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GREEN’S MATRICES OF SECOND ORDER ELLIPTIC SYSTEMS
WITH MEASURABLE COEFFICIENTS
IN TWO DIMENSIONAL DOMAINS

HONGJIE DONG AND SEICK KIM

ABSTRACT. We study Green’s matrices for divergence form, second order
strongly elliptic systems with bounded measurable coefficients in two dimen-
sional domains. We establish existence, uniqueness, and pointwise estimates
of Green’s matrices.

1. INTRODUCTION

In this article, we study Green’s matrices for divergence form, second order
strongly elliptic systems with bounded measurable coefficients in two dimensional
domains. More precisely, we are concerned with the Green’s matrix for elliptic
systems

N N 2
S 1w =30 3 D@D, =1,
j=1

j=1a,p=1

in an open connected set 2 C R?. Here, A%—B () are bounded measurable functions
on € satisfying the strong ellipticity condition.

By a Green’s matrix we mean an N x N matrix valued function G(z,y) =
(Gij(z, y))fj’j:l defined on {(x,y) € Q x Q : x # y} satisfying the following proper-
ties (see Theorem below for a more precise statement):

N
> LijGik(ny) = —0uby(-) Yy € Q,
j=1

Gij(,y) =0 on 00 VyeQ,

where 6,1, is the Kronecker delta symbol and d,(-) is the Dirac delta function with
a unit mass at y. In the scalar case (i.e., when N = 1), the Green’s matrix becomes
a real valued function and is usually called the Green’s function.
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We prove that if €2 has either finite volume or finite width, then there exists
a unique Green’s matrix in €2; see Theorem The same is true when  is
a domain above a Lipschitz graph (e.g., @ = R%); see Theorem 22T We also
establish growth properties of the Green’s matrices including logarithmic pointwise
bounds. We emphasize that we do not require €2 to be bounded nor to have a regular
boundary in Theorem Compared to the result of Dolzmann and Miiller [4],
where Q) is assumed to be a bounded Lipschitz domain (in fact, their methods work
whenever there exists an LP-theory for the equation under consideration on the
domain), our result is quite an improvement in this respect. Although there is no
Green’s matrix for = R?, there is a possible definition of a fundamental matrix
in the entire plane. Such a construction was carried out by Kenig and Ni [12] in the
scalar case and by Auscher, McIntosh, and Tchamitchian [I] in the systems setting.
(In fact, Auscher et al. considered elliptic equations with complex coefficients in
[1], but with appropriate changes their strategy carries over to more general elliptic
systems.) For the completeness of presentation, we include the result of Auscher et
al. [I] in Section [l

Let us briefly review the history of works in this area. In the scalar case, the basic
facts about Green’s functions of symmetric elliptic operators in bounded domains
were proved by Littman, Stampacchia, and Weinberger [16]. The study of the
Green’s functions for nonsymmetric elliptic operators in bounded domains 2 C R™
(n > 3) was carried out by Griiter and Widman [J]. As it was mentioned earlier,
there is no Green’s function for Q = R?; the fundamental solution —(1/27) In |z —y|
of the Laplace equation changes sign and is not considered a Green’s function from
a point of view of classical potential theory (see, e.g., [5]). Nevertheless, it is still
possible to define a fundamental solution in R?. By using the maximum principle,
Kenig and Ni [I2] constructed one for symmetric elliptic operators. In [2], Chanillo
and Li derived that the fundamental solution constructed by Kenig and Ni is a
function of bounded mean oscillation in R%. Also, we would like to bring the
reader’s attention to a paper by Escauriaza [6] on the fundamental solutions of
elliptic and parabolic equations in nondivergence form. In the systems setting, the
Green’s matrices of the elliptic systems with continuous coefficients in bounded C*!
domains have been discussed by Fuchs [7] and Dolzmann and Miiller [4]. In fact,
Dolzmann and Miiller improved the strategy of Fuchs and showed the existence
and pointwise estimate for Green’s matrix in bounded Lipschitz domains Q C R?
without imposing any regularity on the coefficients (their methods work whenever
an L? theory is available for the domain ). Recently, Hofmann and Kim [10] gave
a unified approach in studying Green’s functions/matrices in arbitrary domains
Q2 C R" (n > 3) valid for both scalar equations and systems of elliptic type by
considering a class of operators L such that weak solutions of Lu = 0 satisfy an
interior Holder estimate. However, like the method used in Griiter and Widman
[9], the method of Hofmann and Kim relied heavily on the assumption that n > 3
and could not be applied to the two dimensional case. A parabolic extension of the
result by Hofmann and Kim was carried out in a very recent paper by Cho, Dong,
and Kim [3]. In particular, Cho et al. proved that the so-called “Dirichlet heat
kernel” of a strongly elliptic system exists in any domain  C R? (see Corollary 2.9
in [3]). In fact, our basic strategy is to make use of their result and construct the
Green’s matrix out of the “Dirichlet heat kernel” by integrating in a t-variable.

The organization of this paper is as follows. In Section [2, we introduce some
notation and then state our main results, Theorem and Theorem 2211 We
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give the proof of Theorem [ZT2] in Section Bl and that of Theorem [Z2T] in Sec-
tion @ Finally, in Section Bl we introduce the result of Auscher et al. [I] regarding
construction of a fundamental matrix for an elliptic system in the entire plane.

2. PRELIMINARIES AND MAIN RESULTS

2.1. Strongly elliptic systems in R2. Throughout this article, the summation

convention over repeated indices shall be assumed. Let L be a second order elliptic
operator of divergence type acting on vector valued functions u = (ul7 e ,uN )T

(N > 1) defined on an open set 2 C R? in the following way:
2 2
(2.1) Lu=Dy(A* Dgu) |:= Z Z (A*" Dgu) |,

where A%? = AP (x ) (o, = 1,2) are N by N matrices satisfying the strong
ellipticity condition; i.e., there is a number A > 0 such that

N 2
(2.2) AP (2)ehel > MEP =AY D €L Ve

i=1 a=1

We also assume that A%ﬁ are bounded; i.e., there is a number A > 0 such that

(2.3) Z Z A ()P < A? Yz eq.

i,j=1a,f=1

We do not impose any further condition other than (Z2) and (Z3]) on the co-
efficients. Especially, we do not assume the symmetry of the coefficients. The
transpose operator ‘L of L is defined by

(2.4) ‘Lu = D, (*A*’ Dygu),
where ‘A% = (AT (ie., tA%-ﬁ = A?ia). Note that the coefficients tA%B satisfy
the conditions (2.2), (23) with the same constants A, A.

2.2. The function space Y, ?(Q). The function space Yy *(Q) is defined as the set
of all weakly differentiable functions on € such that Du € L2(€) and un € Wy ()
for any n € C2°(R?). An open set @ C R? is said to be a Green domain if
{ulg : u e C(R?)} ¢ Wy°(Q). We ask the readers to refer to [I7, §1.3.4] for the
proofs of lemmas stated below.

Lemma 2.5. Let Q C R? be a Green domain and B C R? be a ball. Then, there is
a constant C' = C(Q, B) such that

(2.6) lullz2nmy < CllDullr2)  Yu € Yy ().

Lemma 2.7. Let Q C R? be a Green domain. Then Y01’2(Q) is a Hilbert space
when endowed with the inner product

(2.8) (u,v) IZ/QDWDHL
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Lemma 2.9. Let Q C R? be a Green domain. Then C°(Q) is a dense subset of
the Hilbert space Yol’Q(Q) equipped with the inner product ([2.8]).

For a given function f = (f1,...,f")T € L} (Q)V, we shall say that u =

loc

(u!,...,u™M)7T is a weak solution in Yy *(Q)N of Lu = — f if u € Y;"*(Q)N and
(2.10) / A}’ Dgul Doo' = / figt Vo e ()N
Q Q

It is routine to check that if Q is a Green domain and u is a weak solution in
Yy 2 ()N of Lu = 0, then w = 0. Therefore, a weak solution in Yy *(Q)N of
Lu = —f is unique.

2.3. Main results. Let us state our main results. First, we consider domains with
either finite volume or finite width. We shall denote by || the Lebesgue measure
of Q and by §(Q2) the width of Q C R?; more precisely, we define
(2.11)

§(Q) :=inf {dist(£1, £2) : Q lies between two parallel lines ¢1,05}; inf} = co.

Theorem 2.12. Let the operator L satisfy the conditions [2.2)) and [2Z3]). Assume
that Q C R? is an open connected set with either finite volume or finite width so
that

(2.13) 7 =7(Q) == max (| 7",§(Q)7%) > 0.

Then, there exists a Green’s matric G(z,y) = (Gij(2,y));=, defined on {(x,y) €
Q x Q:x #y} satisfying the properties that

(2.14) [ A5 DGl nPad = o) V6 € C(@)
and that for all n € C°(Q2) satisfying n =1 on By(y) for some r < d,,
(2.15) (1= )G(y) € V(@M <N,

The Green’s matriz G(x,y) in Q is unique in the following sense:
(a) G(z,y) is continuous in {(z,y) € A x Q:x # y}.
(b) G(x,-) is locally integrable for all x € Q.
(c) For any f = (f1,..., fN)T € C2(Q)N, the function u = (ut,... ,u¥)T
given by

216)  ule) = [ Gla)f)dy Qme:A@mmﬂmw)

is a unique weak solution in Yy >(Q)N of Lu = —f.
Moreover, G(z,y) satisfies the following pointwise estimate:

(217)  |G(z,y)] <c< Tt

where dy, = dist(z, 9Q) and C=C(\, A, N) < oco. Consequently, G(-,y) and G(z,-)
belong to LP (B, (y)NQ) and LP(B,(x)NQ), respectively, for allr > 0 andp € [1,00).
Furthermore, DG(-,y) and DG(x,-) belong to L?(B,(y) N ) and LP(B,(x) N Q),
respectively, for all v > 0 and p € [1,2). Finally, we have the following symmetry
relation:

(2.18) G(y,x) = tG’(x,y)T (te, Gij(y,x) = thZ-(x,y) ),

where 'G(x,y) is the Green’s matriz of the transpose operator L in Q.

) if |r —y| < R:= 4 max(dy,d,),
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Remark 2.19. When || < oo, we have global LP estimates for the Green’s matrix
and its derivatives. In that case, it will be evident from the proof of Theorem
that G(-,y) and G(z,-) belong to LP(Q) for all p € [1,00) and that DG(-,y) and
DG(z,-) belong to LP(Q) for all p € [1,2).

Next, we consider a domain above a Lipschitz graph. Let € be given by
(2.20) Q= {(z1,20) €R? : 25 > (x1)},

where ¢ : R — R is a Lipschitz function with a Lipschitz constant M := ||¢/||c <
00.

Theorem 2.21. Let the operator L satisfy the conditions (Z2) and ([23]). Assume
that Q is given by @220). Then, there exists a unique Green’s matriz G(x,y)
satisfying all the properties of Theorem except (ZIT). Instead of ZIT) from
Theorem 2.12], we have
(2.22)

|G($7y)| Scmln{l—’—hhr(dﬂ?,y/'x_yb’ dg,y|x_y|7u} vx7y€Q7 x#yv

where dg, = min(d,,d,), d; = dist(z,0Q), Iny ¢ := max(Int,0), C =
CMAN, M) < 00, and p = pw(A\ A, M) € (0,1). In particular, (Z22) implies
G(z,y) — 0 as |z — y| — .

3. PROOF OF THEOREM [2.12

Throughout this section, we employ the letter C' to denote a constant depending
on A\, A, N while we use C(a, 3, ...) to denote a constant depending on quantities
a,f3,...,as well as A, A, N. It should be understood that C may vary from line to
line.

Let us recall the following version of Poincaré inequality (see, e.g., [8] for the
proof).

Lemma 3.1. IfQ C R? is an open connected set with either finite volume or finite
width, let v be given as in ZI3) of Theorem 212l Then

(3.2) ull 2y < (29) Y2 Dull 20y Yu € Wy (Q).

By using the above lemma, one can show that if €2 has either finite volume or
finite width, then Q is a Green domain and Yy *(Q) = W, *(Q) (see, e.g., [I7,
§1.3.4]). In the rest of this section we shall identify Y, () with W, ().

3.1. Construction of the Green’s matrix. Let I'(¢,z,s,y) (z,y € Q and t,s €
R) be the parabolic Green’s matrix given as in [3] Corollary 2.9]. Note that we
have I'(t, z, s,y) = I'(t — s,,0,y). Throughout the paper, we shall denote

(3.3) K(t,z,y) :=T(t,z,0,y),

(3.4) K(t,z,y) :z/0 K(s,z,y)ds.
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Here we record some properties of K(t,z,y) (z,y €  and t € R) derived in [3]
Corollary 2.9] for the reference. Recall that d, := dist(z, 9Q) for z € Q.

(3.5)
sup / |K (t,2,y)°de <Cr™? VyeQ Vr<d,

te(r?,00) JQ

(3.6)

// K (t,z,y)|*dedt <Cr=* VYyeQ Vr<d,
(0,00) X2\ (0,72) X B (y)

(3.7)

// |D.K(t,z,y)?dvdt <Cr=? YyeQ Vr<d,
(0,00) xQ2\(0,r?) X By (y)

(3.8)

// |K (t,x,y)|Pdedt < C(p)r~2P™ VYyeQ Vr<d, VYpecll,2),
(0,r2)x Br(y)

(3.9)

// |D,. K (t,z,y)|P dvdt < C(p)r*P** VyeQ Vr<d, Vpe[l,4/3),
(0,r2)x By (y)

(3.10)

-2

|K(t,z,y)| < C {max (V It & — y|)} if 0<max (\/[t], |z — y|) < 3 max(d,,d,).
We define the Green’s matrix G(z,y) as follows:

(3.11) G(z,y) = Jim K(t,z,y) = / K(s,z,y)ds Vz,ye€Q, x#uy.

0
The next lemma will show that G(z,y) is well defined.
Lemma 3.12. For any x,y € Q with x # y, we have [° |K(s,z,y)| ds < co.

Proof. By [3, Theorem 2.7], we know that ¢t — K (¢, x,y) is continuous in ¢ € R
for « # y. Therefore, we only need to show that faoo | K (t,z,y)| dt < co for some
a > 0. Let uw be the k-th column of K(-,-,y). Then, by the local boundedness
estimate (see [13])

. 1/2
(3.13) lu(t,z)] < C (/ / lu(s,y)* dy ds) Vt > p? Vp <d,.
102 B, (2)
By B.2) of Lemma B} I(t) := [, |u(t, )|? satisfies
I'(t) = —2/ AP Dgu? Dol (t,-) < —2/\/ |Du(t,)]> < —4\yI(t) Vt> 0.
Q Q

Therefore, by using (3.3 we obtain

2 . ey
(3.14) /Q|K(t, L) < Cem M2 s 2 e < d,.
By combining (313) and (BI4) we have
(3.15) |K(t,2,y)| < Ae™?*" Wt > a,

where A = A(d,,d,) < oo and a = a(d,, d,) < co. The lemma is proved. O
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Next, we show that G(-,y) is continuous in Q \ {y} for any y € Q. We need the
following lemma, the proof of which can be found in [I3, Theorem 3.3] (cf. (2.20)
and (2.21) in [3]).

Lemma 3.16. Let L satisfy 22) and Z3). If u(t, x) is a weak solution of uy —
Lu = 0 in Qs, = Q5. ((to,z0)) (= (to — 4r?,to) x Bar(20)), then for all z,2’ €
By (z0) and t € (to — 12, t0),

lu(z,t) —u(z’,t)] < Clo — x/lur_(H_H)||D:L’u||L2(Q2—T)7
[uz,t) —u(a',t)] < Clo —a'[!r~ 0 |a| 1o

where p = p(XA) € (0,1).

Qz,.)

Let u(t,x) be the k-th column of K (¢, x,y). Fix zy € Q with g # y and choose
r > 0 such that r < d,, and Ba,(z9) C @\ Br(y). By [3, Therem 2.7] and 3],
we find that u(t,x) is a weak solution of u; — Lu = 0 in @5, ((to, o)) for any

to € R. Therefore, by using Lemma B16, B3), B), and BI4) we have (recall
that K(t,z,y) =0 for t < 0)

(3.17)

|K (t,z,y) — K(t, z0,y)| < Clz — xo/r~ W Vo e B (z0) VteR,

(3.18)

|K(t,z,y) — K(t,z0,y)| < Clz — x0|”r*(2+“)e*2)‘7(t42) Vx € B.(vo) VYt > 5r?.

Then, for any « € B,.(x¢), we have
512
Glay) = Glany)| < [ |K(t2.9) - K(tao,0)]
0

3.19 =
(3.19) +/ | K (t,z,y) — K(t,z0,y)| dt
5

r2

< Clx — zo|*r #(1+ 7"727*1).

Therefore, we find that G(-,y) is locally Holder continuous in Q\ {y}. Let ‘G(z,vy)
be the Green’s matrix of the transpose operator *L in Q; i.e.,

(3.20)  'G(z,y):= tlim tf((t,x,y) = / 'K(s,r,y)ds Vz,y€Q, x#y,

where 'K (t,z,y) and 'K (t,z,7) are defined similarly as in 3) and (34). Let
'T'(s,y,t,z) be the parabolic Green’s matrix of 'L := —8; — 'L constructed as in
[3]. Then by [3l Lemma 3.5]

(3.21) 'K (t,xz,y) = 'T(~t,2,0,y) = T(0,y, —t,z)" = K(t,y,z)",

and thus we conclude that

(3.22) ‘K (t,x,y) = K(t,y,2)T and 'G(z,y) = G(y,z)".

In particular, we proved (2I8). Since ‘L satisfies [2.2) and ([Z.3) with the same
A\ A, we find as in 3I9) that ‘G(-,x) is locally Hélder continuous in Q \ {z}
for all x € Q. Therefore, by ([ZI8) we conclude that G(x,y) is continuous in
{(z,y) eQxQ:x#y}

Next, we prove that G(z,-) is locally integrable for all € Q and that u defined
by [2I0) is a weak solution in Wy *(Q)N of Lu = —f.
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Lemma 3.23. The following estimates hold uniformly for all t > 0 and for all
y €

(3.24) || K(t, SYLrB,0) < Clp)y'p*P~2 Vpe[l,2), wherep= dy,
(3.25) Kt 9l < Cr e vr<d,

(3.26)  IDK(t,9)llLo(s, ) < C0)Y P~ Vpe[1,4/3), where p=d,,
(3.27)  |IDK(t,y)|r2B.py) < Cy 'r72 Vr <d,.

Proof. We begin by proving (8224). Fix p € [1,2). By Minkowski’s inequality, we
have

1/p " 1/p
(/ (K (t,z,y) dﬂ?) < / (/ | K (s,z,y)? d:ﬁ) ds
B, (y) 0 B,(y)

1/p

P’ oo
(3.28) < / +/ (/ |K (s, z,y)P dx) ds =L +1s.
0 P2 BP(?/)

We estimate I; by using Hélder’s inequality and (3.8)) as follows:

e 1/p
(3.29) I < (/ / K (s,z,y)|" dxd8> pPmP) < C(p)p* P,
0 Bp(y)

To estimate I, observe that Hélder’s inequality and (BI4) yield (recall 1 < p < 2)

1/p 1/2
/ |K (s, 2,y)[" dzv) < (/ |K(5,x,y)|2d:c> B, ()71
By (y) B,(y)

< C(p)pZ/p—2e—2M(s—p2) Vs > p2.

Therefore, we obtain

(3-30) I < C(p)pQ/VQ/ e M=% ds < O(p)p/P 2y

p2

Since 1 < p~24~! in any case, we obtain (3.24) by combining [B3.29) and (3.30).
Next, we prove ([3.20). By using Minkowski’s inequality as in (28], we have

T2 oo 1/4
/ K (t,2,y)*do |'/* < +/ (/ IK(s,m,y)4dx> ds
Q\Br(y) 0 r2 Q\B'r'(y)

By proceeding as in [3:29]) but using (B.0) instead, we obtain

r2 1/4
(3.31) I; < (/ / |K (s, z,y)|* dz ds) P2A=1Y < opl/2,
0 JO\B-(y)
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By a well known embedding theorem (see, e.g., [14] §I1.3] or [15], Theorem 6.9]),
the energy inequality, and (B.14)), we have for t > 2

//|K(s,x,y)|4dxds§0(sup/|K(s,x,y)|2dx)/ / |D. K (s,,y)|* dr ds
t JQ t<s JQ t JQ

2
(3.32) <c < / K (t 2, 1)2 dx) < Cr—te—Bhlt—r?),
Q

Then, by using Holder’s inequality and (8332)) we estimate

° (G+1)r? 1/4 oo

- 2

L=< Z (/ / K (s,z,y)|* dxds) r3/2 < Orl/? E e 22\ (i=Dr
=t " ; Jj=1

(3.33) < Cr'/?2(1+r2y7h).

By combining B31) and (333)), we get (3.25]).
We now turn to the proof of (320). Fix p € [1,4/3). As in (B:28), we have

1/p
(/ Dzmt,z,y)”dx)
B, (y)
2 o 1/p
g/ +/ (/ |DIK(s,x,y>|de> ds =I5 + Is.
0 p? By (y)

By Holder’s inequality and (89, we find

0 1/p
(3.34) I5<< / / |DxK(s,x7y>pdxds> p TP < O(p)p P
0 JBy(y)

To estimate Ig, note that Holder’s inequality implies (recall 1 < p < 4/3)
(3.35)

1/p 1/2
( L. DxK<s,x,y>|p> < ( L. |DwK(svx,y>|2> By,
p\Y r\Y
As in [332), the energy inequality and (3.14) yield
o0 2
(3.36) / / |D.K (s,2,y)|? deds < Cp~2e ™M=,y > p2
t Ja

Then, as in ([B33]), we estimate Is by combining ([B33]) and (336):

s ([ 1/2
Is < C(p)p*? / / D.K(s,2,y)|* dx ds
(3.37) LY ir? Q‘

j=1
<C(p)p*P 1+ p 27 h).

We obtain ([3.26) by adding B34)) and (B.37]).
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Finally, we prove (327). By using Minkowski’s inequality again, we have

1/2
(/ DK (t,z,y)|” dw)
B, (y)
1/2
/ / </ DxK(s,x,y)Fda:) ds :=I7 + Is.
OB (y)

We estimate Iy by using Holder’s inequality and (B.7):

2 1/2
(3.38) I; < (/ / |D. K (s,2,y)* dx ds) r < C.
0 JO\B,(y)

Also, by using [3.36]) and proceeding as in ([3.37), we obtain

(3.39) I<roo<

P2

(+1)r? Yz
/ |D, K (s,2,y)|* dr ds <C(1+r2y7h.

Therefore, 8.27)) follows from ([B38) and 339). The lemma is proved. O

Fix po € (1,2) and r < d,,. By BI1) and ([B3:24)), there exists a sequence {t,, }2°_;
tending to infinity such that K (t,,,-,y) = G(-,y) weakly in LP°(B,(y)), and thus
we have

||G(a y)”L?’O(BT(y)) S C(p()af)/a dya T) <oo Vr § dy

By a similar reasoning, (3.25) yields that
IGC L2 \B, () < Cy~ =32 vr € (0,d,].

The above inequalities together with (ZI8) imply that G(z,-) is locally integrable
for any x € Q. Therefore, the integral in (2I0) is absolutely convergent for any
f € CX(Q), and thus u is well defined in (ZI6). Moreover, (B:224) and ([B25)
together with (322)) imply

(3.40) o(t.a) = [ Klta) £y
is well defined. By the dominated convergence theorem, we also find that
(3.41) thm v(t, x) / G(z,y)f(y) dy = u(z).

Also, by the definition of K (t,z,y) in (34), it is easy to verify
(3.42) +(t, ) /Ktxy y)dy Yt > 0.

Then, as in the proof of Lemma [3.12] we have
(3.43) [vi(t, 720y < Ce M| Fll72i) VE> 0.

We need the following lemma to show that w is a weak solution in Wy?(Q)N
of Lu = —f. The readers are asked to consult [3] or [14] for the definition of
V2((0,T) x Q), ete.
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Lemma 3.44. For all T > 0, the function v defined in (BAQ) is the unique weak
solution in Vy"°((0,T) x Q)N of the problem

(3.45) ve—Lv=f, v=0 on (0,7)x00Q, wv(0,)=0.

Proof. Let w be the weak solution in V,((0,T) x Q)Y of the problem (@4H), the
existence and uniqueness of which can be found in [I4]. We only need to show that
v=win (0,7) x Q. Fixt € (0,7) and z € Q. Let 'T'(s,y,t,z) be the parabolic

Green’s matrix of !£ := —8; —!L constructed as in [3]. Then, by proceeding similarly
as in the proof of [3 Theorem 2.7], we obtain (cf. [3, Lemma 3.1])

R(t,x) //tl"zksy,txf’ dyds-//l"kltxsyfz()dyds
= [ Kt = s @ ays = [ [ Kiato.r.) ) dyds = o¥1.0),

where we have used K (t,z,y) =0 for t < 0. The lemma is proved. ]

Note that ([B:43) particularly implies v.(¢,-) € L*(Q)", and thus it is not hard
to verify

(3.46) / vi(t, )¢ + / ASPDVI(t, ) Dag’ = / figt Vo e Wer ()N vt > 0.
Q
Then, by setting ¢ = v(t, ) above, we find that for almost all ¢ > 0,

ADv(t, )72y < (IFllL2@) + [0t )l2@) o )z @)
< Cv V2 F 2@ 1D () 220,
where we have used (843) and Lemma Bl Therefore, for almost all ¢ > 0,

(3.47) D (t, )| z2@) < Cv 2 fll2 (-

Then, by the weak compactness and [BA41]), we find that there exists an increasing
sequence {t,, },-_, tending to infinity such that

(3.48) lim [ A D (tn, ) Dad’ = /Q AP DU Dog’ Yo € Wy P ()N

m—0o0 Q

Therefore, it follows from (343)), (340), and (3:48) that u defined in (ZI0)) is a
weak solution in Wy?(Q)N of Lu = —f.

Now, we prove the uniqueness. Suppose that there exists another matrix valued
function G(z,y) such that G(z,y) is continuous in {(z,y) € Q x Q: z # y}, G(z, ")
is locally integrable in Q for all x € Q, and for all f € C(Q)V, the function

z) = [q G(z,y)f(y) dy is a weak solution of Lt = —f in WOI’Q(Q)N. Then, the

N

difference w := u — @ is a weak solution of Lw = 0 in W, *(Q)", and thus w = 0.

Therefore, we have
(3.49) |-G antma=o viecz@

We conclude from (3.49) that G(x,-) = G(x,-) in Q\ {z} for all z € Q, and thus
G(z,y) = G(x,y) for all z,y € Q with  # y. We have proved the uniqueness.
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3.2. Proof of identities (2I4) and (2I5). Let us first prove (ZI4)). From (B3),
B4) and the construction of the parabolic Green’s matrix I'(¢,z,s,y) in [3], it
follows that (cf. (3.3) in [3])

350) [ Kulten)o' + [ AFDRu(t-)Dod’ = 0w V€ O (@)
We note that [BI4]) yields

(3.51) lim/Kki(t,-,y)qbi:O Vk=1,...,N.

t—o0

If we write ¢ = (¢ + (1 — ()@, where ( € C°(B,(y)) such that ( =1 on B, 5(y),
then

/Q ASPDgKj(t,,y) Dad' = /B AP DK (t, - y) Da(Co)

(3.52) ) @ |

+/ AP DK ji(t, - y)Da((1 = C)o") == L (t) + Lx(t).
Q\B;/2(y)

By Lemmal[3:23and ([B.10]), we find that there exists an increasing sequence {t,, }-_,
tending to infinity such that

(3.53) Aiinmfl(tm):/B ( )A%"Dngk(',y)Da(Crzﬁi),
r\Y
(3.54) W@MIQ(tm)z/Q\B ()A?fDﬁij(t,-,y)Da((l—C)df)-
r/2\Y

Therefore, by combining ([B.50)—(3354), we obtain (214).
Next, we prove (ZI5). We claim

(3.55) (L= n)K(t,-y)llwrz@ < C(n,y) <oo V>0,

where n € C2°(Q) is such that n = 1 on B,(y) for some r < d,. Assume for the
moment that the claim is true. Then, by the weak compactness and ([BI1l), there
exists an increasing sequence {t,, }°°_; tending to infinity such that

(1=K (tm,y) = (L= n)G(y) weakly in W*(Q).

On the other hand, by [3, Theorem 2.7], we find that (1 — 1)K (t,-,y) € Wy*(R)
for all ¢ > 0. Since Wy"*(R) is weakly closed in W2(Q), we have (1 — 7)G(-,y) €

WOI’Q(Q), as desired. To complete the proof of (2.1, it remains to prove the claim
B3E9). In fact, by Lemma [31] it is enough to show

(3.56) ID((1 = DE ()20 < Cln) < 00 ¥E>0.

Let us prove ([3.56). Assume that 7 is supported in a ball B C R?. Then

ID((1 =) Kt y) ez < 11— nll< | DK, )l 2@\ B, ()
+ 1Dyl Lo [ K (-, y) || L2(B\B. ()

CONIDK(t, - y)llz2@\B, ) + CO)BIM K 9) aons. o)
<Cm)C(y,r)=Cny) <oco  Vt>0,

where we have used Lemma[B.23]in the last step. This completes the proof of (B.56]),
and thus (2.15) is proved.

(3.57)
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3.3. Proof of logarithmic bound ([ZI7) and LP estimates. Without loss of
generality, we may assume d,, > d,; otherwise, in light of ([2.I8), we may exchange
the role of x and y. Note that if |z — y| < R = d,,/2, then BI0) yields

—2

(3.58) K (t,2,y)| < c{max(\/i, |x—y|)} vt € (0, R?).

On the other hand, if we set p = R/2 in 313) and » = v/3R/2 in [3.14) (note that

p < dg, v <dy, and p*> +r? = R?), then ([B.I5) becomes

(3.59) K (t,2,y)| < CR™2e2M(=F") w5 R2.

Then, by using (358)) and [3359]), we obtain (recall |x — y| < R)

je—y? R? 0 ,
Gz, y)| < C / o — |2 dt +/ 1 dt +/ R-2e-20-R) gy
0 |z—y|? R2
=C(1+2In(R/|lz —y|) + R72(2\)7Y)
(3.60) <C(R >y ' +In(R/|z —y|)).

We have thus proved (2I7). We now turn to the proof of local p-summability of
G(-,y) and DG(-,y). Note that [B.60) particularly implies that

(361) HG(ay)HLP(Bp(y)) < C(pv dy77) < Vp € (Oady/2] VP € [1,00)

We claim that [DG(-,y)| € LP(B,(y)) for all 0 < p < d, and 1 < p < 2. Let u be
the k-th column of G(-,y). Then, by (ZI%]), we have

u e WH(Q\ By(y))¥ Vp e (0,dy)

and thus, by (ZI4)), we find that u is a weak solution of Lu = 0 in Q\ B,(y) for any
p < dy. It follows from (ZI7) that there is ro = ro(y,dy) < 1 and Cy = Cy(v,dy) <
oo such that

(3.62) G (2,y)| < Coln(1/]x —yl) Vo€ B(y).

Fix r < ro and let ¢ € C°(B,(y)) be a cut-off function satisfying ¢ = 1 on B, /2(y)
and |D¢| < C/r. Then, by ([Z.I5]) we find

(3.63) (1-0)2ue Wy ()N, where Q' :=Q\ B, /s(y).
Since u is a weak solution in W2(Q")N of Lu = 0, by using ([B3.63) we have

0 :/ (1-¢)*A Dgu? Do’ —/ 2(1 - ¢) A Dgu? DoCu'

’

Therefore, by using the bound ([B.62]) we estimate

/ |Dul® < cﬂ/ lul> < CC2(In(r/2))2.
Q\Br(y) Br(y)\Br/2(y)

Therefore, we have
(3.64) / IDG(-,y)[° < CC2(In(r/2)) Vr < ro.
O\ Br(y)
Next, let A; = {z € Q: |D,G(x,y)| > t} and choose r = 2/t. Then by ([B.64])

14,\ Bu(y)| < t‘2/ IDG(-,y)* < CC2~2(nt)? Vit > 2/r
At\B’V'(y)
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and |A; N B.(y)| < |B-(y)] < Ct~2. Therefore, we conclude that for any y € Q,
there exist C1 = Ci(v,dy) < oo and ty = to(7,d,) > 0 such that

(3.65) Hx € Q:|D.G(x,y)| >t} < Cit 3 (Int)® Vt > to.

From the estimates ([B.63), it follows that |[DG(-,y)| € LP(B,(y)) for all r < d,, and
for all p € [1,2) as we shall demonstrate below. Let r < d, be given and choose
T > tg. Note that

/ IDG(- ) = / IDG(- )"
B (y) B, (y){|DG(-,y)|<T}

4 / IDG(- )P
B, (y)N{ |IDG(-,y)|>7}

< 77|B,(y)| + / IDG(.,y)JP.
{IDG(-,y)|>T}

By using (3.65), we estimate (recall 7 > ¢g)

/ IDG(,y)" = / " {IDG (-, y)| > max(t, 7)} | dt
{IDG(-,y)|>T} 0

o0

< 017'_2(ln7')2/ ptP~rdt 4+ Cy / ptP~3(Int)? dt.
0 T
Note that the above integrals converge if 0 < p < 2, and thus we have shown that

(3.66) / IDG(y)I” < C(p,v.dyr) <00 Vr e (0,dy) Vpe[L2).
B, (y)

On the other hand, (327) yields

(367) HDG(ay>||L2(Q\BT(y)) < C’Y_IT_2 Vr e (O,dy>
By combining (B.66]) and ([B.67), we find
(368) ”DG("y)HLP(B,.(y)ﬂQ) < C(p,’y,dy,r) <oo Vr>0 Vp € [172)

Next, for 7 > d,, /2, fix a cut-off function ¢ € C2°(Ba,(y)\ Bg, /4(y)) such that ¢ =1
on B..(y) \ Bq,/2(y) and [D¢| < C/d,. By a similar computation as in [B.57), we
have

DG y)lL2(Bay(wyne) < C(7,dy, 1) < 00
Since CG(-,y) € Wy*(Bar(y) N Q), the Sobolev inequality yields
(369)  1GC) oo, oo, oy < Cyadyer) <00 ¥p e [1,00).
Then by combining ([B.61]) and ([B.:69), we obtain

(370) HG('vy)HLP(BT(y)ﬂQ) < C(p,"}/,dy,’f') <oo Vr>0 Vp € [1,00)
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Finally, from 2I8), B.68), and @X0), it follows that |DG(x,-)| belongs to
LP(B,(x)NQ) for allr > 0 and 1 < p < 2 and that |G(z, )| belongs to LP (B, (z)N?)
forall » > 0 and 1 < p < oo. This completes the proof of the theorem.

4. PROOF OF THEOREM [2.27]

Throughout this section, we employ the letter C' to denote a constant depending
on \,A, N, and M := ||¢'||cc. We use C(a,[3,...) to denote a constant depending
on quantities «, 3, ..., as well as A\, A, N, M.

For x = (x1,72) € Q, where Q is as in (2.20), we shall denote T := (z1, p(z1)) €
09Q. Note that d, is comparable to |z — Z|; more precisely, we have

(4.1) dy <lz—7Z| <A1+ M2d, VzeQ.
We shall use the following notation:

(42) P;(to,xo) = {(t,ﬂf) ERXQ:tyg— 7"2 <t <to, |ZIZ — .’£0| < T},
(43) S;(to,x()) =R x 00N 8P;(t0,x0).

We ask the readers to consult [3] or [14] for the definition of the space Va.

Lemma 4.4. Assume that the operator L satisfies the conditions [22)) and (23).
Let Q be given as in Z20) and let Ty € ON. Assume that u(t, z) is a weak solution
in Va(Pyp(to, Zo)) of uy — Lu = 0 and vanishes on Syp(to,To). Then, for any
Yo € Br(Zo) N, we have

2 p\2T2m 2

(4.5) / IDyul? < C (—) / IDyul> Vp<r <R,
Py (to,yo) r Py (to,y0)

where p = u(\, A, M) € (0,1). As a consequence, for all t € (to — R?,ty), we have

(4.6)

u(t, @) —u(t,2')| < Clo — o/ |*R™H (/
-

> (t0,T0)

1/2
|Dru|2> Va, 2’ € Br(Zo).

Proof. Let v(x) be a weak solution in W2(QN Bag(%g)) of Lv = 0 which vanishes
on 90 N Bar(Zy). Let yo € Br(Zp) N Q. By a well-known boundary regularity
theory for weak solutions of elliptic systems in two dimensional Lipschitz domains
(see, e.g., [18]), we have

2p
(4.7) / IDv|? < C (3) / IDv|?> Vp<r<R,
B, (y0)NQ r By (y0)NQ2
where p = u(A, A, M) € (0,1). By a routine adjustment of an argument in [13],
one can deduce (£H) and (£0) from (@T). O

Let © be given as in (Z20). It is rather tedious but routine to check that the
estimate (&3] allows us to treat Q as if Q = R? in the proof of [3, Theorem 2.7].
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Consequently, we have the following estimates:
(4.8)
(K (t,2,y)| < Clmax(|t]V2, 2 —y])} 2,
(4.9)
/ |K(t,z,y)*de < Ct™' VYt >0,
(4.1032
//(O |D.K(t,z,y)]*dedt < Cr~2 Vr >0,

,00) X Q\(0,72) X By (y)
(4.11)

// |D.K(t,z,y)[P dedt < C(p)r~3P™ Vr >0 Vpell,4/3).
(0,72)x (Br(y)NS)

To show the convergence of the integral in (B.I1]), we need the following lemma.

Lemma 4.12. Let Q be given as in 220). There exists u = p(A A, M) € (0,1)
such that

(4.13) (K (t,z,y)| < Cdy{max(|t]'/?, [ —y)} 27" Ve,yeQ, a#y.

Proof. Denote r := max(|t|'/2, |z —y|). We may assume that d, < r/(10v/1 + M?2);
otherwise, ([£I3) is an easy consequence of ([£L8). Let u(¢, ) be the k-th column of
K(t,z,y) and set R = r/4. Then by (1)), [@6]), and [@I0), we have

(4.14)

muwn:maa»—uwfngcu—fWR”ﬂ‘// D |72
(0,00) xQ\(0,R?)x Br(y)

< Clz - ZPRT2TH < Cdgr_Q_”.
We obtain (£13) from [@I4). The lemma is proved. O

Then, it follows from ([@I3]) that for all z,y € Q with = # y, we have

00 lz—y|? o0
@) [CiK@aldi= [ [ Kl < Cde g <o,
0 0 \

z—y|?
Therefore, G(x,y), given the same as in [B.I1]), is well defined and satisfies
(4.16) Go,y)| < Cdllo —y| " Vo,yeQ, wy.

In fact, by using ([&8]) and [@I3]) together, we may obtain a better bound

|z —yl* d? 0o
Gz,y)l < C / @ —ylfzdt+/ t*ldt+/ ARl gy
0 |2~y d2

(4.17) < C(1+n(de/|x—yl)  if [z —y| <ds.
Then by combining [@I6]) and ([@IT), we derive (recall In; ¢ := max(Int,0))
(418) |Gz, )| < Cmin {1+ Iy (da/le — yl), dilz — gl ™} Va,ye®, =y
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Recall that ([ZI8) is a consequence of ([B.21]), which remains valid here. Therefore,
222) follows from (2.I8) and (£I8). Note that (2Z22]) implies that for any r > 0
and p € [1,00)

(4.19)

1G (@, )Lr (B, (x)n0) < C(P,de,7) <003 |G Y)llLr(B,()na) < Cp,dy,7) < 0.
In particular, we have shown that G(z,-) is locally integrable for all x € Q. Next,
we show that G(-,y) is locally Holder continuous in Q\{y}. Fix zg € Q with 29 # y

and choose r > 0 such that r» < d,, and Ba,(z9) C Q\ B, (y). Similarly as in ({@I14),
Lemma [£.4] yields

(4.20) |K(t,z,y) — K(t,z0,y)| < Clx — zo|*t~ /2 Va € Bu(xg) Vit >t

where to := 8(r ++/1 + M2d,,)?. Notice that (3.I7) still remains true here. There-
fore, by using ([4.20) instead of [BI8) and proceeding as in (3.19), we obtain

(4.21) |G(z,y) — G(z0,y)| < Clz —xzo|* Vz € B.(z0).

Then, it follows from (ZI8) and 2ZI) that G(z,y) is continuous in

{(z,y) eQxQ:x#y}

Now let us prove that u defined as in (ZI6) is a unique weak solution in Y, % ()
of Lu = —f. First observe that Q is a Green domain. Let v(¢,z) be defined the
same as in (340). Then as in B4I]), we have lim;_,, v (¢, 2) = u(x). Also, v(t, x)
has the same representation as in [8:42)). Then, by ({9) and Minkowski’s inequality,
we have

(4.22) [ve(t, M2y < O3 flloiy VE>0
and thus, by Lemma [3.24] we estimate

N

t
(4.23) ||’U(1,L7 ')”LZ(Q) < C||f||L1(Q) / s 2 ds < Ct1/2||f||L1(Q) vt > 0.
0

Assume that f is supported in a ball B C R2. Then by setting ¢ = v(t,-) in (3.40),
we get

MIDo(t, )Z2 () < lve(ts 2@ llo(E @) + 1Fl z20nm [0 )l 2 @ns)
(4.24) < C|Ifl71anmy + C(Q B) | £l L2@ns) 1Dv(E, )l 22 9
where we have used ([@22)), ([@23)), and (Z.8). Then by applying Cauchy-Schwarz

inequality to ([@24]), we find
(4.25)

1D0(t, )30y <O B) (5001 1220 ) < CO B FllZace V> 0.
Therefore, by the weak compactness and ([B.41]), we conclude that there exists an
increasing sequence {t,, }°_, tending to infinity such that Dv(t,,,-) — Du weakly

in L*(Q)" so that (3.48) holds. Also, by [@25) we find || Dul|;2(q) < co. By using
28) and ((@25) it is not hard to verify that for any ¢ € C2°(R?),

ICv(t, -)HW1,2(Q) < C(C,Q,B)Hf”[;}(g) <oo Vt>0.

Therefore, we conclude that Cu € W, >(Q)N for all ¢ € C°(Q), and thus u €
Yy 2 ()N, Consequently, it follows from (3:48), (348), @22), and Lemma 23 that
w is a unique weak solution in Y;"?(Q)N of Lu = —f.
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By arguing the same as in the proof of Theorem 212, we get the uniqueness of
the Green’s matrix in 2.
We need the following lemma to prove (2.14]) and (2.13]).

Lemma 4.26. Let Q be given as in [220)). Then, for all y € Q and for all t > 0,
we have

(4.27) |IDK(t, SYLes,0)ne) < Cp)p**™' VYp>0 Vpel[l,4/3),
(4.28) IDK(t, y) 120\ B,y < C(L+d4r™) Vr>0.

Proof. We proceed similarly as in the proof of Lemma[3.23 Let us begin by proving
[#27) first. By Minkowski’s inequality, we have

1/p
/ |D. K (t,z,y)Pdx
By (y)N§2

2

o oo 1/p
< / +/ / |D K (s, z,y)|Pdx ds:=1 + I.
0 p? B, (y)N&

Then, by Holder’s inequality and (£IT), we have

o> 1/p
(429) 6L < / / |D. K (s, 2z,y)P dxds p2(=1/p) < O(p)p—1+2/p.
0 JB,(y)n2

On the other hand, by using Hoélder’s inequality
(4.30)

< [ G+ 1/2 o
L <Cp)p*"y (/ / DK (s,z,y)|* do d8> =C(p)p*'" Y I
j=1 Jp? By (y)NQ j=1

By setting r = /(5 +1)/2 p in [@3H) and using (£I0), we estimate

(I2,5)? :/ |D. K (t,z,y)>dx dt
P, (2r2y)

242
<c(9)™ ] DK (t, 2, )| da dt
r Py (2r2y)

(4.31)

A 2
gc(—) / DK (t,z,y)|? d dt
r (0,00) X\ (0,r2) x By (y)

< OpP*A A = O 4 1)
Therefore, by combining ([£.30) and (£31]), we find

(4.32) L <Cpp* Pty (j+ 1) =Cp)p*

j=1

and thus (£27) follows from ([4.29) and (£32).
Next, we turn to the proof of [£28). As before, Minkowski’s inequality yields

1/2 2 . 1/2
(/ |DxI~{(t,a:,y)|2dx) < / +/ (/ DzK(s,x,y)|2dx> ds
O\B:(y) 0 2 O\B(y)

=13+ Iy
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Then, by Holder’s inequality and (£I0]), we have

2 1/2
(4.33) I3 < (/ / |D,. K (s,2,y)* dv ds> r < C.
0 JO\B-(y)

We need the following inequality to estimate Iy:
(o)
(4.34) I5(t) := / / |D, K (s,2,y)*dxds < Cdz”t_l_” Vr>0 Vt>0.
t Ja

Let us momentarily assume that ([434) holds and proceed similarly as in (@31 to

get
- 1/2
2
ne( [ ] DKy Pdeds
r2 JO\B:(y)
0o 0i+1,.2 1/2
(4.35) <3 2l / DK (s, 2,y)|%dz ds
j=0 272 Q

< Cdir™my 272 < Cdlir T,
=0
By combining (£33)) and (£35]), we obtain (£28]). It only remains to prove ([@34).
Note that by [@I3) and [B21]) we have
(4.36) |K(s,2,y)] < Cd‘y‘{max(sl/Q, lz—y)} 2" Vo#y Vs>0.

Let ¢ € C*°(R) be such that 0 < ¢ <1,{(=1on [t,00), ( =0 on (—o0,t/2], and
|¢’| < 4/t. Then, by the energy inequality (see, e.g., [I4, §II1.2]) and (£36]), we
have

I(t) < / / C(3)| DaK (5.2, y) dy ds < C / / ¢ (3)| [ (5., ) [ dy s

SCt‘ldf/‘/ (/ 5_2_“dy+/ o — y| 42 dy) ds
t/2 \Jjo—yl<v5 eyl >/5

t
< crldjﬂ/ s M ds < OdprtT R
t/2

This completes the proof of the lemma. O

We now prove (2Z14) and (ZI5)). To prove (214), first recall that (3.50) holds. By
(E3), we find that 3.5I) remains valid. Assume that ¢ € C>°(Q)¥ is supported in

Br(y)NQ. By BII) and (@21), we find that there is a sequence {t,, }>°_; tending
to infinity such that

DK (ty,,-,y) — DG(-,y) weakly in LP(Bg(y) N Q)N for some p > 1.

Therefore, we find

(4.37) lim [ A’ DpKji(,y)Dad’ = /Q AP DG, y) D'

m—0o0 o)

By combining 350), B51), and [@37), we obtain 2I4). To prove (ZIH), first
observe that ([£28) yields

(438) ||DG(',y)HL2(Q\BT(y)) < C(dy,T) <oo Vr>0.
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By using ([£19) and ([438) and proceeding similarly as in ([8.57), we obtain
1D((1 = n)G(,9) 220 < C(n,dy) < .
It follows from [3, Theorem 2.7] that for any ¢ € C2°(R?), we have
F(t,-):=C¢(1—nK(t,-y) € W2 (NN vt >o.

Clearly, lim;_,, F'(t,-) = ((1—n)G(-,y). Moreover, by utilizing (3:22]), ([£I3]), and
([.28), it is not hard to verify ||F(t,-)|lw1.2(q) < C((,n,dy,) < oo forallt > 0. Then,
by a similar argument as in Section B2 we get ((1 —n)G(-,y) € WOI’Z(Q)NXN. We
have proved (Z.13)).

Finally, notice that with ([ZI5) at hand, we may proceed similarly as in Sec-
tion B3 to conclude that that DG(-,y) and DG(z, -) belong to LP(B,(y) N ) and
LP(B,(z) N Q), respectively, for all » > 0 and p € [1,2). We have already seen in
(#I9) that that G(-,y) and G(z,-) belong to LP(B,.(y) N Q) and LP(B.(z) N Q),
respectively, for all » > 0 and p € [1,00). This completes the proof of the theorem.

5. REMARK ON FUNDAMENTAL MATRICES

In this section, we introduce a result of Auscher et al. [I] regarding construction
of a fundamental matrix in R2. Let H!(R?) be the usual Hardy space in R? and
Co(R?) be the space of continuous functions on R? vanishing at infinity. For z,y €
R2, x # y, define

1 00
(5.1) I'(z,y) ::/0 K(t,:ﬂ,y)dt+/1 (K(t,z,y) — K(t,z,x)) dt.

The following theorem appears in [I] as Theorem 3.16, where L is assumed to be
an elliptic operator with complex coefficients. With appropriate changes, the same
proof carries over.

Theorem 5.2 (Auscher-McIntosh-Tchamitchian). Let the operator L satisfy (2.2)
and Z3). Then for all z € R%, T'(z,-) € BMO, and for f = (f%,...,fM7T ¢
HY (RN | the function defined by

Tf@) = [ Tt dy

belongs to Co(R?)N. The linear map thus defined is continuous from H(R?)N into
Co(R?)N. Moreover, for all f € H'(R*)N, u(z) := T f(x) satisfies || Dul|p2(re) <
oo and is a weak solution of Lu = —f in the sense of (210).
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