of Km1 , . . . , Kmk
. Note

that such an automorphism takes Pmi
to its inverse, −Pmi

. Applying this auto-
morphism, we get

a1Pm1 + · · · + ai−1Pmi−1 − aiPmi
+ · · · + akPmk

= O.

By subtracting, we get 2aiPmi
= O, which implies ai = 0. We conclude that the

Pm for m ∈ S are linearly independent in E(Q
σ
)⊗Q. Since Pm are defined over the

composite field of all quadratic extensions which is Galois as an abelian extension
over Q, this implies that the rank of E over the maximal abelian (Galois) extension
Qab in Q

σ
is infinite. Hence the rank of E(Q

σ
) is infinite.
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For the second case, suppose that there exists an integer m ∈ S such that
σ|Km

�= idKm
. Then, fix such an imaginary quadratic extension Km, and call it K,

and let Kab be the maximal abelian extension of K. Then, we complete the proof
of this case as a consequence of the following statement:

Theorem 1.4. Under the assumption in the second case above (i.e. if K is different
from End(E)⊗ Q, all primes dividing N are split in K, and σ|K �= idK), the rank
of the Mordell-Weil group of E over the fixed subfield (Kab)σ of Kab under σ is
infinite, hence the rank of E over the maximal Galois extension contained in Q

σ
is

inifinte.

The proof of Theorem 1.4, which lies deeper than the methods used in the first
case will be treated in the following section and will be given explicitly in Proposi-
tion 2.9, as it requires modularity of E/Q and the theory of complex multiplication
which give nontorsion algebraic points of E under the given assumption in the
second case. �

2. The rank of E over ring class fields

of imaginary quadratic fields

The goal of this section is to prove Theorem 1.4 — stated at the end of the
previous section. By a theorem of Wiles [12] and Taylor-Wiles [11] (completed
by a later work of Breuil, Conrad, Diamond and Taylor [1]), the elliptic curve
E/Q is known to be modular. Our strategy is to construct algebraic points on E
using Heegner points over the ring class fields arising from the theory of complex
multiplication.

Through out this section, we let E/Q be an elliptic curve over Q of conductor
N . Let K be an imaginary quadratic extension of Q with discriminant D such that
all prime divisors of N split in K. For each integer n relatively prime to ND, set
Nn = N ∩ On, where On is the order of index n in the ring of integers OK of K
and N is an ideal of OK with OK/N ∼= Z/NZ. Then, On/Nn

∼= Z/NZ and the
elliptic curve C/On defines the Heegner point Qn on the modular curve X0(N)
corresponding to the cyclic N -isogeny (C/On → C/N−1

n ). Let Hn denote the ring
class field of K of conductor n. By [2, Chapter 3, Theorem 3.6], there is an algebraic
point Pn ∈ E(Hn) which is in the image of Qn under the modular parametrization
and is also called a Heegner point of conductor n. Let HP (n) ⊂ E(Hn) denote the
set of all Heegner points of conductor n in E(Hn). Let H∞ be the compositum of
all ring class fields of conductor prime to ND. Then, the sets HP (n) and E(H∞)
satisfy the following properties.

First, we recall some of the norm-compatibility properties of Heegner points Pn.

Proposition 2.1. Let n be an integer and � a prime number such that both n and
� are prime to ND. Let Pn� be any point in HP (n�) and a� the coefficient of the
Hecke operator T� of the modular form of E. Then, there are points Pn ∈ HP (n)
and Pn/� ∈ HP (n/�) (when �|n) such that

TraceHn�/Hn
(Pn�) =

{
a�Pn if � � n is inert in K,
a�Pn − Pn/� if �|n.

Proof. See [2, Chapter 3, Proposition 3.10]. �
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Lemma 2.2. The set E(H∞)tors is finite.

Proof. See [2, Chapter 3, Lemma 3.14]. �

The following lemma describes the structure of the Galois groups of ring class
fields over a given imaginary quadratic extension K of Q. It is essentially well-
known, but we include a proof here for lack of an adequate reference.

Lemma 2.3. In our setting for Hm over K,
(1) If p is a prime not dividing c ·N ·D · [Hc : K] ·disc(Hc), then for all integers

n ≥ 1,

Gal(Hcpn/Hcp) ∼= Z/pn−1Z, and Gal(Hcpn+1/Hcpn) ∼= Z/pZ.

(2) If k =
m∏

j=1

pj for distinct primes pj which are relatively prime to N and

inert in K, then for each j,

Gal(Hk/H k
pj

) ∼= Z/(pj + 1)Z.

Proof. First, we note that if H is the Hilbert class field of K, then for n ≥ 1,

Gal(Hcpn/H) ∼= (OK/cpnOK)∗/(Z/cpnZ)∗

and Gal(Hcpn/K) is an extension of the ideal class group C�K of K by Gal(Hcpn/H).
To prove the first part of (1), for n ≥ 1,

Gal(Hcpn/Hcp) ∼= ker(Gal(Hcpn/K) → Gal(Hcp/K))
∼= ker((OK/cpnOK)∗/(Z/cpnZ)∗ → (OK/cpOK)∗/(Z/cpZ)∗)

=
[(1 + cpOK)/cpnOK ]∗ · (Z/cpnZ)∗

(Z/cpnZ)∗

=
[(1 + cpOK)/cpnOK ]∗

[(1 + cpZ)/cpnZ]∗

=
[(1 + pOK)/pnOK ]∗

[(1 + pZ)/pnZ]∗
(since p � c · D · [Hc : K] · disc(Hc))

∼=
[(1 + pOK)/pnOK ]∗

(Z/pn−1Z)
(since [(1 + pZ)/pnZ]∗∼=ker((Z/pnZ)∗→(Z/pZ)∗)) ∼= Z/pn−1Z).

By the logarithmic function from 1+pÔK,p → pÔK,p which maps 1+pnÔK,p →
pnÔK,p, where ÔK,p is the completion of OK at p,

[(1 + pÔK,p)/pnÔK,p]∗ ∼= ÔK,p/pn−1ÔK,p
∼= OK/pn−1OK .

Hence, we have

Gal(Hcpn/Hcp) ∼= (OK/pn−1OK)/(Z/pn−1Z) ∼= Z/pn−1Z.

For the second part of (1),

Gal(Hcpn+1/Hcpn) ∼= ker(Gal(Hcpn+1/Hcp) → Gal(Hcpn/Hcp))
∼= ker((Z/pnZ)∗ → (Z/pn−1Z)∗)
∼= Z/pZ.
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To prove (2), for k =
m∏

j=1

pj > 1 and for each i = 1, ..., m,

Gal(Hk/H k
pi

) ∼= ker(Gal(Hk/K) → Gal(H k
pi

/K))

∼= ker((OK/kOK)∗/(Z/kZ)∗ → (OK/
k

pi
OK)∗/(Z/

k

pi
Z)∗)

∼= ker

⎛⎝ m∏
j=1

Gal(Hk/H k
pj

) →
i−1∏
j=1

Gal(Hk/H k
pj

)

×{1} ×
m∏

j=i+1

Gal(Hk/H k
pj

)

⎞⎠
∼= (Z/λZ)∗/(Z/piZ)∗ where λ is a prime factor of pi

∼= Z/(pi + 1)Z. �

A Heegner system attached to (E, K) is a collection of points Pn ∈ E(Hn)
indexed by integers n prime to the conductor N of E/Q and the discriminant D of
K, and satisfying the norm compatibility properties given in Proposition 2.1 and the
behavior under the action of reflections described in [2, Chapter 3, Proposition 3.11].

In our setting, since all primes dividing N are split in K (recall the construction
of K in the proof of Theorem 1.3), there is a Heegner system in which at least
one of the Heegner points Pn of conductor n for some n is a nontorsion point as a
consequence of Lemma 2.2, together with the fact that the modular parametrization
X0(N) → E has finite degree (see [2, Chapter 3, Theorem 3.13]). We call such a
Heegner system a nontrivial Heegner system.

Now we will need the following lemmas to prove Proposition 2.7 later.

Lemma 2.4. For a given elliptic curve E/F over a number field F , suppose there
exists a point Q ∈ E(F ) − E(F ) and suppose that m > 1 is the smallest positive
integer such that mQ ∈ E(F ). If there exists a prime p such that pr divides m for
some integer r ≥ 1, then there exists an automorphism τ ∈ Gal(F/F ) such that
τ

(
m
p Q

)
− m

p Q is a nontrivial point, and for such τ , the point τ
(

m
pr Q

)
− m

pr Q is a
nontrivial torsion point of exact order pr.

Proof. First, by the minimality of m, m
p Q /∈ E(F ), so there exists an automorphism

τ ∈ Gal(F/F ) such that τ
(

m
p Q

)
�= m

p Q.
Then, since τ fixes F and mQ ∈ E(F ), we see that

pr

(
τ

(
m

pr
Q

)
− m

pr
Q

)
= τ (mQ) − mQ = mQ − mQ = O.

So τ
(

m
pr Q

)
− m

pr Q is a torsion point and its order is of the form pi for some 0 ≤ i ≤ r.
If i < r, then r − i − 1 ≥ 0 and

τ

(
m

p
Q

)
− m

p
Q = pr−i−1 · pi

(
τ

(
m

pr
Q

)
− m

pr
Q

)
= pr−i−1O = O,

which contradicts its nontriviality. Hence, i = r and the order of τ
(

m
pr Q

)
− m

pr Q

is pr. �
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Lemma 2.5. For a given elliptic curve E/L over a number field L, let H be an
(infinite) Galois extension of L and let {Pm}∞m=1 be an infinite sequence of points
in E(H). Denote by S the subgroup of E(H) generated by the Pm. Suppose that

(1) E(H)tors is finite, and
(2) S is not finitely generated.

Then, dimS ⊗ Q = dimE(H) ⊗ Q = ∞.

Proof. Suppose not. Then there exists an integer N > 0 such that for each m > N ,
the set {P1, . . . , PN} ∪ {Pm} is linearly dependent. Then there exists a number
field F such that L ⊆ F ⊂ H and the points P1, . . . , PN are defined over F . Since
S is not finitely generated but P1, . . . , PN and Pm are dependent for all m > N ,
there are infinitely many m > N such that Pm /∈ E(F ) and for such m, there exists
k > 1 such kPm ∈ E(F ). Let

M := {m > N : Pm /∈ E(F )}.

Also, for each m ∈ M , let

km = min{k : k > 1 and kPm ∈ E(F )}.

Let
U = {km : m ∈ M}.

First, suppose U is finite. If k =
∏

km∈U

km, then {Pm : m ∈ M} ⊂ [k]−1E(F ).

Since [k]−1E(F ) is finitely generated, this implies that S is finitely generated, which
is a contradiction to condition (2).

So U must be infinite. Let

V = {� : � is a prime and � | k for some k ∈ U}.

We consider two subcases. First, suppose that V is finite. Then as U is infinite,
there exists a prime � ∈ V , an infinite sequence m1 < m2 < · · · in M , and an infinite
sequence of exponents 1 ≤ r1 < r2 < · · · such that ord�kmi

= ri for each i. By the
minimality of kmi

, for each i, there exists an automorphism τi ∈ Gal(H/F ) such
that (τi−1)

(
kmi

�ri

)
Pmi

�= O. Then by Lemma 2.4, the point Qi = (τi−1)
(

kmi

�ri

)
Pmi

is a torsion point in E(H) of exact order �ri . Since the ri form a strictly increasing
sequence, this contradicts condition (1) of the finiteness of E(H)tors.

Now suppose that V is infinite. Then we can find infinitely many distinct integers
m1, m2, . . . in M and distinct prime integers �1, �2, . . . in V such that for each i,
�i | kmi

and �i � kmj
for all j �= i. As above, we find automorphisms τi ∈ Gal(H/F )

such that Qi := (τi − 1)
(

kmi

�ri

)
Pmi

�= O. Then by Lemma 2.4, the point Qi is a
torsion point in E(H) of exact order �i. Since �i are distinct, this again contradicts
the finiteness of E(H)tors. �

Now we prove the unboundedness of the rank of Mordell-Weil groups over all the
ring class fields of conductor cpn as n goes to infinity for a prime p prime to ND
and to some integer c. This will play an important role in the proof of the main
theorem. To prove this, we need the following simple lemma.

Lemma 2.6. For an elliptic curve E/Q and for a prime p not dividing the con-
ductor of E, let ap = p + 1 − #E(Fp). Then there is no infinite sequence {cn}∞n=0
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of integers with c0 �= 0 and satisfying the following linear recurrence:

pcn+1 = apcn − cn−1, for all n ≥ 1,

and for every N , there exists n > N such that cn �= 0.

Proof. Suppose there is such an infinite sequence {cn}∞n=0 of integers satisfying the
above conditions. Then, the linear recurrence implies that

(∗) cn = αnb0 + βnb1, for all n ≥ 1,

where α and β are two solutions of the quadratic equation x2 − ap

p x + 1
p = 0 and

b0 =
(

−β

α − β
c0 +

1
α − β

c1

)
and b1 =

(
α

α − β
c0 −

1
α − β

c1

)
.

Note that this quadratic equation has no rational solutions, because if there were,
the only possible pairs of rational solutions would be 1 and 1

p or −1 and − 1
p and

in either case, we would get ap = ±(p + 1) which is impossible since |ap| < 2
√

p by
Hasse’s inequality [10, Chapter V, Theorem 1.1]. Also, b0 �= 0 and b1 �= 0 since c0

is a nonzero integer and α and β are not rational numbers.
Let F be a quadratic extension of Q containing α and β and choose an embedding

of F into Qp with the valuation vp such that vp(α) < 0 and vp(β) = 0, where Qp is
an algebraic closure of the p-adic field Qp. This is possible because αβ = 1

p .
Since b0 �= 0 and vp(β) = 0, the recurrence relation (∗) implies that for all large

positive integers n, vp(cn) is dominated by vp(αn) which is negative. But for each N ,
there exists n > N such that cn �= 0. Since a nonzero integer cn has a nonnegative
valuation, we get a contradiction. Hence, there is no such sequence. �

Proposition 2.7. For a given elliptic curve E/Q of conductor N , if there is a
nontrivial Heegner system attached to (E, K), where K is an imaginary quadratic
extension of Q with discriminant D such that K �= End(E) ⊗ Q, then there exists
an integer r > 0 prime to ND such that for any prime p such that p � r ·N ·D · [Hr :
K] · disc(Hr), the rank of E(Hrpn) is unbounded, as n goes to infinity.

Proof. First, we show that there exists a positive integer r such that for a prime p
such that p � r · N · D · [Hr : K] · disc(Hr), the subgroup S of E(H∞) generated
by all Heegner points of conductor rpn for all integer n ≥ 1 in the given nontrivial
Heegner system is not finitely generated.

Suppose for any integer r, this group S is finitely generated. Then, by Lemma 2.2,
since E(H∞)tors is finite, for some integer k there is a fixed ring class field Hrpk

over which all Heegner points of conductor rpn for all n ≥ 1 are defined.
Let m0 = rpk and mn = rpk+n for n ≥ 1. Since the given Heegner system is

nontrivial, we may assume that a Heegner point P0 of conductor m0 = rpk is of
infinite order.

By the second norm-compatibility property given in Proposition 2.1, we have
that for all n ≥ 1,

TraceHmn+1/Hmn
(Pn+1) = apPn − Pn−1,

where Pi are Heegner points of conductor mi = m0p
i.

Since Pn+1 is defined over Hm0 , hence over Hmn
by assumption, the trace of

Pn+1 from Hmn+1 to Hmn
is the degree of Hmn+1 over Hmn

which is p by (1) of
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Lemma 2.3. Therefore, the infinite sequence of Heegner points of conductor of the
form mn = m0p

n satisfies the linear recurrence relation,

(∗∗) pPn+1 = apPn − Pn−1, for all n ≥ 1.

By the Mordell-Weil Theorem, E(Hm0) is finitely generated, so by dividing by
its torsion subgroup E(Hm0)tors, all points Pn mod E(Hm0)tors lie in Zk for some
k. Suppose that E(Hm0) ∼= ZQ1 + · · ·+ZQk +E(Hm0)tors where Qi are linearly in-
dependent points of E(Hm0). Now we consider all points Pn mod E(Hm0)tors and

denote it by Pn again by abuse of notation. Let Pn =
k∑

i=1

cn,iQi for some integers

cn,i. Since P0 is not a torsion point by the assumption, without loss of generality
we may assume that c0,1 �= 0. Then, at least one of c1,1 and c2,1 is nonzero, since
otherwise, the relation (∗∗) implies that c0,1Q1 is a linear combination of points
Q2, Q3, . . . , Qk over Z which contradicts the linear independence of the points Qi.
Inductively, by using (∗∗) and linear dependence of the points Qi, we can show
that pcn+1,i = apcn,i − cn−1,i for all n ≥ 1, and if cn−1,1 �= 0, then cn,1 �= 0 or
cn+1,1 �= 0. Hence, by setting cn = cn,1, we get an infinite sequence {cn}∞n=0 of
integers satisfying the pcn+1 = apcn − cn−1 for all n ≥ 1 with c0 �= 0 and for each
N , there exists n > N such that cn �= 0. This is a contradiction to Lemma 2.6.
Therefore, we conclude that the group S is not finitely generated as a subgroup of
E(H∞).

Then, since the torsion subgroup E(H∞)tors is finite by Lemma 2.2, the dimen-
sion of S ⊗ Q is infinite by Lemma 2.5. Therefore, the dimension of E(Hrpn) ⊗ Q
(i.e. the rank of E(Hrpn)) cannot be bounded, as n goes to infinity. �

Remark 2.8. By using the Čevotarev Density Theorem and the first norm-compati-
bility property given in Proposition 2.1, for the given nontrivial Heegner system,
we can prove that the subgroup generated by all Heegner points of conductor of
the form rm for some r, where m is a square-free integer relatively prime to rND.
Then, Lemma 2.5 implies the unboundedness of the rank of Mordell-Weil groups
over all of those ring class fields of conductor rm as a square-free m goes to infinity.

Finally, the following proposition proves Theorem 1.4, hence completing the
proof of Theorem 1.3.

Proposition 2.9. Let σ ∈ Gal(Q/Q) and K an imaginary quadratic extension
of Q with discriminant D such that σ|K �= idK and K �= End(E) ⊗ Q. Suppose
that all primes dividing the conductor N of E/Q split in K. Then, the rank of
the Mordell-Weil group E(Hσ

n ) is unbounded, as n goes to ∞. Hence, the rank of
E((Kab)σ) and the rank of E over the maximal Galois extension of Q contained in
Q

σ
are infinite, where Kab is the maximal abelian extension of K.

Proof. Since all primes dividing the conductor N of E split in K, there is a nontriv-
ial Heegner system attached to (E, K) by [2, Chapter 3, Theorem 3.13]. For a given
σ ∈ Gal(Q/Q), since σ|K �= idK , the restriction of σ to each ring class field Hn in
the given Heegner system can be lifted as an involution of Hn. Let σn = σ|Hn

be
the restriction of σ to Hn. Then, each ring class field Hn has a generalized dihedral
group structure as its Galois group over Q with an involution σn such that for any
τ ∈ Gal(Hn/K), σnτσn = τ−1.
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By Proposition 2.7, we may fix a positive integer r and an odd prime p such that
p � r · N · D · [Hr : K] · disc(Hr) and the rank of E(Hrpn) is unbounded, as n goes
to infinity. We prove that the rank of E(Hσ

rpn) is unbounded as n goes to infinity.
Suppose not. Then since the restriction σn of σ to Hrpn is an involution of the

ring class field Hrpn , there exists an integer k ≥ 1 such that σ acts by −1 on any
nontrivial quotient (E(Hrpk+n) ⊗ Q)/(E(Hrpk) ⊗ Q), for all n ≥ 1.

By (1) of Lemma 2.3, Gal(Hrpk+n/Hrp) is a cyclic group of order pk+n−1. Also,
Gal(Hrpk+n/Hrpk) is a subgroup of Gal(Hrpk+n/Hrp). Hence, it is a cyclic subgroup
of order pm for some m < k + n − 1.

Let m0 = rpk and mn = rpk+n for each n ≥ 1. Let τn be a generator of
Gal(Hmn

/Hm0). Consider E(Hmn
)⊗Q as a representation of Gal(Hmn

/Q). Also,
for each n ≥ 1, let

Mn = (E(Hmn
) ⊗ Q)/(E(Hm0) ⊗ Q).

For every element α ∈ Gal(Hmn
/Q), let α|Hm0

be the restriction of α to Hm0 .
Then, α|Hm0

is an element of Gal(Hm0/K), since Hm0 is Galois over Q. Therefore,
Gal(Hmn

/Q) acts on E(Hm0) ⊗ Q as well. So we can consider the quotient Mn as
a representation of Gal(Hmn

/Q).
Let

ρ : Gal(Hmn
/Q) → Aut(Mn)

be the representation of Gal(Hmn
/Q). Then, by the hypothesis, σn acts by −1

on Mn. Hence, ρ(σn) = −id on Mn. On the other hand, by the dihedral group
structure of Gal(Hmn

/Q), σnτnσn = τ−1
n . Therefore,

ρ(τ2
n) = ρ(τn)ρ(τn) = (−id)ρ(τn)(−id)ρ(τn) = ρ(σnτnσnτn) = ρ(1) = id.

Hence, the restriction of ρ to the cyclic subgroup Gal(Hmn
/Hm0) of Gal(Hmn

/Q)
generated by τ2

n is a trivial representation of Mn. Since the order of τn is an odd
integer pm,

〈τ2
n〉 = 〈τn〉 = Gal(Hmn

/Hm0).

Therefore, we have

M
Gal(Hmn/Hm0 )
n = M

〈τ2
n〉

n = Mn.

This implies that

E(HGal(Hmn/Hm0 )
mn ) ⊗ Q + E(Hm0) ⊗ Q = E(Hmn

) ⊗ Q.

Since H
Gal(Hmn/Hm0 )
mn = Hm0 ,

E(Hm0) ⊗ Q = E(Hmn
) ⊗ Q, for all n ≥ 1,

which is a contradiction to Proposition 2.7.
Hence, the rank of E(Hσ

rpk+n) is unbounded, as n → ∞. Since all ring class
fields Hmn

are abelian over K and are Galois over Q, this implies that the rank
of E((Kab)σ) and the rank E over the maximal Galois extension of Q contained in
Q

σ
are infinite. �
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