TRANSACTIONS OF THE

AMERICAN MATHEMATICAL SOCIETY

Volume 361, Number 7, July 2009, Pages 36613705
S 0002-9947(09)04543-7

Article electronically published on February 10, 2009

UNIVERSAL DEFORMATION RINGS
AND DIHEDRAL DEFECT GROUPS

FRAUKE M. BLEHER

ABSTRACT. Let k be an algebraically closed field of characteristic 2, and let W
be the ring of infinite Witt vectors over k. Suppose G is a finite group and B is
a block of kG with dihedral defect group D, which is Morita equivalent to the
principal 2-modular block of a finite simple group. We determine the universal
deformation ring R(G, V) for every kG-module V which belongs to B and has
stable endomorphism ring k. It follows that R(G,V) is always isomorphic to
a subquotient ring of W D. Moreover, we obtain an infinite series of examples
of universal deformation rings which are not complete intersections.

1. INTRODUCTION

In this paper we determine the universal deformation rings R(G, V) associated
to certain mod 2 representations V of finite groups G which belong to blocks of G
having dihedral defect group D. There are three reasons for making this calculation.
The first is that it provides more evidence for an affirmative answer to a question
posed in [6], which would bound R(G,V) in terms of the group ring of D over
the Witt vectors (see Question [[LT)). The second reason is that we produce an
infinite family of R(G, V') which are not complete intersections, but which do satisfy
the dimension versus depth condition conjectured in [8] (see Question [[3]). This
in turn leads to interesting questions in number theory (see the discussion after
Question [[3)). The final reason is to describe a general method for applying results
in modular and ordinary representation theory due to Brauer, Erdmann and others
to the computation of universal deformation rings.

To make this more precise, let k be an algebraically closed field of characteristic
p >0, let W = W (k) be the ring of infinite Witt vectors over k, and let F' be the
fraction field of W. Let I' be a profinite group, and suppose V is a finite dimen-
sional vector space over k with a continuous I'-action. If all continuous kI'-module
endomorphisms of V' are given by scalar multiplications, an argument of Faltings
(see [18]) shows that V' has a universal deformation ring R(I', V). The topological
ring R(I", V) is universal with respect to deformations of V' over commutative local
W-algebras with residue field & which are the projective limits of their discrete
Artinian quotients. For more information on deformation rings see [18], [27] and
g2l In number theory, deformation rings are at the center of work by many authors
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concerning Galois representations, modular forms, elliptic curves and diophantine
geometry (see e.g. [16], [34] B2], [10] and their references).

In [18], de Smit and Lenstra show that R(I', V') is the inverse limit of the uni-
versal deformation rings R(G, V) when G runs over all finite discrete quotients of
I' through which the I'-action on V factors. Thus to answer questions about the
ring structure of R(T', V), it is natural to first consider the case when I' = G is
finite. In this case, V has a universal deformation ring R(G, V') under the weaker
condition that the stable endomorphism ring End; (V) is of dimension 1 over k
(see [6, Prop. 2.1]); we assume End, (V) = k in what follows.

In [6], the author and T. Chinburg determined R(G, V') for V belonging to blocks
with cyclic defect groups, i.e. blocks of finite representation type. In [4], the author
considered V belonging to blocks with Klein four defect groups and described their
universal deformation rings. This is a natural progression from [6], since the blocks
with Klein four defect groups have tame representation type and are the only such
blocks having abelian (non-cyclic) defect groups. The results obtained in [6] led to
the following question.

Question 1.1. Let B be a block of kG with defect group D, and suppose V is
a finitely generated kG-module with stable endomorphism ring k£ such that the
unique (up to isomorphism) non-projective indecomposable summand of V' belongs
to B. Is the universal deformation ring R(G, V') of V isomorphic to a subquotient
ring of the group ring W D?

It is shown in [6] and [4] that the answer to this question is positive in case D is
cyclic or a Klein four group. Moreover, it follows that in all these cases R(G,V) is a
complete intersection ring (see [8, Thm. 7.2]). In case k has characteristic 2, G is the
symmetric group Sy and E is the unique (up to isomorphism) non-trivial simple k.S4-
module, the author and T. Chinburg showed in [7, 8] that R(Sy, E) = W[t]/(?,2t).
Hence R(S4, E) is not a complete intersection ring, which answers a question of
M. Flach [I4]. Note that E belongs to the principal block of kSs which has as
defect groups dihedral groups of order 8. A new proof of this result has been
given by Byszewski in [I3] using only elementary obstruction calculus. In [7 [§],
the author and T. Chinburg also considered the question of whether deformation
rings which are not complete intersections arise from arithmetic. It was shown in
particular that there are infinitely many real quadratic fields L such that the Galois
group G, ¢ of the maximal totally unramified extension of L surjects onto Sy and
R(Grg,E) = R(S4,E) = W]t]/(t?,2t) is not a complete intersection, where E is
viewed as a module of G, y via inflation.

In this paper, we expand these results further by considering entire families of
blocks of tame representation type with defect d > 3. More precisely, our goal is
to determine the structure of the universal deformation rings R(G, V) in case D is
dihedral of order at least 8 and B is Morita equivalent to the principal 2-modular
block of a finite simple group. In particular, B contains precisely three isomorphism
classes of simple modules. Note that in [J], Brauer has proved that a block with
dihedral defect groups contains at most three simple modules up to isomorphism,;
hence we look at the largest case. It follows by the classifications by Gorenstein-
Walter [22] and by Erdmann [20] that except for possibly one remaining family, all
blocks B with dihedral defect groups containing precisely three isomorphism classes
of simple modules are Morita equivalent to the principal 2-modular block of some
finite simple group (see Remark [B.]).
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A summary of our main results is as follows. The precise statements can be found
in Propositions [£1.7] 1.2.7] and 1.2.4] and in Theorem 5.1l and Corollary B.1.2

Theorem 1.2. Suppose k has characteristic 2. Let B be a block of kG with dihedral
defect group D of order 2¢ where d > 3, which is Morita equivalent to the principal
2-modular block of a finite simple group. Let V' be a finitely generated B-module
with stable endomorphism ring k and universal deformation ring R(G,V). Then
etther
(i) R(G,V)/2R(G,V) =k, in which case R(G,V) is isomorphic to a quotient
ring of W, or
(ii) R(G,V)/2R(G,V) = K[t]/(t>""), in which case R(G,V) = WI[t]]/
(pa(t)(t — 2),2p4(t)) for a certain monic polynomial pg(t) € Wt] of de-
gree 2972 — 1 whose non-leading coefficients are all divisible by 2.
In all cases, R(G,V) is isomorphic to a subquotient ring of WD. Given the block
B, each of the cases (i) and (ii) occurs for infinitely many V. In case (i), R(G,V)
is not a complete intersection.

This theorem also gives an affirmative answer to the following question from [§]
for B, D and V as in the statement of the theorem (see [§ Thm. 7.2]).

Question 1.3. Suppose B, D and V are as in Question [[L.Tland D has nilpotency
r. Is it the case that dim(R(G,V)) — depth(R(G,V)) <r —17?

Theorem provides an infinite series of finite groups G and mod 2 represen-
tations V' for which R(G,V) is not a complete intersection (see Corollary B.1.2]).
This raises the question of whether one can use such G and V to construct further
examples of deformation rings arising from arithmetic which are not complete in-
tersections, in the following sense. As in [8], one can ask whether there are number
fields L together with a finite set of places S of L such that G is a quotient of the
Galois group G, g of the maximal unramified outside S extension Lg of L which
has the following property. There should be a surjection ¢ : G s — G which
induces an isomorphism R(Gr.s,V) — R(G,V) of deformation rings when V is
viewed as a representation for G g via ¢. It was shown in [§] that a sufficient
condition for R(Gr s,V) — R(G,V) to be an isomorphism is that Ker(¢)) has no
non-trivial pro-2 quotient. This is equivalent to the requirement that if L’ is the
fixed field of Ker(¢)) acting on Lg, then each ray class group of L’ associated to a
conductor involving only places over S should have odd order.

As mentioned earlier, the above arithmetic problem was considered in [§] when
G = 54 and V is irreducible of dimension 2. It is more challenging to treat the cases
produced by Theorem in an analogous way, but we think this raises interesting
questions in Galois theory. For example, if G = A7 and V is an irreducible mod 2
representation of degree 14, can one find L and S and ¢ : G5 — G as above for
which Ker(¢) has no non-trivial pro-2 quotient, and hence R(Gr s,V) = R(G,V)
is not a complete intersection? Is this possible when L = Q7 Another interesting
case provided by Theorem is when G is isomorphic to PSLy(F,), where ¢ is an
odd prime power and 8 divides #G. For example, if ¢ = ¢? where ¢ # +1 mod 24
(resp. £ # 1,4,16 mod 21), it was proved in [3I] (resp. in [19]) that PSLqo(F,)
occurs regularly over Q(¢), implying that there are PSLy(F,) extensions of any
number field L for such ¢. On the other hand, it was shown in [33] that for any
prime £ there are infinitely many positive integers r such that for ¢ = ¢7, PSLy(F,)
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occurs as a Galois group over Q. We are looking for PSLy(F,) extensions of number
fields which satisfy additional constraints on their ray class groups. Generalizing
the techniques of [8] to treat such questions is beyond the scope of this paper, but
we believe this will lead to interesting new number theoretic results.

We now describe the steps used to prove Theorem

We first determine which indecomposable B-modules have stable endomorphism
ring k, using the fact that B is Morita equivalent to a special biserial algebra. This
enables us to use the description of indecomposable modules of special biserial alge-
bras as so-called string and band modules. We go through each component € of the
stable Auslander-Reiten quiver of B starting with modules in € of minimal length.
As it turns out, for each block B there are infinitely many isomorphism classes
of indecomposable B-modules with stable endomorphism ring k. More precisely,
there are always two components € of type ZA3 which consist entirely of modules
with stable endomorphism ring k. The other modules with stable endomorphism
ring k either lie at the ends of 3-tubes or they form a single Q-orbit in one or two
components ¢’ of type ZAZ.

After we have found all indecomposable B-modules V' with stable endomor-
phism ring k, we then determine their universal deformation rings modulo 2, i.e.
R(G,V)/2R(G,V). To do so, we concentrate first on one block B of a given defect
d > 3. We then make use of the fact that all the blocks B of defect d are stably
equivalent by a stable equivalence of Morita type over k. This leads to the universal
deformation rings R(G,V) in case (i) of Theorem

For V as in case (ii), our strategy is to use Brauer’s results on the ordinary
characters belonging to B to find the largest quotient of R(G, V') which is flat over
W, namely W1[t]]/(pa(t)) for pa(t) as in part (ii) of Theorem We then use ring
theory to show R(G,V) must have the form W[t]]/(pa(t) (t — 27), « 2™ py(t)) for
some v € W, « € {0,1} and m > 1. To determine v, @ and m, we take advantage
of the fact that if U is the universal mod 2 deformation of V, then End,(U) = k,
so that R(G,U) is well defined. To compute R(G,U), we use the fact that U lies at
the end of a 3-tube of the stable Auslander-Reiten quiver of B. Using results from
Brauer and Erdmann we see that the vertices of U are Klein four groups. Moreover,
suppose K is one such Klein four group, and let Ng(K) be the normalizer of K
in G. Then the Green correspondent fU is a kNg(K)-module which is induced
from a module belonging to the end of a 3-tube of the stable Auslander-Reiten
quiver of a block b, which is Morita equivalent to kA4. The results of [4] imply
that R(G,U) = k, which leads to a = 1 and m = 1.

The paper is organized as follows. In §2] we recall the definitions of deformations
and deformation rings and prove that stable equivalences of Morita type preserve
deformation rings (see Lemmas and 2223)). We also prove some results which
help determine universal deformation rings that are certain quotient rings of W[[t]]
(see Lemmas 23Tl 2321 233 and 22336). In §3] we use the classifications by
Gorenstein-Walter [22] and by Erdmann [20] to describe all 2-modular blocks B of
a finite group G which have dihedral defect groups and are Morita equivalent to
the principal 2-modular block of a finite simple group. We also describe results by
Brauer [9] about the ordinary irreducible characters of G belonging to B. In §dland
g6l we determine which indecomposable B-modules V have stable endomorphism
ring k and find their universal deformation rings modulo 2 (see Propositions ET.T]
421 and E24)). In §5l we analyze the B-modules belonging to the boundaries
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of 3-tubes and use the results from [9] about the ordinary irreducible characters
belonging to B to determine the universal deformation rings of V' (see Theorem
BI). In particular, this implies Theorem Since we make use of the fact that
all the blocks we consider in this paper are Morita equivalent to special biserial
algebras, we recall in 7] the basic definitions of special biserial algebras and string
algebras and describe their indecomposable modules and their Auslander-Reiten
quivers.

2. PRELIMINARIES: UNIVERSAL DEFORMATION RINGS

In this section, we give a brief introduction to versal and universal deformation
rings and deformations. For more background material, we refer the reader to [27]
and [18].

Let k be an algebraically closed field of characteristic p > 0, and let W be
the ring of infinite Witt vectors over k. Let C be the category of all complete
local commutative Noetherian rings with residue field k. The morphisms in C are
continuous W-algebra homomorphisms which induce the identity map on k. Let C
be the full subcategory of C of Artinian objects.

2.1. Universal and versal deformation rings. Suppose G is a finite group and
V' is a finitely generated kG-module. A lift of V over an object R in C is a pair
(M, ¢) where M is a finitely generated RG-module which is free over R, and ¢ :
k®r M — V is an isomorphism of kG-modules. Two lifts (M, ¢) and (M’', ¢') of V
over R are isomorphic if there is an isomorphism « : M — M’ with ¢ = ¢’ o (k®«).
The isomorphism class [M, ¢] of a lift (M, ¢) of V over R is called a deformation
of V over R, and the set of such deformations is denoted by Defs(V,R). The
deformation functor
Fy : C — Sets

sends an object R in C to Defg(V, R) and a morphism f: R — R in C to the map
Defe(V, R) — Defq(V, R') defined by [M, ¢] — [R' ®r, s M, ¢'], where ¢/ = ¢ after
identifying k ®p (R’ ®pg,¢ M) with k ®@g M.

In case there exists an object R(G, V) in C and a deformation [U(G, V), ¢y of V
over R(G, V) such that for each R in C and for each lift (M, ¢) of V over R there is a
unique morphism o : R(G, V) — R in C such that Fy (o) ([U(G, V), ¢v]) = [M, 9],
then R(G,V) is called the universal deformation ring of V' and [U(G,V), ¢y] is
called the universal deformation of V. In other words, R(G,V) represents the
functor Fy, in the sense that Fy is naturally isomorphic to Homg(R(G,V),—). In
case the morphism « : R(G,V) — R relative to the lift (M, ¢) of V over R is not
unique, R(G,V) is called the versal deformation ring of V' and [U(G,V), ¢y] is
called the versal deformation of V.

By [27], every finitely generated kG-module V has a versal deformation ring. By
a result of Faltings (see [I8, Prop. 7.1]), V has a universal deformation ring in case
Endga(V) = k.

The following two results were proved in [6], where 2 denotes the Heller operator
for kG (see for example [1, §20]).

Proposition 2.1.1 ([6, Prop. 2.1]). Suppose V is a finitely generated kG-module
with stable endomorphism ring End, (V) = k. ThenV has a universal deformation

ring R(G,V).
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Lemma 2.1.2 ([6, Cors. 2.5 and 2.8]). Let V be a finitely generated kG-module
with stable endomorphism ring End, (V) = k.
(i) Then End,~(2(V)) =k, and R(G,V) and R(G,Q(V)) are isomorphic.
(ii) There is a non-projective indecomposable kG-module Vi (unique up to iso-
morphism) such that End,~(Vo) =k, V is isomorphic to Vo & P for some
projective kG-module P, and R(G,V) and R(G,Vp) are isomorphic.

The following result can be proved similarly to [0, Prop. 5.2], using [6, Lemmas
5.3 and 5.4].

Proposition 2.1.3. Let L be a subgroup of G and let U be a finitely generated
indecomposable kL-module with End,; (U) = k. Suppose there exists an indecom-
posable kG-module V' with End, (V) = k and a projective kG-module P such that

(2.1.1) mdfU =V o P.
Assume further that
(2.1.2) dimyExty, (U, U) = dimExt}o(V, V).

Then R(G,V) is isomorphic to R(L,U).
2.2. Stable equivalences of Morita type. Suppose G (resp. H) is a finite group,

and let A (resp. B) be a block of WG (resp. WH). For R € Ob(C), define RA
(resp. RDB) to be the block algebra in RG (resp. RH) corresponding to A (resp.
B),ie. RA= R®w A (resp. RB= R®w B). Let I"be A or B. Then I is a W-
algebra that is projective as a W-module. Moreover, I' is a symmetric W-algebra
in the sense that T is isomorphic to its W-linear dual T' = Homy, (I, W), as T-T-
bimodules. In the following, I'-mod denotes the category of finitely generated left
I'modules, and I'-mod denotes the W-stable category, i.e. the quotient category
of I'-mod by the subcategory of relatively W-projective modules. Recall that a
I'-module is called relatively W-projective if it is isomorphic to a direct summand
of I' ®w M for some W-module M.

In [5], it was shown that a split-endomorphism two-sided tilting complex (as
introduced by Rickard [29]) for the derived categories of bounded complexes of
finitely generated modules over A, resp. B, preserves the versal deformation rings
of bounded complexes of finitely generated modules over kA, resp. kB. It follows
from a result by Rickard (see [28] and [24, Prop. 6.3.8]) that a derived equivalence
between the derived categories of bounded complexes D?(A-mod) and D®(B-mod)
induces a stable equivalence between A-mod and B-mod which is itself induced by
a bimodule. More precisely we get the following definition of stable equivalence of
Morita type going back to Broué [I1].

Definition 2.2.1. Let M be a B-A-bimodule and N an A-B-bimodule. We say
M and N induce a stable equivalence of Morita type between A and B if M and
N are projective both as left and as right modules and if
(2.2.1) N@epM = A@®P as A-A-bimodules, and

M®s N =2 B®E as B-B-bimodules,
where P is a projective A-A-bimodule and @ is a projective B-B-bimodule. In

particular, M ® 4 — and N ® g — induce mutually inverse equivalences between the
W-stable module categories A-mod and B-mod.
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We now prove that stable equivalences of Morita type preserve versal deformation
rings.

Lemma 2.2.2. Let A and B be blocks of group rings over W as above. Suppose that
M is a B-A-bimodule and N is an A-B-bimodule which induce a stable equivalence
of Morita type between A and B. Let V' be a finitely generated kA-module, and
define V' = (k @w M) @ka V. Then R(G, V) is isomorphic to R(H,V") in C.

Proof. Suppose R € Ob(C) is Artinian. Then Mgr = R®w M is projective as a left
RB-module and as a right RA-module, and Ng = R ®y N is projective as a left
RA-module and as a right RB-module. Since Mr ®ra (Ng) =2 Rw (M ®4 N),

we have, using (2.2.)),
Mpr®ra Ng =2 RB® Pr  as RA-RA-bimodules,
where Pr = R ®@w P is a projective RA-RA-bimodule. Similarly, we get
Nr®rp Mr =2 RA® Qr as RB-RB-bimodules,

where Qr = R ®w @ is a projective RB-RB-bimodule.

Let X = Qr QraV and Y = P, ®,p V'. Then since Q}, is a projective kA-kA-
bimodule, it follows that X is a projective kA-module. Similarly, Y is a projective
kB-module. Let Xg be the projective RA-cover of X and Yy the projective RB-
cover of Y, which exist since we assume R to be Artinian. Then Xpg defines a
lift (Xgr,7x) of X over R and Yy defines a lift (Yg,7y) over R. Because R is
commutative local, every lift of X (resp. Y') over R is isomorphic to (Xg,7x)
(vesp. (Yr,7y)).

Now let (U, ¢) be a lift of V over R. Then U is a finitely generated RA-module.
Define U = Mr®graU. Since M is a finitely generated projective right RA-module
and since U is a finitely generated free R-module, it follows that U’ is a finitely
generated projective, and hence free, R-module. Moreover

(22.2) U'®pk = (Mr®@raU) @rk = My ®pa (U g k) 2% My @ V = V",
This means that (U’,¢’) = (Mr®pra U, M Q ¢) is a lift of V’ over R. We therefore
obtain for all R € Ob(C) a well-defined map
Tr : Defg(V, R) — Defy (V', R).

We need to show that 7g is bijective. Let U” = Ng @rp U’ and ¢"" = N, @ ¢'.
Similarly to (222), it follows that (U”,¢") = (Ngr Qrp U’', Ny ® ¢') is a lift of
V" = N, Qg V' over R. We have
(2.2.3) u’,¢" (Nr ®@rp (Mg ®raA U), Ny @ (M}, @ ¢))
(RA® Qr) ®@ra U, (kA® Qi) ® ¢)
(U@ (Qr®ral), 9@ (Qr® 9))
(U Xr, ¢ 7x)
as lifts of V" over R, where the last isomorphism follows, since (Qr ®pa U, Qr ® @)
is a lift of X = Qi ®xa V over R. Moreover,

V" =Ny @k (M @4 V) 2 (EA® Qr) @pa V2V @ (Qr@ka V)=V & X,

Hence it follows by [0, Prop. 2.6] that 7 is injective.
Now let (L,’L/)) be a lift of V! = My ®pa V over R. Then (L/,w/) = (NR QRB
L, Ny®1) is alift of V' = Ny®kpV’' =2 V@ X over R. By [0, Prop. 2.6], there exists

1R

IR



3668 FRAUKE M. BLEHER

a lift (U, ¢) of V over R such that (L',¢') =2 (U ® Xg,¢ ® 7x). Arguing similarly
as in (Z23]), we have that (L',) is isomorphic to (U”,¢") = (Ngr @rp U’, N;; ®
¢') where (U’,¢') = (Mr ®ra U, My ® ¢). Therefore, (Mg ®pa L', My ® ') =
(Mr @ra U", M}, ® ¢"). Arguing again similarly as in (Z2.3]), we have

(Mr ®ra L', M}, @ 9") (L& YR, ®7y) and

(Mp®paU", My @ ¢") = (U ©Yg,¢' ©my).
Thus by [6, Prop. 2.6], it follows that (L, ) = (U’,¢’), i.e. TR is surjective. Since
the deformation functors Fy and Fy are continuous, this implies that they are

naturally isomorphic. Hence the versal deformation rings R(G,V) and R(H, V")
are isomorphic in C. (]

1%

Using the same types of arguments as in the proof of Lemmal[2.2.2] but restricting
our attention to Artinian objects R in C that are k-algebras, we get the following
weaker result about versal deformation rings modulo p.

Lemma 2.2.3. Let A and B be blocks of group rings over W as above. Suppose that
My, is a kB-kA-bimodule and Ny is a kA-kB-bimodule which induce a stable equiv-
alence of Morita type between kA and kB. Let'V be a finitely generated kA-module,
and define V! = My, ®,a V. Then R(G,V)/pR(G,V) = R(H,V')/pR(H,V’).

Remark 2.2.4. Using the notation of Lemma (resp. of Lemma 2:23)), sup-
pose that the stable endomorphism ring End, (V) = k. Then it follows that also
End, (V') = k. By Lemma [2ZT.2(ii), there exists a non-projective indecomposable
kH-module Vj (unique up to isomorphism) which is a direct summand of V' with
End, ;(Vy) =k and R(H, V') =2 R(H,Vy). In the situation of Lemma[2.2.2] it then
follows that R(G,V) = R(H,Vy). In the situation of Lemma 223 we have at least
R(G,V)/pR(G,V) = R(H, V{)/pR(H,V{).

Remark 2.2.5. Let A be a finite dimensional k-algebra, and denote by modp(A)
the full subcategory of A-mod whose objects are the modules which have no non-
zero projective summands. Suppose A’ is another finite dimensional k-algebra and
F : A-mod — A’-mod is a stable equivalence. Let

f
OHAELBHPMCHO

be an almost split sequence in A-mod, where A, B, C are in modp(A), B is non-zero
and P is projective. Then, by [2] Prop. X.1.6], for any morphism ¢’ : F(B) — F(C)
with F'(g) = ¢’ there is an almost split sequence

0 — F(A) ), FB) TP 2 Fe) —o

!

in A’-mod where P’ is projective and F(f) = f'.

Moreover, by [2, Cor. X.1.9 and Prop. X.1.12], if A and A’ are selfinjective with
no blocks of Loewy length 2, then the stable Auslander-Reiten quivers of A and A’
are isomorphic stable translation quivers, and F' commutes with €.

2.3. Universal deformation rings that are quotient rings of W{[t]]. In this
subsection, we provide a few results that help determine universal deformation rings
that are certain quotient rings of W1[t]]. As before, let G be a finite group. The
first result deals with universal deformation rings modulo p.
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Lemma 2.3.1. Let Y be a finitely generated uniserial kG-module belonging to a
special biserial block (see 1) and satisfying Endpa(Y) = k and Ext,o(Y,Y) =
k. Suppose Y has a descending radical series (T1,T5,...,Ty) where £ > 1 and

T1,...,Ty are simple kG-modules, not necessarily distinct. Assume there exists
Ty

an integer s > 1 such that the projective cover Pr, has the form Pr, = U; Us |,
Ty

where Uy and Us are uniserial kG-modules, Uy may be zero, and Uy has a descending
radical series
(To, ..., T, T1, To, ..., To, ..., 11, T, ..., Tp)

of length lp* — 1. Define U to be the uniserial kG-module U = 51 and suppose
2

Ext,lfg(U, Y) = 0. Then the universal deformation ring of Y modulo p is R =
R(G,Y)/pR(G,Y) = k[t]/(t*"), and the universal mod p deformation of Y over R
is represented by the kG-module U.
Proof. By assumption, Ext;,(Y,Y) = k, which implies that R 2 k[t]/(¢") for some
r > 1. The module U is a uniserial kG-module of length ¢p* with descending radical
series )

(Ty,...,Tp, Ty, ..., Ty, ..., Ty, .., Ty) = (T0, ..., To)P .
If we let t act as the shift down by ¢, it follows that U is a free k[t]/(t*")-module
which is a lift of Y over k[t]/(t""). Hence there is a k-algebra homomorphism

¢: R — E[t]/(t")

corresponding to U. Since U is indecomposable as a kG-module, it follows that ¢ is
surjective. We now show that ¢ is a k-algebra isomorphism. Suppose this is false.
Then there exists a surjective k-algebra homomorphism ¢; : R — k[t]/(t? +1) such
that 7¢y = ¢, where 7 : k[t]/(t*" 1) — E[t]/(t?") is the natural projection. Let U
be a lift of Y over k[t]/(t?"*1) relative to ¢1. Then U, is a lift of U over k[t]/(t?" 1)
with t?"TU; 2 Y. Thus we have a short exact sequence of k[t]/(t?"+1) G-modules

(2.3.1) 0—=t"'TU, -U; — U — 0.
‘We now show that this sequence cannot split as a sequence of kG-modules. Suppose
it splits. Then U; 2 Y @ U as kG-modules. Let z = < z ) €Y @®U=U,. Then

t acts on z as multiplication by the matrix

0 «o
At - ( O Lt > 9
where a : U — Y is a surjective kG-module homomorphism and y; is multiplication

by t on U. Since tpsﬁl 2 Y, there exists a non-zero z = ( z ) eYapUxU,

with (A4;)P"z # 0. But, since Endyc(Y) = k, a corresponds to the isomorphism
U/tU =Y which means that the kernel of « is tU. Thus

(A" ( v ) _ ( a(igs(;()u)) ) _ ( 0 )

which gives a contradiction. Hence the short exact sequence (23] does not split as
a sequence of kG-modules. Since Ext,ch(U, Y) = 0 by assumption and t*" U, 2 Y,
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this is impossible. Therefore, U, does not exist, which means that ¢ is a k-algebra
isomorphism. Thus R 2 k[t]/(t*"), and the universal mod p deformation of Y over
R is represented by the kG-module U. O

The next result analyzes when a finitely generated kG-module can be lifted to a
W G-module which is free as a W-module. In the following, F' denotes the fraction
field of W.

Lemma 2.3.2. Let V be a finitely generated kG-module such that there is a non-
split short exact sequence of kG-modules
(2.3.2) 0—-Y,—-V—-Y—0
with Bxtyo(Y1,Ys) = k. Assume that for i € {1,2}, there exists a WG-module X;
which is a lift of Y; over W ; in particular X; is free as a W-module. Suppose that
(233) dimpg HOIan(F Qw X1, F Qw Xg) = dimg Homkg(Yl,YQ) — 1.
Then there exists a W G-module X which is a lift of V' over W ; in particular, X is
free as a W-module.
Proof. Since X; and X5 are free as W-modules, we see, using spectral sequences,
that
HY(G,Homw (X1, X2)) = BExtlo(X1,Xs) and
H'(G, Homy (Y1, Y2)) = Extig(Y1,Y2)
for all 4 > 0. From the short exact sequence
mod p

0 — Homyy (X1, X2) - Homyy (X1, Xa) —2 Homy (Y7, Ys) — 0

we obtain a long exact cohomology sequence

0 7‘_0

oy *
0 —> Homwg(X1,X2) —> Homwe (X1,X2) —— Hompa(Y1,Y2) ]

50
\f

* 7T*
Extiyo(X1,X2) — Extipo(X1,X2) ——> Extj o (Y1,Ys) —> -

where for i € {0,1}, % stands for multiplication by p and 7% stands for reduction
modulo p. To prove that there is a lift of V over W, it is enough to prove that 7!
is surjective.

Let n = dimp Hompg(FOw X1, FQw X»). Since X; and X are free W-modules
of finite rank, it follows that

F @w Homy (X1, X2) = Hompg(F @w X1, F Qw X2)

as F-modules. Thus Hompy g (X1, Xs) is a free W-module of rank n. Hence
Im(7?) = k™ and thus Ker(6°) = k™, as W-modules. On the other hand, by (Z3.3),
Homyg(Y7,Y2) = k"™t Thus Im(6°) = k, which implies Ker(ul) = k. Hence
Extll/VG(X 1, X2) is a non-zero finitely generated W-module, and so the image of 71,
which is isomorphic to the cokernel of ul, is non-trivial. Since Exty(Y3,Ys) = k,
it follows that 7} is surjective. O

For the remainder of this section, we consider the case p = 2 and prove some
results which help determine the universal deformation ring R provided R/2R %
k[t)/(t*") for some positive integer n. The first result is a generalization of [7,
Lemma 2.2].
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Lemma 2.3.3. Suppose k has characteristic p = 2. Let d > 3 be an integer, and
let f(t) be a monic polynomial in W[t] of degree 2¢=2 — 1 where all non-leading
coefficients lie in 2W. Suppose R is a complete local Noetherian W -algebra with
residue field k for which there is a continuous surjection T : R — W{[t]]/(f(t)) and
an isomorphism p : R/2R — k[s]/(stiQ) of W-algebras. Then R is isomorphic
to W[t/ (f(t)(t — 2v),a2™ f(t)) as a W-algebra, where v € W, a € {0,1} and
0<meZ.

Proof. Tt follows from the assumptions that there is a continuous W-algebra surjec-
tion ¢ : W([t]] — R. Then 7o : W([[t]] — W{[t]]/(f(t)) is a surjective W-algebra
homomorphism. Hence modulo 2, ¢ is sent to a generator of the maximal ideal of
Wt/ (2, f(t)) = k[[t]]/(tgd%_l), which means that ¢ is sent to u(¢) - t for some
unit u(t) in W{[t]]/(2, f(t)). Since we can lift u(¢) to a unit in W/[[t]], we see that
T((t)) = v(t) - t + 2b(¢t) for certain v(t) € W/[[t]]* and b(t) € W[[t]]. Composing
1 with the continuous W-algebra automorphism W{[[t]] — W/{[t]] which sends ¢ to
v(t)71(t — 2b(t)), we can assume that 7(¢(t)) = t. Then ker(r o 1)) is the ideal
(f(t)) = WI[t]] - f(t). Hence the kernel J of v is contained in the ideal (f(¢)).
Moreover, J is properly contained in (f(t)), since otherwise J = (f(¢)), and then
R = WI[t]]/(f(t)) as W-algebras. But this is impossible, since R/2R = k[s}/(szd_z).
The maximal ideal of W[t]] is generated by 2 and ¢. So the maximal ideal of
R/2R is generated by the image of ¢t under the surjection W/[[t]] — R/2R induced
by ¢ : W{[t]] — R. However, the isomorphism x : R/2R — k[s]/(st_z) shows that
as a W-module, R/2R is generated by 1 together with the powers &, &2, . .. el
for any generator ¢ of the maximal ideal of R/2R. So R/2R is generated as a
W-module by the images of 1,¢,#2,...,#2" "~!. Hence the image of W @ Wt - @
W2 =1 ¢ WI[t]] under ¢ : W[[t]] — R must be all of R, since R is complete.
Thus (12" ") = ¥(ag+art+- - +aga—2_1t2" 1) for some ag, ay, . .., ag-2_, € W.
This means that t2° — (ag + a1t + -+ +aga—2_112 1) =j e J. But J C (f(1)),
S0
(2.3.4) 2

T (ao +art+ o agaa  #2TY) = f(2) - q(t)

for a unique q(t) € W{[t]]. Let q(t) = co+t+ > s, c;it'. Suppose there exists i > 1
with ¢; # 0. Letting » = min{orda(¢;) | ¢ > 1}, we can rewrite ¢(t) = co+t+2"tw(t)
for some w(t) € W{[t]], which is not congruent to the zero power series modulo 2.
Comparing the coefficients modulo 2”1 of the terms of degree at least 2972 on
both sides of [23.4]), we see that 2"w(t) must be congruent to the zero power
series modulo 2"+, which is impossible. Hence q(t) = t + ¢y for some ¢y € W.
Moreover, ¢q is in 2W, since otherwise ¢y € W* and hence t + ¢ € W([[t]]*. But
then f(t) = (t+co)~!j € J, which is impossible, since we showed that J is properly
contained in (f(t)). So ¢ = —2v for some v € W.

This means f(¢)(t — 2v)W]{[t]] € J C f(t)W][t]]. Hence J = f(t)J’, where

(t=27) = (t—2y)W[[t)] € J" < W[[t]

and J' # W/[t]]. Therefore, J'/(t — 27) is a proper ideal of W1[t]]/(t — 2v) = W,
and hence is either zero or generated by a positive power of 2. It follows that J' =
(t—2v,a2™), where o € {0,1} and m € ZT. Thus J = (f(t)(t—27),a2™f(t)). O

We now specialize to a particular f(¢).
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Definition 2.3.4. Suppose k has characteristic p = 2. Let F' be the fraction field
of W, and fix an algebraic closure F' of F'. Let d > 3 be an integer, and let (¢ be
a fixed primitive 2¢-th root of unity in F for 2 < ¢ <d — 1.

(i) Define

d—1
pa(t) = [ min.pol.p (G + ¢5:1),
£=2
and let R' = W([t]]/(pa(t)).

(ii) Let Z = (o) be a cyclic group of order ,and let 7 : Z — Z be the group
automorphism sending o to o~1. Then 7 can be extended to a W-algebra
automorphism of the group ring WZ which will again be denoted by 7. Let
T(0%) =14 0%+ 0"+ 402" '~2 and define

S'=W2)™ [ (T(c?),0T(c?)).

2d—l

Remark 2.3.5. The minimal polynomial min.pol. z({ye +C2_,51) for £ > 2 is as follows:
min.pol. p({z2 + C;l)(t)

min.pol. g ((ae + C;el)(t) = (min.pol. p(Cae-1 + Q;Zl_l)(t))Q -2 for £ > 3.

The W-algebra R’ from Definition 2:3.4] is a complete local Noetherian ring with
residue field k. Moreover,

2

1%

d—1
Few R H F(Coe + ggl) as F-algebras,
¢

=2
keow R = k[t]/ t2d72_1) as k-algebras.

Additionally, for any sequence (Tg)?;; of odd integers, R’ is isomorphic to the

W-subalgebra of
d—1
[T Wice + ¢
=2
generated by the element ({7 + (27’5)?;21 )
Lemma 2.3.6. Using the notation of Definition 234, there is a continuous W -
algebra isomorphism p : R' — S" with p(t) = o + o071,
Suppose now that Dea is a dihedral group of order 2. If in Lemma .33 the
polynomial f(t) is taken to be equal to py(t), a =1 and m =1, then the ring R in
Lemma 2.3.3] is isomorphic to a subquotient algebra of the group ring W Dya.

Proof. The ring of invariants (W Z)(™) is a free W-module with basis
{l,o+o o +o72 ... o2 Tl g 02%2}.

Hence the W-rank of this module is 29=2 4+ 1. Expanding expressions of the form
(0 + o~ 1)¢ for various ¢, one sees that as a W-algebra (WZ)(7) is generated by
(0 +071) and 02", In &, the residue class of o'~ can be expressed as a
polynomial in (¢ + o~1), which means that S’ is generated as a W-algebra by the
residue class of (o +o~1). Since the residue class of (02" "~1 + ¢=2"*+1) can also
be expressed as a polynomial in (0 +¢~1) in S’ and since S’ has no torsion, we
conclude that S’ is a free W-module of rank 242 + 1 —2 =29"2 1,
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Define p : W([t]] — S’ to be the continuous W-algebra homomorphism sending
t to the residue class of (o + o~!). Then p is surjective. Using the description of
the minimal polynomial of ((xe + CQ_ll), 2<{¢<d-1,over F in Remark 2335 we
see that

[min.pol. p(Ge + ()] (0 +07) =0 4072
Hence we have
d-1 £—2 £—2
(2.3.5) pac+o ) =[](e* +o77 ),
=2

and we see by induction that the latter is equal to
(2.3.6) G+ )+ (P +03) + 4 (02 4o 2T = 6T(0?),

which is zero in S’. Thus py(t) lies in the kernel of p. This means that we obtain
a surjective continuous W-algebra homomorphism

p: R =WI[t]]/(pa(t)) — S".

Since both R’ and S’ are free over W of rank 29721, it follows that p is a continuous
W-algebra isomorphism. In particular, R’ is isomorphic to a subquotient algebra
of the group ring W Dsa when Dsa is a dihedral group of order 2¢.

Suppose now that in Lemma 233 the polynomial f(t) is taken to be equal
to pa(t), « = 1 and m = 1. Then the ring R in this lemma is isomorphic to
Wt/ (pa(t)(t—2),2 pa(t)) as a W-algebra. Thus to finish the proof of Lemma [2:3.6]
it suffices to show that the ring W{[t]]/(pa(t)(t — 2)) is isomorphic to a subquotient
algebra of W Dqa. Define

0= W2z)/(T(0?) - oT(c?)).

Then O is isomorphic to a subquotient algebra of W Dya4, and it is generated as a
W-algebra by the residue class of (c+0~1). Moreover, O is a free W-module of rank
2972 since the ideal (T'(c%) — 0T(0?)) is generated over W by T'(c?) — oT(0?).
Define a continuous W-algebra homomorphism 6 : W[[t]] — © by sending ¢ to the
residue class of (¢ + o ~1). Then, using [2.3.5) and ([23.6), we see that

0pa(t)(t —2)) = palo+o " )((o+07")~2)
= o)) (o +0)—2)
2[T(0%) — 0T (7)],

which is zero in ©. Hence pq(t)(t — 2) lies in the kernel of . This means that we
obtain a surjective continuous W-algebra homomorphism

0 Wt/ (pa(t)(t - 2)) — ©.
Since both W{[t]]/(pa(t)(t —2)) and © are free over W of rank 24=2 it follows that

6 is a continuous W-algebra isomorphism. Thus W{[t]]/(pq(t)(t — 2)) is isomorphic
to a subquotient algebra of W Dgya, which completes the proof of Lemma O

3. BLOCKS WITH DIHEDRAL DEFECT GROUPS

Let k be an algebraically closed field of characteristic p = 2, and let W be the
ring of infinite Witt vectors over k. Let G be a finite group, and let B be a block of
kG with dihedral defect groups which is Morita equivalent to the principal block of a
finite simple group. From the classification by Gorenstein and Walter of the groups
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with dihedral Sylow 2-subgroups in [22], it follows that there are three families of
such blocks B, up to Morita equivalence:

(i) the principal 2-modular blocks of PSLy(F,) where ¢ =1 mod 4,
(ii) the principal 2-modular blocks of PSLy(F,) where ¢ =3 mod 4, and
(iii) the principal 2-modular block of the alternating group As.

Note that in all cases (i) - (iii), B contains precisely 3 isomorphism classes of simple
modules.

Remark 3.1. In [20], Erdmann classified all blocks with dihedral defect groups. It
follows that if we consider all such blocks By containing precisely 3 isomorphism
classes of simple modules, there is one more family attached to case (iii) containing
a Morita equivalence class of possible blocks for each defect d > 3. By [20), §X.4],
the blocks in this family having defect d > 4 cannot be excluded as possible blocks
with dihedral defect groups.

However, if we assume that By is Morita equivalent to the principal block of
kH for some finite (not necessarily simple) group H, we can exclude this family as
follows. Since k has characteristic 2, we can assume that H has no normal subgroup
of odd order. By [22], it then follows that H is isomorphic to either a subgroup of
PT'Ly(F,) containing PSLy(F,) for some odd prime power ¢, or to the alternating
group A;. Using a theorem by Clifford |23, Hauptsatz V.17.3], we see that the only
possibility for By to be Morita equivalent to a block in the bigger family attached
to case (iii) occurs when By has defect d = 3, i.e. By is Morita equivalent to the
principal 2-modular block of the alternating group Ax.

The blocks in (i), (ii) and (iii) are all Morita equivalent to basic algebras of
special biserial algebras. (For the relevant background on special biserial algebras
we refer to §71) In §30] §32and §3:3] we give the quivers and relations for the basic
algebras of these blocks, together with their projective indecomposable modules and
their decomposition matrices. In §3.41 we then state some results from [9] about
the ordinary irreducible characters of G which belong to B.

3.1. The principal 2-modular block of PSL;(F,) when ¢ =1 mod 4. Let G
be a finite group, and let B be a block of kG which is Morita equivalent to the
principal block of kPSLy(F,) where ¢ = 1 mod 4. Suppose that 2¢ is the order of
the defect groups of B, i.e. the order of the Sylow 2-subgroups of PSLy(F,). Then,
by [20], B is Morita equivalent to the special biserial algebra A = kQ/I, where Q
is given in Figure B.1.1l and

d—2
L= (3.0, (667>~ — (Bynd)* 7).
We denote the irreducible A-modules by Sy, S1, S2, or, using short-hand, by 0,1, 2.

2d72

0
Q: le L] °2

FIGURE 3.1.1. The quiver @ for blocks as in §3.11

The radical series of the projective indecomposable A-modules (and hence of the
projective indecomposable B-modules) are described in Figure [3.1.2] where the rad-
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0
1 9 1 2
0 0
0 0
2 1
2 1
0 0 0 0
. . 1 2
PO: . ) Plz ) P2: co.
0 0 0 0
1 2
2 1
0 0
0 0
2 1 1 9
0

FI1GURE 3.1.2. The radical series of the projective indecomposable
modules for blocks as in §3.11

ical series length of each of these modules is 2% + 1. The decomposition matrix of
B is given in Figure B3

®o P1 P2
X1 1 0 0
X2 1 1 0
X3 1 0 1
X4 1 1 1
X5.,i 2 1 1 1<4<24-2 1.

FIGURE 3.1.3. The decomposition matrix for blocks as in §3.11

3.2. The principal 2-modular block of PSLy(F;) when ¢ =3 mod 4. Let G
be a finite group, and let B be a block of kG which is Morita equivalent to the
principal block of kPSLy(F,), where ¢ = 3 mod 4. Suppose that 2¢ is the order of
the defect groups of B. Then, by [20], B is Morita equivalent to the special biserial
algebra A = kQ/I, where @ is given in Figure B2 and

I= <6ﬁ7 )‘6; ﬁ)‘v RY, TR, Y17, ,Yﬁ - )‘K'v KA — (677)2d725 (775)2%2 - ﬁ’”
We denote the irreducible A-modules by Sy, S1, Sz, or, using short-hand, by 0, 1, 2.
The radical series of the projective indecomposable A-modules (and hence of the
projective indecomposable B-modules) are described in Figure where for i €
{1,2}, rad(P;)/soc(P;) is isomorphic to the direct sum of Sy and a uniserial module
of length 29~ — 1. The decomposition matrix of B is given in Figure

3.3. The principal 2-modular block of A7. Let G be a finite group, and let B
be a block of kG which is Morita equivalent to the principal block of kA~. Suppose
that 27 is the order of the defect groups of B. Then d = 3, and by [20], B is Morita
equivalent to the special biserial algebra A = kQ/I, where @ is given in Figure
B3I and

I = (Ba,av,7,0n,16 3y — Bynd, o — yndf3).
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k.,
Oe ol
Y
- \/
A &
5

FIGURE 3.2.1. The quiver @ for blocks as in §3.2

1 2
0 2 0 1
1 2
0 2 1
PO_l 27 P1: ) P2: o
0 :
1 2
2 1
1 2

FIGURE 3.2.2. The radical series of the projective indecomposable
modules for blocks as in §3.21

¥o L1 P2
X1 1 0 0
X2 01 0
X3 0 0 1
X4 1 1 1
X5,i 01 1 1<i<2d=2 1.

FIGURE 3.2.3. The decomposition matrix for blocks as in §3.2

We denote the irreducible A-modules by Sy, S, S2, or, using short-hand, by 0,1, 2.

1 B o &
Q: O‘C°E . °?2
v n

FIGURE 3.3.1. The quiver @ for blocks as in §3.3

The radical series of the projective indecomposable A-modules (and hence of the
projective indecomposable B-modules) are described in Figure[3.:3:2] where rad(P;)/
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0 1 2

1 2 10 0
Phb=00, P= 2, P=1
2 1 0 0

0 1 2

FIGURE 3.3.2. The radical series of the projective indecomposable
modules for blocks as in §3.3

soc(Py) is isomorphic to the direct sum of S; and a uniserial module with radical
series (Sp, S2,50). The decomposition matrix of B is given in Figure [3.3.31

¥o $1 P2
X1 1 0 0
X2 1 1 0
X3 1 0 1
Y4 111
X5,i 01 0 1 =1.

FIGURE 3.3.3. The decomposition matrix for blocks as in §3.3

3.4. Ordinary characters for blocks with dihedral defect groups. Let G be
a finite group and let B be a block of kG with dihedral defect group D of order 2¢
where d > 3. Moreover, assume that B contains exactly three isomorphism classes
of simple kG-modules. This means that in the notation of [9, §4] we are in Case
(aa) (see [9, Thm. 2]).

Let F be the fraction field of W, and let (5 be a fixed primitive 2°-th root of
unity in an algebraic closure of F for 2 </ < d—1. Let

X1, X2y X35 X45 X5, 1 <i<2072 1
be the ordinary irreducible characters of G belonging to B. Let o be an element
of order 2¢=1 in D. By [9], there is a block b, of kCg (o) with bY = B which

contains a unique 2-modular character ¢(?) such that the following is true. There
is an ordering of (1,2,...,2972 — 1) such that for 1 <i <2972 — 1 and r odd,

(3.4.1) X5i(07) = (Cpimr + Gah) - 17 (1).

Note that W contains all roots of unity of order not divisible by 2. Hence by
[9] and by [21], the characters x1, X2, X3, X4 correspond to simple FG-modules. On
the other hand, the characters x5,,7=1,..., 292 _ 1 fall into d — 2 Galois orbits
O2,...,0q_1 under the action of Gal(F (Coa-1+(,;",)/F). Namely for 2 < ¢ < d—1,
O = {xs520-1-2(2u—1) | L Su < 2¢=21, The field generated by the character values
of each & € Oy over F is F((o + ngl). Hence by [21], each & corresponds to an
absolutely irreducible F'((ye + C;})G—module X,. By [23] Satz V.14.9], this implies
that for 2 < £ < d—1, the Schur index of each & € Oy over F is 1. Hence we obtain
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d — 2 non-isomorphic simple F'G-modules V5, ..., V;_1 with characters po, ..., ps—1
satisfying
2[*2
(3.4.2) pe = Z §e = Z X5,24-1-¢(2u—1) for2<¢<d-1.
£e€0; u=1

By [23| Hilfssatz V.14.7], Endpe(Ve) is a commutative F-algebra isomorphic to the
field generated over F' by the character values of any & € Oy. This means

(3.4.3) Endpe(Ve) 2 F(Coe + (') for2<<d-—1.

By [9], the characters x5 ; have the same degree x for 1 < i < 2972 — 1. The
characters x1, X2, X3, x4 have height 0 and x5, 1 < ¢ < 2¢=2 _ 1, have height
1. Hence z = 2%~ 9*12* where #G = 2% - ¢* and z* and g* are odd. Since the
centralizer C(0) contains (o), we have #Cg (o) = 2471 . 2% . m* where b > 0 and
m* is odd. Suppose ¢(?)(1) = 2¢-n* where ¢ > 0 and n* is odd. Note that if ¢ is
an ordinary irreducible character of Cg (o) belonging to the block b,, then by [30}
p. 61], ¥(1) divides (#Cq(0))/(#(0)) = 2° - m*. Because (1) = s, - ¢(?)(1) for
some positive integer s,,, we have ¢ <b.

Let C be the conjugacy class in G of g, and let ¢(C') € WG be the class sum of C.
We want to determine the action of ¢(C') on V; for 2 < ¢ < d—1. For this, we identify
Endpa (Vi) = F((oe + C;@l) with EndF(Czl+@1)G(Xg) for one particular absolutely

irreducible F(Cpe + Czjl)G—constituent X, of Vy with character &. By [B42]), we
can choose {, = X5 94-1-¢. Then, under this identification, for 2 < £ < d — 1, the
action of ¢(C) on V; is given as multiplication by

#C _ O ey (2 e

(344) o &lo) o PTG+ Gn )
G:C d—1—¢ d—1—2¢
= GG oy @n G

= T G,

where, as shown above, ¢ < b. Note that f;r;* is a unit in W since ¢g* - n* and
m* - x* are odd. Since t(C) € WG, we must have ¢ > b, i.e. ¢ = b. Therefore,
B47) implies that there exists a unit w in W such that for 2 < ¢ < d — 1, the

action of ¢(C') on V; is given as multiplication by

*

2d—1—[ 2d*1*£

(3.4.5) w - (C2d71 + CQ_(171 )
when we identify Endpg(V;) with End PGyt ¢ (Xy) for an absolutely irreducible
F(Coe + C;)G—constituent Xy of V, with character x5 ga-1-¢.

4. UNIVERSAL DEFORMATION RINGS MODULO 2

As in §3] let k& be an algebraically closed field of characteristic p = 2, let G be
a finite group, and let B be a block of kG with dihedral defect groups containing
precisely three isomorphism classes of simple kG-modules. Suppose 2% is the order
of the defect groups of B. In this section, we determine the universal deformation
ring modulo 2 for all finitely generated B-modules with stable endomorphism ring
k. Since the case d = 2 has been done in [4], we assume throughout this section
that d > 3.
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In §4.T], we first look at blocks B that are Morita equivalent to blocks as in §3.11
In §4.2, we then show how stable equivalences of Morita type can be used to get
analogous results for blocks B that are Morita equivalent to blocks as in §3.2] and

3.3

4.1. Universal deformation rings modulo 2 for blocks as in §3.11 The ob-
jective of this subsection is to prove the following result:

Proposition 4.1.1. Let B be a block of kG which is Morita equivalent to A = kQ /I
with Q and I as in §3.01 Suppose 2% is the order of the defect groups of B with
d > 3. Denote the three simple B-modules by Ty, Th and Ty, where T; corresponds
to S;, fori € {0,1,2}, under the Morita equivalence. Let € be a component of the
stable Auslander-Reiten quiver of B containing a module with endomorphism ring
k. Then € contains a simple module, or a uniserial module of length 4.

(i) Suppose € contains Ty. Then € and Q(E) are both of type ZAZ. All
modules M in €U Q(€) have stable endomorphism ring equal to k and
R(G, M)/2R(G, M) = k.

(ii) Let i € {1,2}, and suppose € contains T;. Then € is a 3-tube with T;
belonging to its boundary, and € = Q(&). If M lies in € having stable
endomorphism ring k, then M € {T;,Q*(T;), Q*(T;)} up to isomorphism,
and R(G,M)/2R(G,M) = k.

(iii) Suppose € contains a uniserial module Y of length 4. Then € and Q(C) are
both of type ZAZ, and € = Q(C) exactly when d = 3. If M lies in €UQ(C)

having stable endomorphism ring k, then M is isomorphic to Q(Y) for
some integer j, and R(G, M)/2R(G, M) = k[t]/(+*" ).
The only components of the stable Auslander-Reiten quiver of B containing modules
with stable endomorphism ring k are the ones in (i) - (iii).

Remark 4.1.2. If B is as in Proposition E.I.1] then there are precisely four uniserial
B-modules of length 4:

Tl TO T2 TO

_ To 2 _ Iz _ To 2 _ T
Yl - 112 b Q (Y1> - TO ) }/2 - Tl b) Q (}/2> - TO .

To T Ty 15

To prove Proposition LTIl we need several lemmas.

Lemma 4.1.3. Let A = kQ/I with Q and I as in §3.11 Let € be the component of
the stable Auslander-Reiten quiver of A containing Sy. Let M be an indecomposable
A-module with Enda (M) = k. Then M either lies in €y, or M is isomorphic to Sq
or Sy, or M is uniserial of length 4.

Proof. Suppose first that Sy is a direct summand of top(M). Then Sy cannot be

0

. 0 0 1
a direct summand of soc(M). The modules Sy, 1 2° 0 0 1 9

2

have endomorphism ring equal to k. If M is uniserial of length at least 5 or M is

not uniserial of length at least 4, then there is an endomorphism of M factoring

non-trivially through either Sy, (1) or g , which is a contradiction.
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Similarly, we see that if Sy is a direct summand of soc(M), then Sy cannot be a

2 1
. . . 1 2 0 0
direct summand of top(M) and M must be isomorphic to Sy, 0’0’ 1’ 2 °F
0 0
1 2
0 -
If Sy is neither a direct summand of top(M) nor of soc(M), then M can only be
1 2
isomorphic to S, S3, 0 or 0 , since P, and P, are both uniserial.
2 1
Of all the above possibilities for M, only Si, S, and the uniserial modules of
length 4 do not lie in &. O

The proofs of the following three lemmas are rather technical and will be deferred
to g0l Let A = kQ/I with Q and T as in §311

Lemma 4.1.4. Let €y be the component of the stable Auslander-Reiten quiver of
A containing So, and let M be a A-module belonging to €o U Q(Cy). Then €y and
Q(€) are both of type ZAY, and End, (M) = k and Ext)y (M, M) = 0.

Lemma 4.1.5. Leti € {1,2}, and let €; be the component of the stable Auslander-
Reiten quiver of A containing S;. Then €; is a 3-tube with S; belonging to its
boundary, and €; = Q(&;). If M belongs to €; and has stable endomorphism ring
k, then M is in the Q-orbit of S; and Ext} (M, M) = 0.

Lemma 4.1.6. Let € be a component of the stable Auslander-Reiten quiver of A
containing a uniserial module X of length 4. Then € and Q(€) are both of type
ZA, and € = Q(€) exactly when d = 3. If M belongs to €U Q(C) and has stable
endomorphism ring k, then M is in the Q-orbit of X and Exth (M, M) = k.
Proof of Proposition LTIl The last statement of Proposition BT will also be
proved in §8l We now prove the remaining statements. Let € be a component
of the stable Auslander-Reiten quiver of B containing a module with endomor-
phism ring k. By Lemma LT3 € contains a simple module or a uniserial module
of length 4. Part (i) (resp. part (ii)) of Proposition 11l follows from Lemma T4l
(resp. Lemma LTH). Because of Lemma AT.6] Remark and Lemma 212
to prove part (iii) we only need to show R(G, M)/2R(G, M) = k[t]/(t2" ") if M is
either Y7 or Y3. We show this for M = Y;. (The case M = Y3 is proved similarly.)
Let R = R(G,Y1)/2R(G,Y1). By Lemmas 1.3 and 1.6 we have Endc (Y1) =k
and Ext;(Y1,Y1) = k. The projective indecomposable kG-module Pr, has the
Ty
form U , where U is uniserial of length 4 -
T

24-2 _ 1 with descending radical series

(T07T27T07T17 T07T27T07 e 7T17T07T27 TO)

— T
IftU = U , then

Ext,ch(U, Yi) = @kG(Q(U)a Y1) = Hom, (71, Y1) = 0.

By LemmaZ3 1] this implies R 2 k[t]/(£2" "), and the universal mod 2 deformation
of Y over R is represented by the kG-module U. (]
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Remark 4.1.7. Tt follows from the proof of Proposition 1.1l that if ¥ =

where i # j in {1, 2}, then the universal mod 2 deformation of Y is represented by
the uniserial kG-module U of length 4 - 2=2 with descending radical series

(E7T071}7T07Ti7T07Tj7T07 v 7Ti7T07Tj7TO)'

Moreover the uniserial kG-module U’ = U/Y of length 4 - (2472 — 1) defines a lift
of Y over k[t]/(t2"°—1).

4.2. Universal deformation rings modulo 2 for blocks as in §3.2] and 3.3l
In this subsection we prove analogous results to Proposition [£.1.1] for blocks that
are Morita equivalent to blocks as in §8.21and §3.31 We start with blocks as in §3.2

Proposition 4.2.1. Let B be a block of kG which is Morita equivalent to A = kQ/I
with Q and I as in §3.2 Suppose 2% is the order of the defect groups of B with
d > 3. Denote the three simple B-modules by Ty, T1 and Ty, where T; corresponds
to S;, fori € {0,1,2}, under the Morita equivalence. Let € be a component of the
stable Auslander-Reiten quiver of B containing a module with endomorphism ring
k. Then € contains a simple module or a uniserial module of length 2.

(i) Suppose € contains Ty. Then Q(€) contains Ty and Ty, and € and Q(€) are
both of type ZAZ. All modules M in €U Q(C) have stable endomorphism
ring equal to k and R(G, M)/2R(G, M) = k.

(ii) Let ¢ # j be in {1,2}, and suppose € contains Tp; = ? . Then € is
7

a 3-tube with To; and Tjo = ;Z) belonging to its boundary, and € =
Q(€). If M lies in € having stable endomorphism ring k, then M €
{To.4, ¥%(To,:), 24Ty 4)} up to isomorphism, and R(G, M)/2R(G, M) = k.
% , % and € contains Y. Then € and Q(€) are both
of type ZAZ, and € = Q(C&) exactly when d = 3. If M lies in €U Q(C)

having stable endomorphism ring k, then M is isomorphic to Q(Y) for
some integer j, and R(G, M)/2R(G, M) = k[t]/(t*" ).
The only components of the stable Auslander-Reiten quiver of B containing modules
with stable endomorphism ring k are the ones in (i) - (iii).

(iii) Suppose Y €

To prove Proposition 2.1l we need the following result which is proved similarly

to Lemma [A.1.3]

Lemma 4.2.2. Let A = kQ/I with Q and I as in 82 For i € {0,1,2}, let ¢;
be the component of the stable Auslander-Reiten quiver of A containing S;. Let M
be an indecomposable A-module with Enda (M) = k. Then M either lies in €; for
some i, or M is uniserial of length 2.

Proof of Proposition [£.2.1]. Let € be a component of the stable Auslander-Reiten
quiver of B containing a module with endomorphism ring k. By Lemma [£2.2] ¢
contains a simple module or a uniserial module of length 2.

Let By be the principal block of kPSLa(F,), where ¢ =1 mod 4 and the Sylow 2-
subgroups of PSLy(F,) have order 2¢. By [26], B and By are derived equivalent. By
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[28, Cor. 5.5], this means that there is a stable equivalence of Morita type between
B and By given by a B-Bp-bimodule =. By Lemma 2.2.3] and Remark 22241 if V' is
a finitely generated Bp-module with stable endomorphism ring k£ and V' = Z®@p,V,
then V’ has stable endomorphism ring k and R(PSLs(F,),V)/2R(PSLy(F,), V) =
R(G,V")/2R(G,V"). Moreover, V' 2 V" @ P as kG-modules, where P is projective,
V" is indecomposable and R(G,V") = R(G,V").

Because of Remark 2.2.5] to complete the proof of Proposition E.2.1] we need
to find the components of the stable Auslander-Reiten quiver of By and of B,
respectively, that correspond to each other under the functor E®p, —, and we need
to match up certain modules in these components. Note that by Remark 2:2.5]
Z®p, — commutes with the Heller operator (2. Let ¢ be a component of the stable
Auslander-Reiten quiver of B containing a module with endomorphism ring k.

Suppose first that € contains Tp. Then € is of type ZAZ. Near Ty, € looks as in
Figure 271 Hence Q(€) contains T; and T. By Proposition T it follows that

FIGURE 4.2.1. The stable Auslander-Reiten component near Tj.

¢ and Q(€) correspond to the components of the stable Auslander-Reiten quiver of
By as in Proposition AII)i). This proves part (i) of Proposition 211

Let now i # j be in {1, 2}, and suppose € contains T ;. Then € is a 3-tube and
Tp,; belongs to its boundary. Since Q2(T}0) = Tp; and Q(To,;) = Q7 *(Tp,:), € also
contains T} and € = Q(€). By Proposition 11}, it follows that for ¢ = 1,2, the
components € correspond to the components of the stable Auslander-Reiten quiver
of By as in Proposition [LTI)ii). This proves part (ii) of Proposition [L.21]
T . Then € is a
T;
component of type ZAY and Y is a module of minimal length in €. Near Y,
€ looks as in Figure 22 where Y3;; and Y3;; correspond to string modules of
A =EkQ/I with @ and I as in §3.2 as follows:

Finally, let ¢ # j in {1,2}, and suppose € contains ¥ =

T;
}/27;]‘ = Tj Ty .
T,

For all d > 3, Y1;; has a non-trivial endomorphism factoring through 7; which does
not factor through a projective B-module, which means that the k-dimension of
the stable endomorphism ring of Y,; is at least 2. If d = 3, then Ys;; = Q(Y'), and
so Q(€) = €. For d > 3, Ys;; has a non-trivial endomorphism factoring through
T; which does not factor through a projective B-module, and thus the k-dimension
of the stable endomorphism ring of Y5;; is at least 2. By Proposition E.I.1] and

T; To
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.QQ(YliJ‘) | | Y1ij
.Yzij ) Q_2(Y2i]~)

FIGURE 4.2.2. The stable Auslander-Reiten component near Y.

by Remark T2] it follows that for ¢ # j in {1, 2}, the components € correspond
to the components of the stable Auslander-Reiten quiver of By as in Proposition
[4I11(iii). This implies part (iii) of Proposition 4211

Since we have matched up all components of the stable Auslander-Reiten quiver
of By containing modules with stable endomorphism ring &k to certain components
of the stable Auslander-Reiten quiver of B, it follows that all other components of
the stable Auslander-Reiten quiver of B do not contain any modules with stable
endomorphism ring k. This completes the proof of Proposition 2.1 O

Remark 4.2.3. Similarly to Remark 1.7, it follows that if Y = g} , where i # j
J

in {1, 2}, then the universal mod 2 deformation of Y is represented by the uniserial
kG-module U of length 2 - 292 with descending radical series

(7—17;7TjaTi7Tj7 R 77—;’Tj)
Moreover the uniserial kG-module U’ = U/Y of length 2 - (2972 — 1) defines a lift
of Y over k[t]/(t2"°—1).

We next turn to blocks as in §3.31

Proposition 4.2.4. Let B be a block of kG which is Morita equivalent to A = kQ/I
with Q and I as in §3.3. Then the order of the defect groups of B is 2¢ = 8.
Denote the three simple B-modules by Ty, Th and Ty, where T; corresponds to S,
fori € {0,1,2}, under the Morita equivalence, and define Yo1102 to be the B-module
corresponding to the A-string-module with underlying string Ba~'yn. Let € be a
component of the stable Auslander-Reiten quiver of B. If € contains a module with
endomorphism ring k, then € contains a simple module or a uniserial module of
length 4, or Q(€) contains Tp.
(i) Suppose € contains Ty. Then € and Q(C) are both of type ZAYZ. All
modules M in €U Q(€) have stable endomorphism ring equal to k and
R(G,M)/2R(G,M) = k.

T; To

y L T T
(ii) Let i # j be in {1,2} and define T; o 0 = T and Ty j0, = T Sup-

j 0

To T;

pose € contains T;0 0. Then € is a 3-tube with T; 0 and Ty o, be-
longing to its boundary, and € = Q(C€). Ifi = 2, € also contains Ts.
In both cases, if M lies in € having stable endomorphism ring k, then
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M € {Ti00,2(Ti00), Q2 T0,50)} up to isomorphism and R(G, M)/
2R(G, M) 2 k.
(iii) Suppose Y € {T1,Yo1102} and € contains Y. Then € = Q(C) is of type

ZAZ. If Y = Yo1102, then € contains no B-modules with endomorphism
ring k. In both cases, if M lies in € having stable endomorphism ring k,
then M is isomorphic to Q¥ (Y) for some integer j and R(G, M)/2R(G, M)
=~ k[t]/(£2).

The only components of the stable Auslander-Reiten quiver of B containing modules

with stable endomorphism ring k are the ones in (i) - (iii).

The proof of Proposition 2.4 is similar to the proof of Proposition .21l using
the following result in place of Lemma [4.2.2]

Lemma 4.2.5. Let A = kQ/I with Q and I as in §831 Fori € {0,1,2}, let €; be
the component of the stable Auslander-Reiten quiver of A containing S;. Let M be
an indecomposable A-module with Enda (M) = k. Then M either lies in €oUQ(Cy)
or in €; for ani € {1,2}, or is uniserial of length 4.

Remark 4.2.6. Similarly to Remark ET.7 it follows that the universal mod 2 de-
formation of T} is represented by the uniserial kG-module U; with radical series
(Th,Ty).

The universal mod 2 deformation of Y1192 can be obtained as follows. There is
a non-split short exact sequence of kG-modules

0 — Q(Yo1102) = Py ® Pr, — Y1102 — 0,

where Pr, (resp. Pr,) is the projective indecomposable kG-module with top T}
(resp. T»). Moreover, there is a natural surjection Q(Yp1102) — Yp1102 with kernel
isomorphic to T5. Thus there is a non-split short exact sequence of kG-modules

(4.2.1) 0 — Yo1102 — Py, ® Pr, /T2 — Yo1102 — 0

representing a non-zero element in Extig(%llog, Y01102)- Hence the universal mod
2 deformation of Yp1102 is represented by the kG-module Pr, @ Pr,/T>.

5. UNIVERSAL DEFORMATION RINGS

We assume the notation from §3] and §4l In this section, we determine the
universal deformation rings of all finitely generated kG-modules which belong to B
and have stable endomorphism ring equal to k. Since the case d = 2 has been done
in [4], we assume throughout this section that d > 3.

In §5.01 we state our main theorem, Theorem .1 and some consequences con-
cerning local complete intersections (see Corollary £.1.2). In §5.2) we analyze the
modules belonging to the boundaries of 3-tubes. In §5.3] we then use these results
together with the results from §3.4] to prove Theorem (.11

5.1. The main theorem.

Theorem 5.1. Let G be a finite group, and let B be a block of kG with dihedral
defect group D of order 2%, where d > 3. Assume that B is Morita equivalent to
the principal 2-modular block of a finite simple group. Then B is Morita equivalent
to a block as in §3.11, Y32 or Y331 Let V be a finitely generated indecomposable B-
module with stable endomorphism ring k, and let € be the component of the stable
Auslander-Reiten quiver of B containing V.



UNIVERSAL DEFORMATION RINGS AND DIHEDRAL DEFECT GROUPS 3685

(i) If € or Q(C) is as in part (i) of Propositions BT, 21 or 24, then
R(G,V) is isomorphic to a quotient ring of W.
(ii) If € or Q(C) is as in part (ii) of Propositions 1T, L21] or B2.4], then
R(G,V) is isomorphic to k.
(i) If € or Q(C) is as in part (iii) of Propositions 1T, B2 or 24, then
R(G,V) is isomorphic to
W(t]]/(pa(t)(t = 2),2pa(t))
as a W-algebra, where pq(t) € W{t] is as in Definition 2341
In all cases (i) - (iil), R(G,V) is isomorphic to a subquotient ring of WD. The
only components of the stable Auslander-Reiten quiver of B containing modules
with stable endomorphism ring k are the ones in (i) - (iii).

Remark 5.1.1. Using Lemma [2.3.2] we can prove that if V' belongs to € as in part
(i) of Theorem 51l then R(G,V) = W.

Corollary 5.1.2. Assuming the notations of Theorem[5.1], suppose € is as in part
(iii) of Propositions 1T, 2Tl or 24l Let V be a finitely generated indecom-
posable kG-module in € with stable endomorphism ring k. Then R(G,V') is not a
complete intersection ring.

In particular, there is an infinite series of finite groups G and indecomposable
kEG-modules V' such that R(G, V) is not a complete intersection. This series is given
by G = PSLy(F,) for g an odd prime power and 8 dividing #G, and V = Q' (V')
for i € Z, where V' is a uniserial kG-module belonging to the principal block of
kG with radical series length 4 (resp. radical series length 2 and no composition
factor isomorphic to the trivial simple module) in case ¢ =1 mod 4 (resp. ¢ = 3
mod 4). Moreover, in case G = Az, the unique (up to isomorphism) irreducible
kG-module V' of dimension 14 provides an example of an irreducible V such that
R(G,V) is not a complete intersection.

5.2. Modules at the boundaries of three-tubes. We first summarize the
known facts about the modules belonging to the boundaries of 3-tubes in the stable
Auslander-Reiten quiver of one of the blocks B under consideration. These facts
can be found e.g. in [20, Chapter V].

Facts 5.2.1. Let G be a finite group, and let B be a block of kG with dihedral
defect group D of order 27, where d > 3. Assume that B contains exactly three iso-
morphism classes of simple kG-modules. Then the stable Auslander-Reiten quiver
of B has exactly two 3-tubes. Suppose V is a finitely generated indecomposable
B-module belonging to the boundary of a 3-tube. Then the vertices of V' are Klein
four groups. Let K be a vertex of V.
(i) The quotient group Ng(K)/Cq(K) is isomorphic to a symmetric group Ss.
(ii) There is a block b of kNg (K ) with b = B such that the Green correspon-
dent fV of V belongs to the boundary of a 3-tube in the stable Auslander-
Reiten quiver of b. Moreover, b is Morita equivalent to k£S4 modulo the
socle.

Lemma 5.2.2. Suppose K and b are as in Facts B2l Let H = Ng(K), let
C = Cg(K), and let N be a normal subgroup of H of index 2 containing C'.

(i) There is a unique block by of kN with defect group K which is covered by
b. Moreover, b = b, and by is Morita equivalent to kA,.
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(ii) Let g € H with (gN) = H/N. Then there is a simple by-module Sy with
9(So0) =2 So, where g(So) denotes the kN-module such that grg=' acts on
9(So) the same way as x € N acts on Sy. The other two representatives
of non-isomorphic simple by-modules S1 and Sy satisfy g(S1) = So and
g(Sg) = Sl-

(iii) The stable Auslander-Reiten quiver of by has two 3-tubes whose modules all
have vertex K. FEach bi-module at the end of one 3-tube has as its source
the band module S, = M (XY~ w,1), and each by-module at the end of
the other 3-tube has as its source the band module S,> = M(XY 1 w? 1),
where XY ~1 denotes the single band of kK and w is a primitive cube root
of unity in k.

Proof. Tt follows from [I, Thm. 15.1] that there is a unique block b; of kN with
defect group K which is covered by b, and that bl = b. Since N/Cn(K) has order
3, it follows e.g. from [20, Proof of Prop. V.2.14] that b; is Morita equivalent to
kA4. This implies part (i).

Now we turn to part (ii). Since there are three isomorphism classes of simple
bi-modules and [H : N| = 2, there is a simple b;-module Sy with g(Sp) = Sp. So
we only need to show that ¢(S1) is not isomorphic to S;. To get a contradiction,
suppose that ¢(S7) = 57, and hence also g(S3) & Ss. For i = 0, 1,2, consider the
kH-module X; = Ind¥(S;). Then by Mackey’s Theorem (X;)n = S; ® g(S;) =
S; @ S;. In particular, X; is a b-module. If Y; is a simple b-module in the socle
of X;, then (Y;)n is a submodule of (X;)y = S; @ S;. Since Sy, S; and S are
pairwise non-isomorphic, it follows that Yy, Y7 and Y5 are pairwise non-isomorphic.
But this is a contradiction to b having only two non-isomorphic simple modules.
Hence ¢(S1) = Sy and vice versa.

Finally, we turn to part (iii). It follows e.g. from [20, Proof of Thm. V.4.1] that
all the b1-modules in a 3-tube have the same vertex and that this vertex must be a
Klein four group. Since K is a defect group of b1, K is a vertex. Let o € N such that
(pC) = N/C. Then v acts on K by conjugation which induces an automorphism
v of K of order 3. Let A = kK = (v) be the skew group ring of kK with (v). Then
A=kAy (seee.g. 20, Cor. V.2.4.1]). Let 8 be a block of kC which is covered by b;.
Then by [20, Proof of Prop. V.2.14], 8 is Morita equivalent to kK. Let P be the
unique projective indecomposable -module (up to isomorphism) and identify P
with an inner direct summand of kC. Then Endyc(P) = kK. Since K is central in
C and we assume P C kC'|, right multiplication by any element of kK defines a kC-
module endomorphism of P. If PN = IndY (P), then Endgy(PY) 2 A = kK « (1)
by [20, Proof of Prop. V.2.14]. Moreover, it follows from [20, §V.2.9] and [20]
Proof of Prop. V.2.14] that the right action of kK on P by right multiplication
extends to a right action of A on PY. In particular, the elements of kK act by
right multiplication on P when identifying P with an inner direct summand
of kN. In [I5], the indecomposable A-modules are described as direct summands
of induced indecomposable kK-modules. This shows that the direct sum of the
A-modules belonging to the boundary of a 3-tube of the stable Auslander-Reiten
quiver of A is isomorphic to A @k S,, where for one 3-tube p = w, for the other
3-tube p = w?, and S, is as in part (iii) of the statement of the lemma. Since
PN gives a Morita equivalence between b; and A, the functor PY ® 4 — sends the
A-modules belonging to the boundary of a 3-tube of the stable Auslander-Reiten
quiver of A to b;-modules which belong to the boundary of a 3-tube of the stable
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Auslander-Reiten quiver of b;. Thus the direct sum of the b;-modules belonging to
the boundary of a 3-tube is isomorphic to

PN @4 (Aork S,) = PN @k S,,

where kK acts on PV by right multiplication and p = w or w?. Since we view

PN as an inner direct summand of kN, it follows that the direct sum of the b;-
modules belonging to the boundary of a 3-tube is isomorphic to a direct summand of
kN @i S, = Ind} S,. But this means that S, is a source of each of the b;-modules
belonging to the boundary of the 3-tube under consideration. This completes the
proof of Lemma O

Lemma 5.2.3. Assume the notation from LemmaB.2.2. Let Ey and E be the two

non-isomorphic simple b-modules such that Ug = belongs to the boundary of

E
E
the 3-tube of the stable Auslander-Reiten quiver of b. Then Ug is isomorphic to the
induced module Ind% M for some by-module M which belongs to the boundary of a
3-tube of the stable Auslander-Reiten quiver of by. Moreover, K is a vertex of Ug,
and the source of Ug is Sg = S, which is conjugate to S,2 in Ngy(K) = H. In
particular, the restriction of Sg to any proper subgroup of K is projective.

Proof. For i € {0,1,2}, let X; = Ind% Si. By Mackey’s Theorem, (X;)y = S; ®
g(S;i), where g is as in part (ii) of Lemma Hence (Xo)n & So @ Sp and
(Xi)y = 81 &S, for i = 1,2. In particular, for i € {0,1,2}, X; is a b-module.
Let Y; be a simple b-module in the socle of X;. Since ¢(Y;) &Y}, it follows that
X1 = X, is simple. Call this simple b-module Y75. By [I, Lemmas 8.5 and 8.6],
induced modules of projective modules are projective, and the induced modules
of the composition factors of a bj-module T provide the composition factors of
the induced module Ind% T. Since the projective cover of Sy has composition
factors Sy, S1,592, 50 and since the projective covers of Fy and E have 6, resp. 5,
composition factors, it follows that Ind% So has composition factors Yy and Yj.
This implies that Yy = Ey and Y15, = E.

S1
S’
boundary of a 3-tube of the stable Auslander-Reiten quiver of b;. By [I, Lemma
8.6(5)], it follows that Ind% M satisfies a non-split short exact sequence

Now consider the indecomposable b;-module M = which belongs to the

0—FE—IndiM— E -0,

g >~ Tnd% M.

It follows e.g. from [20] Proof of Thm. V.4.1] that all the modules in 3-tubes
of the stable Auslander-Reiten quiver of b have Klein four groups as vertices. By
Lemma B22(iii), S, is a source of M where p = w or w?. Hence Ug is a direct
summand of Ind¥ (Ind% S,) = Ind# S,, which means that K is a vertex of Ug and
S, is a source of Ug. But similarly, we also get that S,2 is a source of Ug. Because
sources are unique up to conjugation in Ny (K) = H, S,, is conjugate to S,z in H.
Since Sgp = S, has dimension 2 over k& and each proper subgroup of K of order
2 acts non-trivially on Sg, the restriction of Sg to any proper subgroup of K is
projective. This completes the proof of Lemma O

which implies Ug =
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Proposition 5.2.4. Assume the notation of Lemmas B.22 and 523 If U is
an indecomposable b-module belonging to the boundary of the 3-tube of the sta-

ble Auslander-Reiten quiver of b, then U has a universal deformation ring with
R(H,U) = k.

Proof. Tt follows that U lies in the Q-orbit of the indecomposable b-module Ug. By
Lemma5.23] Ug = Ind]HV M for some by-module M which belongs to the boundary
of a 3-tube of the stable Auslander-Reiten quiver of b;. Since by is Morita equivalent
to kAs, it follows from [4 Prop. 3.4] that End, (M) = k and R(N, M) = k. Since
End, ;(Ug) =k and

dimExt}, (U, Ug) = 0 = dimyExty 5 (M, M),

Proposition 2-T3] implies that R(H,Ug) & R(N,M) = k. By Lemma 2T.2] this
implies Proposition [(.2.4] O

Corollary 5.2.5. Assume the notation of Theorem Bl and suppose € is as in
part (ii) of Theorem Bl Let V be a finitely generated kG-module in € with stable
endomorphism ring k. Then R(G,V) 2 k.

Proof. Tt follows from part (ii) of Propositions 1.1l M2 T or M2 that V is a finitely
generated indecomposable B-module belonging to the boundary of a 3-tube. Hence
we may use the notation of Facts [5.2.1] Lemmas [5.2.2] [5.2.3] and Proposition B.2.4
We claim that

(5.2.1) Indg fV 2V @ projectives.

Since fV belongs to the boundary of the 3-tube of the stable Auslander-Reiten
quiver of b, it lies in the Q-orbit of Ur from Lemma [5.2.3] Since the Green corre-
spondence commutes with  (see e.g. [I, Prop. 20.7]), it is enough to show (B21])
in case fV = Ug. Using Green correspondence, we know InngE =V @ X, where
X is relatively r-projective and the groups in ¢ have the form sKs~' N K for some
s € G, s ¢ H. Suppose there is an indecomposable summand Y of X which has a
non-trivial vertex (). Then @ has order 2. Because Indg Ug is a direct summand
of Ind[G( Sk, we get that Yy is a direct summand of

(Ind[G( SE)Q = @ Indgtht—l(t(SE)thKrl)-
teQ\G/K
Since each term t(Sg)gntrt-1 is projective by Lemma [5.2.3] it follows that Yy is
projective. But Y is a direct summand of Indg (Yg), hence Y is projective. Thisis a
contradiction to @ being a non-trivial group. This implies (52]). By Proposition
213 it follows that R(G,V) = R(H, fV). Hence Corollary follows from
Proposition (.24 O

5.3. Proof of Theorem[5.1l Part (i) and part (ii) of Theorem[G.Tland the very last
statement about the components of the stable Auslander-Reiten quiver containing
modules with stable endomorphism ring k follow from Propositions 111 £2.1]
or B2 together with Corollary Since it follows from Lemma that
WI[t]/ (pa(t)(t—2), 2 pa(t)) is isomorphic to a subquotient ring of WD when py(t) €
Wt] is as in Definition 2:334] it only remains to prove part (iii) of Theorem [E.11
Let € be as in part (iii) of Theorem Bl and let V' be a finitely generated
indecomposable kG-module with stable endomorphism ring & belonging to €. By

part (iii) of Propositions LTIl 2T or 2.4 R(G,V)/2R(G,V) = k[t]/(th_Q).
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We first look at the case when B is as in §3.I1 By Proposition TI[iii) and

T
Remark [1.2] it is enough to consider V, where V is either Y7 = ;0 or Y, =
2
To
T3
;0 . Let V = Y;. (The case V = Y; is proved similarly.) By Remark II.7) the
1
To

universal mod 2 deformation of Y7 is represented by the uniserial kG-module U
with descending radical series

(T17T07T2)T07T17T0)T27T07 s 7T17T0)T27T0)

of length 4 - 2972, Moreover, the uniserial kG-module U’ = U/Y; of length 4 -
(24-2 — 1) defines a lift of Y1 over k[t]/(t>""~1). We show that there is a surjective
continuous W-algebra homomorphism 7 : R — R’, where R’ = W{[t]]/(pa(t)) is as
in Definition2.3.4l We use the notation from §3.41 It follows from the decomposition
matrix in Figure B3 and [17, Prop. (23.7)] that there is a W-pure WG-sublattice
X' of the projective indecomposable W G-module P}V with top 7} such that U’ =
P/ /X' has F-character
20721

d—1
ZPZ = Z X5,i-
=2 i=1

Then U’/2U" is an indecomposable kG-module with top 77 which has the same
decomposition factors as U’ and is thus isomorphic to U’. Hence U’ is a lift of U’
over W. We want to show that U’ is in fact a lift of Y over R'. We first prove
that R’ is isomorphic to a W-subalgebra of Endy¢(U’). Let o be an element of
order 2971 in D, and let ¢(C) be the class sum of the conjugacy class C of o in G.
Since ¢(C) lies in the center of WG, multiplication by ¢(C') defines a WG-module
endomorphism of U’. Since Endy (U’) can naturally be identified with a subring
of Endpg(F @w U'), t(C) acts on U’ as multiplication by a scalar in F' Qu R'.
This scalar can be read from the action of ¢(C') on F@w U’ = ?;21 Ve. By (B43),
there exists a unit w in W such that for 2 < £ < d — 1, the action of ¢(C) on V is

given as multiplication by
2d—1—[ 2d717€

w- ( ga-1  t Cg_d—l )
when we identify End g (Vy) with EndF(C2/+C—Zl)G(X,€) for an absolutely irreducible
g 2

F(Coe + C;})G—eonstituent Xy of V, with character x5 ga-1-+. Recall from Remark
that R’ can be identified with the W-subalgebra of @21;21 Wy + (221] gen-
erated by ((yf + C;ﬂ)?;; for any sequence (w)‘};% of odd numbers. This implies
that R’ is isomorphic to a W-subalgebra of Endy ¢(U’), and hence U’ is an R'G-
module. We next prove that U’ is free as an R’-module. Since U’ is finitely
generated as a W-module, it is also finitely generated as an R’-module. Since R’
is a local ring, it follows by Nakayama’s Lemma that any k-basis {by,..., b} of
U’ /max(R')U’ 2 Y] can be lifted to a set {by,...,bs} of generators of U’ over R'.
Since F @w U’ is a free (F ®@w R’')-module of rank s, it follows that by,..., b
are linearly independent over R'. Since Endpg(F Qw U’) & F Qw R’, this then
implies that Endwe(U’) = R'. Hence U’ is a lift of Y3 over R’. We therefore
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have a continuous W-algebra homomorphism 7 : R — R’ relative to U’. Since
U’/2U’" is indecomposable as a kG-module, 7 must be surjective. By Lemma
233l it follows that R(G, V) = W{[t]]/(pa(t)(t — 2¢),a2™p4(t)) for some ¢ € W,
a € {0,1} and 0 < m € Z. If a = 0 (resp. a = 1), the natural projection
R(G,V) — WIt]/(pa(t)(t — 2¢)) (resp. R(G,V) — (W/2"W)[[t]/(pa(t)(t — 20)))
gives a lift of U, when regarded as a kG-module, over W (resp. over W/2™W).
But U = Q~1(T}), which implies R(G,U) = k by Corollary 525l Hence a = 1 and
m =1, and part (iii) of Theorem [5.] follows in case B is as in §3.11

The case when B is as in §3.2]is proved similarly to the case when B is as in §3.11
using Proposition 2[(iii), Remark [£223] and the decomposition matrix in Figure
323

Finally we look at the case when B is as in §3.3 By Proposition [£.2.4)(iii), it is
enough to consider V' € {T1, Yp1102}. If we show that V has a lift over W, then it
follows by Lemma 2.3.3] using Remark and Corollary B2Z5] that R(G,V) =
WI[t]]/(t(t—2),2t). Using the decomposition matrix in Figure and [T, Prop.
(23.7)] we see that there is a lift of T3 over W. To see that Yj1102 has a lift over W,

T
we consider the two uniserial kG-modules Z; = ? and Z5 = 1Ty . Then there
0
T

is a non-split short exact sequence of kG-modules
0— Zy — Yor1020 — Z1 — 0

with Ext}(Z1, Z) = k. It follows from the decomposition matrix in Figure B3.3]
and [I7, Prop. (23.7)] that there exists a lift X; of Z; over W for i = 1, 2. Moreover,
the F-character of F @ X1 (resp. of F ®@w X2) is x2 (resp. x4). In particular,
Hompg(Fow X1, FQw X2) = 0. Since Homyg(Z1, Z2) = k, it follows from Lemma
that there is a lift of Yg1192 over W. This completes the proof of Theorem
b1} O

6. STABLE ENDOMORPHISM RINGS AND EXT GROUPS

Assume the notation of §4l In this section we complete the proof of Proposition
[AT1l by determining which components of the stable Auslander-Reiten quiver of
a block B as in §3.1] contain modules with stable endomorphism ring k and by
determining the Ext groups for these modules. Since there are stable equivalences
of Morita type between B and blocks as in §3.2 or §3.3] we determine at the same
time which components of the stable Auslander-Reiten quiver of the blocks in §3.2]
and in §3.3] contain modules with stable endomorphism ring k and also determine
the Ext groups for these modules.

Recall that B is Morita equivalent to the basic algebra A of a special biserial
algebra, so we can use the description of indecomposable A-modules as string and
band modules (see 7). In §6.11 we give a description of the homomorphisms be-
tween string modules as determined in [25] and provide a short-hand notation for
such homomorphisms. We also give a criterion which helps determine stable ho-
momorphisms between string modules. In §6.21 we prove Lemmas [£.1.4], and
In §6.31 we consider all components of the stable Auslander-Reiten quiver
of type ZAZ and prove that the only such components containing a module with
stable endomorphism ring k are precisely those components containing a module
M with Endp (M) = k or Enda (Q(M)) = k. In §6.41 we consider the components
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of the stable Auslander-Reiten quiver which are 1-tubes and prove that no 1-tube
contains any modules with stable endomorphism ring k.

We freely use {7l without always explicitly referring to particular results. We
especially use the phrase “canonical k-basis” for string modules as introduced in
g7.1.1] to be able to readily describe homomorphisms between string modules.

6.1. Homomorphisms between string modules.

Remark 6.1.1. Let A = kQ/I be a basic special biserial algebra, and let M(S)
(resp. M(T)) be a string module with canonical k-basis {x, }iy (resp. {yv}o—o)
relative to the representative S (resp. T'). Suppose C' is a string such that
(i) S ~s S10Sy with Sy of length 0 or S; = S7(; and with Sy of length 0 or
Sy = (5 ' Sh, where 1,57, So, Sy are strings and (;, (» are arrows in Q; and
(ii) T ~s T1CTy with Ty of length 0 or T} = T{g;l and with T, of length 0 or
Ty = &£T), where Ty, T1,T>, T4 are strings and &, &, are arrows in Q.
Then there exists a non-zero A-module homomorphism o¢ : M (S) — M(T') which
factors through M (C') and which sends each element of {z,}-, either to zero
or to an element of {y,}7_,, according to the relative position of C' in S and T,
respectively. If e.g. S = s189-- 5, T = t1ta - -ty, and C = S;41S;42" Sy =
-1 ,-1 -1
to il otk then
0c(Titt) = Yjtre—s for 0 <t < ¢, and oc(x,,) = 0 for all other u.

Note that there may be several choices of Sy, Sa (resp. T1,T%) in (i) (resp. (ii)). In
other words, there may be several k-linearly independent homomorphisms factoring
through M (C). By [25], every A-module homomorphism ¢ : M(S) — M(T) is
a k-linear combination of homomorphisms which factor through string modules
corresponding to strings C satisfying (i) and (ii).

The following definition provides a short-hand notation for homomorphisms be-
tween string modules, relative to fixed choices of canonical k-bases.

Definition 6.1.2. Let A = kQ/I be a basic special biserial algebra. Suppose
X = M(S) (resp. Y = M(T)) is a string module with canonical k-basis {z,}7
(resp. {yu}I_y) relative to the representative S (resp. T').

(i) Suppose there exist 0 <i<m, 0 < j <nand 0 < ¢ < min{m —1,j} such
that a1 X — Y defined by

a(Ziyt) = Yj—e4t for 0 <t <4, and az,) = 0 for all other u

is a A-module homomorphism. Then we denote « by hom&"_ Y)(xl-, Y, ).
(ii) Suppose there exist 0 < i <m, 0 < j<nand 0 <{ < min{m —i,n—j}
such that §: X — Y defined by

B(xist) = Yje—t for 0 <t < ¢, and B(x,) = 0 for all other u

is a A-module homomorphism. Then we denote § by hom?}E Y)(xl-, Y, ).
(iil) Suppose there exist 0 < i <m, 0 < j <n and 0 < ¢ < min{4, j} such that
v: X — Y defined by

V(xizt) = Yj—rq¢ for 0 <t < ¢, and y(x,) = 0 for all other u

is a A-module homomorphism. Then we denote v by hom(_gy)(xi, Y, £).
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(iv) Suppose there exist 0 < i <m, 0 < j <mnand 0 < /¢ < min{i,n — j} such
that § : X — Y defined by

0(xi—t) = yjqe—s for 0 <t < ¢, and §(x,) = 0 for all other u
is a A-module homomorphism. Then we denote § by hom(;; v) (@i, y5,0).

If X =Y, then we write endx instead of homx y).

Note that in many of our applications of Definition E.1.2], x; corresponds to a
source in the linear quiver Qg defining M (S) and y; corresponds to a sink in the
linear quiver Qr defining M (7).

We now illustrate cases (i) and (ii) of Definition[6.1.21 Suppose the string S (resp.
T) is the word S = s182 -+ 8y, (vesp. T = tqtg - -tp). Then a = homzr);fy)(xi, Y, ¢)
factors as

g = 2
a: X:M(S) —_— M(si+1si+2<~-si+4) —_— M(tj_[+1tj_[+2-<~tj) e ]\J('T):Yv7

where s;115;492- - Si4¢ = tj_gq1tj—eq2---t; as words, and 7 is the canonical pro-
jection and ¢ the canonical injection. On the other hand, § = homzr)gy)(xi, (T4
factors as

~

™ = — — L
B: X=M(S) —— M(ssy15i2-5i40) ——> M(t7 ], t5},  -t5 ) —— M(T)=Y,

_ 41,1 -1
where si+1si+.2 o Sitr = thtj*Zfl .- ~.tj+1 as WOI“dS.. '

The following is an easy combinatorial lemma which helps determine stable ho-
momorphisms.

Lemma 6.1.3. Let A = kQ/I be a basic special biserial algebra. Suppose ) < p € Z
and 0 < a < p. Let M(S) and M(T) be string modules with canonical k-bases {x,}
and {y,} relative to the representatives S and T, respectively. Suppose that {h;}5_,
(resp. {fj}i=1) are subsets of {xu} (resp. {y,}). Let € € {£1,0} be the sign of
(t—s). For1<i<sand1<j<twithj—i=a mod u, assume that the map
Aij i M(S) — M(T) defined by A; j(h;) = f; and X j(xy) =0 for x, # h;
is a A-module homomorphism. Suppose that for all1 <i<s—1land1 <j<t—-1
with j —i=a mod p, a;j = X j + Xiy1,j41 factors through a projective A-module.
Suppose further that either
(i) € >0, and each M\ ; (1 4+ < j <t,j—1=a modp) and each A ;
(1<j<t—20ba,j—s=a modpu) factors through a projective A-module
for {01,02} = {1,¢€}; or
(ii) € <0, and each A;1 (1 =81 < i < s, 1—i=a modpu) and each A4
(1<i<s+0dy t—i=a modpu) factors through a projective A-module
for {61,021 = {—1,¢}.
Then for all1 <i<sand1 <j <t withj—1i=a mod u, \;; factors through a
projective A-module.

6.2. Components containing modules with endomorphism ring k. In this
subsection, we prove Lemmas T4 LTH and ET6 Let A = kQ/I with Q and I
as in 3.1

Proof of Lemma T4 Let Cy be the component of the stable Auslander-Reiten
quiver of A containing Sy, and let M be a A-module belonging to Cy U Q2(Cp). We
need to show that End, (M) = k and Ext} (M, M) = 0.
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Using the description of the components of the stable Auslander-Reiten quiver
of A as in §7.2] we see that € is of type ZAZ. Moreover, using hooks and cohooks
(see §7.2)) we obtain the following. There is an i € Z such that Q¢(M) is isomorphic
to one of the following string modules:

So, M(83), M(n), or for n > 1,
TG L .
By(6tn~ty g

m({ )
m(( )

Az =M ((ﬁv(5‘1n‘17‘16‘1)2%2‘15‘177‘1)n ﬂ) 7
m({ )
m(( )

2d72

—15—1y—1

né‘(,yflﬂfl(;flnfl)2‘1_271771571 " 54) ’
< 775(7_15_15_177_1)2(172_17_15_1 n) 7
Ay =M ((n5(7‘16‘15‘177‘1)2%2‘17‘16‘1)n n) :

It is straightforward to check that End, (M) = k and Ext) (M, M) = 0 for M €
{So, M(8), M(n)}. We now demonstrate how to show this for M = A, ,, for n > 1.
The other cases are proved similarly. The module A; ,, (or more precisely the quiver

defining it) is given in Figure Let {xr}:‘i(g“ be the corresponding canonical
k-basis for Ay, (see L.II). Then there are n sources hq,...,h, in the quiver of
A n, corresponding to direct summands of top(A; ), namely h; = x(;_1)ga4o for
1 <i < n. There are n + 1 sinks fi,..., fo41 in the quiver of A, ,,, corresponding
to direct summands of soc(A; ), namely f; = x(;_1)2a for 1 < j <n and f,11 =
Zpoay1. By Remark 610l each endomorphism of A, ,, is a k-linear combination of
the elements of

(6:21) {ida, .} (J i pipnof [1<i5<n2<0<n1<s <2072 1},
where each of these endomorphisms is defined as follows, using Definition

(6.2.2) Xij = endil (hi f;,0),
_ -+
Hi = endAlm (hiy frs1, 1),
pf’z = endj&j_n (hi7ffv48 - 2)7
ol = endjgin(hu fn+1,48 —1).

Let a; j = Xij + Xig1,j41 for 1 <i4,5 <n—1. It follows that o, ; (1 <4,j7 <n—1),
A (2 <7< n),and A, ; (1 <j < n) each factors through the projective A-
module Py. Hence by Lemma 613 A; ; (1 <4,j <n) factors through a projective
A-module. Let §8; = A\j_1,n + ; for 2 < i <mn. Then it follows that 3; (2 <1i < n)
and py each factors through Py. Hence p; (1 <1 < n) factors through a projective
A-module. It also follows that i (1<i<n,2<l<n,1<s< 2d=2 _ 1), and o}
(1<i<n,1<s<242 1) each factors through Py. Hence End, (4 ,) = k for
all n > 1.

Using the fact that Extj (A ,, Ay ,) = Hom, (Q(A;.,), Ay,) and analyzing the
quiver defining Q(A4; ,,), one shows in a similar fashion that Exty (A, A1 ,) = 0
for all n > 1. This completes the proof of Lemma £ 1.4 O
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NN
2 1 2
NS\
0 0
\7

FIGURE 6.2.1. The module A; ,,.

Proof of Lemma I3l Let ¢ € {1,2} and let C; be the component of the stable
Auslander-Reiten quiver of A containing S;. We need to show that C; is a 3-tube
with S; belonging to its boundary, and C; = (C;). Moreover, if M belongs to C;
and has stable endomorphism ring k, we need to show that M is in the Q-orbit of
S; and Ext) (M, M) = 0.

We prove this for ¢ = 1. (The case ¢ = 2 is treated similarly.) The component
¢, is a 3-tube with boundary consisting of Sy, Q%(S;) = P1/S1, and Q*(S;) =
Q(S7). Since © maps the boundary to itself, it follows that € = Q(&;). It is
straightforward to check that End, (M) = k and Ext} (M, M) = 0 for M belonging
to the boundary of €;. It remains to show that all other modules X belonging to
¢, but not to its boundary have stable endomorphism ring of k-dimension larger
than 1.

Using hooks and cohooks (see §7.2)), we obtain the following. If X belongs to €;
but not to its boundary, then there exist integers j, n with n > 1 such that /(X))
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is isomorphic to one of the following string modules:
Xim =M(v(5 /I ¢ R

d_2 n—1
~(6v(5’1n’1v’1ﬂ’1)2 ’15’177’1) 71>,

Xap = 81 (50797572 0y

: (67(517717161)2d_2151n1)n_1> :

Xsp=M <’Y(51771’7151)2d_2151771
] 511y —1g-1y29 2151, -1 n-t
By BT) U B

Let {xi”}ﬁ% be the canonical k-basis for X;,. Then end)_(j'n (x}" abn 1) does

) n2d7
d
not factor through any projective A-module. Let {z27}"2 "1 (resp. {a37}72()

be the canonical k-basis for X, (resp. Xs,). Then, for ¢ € {2,3},

end}) (:cﬁ’n,xfl’;_l,()) does not factor through any projective A-module. This

completes the proof of Lemma [£.1.5] O

Proof of Lemma 1.6l Let € be a component of the stable Auslander-Reiten quiver
of A containing a uniserial module X of length 4. We need to show that € and
(€) are both of type ZAZL, and € = (€) exactly when d = 3. Moreover, if M
belongs to €U Q(€) and has stable endomorphism ring k, we need to show that M
is in the Q-orbit of X and Ext} (M, M) = k.

There are four uniserial A-modules of length 4:

1 0 2 0

0 2 0 1
Xi= o, QX)= ., Xo= |, P(X)= .

0 1 0 2

Let € be the component containing X;. (The case when € contains X» is treated
similarly.) We have seen in Lemma LT3 that X; has endomorphism ring k. More-
over, £2(X) is uniserial of length 2¢—3 with descending radical series (S1, So, So, So,
...,81,80,85,50,51), and thus Ext (X1, X1) = Hom, (Q(X1), X1) = k.

Using the description of the components of the stable Auslander-Reiten quiver
of A as in 7.2 we see that € is of type ZAZL. Moreover, using hooks and cohooks
we can describe the modules M in € not belonging to the Q-orbit of X;. From
this description it follows that 2(X;) lies in €, and hence € = Q(€), if and only if
d = 3. Similar to the proof of Lemma we then construct for each remaining
M an endomorphism which does not factor through any projective A-module. This
completes the proof of Lemma O

6.3. Components of type ZAY. We next consider all components of the stable
Auslander-Reiten quiver of type ZA%. We prove that the only such components
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containing a module with stable endomorphism ring k are precisely those compo-
nents containing a module M with Enda (M) = k or Enda (2(M)) = k.

We use the notation of hooks and cohooks from §7.21 Moreover, if S is a string
of positive length in a ZA-component, we use Sps (resp. p/S) to denote the
string obtained from S by either adding a hook or subtracting a cohook on the
right side (resp. left side) of S. We also use S. (resp. ~S) to denote the string
obtained from S by either adding a cohook or subtracting a hook on the right side
(resp. left side) of S. This means that near M(S) the stable Auslander-Reiten
component looks like Figure Note that if S has minimal length in its stable

M(,S) M)

) e
7N

M(S.)

M(,8)

FIGURE 6.3.1. The stable Auslander-Reiten component near M (S).

Auslander-Reiten component, then S, = Sy, »S =S, S =S, and S = .S. If
none of the projective A-modules is uniserial and S has minimal length, then also
Sh’mh/ = Sh.“h, h’~--h/S = h...hS, Sc’~--c’ = SC.A.C and C/.A.C/S = CA..CS. The fOHOWng
lemma is straightforward.

Lemma 6.3.1. Let A = kQ/I be a symmetric special biserial algebra with the
following properties:

(a) the quiver Q contains no double arrows;

(b) for all v1,v2 € Qo and o € Q1 with s(a) = vy and e(a) = vq, there exists
7(a) € Q1 with s(7(a)) = v and e(7(®)) = v1;

(c) if P is a uniserial projective A-module, then P is a string module corre-
sponding to a directed string aias - --ayp, and

arag oy = T(a)T(-1) - T(ar);

if P is a non-uniserial projective A-module, then P corresponds to a relation

p1 = p2 in I for two paths p1 = ayag--- g, and pa = B1P2--- Be, 0 kQ,
and

{arag -y, BifBa- Bo} = {7(ae,)T(au, 1) - 7(an), 7(Be,)T(Bey—1) -+ 7(B1) }-

Let S = wiwy - - - wy, be a string of length n > 1, and define 7(S) = 7(w1) 17 (wy) ~*

< 1(wy)"t. Then 7(S) is a string. Moreover, suppose {z,}"_q (resp. {yr}"_q) is
the canonical k-basis of M (S) (resp. M(7(S))) relative to the representative S (resp.
7(S)). Let €1,e2 € {+,—}, and let 0 < w,v,£ < n. Define p(+) = — and p(—) = +.
If endj\}[%) (Tu, 2y, €) is a A-endomorphism of M(S), then end?v([z)(g()é)l)(yv, Yu, L) 1s
a A-endomorphism of M(7(S)). Moreover, endy %, (zy, v, ) factors through a

projective A-module P if and only if endf\;e(i)(g()e)l)(yv, Yyu,£) factors through P.
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We are now able to prove the following result.

Proposition 6.3.2. Let A = kQ/I where Q and I are as in §8. Then the
components of the stable Auslander-Reiten quiver of type ZAY containing a module
with stable endomorphism ring k are precisely the components containing a module
M with Endp (M) =k or Enda (Q(M)) = k.

Proof. Let € be a component of type ZAZ of the stable Auslander-Reiten quiver
of A such that €UQ(€) contains no simple A-module and no uniserial A-module of
length 4; i.e. by Lemma L. T3] € UQ(€) contains no A-module with endomorphism
ring k.

Let X be a A-module of minimal length in €. In particular, X (or more precisely
the string defining X) cannot start or end in a peak (resp. in a deep). Since P;
and P» are uniserial, this means that X cannot have any of the following forms:

(6.31) X= 10...’ X = 20...7 X = ...017 X= 2’

0--- v 0--- e 0 . 0

X= ’ 2 ’ 1° 2 -

Let {zr}ﬁ(:)g) be the canonical k-basis of the string module X relative to the chosen
representative.

Suppose first X is uniserial. By (@31), X = M(S) where S is one of the
following strings for 1 <n <2972 —1:

(6.3.2) SLLTL = (7715715—1n71)n7,1ﬂ,1’
Siom = (187",
S2.2.n (5_177_17_15—1)”5—177—17
Soin = (67 Iyl

Note that M (S11,0) (resp. M(S2,2,0)) lies in the same component of the Auslander-
Reiten quiver as a uniserial A-module of length 4. If i # j in {1,2}, then
Q(M (S, ; 2a-2_3)) lies in the same Auslander-Reiten component as a uniserial A-
module of length 4, M(S; ; 2a-2_;) lies in the same Auslander-Reiten component
as S, and Q(M(S; joa-2_1)) lies in the same Auslander-Reiten component as Sp.
On the other hand, if n < 2972 — 2, then end;\rﬂsi . (20, Zan42,4n — 2) does not

factor through a projective A-module for i € {1,2}. Also, if n < 2972 — 1, then
endj[f(si‘jyn)(zo, Zan, 4n — 4) does not factor through a projective A-module for i # j
in {1,2}. By considering hooks and cohooks, we see that in both cases, all A-
modules in the Auslander-Reiten component containing X have stable endomor-
phism ring of dimension at least 2.

Suppose now X is not uniserial. By Lemma B.3.1] it is enough to consider X

where

0 0
X = 1...0 O X = 9 ...

Let (&1,62) = (n,8). If X = M(S) where S = S;;n& - for i € {1,2} and
1 <n < 2921 then end}+(zo,z4n+2,4n — 2) does not factor through any
projective A-module, and the same is true for M (Sp...p7) and M (Se....r). Similarly,
if X = M(S) where S =5, ;,& - fori#jin {1,2} and 1 <n <292 -1, then
end}+(z0, Zan,4n — 4) does not factor through any projective A-module, and the
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same is true for M (Sps..py) and M (Se...cr). If X = M(S; ; 9a-2_1&C;) where i €
{1,2} and C; is some string, then X lies in the same Auslander-Reiten component
as M(C;). Hence X is not of minimal length in €. The two remaining possibilities
for X are
X = M(Si)ip& .- ) fori € {1, 2}
or
X = M(S; joa—-2_1&---) fori # jin {1,2}.

Let @ # j in {1,2}. Then Q(M(S; joa-2_1&;---)) lies in the same Auslander-
Reiten component as a string module of the form M (7(S;;0&---)), where T is as
in Lemma [6.3.J1 Hence, by Lemma 6.3.1] it is enough to consider X of the form
X = M(Si,i,Ogi . ) fori e {1, 2}

Let ¢ = 1. (The case i = 2 is done similarly.) Since X has minimal length in
the Auslander-Reiten component €, this means X = M (SC), where S is one of the
following strings:

(6.3.3) Sh2 Y87 (S 0,) 7Y 1<n <2972 1,
S22 = A7137(Sa0,)7, 0<n< 29721,

and C' is a string such that the following holds. If C' has positive length, then
C = (¢ '--. for the appropriate arrow ¢ in @, and if S = S;f,z_l, then C' cannot
have length 0.

If S =852, 1 <n <2921, then end}" (20, 22,0) does not factor through a
projective A-module. The same is true for M ((SC).r....-) and for M((SC)/), and,
if n < 2972 — 1 or C has positive length, then also for M ((SC)ps..p/). If SC = S =

1,2
Syi-2_q, then

(SCVprty = Sai2s_ oy~ 187107

Thus end]T/[JE(SC)h,___h,)(ZQd, 29, 2) does not factor through a projective A-module.

If S =522 0 <n<292-2 then endt" (29, 22, 0) does not factor through a pro-
jective A-module. The same is also true for M ((SC)e....) and for M ((SC)pr...n’).

Now suppose S = S;;Z,Q_l. Since X has minimal length in its Auslander-Reiten
component, C' =y~ 1371’ for some string C’. If C’ has length 0 or C’ = §~1- -,
then end;?r (294, 22,2) does not factor through a projective A-module. The same is
true for M((SC)y...r), and, if C” has positive length, then also for M ((SC)p...pr). If
C’ has length 0, ie. SC =537, |4 1471, then (SC); = (SC)n and (SC)pr..yy =
(SC)nd~y~t---. Thus end;;((sc)h)(zgd, z3,3) and endLJE(SC)h/mh,)(ZQd, z4,4) do not
factor through a projective A-module. Now suppose C/ = n---. Then X has the
form X = M(S;;%LISC&), where S is one of the strings in (63.3) and C; has
the same properties as the properties of C' described below in (633]). Hence one
continues using similar arguments as above, and thus concludes that the Auslander-
Reiten components containing any of these X contain no A-module with stable
endomorphism ring k. O

6.4. One-tubes. Finally, we consider the components of the stable Auslander-
Reiten quiver which are 1-tubes. We prove that no 1-tube contains any modules
with stable endomorphism ring k. Since for the blocks in question all string modules
lie either in components of type ZAZ or in 3-tubes, all the modules in 1-tubes are
band modules. We use the description of band modules from §7.11
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Remark 6.4.1. Let A be a special biserial algebra. It follows from [25] that if B is
a band, A € k— {0} and n > 2 is an integer, then End , (M (B, A, n)) has dimension
at least 2. To be more precise, the endomorphisms coming from the circular quiver
associated to the band B are parametrized by upper triangular n x n matrices with
equal entries along each diagonal, and these endomorphisms cannot factor through
a projective A-module. So if n > 2, then the k-dimension of the space spanned by
these endomorphisms is n > 2.

Definition 6.4.2. Let A = kQ/I be a special biserial algebra. Let B be a band
for A, A € k— {0} and let Mp \ = M(B,\,1). Suppose S is a string such that

(i) B ~, STy with Ty = & 'T{¢&,, where T, T are strings and &1, £, are arrows
in Q; and
(ii) B ~, STy with Ty = Csz'Cgl, where T, T4 are strings and ¢, (2 are arrows
in Q.
Then by [25] there exists a non-zero endomorphism of Mp » which factors through
M (S). We will say such an endomorphism is of string type S. Note that there may
be several choices of T} (resp. T5) in (i) (resp. (ii)). In other words, there may
be several k-linearly independent endomorphisms of string type S. By [25], every
endomorphism of Mp y is a k-linear combination of the identity morphism and of
endomorphisms of string type S for suitable choices of strings S satisfying (i) and
(ii).
Definition 6.4.3. Let A = kQ/I be a special biserial algebra, and let B be a band
for A.

(i) We call a string C' a substring of B if B ~,. CC’ for some string C’.

(ii) A substring S of B is called a top-socle piece of B if
(a) S= a[l . ~-a§1af1 for £ > 1 and arrows ag,as,...,qp in @, and
(b) B ~,. ST for some string T, where T' = £T"¢ and ¢, ¢ are arrows in Q.
Note that B ~, C’onngC?jl - C71, where s > 1 is odd and Cy, Cy, .. .,
C are top-socle pieces of B.

(iii) If S is a top-socle piece of B and E is a simple A-module which is isomorphic
to the top (resp. socle) of M(S), we also say that S has top (resp. socle)
isomorphic to E.

In the proof of the following proposition, we will often use the equality sign
instead of the more precise ~,..

Proposition 6.4.4. Let A = kQ/I, where Q and I are as in §31. Then each
module M which lies in a component of the stable Auslander-Reiten quiver which
is a 1-tube satisfies dimy End (M) > 2.

Proof. Let B be a band for A such that possibly End, (M (B, A,n)) = k. By Remark
[64T] we only need to consider Mp y = M(B,\, 1) for A € k — {0}.

It follows from the shape of the quiver @) that the only top-socle pieces that can
occur in B must have top and socle isomorphic to Sy. This means they have the
form, using the notation from ([G.3.2)):

Siinfor 0<n <2921 and S, , for 1 <n<2%2-1, wherei#j in {1,2}.

Now let ¢ # j in {1,2}. If S;;, for 0 < n < 29=2 1 (resp. Sijmn for 1 <n <
24=2 — 1) is a top-socle piece of B, then Mp ) has an endomorphism of string type
Siim—1 (resp. of string type S; j n—1) which does not factor through a projective
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module. This implies that the only top-socle pieces that can occur in B are (again
using the notation from ([€.3.2)))

(6.4.1) Si,i707 Si,i,Qd*271 and Si7j,1; Si’j’Qdfzfl, where 4 75] in {1, 2}.

Let i # j in {1,2}, and suppose S; ;1 (resp. S;;oi-2_1) is a top-socle piece
of B. If Sj;1 is also a top-socle piece of B, then Mp ) has an endomorphism of
string type S} j,0 which does not factor through a projective module. On the other
hand, if S;; 5a-2_; is also a top-socle piece of B, then Mp x has an endomorphism
of string type Sj jo (resp. S ;od-2_5) which does not factor through a projective
module. This means that if S; ;1 (resp. S; joa-2_1) is a top-socle piece of B, then
neither S ;1 nor S, ; 2a-2_; can be a top-socle piece of B.

We claim that this makes it impossible for either S; ;1 or S; j2a—2_1 to occur
as a top-socle piece of B. We demonstrate this for the case (i,5) = (1,2). Let £ €
{1,292 — 1}, and suppose S; j ¢ is a top-socle piece of B. This means B = S; 2 ,C
for some string C' = 01—10203—1 - C71, where s > 1is odd and C1,Cy,...,C, are
top-socle pieces of B. But then C;, must be of the form Sy 1,1 or Sy ; ga-2_; for odd
u, and of the form Sy 51 or S35 94-2_1 for even u. In particular, C; is of the form
S1,1,1 or S1,1,24-2_1. But this contradicts that B is a band, since C‘:lSl)g’g is not
a valid word.

Hence, by (6.4.1]), the only top-socle pieces that can occur in B are

(642) Si;i,O; Si,i,2d_271 fori € {1, 2}

Let i # j in {1,2}, and suppose S; ; o is a top-socle piece of B. Then B = S, ; oC
for some string C' = 01_10203_1 . ~-Cs_1, where s > 1 is odd and C1,Cs,...,Cy are
top-socle pieces of B.

We claim that €7 and Cs must both be S ;5a-2_4. This can be shown as
follows. Suppose first Cs = §j 0. Then it follows that Cs_1 = S; ; 5a—2_; and
Cy = 8 j9a—2_1, since otherwise Mp  has an endomorphism of string type 1o (i.e.
the string of length 0 corresponding to the vertex 0) which does not factor through
a projective module. But then, to ensure that B is a band, one of two things must

be true: Either there is an odd ug with C;OICUOH = S._.12d72715i7i,2d—2_1, in which

7,
case Mp ) has an endomorphism of string type S;J{OSi,i,o which does not factor

through a projective module, or there is an odd uy with C’uo_1C’;Dl = i,i7onfj-1)0,
in which case Cy,41 = 5;;24-2_1 which means Mp ) has an endomorphism of
string type Si,Lonf j-l)OSi7i70 which does not factor through a projective module.
Hence we get a contradiction, which means Cs = §j ;24-2_1. The same argu-
ment shows that if v < s is odd, then at least one of C, and C,; must be in
{S11,2a-2_1,82994-2_1}. Suppose now that C; = S; ;0. Then we must have
Cz = S, ;24-2_1. Moreover, there must exist an odd ug such that C’uo_lc’u’o1 =

Si7i,2d—2_15j_’j1’2d7271. But this means that Mp ) has an endomorphism of string

type Si7i,08jf{0 which does not factor through a projective module. Thus C; and
Cs are both S ; ga—2_;.
Since B cannot be the power of a smaller word, we see that if s > 1, then Mp )

has an endomorphism of string type Si71-705j_’j.172d,2715i7i70 which does not factor
through a projective module. On the other hand, if s = 1, then B = 5; ;0 j_jIQd,Z_l,
and Mp  has an endomorphism of string type 1o (i.e. the string of length 0

corresponding to the vertex 0) which does not factor through a projective module.
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Hence neither S; 10 nor Sz 2 is a top-socle piece of B. Thus the only possible
band is B = 517172%2_152721 ga—2_- But then Mp ) has an endomorphism of string
type 51 294-2_71 which does not factor through a projective module. So in all cases,
End, (Mp,») has k-dimension at least 2, which completes the proof of Proposition

0.4.4 O

7. BACKGROUND: SPECIAL BISERIAL ALGEBRAS

In this section, we give a short introduction to special biserial algebras. For
more background material, we refer to [I2]. Let k be an algebraically closed field
of characteristic p > 0, let @ be a finite quiver and let I be an admissible ideal in
the path algebra £Q.

Definition 7.1. A finite dimensional basic k-algebra A = kQ/I is called special
biserial if the following conditions are satisfied:

(i) Any vertex of @ is the starting point (resp. the end point) of at most two
arrows.

(ii) For a given arrow 8 in @, there is at most one arrow v with 8y ¢ I, and
there is at most one arrow o with a5 & I.

If additionally I is generated by paths, A is called a string algebra.

If A is a special biserial algebra and P is a full set of representatives of the
projective indecomposable A-modules which are also injective and not uniserial,
then A = A/(@D pp soc(P)) is a string algebra. Furthermore, the indecomposable
A-modules are exactly the indecomposable A-modules which are not isomorphic to
any P e P.

7.1. Indecomposable modules for string algebras. Let A = kQ/I be a ba-
sic string algebra. Then all indecomposable A-modules are either string or band
modules (see e.g. [12] §3]). The definitions are as follows.

Given an arrow ( in @ with starting point s(3) and end point e((3), denote
by 87! a formal inverse of 3. In particular, s(87!) = e(3), e(37!) = s(3), and
(B~H~! = 8. A word w is a sequence w; - - - w,, where w; is either an arrow or a
formal inverse such that s(w;) = e(w;41) for 1 < i < n — 1. Define s(w) = s(wy),
e(w) = e(w;) and w= = w;; ' ---wy . For each vertex u in Q there exists an empty
word 1,, of length 0 with e(1,) = s(1,) = v and (1,)~* = 1,,. Denote the set of all
words by W, and the set of all non-empty words w with e(w) = s(w) by W,. In
the following, Greek letters inside words always denote arrows.

7.1.1. Strings and string modules. Let ~4 be the equivalence relation on W with
w ~g w' if and only if w = w’ or w™! = w’. Then strings are representatives w € W
of the equivalence classes under ~, with the following property: Either w = 1,, or
w = wi -+ - Wy, where w; # w;_ll for 1 <4 <n—1 and no subword of w or its formal
inverse belongs to I.

Let C = wy - - - wy, be a string of length n and let Q¢ be the linear quiver

w1 Wn,
s

QC: L

where oo L2 if w; = B is an arrow, and SRS if w; = ! is a formal
inverse. Then the representation of Q¢, which assigns to each vertex the vector
space k and to each arrow the identity map, defines an indecomposable A-module,
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called the string module M (C) corresponding to the string C'. More precisely, there
is a k-basis {zo, z1,...,2n} of M(C) such that the action of A on M(C) is given
by the representation ¢c : A — Mat(n + 1,k) which is defined as follows. Let
v(i) = e(wit1) for 0 < i <n—1 and v(n) = s(wy,). Then for each vertex u and for

each arrow « in @
wo(u)(z) = { %z , ifo(d)=u }

, else
and
Zi—1 if w; =«
ec(a)(z) =% zig1  Hfwigr=a!
0 , else
We will call oo the canonical representation and {zg, 21,...,2,} the canonical k-

basis for M(C') relative to the representative C. Note that M(C) = M(C~1).

The string modules M (1,), with u a vertex of @, correspond bijectively to the
isomorphism classes of the simple A-modules. We say a string C' = wy ---w,, is
directed if all w; are arrows. For each vertex w of (), there exist at most two
directed strings of maximal length starting in u. Let these be C; and C5. Then the
projective indecomposable A-module P(u) is the string module M (C,C5 *). Dually,
the injective indecomposable module E(u) is the string module M (D;* D), where
D, and Ds are the directed strings of maximal length ending in u.

7.1.2. Bands and band modules. Let w = wy - --w, € W,. Then, for 0 < <n—1,
the i-th rotation of w is defined to be the word p;(w) = w;y1 -+ wpwy -+ - w;. Let
~, be the equivalence relation on W, such that w ~, w’ if and only if w = p;(w’)
for some ¢ or w™! = p;(w’) for some j. Then bands are representatives w € W, of
the equivalence classes under ~,. with the following property: w = wy - - - w,, n > 1,
with w; # w,, +11 and w,, # wy ! such that w is not a power of a smaller word, and,
for all positive integers m, no subword of w™ or its formal inverse belongs to I.

Let B = wy -+ -w, be a band of length n. We may assume that w, is an arrow,
by rotating and possibly inverting. Let Q% be the circular quiver

w1
wn/'_‘\wQ
Q= | .

where - — . = .. points counterclockwise if w; = [ is an arrow, and
B

- L= T points clockwise if w; = B! is a formal inverse. Let m > 0

be an integer and A € k*. Then the representation of %, which assigns to each

vertex the vector space k™, to w; the indecomposable Jordan matrix J,,,(\), and

to w;, 2 < i < n, the identity map, defines an indecomposable A-module, called the

band module M (B, A\, m) corresponding to B, A and m. Note that for all 4, j

M(B, X, m) = M(pi(B), \,m) = M(p;(B)~", A,m).

w K

7.2. Auslander-Reiten components. Let A = kQ/I be a basic string algebra.
Then in each component of the Auslander-Reiten quiver of A there are either only
string modules or only band modules. The band modules all lie in 1-tubes. The
string modules can lie in periodic components or in non-periodic components. We
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now describe the irreducible morphisms between string modules using hooks and
cohooks. Let S be a string.

We say that S starts on a peak provided there is no arrow 3 with S0 a string,
and that S starts in a deep provided there is no arrow  with Sy~! a string. Dually,
we say that S ends on a peak provided there is no arrow 3 with 3715 a string, and
that S ends in a deep provided there is no arrow v with S a string.

If S does not start on a peak, there is a unique arrow  and a unique maximal
directed string M such that S, = SBM ~! starts in a deep. We say S}, is obtained
from S by adding a hook on the right side. Dually, if S does not end on a peak,
there is a unique arrow 3 and a unique directed string M such that ,S = MBS
ends in a deep. We say ;S is obtained from S by adding a hook on the left side.

If S does not start in a deep, there is a unique arrow 7 and a unique maximal
directed string N such that S, = Sy~ !N starts on a peak. We say S, is obtained
from S by adding a cohook on the right side. Dually, if S does not end in a deep,
there is a unique arrow ~ and a unique directed string N such that .S = N~'yS
ends on a peak. We say .S is obtained from .S by adding a cohook on the left side.

All irreducible morphisms between string modules are either canonical injections

M(S)— M(Sy) or M(S)— M(S)
or canonical projections
M(S.) — M(S) or M(.S)— M(S).

If A is a basic special biserial algebra which is self-injective, then A/soc(A) is
a string algebra. Moreover, the stable Auslander-Reiten quiver of A is equal to
the Auslander-Reiten quiver of A/soc(A). In case A is Morita equivalent to a block
with dihedral defect groups, the periodic components containing string modules are
either 1-tubes or 3-tubes, and the non-periodic components all have type ZAZ.
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