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CONTINUED FRACTIONS
WITH CIRCULAR TWIN VALUE SETS

LISA LORENTZEN

ABSTRACT. We prove that if the continued fraction K (an/1) has circular twin
value sets (Vp, V1), then K(an/1) converges except in some very special cases.
The results generalize previous work by Jones and Thron.

1. INTRODUCTION AND MAIN RESULT

A pair (Vy, V1) of sets from C := C U {0} is called a pair of twin value sets for

the continued fraction

al as as ai
1.1 K(a,/1) = — — — = n€C\{0
) KeH=F T T, s m el
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142

1+...

if both V}, and its complement V,¢ in C are non-empty for £k = 0,1 and
(1.2) aon—1/(1+V1)C Vo and ag9,/(1+Vy) CVy for n=1,2,3,....

Note that we do not require ag,+x € Vi—1 for k = 1,2 as was done in the work by
Jones and Thron; see for instance their book [7, p. 64]. For given value sets we
further define the corresponding element sets (Ey, Es) by

(1.3) Ei:={acC; a/(1+V1) SV}, Ey:={acC;a/(1+V)CVi}.

Here, by definition, 0 ¢ E; if —1 € Vi (the closure of V; in ((AZ) and 0 € Fs if
—1 € Vy. The twin element sets (Ey, Eo) are true if Ej \ {0} # 0 for k = 1 and 2.
We also say that (Vp, V1) are twin value sets for (Ey, F2). For convenience we shall
always let V5 := Vi, so that E, ={a € C; a/(1 +Vj) C Vj_1} for k =1,2.

In this paper we restrict the value sets to be closed circular domains; that is, they
are closures of simply connected, open, non-empty domains on the Riemann sphere
@, bounded by a generalized circle. The points 0, —1, co are special in the classical
continued fraction theory. (See (1.6).) We shall therefore distinguish between closed
domains V' where

o oo ¢V (disks),
e 0o on the boundary 9V of V' (half planes),
e o0 in the interior V° of V' (complements of disks).
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We address the problem: when does K (a,, /1) from (E1, E5) (i.e. all as,—1 € Fy and
all ag,, € Esy) converge? By convergence we mean that the sequence of approzimants
{en} of K(ay,/1) converges to a ¢ € C, where

a1 an Qp,
= 5,(0 d S == = —
(14) Cn n( ) an n(z) 1 + 144142
' . ay
ie, Sp,:=808080---08,; So(2):=2, sp(z):= T+s

We say that the even (odd) part of K(a,/1) converges if {can} ({can+1}) converges
in C. A number of papers has been written on this topic. See for instance [7, chapter
4] and the references therein. In particular, the paper [6] by Jones and Thron,
published in this journal, gives a very nice and useful presentation of sufficient
conditions for convergence. However, these results can be improved, as we shall
show in this paper. The very special case where 0 € 9V and —1 € 9V; or vice
versa still needs some extra attention, though (see Example 2.9). We shall prove:

Theorem 1.1. Let (Vy, V1) be closed circular twin value sets with corresponding
element sets (E1, E3) for the continued fraction K (a,/1). Then the following state-
ments are true:

A. Let Vy and V1 be disks and ES # 0. Then K(a,/1) converges to a c € Vy.

B. Let Vy be a disk, Vi be a half plane and ES # 0. Then K(a,/1) converges
to a c€e V.

C. Let Vi be a disk and Vy be the complement of a disk with respective centers
Ck and radii Ry, such that |Cy|Rig+1 # Ri|1+Chry| fork=0ork =1 and
0¢ 0"V, :=0ViN(—1—-0V,). Then the even part of K(a,/1) converges to
a c € Vy. If moreover —1 & Vo \ (—1 — V), then K(an/1) itself converges
to c.

D. Let Vi and Vi be half planes with 0, —1 & 0TVi. Then the even and odd
parts of K(an/1) converge to finite values € Vy. Moreover, K (a,/1) itself
converges if and only if

o0
aipag---azp—1 Q204 * - A2n
(15) D |bal =00 where by, t= L py g e o2
el a20y4 -+ - Q2p a1a3 - - a2n+1
Remarks 1.2.

1. Since K22 ,(a,/1) converges in C if and only if K2 5(an/1) converges in
((AZ, we may interchange Vj and V.

2. Theorem 1.1 also covers cases such as, for instance, V{, a half plane and V;
a complement of a disk, since (Vp, V1) are twin value sets for the continued
fraction K(ay/1) if and only if (—1 — V¢, =1 — Vi) are twin value sets
for K(a,/1) (see Lemma 4.1). This was also pointed out by Jones and
Thron in [6]. Indeed, if Vo or V4 contains more than one element, then
Yo :=Vo\ (=1 —=V7)° # D and Yy := Vi \ (=1 —V})° # 0, so also (Y, Y7)
are twin value sets for K(a,/1), [9, prop. 5.4].

3. It is a well established fact [7, thm. 4.53, p. 128] that (1.5) holds if {a,}
has a bounded subsequence.

The classical convergence concept requires that S, (0) — ¢, where by (1.4),

(1.6) tn = Sn-1(an) = Sn(0) = Spt1(00) = Sny2(—1) = Spis(—1 — anss).
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In [2] a more general concept of convergence was introduced: we require that there
exist two sequences {uy} and {v,} from C such that

(1.7) lim Sy, (uy,) =1lim S, (v,) = ¢ and liminfd(u,,v,) > 0,

where d(x, *) denotes the chordal metric on the Riemann sphere @; ie.,
2|z — w|

IRV EAERVIEaTE

with the natural limit forms if z and/or w is = oco. If (1.7) holds, we say that

K(a,/1) converges generally to c¢. Then, by [2], there exists an exceptional sequence

~

{21} C C such that

(1.8) d(z,w)

if z,weC

(1.9) lim S,,(z,) = ¢ whenever liminf d(z,, z]) > 0.

If ¢ # oo, we can for instance use 2], := ¢, := S}, 1(c0) for all n. Or more generally,
{S1(q)} is an exceptional sequence for every ¢ # c, also if ¢ = co. All the
exceptional sequences have the same asymptotic behavior.

Classical convergence implies general convergence whereas the converse does not
hold. Indeed, there are generally convergent continued fractions K(a,/1) where
{z1} has limit points at 0, —1 and oo which destroy the classical convergence
of K(an/1). However, if K(a,/1) also converges in the classical sense, then it
converges to the same value. It is also clear that if the even and odd parts of
K (ay/1) converge to distinct values in the classical sense, then they also converge
generally to the same two distinct values.

One might expect to get a nicer theorem with general convergence. However,
Theorem 1.1 is already good, except for the disk — complement of disk case. For
this case it really pays off to change over to general convergence (here B(C,R)
denotes a closed circular disk with center at C' € C and radius R > 0):

Theorem 1.3. Let Vy := B(Cy, Ry) and Vi := B(C1,R1)¢ be twin value sets
for the continued fraction K(a,/1), where 0 & 9'V; := 9Vy N (=1 — Vp) and
|Ck|Ri+1 # Ri|l + Cry1| for k=0 or k =1. Then K(ay,/1) converges generally
to acelV.

The final result in this section describes cases where classical convergence follows
from general convergence. We still use the notation ¢, := S, !(00).

Theorem 1.4. Let (Vy, V1) be closed twin value sets for the continued fraction
K(an/1) with (Vo UV1)® # 0. Let K(an/1) converge generally to c, let ¢ # ¢ and
let Zy. be the set of limit points for {Sg_nlJrk(q)}, Then the following statements hold
for fixed k € {1,2}.
A ceVp\(=1=V?) and Z, C (-1 = Vi) \ VP,
B. If -1 ¢ Zy or 0 & Zy, then Say,1+1(0) — ¢. If co & Zy, then Sapik—1(0) —
c.
C. Lete > 0 and RS N. If for each n > nq, either d(a2n+k,1,2k) > e or
d(—1 — aspak+2, Zx) > €, then Sapik—1(0) — c.
D. If Vi is bounded, then {(,} is an exceptional sequence for {S,} and Sa,(0)

— C.

E. If -1¢Vy\ (-1 —=V), then S2,41(0) — c.
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In section 2 we shall give some explicit expressions for the corresponding ele-
ment sets (E£7, Fy) and some stronger convergence results. Section 3 contains some
intermediate results, and in section 4 we prove the results in sections 1 and 2.

Notation. We shall use the notation introduced so far, plus some extra. For
convenience we list a few of them here:

o A, A° QA and A° are the closure, the interior, the boundary and the
complement of a set A in C.

e D is the open unit disk {z € C; |z] < 1}.

® [z1,22] is the closed line segment between the two points z; and z in C.
Moreover, a[r,00) := {z = ua; u > r} for a € C\ {0} and r € R.

e B(a,r) :={z € C; |z —a| < r} and By(a,r) := {z € C; d(z,a) < r} for
a € Candr>0.

e H(r,a), wherer, a € R, denotes the closed half plane with L := e“[r, 00) C
H(r,a), whose boundary 9H (r, ) is the line through re!® orthogonal to
L.

e rad(A) is the euclidean radius of a circular set A C C. rad(A) := oo if
0o € A. R

o diam(A) is the euclidean diameter of a set A C C.

e dist(z, A) (d(z, A)) denotes the euclidean (chordal) distance between a point
z € C and aset A C C, and dist(A, B) (d(A, B)) denotes the euclidean
(chordal) distance between two sets A, B C C.

e For convenience, V5 := Vo, Wy := Wy, E3 := Eq, Eg = E5, etc. for twin
quantities; that is, they are counted modulo 2.

® s, denotes the linear fractional transformation a,,/(1 + 2), sk, (z) == a¥,/
(1+ 2) and so on, and S, := 810890+ 0 8.

(] Z’vak =0V N (—]. — aVk+1) and 0*V}, := 0V, N (—]. — Vk+1) for k =0,1.
Clearly, 0TV = —1 — 0'V4, and the condition 0 € OV}, —1 ¢ V41 can be
written 0 ¢ 01V4, or equivalently, —1 & 0TVj .

e (, := S, (), ¢, := S8,(0) and Zj is the (closed) set of limit points for
{Contr}- L L

L] WO = -1 Vlc, W1 = -1 - VOC, YO = ‘/0 \ (—1 — Vl)o and Y1 = V1 \
(=1 — Vp)° so that (Wy, Wy) and (Y, Y7) are alternative closed twin value
sets (Remark 1.2.2).

e >’ P, < 0o shall mean that there exists an ng € N such that > g Pn <
oo for the non-negative numbers P,,. Hence P,, = oo is possible for finitely
many n.

2. EXPLICIT ELEMENT SETS AND MORE DETAILED CONVERGENCE CRITERIA

In applications it is useful to know the corresponding element sets (F1, E2) ex-
plicitly. We have therefore listed these sets below, along with some more specific
convergence criteria for continued fractions K(a, /1) with circular twin value sets.
Of course we want as few extra conditions as possible, but some situations have to
be treated separately:

® a, — 0o. The if and only if part of Theorem 1.1D shows that extra con-
ditions are needed in this case. This is true whether we want classical or
general convergence.
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® asy—1 — a1 € Fy \ {0} and a9, — as € E3 \ {0} where §; o §5 is an
elliptic transformation. If |agnx — ax| — 0 fast enough for £ = 1 and
k = 2, then K(a,/1) diverges generally. §; o g is elliptic if a1 = —wow;
and ds = —(1 4+ wp)(1 + wy) for some wo,w; € C with wo(l + wy) =
ewy (14 wq) where € # 1, [I]. This can happen only if both 5, (V;) = Vj
and 52(Vp) = V3. (See also Lemma 4.2.)

e dp:=0¢€ E;, and dpyq = —1 € Epyq for k=1 or 2. Also now K(a,/1)
with ag,4r — ay for £ = 1,2 may converge or diverge depending on how
{agn+k} approaches ay (see Example 2.9).

The disk — disk case.
Let Vi, := B(Cy, Ry) for some Cj, € C and Ry, > 0 for kK =0, 1. Evidently Ej = 0
if =1 €V, so

(2.1) 1+ Ck| > Ry for k=0,1

is a necessary condition for (Fj, Es) to be true element sets corresponding to
(Vo, V1). Then we get the following generalization of [6, thm. 5.1]:

Theorem 2.1. Let Vi, := B(Ck, Ri) for k = 0,1 where Cy, € C and Ry, > 0 satisfy
(2.1) and

(2.2) |Ck_1|Rk < |1+Ck|Rk_1

for k = 1,2. If (2.2) holds with equality for both k = 1 and k = 2, we further
assume that o := §1 o o is non-elliptic, where

(2.3) ay, = Cp—1 (1 + Cy) (1 = By /|1 + G ).
Then every continued fraction K (ay/1) from (Ey, Es) converges, where

k Ry
T
] 1+ Cyl

(2.4) Ej = {aG(C; la — ax| + (|1+ck|2Ri)}.

Remarks 2.2.

1. (Ey1, E2) are the element sets corresponding to (Vp,Vi). They are true
element sets if and only if (2.1) and (2.2) hold. Condition (2.2) is therefore
only present to make (Fj, Es) true when (2.1) holds. Ej is a one-point set
if and only if E, = {ax} as given by (2.3). This happens if and only if
|Cr—1|Rx = |1 + Ck|Rk—1, which happens if and only if a/(1 + Vi) = Vi1
for an a € Ej, in which case a = a;, # 0. (See Lemma 4.3.)

2. If Ej contains more than one point, then Ej is a closed convex domain
bounded by a cartesian oval with foci at 0 and ay, [3, 12 remark 5, p. 142],
and Ep # 0. If C,—1 = 0, this oval reduces to a circle centered at the origin.

3. Divergence only occurs if and only if By = {ax} for k = 1,2 and 0 := 510389
is elliptic. This means that K (a,/1) converges in the classical sense if and
only if it converges in the general sense in the disk-disk case.

The disk — half plane case.

Let Vo := B(Co, Ro) and V; = {2z € C; Re(ze %) > hcosa} U {o0} =
H(hcosa,a) for some Cy € C, Ry > 0, h,a € R. Tt is clear that a/(1+ V7)) C V,
for a # 0 only if —1 ¢ V; and 0 € Vj, and that a/(1+ V) C Vi for a # 0 only if
—1 ¢ V. Hence we require that

(25) ‘CO| < Ry < |1+Co|, \04|<7T/2 and h > —1.
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But this leaves the possibility of 0 € 0V; and —1 € 9V}, a situation that requires
caution. We therefore need extra conditions if 0 € 9TV} := 9Vy N (—1 — 9Vp). Still,
we get the following generalization of [0, thm. 5.2]:

Theorem 2.3. Let Vy := B(Cy, Ry) and V; := H(hcos«, ) where Cy € C, Ry > 0
and a, h € R satisfy (2.5), and let

(2.6) a} := 2Coe" (1 4 h) cos a, ay :=2(1 + Co)h e cos a
and
Ey:={a€C; |la—aj|+|a] <2Ro(1+ h)cosal,

(2.7 {a € C; |a|Ry — Re(a(1 + Cp)e ™) < —h(|1 + Cy|? — R%) cosa}
’ EQ = if|1+Co‘>R0,
(14 Cp)e*max{0,2h cosa}, o) \ {0} if |14 Co| = Ro.

Furthermore, let

Bys = Ev\ B(a1,0) if Ro = |Col,
Lo Ey otherwise,
(2.8)

E25::

s

~ E3\ B(a3,96) if Ro=|1+Co| and h >0,
Ey otherwise

where 0 < 0 < |aj| if Cy # 0. Then the following statements are true:

A. Every continued fraction K (a,/1) from (Ey, Eys) converges generally.

B. If 0 ¢ 0V, then every continued fraction K(a,/1) from <E175,E2> con-
verges generally.

C. Lete > 0. If K(a,/1) is a continued fraction from (Ey s, Es) such that for
eachn from some ng on, either dist(—1—asgy,, 0*Vy) > ¢ ordist(ag,—1, 9" V)
> ¢, then K(an/1) converges generally.

D. Let K(an/1) from (Ey, Es) converge generally to c. Then conp — c. If
moreover 0 € V° or —1 ¢ OV, or liminf d(ag,_1, VN (=1—V7)) > 0, then

Cp — C.

Remarks 2.4.

1. (E1, E5) are the element sets corresponding to (Vp, V1). If Ry = |Cp|, then
E, is the closed line segment [0, a}]. Otherwise, OF; is an ellipse with foci
at a] and the origin. JF; reduces to a circle if Cy = 0.

2. If |1 + Cy| = Rg, then FE5 is a ray. Otherwise, F§ # () and JF5 is a
hyperbola.

3. If—1¢dVyor0 € VP, then Ey 5 = Es, so every continued fraction K (a,, /1)
from (FE1, E5) converges generally by part A in this case. Let —1 € 9V}
and 0 ¢ V°. If 0 ¢ OV and 0 € V7, then EN’L(; = F4, and every continued
fraction from (E7, Fa) still converges generally by part B.

The disk — complement of disk case.
Let Vo = B(Cop, Ry) and Vi = B(C1, Ry)¢. This time oo € Vp and oo € V°, so
we evidently need that 0 € Vi and —1 ¢ V; to get true element sets; that is,

(29) ‘Co| < Ry and |]. +C1‘ < R;.
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Theorem 2.5. Let Vy := B(Cy, Rg) and Vi := B(Cy, R1)¢ where Cy € C and
Ry > 0 satisfy (2.9), and let

B {{a; ja—ay|+ ol < e (RE -1+ G} if Cr#£ -1,
B(0, (Ro — [Col|)R1) if C1=—1,
(2.10) {a; la —azf — ‘a|\1f—&)\ 2 uf—éo\(ll +Col> = RINA{0} if Ro < [1+ Col,
{a lal 2 — |a— ol > 15 (B3 — 14+ Col)} if Bo > [1+Col >0,
{a=7r¢e" §>Re(Ci(1+Co)e ™) + RoRi} \ {0} if Ro =1+ Col,
{a; |a] > Ro(R1 + |C1])} if Co=—1,

E2 =

where ay, is given by (2.3). Further let El,é be given by (2.11), and let E275 = Fy
if =1 € Vi and Es 5 be given by (2.11) otherwise, where

R Ek\B(ka,(S)O if |Ck_1|Rk :Rk_1‘1+0k| >0,
(2.11) Eys =14 Eg \ {a e C; ||a| - R0R1| < (5} if Ch1=14+C =0,
E} otherwise

for given 6 > 0 so small that El,é # (. Then the following statements are true.

A. (Eq, Ey) are the element sets corresponding to (Vo, Vi), and Ey # 0 for
k=12

B. Let 0 & 8'Vy. Then every continued fraction K(an/1) from (Ers, E) or
from (Eq, E2,5> converges generally.

C. Lete > 0. If K(ay,/1) is a continued fraction from <E1,5, Es,) such that for
each n from some ng € N on, either dist(ag,_1,0'Vy) > ¢ or
dist(—1 — ag,,0"Vy) > &, then K(a,/1) converges generally. If K(a,/1)
is a continued fraction from (Fq, E2,5,> such that for each n from some
no € N on, either dist(—1 — ag,11,07V1) > € or dist(as,, 0TVy) > ¢, then
K(a,/1) converges generally.

D. Let K(a,/1) from (E1, E3) converge generally to c. Then ca, — c. Let
e>0andng € N. If =1 & Vo \ (=1 — V) or for each n > ng either
dist(agn—1, V{ N (=1 = V1)) > € or d(—1 — agpy2, V§) > ¢, then K(a,/1)
converges to ¢ in the classical sense.

Remarks 2.6.

1. Ej is bounded by a cartesian oval with foci at 0 and a;. If C; = —1, this
oval reduces to a circle. E5 is an unbounded set.

2. Jones and Thron [6, thm. 5.4], [7, thm. 4.11, p.72], proved the expressions
for £y and E; for the case |Cp| < Ry # |1 + Cp| and |1 + C1| < Ry < |C4].
Theorem 2.5 generalizes their result.

3. This disk - complement of disk case is quite special in the following sense:
the case a/(1 + Vi) = Vi_1 does not necessarily occur only for a € dFj.

Therefore Ej, 5 is not necessarily simply connected or even connected. This
means that we do not necessarily have that

Gp CE; fork=1,2 = (G1,Gs) are twin convergence sets

as otherwise this is a normal feature for element sets (E, E) corresponding
to simple value sets (V, V).
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The half plane — half plane case.
Let V5 and V; be closed half planes,

(2.12) Vi ={2€C; Re(ze ™) > —gj cosay,} U {0} = H(—gy, cos o, o)

for some oy, gr € R. Then Ej, # 0 only if 0 € V_1, and —1 ¢ V,°. Therefore we
require

(2.13) lag| <7m/2 and 0<g, <1 for k=1,2.

Theorem 2.7. Let o, g € R satisfy (2.13) and

(2.14) g + 1| <7 and gr—1(1 —gx) #1 for k=1,2,

and let K (a,/1) be a continued fraction from (Ey, Es) given by

(2.15)  Ej:={a € C; |a|] — Re(ae @0+ )) <24, (1 — g;) cosagcosa }.

Then the even and odd parts of K(a,/1) converge to finite values in Vy, and
K (an /1) itself converges if and only if (1.5) holds.

Remarks 2.8.

1. (E1, E5) are the element sets corresponding to (Vp, V1) in (2.12). If gp_1 =0
or if —1 € OV}, then Ej, reduces to the ray e*(®0+1)(0, 00), possibly includ-
ing the end point a = 0. (Remember, 0 € Ey if —1 € Vj, by definition.)

2. If E}, # 0, then OE}, is a parabola with axis along the ray

ez’(ao-‘roél) [—gk71(1 — gk) COS (xg COS (v, OO)

and focus at the origin.

3. Theorem 2.7 does not contain any essential news compared to the twin
version of Jones’ and Thron’s multiple parabola theorem in [5], [7, thm.
443, p. 106] which says that Theorem 2.7 holds under the additional
conditions that 0 < g, < 1 and |ay| < 7/2 for k=0 and k = 1.

Example 2.9. Let ap = a3 =0, go = 0 and g; = 1 in (2.12) and (2.15). Then
0 € dVyand —1 € 9Vy;i.e., —1 € V. For given positive sequences {e, } and {6,,}
converging to 0, let

ton—1:=¢€pn—1, top: =0, and a,:=t,—1(1+1t,)

for all n. Then K(a,/1) is a continued fraction from (E7, Es) given by (2.15). By
[12, formula (3.3.3), p.216] it follows that

" Kk
: 1+t
k=0 J=1
In our situation,
1+top_1 1+4+t2, En 1+ 0n tn
. _ : ~——(1+¢e, +6n),
—t2n—1 —t2n 1- En 5” 5” ( )

s0 S3,(0) may converge or diverge, depending on the asymptotic behavior of
{en(1 + &, + 6)/0n}. A similar argument also shows that K(a,/1) may also
diverge generally in this case.
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3. SOME INTERMEDIATE RESULTS

Let (Vo, V1) be closed twin value sets for the continued fraction K (a,/1). Then
it follows from (1.2) and (1.4) that

(31) An = Sn(Vn) = Snfl o Sn(Vn) g S?’L*l(vnfl) = Anfl g ce g A0 = ‘/Oa

where V3, := Vj and Va,1q := V; for all n. Since all s,, are (non-singular) linear
fractional transformations, so are also S, (see (1.4)). Therefore, since V,, is circular,
also A, is a circular domain. The nestedness (3.1) implies that A, converges to
a limit set A. If A just contains one point, the limit point case, then {Ss,} and
{S2n+1} converge uniformly in Vj and Vj respectively to the limit point ¢. Since
both Vo and V; contain more than one point in our cases, K(a,/1) converges
generally to ¢ in this case. If the limit set A has positive or infinite radius, the limit
circle case, we need to investigate further. That A is a circular set in this case was
proved by Thron [7, thm. 4.2B, p. 66].

In special cases classical convergence to ¢ may be wanted. This may be possible
to prove by means of Theorem 1.4. This theorem is partly based on Theorem
3.1 below, which concerns restrained sequences introduced in [4]: we say that a
sequence {F,} of linear fractional transformations is restrained if there exist two

sequences {u,} and {v,} from C such that
(3.2) lim d(Fp(un), Frn(v,)) =0 and liminf d(uy,,v,) > 0.

If in addition lim F},(u,) = ¢, then we say that {F,} converges generally to c. As
in (1.9) there exists an exceptional sequence {z}} for {F,,} such that if (3.2) holds,
then (see [4])

(3.3) lim d(F,(2n), Fn(un)) =0 whenever liminfd(z,,z}) > 0.

Theorem 3.1. Let (Vo, V1) be closed twin value sets for the continued fraction
K(an/1) where Vi or Vi contains more than one element. Let k € {0,1} be fized,
and let {Son 11} be restrained with exceptional sequence {z}}. Then the limit points
for {21} are contained in (—1 — Vi41) \ V2, and whenever liminf d(u,, 2}) > 0,
the set L of the limit points for Sanik(uy) is independent of {u,} and L C Vp '\
(—1-Vp).

Proof. Since either V; or V; contains at least two points, they both do since
asn/(1+ Vo) C Vi and agpi1/(1 + Vi) C V. Since Vi contains more than one
point, there exists a sequence {v,} from Vj, with liminf d(v,, 2]) > 0. By (3.1) it
follows that So,+1 (Vi) C Vo for all n. It follows from (3.3) that L is independent
of {u,} when liminf d(u,, 2]) > 0, and thus L C V4. Similarly, by Remark 1.2.2,
LQW():*].*V_IC, SOLQVOQW():YO:VO\(*].*Vlo).

Evidently, {z]} can be chosen as z} := S, ', (p) for any p ¢ L. By (3.3)
every exceptional sequence has the same asymptotic behavior. Let p € V;. Then
zh = Sz_nlJrk(p) € Vi for all n. Similarly, for ¢ € W given by Wy, := (=1 - V&)
we can choose 2z = 52_73+k(q) for all n, and then 2] € W for all n. (See Remark
1.2.2.) Hence all the limit points of {z]} are CWNVE = (=1 - V1) \ V. O

Since Vj is a circular domain, there exists a linear fractional transformation ¢q

such that ¢o(Vy) = D. Hence the following result from [I0] is useful to establish
convergence in the limit circle case.
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Theorem 3.2 ([I0, thm. 3.8, 3.10]). Let {t,} be linear fractional transformations

with t, (D) C D, and let T), := tyotz0---ot, for alln € N. If R := limrad(T,(D)) >
0, and there exists a set I C N such that

(3.4) limsup rad(¢,(0D)) <1 and liminf rad(t, ', (0D)) > 1,

nel,n—oo neN\I,n—o0
then |T,;*(00)| — 1 and 307, |T1(0)| < oco.

Remarks 3.3.

1. Of course, if I is bounded, then the first condition in (3.4) is void, and if
N\ I is bounded, then the second one is void.

2. The conclusion > |77 (0)| < oo for the derivatives T, implies that {T},} is
restrained. (Proof: T, can be written

Z_Qn

Tn(2) = Cp + Rpe™n for some |@Q,| <1 and w, € R

when T,,(D) = B(C,, Ry,), and thus T/, (2) = R,e™"(1—1Q,]?)/(1-Q,,2)>.
Hence T (z) — 0 for all z € D.) Indeed, Y |77, (2)| < oo for every z € D.
Let M be the family of (non-singular) linear fractional transformations. For
given V' C C and € > 0 we introduced the subfamily

(3.5) M (V) :={t e M; t(V) CV \ By(z,¢) for some z € 9V}
in [IT]. This notation is useful to convert Theorem 3.2 to our situation:

Corollary 3.4. Let k € {0,1} be fized, and let (Vy, V1) be closed circular twin
value sets for the continued fraction K(ay/1) where the limit circle case occurs.
Furthermore, let oy, = Sap—1+4k © San+tk, 00 := 01 and assume that

(3.6) On € M(Vy) forallmel and o, € M(VE) forall n e N\ T

for some I C N ande > 0. Then {Sa,y1} is restrained and its exceptional sequences
{21} have all their limit points € OVy. If also Vo is bounded, then {(onyi} is an
exceptional sequence for {Son i} and Y07 | |Sh,(2)| < oo for every finite z € V.

Proof. Let ¢ € M satisfy p(V3) = D. Then t,, := @00, 0@~ ! maps D into I, and
T, :=t10tg0---0t, = <pOS§’:L) op~! where Séfl) = 010020 --00,. Condition (3.6)
implies (3.4). Hence {T,} is restrained with exceptional sequence {7}, *(c0)} where
|T,71(c0)| — 1. Therefore {Séi)} is restrained with exceptional sequence zf :=
e toT o0) = (Sé?)_l(np_l(oo)). That {S2n+x} is restrained with exceptional
sequence {2z} follows therefore since Sp, = SS:L) and Sop41 = 10 SSL) for the
fixed s; € M. Since |T,,1(0c0)| — 1, i.e., dist(T,; (c0),0D) — 0, it follows that
d(p~ o T (0), ¢~ 1(OD)) — 0 where = 1(0D) = Vj and ¢! o T;;}(00) = 2] .
That is, all the limit points of {z}} are € V..

Let Vy be bounded. Then oo & Vj, so {Cantk} is an exceptional sequence for
{Son+k} since Sonik(Consr) = oo whereas all the limit points for {So,1k(un)}
are € Vo when liminf d(u,,z)) > 0 (Theorem 3.1). It remains to prove that
> 1S5 4k(2)] < oo for finite 2 € V2. By Theorem 3.2 and Remark 3.3.2 we
know that > |7} (w)| < oo for every w € D. First let £k = 0 and choose ¢(z) :=
(z — Cy)/Ro where Cy and Ry are the center and radius of Vy. Let z € V5 be
arbitrarily chosen, and let w := ¢(2). Then w € D and S5, (2) = (¢~ 1) (Tn(p(2))) -
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T,(0(2) - ¢'(2) = (o7 (Tn(w)) - Ty (w) - 5 = Ro - Ty (w) - 7 = T;,(w). Hence
5 184, (2)] < . ) -

Next let k = 1 and set Vy := s1(V1). Then Vo = B(Cy, Ry) C Vp for some fixed
Co € C and Ry > 0. Furthermore, let ¢;(2) := (z — Co)/Ro so that ¢1(Vy) = D
and ¢, := ¢1 051 0 595, O Sap41 O 31_1 o <p1_1 maps D into D. Let a finite z € V}° be
arbitrarily chosen, and let w := ¢1 0 $1(2). Then w € D and

Soni1(2) = (91 ) (Tn 0 g1 o 51(2)) - Ty (1 0 51(2)) - 91 (51(2)) - 81(2)

~ 1 —aq —ay
=Ry-1 ! = = 1 !
0 n(w) Eo (1 2)2 (1 Z)Q n(w)

where z # —1 since —1 ¢ Vi when V; is bounded. Hence }° (S5, ,(2)| <oco. O

It follows from (1.6) that S,, can be written

C’n(cn - Cn—l)

(3.7) Sue) =TT amg, eFoeo
Cn — (Cnea — Cp)z if ¢, = co.
Therefore
Cn(cn - Cn—l) o 75‘”(2‘) —Cp—1 .
(38) S ={ (-G | a-G o7
Cn — Cn—2 if ¢, = oc.

Under the conditions of Corollary 3.4 it follows therefore that for arbitrary € > 0,

Z/|S2n+k(zn) - C2n+k—1| < 00

(3.9)
whenever e < dist(z,, Zx) < % for all n and oo & Zj.

(For the notation >’ and Zj, see the list of notation in section 1.) This leads to
the following result, where Wy, := —1 — V¢ | and 9"V}, 1= Vi N (=1 — Viqy) as
usual.

Theorem 3.5. Let k € {0,1} be fized. Let (Vo, V1) be closed circular twin value
sets for the continued fraction K(a,/1) where Vi is bounded, the limit circle case
occurs and (3.6) holds for our k for some I C N and ¢ > 0. Then Zy C 0*Vg,
—k & Zyx, 0 & Zy and Z1 and Zy are bounded, Z/ |can — can—1] < 00, and the
following statements are true.
A Lete > 0. If (k—1) € Zx or if for each n from some ng on, either
dist(agntk—1,Zk) > € ordist(—1—agnik, Z) > €, then Z’ |en—cn—1| < 00.
B. If also the limit circle case occurs for Sa,(Wo) and

(3.10) On €M (W) fornel and o', € M (W) for ne N\ T
for some I CN and € > 0 for o, as in Corollary 3.4, then Z,, C 0TV}

Proof. Under our conditions, {So,tr} is restrained with exceptional sequence
{C2n+k}7 Zk Q (—]. - Vk+1) N OVk = 6*Vk and Zk;Jrl Q (—1 - Vk) \ Vko+1 (The—
orem 3.1 and Corollary 3.4). Now, Vj is bounded, so —1 ¢ V7, and thus 0 ¢ Z; and
—k & Zy, and Zy, and Z; are bounded. Since Ss,(0) = co,, and Sap11(—1) = c2p—1,
it follows therefore from (3.9) that 3" |cap — con_1] < 0.

A. Tt suffices to prove that either > |con_2 — con_1| < o0 or 3 |conim —
Cont+m—2| < oo for an m € {0,1}. First let (k — 1) € Zy. If k = 0, this means that
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S 1890 (—1) = can_1] < 00 by (3.9) where So,(—1) = cgp_o. If k=1, then 0 ¢ Z;
and 3 |S2,41(0) — con| < 00. Next let I := {n € N; dist(ag,sx_1, Zx) > €}. Then
St 1S2n4k—2(a2n+k—1) — Contr—3| < 00 Where Sanik—2(a2nik—1) = C2n+r—1 and
Z;.ng |S2n+k(_1 - a2n+k) - C2n+k‘—1‘ < oo where S2n+k(_1 - a2n+k‘) = C2n+k-3,
which means that Z' |Cantk+1 — Contr—1]| < 00.

B. (Wy, W7) are twin value sets for K(a,/1) (Remark 1.2.2). They satisfy the

conditions in Corollary 3.4, so the exceptional sequences for {Ss, 11} have all their
limit points in OWj,. Hence Z), C OV, N OWy, = 0V N (=1 — 0Viy1) = 0TV O

4. PROOFS
Inspired by (3.5) we define
(4.1) M(V,W):={t € M; t(V) C W \ By(z,¢) for some z € OW},
E(V):={(A,B) C C%
(4.2) Je>0s.t. 5108 € M (V) for all (ay,as) € (4, B)},

(4.3) EWV,W):={ACC; Je>0st. se€ M(V,IW) for all a € A}.

Proof of Theorem 1.4. Since K(a,/1) converges generally to ¢ whereas q # ¢, the
sequence {S,,} is restrained with exceptional sequence 2, := S, !(q). Part A fol-
lows from Theorem 3.1. The result in B follows from (1.9) since Sa,yr(—1) =
Cont+k—2 and So,ip(00) = copyg—1. Similarly, part C follows from (1.9) since
Sontk-2(a2n1k-1) = C2ntk—1 and Sopyrro(—1— a2nikt2) = Conyk—1-

To prove part D we observe that if V; is bounded, then ¢ # 0o and co & Z; by
part A. Hence {(,} is exceptional and So,11(00) = ¢, — ¢ by part B. Finally, if
1€ Vo\(-1-VP),ie,0¢& (~1—Vy)\ V2, then 0 ¢ Z;, and part E follows from
part B. (The same holds true if 0 € Vo, but 0 € Vo = co ¢ V1 = -1 ¢ V) O

Lemma 4.1. For given closed twin value sets (Vo, V1), let Uy := —1 = V¢, for
k=0,1, and let k € {0,1} be a fired number. Then s(Uy) C Uyt if and only if
s(Vk) € Viy1 and s(Uyg) = Ugya if and only if (Vi) = Viy1. Similarly, if A C C
is a closed set with 0,00 ¢ A, then A € E(Uy,Ugy1) if and only if A € E(Vi, Viet1).

Proof. Let a/(14 V) C Viy1. Since Vy, is closed, the set V)¢ is open and non-empty,
and both Vi, Viy1, Uk and Ug4q contain finite elements. Therefore

a a a .
1+ Uk a ch+1 B (Vk+1> € (F1= V)" = Ui
This actually proves the first two equivalences since U and V' can be interchanged in
this inclusion. Let a/(14+Vy) C Viy1\Ba(z,€) for some finite z € 0V = —1—0Uj,
and ¢ > 0. That is, a/Ugyr1 2 —(Viks1 \ Ba(z,€))¢ = —(—1 — Ug) U By(z,¢) =
1+ U, U By(z*,¢) where 2* := —1 — z € OUj,. That is, s 1(Ugs1) 2 Ux U Bg(z2*,€),
so (U U By(2*,€)) C Upy1. Let D := By(z*,¢) \ Ug so that U, N D = () and
Ur UD = U UBg(z*,¢). Then
a _a a a

1+UkUBd(Z*,E)_1+Uk 1+ D 1+ Uy

where a/(1 + 2*) € Ugq1. Therefore a/(1 + Uy) C Uksr \ Ba(755,¢*) where
e* = dist(%+, Wd(ze)) Since 0,00 € A, the quantity * has a positive lower
bound for a € A. Therefore A € £(Uy, Ug41). This proves the last equivalence. O

. a
U C Ugy1; e, C Ury1 \ 11D
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Lemma 4.2. Let V, Vi be closed circular domains, and let ay,as € C\{0} satisfy
ar/(1+ Vi) C Vi_y for k=1,2. Then o := s1 0 sy is an elliptic transformation if
and only if sg(Vi) = Vi—1 for k = 1,2 and o has ezxactly two distinct fixed points
wWo, W1 ¢ a‘/o

Proof. Let o be elliptic. Since o(Vy) C Vp, it follows from [II, thm. 1.4] that
o(Vp) = Vp. Since Vg = 81 052(Vp) C s1(V1) C Vp, this means that s1(V;) = V5 and
s2(Vp) = Vi. It is clear that o has two distinct fixed points wg, w; and that OV is
a fixed circle (or fixed line) for 0. Hence 0V| separates the two fixed points.
Conversely, assume that s; (V%) = Vi_1 for k = 1,2 and that o has two distinct
fixed points € 9Vy. Then o(0Vy) = dVp, which means that o is either hyperbolic,
parabolic, elliptic or the identity transformation. Since o has exactly two distinct
fixed points, the parabolic case and the identity case are ruled out. Since none of
the fixed points lie on dVp, the hyperbolic case is ruled out, so o is elliptic. (Il

Lemma 4.3 (The disk — disk case). Let Vj, := B(Cy, Ry;) for k = 0,1, where Cj, € C
and Ry > 0 satisfy (2.1). Then (E1, Ea) given by (2.4) are the corresponding
element sets. Let k € {1,2} be fired. Then Ey # O if and only if (2.2) holds. If
(2.2) holds with strict inequality, then E; # 0. If (2.2) holds with equality, then
Ey, = {ax} is given by (2.3) and a, # 0. If Ep # 0, then (Ey, Exy1) € E(Vi—1).

Proof. For fixed k € {1,2} and a # 0 we have

a ( a(l+ Cy) |a| Ry

4.4 =B
( ) 14+ Vg |1+Ck|2_Ri7‘1+0k‘2_Ri

> =: B(Cy—1, Ryp—1)

and a/(1 + Vi) C Vi_y if and only if [Cy_y — Cp_1| + Rk—1 < Ri_1, that is, if
and only if a € Ej, where Ej, is given by (2.4). Since Ry < |1 4 Cy|, we see from
(2.4) that E # 0 if and only if a; € Ej, which proves that (2.2) is necessary
and sufficient. It also proves that aj is the only point in Ej if and only if (2.2)
holds with equality, and that E; # () otherwise. This means that if E} # (), then
s € M, (Vi, Vy—1) for some ¢, > 0 for every a € Ej. Since Ej is compact in
C (-1 ¢ Vi when Vj_; is bounded), this means that Fy € £(V, Vi_1). Finally,
since si 0 Sp+1(Vier1) C sp(Vi) for all (ag,art1) € (Eg, Ert1), it follows that
<Ek,Ek+1> € 8(Vk,1) U

Proof of Theorem 2.1. If |Cy_1|Rr = |1 + C|Rk-1 for £k = 1 and k = 2, then
K(a,/1) with all as,—1 = a1 and ag, = as is the only continued fraction from
(E1, Es). It converges if and only if §; 0 35 is non—elliptic. Let (2.2) hold with strict
inequality for at least one k € {1,2}. Without loss of generality we assume that
E? # (. (See Remark 1.2.1.)

Assume first that the limit point case occurs. Then K (a, /1) converges generally
to a value ¢ € Vj. It follows by Lemma 1.4D that co,, — ¢. Since also V; is bounded,
we have —1 & V4, so also cap41 — ¢ by Lemma 1.4E.

Assume next that the limit circle case occurs. By Lemma 4.3 we know that
lim sup rad(s2,—1 © $2, (Vo)) < rad(Vp), and so Zy C 9*Vy by Theorem 3.5. Now,
—1 ¢ Vy implies that —1 ¢ 9*Vj. Hence Z/ |en — en—1| < 0o by Theorem 3.5A, and
thus K(a,/1) converges. O

Lemma 4.4 (The disk — half plane case). Let Vo := B(Co,Ro) and Vi :=
H(hcosa,a) where Cy € C and Ry, h, o € R satisfy (2.5). Then (E1, E2) given by
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(2.7) are the corresponding element sets, and Ey s given by (2.8) satisfies Ey s €
EWi, Vigm) for k=1,2 and 0 < < |af|.

Proof. For a # 0 we have

a ae e lal
4.5 =B
(45) 1+W (2(1+h)cosa’ 2(1+h)cosa>

lal

which is C Vj if and only if |% —Col + SAThjcosa < Ry, i.e., if and only
if a € Fy. Since 0 € Vy and 0/(1 + V1) = {0}, we also have 0 € E;. Similarly, for

a#0,
(4.6) B
a _ B (ui(éJzCE)Rg, ‘1+|C(1[1§(LR§) — B(C1,Ry) if |1+ Co| > Ro,
1+ W H (|a|/(2Ry), arg(a(1 + Cj))) if |1+ Cy| = Ro,
and thus a/(1 + Vp) C Vi if and only if
a(1 + Co) —i la| Ro .
Re 2 T%0  —ia) 1% o p o f 114 Cy| > R,
(4.7) e<|1+Col2—R8€ ) Trcp I - e I Gl= T
arg (a(1+Cp)) = and % > hcosa if |1+ Co| = Ro,
0

i.e., if and only if a € Fy. If —1 € Vj, i.e., |14+ Cy| = Ro, then 0 € E5 by definition.
Hence (FE1, Es) are the element sets corresponding to (Vp, V7).

By (4.5) it follows that a/(1 4+ Vi) = Vo if and only if Ry = |Cy| and Cy =
ae /[2(1 4+ h)cosal, i.e., a = a}. Since —1 ¢ Vi, the set E; is compact, so this
shows that E; € £(V1, V) if Ry > |Cy|. Let Ry = |Cp|. Since E~175 C E is a
compact set not containing aj, EN’L(; e £, V).

Next we study Fs 5. First let [14+Co| = Ro. By (4.6) it follows that a/(1+Vp) =

V1 for a # 0 if and only if h > 0 and ¢ := ﬁ ﬁig& = he®cosa, i.e., a = ab.
In this case a% # 0 and Fj is the ray Fa = a3[1,00) and Ey 5 = a3[1 + 6/|aj|, o0).
Hence E275 is a closed set in C with 0 ¢ E275, and even if ag,,, — 00 as m — oo,
the set agy,, /(1 + Vo) will not approach V;. (Indeed, it approaches the point
set {oco} since Vj is bounded.) Therefore Eys € E(Vo, V1) if h > 0. If h < 0,
then dist(q — he'®cosa) > |h|cosa > 0, and Ey € E(Vo,V1). If h = 0, then
Eas = [6,00)e" with v := a + arg(l + Cp), and a/(1 + V) is the half plane
H(|a|/2Ry, arg(a(l + Cp))) = H(|a|/2Ro, ) for a € E,. Hence also now Fy 5 €
E(Vo, V1). L
Next let |1 + Cy| > Ry. Then it follows from (4.6) that a/(1 + Vp) = B(C1, Ry)
is a disk not containing the origin for a # 0. If a = 0, then a/(1 + V;) = {0} since
—1 & V. Hence, there is no possibility of B(al,ﬁl) — V; unless By — oo; i.e.,
la] — oo, but then a/(1 + Vj) — {oo} since Vj is bounded. Hence Ey € E(Vp, V1)
in this case. ]

Proof of Theorem 2.3. Let K(a,/1) be a continued fraction from (FE, Es). If
rad(Se, (Vo)) — 0 or rad(Se,(Wp)) — 0 or diam(S2,(Yp)) — 0, then K(a,/1)
clearly converges generally. Assume in the proof of parts A-C below that
diam(Ss,(Yo)) — d > 0, and thus rad(S2,(Vo)) — R > 0 and rad(S2,(Ws)) —
R* > 0.
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A. Let K(a,/1) be from <E1,E275>. Then s9, © s2,41(V1) C s2,(Vh) where
asp € Eg)g € £(Vo, V1) by Lemma 4.4, so (E2)57E1> € £(V1). Therefore K(a,/1)
converges in the classical sense if 0 ¢ Z; (Theorem 3.5A with k = 1).

Let 0 € Z;. Since by Theorem 3.5, Z; C 9*V}, this means that 0 € 9V, and
—1 € Vi, which means that —1 € dV; by (2.5), so indeed, 0 € 8'Vi. Then h = 0,
and thus aj = 0, and Ry = |14 Cp| and Ey 5 = ¢7[5, 00) where v := a+arg(1+Cp).
This means that dist(E;tg, 0*V1) > 0 unless E275 C 9V4. Now, Re(Cp) > f% when
—1 € 0Vp since 0 € Vy by (2.5) and Vj is a disk. Therefore v # o &+ 7, and
E~275 Z 0V;. Hence K(ay/1) still converges by Theorem 3.5A.

B. Let K(a,/1) be from <E1’5,E2> and let 0 ¢ OtV,. If EN’Q’(; = FE5, then the
situation is covered by part B, so let Ry = |1 + Cy| and h > 0. That is, —1 € 9V}
and 0 ¢ V}°, and so, 0 ¢ V4 under our conditions. Now, as,—1 € El,é e E(Vy, Vo)
by Lemma 4.4, so (Ej s, Es) € E(Vp). The result follows therefore from Theorem
3.5A since 0 ¢ Vi implies that —1 € 0*Vj, and thus —1 & Z;.

C. Let K(an/1) be from (E; s, Es). By Lemma 4.4, (E; 5, Ey) € £(Vp). Hence
Zy C 0*Vy by Theorem 3.5. The convergence follows therefore from Theorem 3.5A.

D. That cg,, — cfollows from Theorem 1.4D. We know that Zj, C (—1—Vj41)\Vy
by Theorem 1.4A. Therefore 0 ¢ Z; if 0 € V}° or —1 ¢ Vj, which in our situation
holds if —1 ¢ 0Vj, and ¢,, — ¢ by Theorem 1.4E.

The conditions on {a, } imply that dist(as,—_1, Zo) > ¢ from some n on (Theorem
3.5), and thus ca,,—1 — ¢ by Theorem 1.4C. O

Lemma 4.5 (The disk — complement of disk case). Let Vy := B(Cy, Ry) and
V1 := B(C1, R1)¢ where Cy, Cy € C and Ry, Ry > 0 satisfy (2.9). Let E), and E\k)(;
be given as in Theorem 2.5. Then (E1, Es) are the element sets corresponding to
(Vo, Vi), and (B 5, Es) € £(Vo) and (Es 5, Ey) € £(V1).

Proof. For a # 0 the set a/(1 4 V3) is a circular disk B(Cy, Roy) where
a(l+Cy) ~ |a| Ry

T+CP-RY T R-[I+C
It is C Vj if and only if \60 — Col + Ry < Ry, i.e., if and only if ¢ € ;. It is equal
to Vp if and only if Cy = Cy and Ry = Ry, i.e., if and only if either

Cl 75 —1, a = C~l1 and |Co|R1 = R0|1 +01|

or Cy=-1, Cp=0 and |a| = RyR;.

(4.8) Co

(4.9)

Since El,g is a closed, bounded set in C with a/(1 + V) # V, for all a € EL(;, we
have E; 5 € £(V1, Vo). Since s1052(Vp) C s1(V1) this proves that (Ey 5, Ea) € E(Vp).

Let |14+ Co| < Rp. Then a/(1+Vp) is the exterior of a disk. Indeed, a/(1+Vy) =
B(Ch, Ry1)¢ where
~ a(1+ Cyp) ~ |a| R
4.10 Cl=—-——. S el VN
(4.10) T+ Col2 - RE RZ — |1+ Gy
It is C V7 if and only if \51 —Ci|+ R < I’%l, i.e., if and only if a € F5. It is equal
to V° if and only if C1 = C and Ry = Ry, i.e., if and only if either
—1€ VE)O, CO 75 -1, a=a- and ‘01|R0 = Rl‘l + Co|

or Cop=-1, C; =0 and |a|] = RyR;.

1=

(4.11)
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These cases are excluded for a € Eg,g. From (2.10) we see that 0 ¢ E, when
|1 + Co| < Ry. We need to check whether as,, /(1 + Vo) — Vi is possible for
G2, € Es if ag,, — oo. But this is no problem since V4 is bounded, and thus
limg o0 a/ (14 Vy) = {00}. Therefore Ey 5 € £(Vy, V1), and thus (B, 5, By) € (V).

Next, let |1 + Co| = Rg. Then for a # 0, a/(1 + Vp) is the half plane given by
(4.6). Hence (Eo, Eq) € £(V1) and a/(1 4 Vo) C V; if and only if

1+C
Re <Cl I 1 CO\ _Ze> + Ry < % where 0 := arga,
which gives the expression for Fs in this case. (0 ¢ Fs since —1 € V4.)

Finally, let |14+Cy| > Ry. Then a/(1+Vy) = B(C1, —Ry) for a # 0, where C; and
Ry are given by (4.10). Therefore a/(14V;) C V; if and only if [C; —C,| > Ry +|Ry|,
i.e., if and only if a € E5. Moreover, (Eq, E1) € E(V4). O

Proof of Theorem 2.5. A. The expressions for Fy and Es follow from Lemma 4.5.
We need to check that E}, # () for k = 1,2. This clearly holds for E since |Cy| < Ry
and |1 + Ci| < Ry, and thus 0 € E}. It is also clear that ES # 0 if Cy = —1 or
if Rg = |1+ Cy|. Let Ry < |1 + Cy| and Cy # 0. Then as # 0 and —tay € ES
for all ¢ > 0 sufficiently large. If Ry < |1 + Cy| and C; = 0, then a; = 0 and
E> = {a; |a|] > R1(|1 + Co| + Ro)}, so again ES # 0. If Ry > |1 + Cy| > 0 and
Cy # 0, then tas € ES for all ¢ > 0 sufficiently large, and thus ES # . Finally, if
Ry > |1+ Cp| and C; = 0, then G = 0 and all a with |a| > RZ — |1+ Cp|? are € Es.

Let K(a,/1) be a continued fraction from (Eq, Es). If rad(S2,(Vo)) — 0 or
rad(Se, (Wp)) — 0 or diam(S2,(Yy)) — 0, then K (a, /1) clearly converges generally.
Assume in the proof of parts B and C below that diam(S,(Yg)) — d > 0, and thus
rad(Se, (Vo)) — R > 0 and rad(Ss,(Wy)) — R* > 0.

B. We first observe that Wy = B(—1 — C1, R;) and Wy = B(—1 — Cy, Rp)¢ in
this case. By Lemma 4.1 the element sets F; and Es do not change if we replace
(Vo, V1) by (W, W1) (although their representation (2.10) changes), and neither do
the conditions in (2.11). Indeed, E, s and E, s do not change either, since

ar, = Cr1(14 C)(1 = R} /|1 4+ Cy*) = (=1 = Ci)(=Cr—1)(1 = R{_1/|Cx1[?)

when |Cp_1|Ry, = Rp_1|1 4+ Ci| > 0. Therefore Ey 5 € E(Wy, Wo) N E(VA, Vi) by
Lemma 4.5.

There is one condition that is changed, though, and that is the condition —1 &
Vi, which is equivalent to 0 € Wj. This means that if —1 & V{7, then Ey €
E(Vh, V1), whereas, by (4.11), Ey & E(Wy, Wy) if also —1 € W§ and |C1|Ry =
Ry|1 + Cy| > 0. However, this case cannot occur since

~1¢Vy & [14+Co|>Ry and —1eWS & |C1| <Ry,

which give |Cy|Rg < R1|14+Cp|. Therefore, also now Eg’g € E(Wy, W1)NE(Vo, V1) by
Lemma 4.5. This means that Z; € 9TV}, by Theorem 3.5B. Since 01V, = —1—09V4,
the convergence follows from Theorem 3.5A, both if K (ay/1) is from <E1,5, E,) or
from <E1, E275>.

C. By the proof of part B, Zy C 9"V when K(a,/1) is from </E\1,5,E2>, and
Z; C 0"y when K(a,/1) is from <E1’E2,5>. The result follows therefore from
Theorem 3.5A.
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D: Let K(ay/1) from (Ey, Es) converge generally to ¢. Then ¢g, — ¢ and Zj, =
Zy for k = 0,1 by Theorem 1.4D. Therefore Zy C Vi N (—1— V) (Theorem 1.4A).
It follows therefore from Theorem 1.4E and C with k = 0 that also co,,—1 — c¢. O

Proof of Theorem 2.7. Let k € {1,2} be fixed. First let —1 ¢ dVj.. Then g; < 1,
lag| < 7/2 and
-~ = 5~ ae ok = |al
a/(14+ Vi) = B(Ck, Ri), Ci:= m, Ry = m

for a # 0. This set is contained in Vj_; if and only if Re(é’ke*mk—l) — Ry >
—gk_1 COs a1, which proves the expression for Ey in this case. Next let —1 € 9V.
Then 1/(1 + V) = H(0, —ay). Hence a/(1 + V;) C Vi—1 for a # 0 if and only if
arg(a) = ag—1 + ai. Since either gy = 1 or |ag| = 7/2 when —1 € 9V, the
expression (2.15) for Ej is still valid. Therefore (E;, E2) given by (2.15) are the
element sets corresponding to (Vp, V4).

If 0,—1 & Vi for both £ = 0 and k = 1, then the convergence follows from the
twin version of the multiple parabola theorem proved in [5]. (See Remark 2.8.3.)
Otherwise, by (2.14), there exist go, g1, & and &; such that

|6<0‘<%, |6é1|<% and &o + &y = oo + o,

0<go<1l, 0<gi<1l and gk(l 7?]]4_1) > gk(]- *gk—l) for k=1,2.

Let E; and Ey be given by (2.15) with go, g1, @ and «; replaced by go, §1, o and
@1. Then Fy C Ey and Es C F5, and the convergence follows again from the twin
version of the multiple parabola theorem. ([

Proof of Theorem 1.3. Since |Cy|Ri4+1 # Ri|l + Cry1| for k=0 or k =1, we have
Eiy1,5 = Exyq in (2.11) for this k, and K(a,/1) converges generally by Theorem
2.5B. O

Proof of Theorem 1.1. A. Since ES = () if and only if Fs = {as} in this case, which
happens if and only if |C1|Ry = |1 + Cy|Ry, it follows from Theorem 2.1 that
K (ay/1) converges.

B. By (2.7) we always have —1 ¢ Vo when ES # (. Hence Fys5 = Fs, and
K(ay/1) converges generally by Theorem 2.3B. Theorem 1.4D shows therefore that
its even part converges, and Theorem 1.4E shows that its odd part converges.

C. It follows from Theorem 1.3 that K(a,/1) converges generally in this case.
Therefore its even part converges by Theorem 1.4D. The convergence of K(a,/1)
follows from Theorem 1.4E.

D. (2.14) holds under our conditions, and the result follows from Theorem 2.7.
O
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