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CLASSES OF TIME-DEPENDENT MEASURES,
NON-HOMOGENEOUS MARKOV PROCESSES,
AND FEYNMAN-KAC PROPAGATORS

ARCHIL GULISASHVILI

ABSTRACT. We study the inheritance of properties of free backward propaga-
tors associated with transition probability functions by backward Feynman-
Kac propagators corresponding to functions and time-dependent measures
from non-autonomous Kato classes. The inheritance of the following proper-
ties is discussed: the strong continuity of backward propagators on the space
L", the (L" — L9%)-smoothing property of backward propagators, and various
generalizations of the Feller property. We also prove that a propagator on
a Banach space is strongly continuous if and only if it is separately strongly
continuous and locally uniformly bounded.

1. INTRODUCTION

In this paper we study the behavior of evolution families (propagators). Ex-
amples of such families are solution operators corresponding to initial and final
value problems for second order parabolic partial differential equations and also in-
tegral operators associated with non-homogeneous transition probability functions.
The main objects of our interest in the present paper are forward and backward
Feynman-Kac propagators associated with forward and backward free propagators.
We formulate and prove our results for backward propagators. However, all the
results obtained in the present paper have their counterparts in the case of forward
propagators. This is explained in Section [0l We choose backward free and back-
ward Feynman-Kac propagators in this paper because of their links with transition
probability functions. Note that in the forward case one uses backward transition
probability functions (see Section [I0]).

The free backward propagator Y = Y (7,t) is given by

1 Y(nif(r) = /Ef(y)P(xﬁ;t, dy) = Er o [f(Xy)], 0<7 <t <T,
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and the backward Feynman-Kac propagators Yy and Y, are defined by

(2) Yv(r,t)f(z) = Er s {f(Xt) exp{f/ V(s,Xs)ds}} , 0<7<t<T,

and
(3) Yu(r, )1 (2) = Ero [f(X,) exp{~Au(t,7)}], 0<7 <t <T.

In formula (), P is a transition probability function on a locally compact second
countable Hausdorff topological space E equipped with the Borel o-algebra £ and
a reference measure m. It is assumed that 0 < m(A) < oo for any compact
subset A of E with non-empty interior. We will write dz instead of m(dz). It
is known that the space E is o-compact and metrizable (see [20]), and a metric
p: ExE — [0,00) generating the topology of the space E will be fixed. In formulae
@) and @), V is a Borel function on [0, T]x E and p = {u(t) : 0 < ¢ < T} is a family
of signed Borel measures of locally finite variation. We call such families time-
dependent measures. In formulae (I)-@), X = (Xy, F7, Pr ;) is an F] -progressively
measurable non-homogeneous Markov process with state space (E,&) and with
P as its transition function. By M will be denoted the class of all transition
probability functions P for which such a process exists, and we will always choose
a progressively measurable process X; to represent P. The restrictions on f, V|
and p in formulae (@)-(@B) will be specified below. The symbol A, in formula (@)
stands for the additive functional of the process X; that extends the functional
Ay (7, t) = f: V (s, Xs)ds from functions on the space [0,T] x E to time-dependent
measures (see Section []). We refer the reader to [6 8, O] [10] 15l 28| BT 35, [41]
for more information on transition probability functions, non-homogeneous Markov
processes, and progressive measurability. Kolmogorov’s paper [27] was an important
early work on non-homogeneous Markov processes.

Free backward propagators often arise as solution operators associated with final
value problems of the following form:

{ g—¢+L(7)u:0, O0<7<t<T,
u(t) = f,
where the generators L(7) depend on time. The backward Feynman-Kac propagator
Yy corresponds to the perturbed final value problem,
{ g—ZJrL(T)u—V(T)u:O, 0<7<t<T,
u(t) = f,
while the backward Feynman-Kac propagator Y, is associated with the problem
% L L(r)yu—p(t)u=0, 0<7<t<T,
(4) ar
u(t) = f.
Similarly, free forward propagators often arise as solution operators associated with
initial value problems of the following form:
{ QU _Lithu=0, 0<7<t<T,
u(r) = f.
The forward Feynman-Kac propagator Uy corresponds to the perturbed initial
value problem,

ot

{ D Ltu+V(Hu=0, 0<7<t<T,
u(t) = f,
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while the forward Feynman-Kac propagator U, is associated with the problem

(5)

{%%—L@u+u@u:0,0<T<t<T
u(r) = f.

The equations in ({) and (B)) are understood in the distributional sense (see Section
[I for the definition of free propagators and Feynman-Kac propagators).

Throughout the present paper, we assume that V and p belong to the non-
autonomous Kato classes P} and Py, of functions and measures, respectively (see
Definition B]). In the case of the Gaussian transition probability density, these
classes were studied in [16, [I7, I8 2T]. The classes P and P, are generalizations
of a celebrated Kato class K,, introduced by Aizenman and Simon in [I, B7]. The
definition of K, is based on a condition used by Kato in [25]. Aizenman and
Simon developed the theory of Schrédinger semigroups with Kato class potentials
(see [I, B7]). The Feynman-Kac propagators Yy and Y, with V and p in the
classes P} and Pr, are, in a sense, two parameter generalizations of Schrodinger
semigroups with Kato class potentials. However, even in the case where P is the
Gaussian transition probability function, the classes P} and Py, are not completely
analogous to the Kato class. For instance, it was shown in [2I] that there exist
Ve 77; and p € Py, such that the backward Feynman-Kac propagators Yy and
Y,, are not bounded on the space L'. On the other hand, a Schrédinger semigroup
with a Kato class potential is always bounded on L'. More information on the
Kato classes of functions and measures and Schrédinger semigroups can be found
in [11 2 (3, 4, B 6] [7, 24, 37, [39] [40] [45]. The non-autonomous Kato classes were
studied in [T6], 17, 18, [19] 20} 2], 221 B0}, BT, B34 36l B8, 42, 43, [44]. The classes P;
and P, considered in [16, 17, 18, 19] 20, 21, 22] and in the present paper are wider
than most of the non-autonomous Kato classes studied before.

We now give an overview of the results obtained in the present paper. In Section
we prove that the strong continuity of a propagator is equivalent to its separate
strong continuity and uniform local boundedness. Section [3is devoted to the non-
autonomous Kato classes P; and Py,. In Section Hl we construct two parameter
additive functionals of Markov processes corresponding to time-dependent mea-
sures. The construction utilizes a special approximation method (see Definition
[L3]). Section [l contains the exponential estimates for the additive functionals de-
fined in Section @ In Sections[f] and [{] we study the inheritance of properties of free
propagators by their Feynman-Kac perturbations. We discuss the strong continuity
of propagators on the space L", the (L" — L9)-smoothing property, and various ver-
sions of the Feller property. More results concerning the similarities in the behaviour
of semigroups (propagators) and their perturbations by potentials can be found in
[ 2, 131 41, 5, 6, 7, [141, (16, 17, (18, (19, 201, 21, 22, 32, 1341, 137, 138, [39, 40}, [42], 43, [44], [45]. In
Section 8 we establish that the Feller property, the Feller-Dynkin property, and the
BUC-property are inherited by Feynman-Kac propagators from free propagators
under additional restrictions on functions and time-dependent measures generating
Feynman-Kac propagators. In Section [0l we discuss the inheritance problem in the
case where transition densities are fundamental solutions to second order conserva-
tive parabolic partial differential equations. The last section of the paper (Section
[I0) concerns the relations between the forward and backward cases.
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2. BACKWARD PROPAGATORS ON BANACH SPACES

We show in this section that a backward propagator is strongly continuous if
and only if it is separately strongly continuous and locally uniformly bounded.
This result (Theorem below) was first formulated without proof in [I9]. The
proof appeared in the CRM preprint [20] A similar result holds for propagators.

Let T > 0 and put Dy = {(7,t) : 0 <7 <t <T}. If T = oo, then we assume
that Do = {(7,t) : 0 < 7 <t < oo}. For a Banach space B, the symbol L(B, B)
stands for the space of all bounded linear operators on B.

Definition 2.1. A two-parameter family of operators {W(t,7) € L(B, B) : (1,t)
€ Dy} is called a propagator on B provided that the following conditions hold:

(i) W(t,7)=W(EMNWA,7)for 0 <7 <A<t < o0

(if) W(r,7)=1for 0 <7 < 0.
If the family W is defined on Dy with T' < oo, then it will be assumed in (i) and
(ii) that (7,t) € Dr.

A two parameter family of operators {Q(7,t) € L(B, B) : (1,t) € D} is called

a backward propagator on B provided that the following conditions hold:

(1) Q(7,1) = Q(T, M)Q(A, 1) for 0 <7 < A<t < oo;

(2) Q(t,t) =1 for 0 <t < o0.
If the family @ is defined on Dr with T' < oo, then it will be assumed in (1) and
(2) that (7,t) € Dp.

It is easy to see that if T < oo and @ is a backward propagator on B, then
the family of operators defined by W(t,7) = Q(T — t,T — 7) is a propagator on
B. Similarly, if W is a propagator on B, then the family @ defined by Q(,t) =
W(T — 7,T — t) is a backward propagator on B. The previous statements show
that practically any result about propagators has a counterpart for backward prop-
agators and vice versa.

It is said that a backward propagator @ is strongly continuous if for every = € B,
the B-valued function (7,t) — Q(7,t)z is continuous. A backward propagator @) is
called uniformly bounded if ||Q(7,t)||p—p < M for all (7,t) € Dp. If T = oo, and
for every compact subset K of Do, ||Q(7,1)||p—p < Mk for all (7,t) € K, then Q
is called locally uniformly bounded. A backward propagator @ is called separately
strongly continuous if for every fixed ¢ and « € B, the function 7 — Q(7,t)x is
continuous on [0, ], and for every fixed 7 and x € B, the function t — Q(7,t)x is
continuous on [7,T] (if T = oo, then we consider the interval [t,c0) instead of the
interval [t,T]).

Theorem 2.2. For a backward propagator QQ on B, the following are equivalent:
(1) the strong continuity;
(i1) the strong separate continuity and the uniform local boundedness.

Proof. Using the uniform boundedness principle, we see that (¢) implies (¢7). Next,
let @ be a strongly separately continuous and locally uniformly bounded propagator.
Let (7,t) € Dr, and suppose t' and 7 are close to ¢ and 7, respectively. We will
first assume that ¢ > 7. Then for 7/ close to 7, we have ¢t > 7. Using the local

L After finishing our work on the present paper we found that Theorem was also obtained
independently but later in [30].
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uniform boundedness condition and assuming that ' > ¢, we get that for every
x € B,

’
T b

!

~
Il

Q¢ Q(r,t)z|lp

Q. t)x — Q(', t)zl|s + [|Q(7, ) — Q(7, )|
(=", )(Q(t,t)z — 2)||5 + [|Q(T, )z — Q(7, )25
M|Q(t, )z — zlls + |Q(', ) — Q(r, t)z||5.

By the separate continuity of @,

(6) lim [I=0.

t'—t, 7' —T1

)z —
)z —

IAINCIA

If ¢/ < ¢, then

I ||Q(TI7 tl)x - Q(T/7 t)$| ‘B + HQ(T/7 t)x - Q(T7 t)$| ‘B
(", ) (z — Q' t))||5 + ||Q(r, )z — Q(7, )zl 5
M|IQ(, t)x — || +[|Q(', t)z — Q(7, t)z|| 5,
and we again get formula ().

Finally, let 7 = ¢ < 7/ < t/. Then the separate continuity of @ implies that for
every € > 0 there exists A > 0 such that A > 7 and ||Q(7, )z — z||g < e. It follows
from the local uniform boundedness condition that

I=[1Q(", ) — ||z
<R, 1)z = Q(r', Nzlls + [|Q(", Nz — Q(7, Mzl |5
QR Nz — zlls < llQ(, ) (z — Q' Mzl|5
HQ(, Nz = Q(7, Nzlls + € < M||Q(t', N — |5
+Q(, Nz — Q(7, Nz|ls + € < M||Q(t', Nz — Q(7, Mall
+M|IQ(r, Nz — x|l + [|Q(T, Nz — Q(7, M)z + €
< MJQ(t, Na — Q(7, Nzl
(7) +lQ(, Nz = Q(r, Nzl + (M + 1e.
The constant M in (@) depends on t. It follows from (@) and from the separate
continuity of @ that there exists § > 0 such that for 7 < 7/ <t < 7+ 4, we have

I < (2M + 2)e. Therefore, (@) holds for 7 =t < 7/ < ¢/,
This completes the proof of Theorem O

IN A CIA

3. NON-AUTONOMOUS KATO CLASSES OF FUNCTIONS AND MEASURES

In this section we introduce and study the non-autonomous Kato classes P
and Pp,. The subscripts f and m in P} and Py, are the first letter of the words
“function” and “measure”. Let V be a Borel function on the set [0,T] x E, where
T > 01is a fixed number, and let p be a family g = {u(t) : 0 <t < T} of signed Borel
measures on (E,E). Recall that we called such families time-dependent measures.
By |p| = {|p(t)] : 0 <t < T} is denoted the family consisting of variations of the
measures u(t) with 0 <t < T. Let P be a transition probability function. For a
function V as above, put

(8) NWV)(r,t,z) = / Y(r,5)V(s)(x)ds, (1,t) € Dp, z € E.
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The function N (V) is, in a sense, a potential of V. In the case of a time-dependent
measure u we assume that P has a density p. Then we define the potential N, by

(9) N(p)(7,t,x) 2/ Y (7, s)u(s)(x)ds, (r,t) € Dy, z € E.

It is assumed in (§) and (@) that the integrals on the right-hand side make sense.
The next definition concerns backward non-autonomous Kato classes.

Definition 3.1. Let P € M. Then it is said that V belongs to the class 75;
provided that
sup sup N(|V])(7,t,2) < .
(r,t)eDr z€E
Let V € 75}‘ Then it is said that V' belongs to the class P} provided that

I N([V|)(r,t,z) =0.
,Mim, , sup N([V]) (7., 2)

Suppose that P € M has a density p. Then it is said that ;1 belongs to the class
P provided that
sup  sup N(|u[)(7,t,z) < oo.
T:(1,t)€EDT TEE

Ifue 75;;, then it is said that p belongs to the class P}, provided that

-2, 9D (lul)(r,t,2) =0

In the case of the heat semigroup, the classes in Definition [B1] were introduced
in [T77, 21].
Let V € P}, p € Pp,, and denote

(10) IVIly = sup sup N(|u|)(r,T,z)
T7:0<7<T z€FE

and

(11) lpllm = sup sup N(|u[)(7, T, z).

T7:0<7<T z€FE

It will be shown below that under certain restrictions the non-autonomous Kato
classes in Definition Bl equipped with the norms defined by ([I0) and () are
Banach spaces.

Remark 3.2. Let [ denote the Lebesgue measure on the o-algebra Bjg 7 of all Borel
subsets of [0, T]. By 1) is denoted the restriction of [ to [r, T]. For every 7 € [0, T
and x € E, define a measure {;, on the o-algebra o (B, x £) as follows: For

U e U(B[T,T] X 5),
fr,z(U)Z/ P(r,z;u,dy)du.
U

Then, for V € 75;, the condition ||V||; = 0 means that for all 7 € [0,T) and
xz € E, V(u,y) = 0 holds &, z-a.e. on [1,T] x E. If P has a density p such that
(T, z;u,y) > 0 for all 7, x, u, and y, then the condition ||V||; = 0 is equivalent to
the condition V(u,y) = 01 x m-a.e. on [0,T] x E. If there exists a density p, and
if ;1 € Pr,, then the condition ||g||,, = 0 means that

/TT [Ep(T’ s u, y)d|p(w)|(y)du = 0
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for all 7 and z. If p is strictly positive, then we get the following equivalent condi-
tion: p(u) =0 for l-a.a. u € [0,T7.

Taking into account the identifications described in Remark 4.3, we see that
(Ps. |l - 1lf) and (Pp,,[| - [lm) are normed spaces. In addition, they are Banach
spaces.

Lemma 3.3. Let P € M. Then (75}‘, |Ill£) s a Banach space, and (P}, ||-||y) is its

closed subspace. Moreover, if P has a strictly positive density p, then (PX, 1] - [|m)
is a Banach space, and P}, is its closed subspace.

Proof. We will prove that if p is strictly positive, then the space 75:;1 is complete,
and Py, is a closed subspace of P;;,. The rest of the proof of Lemma is similar.
Let p, € P, k > 1, be a sequence such that

o0

120 Yl =" sup sup/ du/ (7, 230, ) d] i (w, )| < 0.

1 o Ti0<T<T z€R

Then for every x € E, we have

T o0
/ du/ p(0, x5 u,9)d Y | (u, y)| < oc.
0 E k=1

Therefore, there exists a Borel set U, € [0, 7] such that [(U,) =T and

(13) JRICEEET) SITCRIE

k=1
for all w € U,. Fix « € E. Then (I3) implies that for every j > 1 and u € U,,

D k(W) (Aj) < o0,
k=1

where 4;, = {y € E: p(0,z;u,y) > j~'}. Hence, > uy(u) is a finite signed Borel
measure on every set Aj;, for all u € U,. Since the strict positivity of p implies
the equality U;il A, = E for all u € U, the measure p(u) = Y pux(u) is a signed
Borel measure on E for all u € U,, and hence l-a.e. on [0,T]. It follows from (I2)
that p € 75;;, and it is not difficult to show that the series Y- | yux converges to p
in the space 75:;1 This proves the completeness of 75;1

Now let v, € P, k > 1, be such that vy, — v in ’ﬁ* . We have

/Yrum /Yruw i (1) | () s
(14) + / Y (7)o ()] ()

It follows from (I4) that p € Pj,. Hence, the class P}, is a closed subspace of the
space P},
This completes the proof of Lemma 3.3 O

The next result provides a description of the classes P} and Py, in terms of the
potential operator N.
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Lemma 3.4. (a) Let Pe M andV € 75; Then V € P} if and only if
(15) lim  sup sup[N(|V[)(7,t',z) = N(|V|)(7,t,2)] = 0.

t'—t—0+ r.0<r<tz€E
(b) Suppose that P € M has a density p, and let p € 75;:1 Then p € Py, if and
only if (Bl holds with u instead of V.

Proof. Let V' € P;. Then we have

NVt x) =N(VI)(7t,2) = /t V(7 u)|[V(w)|(z)du =Y (r, ) N([V]) (¢, ') (2).

It follows that

sup[N([V[)(r, 1", z) = N([V])(7,t,2)] < sup N([V])(¢, ¢, z).
el zel
It is clear that the previous estimate implies (I5]).
Now assume that (5] holds. Then we have

lim sup N([V[)(7,t,2) = lim sup[N(|V|)(r,t,2) = N(|[V|)(7,7,2)] = 0.
t—7—0cE t—=7—=03cp

Therefore, V' € P;. This establishes part (a) of Lemma 5.4l The proof of part (b)
is similar. d

Remark 3.5. Tt is easy to see from the proof of Lemma [3.4] that

lim sup sup |[N(V)(r,t',z) — N(V)(r,t,z)| = 0.
t'—t—0+ r.0<r<tzeE

4. POWER TYPE ESTIMATES AND THE FUNCTIONAL Au

In this section we explain how to construct the additive functional A, p € Py,
appearing in the definition of the backward Feynman-Kac propagator Y,. Such
constuctions are standard in the time-homogeneous case (see, e.g., Section 5.1 in
[13]). Moreover, under certain restrictions, there is a one-to-one correspondence
between additive functionals and measures (the Revuz correspondence; see, e.g.,
[35], Chapter 10). Although the structure of the proof of the existence result
for the functional A, below is similar to that in the time-homogeneous case, we
decided to include the proof of Theorem since the non-homogeneous case has
its own peculiarities. Note that the class of time-dependent measures P}, is not
completely analogous to the classical Kato class of measures, and that the estimates
for the additive functionals Ay and A,,, obtained below for V' and p, which are not
necessarily positive, have independent interest.

The following functions will be used in Sections [ and

MWV)(r,t) = sup sup |N(V)(rt, )]
rir<r<tzcE
t

(16) = sup sup | Y (r,8)V(s)(x)ds|
rir<r<tzeE r
and
M(p)(r,t) = sup sup|N(u)(r,t, )l
rir<r<tzeFE
t
(17) = sup sup| [ Y(7,s)u(s)(z)ds|.

rir<r<tzeFE r
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The next result is an approximation lemma for functions and time-dependent
measures. Note that one cannot always approximate a time-dependent measure by
functions in the norm topology of the space P*, (see Lemma B.3]). Therefore, one

has to look for weaker approximations.

Lemma 4.1. (a) Let Pe M andV € P;. Fork>1,0<7<T, andz € E, put

(18)

gr(7,2) = kN(V) (7, min(7 + %,T),x).

Then the following conditions hold: g € P} for all k > 1,

(19)

lim sup sup|N(V — g)(7,t,x)| =0,

k—oo (rtyeDy z€E

and
(20)

lim  supsup N(|gx|)(7,t,z) = 0.

t—=7—0+ > zcFE

4071

(b) Suppose that P € M has a density p, and let u € Pr,. Fork>1,0<7<T,

and z € E, put

(21)

gk (T, 2) = EN (p)(7, min(7 + l,T),x).

k

Then the conditions in part (a) of Lemma 1] hold with p instead of V.

Proof. (a) We have

N(gk)(T7 2 LIZ)

(22)

t min(er%,T)
= k/ Y(T,s)ds/ Y(s,u)V(u)(x)du

t min(s++,T)
k:/ ds/ Y (7, u)V(u)(x)du

min(t++,T) t
— & / Y (7, )V () (2)du / e (8)ds,

where Xx¢, (u) is the characteristic function of the set Cp(u) = {s : s < u

min(s + ¢,7)}. It follows from ([22) that

N(ge)(r,t,2) =

(23)

Using (23), we obtain

min(‘r+%,T) t
k/ Y (T, u)V(u)(x)du/ XCy (w)(8)ds

T

+ / Y (7, u)V(u)(x)du

min(r+4,t)

min(t++,7) t
—I—k/ Y (7, u)V(u)(x)du/ XCy (u) (8)ds.
¢

T

min(7+,t)
IN(V — i), t,)| < / Y (7 0) |V ()| ()

min(T+E7t) t
Tk / Y (7, )|V ()| () du / X ()ds

min(t+4,7T) t
+k / Y () [V ()| () du / X wy(5)ds.
t T

<
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Since the Lebesgue measure of the set Cy(u) does not exceed %, we get

1

IN(V — gi)(7,t,2)] < 2N(|V])(7, min(7 + E,t),x)
min(t+5,7)

LY (n t)/ Y (t,0)|V(w)|(2)du
t

1

=2N(|V|)(7, min(7 + E,t),m)

+ Y (r,t)N(|V|) (¢, min(t + %, T)(x).

Therefore,
1
sup [IN(V — gx)(7,t,2)| < 2sup N(|V|)(r, min(7 + —, ), x)
z€E z€E k
1
(24) + sup N(|V|) (¢, min(t + =, T), x).

z€E k

Now it is clear that (24) and the definition of the class P imply condition (I9) in
Lemma [£.1]

Since

+ mm(er%,T)
N(lgrD)(r,t,2) < k/ Y(r, S)ds/ Y(s,u)|V(u)|(x)du
min(s+4,T)
o as | ¥ (r, )|V (u)| ()

m1n(t+ ,T)
v YV @ [ o (s)ds

T,t
we get
1 1
(25) N(|lgk|)(7,t,z) < Emin(t — T, E)N(WD(T’ min(¢ + %,T),:c).

It is not hard to see that the condition g € P}, k > 1, follows from @3).
It remains to show that condition (20)) holds. Let € > 0. Then (25) and Lemma
B4 imply that there exist 4; > 0 and kg > 1 such that

(26) sup N(|gg|)(7,t,x) < e

zelE
for all t — 7 < 61 and k > ky. Moreover, since g € P}k, there exists d, > 0 such
that d2 < 61 and (26) holds for all ¢t — 7 < §3 and k < k. Hence, (26) holds for all
kE>1andt—7 < dy, and we get (20).

This completes the proof of part (a) of Lemma Il The proof of part (b) is
similar. (]

Remark 4.2. Suppose that the conditions in part (b) of Lemma 1] hold. Then it
follows from (I9) that

k—o0
Moreover, (23] implies
limsup N(|gk|) (7,1, 2) < N(|p|)(7,t,2)

k—oo
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and
lim sup M (|ge|) (. £) < M(|al) (7. ).

k—o0
In the next definition, we introduce a special approximation method. It is based
on the properties of the approximating sequence g5 in Lemma F11

Definition 4.3. Let P € M, V € P}, and V;, € Py, k > 1. By definition, the
sequence Vj, approaches V in the potential sense provided that

lim sup sup |N(V = Vi)(7,t,2)|=0
k—oo (rt)eDyp z€E

and

lim  sup sup N(|Vi|)(7,t,z) = 0.
t=7—=0+ >1 2cE

Suppose that P € M has a density p. By definition, a sequence uy € Pk, k > 1,
approaches i € 73}* in the potential sense provided that

lim sup sup [N(p— pp)(7,t,2)[ =0
k—oco (r t)yeDr z€E

and

lim supsup N(|pk|)(,t,z) = 0.
t—=7—0+ k>1 zeE

Remark 4.4. Tt follows from (I8)), (21]), and from the definition of the class 7§}‘ that
the functions gx in Lemma EJ] are bounded. Hence, for any V € P} (u € Pp,),
there exists a sequence of bounded functions approaching the function V' (the time-
dependent measure ) in the potential sense.

Lemma 4.5. Suppose that

lim  sup sup N(|Vi|)(7,t,z) = 0.
t=7—=0+ k>1 2cE

Then supy, ||Vi||f < 0o. The same result is true for time-dependent measures.

Proof. If the condition in Lemma holds, then there exists 4 > 0 such that for
t—7T<dand k > 1,

(27) sup sup N(|Vi|)(7,t,2) < 1.
T€E k>1

For every (7,t) € Dy with 7 < t, there exists a partition 7 = to < - - < ¢, = t such
that max{|t; 1 —¢;]:0<j<n—1} <4 and n < §'T. Moreover,

noloetin
N(Vil)(rt,z) = Z/t Y (r, 8)[Vil (2)ds
- iY(T,tj)/j+1 Y (t;,s)|Vi|(z)ds
=0 ti

= Y )N (V) () ).
=0

By (27)), we have

n—1

sup sup N ([Vi|)(r, £,2) < > N(INi|)(t), tj41,2) <n <
k>1acE =1

S
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This completes the proof of Lemma in the case of functions. The case of
measures is similar. O

Let V' be a non-negative function from the class P;. Then the functional Ay

defined by Ay (7,t) / V (s, Xs)ds is a non-decreasing continuous additive func-

tional. More precisely, it possesses the following properties:

(1) For all 7 < ¢, the random variable Ay (7,t) is F;-measurable.

(2) Forall 7 and z € E, Ay (7,7) =0 P, ,-as.

(3) For all 7 < t and = € E, the function ¢ — Ay (7,t), 7 < ¢t < T, is non-
decreasing and continuous P; ;-a.s.

(4) For all 7 < XA <t, Ay(r,t) = Av(1,\) + Ay (\,t) Pry

(5) Forallt <tand z € E, E, 5 [Av(,t)] = N(V)(7,t :L')

Theorem 4.6. Let P € M be a transition probability function possessing a density
p. Then for every family p of nonnegative measures from the class Py, there exists
a functional A, (7,t), (1,t) € Dr, for which conditions (1)-(5) above hold.

Proof of Theorem .6 We will need the following lemma:
Lemma 4.7. Let P € M and V € P;. Then for every (r,t) € Dr, x € E, and

any integer n > 2,
(28) |Er 2z Ay (T, )" < nIN(|V])(1,t,2) M (V) (T, t)"_2M(V)(T, t).
O

Proof. Using the Markov property and taking into account that V' € P}, we obtain
t t
B, Ay(t,t)? = 2ET7$/ Vs, Xs)ds/ V(u, Xy)du
j t
= 2Em¢/ Vs, Xs)ds/ E; . (V(u, X,)|F7)du

t t
~ 9B, / Vs, X,)ds / Bo .V (u, X )dulo—x.

(29) < 2/ dsY (7,s)|V(s)|(x)ds sup sup | Y(s,u)V(u)(y)dul.

s:7<s<ty€eE Js

Now it is clear that (29) implies (28) with n = 2.
Next, let n > 2 be any positive integer. By induction, we get

E‘r,xAV (7-7 t)n
t t t
= n!ET’x / V(tl, th)dtl V(tz, Xt2)dt2 e V(tn, th)dtn

t1 tn—l

IN

n! / Y(7,8)[V(s)|(@)ds sup sup| / Y (r, )|V ()| (y) dua]™2

rir<r<tyel
t
X sup sup | Y (r,u)V(u)(y)dul.
rir<r<tyeE Jr

It is clear that the previous estimate implies ([28]).
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Corollary 4.8. Suppose that the conditions in Lemma 1 are satisfied. Then for
any odd integer n > 3,

30
( f)?.r,x|Av(T, H"™ <V (n—Dln+ DIN(V|)(r, t,2) M(V|) (7, )" 2M(V)(7,1).
(I
Proof. If n > 3 is odd, then
Er o Ay (1, 1)]" < {B; o Ay (1, t)" Y3 B, Ay (1, )" 1) 5.
Now it is clear that (B0) follows from Lemma [£7 O

Lemma 7 and Corollary A8 provide pointwise estimates for the expression
E. ;|Ay(7,t)|™. The next result shows that stronger estimates hold.

Lemma 4.9. Let P € M and V € P;. Then for any T with0 <7 < T, any 0>0
such that 7+ 6 < T, and any even integer n > 2, the following estimate holds:

(31) supE., sup Ay (r,0)" <, M(|V|)(7, 7+ 5)”71M(V)(T, T +9),
zER t:r<t<7+6

where

(32) n = 2"[(— )l + 1]

n—1
Moreover, for any odd integer n > 3, we have

(33) supE., sup |Ay (1, t)|" <, M(V])(r, T+ " IM(V) (7,7 + ),
rclE t:r<t<7T+6

where ¢, = \/Cn—1Cnt1-

Remark 4.10. For n = 1, we have

NE

(34) supE., sup |Ay (7, t)| <{c2M(|V|)(r, 7+ MV) (1,7 +)}=.
zeE t:r<t<t4+0

Estimate (31) easily follows from (28) with n = 2.

Proof of Lemma 3. We will prove estimate ([B1]). Estimate (B3] follows from (31))
and Holder’s inequality.

Let n > 2 be an even integer, and let V' € P;. For given 7, x, and ¢ with
T<t< 71496, put My = E; ;(Ay (7,7 + §)|F]). Then M, is an F;-martingale.
Moreover, it belongs to the space L™ (see (28])). Using the Markov property, we see
that for every t with 7 <t <7+,

T+6
M, = AV(T,t)—l—/ ET’I(V(S,XS)L?E;)dS
t‘r+6
— Ay(nt) + / Y (£, 5)V (s)(X,)ds

P, ;-a.s. Hence, M; is a modification of the functional

Mt = AV(Ta t) + N(V)(taT + 5, Xt)
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Fix a partition 7 = tg < t; < -+ <ty = 7+ J. By Doob’s inequality (see [35]),
we get

E., sup Ay(rt;)"

7:0<5<k
< 2"E., sup M +2"E., sup |N(V)(tj,7+5,th)|"
§0<i<k §:0<j<k
< 2™ il V'Er g Av (T, T+ 6)" +2"%sup sup [N(V)(s,7+6,2)|]"
n—1 2EE s:7<s<746
(35) < 2n(nﬁ1)“E7-,IA\/(T,T+5)”+2RM(V)(T,T+5)n.

It follows from ([28) and (B3]) that
(36) E,. sup Ay(r,t)" <c,M(|V|)(r,7+ 8" *MV)(r,7+6)
J:0<5i<k

for all © € E where ¢, is defined by [B2). Next we choose a sequence of refinements
of the partition 7 = tg < t; < -+ < tp = 7 + 0 on the left-hand side of (B8]
such that the maximum length of the partition intervals tends to 0, and pass to the
limit, using the monotone convergence theorem and the continuity of the functional
Ay (7, t) with respect to the variable ¢. This establishes estimate (31) and completes
the proof of Lemma [£.9] O

Let us return to the proof of Theorem For a non-negative family u € P},
define the sequence gi by ([2I). Using (3I) and (33), we obtain
sup B sup  [Ag—g, (1, 0)]" < e M(lgk — g;1) (7,7 +68)" " M (g1 — g;) (7, 7 +9).
z€E tr<t<7+4+46
It follows from Lemma ET] that
dim  sup sup Er, sup |Ay, (7,t) — Ay, (7, t)[" = 0.
Jyk—00 1.0<7<T z€E tr<t<1+46
Hence, there exists a functional A, such that
(37) lim sup supE,, sup |Au(1,t)— Ay (T,1)|" =0.
k—00 1.0<7<T z€E t:r<t<t+49
Using the fact that every functional A,, satisfies conditions (1)-(5) in Theorem (4.6}
we can prove that the functional A, defined by (B7) also satisfies these conditions.
This completes the proof of Theorem
It is not difficult to see that the functional A, does not depend on the choice of
a sequence gy such that g, approaches p in the potential sense. Actually, more is
true.

Lemma 4.11. Let p be a non-negative family from the class P,, and let A; and
As be two functionals satisfying conditions (1)-(5) in Theorem 4.6. Then for every

0<7<T and x € R", the processes A1(1,t) and As(7,t) are indistinguishable.
The proof of Lemma ETT] is standard (see, e.g., the proof of Theorem 5.1.2 in
[13]).
In the next definition, we extend the functional A, to the case of signed time-
dependent measures.

Definition 4.12. Let u € P},. Denote by u™ and = the positive and the negative
variation of the family u, respectively. Then the functional A, is defined as follows:

AM(Ta t) = Au* (7—7 t) - A/L* (T7 t)'
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Lemma 4.13. Let P € M be a transition probability function possessing a density
p, and let p € P),. Then estimates BI) and B3) hold with p instead of V.

Proof. We will prove estimate ([BI]) for a time-dependent measure p. It is clear that
estimate ([B3) for p follows from (BI).

Let p € PF,, and let g be the sequence constructed for p in Lemma [l Then
gk € P;. Applying estimate (3I) to the sequence gy, we see that

(38) sup Erp  sup  [Ag, (1, 8)|" < e M(|gu])(7,8)" " M (gr) (7, 2).
reE t:r<t<t+49

It follows from Remark that
(39) likmSUPM(|gk|)(T, t) < M(|p|)(7,1)

and
(40) M(gr)(1,t) — M(p)(7,t)

as k — oo. Now using (B7), (38), [B9), and @) we see that ([BI) holds for .
This completes the proof of Lemma T3] O

5. EXPONENTIAL ESTIMATES FOR NON-AUTONOMOUS FUNCTIONALS

The non-autonomous multiplicative functionals (7,t) — exp{— f: V(s, Xs)}ds
and (7,t) — exp{—A,(t,7)} play an important role in the theory of Feynman-
Kac propagators. These functionals are called the Kac functionals. We begin this
section with a non-autonomous version of Khas'minski’s Lemma. This lemma and
similar results imply that the Feynman-Kac propagators Yy and Y, with V' € P}
and p € P} are uniformly bounded on the space Lg”.

Lemma 5.1. (a) Let P € M,V € P}, and let (1,t) € Dr be such that M(|V])(7,t)
< 1. Then

! 1
(41) ilelgErx eXP{/T [V (s, Xs)|ds} < W

(b) If P € M has a density p, p € Py, and (1,t) € D is such that
M(j)(r,t) < 1, then

1
(42 sup E. , exp{4,,(7,)} < —————+—.
) sop e 0l O = T3
Lemma [51] can be obtained as follows. Estimate ([28) gives
A )"
(43) B AT vy

It is clear that (3]) implies ([#I). Now arguing as in the proof of Lemma T3] we
see that estimate ([42)) follows from (EIJ).
The next assertions contain more exponential estimates.

Lemma 5.2. (a) Let P € M,V € P}, and let (1,t) € Dr be such that M(|V|)(t,7)

< 1. Then

Er o exp{|Av(r, )]} < 1+ {2N(|V]) (7, t,2) M (V) (7, 1)}
2V3N(|V|) (7, t, 2) M(V)(7,t)

(44) 3 1= MV (7,t)
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(b) If P € M has a density p, u € Py, and (1,t) € Dr is such that M (|u|)(7,t) <

1, then estimate (@) holds with u instead of V.

Proof. Estimate ([@4]) follows from Lemma 7 Corollary A8 and the fact that

V(m—=1Dl(m+ 1) < %ﬁ(m!) for all m > 3. The proof of part (b) is similar. Here

we reason as in the proof of Lemma F.13] ]

Lemma5.3.(a)LetPEM,q21,1<7“<oo,%+% 1, and let V
T

and W be functions from the class P;. Suppose that (1,t) € Dr is such that
M(rg|W|)(r,t) < 1 and M (r'q|V — W|)(7,t) < 1. Then

E. ;| exp{Ay(7,t)} — exp{Aw (7, 1) }|?

: "qlV — Tt )M (r'q(V — T t)]?
S A aeg W)t BNV =Wt o) MgV = W))(r. )]

+2\/§ N(r'q|V = W) (7, t,2)M(r'q(V — W))(7,1) v
3 1—M(r'qlV —=W|)(r,t) '

(b) Suppose that P € M has a density p, and let ¢ > 1, 1 <1 < 00, % + % =1,
and p,v € Pk, Let (1,t) € Dy be such that

M(rqlv))(r,t) <1 and M(r'qlp—v|)(r,t) < 1.

(45)

Then
Eralexp{A,(r,t)} — exp{A, (7, t)}|!
1 1
< ARN(qlp —v|) (7, t,2) M (r'q(pn — v)) (7, t)]2
< oAy PN M ), )
2V3 N (r'qlp — v) (7.t x) M (r'q(u — v)) (7, 1) »,
s MO A
Proof. Part (a). It is not difficult to prove that
(47) e — 1" <elalb —1,

for a € R and b > 1. Using (@) and Holder’s inequality, we get
Ero| exp{Av (7, 1)} — exp{Aw (7, 1) }|?
< {Braexp{Argw (n, 0} {Eral exp{Ay_w (r.0)} = 19}
(48) < B exp{Argw (1 1)} {Er o exp{[Aprgv_w (7, 1)} = 137

Now it is clear that (@3] follows from ({II), (4] and [{@F]).

Part (b). We will first use Lemma [Tl to find the approximating sequences gy, (for
w) and hy, (for v). By the assumptions, M (rq|v|)(7,t) < 1 and M (r'q|lp—v|)(1,t) <
1. Using Remark 2] we see that there exists a sequence k' of positive integers such
that

M(rq\hk/\)(T, t) < 1, M(’I’,q|gk/ — hk")(T7 t) < ].,

k}im Ag,c/ (T, t) = Au(Ta t)a k}im Ahk/ (Ta t) = AV(Tvt)v
likrpsupM(|hk'\)(7'7 t) < M(|ul)(7, 1),
th/IlSLlpM(|gk' = hy|)(7,t) < M(Jp—v|)(7,1),

limsup N(|gx — hir|)(7,,2) < N(|p = v|)(7,t, ),

k! — o0
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and

lim M(ge — i) (r,8) = M(u = v)(r, ).

k’—o0

It is not hard to get from (@H) that

1
(1 — M(rqlhw|)(r,0))7
<{[2N(r'qlgi — b |) (7, £, 2) M (r' (g — b)) (7, )]
L 2VBN(algr — b ) (71, 2) M algn — hae)) (7, 1)
3 1— M(r'qlgr — hw|)(T,t)

Eralexp{Ag,, (1,8)} — exp{Apn,, (T, ) }|* <

1

(49) b

Using Fatou’s Lemma in ([#9), we see that estimate (6] holds.
This completes the proof of Lemma [5.3]
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d

It follows from formula (B2) that ¢, < ¢2"n!l. However, this estimate is not
strong enough to derive an exponential estimate for the functional Ay by using
@BI) and [@B3). We will obtain such an estimate by modifying the proof of Lemma

4.9

Theorem 5.4. (a) Let Pe M andV € P;. Then for every 7 with 0 < 7 < T and
every 6 > 0 such that 7+ 6 < T and M(|V|)(r,7 + 0) < 1, the following estimate

holds:
sup E; exp{ sup ‘AV (7’, t)|} < exp{M(V) (7—7 T+ 5)}
zelb tir <t<T46
X (].+C{M(|V|)(T,T—|—5)M(V)(7—7T+5)}%
(50) L MWD+ )MV 7+ 0)

1—-M(V|)(r,7+9) )

(b) Suppose that P € M has a density p, and let p € Pr,. Then for every T with
0<7<T and every 6 > 0 such that 7+ 6 < T and M(|u|)(T,7 4+ 9) < 1, the

following estimate holds:

sup B yexp{ sup |Au(7,t)]} < exp{M(u)(r,7+0)}
zER tr<t<t+6

x (L4 e{M(|Jpl)(r, 7+ 8)M(u)(r, 7+ 6)}2
M(lu(r. 7+ )M (p) (7,7 + ),
1— M([ul)(r, 7+ 3) '

+

Proof. Using the same notation as in the proof of Lemma .9 and applying Doob’s

inequality, we see that for every n > 2,

n

E;. sup [My|" < (
j:0<j<k n—1

< () M (V)7 46" M V) (7.7 + ).

V'Er 2| Av (T, T+ )"
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Dividing the previous inequality by n!, adding the resulting inequalities, and finally
using (BI) and the equality My = Ay (7,t) + N(V)(t,t + 9, X+), we get
E; ;exp{ sup \Mtj|} <1+ E,, sup |Mtj\
J:0<j<k J:0<j<k
MUV)(r, 7+ )M(V) (1, 7+ )
1—M(V|)(r, 7+ 9)
<14 E., sup |Ay(7,t;)]
J:0<5<k
+E;, sup [N(V)(tj, 7+ 6, Xy,)]
J:0<j<k
M(|V]) (7,7 + )M (V)(7,7 +0)
1=M(V|)(r,7+ )
<1+{E,, sup |Ay(rt;)*}?
J:0<j<k

+c

+c

M(V|) (7,7 + 8)M(V) (7,7 + 6)
1= M(V))(r,7+9)

<1+ {caM(|V|) (7,7 + &) M(V)(r,7+6)}2

M(V|) (7,7 + 8)M(V) (7,7 + 0)
1= M(V))(r,7+9)

+MV)(r,7+9d)+c

(51) +MV)(r,T+6)+c

We also have

ET,I exp{ sup |Mtj |}
k

7:0<5<
> Ergexp{ sup [|Ay(7,t;)|— sup [N(V)(t;,7+6,Xy,)|}
J:0<j<k j:0<<k
(52) > exp{—-MV)(r, 7+ )}E; zexp{ sup |Av(T,t;)|}.
Jj:0<j<k

It follows from (BI) and (B2]) that
Erpexp{ sup [Av (7, 1;)|} <exp{M(V)(7,7+0)}
k

7:0<5<
x [+ {caM(|V|)(r,7 + 8 M(V) (7,7 + )} 2
MV|)(r, 7+ 8 MV)(r, 7 + 5)]
1= M([V))(r, 7 +6) '

+ M) (r,7+d)+c

Therefore,
Ergexp{ sup [Av(r,tj)|} < exp{M(V)(r.7 + )}
X (L+c{M(V])(r,7+ 8)M(V)(r,7 +6)}
(53) L MWDE T IMVY( T +3)y

1—=M((V|)(r,7+9)

Now we see that for a sequence of refinements of the partition 7 = ty < t; <
-++ < tp = 74§ on the left-hand side of (B3] such that the maximum length of
the partition intervals tends to 0, we can pass to the limit using the monotone
convergence theorem and the continuity of the functional Ay (7,t) with respect to
t. It follows that estimate (B0) holds. The proof of part (b) of Theorem B4 is
similar. Here we use the ideas in the proof of part (b) of Lemma [E3] O
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6. THE L"-BOUNDEDNESS AND THE (L" — L?)-SMOOTHING PROPERTY
OF BACKWARD FEYNMAN-KAC PROPAGATORS

In this section we discuss the inheritance of properties of free propagators by
the corresponding Feynman-Kac propagators. This discussion will be continued in
Section[7l Various inheritance theorems are known for the Kato class perturbations
of semigroups generated by homogeneous Markov processes (see, e.g., [6]). Thus, it
may seem natural to use these results to solve the inheritance problem for backward
Feynman-Kac propagators by employing the Howland semigroup,

Sef(r,2) =Y (r,min(r + ¢, 7)) f(min(r + ¢,T))(x),

associated with the free backward propagator Y and similar semigroups associated
with the backward Feynman-Kac propagators Yy and Y. In probabilistic terms,
this amounts to replacing the process X; by the space-time process )A(t = (¢, Xy)
associated with X; and considering functions f(¢,z) where (¢t,2) € [0,T] x E.
However, this approach to the inheritance problem for propagators often fails. The
reason for this failure is that additional restrictions on the time-behavior of the free
backward propagator Y are needed if we would like to apply the results obtained in
[6] to Howland semigroups. These restrictions are not imposed in the inheritance
theorems for backward Feynman-Kac propagators in the present section and in
Section [7

Our first results in this section concern the behavior of the backward Feynman-
Kac propagators Yy and Y}, on the scale of Lebesgue spaces L" with respect to the
reference measure m. By L is denoted the space of all Borel functions from L".

Theorem 6.1. (a) Let P € M. Then for any V € P}, Yv is a backward propaga-
tor on Lg°.
(b) Suppose that P € M has a density p, and let V € P3. Then Yy is a backward
propagator on L.
(c) Suppose that P € M has a density p, and let p € Py,. Then'Y, is a backward
propagator on L.

The proof of Theorem [6.1]is a standard application of Khas'minski’s Lemma and
the propagator properties.
Remark 6.2. The following estimate holds in part (b) of Theorem

t—1T1
1Y (7, )l[oo—o0 < exp{A([=5=]+ 1)},

where 0 > 0 is any number such that p(§) = sup{M(|V|)(n,A) : A\—=n < §} < 1 and
A=1In %p@. Similar estimates hold in parts (a) and (c).

Our next result explains why the approximation in the potential sense is useful
in the theory of Feynman-Kac propagators.

Theorem 6.3. Let P € M, andletV € 77; and Vi, € P; be such that Vi, approaches
V in the potential sense. Then

lim sup |[Yy(7,t) — Yy, (7,t)||Lge Lz = 0.
k=00 (7.)eDr
Suppose that P € M has a density p, and let p € P, and py, € Pk, be such that
i approaches i in the potential sense. Then

lim  sup ||[Yu(7,t) = Y., (7, t)||ocmoe = 0.
k=00 (r t)eDr
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Proof. We will only prove the second part of Theorem The proof of the first
part is similar. Let u and py be such as in the formulation of Theorem [6.3] and let
f € L*. Then by part (b) of Lemma 5.3l with ¢ = 1 and r = 2, there exists dg > 0
such that

Y 0) f () = Yy (7, 1) f ()]
1
(54) < a[flloe({M (1 — pie) (7, 8)}> + M (p — puie)(7, 1))
for all 7 and ¢ with ¢t — 7 < §p and all x € E. In (B4), the constant o does not
depend on z, t, 7, and k. It follows from (B4) that

(55) lim sup 1Y, (7,t) = Y, (7, t)|[ e~ Lz = 0.
k—oo (r tyeDrit—7<5

Next, we will get rid of the restriction t—7 < d¢ in formula (B5]). Consider a partition
0=ty <ty <ty <---<t,=T of the interval [0, 7] such that ¢;; —t; < & for
all j with 0 < j < n — 1. Then estimate (B4) holds provided that ¢ and 7 belong
to the same interval [t;,t;41]. Using this fact and the properties of backward
propagators, we can finish the proof of the second part of Theorem [6.31 We will
illustrate how to do it by considering a special case where t; <7 <t;1 <t <149
with 0 < j < n — 2. The general case is similar. By the uniform boundedness of
the propagators Y),, on the space L> (this follows from Remark [6.2)),

HYH (T7 t) - Yltk, (7—7 t) | |OOHOO
< HYM(T7 tj+1>Yu(tj+1v t) — Y (Tv thrl)Yuk (tj+17 t)||<>OHoo
S Y, t41) Vi (1, 1) = V(7 £541) Yoy (41, 8) [l so— oo
Y (7 t40) Y (F158) = Vi (75 8540) Vi, (841, 8o o0
< o [Yu(tir1,t) = Yo (t541, )l oo oo
(56) +al[Yu(7 1) = Y (75 41 oo oo
Let us recall that ¢t — ¢;41 < dp and t;41 — 7 < dp. Taking into account (53] and
([B8), we see that an equality similar to (B3] holds in the case where t; <7 < t;44 <
This completes the proof of Theorem O

Corollary 6.4. Let P € M, V € P}, and define g, by (I8). Then
lim sup ||Yv(7,t) =Y, (7, t)HLgo_,Lgc =0.
k—o0 (1, t)ED7
Suppose that P € M has a density p, and let u € Pk,. Define a sequence of
functions gy by I0). Then

lim sup ||Y,(7,t) — Y5, (7,t)||ccmoo = 0.
k—oo (r yeDyr
Corollary follows from Theorem and from the fact that the sequence g
defined by ([I8) approaches V in the potential sense, and the sequence g, defined
by (ZI) approaches u in the potential sense (see Lemma [T]).
The next lemma will be important in the sequel.

Lemma 6.5. (a) Let P € M. Then for any V € P}, we have

(57) im Y (rt) = Y (7 )] g = 0.
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(b) Suppose that P € M has a density p. Then for any V € P},
(58) Lt ¥y (7,8) — V(7)o = 01
(¢) Suppose that P € M has a density p. Then for any p € P,
(59) . lim0 1Y, (7,t) = Y (7,1)||cc—00 = 0.

Proof. 1t follows from part (a) of Lemma [5]] and from the definition of the class
P} that
f

limsup [[Yv (7,t) = Y(7,t)||ccsoo < limsup sup(E; , exp{Ay(7,t)} — 1)
t—7—0+ t—7—0+ z€FE

< limsup sup _ Mt =

T t—r—0tzeE 1 *M(|V|)(7—a t)
This gives equality (GB8]). The proof of (57) and (B9) is similar. We use part (b) of
Lemma [5T]in the proof of ([BJ). O

The next result provides sufficient conditions for the existence of backward
Feynman-Kac propagators on the space L*.

Theorem 6.6. Let 1 < s < oo and 1 <r < s. Then the following are true:

(a) Let Pe M andV € Pi. Suppose that the free backward propagator Y satisfies
Y (r,t) € L(L;, L;) for all (1,t) € Dy. Then Yy is a backward propagator on L.
If, in addition, Y is uniformly bounded on Ly and strongly continuous on L%, then
Yv is a strongly continuous backward propagator on L.

(b) If P € M has a density p, and if Y (1,t) € L(L", L") for all (1,t) € Dy, then Yy
is a backward propagator on L°. If, in addition, Y is uniformly bounded on L™ and
strongly continuous on L°, then Yy is a strongly continuous backward propagator
on L°.

(¢) Suppose that P € M has a density p and let p € P*. If Y(r,t) € L(L",L")
for all0 <7 <t <T, then'Y, is a backward propagator on L*®. If, in addition, Y
is uniformly bounded on L" and strongly continuous on L°, then Y, is a strongly
continuous backward propagator on L®.

Remark 6.7. We do not know whether Theorem holds for r = s. In the case of
the heat semigroup, Theorem [6.6] may fail for s = 1. This was established in [21].

Proof of Theorem [6.6. Part (b). Assume that the conditions in part (b) of Theorem
hold, and let g € L*. It follows from Hélder’s inequality and Remark that

(60) Yy (7,0)g(2)| < e{Y(7,1)]g| " (2)} 7,

where ¢ > 1 depends on s, 7, and V. Now we see that (60) implies

(61) Yy (7, D)l |s—s < Y (7, D) |7 —r-

Therefore, Yy is a propagator on L®. The proofs of the corresponding assertions in
parts (a) and (c) are similar. O

Remark 6.8. Inequality (61) provides a norm estimate for the backward propagator
Yo
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Let us return to the proof of part (b) of Theorem We will need the following
lemma:

Lemma 6.9. Let 1 < s < oo and 1 <71 < s. Then the following are true:
(a) Let P € M and V € Pj. Suppose that the free backward propagator Y is
uniformly bounded on Lg. Then we have

(62) t—%—1§0+ ||YV (1,t) — Y(7—7 t)l

Lg—L% =0.
(b) If P € M has a density p, V € P;. and Y is uniformly bounded on L", then

(63) t—!rlinoJr [Yv(7,t) = Y(7,1)[|s—s = 0.

(¢) If P € M has a density p, p € Pr,, and Y is uniformly bounded on L", then

(64) t—%—l§0+ ||Y#(T, t) o Y(T’ t)||s—>s =0.

Remark 6.10. Lemmas and were obtained in [I7, 2I] in the case of the
heat semigroup. A similar result concerning time-independent perturbations of
semigroups on L' was obtained earlier in [32, Lemma 4.2].

Proof of Lemma [639. We begin with the proof of part (b) of Lemma [6:9 It follows
from part (b) of Theorem [6.6] that Y and Yy are backward propagators on L. Let
g € L*. Then, using Holder’s inequality and inequality (@), we obtain

Yo (r,)g(@) = Y (r, )9 (@)
{Bralg(X0)|F Y {Brolexp{Av (7, )} = 17}
(Y (r,8)lgl? (@)} {Bro exp{ == A (r, )} = 1} 5"

IN

(65)

IN

It follows from part (a) of Lemma [B.I} the definition of the class P}, the uniform
boundedness of Y on L", and estimate (65]) that

limsup ||Yy (7,t) = Y(7,1)||s—s
t—7—0+

< a(s,r,V)limsup sup {E;, eXp{LA“/‘(T, t)}—1}
t—7—0+ zER™ s—T

s—r
s

. S M(V)(7, 1) s
R = e 1

This gives equality (G3)). The proof of equality (62]) is similar. In the proof of
equality (64]), we use part (b) of Lemma 51 instead of part (a) of Lemma Bl

Let us continue the proof of part (b) of Theorem Suppose that Y is locally
uniformly bounded on L" and strongly continuous on L®. We have already shown
that Yy is a backward propagator on L®. Moreover, Yy, is uniformly bounded on
L# (see estimate (GI))). Therefore, in order to prove the strong continuity of Yy it
suffices to show that Yy is separately strongly continuous (see Theorem [Z.2]).

Let (7,t) € Dp, and suppose that t' > ¢ and g € L*. Then

Yy (,t")g = Yy (7, )glls = |[Yv (1, ) (Y (t,t")g — 9)]|s
MYy (t,t")g — glls
M||glls|[Yy (t,8") = Y (t,8)||s—s + MY (£, )g — glls.

INIA
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It follows from Lemma and from the strong continuity of Y that
(66) Jim [[Yy (7, 1)g = Yv (7, )gl]s = 0.
Similarly, we get

(67) t’h*»Htlf HYV (Ta t/)g - YV (T7 t)gHs = 0.

Now assume that 7/ < 7. Then

v (', t)g = Yv(r.t)glls = [V (r,7") = DYy (7, t)glls
< V(1) =Y (7, )l sl YV (7, )]s
+||Y(T/7 T)YV(Ta t)g - YV(Tv t)gHs

Using (1)), Lemma [69] and the strong continuity of Y, we see that
(68) T’li—>I£—1— HYV (Tla t)g - YV (7—7 t)g‘ |s =0.

A

Finally, let 7 < 7/ < t, and let A be such that 7/ < A < t. Then

Yy (7', t)g — Yv (7. t)glls = [|(Yv (7', A) = Yo (7, 0) Y- (A, t)glls
< (Y (7", A) =Y (7, )Yy (A, t)glls
IV (7, A) = Y (", Nls—slYv (A, D)glls
Yy (7, A) = Y (7, Mlls—sl[Yv (A, )gl]s
<L) =Y (7, )Yv (A, t)glls
+ MYy (7', ) = Y (7', M)l s—sllglls
+ MYy (7, ) = Y(7, A)[s—slglls
(69) =1+ 1)+ Is.
For every € > 0, fix A such that 7 < A < tand I, +13 < § for all 7" with 7 < 7" < A.
This can be done using Lemmal[6.9 It is not hard to see that the strong continuity of

Y implies the existence of § > 0 such that [; < § for all 7/ with 7 <7/ <746 < A
Therefore, ([69) gives

(70) T/llll;_l+ ||YV (T/a t)g - YV(T7 t)gHS = 0;

and it follows from (@8], (G7), (68), and (T0) that Yy, is separately strongly contin-
uous.
This completes the proof of Theorem O

The next result concerns the smoothing properties of backward Feynman-Kac
propagators.

Theorem 6.11. Let 1 < s<g<oo and 1 <r <s. Then the fTollowing are true:
(a) Let P € M andV € Pj. Suppose that Y (1,t) € L( Q,Lg?q) forall0 <71 <
t <T. Then Yy (7,t) € L(LE,LE) for all0 <7<t <T.

(b) If P € M has a density p, V € P}, and Y(r,t) € L(L", L) for all 0 < 7 <
t <T, then Yy (7,t) € L(L®, LY).

(¢) If P € M has a density p, p € P}, and Y (7,t) € L(L", L") for all 0 < 7 <
t < T, then Y,(r,t) € L(L*, L?).
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Proof. We will prove part (b) in the case ¢ # oco. The proof in the case ¢ = oo is
similar.

Let g € L*®. Using estimate (G0), we get

Ha)} ).

¥ (.0, < o [ (.0l
It follows from the assumptions in Theorem that

(71) Yy (7, 1)gllg < cl[Y (7, 1)

T
r—zallglls-
s

Now it is clear that part (b) of Theorem [6.1T] follows from (71I). The proofs of parts
(a) and (c¢) are similar. O

7. FELLER, FELLER-DYNKIN, AND BUC-PROPERTY OF BACKWARD
FEYNMAN-KAC PROPAGATORS

In this section we turn our attention to the behavior of the free backward prop-
agator Y and the backward Feynman-Kac propagators Yy and Y, on spaces of
continuous functions on E. By BC' is denoted the space of all bounded continuous
functions on E equipped with the norm ||f||c¢ = sup,cg |f(x)]. The symbol Cj
stands for the space of all continuous functions on E vanishing at infinity, and by
BUC is denoted the space of all bounded uniformly continuous functions on E. It
is known that Cj is a closed subspace of BUC, and BUC is a closed subspace of
BC.

Definition 7.1. A backward BC-propagator is called a backward Feller propaga-
tor. A backward Cy-propagator is called a backward Feller-Dynkin propagator. If a
backward L°-propagator @ is such that Q(7,t) € L(L¥, BC) forall0 <7 <t <T,
then it is said that @ satisfies the strong Feller condition. If a backward Lg°-
propagator @ is such that Q(7,t) € L(L, BUC) for all 0 < 7 < t < T, then it is
said that @ satisfies the strong BUC-condition.

Remark 7.2. 1If @) is a backward L*°-propagator, then we may replace the space Lg°
by the space L in the definition of the strong Feller and the strong BUC-condition.

Theorem 7.3. Let P € M and V € P;. Then the following assertions hold:

(a) IfY satisfies the strong Feller condition, then Yy also satisfies the same con-
dition.

(b) If Y satisfies the strong BUC'-condition, then Yy also satisfies the same condi-
tion.

We do not know whether Theorem [(.3] holds for backward Feller, Feller-Dynkin,
or BUC propagators. However, this is true under additional restrictions.

Theorem 7.4. Let Pe M,V € Pt and suppose that 'Y satisfies the strong Feller
condition. Then the following assertions hold:

(a) IfY is a backward Feller-Dynkin propagator, then Yy also has the same prop-
erty.

() If Y is a strongly continuous backward Feller-Dynkin propagator, then Yy also
has the same property.
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If Y satisfies the strong BUC-condition, then part (b) of Theorem [[3] implies
that Yy is a backward BUC-propagator. Moreover, the following theorem holds:

Theorem 7.5. Let P €¢ M, V € Ps, and suppose that Y satisfies the strong
BUC-condition. IfY is a strongly continuous backward BUC-propagator, then Yy
possesses the same property.

Proof of Theorem [[3. We will prove part (a) of Theorem [[3] The proof of Part
(b) is similar. O

Lemma 7.6. (a) Let Pe M andV € Pj. Then for alx,’ e E,0<7<t<T,
geELE, and A >0 with T+ X <,
(72)  |Yv(r,t)g(2") — Yv(7,t)g(z)]
S2Yy (1, 74+ A) = V(7,7 + A)|oomoo| [Yv (T + A 1) gl | o
Y (r, 7+ MY (T + A H)g(a') = Y (7,7 + MYy (T + A t)g(z)].
(b) Suppose that P € M has a density p. Then ({2) holds for all g € L.
(¢) Suppose that P € M has a density p. If u € PF,, then for every z,2’ € E,
0<7<t<T,gelL>® and A >0 with T+ X <t,
|YM(7'7 t)9($/> - Yu(Tv t)g(z)|
S 2Yu(r, 7+ A) = Y(7, 7+ Ao oo [V (T + A, )9 o0
+ Y (1, 7+ MY, (T + A\ t)g(a") =Y (7,7 + N)Y, (T + A, t)g(x)].

Proof of Lemma [[.8. We will prove part (a) of Lemma[Z.6l The proofs of parts (b)
and (c) are similar. We have

Yy (7,t)g(2") — Yv (7, t)g(z)]
=|YW(r, 7+ )Yy (7t + A\ t)g(x
< |Yy(r, 7+ Yy (7 + M\ t)g(a
+ Y (r, 7+ MYy (r+ N\ t)g(x") =Y (r, 7+ MYy (7 + A\ t)g(x)]
+ Y (r,m+ Yy (r+ AN t)g(x) =Y (r, 7+ MYy (7 + A\ t)g(x)]
<2y (1,7 + A) = Y(7, 7 4 Mlloo—oo| YV (7 + A 1) glloo
+|Y(r, 7+ Yy (r+ N t)g(x') = Y(r, 7+ Yy (7 + N\, t)g(x)].
This completes the proof of Lemma O

) =Yy (7, 7+ MYy (T + A t)g(z)]
) - Y(Tv T+ )‘)YV(T + )‘7 t)g(l'/)|

Let us go back to the proof of part (a) of Theorem Suppose that the
conditions in part (a) of Theorem[31hold, and let g € L. Since Yy is a uniformly
bounded backward L -propagator (see Remark [6.2]), we have

(73) YV (7, 0)l|ocmoe < M

for all (7,t) € Dp. It follows from (73) and Lemma that for every e > 0 there
exists A > 0 such that 7+ X <t and

€
(74) 201Yv (1,7 +A) = Y(7, 7+ Alloo— oo [V (T + A, t)g]| 0 < 3.
Moreover, for A such as above and any fixed x € E there exists 6 > 0 such that

(75)  [Y(r, 7+ MY (r + A\ Dg(@) — Y(r, 7+ MYy (1 + M\ 1)g(z)] < %
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for all 2" such that p(2’,z) < 6. This follows from (73) and the assumption that
Y is a backward strong Feller propagator. Now it is easy to see that part (a) of
Theorem [Z.3] can be obtained from (74), (75), and Lemma [7.6

This completes the proof of Theorem

Proof of Theorem[[4. (a) Let g € Cy. Then Yy (7,t)g € BC for all (,t) € Dy, by
part (a) of Theorem

For every ¢ > 0 there exists a compact set K. such that |g(z)] < € for all
x € E\K.. Moreover, Urysohn’s Lemma implies that there exists a continuous
function g. on F with compact support such that g.(x) = 1 for x € K. It follows
that

IN

Yy (7, )g(x)] Yy (7, 8)gge(x)] + [Yv (7, 1)g(1 — ge) (2)]

crd[{Y (7,)]g9:* ()} + ).

It is clear that this implies part (a) of Theorem [[4l

(b) Let Y be a strongly continuous Feller-Dynkin propagator. By part (a) of
Theorem [[4] Yy is a Feller-Dynkin propagator. Arguing as in the proof of the
strong continuity of Yy in the space L® in Theorem and using the C-norm
instead of the L°-norm, we see that Yy is strongly continuous on Cj. (]

IN

Proof of Theorem [[Hl Tt is clear that Yy is a backward BUC-propagator (see The-
orem [[3). Now we can obtain the strong continuity of Yy on the space BUC,
reasoning as in the proof of the strong continuity of Yy, on the space L® in Theorem
and using the C-norm instead of the L*-norm. O

The next theorem provides sufficient conditions for the continuity of the function
(r,2) — Yy (7,t)g(x) on the set [0,t) x E. By ¢ is denoted the topology on the
space BC' generated by the uniform convergence of functions on compact subsets
of the space FE.

Theorem 7.7. Let P € M, and suppose that Y satisfies the following conditions:

(i) Y is a backward strong Feller propagator.

(ii) For every function h € BC such that h = Yy (r,s)g with 0 <r < s <T
and g € BC, the mapping (u,v) — Y (u,v)h of the space {(u,v) : 0 < u
< v < T} into the space (BC, ) is continuous.

Then for any V € P;, t € (0,T], and g € L, the function (1,z) — Yy (7,t)g(z) is
continuous on the space [0,t) x E.

Proof. Suppose that the conditions in Theorem [ hold. Using part (a) of Theorem
[[3 we see that Yy is a backward strong Feller propagator. Given ¢ € (0,7] and
g € L, fix v € F and 7 with 0 < 7 < ¢t. Suppose that 7’ is close to 7 and
a2’ € U(x), where U(z) is a relatively compact neighborhood of . Then we have

Yv (7', 1) g (2') = Yv (7, t)g(x))|

Yv (7', 8) g (') = Yv (7, t)g () + [Yv (7, 1)g () = Yv (7, 1)g ()]
(76) = Ji+ Jo

IN

Since Yy is a backward strong Feller propagator,

(77) lim Jy = 0.

z’—x
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Next, we will estimate the quantity sup J;. Let us first suppose that 7 < 7.
z'eU(x)
Then we have

sup J1 < sup |[(Yv (7',7) —I)Yy(7,t)g ()]

z’'eU(x) z'eU(x)
< sup (Y (7', 7) =Y (7', 7)) Yy (7, t)g ()]
z'eU(x)
+ sup [V (7', 7) = 1) Yy (7, t)g (2')|
z'eU(x)
< M|YV (T/’T)_Y(T/’T)|OO*>OO |g|oo
(78) + sup (Y (7', 7) = 1) Yv (7, t)g (2')].
z'eU(x)

Put h = Yy (7,t)g. Then for any small € > 0 we have
h=Yy(r,t—e)Yy(t —e,t)g =Yy (1,t —€)hy.

Since condition (ii) in Theorem [(7 holds, the function h; belongs to the space BC.
It follows from ([(8), condition (ii) in Theorem [[7} and Lemma [6:5] that

(79) lim sup J; =0.
T g cU(z)

Next, suppose that 7 < 7/. Then for every A with 7/ < \ < t,
sup J1 < sup [(Yy (7', 0) = Yv (1, 0) Yy (M, t)g (2)]

z'eU(z) z'eU(x)
< o |(Yy (7", 0) =Y (7', A) Yv (A, t)g ()]
+ xlilll}?z) |(Yv (1, 0) =Y (1, 0) Yy (A, t)g ()]
+ Sup )|(Y (T, 0) =Y (7,0) Y (A, t)g ()]
< Mgl [Yv (70 =Y (7', M) o oo

+M |g|oo ‘YV (Ta )‘) -Y (7—7 )‘)
A)

+ sup [(V(r,A) =Y (T,
z'eU(x)

(80) = C1+Cy+Cs.

)Yy (A t)g (2)]

Using Lemma[6.5] we see that the following statement holds: for every € > 0 there
exists A € (7,t) such that if 7 < 7/ < A, then C; + Cs < %E. Moreover,

(81) YoM\ tg =Y\t —0)Yy(t—8,t)g = Y(\t—8)h,

where h € BC. Now condition (ii) in Theorem [T and (8I]) imply that there exists
n > 0 such that 7 < 7/ < 7+n < X and C3 < $e. Hence, [B0) gives

(82) lim sup J; =0.
T'lT z'eU(x)
Now it is clear that Theorem [.1] follows from (@), (T7), (79), and (82]). O

Corollary 7.8. Let P € M, and suppose that Y is a backward strong Feller prop-
agator. Suppose also that for every g € BC, the mapping (u,v) — Y (u,v)g of the
space {(u,v) : 0 <u < v <T} into the space (BC,§) is continuous. Then for any
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V e Py, t€(0,T], and g € LE, the function (1,x) — Yv(7,t)g(z) is continuous
on the set [0,t) x E.

Corollary 7.9. Let P € M, and suppose that Y is a strongly continuous backward
BUC-propagator. Suppose also that Y possesses the strong BUC-property. Then
for any V€ Pj, t € (0,T], and g € L, the function (1,z) — Yy (7,t)g(x) is
continuous on the set [0,t) x E.

It is not hard to see that Corollaries [.8] and follow from Theorem [.71 The
proof is left as an exercise for the reader.

Remark 7.10. If a transition probability function P € M has a density p, then
Theorems [L.3HT. 7 and Corollaries [[.8 and [[.9 hold for any time-dependent measure
w from the class P¥,. The proofs of these results for u € P}, are similar to the
proofs in the case V € P

8. SUBCLASSES OF THE CLASSES P} AND Pp,

We do not know whether the Feller-Dynkin property or the BUC-property are
inherited by the backward Feynman-Kac propagators Yy and Y, with V' € P} and
w € P from the backward free propagator Y. Note that Theorems [4] and [R.1]
contain additional assumptions. It will be shown in this section that if V' and pu
belong to appropriate subclasses of the classes P; and Py, then the Feller-Dynkin
property and the BUC-property are inherited.

The next lemma concerns the non-autonomous Dyson series. Such assertions are
standard, and we do not include the proof.

Lemma 8.1. (a) Let P € M,V € P, and g € L. If t and 7 are such that
M(|V])(1,t) < 1, then
t t
dtl/ dty -
ty

(83) /tt Y (7, t)V(0)Y (t1,t2)V(t2) - - Y (tr—1, t) V (tk) Y (tr, £) g () di.

Yo (r, 0)g(x) — Y (r, () = 3 (~1)* /

E>1 T

(b) If P € M has a density p, V € Pi, g € L™, and (1,t) € Dr is such that
MV |)(r,t) < 1, then equality (83) holds.

(¢) If P € M has a density p, p € P, g € L=, and (1,t) € Drp is such that
M(|p])(T,t) < 1, then

YH(T,t)g(x)—Y(T,t)g(x):Z(—l)k/ dtl/t dy- -

E>1
t
/ Y(r t)p(t)Y (b1, to)plte) -+ Y (b—1, te) ()Y (t, t) g () diy,.
tk—1
Definition 8.2. The function classes 73;7 . and 73;?7“ are defined as follows:
VeP;. <=V eP; and N(V)(r,t,-) € BC for all (1,t) € Dr,

V eP;, <V eP; and N(V)(7,t,-) € BUC for all (1,t) € Dr.
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Definition 8.3. The class D} . is defined as follows: A function V' € P} belongs
to this class if there exists a sequence Vi, € P} such that Vi(t,-) € BC for all
k>1and 0 <t < T, the sequence V; approaches V in the potential sense and
fOT [[Ve(t)l|cdt < oo for all k > 1. The class D}, is defined similarly. Here the
following restrictions are imposed: Vi (t,-) € BUC for allk > 1 and 0 <t < T, the
sequence Vj, approaches V' in the potential sense and fOT [|Vie(t)]|cdt < oo for all
k>1.

Remark 8.4. If P has a density p, then the classes of time-dependent measures
Pres Prws Dy and Dy, can be defined similarly.

Lemma 8.5. The following assertions hold:
1. P;.CDj,and Py, . C Dy, ..

2. P{,CD}, and Py, C Dy,

3. IfV e P}, and there exists a sequence Vi, € P5 . such that Vi, approaches V in
the potential sense, then V€ P; .. Similarly, if p € Py, and there exists a sequence
Vi € P such that Vi, approaches V' in the potential sense, then p € Py, ..

4. IfV € Pt, and there exists a sequence Vi, € Pt such that Vi, approaches V' in
the potential sense, then'V € P; . Similarly, if u € P, and there exists a sequence

Vi € Pt such that Vi, approaches V' in the potential sense, then p € Py, .

Proof. Part 1. Let V' € Pj ., and let gi, be the sequence defined by (I8). Then we
have gi(t,-) € BC for all k > 1 and 0 < ¢t < T. Moreover, g approaches V in the
potential sense (see Lemma ). It remains to prove that

T
(84) / g (Dl odt < 00

for all £ > 1. We have

T T
1
/ g () odt < k/ sup N(|V])(r, min(r + +. ), 2)dt < oo,
0 0 z€eEk k

since V' € P;. This establishes (84).

The proof of part 1 of Lemma [B5lis thus completed. The proof for the measures
and also that of part 2 of Lemma [R5l is similar.

Part 3. Let V € Py, and assume that there exists a sequence Vj, € Pi . such
that V), approaches V in the potential sense. Using Definition and Lemma [£.1]
we see that V' € Pj .. The proof for the measures and that of part 4 of Lemma
is similar.

This completes the proof of Lemma O

The next assertions concern the inheritance of the Feller, the Feller-Dynkin, and
the BUC-properties.

Theorem 8.6. Let P € M and V € D} .. Then the following assertions hold:

(a) IfY is a backward Feller propagator, then Yy has the same property.

(b) If Y is a backward Feller-Dynkin propagator, then Yy has the same property.
If, in addition, Y is strongly continuous on Cy, then Yy is also strongly continuous
on Cy.

Theorem 8.7. Let P € M and V € D} . IfY is a backward BUC-propagator,
then Yy has the same property. If, in addition, Y is strongly continuous on BUC,
then Yy is also strongly continuous on BUC.
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Remark 8.8. Theorem [B.0] (Theorem B7)) holds for a time-dependent measure p €
Dy, . (n €Dy, ), prov1ded that P € M has a density p.

Proof of Theorems and B We start with the proof of the inheritance of the
Feller-Dynkin property in part (b) of Theorem Let V € D} ., g € Cp, and
let Vi € P; be a sequence of functions such that Vi(t,-) € BC for all k > 1 and
0 <t < T, and, moreover, Vj, approaches V in the potential sense. Then using part
(a) of Lemma ] and estimate (@3] with ¢ =1 and r = 2, we get

HYV(T, t)g - YVk (Tv t)g| |C

< lolle g rravioE (MY~ m MV Vi) )}

| 2VEMEIV Vi) (n DMV ~V)(r.)
3 = MEV = Vi)

(85) &

for all kK > kg and t — 7 < §, where § > 0 is small and does not depend on k. It
follows from (BE) and Definition [£3] that for ¢ — 7 < §, we have

(36) T [[Yy (7, 1)g — Vi, (7, )gllc = 0.

Hence, it suffices to prove that the Feller-Dynkin property is inherited if a function
T

W € Pj is such that W(t,-) € BC for all 0 < ¢ < T and / [[W(t)||cdt < oo.

Indeed, suppose that the Feller-Dynkin property is inheritedofor such functions.
Let V € D} .. Then using Definition B3 and our assumption, we see that for every
kE>1,Yy, 1s a backward Feller-Dynkin propagator. It follows from (B6) and from
the fact that Cj is a closed subspace of BC' that Yy (7,t)g € Cj for all g € Cy and
t—7 < . Now the properties of backward propagators show that Yy is a backward
Feller-Dynkin propagator. This establishes the inheritance of the Feller-Dynkin
property in part (b) of Theorem for all V € D} ..

Our final goal is to prove the inheritance of the Feller-Dynkin property in part (b)
of Theorem for a function V € P; for which V'(¢,-) € BC for all 0 <t < T and

¢

/ [|lV(t)||cdt < co. Let g € Cy, and assume that Y is a backward Feller-Dynkin
0

propagator. Then using formula (83]), we see that there exists § < 0 such that

87) Yv(r,t)g(x) =Y (7, t)g(

/dtl/ dts - - / Y (7,t1)V(t1)Y (t1,t2)V (t2)

=Y (1, ) V()Y (¢, 1) g (x)dt

for all 7 and ¢ with ¢t — 7 < 0. The family Y consists of contractions on Lg® which
map the space Cj into itself. Moreover, the definition of the class P} . shows that
V(tx,-) € BC for every fixed t. The integrands in (87)) are Borel functlons of the
variables t1,...,t; and belong to the space Cj in the variable . Our next goal is
to show that the integrals in ([87) also belong to the space Cy. This can be seen
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using the Dominated Convergence Theorem since

/dtl/ dts - / sup Y (r, 1)V ()Y (1, £2)|V (8)]

_,zEE
(-1, ) V()Y (85, 8)g(2)dt;

/dtl/ dts - /IIV eV Elle - IV lcllglld;
- \|g||c</ [V (#)l|edt) < oo

It follows from the convergence of the series in (87) in the space BC and from the
fact that Cy is a closed subspace of BC' that the function on the right-hand side
of ([87) belongs to the space Cy. By our assumption, we have Y (7,t)g € Cy for all
k > ko and t—7 < 4. Using the properties of backward propagators, we see that Yy
is a backward Feller-Dynkin propagator. If, in addition, Y is a strongly continuous
backward propagator on Cy, then we can prove the strong continuity of Yy on Cj
using the same methods as in the proof of part (b) of Theorem with s = oo
This completes the proof of part (b) of Theorem The proofs of part (a) and
that of Theorem are similar. (]

9. EXAMPLES

A rich source of transition probability densities is the theory of second order par-
abolic partial differential equations on R™. It is known that under certain restric-
tions, fundamental solutions of such equations are transition probability densities.
Numerous results concerning the existence of fundamental solutions in the case of
equations with time-dependent coefficients can be found in [I1], 12} 23] 29| [33]. In
the present section we will discuss what follows from the results obtained in Sections
and [{ for such transition probability densities.

Consider the following final value problem on R™:

(88) {3:+Luo,ogf<t§T,
u(t) = f.

In (BY)), L stands for a differential operator given by

n

(89) L= Zaij(ﬂx 8 &E] —l—Zb (1,2) 33:

i,j=1 i=1 i

(non-divergence form), or by
0 0 = ou
(90) Lu= ijz::l a—xi[aij(T, x) axj] + ; bi (T, sc)a—gcZ

(divergence form). Solutions to problem (88) with L in the divergence form are
understood in the weak sense.
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It is known that if L is as in formula (89]), and if the following conditions hold:

(1) the functions a;; and b; are bounded and measurable on [0,T] x R",
(2) there exists a constant v > 0 such that for all (7,z) € [0,7] x R™ and any
collection of real numbers Ay, ..., A,,

Z aij(T, $))\2/\j 2 ’}/i )\22,

ij=1 i=1
(3) there exists a constant § with 0 < § < 1 such that

n n
D lai(r, @) — a2, m2) | + Y [bi(71,21) = bi(72, 22)]
i,j=1 i=1
< C(ler — 2| + Im1 = 7|*)
for all (71,21), (12,22) € [0,T] x R",
then there exists a unique fundamental solution p(7,z;t,y) of the final value prob-
lem (88)). The function p satisfies the following conditions: it is jointly continuous,
strictly positive, and the Gaussian estimates hold for p and its derivatives. For
f € C§° and t > 0, the function u(r,z) = [. f(y)p(T,;t,y)dy belongs to the
space C’;’Q([O,t] x R™) and satisfies (B8] (see, e.g., [11l 12 23, [33]). The funda-
mental solution p is simultaneously a transition probability density. It follows from
the upper Gaussian estimate for p that there exists a continuous Markov process
X; with p as its transition density. It is not hard to prove that the backward
free propagator Y, associated with the density p, is (L" — L%)-smoothing for all
1 < r < g < oo and possesses the strong Feller and the strong BUC-property.
Moreover, Y is a backward BC-propagator, a backward BUC-propagator, and a
backward Feller-Dynkin propagator. It is not hard to prove that Y is strongly
continuous on the spaces Cy and BUC. Here we need the following well-known
assertion concerning general transition probability densities:

Lemma 9.1. For every function f € BUC and € > 0, the following estimate holds:

1f=Y(rflle<  swp |ﬂm—f@n+wﬂmam/’ p(r 25, y)dy.
z,y€E:p(x,y)<e z€E Jy:p(z,y)>e

We also employ the Gaussian estimates for p and Theorem in the proof of
the strong continuity of Y on the Cy and BUC.

It follows from the properties of the backward propagator Y listed above that the
backward Feynman-Kac propagators Yy and Y, with V' € Py and p € Py, satisty
the conditions Yy (7,t) € L(L",L?) and Y,(7,t) € L(L",LY) for all (1,t) € Dy
and 1 < r < ¢ < oo. Moreover, they possess the strong Feller and the strong
BUC-property and are strongly continuous backward Feller-Dynkin propagators
and strongly continuous backward BUC-propagators (see Theorems [6.11 [6.0] [6.1T]
[[4 and [TH]).

Next, suppose that L is as in ([@0). A very general existence theorem for fun-
damental solutions was obtained in this case in [29] (see Theorem 1 in [29]). The
fundamental solution p(7,z;t,y) of the final value problem (B8) in [29] satisfies
the Gaussian estimates. Under the conditions in Theorem 1 in [29] the backward
free propagator Y satisfies the condition Y (7,t) € L(L",L%) for all (1,t) € Dr
and 1 < r < ¢ < oo (this can be shown using the upper Gaussian estimate for
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p). It follows from the upper Gaussian estimate and the continuity of p that the
strong Feller property also holds for Y. Moreover, Y is a strongly continuous Feller-
Dynkin propagator (this fact can be obtained from the strong Feller property, the
Gaussian estimate, and Lemma using the ideas in the proof of part (b) of The-
orem [6.6). However, the validity of the strong BUC-property for Y is not clear.
Using the results obtained in Sections [f] and [7 of the present paper, we see that
the backward Feynman-Kac propagators Yy and Y, with V' € P} and p € Pp,
satisfy Yy € L(L", L) and Y,, € L(L", L?) for all (7,t) € Dy and 1 < r < ¢ < 0.
They also possess the strong Feller property and are strongly continuous backward
Feller-Dynkin propagators.

10. BACKWARD TRANSITION FUNCTIONS AND FORWARD PROPAGATORS

In this section we discuss forward Feynman-Kac propagators. There is a simple
connection between the forward and backward cases which uses the idea of time
reversal. We will consider the case where 7" < oco.

Suppose that P(7, A;t,y) satisfies the following conditions:

(1) For fixed 7, A, and ¢, Pisa non-negative Borel function on F.
(2) For fixed 7, t, and y, P is a Borel measure on £.
(3) The normality condition, P(, E;t,y) = 1, holds for all 7, ¢, and y.
(4) The Chapman-Kolmogorov equation,
P(T7A;t7y)=/ P(r, A; A, ) P(\, dx; t, y),
E

holds for all 7 < A < t, A, and y.

Then P is called a backward transition probability function.
The free propagator associated with P is defined on the space Lg® by

{ U(t,7)g(y) = [ 9(x)P(7, dx;t,y)
ut,t)f =1,
for all 7, ¢, and f € Lg. If P possesses density p, then
{ U(t,r)g(y) = fE g(x)ﬁ(T,x;t,y)dx
ut,t)f =1,
forallz € F,0< 7 <t<o0,and f € L.

The time reversal 7 is the function n(¢t) = T — ¢ where ¢ € [0,7]. For a function
V on [0,7] x E and a time-dependent measure u, we put

n(V)(t,z) = (n(t),x) and  n(u)(t) = p(n(t)).

One of the links between the forward and backward cases is as follows. If P is a
backward transition probability function, then
(91) P(r,a5t, A) = P(n(t), A;n(7), z)
is a transition probability function. If (X, 77, P: ;) is a non-homogeneous progres-
sively measurable Markov process on (£, F) with transition probability function
P, then we can define a progressively measurable backward Markov process X on
(€2, F) by putting X; = X,).

Suppose that a backward transition probability function Pis given. If V is a
Borel function on [0, T] x E, then we will say that V' belongs to the class Py provided
that (V) € Pj. Similarly, if P possesses density p and u is a time-dependent
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measure, we will say that p belongs to the class Py, provided that n(u) € P;,. The
potentials of the function V' and the measure p are defined by

N(V)(t,7,z) = / U(t,s)V(s)(z)ds
and ,
N(tra) = [ Ut s)n(s)()ds,

respectively. If P possesses density p, then the additive functional C,, corresponding
to a time-dependent measure p € Py, is given by

(92) Ou(t,T):An(N)(T—t,T—T).

Here we should take into account the correspondence between P and P, expressed
by (@), and use Theorem Since n(u) € P, we only need the progressive
measurability of the process X (or equivalently, the progressive measurability of
the process X) in order for the right-hand side of ([@2)) to be defined.

Let P be a backward transition probability function, and suppose that the pro-
cess X s progressively measurable. Then for any V € Py, the Feynman-Kac

propagator Uy is defined on the space Lg® by

t
Uy (6, 7)9(y) = Byt y9(Xor)) expf— / V (s, X, (0))ds}.

Similarly, if P possesses density p and if the process X is progressively measurable,
then the Feynman-Kac propagator U, is defined on the space Lg° by

UM (t’ T)g(y) = En(t),yg(Xn('r)) exp{—C’H(t, 7—)}

It is not hard to see that all the results for backward Feynman-Kac propagators
obtained in the present paper can be reformulated for forward propagators using
time reversal. Here we assume that a backward transition probability function P
is given, and pass from the Kato classes P} and Py, and the backward propagators
Y, Yy, and Y, to the classes Py and P, and the forward propagators U, Uy, and
U,., respectively, taking into account formula (@I]).
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