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EXISTENCE OF TRAVELING DOMAIN SOLUTIONS
FOR A TWO-DIMENSIONAL MOVING BOUNDARY PROBLEM

Y. S. CHOI AND ROGER LUI

ABSTRACT. In this paper we prove the existence of a traveling domain solution
for a two-dimensional moving boundary problem. Specifically, we prove the
existence of a domain that travels to the right at a constant speed k and a
function b which solves a porous medium type equation in the domain with
constant Dirichlet boundary condition. The proof is by Schaefer’s fixed point
theorem. The result may be viewed as an extension of the existence of traveling
cell solutions of a one-dimensional cell motility model proved by the authors
and Juliet Lee (2004).

1. INTRODUCTION

Suppose u satisfies a parabolic partial differential equation (PDE) in a bounded
domain in R? that moves in time. Let the domain be denoted by €, at time ¢
and suppose its boundary is given by the zero level curve of a function %, i.e.
(z,y) € 09 if and only if ¢(x,y,t) = 0. Frequently, ¢ is chosen to be a distance
function with € = {(z,y)|¢¥(z,y,t) < 0}. Tt is well known that 1) satisfies a
Hamilton-Jacobi type equation ¢ + V;, [V4)| = 0, where V,, is the speed of 9 in
the outward normal direction n. The function V,, depends on the properties of the
domain as well as u or its first derivatives. The moving boundary problem (MBP)
can be stated as follows: given V,, and T' > 0, find v and the zero level curve of
1 such that u satisfies the parabolic PDE with prescribed boundary conditions in
Q; x [0,T) and 1 satisfies the above Hamilton-Jacobi type equation in R? x [0, T).

The mathematical problem studied in this paper arises from extending a one-
dimensional cell motility problem by Mogilner and Verzi [II] to two dimensions.
Details of this extension will be explained later in this section. The resulting PDE
is of the form u; = Au™ — w, m > 1, with boundary condition v = ug on 0¢;.
The question addressed here is under what conditions on V,, does this MBP possess
a traveling domain solution that moves to the right at a constant speed k. In
particular, we look for a pair of functions u(x,y), ¥ (x,y) and a constant k such
that w(z,y,t) = a(z — kt,y) and ¥(z — kt,y) satisfy the MBP. Carrying out the
differentiation, @ satisfies the equation Aua™ + ki, — @ = 0 in the domain 2, and
1 = ug on 0f) where 0f) is the zero level curve of the function v that satisfies the
equation flm/?m +Vn|V1/~J| = 0. If 01 is smooth, then one can define the normal angle
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¢ on the boundary as the angle between n and i = (1,0). Then n = (cos ¢, sin ¢) =
V1 /|V| since ¥ = 0 on d9. Hence finding 1) is equivalent to finding a domain 2
that satisfies the relation k£ cos ¢ = V,, on the boundary.

The purpose of this paper is to prove the existence of a traveling domain solution
of the above MBP when V,, has the form given by the right hand side of (LIJ)(c)
below. The precise result is formulated in the following theorem.

Theorem 1.1. Let m > 1 and let Vy, by be positive. There exists a C? convex
domain Q C R? symmetric about the x-azis and centered at the origin, a positive
function b € C%*(Q) and a constant k > 0, such that

(a) AT + kb, —b = 0 in ,
(1.1) (b) b = by on 09,
(© Fesg = Vy()—g'(d) om0

In [LI)(c), g* is a C function defined on [0, 7] such that 0 < g*(¢) < |Vb|(¢) on
[0, 7]. Its precise definition is given in Remark 1 below. Also,

1V 1V d
(1.2) Vp(9) = <5(2) - 2d> + <5(2) + Qd) cos ¢ — d—f ,

S0 = %\8Q|, and s is arc-length measured counter clockwise from the point F' on OS2
(see Figure [).

—-1.5
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FIGURE 1. Front and rear of a domain .

The paper is rather technical, so we begin with some general remarks which will
help the readers understand our ideas and proofs.

Remark 1. We first explain how ¢g* € C'[0,7] is constructed from a given g €
C[0,7], g > 0. The function g* should be thought of as a regularization of g. The
reason why we need to use ¢g* instead of g(¢) = |Vb|(¢) in (II))(c) will be explained
at the end of §3.

Let {I; = (a;,b;), 7 = 1,...,N} be a covering of the interval [0,7] and let
{& € C®(R), i =1,2,...,N} be a partition of unity subordinate to {I;}; i.e.
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&; has compact support in I; and Z _1&(¢) =1 for ¢ € [0, 7]. Define

1.3 i(¢) min

(13 Zg ) ming(v)

For any ¢ € [0,7], let J, = {i € {1,...,N} | ¢ € I;}. Then since &;(¢) = 0 if
j ¢ Jg, we have

(1.4) =) &(9) min (1) <D &i(9) 9(9) = 9(9) -

i€Jy i€Jy

From ([I3), it is clear that (Ag)* = Ag* for 0 <A < 1.

Lemma 1.1. Let g, — g in C[0,7]. Then g — g* in C?[0, 7] for any nonnegative
integer j.

Proof. Since the §;’s are € functions, it suffices to show that min,, 7 gn (V) —

min¢efg(¢) as n — oo for each i = 1,2,...,N. Fix I; and let x,,, zo € I; be such
that

gn(7yn) = min g,(¥) and g(zo) = min g(¥) .
Yel; Yel;

Then g(w0) — gn(zn) < g9(®n) — gn(zn) < g — gnllo,m and gn(zn) — g(z0) <

gn(0) — g(z0) < [lg = gnllcfo,] - Therefore, |g(zo) — gn(@n)| < [lg = gnllclo,x]- The
proof of the lemma is complete. O

We further remark that if g € C[0, 7], then ¢* — ¢ in C[0, 7] as the maximum
size of the covering maxj<;,<n|I;| — 0. Thus the solution to our problem can
be a good approximation to the traveling domain solution, if it exists, when g* is

replaced by ¢ in (LI)(c).

Remark 2. With respect to the moving coordinates, 2 will appear as stationary
and has the following properties: (i) 92 € C?, (ii) 2 is convex, (iii)  is symmetric
about the z-axis, (iv) the origin bisects the line RF (see Figure 1). Therefore, the
lines tangent to 2 at F' and R must be vertical; i.e. ¢ = 0 at F and ¢ = 7 at
R. Note that for a C? domain, d¢/ds = k is the curvature of its boundary and a
domain is convex if and only if k > 0.

Remark 3. The proof of Theorem [Tl is via Schaefer’s fixed point theorem (see
Theorem [5.1]). Loosely speaking, the idea is that we start with a positive continuous
function g defined on [0, 7] which represents a guess of |Vb|(¢) along the upper half
of 9Q. We define ¢g* from g according to Remark 1 above and use equation (LI))(c)
to recover k and . This step is denoted by the map T;. Next we solve (LI))(a)
and (b) with the k& and € just found and obtain |Vb|(s). If Q is strictly convex,
then we can identify s with ¢ and define g(¢) = |Vb|(s(¢)). This step is denoted
by the map T5. Let T = T5 o T;. We then show that T has a fixed point which is
then the traveling domain solution to our MBP.

We now explain the connection between our 2D model and the 1D cell motility
model of Mogilner and Verzi. In [11], Mogilner and Verzi proposed a model to
describe the one-dimensional crawling motion of a nematode sperm cell. They
assumed that the cytoskeletal filaments inside the cell are bundled together near
the front of the cell to push the front forward with a speed V,, and depolymerize
near the rear to pull the cell body forward with a speed V. Moreover the elasticity
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of the bundled filaments will generate contractile forces throughout the cell. Let
the length density of the bundled filaments be denoted by b. Then it is implied
by the Mogilner and Verzi model that b2, + kb, — b = 0 is the governing traveling
domain equation in 1D, where k is the traveling speed. For a 2D model, o = (05 ;)
is a tensor (2 X 2 symmetric matrix). Suppose we assume that stress is isotropic
so that o = 61, where I is the identity matrix and the scalar function 6 depends
on the densities of various proteins inside the cell. Then the traveling domain
equation (LIJ)(a) is a simple generalization of the 1D case. Similarly the boundary
conditions can be generalized. In particular zero stress on the cell boundary leads
to b = by and the normal speed at the boundary is given by V;, = V,, — |Vb|, where
|Vb| is the retraction speed toward the cell center due to the contractile force of
the filaments. In the formula (L2) for V,, we have added the term —d¢/ds which
represents membrane tension. Therefore, the equations we study in this paper may
be considered as a 2D cell motility model assuming a special form of the stress
tensor.

We close this section with some references. The literature on traveling wave
solutions (see [I4], [9]) and moving boundary problems is huge, but we are unable
to find any work similar to what we did in this paper. For example in [3] Brazhnik
and Tyson studied the existence of traveling wave solutions of Fisher’s equation in
R? and in [2] Berstycki and Nirenberg gave a complete study of the existence of
traveling front solutions of the equation u; = Au — a(y)u, + f(u) in a cylinder in
R x w where w is a bounded smooth domain in R"~!'. However the domains are
fixed in both papers. On the other hand, what we called moving boundary problems
often come under different names depending on the applications (e.g. gas bubble
rising in a liquid) but almost all of them are two-phase flow, and traveling waves may
not exist or may be called something else in these applications. A good example is
the existence of finger solutions for the Hele-Shaw equation [I3]. There, the domain
is a strip Q = {(z,y)| —00 <z < 00,—L < y < L}, and there is a free interface
in this domain that separates two immiscible fluids. The fluid pressure satisfies
the Laplace equation in ) except on the free interface, and boundary and jump
conditions that are related to the curvature are imposed on the interface. There
are also many other areas of applications such as flame propagation, dendrites, etc.
The book by Pierce Pelcé [12] is a good source of these types of problems. In the
case of 1D, our earlier papers (see [], [5], [6]) established the well posedness of
both the MBP and the traveling domain problem. The linearized stability of the
traveling domain solution has also been studied in [7].

The organization of this paper is as follows. In §2, we show how to construct the
domain Q using equation ([II)(c). Recognizing the form of V,, and using (II))(c)
to recover the domain are the key ideas in this paper. In §3 and §4, we describe the
constructions of the maps T} and T3, respectively. In §5, we prove Theorem[LIl For
the rest of the paper, we assume that m > 1, V,; and by are given positive constants.

2. CONSTRUCTION OF THE DOMAIN )

The following lemma defines two constants m; and ms which depend only on m,
V4 and bg.
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Lemma 2.1. Let ma, my be the unique positive roots of the equations 2/x — Vgx —
21 = 0 and 2/x — Vyx — 21 — 22 /(mb]'~>7) = 0, respectively. Then my < my and
2/m? > 2/m2 > V.

Proof. Clearly my=(—7m+v/72 + 2Vy)/Va. Let q(z) =2/x—Vyz—2r—x2/(mb]21).
Then ¢'(z) < 0 for x > 0, ¢ — 00 as © — 0 and ¢ — —o0 as  — oo. Therefore, g
has a unique positive root my. Since q(mg) = —m3/(mby'~27) < 0, it is clear that
my < meo and

2 2 1
> — =—(VT2+2V, 2>V,
m2 " m3 2( ™+ 2V A+ ) ¢
The proof of the lemma is complete. O

The next proposition shows that if we are given the normal angle ¢ as a function
of arc-length, then we can reconstruct the domain 2. In the lemma, sq is half the
perimeter of €.

Proposition 2.1. Let 0 < ¢(s) < 7 belong to C[0,s¢] and suppose ¢’ > 0 on
[0,80). Let (x(s),y(s)) satisfy the equations

(a) Z—i = —sin ¢(s),
(2.5)
B Y= s o)

for 0 < s <sg. Then ¢(s) is the normal angle of the curve (x(s),y(s)),0 < s < sq,

where s is the arc-length. If in addition, y(0) = 0,y(so) = 0,¢(0) =0, and ¢(so) =

7, then (x(s),y(s)),0 < s < sq, is the top half of a domain Q symmetric about the
1 so

x-azis with C? boundary. By choosing x(0) = 5 Jo sing(§) d§, the origin bisects

the line obtained from the intersection of ) and the x-axis.

Proof. For a parameterized curve (z(s),y(s)), the tangent direction is given by
(dx/ds,dy/ds). Since (dx/ds,dy/ds) - (cos ¢,sin ¢) = 0 and 0 < ¢ < 7 so that
sin¢ > 0, ¢ is the normal angle. Since /(dz/ds)? + (dy/ds)? = 1, s is the arc-
length.

Now suppose y(0) = 0, y(so) = 0, #(0) = 0 and ¢(sp) = 7. From our assump-
tions on ¢ and equation (Z3)(b), y has a unique local maximum and y(s) > 0 on
(0,50). By reflecting the region bounded between the curve (z(s),y(s)) and the
z-axis about the x-axis, we obtain a domain 2. This is equivalent to extending y
and ¢ as odd functions and x as an even function on [—sg, so], and (23] is clearly
still valid on [—sg, so]. Moreover, ¢ € C1[—s, s0] and z,y € C?[—s0, so]. It is easy
to check that Q is a C? domain, in particular (z(sg),0) = (x(—s0),0). The last
statement in this proposition follows by imposing the condition x(0) + x(s¢) = 0.
The proof of the lemma is complete. O

Consider equation (LI))(c). For convenience, let A = 1/s3 — V;/2 and B =
A+ V. Equation ([II))(c) is a differential equation in ¢ with two unknowns sy and
k, so the boundary conditions ¢(0) = 0, ¢(sg) = 7 are not enough to determine
them. Therefore, we include equation (Z3))(b) with boundary conditions y(0) =
0, y(so) = 0. This system together with the above 4 boundary conditions will help
us determine sg and k. We then use Proposition 2] to recover the domain €.
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It is more convenient to study the differential equations on a fixed interval; we
therefore map [0, so] onto [0, 1] by the transformation ¢ = s/sp. The boundary value
problem is

W At (B Res b ag(B)
(2:6) (b) W speosd,
(c) $(0) = 0, ¢(1)=m, §(0)=0, §(1) =0,

where ¢(t) = ¢(sot) and §(t) = y(sot). Note the addition of a in front of g*(¢) in

2.8)(a).

Proposition 2.2. Let g* € C*(0,7] be a nonnegative function with ||g*| ciox- <

M. Let mi = (=7 + V72 + 2V +4My )/ (Vg + 2M7). Then for 0 < a < 1, (28]
has a unique solution (so, k, ¢, 9), where ¢ € C%[0,1], § € C3[0,1], dp/dt > 0, and

i} 2 dp _ 4m
(2.7) (a) mi <sg<mg, (b) Vdﬁkﬁmixig, (C)Eﬁmii-

Proof. The proof is rather technical and is given in Appendix A. We first show that
the results are true when o = 0 and then use degree theory to show that they are
true for all o € [0, 1]. O

For the rest of this paper, we shall let X = C[0,7] and X+ = {g € X |g > 0}.
Also, we only use Proposition with & = 1 in ([Z6))(a), and a will be used later
to denote a Holder exponent.

3. THE MAP T}

We are now ready to define the map 7. Let g € XT. Define g* € C'[0,7]
according to Remark 1 in §1 and let (so,k,g{b, 9) be the unique solution of (2.6])
according to Proposition 2 Let T1(g) = (so, k, ¢, %). The bounds in (@7) depend
on mj, which in turn depends on ||g||x. From Proposition 2] we can construct
a C? domain Q with the properties listed in Remark 2. In what follows, we shall
frequently write T1(g) = (k, ) instead of (s, k, b, 7). This should not cause any
confusion.

Lemma 3.1. The map T1 : XT — Y = R x R x C[0,1] x C[0,1] is continuous
and compact. Let T1(g) = (so,k,qg,g) for any g € Xt. Then ¢ and § satisfy all
the hypotheses in Proposition 1] to construct a C? domain centered at the origin
and symmetric about the x-axis.

Proof. Let g, — g in XT. Then there exists M; > 0 such that ||g}||x < [lgnllx <
M; and Hg*HX < HgHX < M for all n. Let Tl(gn) = (kna(so)mﬁbnagn) be the
solution of the boundary value problem 256) with g* = ¢ and « = 1. Similarly, let
T1(g) = (k, S0, ¢, §) be the solution of (2.6]) with ¢* = g* and o = 1. From (2.1, 0 <
don/dt < so(A+B+k) < 4m2/(m1‘)2; dgin /dt|| cro,1) < M2 and [|d* G /dt?||cpo,1) <
4m3/(m7})? . Therefore, {(kn, (50)n, dn,Jn)} has a subsequence; denote the same,
such that k, — k, (so)n — S0, ¢n — ¢ in C[0,1], and g, — § in C[0,1] as
n — oo. Since g& — g* in C[0,7] (see Lemma [[1]), by writing the differential
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equations in ([ZG) as integral equations, it is easy to see that the limit (k, so, b, 9)
also satisfies (2.6) with ¢* = g* and o = 1. From Proposition [2:2] solutions of (2.6))
are unique, so k = k, so = 8o, ¢ = ¢ and § = §. Hence, every sequence {T}(gn)}
has a subsequence that converges to the same limit 77(g). This implies that T}
is continuous. In the above proof, we have also shown that for every bounded
sequence {g,} in X+, {T1(gn)} contains a convergent subsequence in Y. Hence T}
is compact.

Finally denote Ti(g) by (so,k, ¢,#); then ¢ and § will satisfy (20). Thus hy-
potheses of Proposition 2 J]will be satisfied. The proof of the lemma is complete. [

Remark 4. We have shown (kn, (50)n; &n,Gn) — (k,50,6,7) in Y in the above
lemma when g, — g in XT. Let the right hand side of (28])(a) be denoted by
f(k, 50,0, 9). Since f(kn, (50)ns On,in) — f(k, 50,0, 7) in C[0,1], we have do,, /dt —
dg{)/dt in C[0,1]. This improved convergence is needed in Step 3 of the proof of
Lemma [£.4]

Remark 5. As promised in Remark 1 of §1, we now explain why we need to use
g*. Ideally we would like to use |Vb| instead of ¢* in (II)(c). However, when we
define T3 (g), we actually have a choice as to which function space X to use for g.
If X = C[0,n] and we don’t regularize g to ¢g*, then the solution to (II)(c) with
g* = g may not be unique. This means that it is possible for ¢(s) = $ on an interval
(s1,s2), where ¢ is a root of the right hand side of (LI)(c). Geometrically, this is
equivalent to 09 containing a line segment. In such a case, s(¢) is multi-valued
and T3 (g) is not well defined. One might try letting X = C*[0, 7] so that (LI)(c)
has unique solution. However, in order to use Theorem [5.I, we have to obtain a
uniform bound on [|gx[|¢1[o,x] for any g that satisfies AT'(gx) = g» independent of
0 < X < 1. This can be achieved if we can obtain a uniform positive lower bound
for (¢x)¢. Differentiating (26])(a), we obtain (¢x)w = -+ — g4 (dr)(dx)¢. Since the
lower bound of (¢y); is in turn dependent on the uniform bound on ||gx||c1o,+), We
are unable to obtain such an a priori estimate.

4. THE MAP T,

Let g € XT and let T1(g) = (k,Q) be defined as in the previous section. To
define Ty (k, §2), we first need to solve the elliptic boundary value problem (I1I)(a),
(b). Note that because ¢ € C1[0, 1], equations (Z5) imply that Q is a C? domain.
Moreover 2 C [—L, L] x R with L = mgy/2 because of (Z1)(a).

Lemma 4.1. Fizm > 1. Let k > 0 and let Q C R? be a C? domain centered at
the origin and symmetric about the x-axis. Then for any 0 < a <1, there exists a
unique positive function b € C%%(Q) N C1*(Q) that satisfies

(a) Ab™ + kb, —b = 0 in Q,
(4.1)
(b) b = by on 00Q.

Furthermore, b(x,y) = b(x,—y). Suppose @ C [-L,L] x R and 0 < k1 < k.
Then there exists a constant by, > 0, depending only L and ki but not on other
properties of 0, such that b > byn in €.
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Proof. Let w =0b™. Then (&) becomes

Wy m
(a) AU) + km — wl/

0 in Q,
(4.2)
(b) w = by on 00Q.

Let w = bJ" and let N(w) denote the left side of (@2Z)(a). Then N(w) < 0 in
and w < w on 9. Now let w = ve’*, where § and 7 are chosen such that k§ > m
and 0 < ve%® < bd™ in Q. Then

N(w) = 6%’ + <l;f — 1> AYmedr/m 5 0 in @ and w < b on AN
Therefore, w is an upper solution and w is a lower solution of [£2)). Let f(£,7) =
VM — kg /mgA=1/m) Then for w < ¢ < W, there exists a constant C' > 0,
depending on m, bg, k,v and §, such that |f(&,7)] < C(1 + |7]?). It follows from a
theorem of Amann and Crandall ([Il, Thm. 1]) that there exists a positive solution
w € W2P(Q) of @2) for any p > 1. By taking p sufficiently large, from the
Sobolev embedding theorem we have w € C1*(Q) for any 0 < a < 1. Hence,
b =w/™ e CH*(Q) is a positive solution to our elliptic boundary value problem
(@1). Now we treat (I))(a) as a linear elliptic equation V-(mb™~1Vb)+kb, —b = 0
with positive diffusion coefficient mb™~1 € C1*(Q). Using standard Schauder
estimates on a C? domain, we conclude that b € C 2% (Q)NC (). This completes
the existence proof of the first part of the lemma.

To prove uniqueness, let by, by be two solutions to the elliptic boundary problem.
Since by,bs are smooth, by considering a subdomain of € if necessary, we may
assume without loss of generality that b; > by in 2. Subtracting one equation from
another, we have

A(blmfbgn)ﬁ*k(bl7b2)mf(b17b2):0 in Q, bl—bQ:O on 0N.

Integrating and applying the divergence theorem, we have

vwr—b;”)-n:/(bl—m).

oQ Q
Since b{™ > bg* > 0 in Q and by = by on 012, the left side of the above equation is
nonpositive, while the right side is positive. Hence, b; = bs and solutions to (£1))
are unique. Since (2 is symmetric about the z-axis, b(x, —y) is also a solution of
(@T). From uniqueness, b(z,y) = b(x, —y).
To prove the second half of the lemma, we simply choose § and -y in the definition
of w above such that k16 > m and 0 < ve®’ < b, and we let by = mﬂinwl/m.

Then b,,;, depends only on m, L, k; and by and b > b, in Q. The proof of the
lemma is complete. i

Let b(x,y) be the solution obtained in Lemma [l Recalling that ¢ = s/so,
where s is the arc length, we can regard |Vb| as a function of ¢ € [0, 1] in the upper
half of 9Q. Let g € X*; then from Proposition 2.2 dé/dt > 0, so that the inverse
function ¢(¢) can be defined and is continuous. Let Th(k,Q) = |Vb|(t(¢)), which
clearly belongs to X . We need to show that T5 is continuous in the sense that if
T1(gn) = (kn, Q) — (k,Q) in Y, then Ty(k,,Q,) — Ta(k,Q) in X as n — oo. (V'
is defined in Lemma [BI]). Together with LemmaBI T = To o Ty : X+ — X 7T is
continuous and compact. A crucial part of the proof is to control [|b, || 1.0 ), Where
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by, is the solution of (&Il) with k¥ = k,, and Q = Q,,. This is done in Lemma [£3]
and the proof of continuity of T3 is given in Lemma 4l To prove Lemma [£3] we
need the following lemma.

Lemma 4.2. Let Q be a C? convexr domain which is symmetric about the x-azis.
Let its boundary curvature r satisfy 0 < k < kg. Then there exists a disk U with
radius 1/2kq such that for any point P € 0Q, U may be placed inside Q0 and touches
o only at P.

Proof. Without loss of generality, we may assume that P = (z1,0) is the further-
most right point on €2 lying on the z-axis. Let U be a circle of radius 1/2k¢. Since
OU has a constant curvature of 2k, it is clear that in a small neighborhood of
P, U touches 0f2 only at P. Now suppose 0f) comes back and intersects U from
outside for the first time at the point @ = (x2,y2). Because € is symmetric about
the xz-axis, we may assume that yo > 0. Recall that ¢ represents the normal angle
of a domain. Let ¢|g = ¢1 for U and ¢|g = ¢ for Q. Then 0 < ¢1 < ¢o < 7. Let
(z(s),y(s)) represent the location of a boundary point in rectangular coordinates
where s is the arc length measured counterclockwise from P. The equations

() % = —ing,
(4.3)
dy
(b) 75 = cos ¢

hold for both OU and 92. Moreover, their respective normal angles satisfy 0 < ¢ <
7 from P to Q. Integrating [@3])(a) along the boundary of U from P to @ counter-

clockwise, we have — fff dr = [ sin ¢ (ds/d¢)dp = [ sin ¢/2ko d¢. Likewise,
integrating ([@.3))(a) along 9Q from P to Q, we have — f;f’ de = [[*sin ¢ (ds/d¢) d¢
= f0¢2 sin ¢/k d¢. Therefore,
b1 b2 o3 o1 b1
/ 51n¢d¢:/ s1n¢)d¢2/ smd)dd)z/ smd)dd)’
0o 2ko 0 K 0 K 0

Ko

which is a contradiction. Therefore, 02 cannot intersect U at ). The proof of the
lemma is complete. O

Lemma 4.3. Let Q C [—L, L] x R satisfy the hypotheses of Lemma and let
0 < ki <k <ky Then there exists 0 < a < 1 and My > 0, which depends on
L, k1, ko and kg only but not on other properties of 2, such that the unique positive
solution b from Lemma Bl satisfies ||b]|c1.0@) < Mi,a-

Proof. We regard ([LT))(a) as a linear elliptic equation V - (mb™~'Vb) + kb, —b =0
with diffusion coefficient mbd™ . From Lemma ] there exists a constant by,i, >
0, depending only on L and ki, such that by, < b < by. It is clear that a C'2
convex domain will satisfy the uniform exterior cone condition (see [I0, p. 205])
since a cone V with vertex angle 7/4 can be attached to any point on 9 and lie
outside of 2. At any point z¢ € 99, let B(xq, Rp) be a disk with radius Ry = 1/2k¢
constructed according to Lemma[d2l We now apply Theorem 8.27 in [10] to (LIJ).
Since there is no source term and b = by on OS2, we have, using the notation in
Theorem 8.27 of [I0], k =0,0 =0, A = mbm;nl, A= mbgk1 and v = \/k3 + 1/\.
Hence, b is Holder continuous along a strip S of uniform width covering 02 with
Holder exponent o and Hélder norm of b in S depending only on A, A, v, Ry and
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the cone V. Since b,,;, depends only on ki, L, and «,S depend only on L, kq,
ko and kg, together with a similar Holder estimate in the interior of Q (see [10]
Thm. 8.22]), b € C*(Q), where a and [|b]| ¢« (g, depend only on L, ki, ka2 and ryo.
Once we have a uniform Holder norm bound on b, Theorem 8.33 of [I0] allows us
to bootstrap to the C'1** norm bound for b. In view of the last line on page 210
of [10], such a higher norm bound depends only on the constants L, k1, ko and ko.
The proof of the lemma is complete. O

Lemma 4.4. Let g, — g in X' asn — oo. Let Ti(gn) = (kn,Qn) and Ti(g) =
(k, Q). Then To(kn, Q) — To(k, Q) in X as n — oo.

Proof. The proof of this lemma is rather technical and is given in Appendix B. O

5. PROOF OF THEOREM [L.1]

Theorem 5.1 (Schaefer’s Theorem). Let ZT be a cone of a Banach space Z and
let A: ZT — Z7T be a continuous and compact mapping. Assume that the set
{u€e Zt | u=NAlu] for some 0 < X\ <1} is bounded. Then A has a fized point
in ZT.

Proof. See [8, Chaper 9.2.2], which is stated for a Banach space. The proof there
also works when Z is replaced by Z7T. (I

Lemma 5.1. Let AXT(gy) = gx, where 0 < XA < 1. Then so(A) > mi(A), where
m1 () is the unique positive Toot of the equation

22 1 /2
(5.1) qA(x)Z—erX <E—de—27r) =0.
0

Proof. Let T1(g) = (so0, k, ¢,y) = (k,Q) and let T'(g) = To(k, ) = |Vb|(¢). For the
time being, we do not assume that g is a fixed point of AT". We first integrate equa-
tion ([@I)(a) over Q. Since b < by and n = Vb/|Vb|, the isoparametric inequality
and divergence theorem imply that

(250)? / m—1
\%0) Q| > -
pp Y A b= mby

0b

b -
0 Ele) a’I’L

v

= mbg"—l/ |Vb| ds
a0
(5.2)
1
_ 1 [T IVOl(¢)
= 2mb s / Vb|(t) dt = 2mb 1/ | dé,
0 0 0 | |() 0 o K(¢)
where k = d¢/ds. Since y(0) = y(1) = 0, integrating equation (Z.0))(a) with o = 1,
we have
9" (9)

(5.3) wzsoA—So/O g*(¢(t))dt:soA—/Osog*W(s))ds:soA—/Ow ()

Now suppose A\T'(gx) = gx and T'(gx) = |Vbr(0)], where we have used by to empha-
size the dependence of b on A. From our hypothesis, gy = A\|Vb)|(¢). From Remark
11in §1, g3 (@) = A[[VDa|(@)]* < A[Vba|(¢). Therefore, (5.3) and the definition of A

imply that
" [Vbal(¢) L Va
)\/ do > — —5so(A) — .
om0 2w 2™
Combining this with (B.2]), we have ¢x(so) < 0. It can be proved (see proof of
Lemma 277]) that ¢y (z) decreases from oo to —oo on the interval (0, c0). Therefore,
m1(A) < so(A). The proof of the lemma is complete. O

dé.
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Lemma 5.2. Let A\T(gx) = gx, where 0 < A < 1. Then there exist « € (0,1) and
C, which depend only on m, by and Vg but not on X, such that ||gr]|x < C.

Proof. Differentiating (5.I) with respect to A and rearranging, we have

_mi(\)
dmi(\) Amb 2 “0
dX 2my(\) 1( 2 v) '
mbp 2 A \m3(n)

Therefore, m; < my(A) < s9(A) for 0 < A < 1, where m; is defined in Lemma 211
It can also be checked that so(A) < ma (see the proof of Lemma 2. Since
Ex(@) = so(X) [Ax + (Ba — ka) cosd — g5(#)] > 0, we have Ay + (B — k) cos¢ >
gi(¢) > 0. Let ¢ = 0; then ky < Ay + By = 2/5(2)(/\) < 2/771% Also, d(;g,\/dt <
50(\) (Ax + By + k) < 4my/m?2. Therefore, the bounds in (7)) hold for so(\), k
and d;,\, with m7j replaced by m;. These bounds are independent of 0 < A < 1. Let
Ko = 4my/m? in Lemma A3 Then Lemma implies that [[bx[|cre@y) < Mia
with o and M; o again independent of A € (0,1]. Since ||gxlx = ||A Vbxl/x, we can
let C'= M . The proof of the lemma is complete. O

From Lemmas 31l and B4 7 : Xt — X7 is continuous and compact. From
Lemma [5.2], the hypotheses of Theorem [5.] are satisfied. Therefore, T has a fixed
point which solves ([I]) and is our traveling domain solution. From (L3), ¢*(¢) =
[|Vb]]*(¢) is C>°. Equation (Z8)(a) with o = 1 implies that ¢ € C*[0,1] and
g € C*[0,1] for our fixed point. From Proposition 2] the domain € is C*° and
equation (A1) implies that b € C°°(€2). The proof of Theorem [[[1lis complete.

6. APPENDIX A: PROOF OF PROPOSITION
Lemma 6.1. Let a = 0; then there exists a solution to system (2.86]) with
—m+/m2 4+ 2V,
(a) so= <, (b) k= Vy+
(6.1) Va 50
(©) dt)=nt, and  (d) §(t) = 2sin(xt) .
™

™
0

Proof. This solution corresponds to the domain  being a circle with radius so/7
and can be verified by direct substitution. Note that A = 7/sg and k = B in this
case. (]

Lemma 6.2. The solution to (2.0) is unique when a = 0.

Proof. Let (so,k,¢,7) be a solution to ([Z6); then x(¢p(t)) # 0 where k(¢) is the
right side of equation (2:6))(a). For if (¢ (t1)) = 0, then ¢y (t) = ¢(t;) is a constant
solution of (Z0)(a) that equals ¢(t) at t = ;. By the uniqueness of the solution
to initial value problems for ODE, ¢(t) = ¢(¢1). But then the boundary conditions
$(0) = 0 and ¢(1) = 7 will not be satisfied simultaneously. Therefore, dé/dt > 0
and 0 < ¢(t) <7 on [0, 1].

From (2], we have

Integrating this equation from 0 to 1, we have Asg = 7. Since A = 1/s2 —V,;/2, so
is given by (6.])(a), so all solutions of (Z.8]) have the same sg.
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We now show that k is also the same for all solutions of ([2.G]). Integrating the
above displayed equation, we have ¢(t) = so At + (B — k) §(t). From Z8)(b), we
have dij/dt = so cosp = sg cos(soAt + (B — k)§). This motivates us to consider
the initial value problem

dz
dt

where u > 0 is a parameter. Differentiating with respect to u, we have

= 50 cos(spAt + (B — u) z), z(0,u) =0,

(6.2) dditu + 50 (B —u)(sine) z, = so (siny) z and 2z,(0,u) =0,

where ¢ = soAt + (B — u)z. We want to consider the function z(1,u) for u > 0.
At u = k, 2(t,k) = §(t) so that ¢ = &, which lies between 0 and m. Hence,
sin(y) > 0. Also, z(t,k) = 3(t) > 0. Consequently, sq (sin) z > 0 and equation
(62) becomes an inequality of the form dz,, /dt+ f(t)z, > 0, 2,(0, k) = 0. Since the
inequality is strict for some ¢, by integrating this over [0, 1] we have z,(1,k) > 0.
The above analysis implies that whenever u = k corresponds to a solution of (2.6]),
then z(1,k) = 0 and 2,(1,%k) > 0. Thus, the graph z(1,u) versus u can cross zero
at most once, which implies that & is the same for any solution of ([2.8]). With sg
and k now being unique, the uniqueness of § and é are immediate. The proof of
the lemma is complete. O

Lemma 6.3. Suppose g* € C[0, 7] is a nonnegative function and let lg*llcro,m <
M. Recall the definitions pf my and ma from Lemma 2Tl Then for 0 < a <1,
@8) has a solution sg, k, ¢ € C%[0,1], and § € C3[0,1], where

quS < 4TTL2

(6.3) m; <sp<mg, Vyg<k< 0< k=

*2 7 — *2 )
m} dt — mj

and my = (—m + /72 +2Vg + 4My) / (V4 + 2M7).

Proof. Let ® = ®(t,k,s9) and Y = Y (¢, k, sp,) be the solutions to equations
(Z6) (a) and 24)(b), respectively, with initial conditions ®(0) = 0 and Y (0) = 0.
For a given « € (0, 1], finding a solution to (Z.6]) is equivalent to solving the algebraic
equations

F(k,S0,0Z) = @(1,]{:,8070()—7(:0,
(6.4)
G(k,sp,a) = Y(1,k,s0,0) =0

for sg and k. We know there is an explicit unique solution when a = 0, and we like

to compute the degree of the map (F,G) at this solution. From (Z:6])(a), we have
d (0D ov

65 4 (ak ok

with 0®(0)/0k = 0. When « = 0, from Lemmas and we have B = k and

® = 7t. Hence, ([6.5) becomes

922 = —s0 costm)
7 \ 3 ) = o cos(mt) .

d
) = —s9 cos® — (B — k)sg sin %ﬂ — soag™'(®)
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Integrating, we obtain 0®/0k = —sg sin(nt) /7, and hence OF/0k = 0 when o = 0.
Similarly,
d (0%
— | — | =A+(B- D — ag* (P
o (850) + ( k) cos ag* ()
0A 0B 0P 0P ]

—— 4+ ——cos®— (B—k)sin®— — ag*’(®)—
+ 5o |:880+380 cos ( ) sin D5g ag™’( )850

When « = 0, since A = 1/s —V;/2 and B = A + V, the above equation may be

simplified to
d (0P 1 Vg4 2 2
2 Z= (= _ 1 _f 2 cos®
7 () = (G- 7)o 5 g

1 Vi 2
= —% — 7 — %COS(ﬂ't)
with 0®(0)/Jdsp = 0. Solving this initial value problem, we have 9®(1)/0sy =
OF/0sg = —1/s2 — V4/2. To continue, we differentiate ([2.6])(b) with respect to k
to obtain

d (Y . 0D
(6.6) pn <%> = -5 s1n‘1>%

with 9Y(0)/9k = 0. From above, we know that when =0, 0®/0k = —sg sin(nt) /.

Therefore,
d (OY\  s§ .
E (%) = ? SN (7Tt)

with 9Y (0)/0k = 0. Integrating, we obtain 9Y (1)/0k = 0G/0k = s?/(2m) when
«a = 0. Putting everything together, at the unique solution of (6.4)) when a = 0, we
have
1742 _ 1

(6.7) det( g’; g > :det< 53?% 1/82,50 Va/2 > = 2+ Vasd) > 0.
Let F = (F,G) and let Br be the open ball centered at the origin with radius
VK% + st = R. If R is large, it will contain the unique solution of (6.4 for o = 0.
Then equation (6.7)) allows us to conclude that when « = 0, we have deg(F, Bg,0) =
1 for any sufficiently large R.

In order to prove that (G4]) has a solution for 0 < o < 1, we need to establish
a priori bounds on sg and k for a € [0,1]. To begin, we have dp/dt > 0 (see the
beginning of the proof of Lemma [6.2]), 0 < d<m0< g*(q@) < My, and § > 0 on
[0,1]. Integrating (2.6])(a) with respect to t, we have

(6.5) b= soAt+ (B —k)j—asg / 7 (8(6)) de .

Evaluating at ¢ = 1, we have

v, o
{7d+a/0 g*(¢(§))d§] s%—i—wso—l:O.

b7 2V o+ da f) g7 (6(9)) de VA

Va+ 20 [T g7(0(€)) de = Vi e
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The last inequality follows because the equation ax?+bx—c = 0, where a, b and c are
positive, has a unique positive root z = x(a). Since dxr/da = —x2/(2ax +b) < 0, =
is decreasing in a. The right side of the inequality in (6.9 is the positive root of the
equation (Vy/2)s3 + s — 1 = 0, and therefore G3) follows. Let My = |lg*||cjo,x;
we have afol g*((ﬁ(g)) d¢ < M. From @3), sg > V72 +2Vy+4M;)/(Vy+2My) =
mj. Hence, m] < 5o < ma.

We now turn to estimate k. Evaluating (2.6)(a) at ¢t = 0, we have

s0[A+ B —k — ag*(0)] = dé(0)/dt > 0.
Hence, k < A+ B = 2/s2 < 2/m}%2. Evaluating 28)(a) at ¢ = 1, we have
So[A— B4k —ag*(m)] =d¢p(1)/dt > 0. Thus, k > Vg + ag*(7) > V.
We now define the domain
Ve 4 mi
u{(k,so) ‘ 7d<k<m—1<2, 21<50<2m2}.

From the above a priori bounds, deg(F,U,0) = deg(F, Br,0) = 1 by the excision
property of degree and F # 0 on oU for 0 < o < 1. Hence, deg(F,U,0) = 1 for
any o € [0,1]. In other words a solution exists for (G.4]), which is equivalent to
(@8). From [Z8)(a), k = do/dt < so[A+ B+ k] < 4my/m32. It is also clear that
¢ € C? [0,1] and § € C?[0,1]. The proof of the lemma is complete. O

Lemma 6.4. Let the hypotheses of Lemma be satisfied. Then the solution to
26), which is shown to exist in Lemma [63], is unique.

Proof. Let kK = A+ (B—k) cos¢p—ag*(¢). Then because ¢g* is smooth, the solution
to (Z.8)(a) is unique and k > 0 on [0, 7r]. Integrating (2.6, we have

@ s a4 =
(6.10)
T cos ¢ B
(b) /O e )

We shall show that ([G.I0) has unique solutions. Let z = 1/s2 and rewrite (G.10) as
1 ™1
1 / 14 cosd 4y —o,
0

(6.11) ’

Also, A=2z—Vy/2 and B =z + Vy/2.
Let

(6.12) I(z,k) =2z — /O7T log[A + (B — k) cos ¢ — ag”(¢)] do .

Direct calculations yield

o 1 "1+ coso

=~ /O 50 g,
(6.13)

ol [Tcos¢

ok _/0 K de -
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Finding a critical point of I is equivalent to solving (6I1]). Upon further calcula-
tions, we have

rro 1 /’T(l—i-cosgb)2 dé
0?1 ™ cos? ¢
(6.14) o / iz
0?1 __/“cosqS(l—i—cosgb) dé
020k ), K2 '

Define the Hessian matrix

L. L,
6.15 H = 2 .
(6.15) ( Lk Ixk )

After some algebraic manipulations, we find that

B ™ cos? ¢ ™1 s3 T cos ¢ 2
(6.16) det(H)—/O * o (/O sz¢—2>—</0 > d¢> .

Let 3 = so/m. From (=@I)(b),
(s e

[

From Cauchy-Schwartz’s inequality, (G.I0)(a) and the definition of 3, we have

T cos ¢ 2 ™ cos? ¢ e 2
([ at) =[5t [ (i-r) o
[T cos? ¢ ™1 s2
- e ([we-t)

Since so < mg = (=7 + /72 +2Vy)/Vy < 2/m, we have s3 /7 > s3/2, which implies
that det(H) > 0 at any critical point of I.

Let F = (I.,I;) and consider it as a function of (z,k,a). From above, at
any critical point (20, ko) of I, we have F(zo, ko, ) = 0 and det(F')(z0, ko, ) =
det(H)(zo, ko, ) > 0, where ' means derivatives with respect to z and k. For
any o € [0,1], a solution (zo, ko) to F(z, k,a) = 0 exists by assumption. Since
det(ﬁ ") > 0 at any such solution, the implicit function theorem implies that (zo, ko)
is a C! function of @ and never bifurcates. Since we also have a priori bounds on
29 and ko for a € [0,1], the curve (29(c), ko(a)) exists for a € [0,1]. If there
are 2 solutions at some a = «p where g € [0, 1], we will have 2 distinct solution
curves going back to a = 0, since the curves do not bifurcate. Hence, there are
2 distinct solutions for & = 0 which contradict Lemma Therefore there is a
unique C* solution curve (zq(«), ko()) for a € [0,1]. With sg and k being unique,
since g* € C*[0, 7], solutions of (Z6) are clearly unique. The proof of the lemma is
complete. O
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7. APPENDIX B: PROOF OoF LEMMA [£4]
Let T1(gn) = (kn, Q) — T1(g) = (k,Q) as n — oco. To show that Ts(k,, Q)

converges to Tg(l_c,Qo), we shall prove that every sequence of T5(kn,Q2,) has a
further subsequence that converges to Ta(k, ) as n — oo. There are three steps

to the proof.

Step 1. There exists a subsequence {by,} such that ||b,, — bllc1(x) — 0 as j — 0
on every compact subset K in the interior of Q.

Let b,,b be the solutions of [@I)) with k = k,,, Q2 = Q, and k = k,Q = Qp, re-
spectively. Since ||gn||x are uniformly bounded, (27 holds and Lemma 3] implies
that [|b,||c La(@,) < Mi,a, where M o is independent of n. Therefore, there exists
a subsequence {b,, } and b e C'(K) such that b, — 5\|01(K) — 0 as j — oo. Tak-
ing a sequence of compact subsets expanding to §2 and using a diagonal subsequence
argument on {b,, }, we have be CY Q). Let n € C°(Qo) be a test function. Then
7 has compact support inside Q,, for sufficiently large n. Hence multiplying (£1])(a)
by 1 and integrating over €,,, we have

{—mb™ 1 Vb-Vn+kbyn—bn} =0
Qo
after taking the limit as n — oco. Hence b is a weak solution to (T). The interior
regularity bootstrap allows us to conclude that b is a C? solution of [@I))(a) in the
interior of €. Moreover ||VB||LOO(Q) < M 4.

Next we define b = by on 9 and show that b is smooth on Q. Let the upper
half of 9€2,, be parameterized by z,(t) = (z,(t), yn(t)), t € [0,1]. Likewise, let 9
be parameterized by zq(t). From our hypotheses, z,(t) — zo(t) uniformly on [0, 1].
Let z = (z,y) be a point in the interior of Qy and let z, € 9Q,, zo(t*) € 0Qp be
such that |z — z,| = dist(z, 9Q,) and |z — zo(t*)| = dist(z, 0Qp). Let z}, € 9, be
such that |z} — zo(t*)| = dist(zo(t*), 9,) (see Figure 2). Then

(7.1) |z—2zn| < |z—2;| < [2—-20(t7)|+|20(t") — 2| < [2—20(¢7)[+]20(t") =24 ()] -

[N

o =
[ B B S; S S S IR

|
o

FIGURE 2. 2, converging to (.

The first and last inequalities in (1)) follow from the definition of distance from
the boundary. (The point z,,(¢*) is not shown in Figure 2.) Since z,, — zo uniformly
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on [0,1], the last term in (ZI) goes to zero as n — oo. Therefore, given € > 0, for
sufficiently large n, we have

(7.2) |bo — bn, (z)] < My o dist(z, 0Q,) < My o {dist(z, 0Q) + €} .

Letting j — oo, (Z2)) is valid with b, replaced by b. Therefore, b € C(Qg). With
||vl~)HLoo(Q) < M, we can treat (kb, —b) as a L source term in (@) with b = by
on 9. Standard LP estimates then imply that b™ € W2P(€y) for any p > 1.
Together with improvement in regularity using Schauder interior estimates, we have
b e C**(Qy) N CH*(Qp). Lemma ET implies that b = b. The proof of Step 1 is
complete.

Step 2. Let |[Vby,|(t) = |Vby,(2n,(t))| and let [Vb|(t) = [Vb(zo(t))|. Then a
subsequence of [Vb,, |(t) converges to [Vb|(t) uniformly on [0,1] as j — oco.

From Lemma and the fact that |Z,(¢)| is uniformly bounded on [0, 1] (see
@23), {|Vbn,|} and {z,,} are uniformly Hélder continuous on [0,1]. Hence there
exists a further subsequence of {n;}, also denoted by {n;}, and a function v €
C[0,1], such that |Vby,, |(t) — v(t) and 2y, (t) — Zo(t) uniformly on [0,1] as j — oo.
Let n € C§°(R?), which is symmetric about the z-axis. Then, multiplying (@I])(a)
by 1 and integrating the equation over €2,,;, we have

(7.3)
0= / (V- (mb = by, + iy boje — by ) 1
Q

n;

_ m—1
= mby /
o0

A similar expression holds for b and Q. Since || Vb, || L=(Q,,) < Mia, the result

n|Vby, | — m/Q bgijVbnj VN + ky, /Q b,z — / b,
n

ng n; n;

in Step 1 and the dominated convergence theorem imply that all terms involving
area integrals over €, in the second line of (Z3)) go to the same integrals with
Q5 by, by, replaced by o, b, k, respectively as j — co. Passing to the limit and
then subtracting one equation from the other, we have

(7.4) / n(z0()) 0(t) |30(t)] dt = / n(z0(t)) [VB(zo(£))] 120 (£)] dt

Since 7 is arbitrary, we have v(t) = |Vb(zo(t))| = |Vb|(t). The proof of Step 2 is
complete.

Step 3. Let ¢, be the unique solution of (Z6]) with g* replaced by g and let ¢, (¢)) =
¢,,1 (1) for 0 < ¢ < 7 which is defined since dé,,/dt > 0. Let £(¢)) = ¢~1(¢) be
similarly defined. Then there exists a subsequence of {n;} which is defined in Step
2, denoted the same, such that t,,; converges to ¢ in cto, r.

Since d¢/dt is positive and continuous on [0, 1], there exist positive constants &
and M such that § < d¢/dt < M on [0,1]. From Remark 4 in §3, there exists a
subsequence of {n;}, denoted the same, such that ¢,,, — ¢ in C*[0,1]. Therefore,
§ < dén,;/dt < M on [0,1] for sufficiently large j. Differentiating o7 (Pn(t)) = t,
we have 1/M < d¢,!/diy < 1/6 on [0,7]. Therefore, there exist a v € C[0, 7] and
a further subsequence such that qi);jl — v in X. Using the fact that ¢,,, — ¢ in
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Cl

0,1], it is easy to see that v = ¢~ so that t,,, = ¢pt — 1= ¢ 'in X as j — oo.

The proof of Step 3 is complete.

|V

To finish the proof, recall that To(kn,n) = [Vb,|(t.(¥)) and Ty(k,Q) =
b|(t(1)). Step 2 shows that |Vby,|(t) — |[Vb|(t) uniformly on [0,1], and Step

3 shows that ¢, (1)) — #(1) uniformly on [0, 7]. Therefore, Ts(ky,, Qy,) — Ta(k, Q)

n

1
2
3
[4
5

[6

7
8
[9
10
[11
[12
[13

[14

C[0,7]. The proof of Lemma [£4] is complete.
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