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THE FUNDAMENTAL CROSSED MODULE
OF THE COMPLEMENT
OF A KNOTTED SURFACE
JOÃO FARIA MARTINS
Abstract. We prove that if M is a CW-complex and M 1 is its 1-skeleton,
then the crossed module Π2 (M, M 1 ) depends only on the homotopy type of
M as a space, up to free products, in the category of crossed modules, with
Π2 (D 2 , S 1 ). From this it follows that if G is a ﬁnite crossed module and M is
ﬁnite, then the number of crossed module morphisms Π2 (M, M 1 ) → G can be
re-scaled to a homotopy invariant IG (M ), depending only on the algebraic 2type of M . We describe an algorithm for calculating π2 (M, M (1) ) as a crossed
module over π1 (M (1) ), in the case when M is the complement of a knotted
surface Σ in S 4 and M (1) is the handlebody of a handle decomposition of M
made from its 0- and 1-handles. Here, Σ is presented by a knot with bands.
This in particular gives us a geometric method for calculating the algebraic
2-type of the complement of a knotted surface from a hyperbolic splitting of
it. We prove in addition that the invariant IG yields a non-trivial invariant of
knotted surfaces in S 4 with good properties with regard to explicit calculations.

Introduction
Let (M, N ) be a pair of based path-connected spaces. The concept of a crossed
module arises from a universal description of the properties of the boundary map
∂ : π2 (M, N ) → π1 (N ), together with the natural action of π1 (N ) on π2 (M, N ).
These data deﬁne the crossed module Π2 (M, N ), called the “Fundamental Crossed
Module of (M, N )”.
Due to some strong theorems by J.H.C. Whitehead, it is possible, in principle, to
calculate Π2 (M, M 1 ) when M is a connected CW-complex and M 1 is its 1-skeleton.
The calculability of fundamental crossed modules is, in addition, enhanced by a 2dimensional van Kampen theorem due to R. Brown and P.J. Higgins, stating that,
under mild conditions, the fundamental crossed module functor from the category
of based pairs of path connected spaces to the category of crossed modules preserves
colimits; see [7, 9, 5].
The crossed module Π2 (M, M 1 ) determines not only π1 (M ) and π2 (M ) as a module over π1 (M ), but also it determines the k-invariant k(M ) ∈ H 3 (π1 (M ), π2 (M ));
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in other words all the algebraic 2-type of M . Thus it is a more powerful invariant
than π1 (M ) and π2 (M ) alone.
Crossed modules admit an obvious notion of homotopy; see [47, 8, 20]. From the
point of view of the homotopy type of a CW-complex M , as a space, considering its
fundamental crossed module Π2 (M, M 1 ) introduces an ambiguity due to the choice
of a cell decomposition. However, despite this asymmetry, the homotopy type of
the fundamental crossed module Π2 (M, M 1 ) depends only on the homotopy type
of M as a space; see [47, 8]. In fact this result can be improved. It is proved
in this article that the crossed module Π2 (M, M 1 ) does not depend on the CWdecomposition of M , up to free products, in the category of crossed modules, with
Π2 (D2 , S 1 ). Consequently, the fundamental crossed module Π2 (M, M 1 ), up to free
products with Π2 (D2 , S 1 ), is a genuine homotopy invariant of CW-complexes. This
invariant determines the topological 2-type of M ; see [1, 30].
In light of the current discussion, it is natural to consider crossed modules in
Geometric Topology. In this article we present an algorithm for calculating the
crossed module Π2 (M, M (1) ) in the case when M is the complement of a knotted
surface Σ in S 4 and M (1) is the 1-handlebody (made out of the 0- and 1-handles) of
a handle decomposition of M . Both the handle decomposition of M (following [22,
23, 12]) and the method for determining Π2 (M, M (1) ) are deﬁned from a hyperbolic
splitting of Σ, or, more precisely, from a presentation of Σ by a knot with bands.
We thus have a completely geometric method for calculating the algebraic 2-type
of the complement of a knotted surface from a hyperbolic splitting of it. This will
be the main result of this article. Our method to determine the algebraic 2-type of
the complement of a knotted surface in S 4 should be compared with Lomonaco’s
method in [31]. See also [34].
We illustrate our algorithm by calculating Π2 (M, M (1) ), where M is the complement of a knotted surface, in some non-trivial cases. We use it for determining
the second homotopy group of the Spun Trefoil complement, and we verify that the
result agrees with previous calculations.
Given that the fundamental crossed module Π2 (M, M 1 ) depends only on the homotopy type of the CW-complex M , as a space, up to free products with Π2 (D2 , S 1 ),
it follows that if G is a ﬁnite crossed module and M is ﬁnite, then the number
of crossed module morphisms from Π2 (M, M 1 ) to G (which is ﬁnite) can be rescaled to a homotopy invariant IG (M ) (the “Crossed Module Invariant”). This
again solves the problem that we introduced an ambiguity due to the choice of
a CW-decomposition of M . This Crossed Module Invariant depends only on the
topological 2-type of a space.
From the algorithm for calculating Π2 (M, M (1) ) when M is the complement of an
embedded surface in S 4 , a method follows for calculating IG (M ), where G is a ﬁnite
crossed module. We prove that the Crossed Module Invariant IG deﬁnes a nontrivial invariant of knotted surfaces, with good calculability properties, especially
in the case of abelian crossed modules. We will give an example (appearing also
in [19]) of a pair of knotted surfaces, each diﬀeomorphic to the disjoint union of
two tori S 1 × S 1 , with the same fundamental group of the complement, while
distinguished by their crossed module invariants. An open problem is whether
the Crossed Module Invariant is powerful enough to distinguish between knotted
surfaces with the same fundamental group and the second homotopy group of the
complement (seen as a π1 -module), but with distinct k-invariants. See also [38].
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In [17] we deﬁned an invariant of knotted surfaces from any ﬁnite crossed module.
The construction was inspired by previous work of D. Yetter and T. Porter on
manifold invariants deﬁned from algebraic models of homotopy 2-types (crossed
modules of groups); see [48] and [39, 40]. This article should give, in particular, an
interpretation of our previous construction.
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1. Preliminaries and general results
1.1. Crossed modules. Let G and E be two groups. A crossed module G =
(G, E, ∂, ) is given by a group morphism ∂ : E → G and an action  of G on E on
the left by automorphisms. The conditions on  and ∂ are:
(1) ∂(X  e) = X∂(e)X −1 ; ∀X ∈ G, ∀e ∈ E,
(2) ∂(e)  f = ef e−1 ; ∀e, f ∈ E;
see for example [5, 10]. Notice that the second condition implies that ker(∂) commutes with all E. Therefore, the action of G on E induces an action of coker(∂) on
ker(∂), by automorphisms. We call G the base group and E the principal group.
A crossed module is called ﬁnite if both G and E are ﬁnite.
The signiﬁcance of the deﬁnition of crossed modules for Geometric Topology
stems from:
Example 1.1. Let (M, N ) be a pair of based path connected spaces. Then
.
(π1 (N ), π2 (M, N ), ∂, ) = Π2 (M, N ), where the boundary map ∂ : π2 (M, N ) →
π1 (N ) and the action of π1 (N ) on π2 (M, N ) are the natural ones (see Figure 1), is
a crossed module called the “Fundamental Crossed Module” of (M, N ). This is a
result of J.H.C. Whitehead; see [45].
A modern proof of this result appears in [10].
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Figure 1. The action of an element X ∈ π1 (N ) on an e ∈ π2 (M, N ).
A morphism between the crossed modules G and G  = (G , E  , ∂  ,  ) is given by
a pair (φ, ψ) of group morphisms φ : G → G and ψ : E → E  , making the diagram
E

ψ

∂

∂


G

/ E

φ


/ G

commutative.
In addition we must have
φ(X)  ψ(e) = ψ(X  e); ∀X ∈ G, ∀e ∈ E.
Crossed modules and their morphisms form a category. This category is a category
with colimits; see [10, 3.5] or [9].
Example 1.2. Let (M, N, ∗) be a pair of based path connected spaces. If ∗ ∈ N
is another base point and γ is a path connecting ∗ to ∗ , then there exists a natural
isomorphism Π2 (M, N, ∗) → Π2 (M, N, ∗ ), where the maps on homotopy groups
are the usual ones constructed from the path γ.
Example 1.3. Let G = (G, E, ∂, ) and G  = (G , E  , ∂  ,  ) be crossed modules.
The free product G ∨ G  of G and G  is the pushout, in the category of crossed
modules, of the diagram
({1}, {1}, , ∂)

/G
.


G
Recall that the category of crossed modules is a category with colimits.
Example 1.4. Let M and N be CW-complexes with unique 0-cells, which we take
to be their base points. We have


Π2 (M, M 1 , ∗) ∨ (N, N 1 , ∗) ∼
= Π2 (M, M 1 , ∗) ∨ Π2 (N, N 1 , ∗).
This follows immediately from the (R. Brown and P.J. Higgins’) 2-dimensional
van Kampen Theorem stating that, under mild conditions, the crossed module
functor preserves colimits, and in particular pushouts; see [5, 10, 7]. This is the
case for the wedge product of two well pointed based spaces; see [9, Theorem 7.1].
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Example 1.5. Let G = (G, E, ∂, ) be a crossed module. Suppose that the elements
a1 , . . ., an ∈ E are such that ∂(ak ) = 1G , k = 1, . . ., n. Let F be the subgroup of E
generated by the elements of the form X  ak where X ∈ G, k = 1, . . ., n; thus F is
normal in E by the second condition of the deﬁnition of crossed modules. In fact
F commutes with all of E. Obviously both ∂ and the action of G on E descend
to E/F . Denote the induced map and action by ∂  and  . It is easy to show that
(G, E/F, ∂  ,  ) is a crossed module.
We will go back to this construction below.
1.1.1. Presentations of crossed modules. For details on free crossed modules see
[10, 11], for example. Let G be a group and K be a set. The free crossed module
F (∂0 : K → G) on a map ∂0 : K → G has G as its base group. The principal group
E is the quotient of the free group on the set of pairs (X, m), where X ∈ G and
m ∈ K, by the relations
(1.1)

(X, m)(Y, n)(X, m)−1 = (X∂0 (m)X −1 Y, n); X, Y ∈ G; m, n ∈ K.

The boundary map ∂ : E → G is deﬁned on generators by ∂(X, m) = X∂0 (m)X −1 ,
whereas the action of G on E is given simply by X  (Y, m) = (XY, m); here
X, Y ∈ G and m ∈ K. Note that the map ι : K → E such that ι(m) = (1G , m) is
injective. From now on we consider K to be included in E in this way.
The free crossed module F (∂0 : K → G) = (G, E, ∂, ) on a map ∂0 : K → G is
deﬁned, up to isomorphism, by the following natural universal property:
Lemma 1.6. Let G be a group and let φ : G → G be a morphism. Also let
G  = (G , E  , ∂  ,  ) be a crossed module. Consider a map ψ0 : K → E  such that
∂  ◦ ψ0 = φ ◦ ∂0 . There exists a unique group morphism ψ : E → E  extending ψ0
in such a way that (φ, ψ) is a morphism of crossed modules G → G  .
Let G be a group and K be a set. Also let ∂0 : K → G be a map. Consider the
free crossed module F (∂0 : K → G) = (G, E, ∂, ). A 2-relation is, by deﬁnition,
an element r of E with ∂(r) = 1G .
Let R = {r1 , . . ., rn } be a set of 2-relations, which we can take to be inﬁnite.
The crossed module presented by the map ∂0 : K → G, with 2-relations {r1 , . . ., rn },
say U (∂0 : K → G; r1 , . . ., rn = 1), is, by deﬁnition, the crossed module constructed
from F (∂0 : K → G) and {r1 , . . ., rn } as in Example 1.5.
1.1.2. A decomposition of certain free crossed modules. This section will only be
used for the explicit calculation of the second homotopy groups of the Spun Trefoil
and the Spun Hopf Link complements.
Let G be some group. Let K be a set provided with a map ∂0 : K → G. Suppose
that K is the disjoint union of the sets K1 and K2 . Let ∂01 and ∂02 be the restrictions
of ∂0 to K1 and K2 , respectively. Suppose also that ∂02 (k) = 1G , ∀k ∈ K2 . Let F2
be the subgroup of the principal group of F (∂0 : K → G) = (G, E, ∂, ) generated
by the elements X  f , where f ∈ K2 and X ∈ G. Then it is easy to see that F2
commutes with E and that it is the free abelian module over Z(coker(∂)) with base
K2 , with the obvious action of G. This follows from relations (1.1) and the fact
that for any crossed module (G , E  , ∂  ,  ), the image im(∂  ) of ∂  acts trivially on
ker(∂  )—a consequence of the second condition of the deﬁnition of crossed modules.
In fact, the group F2 has an algebraic complementary F1 in E, as a group and
as a G-module, where F1 is isomorphic with the principal group of the free crossed
module on the map ∂01 : K1 → G. This follows immediately from relations (1.1).
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JOÃO FARIA MARTINS

Therefore we have:
Proposition 1.7. Let G be a group, and let K be a set provided with a map
∂0 : K → G. Suppose that K is the disjoint union of the sets K1 and K2 . Let
∂01 and ∂02 be the restrictions of ∂0 to K1 and K2 , respectively. Suppose also that
∂02 (k) = 1G , ∀k ∈ K2 . Then as a G-module and as a group, the principal group of
the free crossed module (G, E, ∂, ) on ∂0 : K → G is the direct sum of the principal
group F1 of the free crossed module on ∂01 : K1 → G and the free Z(coker(∂))-module
F2 with base K2 , with the obvious action of G. This direct sum has the natural
boundary map to G where ∂(F2 ) = {1G }.
This result is also valid, with the obvious modiﬁcations, for the case of a crossed
module U (∂0 : K → G; r1 , ..., rn = 1) presented by a map ∂0 : K → G with 2relations r1 , ..., rn , as long as each 2-relation is contained in either F1 or F2 .
1.2. The signiﬁcance of the fundamental crossed module Π2 (M,M 1). Whenever E is an abelian group and we have a left action of G on E by automorphisms,
then (G, E, ∂ = 1G , ) is always a crossed module. For any based path connected
topological space M , the group π2 (M ) is abelian and π1 (M ) acts on π2 (M ) by
automorphisms. Therefore we have a crossed module π1,2 (M ) for any based topological space. See for example [31, 34] for calculations of π1,2 (M ) when M is the
complement of a knotted surface in S 4 .
A ﬁrst idea about how to employ the notion of a crossed module to deﬁne invariants of manifolds could be to consider the crossed module π1,2 (M ). However, even
when M is a compact manifold, it is not certain that π2 (M ) is ﬁnitely generated as
a module over π1 (M ); see [31, problem 5] and, less directly related, [31, problems
6 and 13] for the important case of complements of knotted surfaces. Therefore,
π1,2 (M ) is not a very practical invariant since it not easy to distinguish between
two non-ﬁnitely generated π1 (M )-modules.
Another solution is to consider the more tractable relative case. Let M be a CW1
complex,
and let M 1 be its

 1-skeleton. Consider the crossed module Π2 (M, M ) =
1
1
π1 (M ), π2 (M, M ), ∂,  . Despite the asymmetry introduced by choosing a particular CW-decomposition of M , this crossed module determines π2 (M ) and π1 (M ),
which ﬁt inside the exact sequence
(1.2)

∂

→ π1 (M 1 ) → π1 (M ) → {1},
{0} → π2 (M ) → π2 (M, M 1 ) −

since π2 (M 1 ) = {0}. In fact the crossed module Π2 (M, M 1 ) also determines the
k-invariant k(M ) ∈ H 3 (π1 (M ), π2 (M )). The group cohomology class k(M ) is determined from the classical correspondence between 3-dimensional group cohomology
classes and crossed modules; see for example [5, 32, 3, 26]. Therefore the crossed
module Π2 (M, M 1 ) determines the topological 2-type of M (see [33]), and thus it
is strictly stronger than π1 (M ) and π2 (M ) alone (see [1, 30]).
Choosing the apparently less charming relative case is also justiﬁed by the fact
that Π2 (M, M 1 ) does not depend on the cellular decomposition of M up to free
products, in the category of crossed modules, with Π2 (D2 , S 1 ), as we will prove
below in Section 1.2.2. This expands an old result of J.H.C. Whitehead stating
that the homotopy type of the crossed module Π2 (M, M 1 ) depends only on the
homotopy type of M , as a space; see [47, 8].

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use

THE FUNDAMENTAL CROSSED MODULE

4599

Therefore the fundamental crossed module Π2 (M, M 1 ), up to free products with
Π2 (D2 , S 1 ), is a genuine homotopy invariant. This allows us to obtain a homotopy invariant of ﬁnite connected CW-complexes for any ﬁnite crossed module, see
Section 3.1.
We will see below that in the case when M is a CW-complex and M 1 is its
1-skeleton, then Π2 (M, M 1 ) is, in principle, calculable.
1.2.1. Whitehead’s isomorphisms. For a more complete treatment of these issues
see [2]. Let N be a path-connected topological space with a base point ∗. Let M
be a topological space obtained from N by attaching some 2-cells (or 2-handles)
s1 , . . ., sn . Choose a base point ∗i on the boundary of each 2-cell, where i = 1, . . . , n.
If we are provided paths connecting ∗i with ∗, for i = 1, . . ., n, then each 2-cell si
can be identiﬁed uniquely with an element of π2 (M, N, ∗). This does not depend
on the path chosen up to acting by some element of π1 (N, ∗).
Consider the map ∂0 : {s1 , . . ., sn } → π1 (N, ∗) induced by the attaching maps of
each cell si . This map (well deﬁned up to conjugations by elements of π1 (N, ∗)) is
also ﬁxed by the chosen paths connecting ∗i with ∗, for i = 1, . . ., n.
Recall the following theorem, due to J.H.C. Whitehead. For the original proof
see [45, 46, 47]; see also [10, 5.4] and [6, 8, 24].
Theorem 1.8. The natural morphism from the free crossed module on the map
∂0 : {s1 , . . . , sn } → π1 (N, ∗) into Π2 (M, N, ∗) is an isomorphism of crossed modules.
This result (usually called Whitehead’s Theorem) is one of the most important
results that we will use.
Let M be a CW-complex. For each k ∈ N0 , let M k denote the k-skeleton
of M . For simplicity, suppose that M has a unique 0-cell, which we take to be
its base point ∗. Note that from the Cellular Approximation Theorem we have
Π2 (M, M 1 , ∗) ∼
= Π2 (M 3 , M 1 , ∗).
Consider the group complex
∂

∂

∂

p

4
3
2
. . . −→
π3 (M 3 , M 2 , ∗) −→
π2 (M 2 , M 1 , ∗) −→
π1 (M 1 , ∗) −
→ π1 (M, ∗)

with the obvious boundary maps. This is a crossed complex of free type, called the
“Fundamental Crossed Complex of M ”; see for example [5, 6]. In particular, we
have an action of the group π1 (M 1 , ∗) on all the other groups, preserving the boundary maps, and such that, if n > 2, then the action of π1 (M 1 , ∗) on πn (M n , M n−1 , ∗)
factors through the projection map p : π1 (M 1 , ∗) → π1 (M, ∗).
For each n-cell cn of M , where n > 1, choose a base point on the boundary
of it, as well as a path from the cell base point to ∗. Therefore cn determines
an element cn ∈ πn (M n , M n−1 , ∗), and its attaching map can also be identiﬁed
with an element of πn−1 (M n−1 , ∗). If n > 2, the projection of this element in
πn−1 (Mn−1 , Mn−2 , ∗) is the boundary map ∂n (cn ) ∈ πn−1 (Mn−1 , Mn−2 , ∗) of cn ,
considering the fundamental complex complex of M .
It is well known (see [44, V.1], [47] or [5]) that, if n > 2, then the natural map
from the free Z(π1 (M, ∗))-module over the n-cells of M into πn (M n , M n−1 , ∗) is an
isomorphism. This is also a result of J.H.C. Whitehead. In particular, the group
π3 (M 3 , M 2 , ∗) is the free Z(π1 (M 2 , ∗))-module on the group elements deﬁned by
the 3-cells of M .
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From the long homotopy exact sequence of the triple (M 3 , M 2 , M 1 ) it follows
that:
Lemma 1.9.
π2 (M, M 1 , ∗) = π2 (M 2 , M 1 , ∗)/im(∂3 ).
Let c31 , . . ., c3n3 be the 3-cells of M . Each one of them deﬁnes an element of
π3 (M 3 , M 2 , ∗), as well as its boundary ∂3 (c3k ) ∈ π2 (M 2 , M 1 , ∗), k = 1, . . ., n3 , well
deﬁned if we make the choices above. Also let {c21 , . . ., c2n2 } be the set of 2-cells of
M , where c2k attaches along ∂2 (c2k ) ∈ π1 (M 1 , ∗), k = 1, . . ., n2 .
Theorem 1.10. The crossed module Π2 (M, M 1 , ∗) is the crossed module presented
by the map from the set of 2-cells of M into π1 (M 1 , ∗), deﬁned from the attaching
maps of each 2-cell of M , with one 2-relation for each 3-cell of M . More precisely:


∂2
Π2 (M, M 1 , ∗) ∼
= U {c21 , . . ., c2n2 } −→ π1 (M 1 , ∗); ∂3 (c31 ), . . ., ∂3 (c3n3 )= 1 .
Note that ∂2 ◦ ∂3 = 1.
Proof. By Whitehead’s Theorem and the previous lemma, we only need to prove
that im(∂3 ) is the subgroup of π2 (M 2 , M 1 , ∗) generated by the elements X  ∂3 (c3i ),
3
2
where X ∈ π1(M 1 , ∗) and
 i = 1, . . ., n3 . This follows from the fact that π3 (M , M , ∗)
2

is the free Z π1 (M , ∗) -module on the set of 3-cells of M .
This theorem tells us that, in principle, if M is a CW-complex and ∗ is a 0-cell
of M , then the crossed module Π2 (M, M 1 , ∗) can be calculated. The only possible
diﬃculty is the determination of the boundary maps in the fundamental crossed
complex of M . This can be solved for example for simplicial complexes by the
homotopy addition lemma in [44, page 175]; see [20]. The case of complements of
knotted surfaces can also be solved by using a particular handle decomposition of
them. This is the main aim of this article.
1.2.2. The dependence of Π2 (M, M 1 ) on the cell decomposition of the CW-complex
M . Let (M, N ) be a pair of connected CW-complexes such that the inclusion of N
in M is a homotopy equivalence. Let N 1 and M 1 be, respectively, the 1-skeletons
of N and M . Suppose that N has a unique 0-cell, which we take to be the base
point ∗ of N and M , so that both N and M are well pointed.
The group π1 (N 1 , ∗) is the free group on the set {d1 , . . ., dn } of 1-cells of N .
There also exist c1 , . . ., cm ∈ π1 (M 1 , ∗) such that π1 (M 1 , ∗) is the free group
F (d1 , . . ., dn , c1 , . . ., cm ) on the set {d1 , . . ., dn , c1 , . . ., cm }. Note that these elements
of π1 (M 1 , ∗) deﬁne elements of π1 (M, ∗) in the obvious way.
Theorem 1.11. There exists a homotopy equivalence:
(M, M 1 , ∗) ∼
= (N, N 1 , ∗) ∨ (D2 , S 1 , ∗)∨m .
Proof. 1 Since N is a subcomplex of M , and M is homotopic to N , it follows that
N is a strong deformation retract of M . By the Cellular Approximation Theorem,
we can suppose, further, that there exists a retraction r : M → N sending M 1 to
1 This

argument arose in a discussion with Gustavo Granja.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use

THE FUNDAMENTAL CROSSED MODULE

4601

N 1 , and such that r ∼
= idM , relative to N . In particular, if k ∈ {1, . . ., m}, then we
have that ck r∗ (ck )−1 = 1π1 (M,∗) , in π1 (M, ∗). Deﬁne a map
m

.
(Dk2 , Sk1 , ∗) → (M, M 1 , ∗)
f : (P, P 1 , ∗) = (N, N 1 , ∗) ∨
k=1

in the following way.
First of all, send (N, N 1 , ∗) identically to its copy (N, N 1 , ∗) ⊂ (M, M 1 , ∗). Then
we send each Sk1 to the element ck r∗ (ck )−1 ∈ π1 (M 1 , ∗). Since these elements are
null homotopic in (M, ∗), this map extends to the remaining 2-cells of (P, P 1 , ∗).
Let us prove that f : (P, P 1 , ∗) → (M, M 1 , ∗) is a homotopy equivalence. It
.
suﬃces to prove that f : (P, ∗) → (M, ∗) and f 1 =f|P 1 : (P 1 , ∗) → (M 1 .∗) are based
homotopy equivalences, since all inclusion maps are coﬁbrations; see for example
[35, 6.5]. Notice that the result proved there is also valid in the base case, as long
as all the spaces considered are well pointed, which is the case here.
It is immediate that f is an equivalence of homotopy (P, ∗) → (M, ∗), since
f extends the inclusion map (N, ∗) → (M, ∗). Let us now show that the map
f 1 : (P 1 , ∗) → (M 1 , ∗) is a homotopy equivalence. It is enough to prove that the
induced map f∗1 : π1 (P 1 , ∗) → π1 (M 1 , ∗) is an isomorphism. Note that the group
π1 (P 1 , ∗) is (similarly with π1 (M 1 , ∗)) isomorphic with the free group on the set
{d1 , . . ., dn , c1 , . . ., cm }. The induced map on the fundamental groups has the form
f∗1 (dk ) = dk , k = 1, . . ., n, and f∗1 (ck ) = ck r∗ (ck )−1 , k = 1, . . ., m.
Notice that r∗ (ck ) ∈ F (d1 , . . ., dn ), k = 1, . . ., m. Consider the morphism g of
F (d1 , . . ., dn , c1 , . . ., cm ) on itself such that
g(dk ) = dk , k = 1, . . ., n, and g(ck ) = ck r∗ (ck ), k = 1, . . ., m.
Therefore (f∗1 ◦ g)(dk ) = dk , k = 1, . . ., n, and
(f∗1 ◦ g)(ck ) = f∗1 (ck r∗ (ck ))
= f∗1 (ck )f∗1 (r∗ (ck ))
= ck r∗ (ck )−1 r∗ (ck )
= ck , k = 1, . . ., m.
On the other hand (g ◦ f∗1 )(dk ) = dk , k = 1, . . ., n, and
(g ◦ f∗1 )(ck ) = g(ck r∗ (ck )−1 )
= ck r∗ (ck )g(r∗ (c−1
k ))
= ck r∗ (ck )r∗ (c−1
k )
= ck , k = 1, . . ., m.
This proves that g −1 = f∗1 , which ﬁnishes the proof.



Corollary 1.12. Let M and N be CW-complexes with unique 0-cells, which we
take to be their base points ∗ and ∗ . Suppose that M and N are homotopic as
spaces. There exists m, n ∈ N0 such that
(M, M 1 , ∗) ∨ (D2 , S 1 , ∗)∨n ∼
= (N, N 1 , ∗ ) ∨ (D2 , S 1 , ∗ )∨m ;
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thus, in particular,
Π2 (M, M 1 , ∗) ∨ Π2 (D2 , S 1 , ∗)∨n ∼
= Π2 (N, N 1 , ∗ ) ∨ Π2 (D2 , S 1 , ∗ )∨m ,
where the free product is taken in the category of crossed modules; see Example 1.3.
The second part of this result was suggested by a referee of a previous version
of this article.
Proof. The pointed spaces (M, ∗) and (N, ∗ ) are based homotopic. Let P be the
reduced mapping cylinder of some pointed homotopy equivalence (M, ∗) → (N, ∗ ),
chosen to be cellular. Therefore both M and N are cellularly included in P (provided with its usual CW-decomposition), and they intersect along their base points,
both coinciding with the unique 0-cell of P . The ﬁrst result follows from the previous theorem and the fact that the inclusions of M and N in P are homotopy
equivalences. The second one follows directly from the 2-Dimensional van Kampen
Theorem; see [5, 7, 10].

Note that we necessarily have b1 (M 1 ) + n = b1 (N 1 ) + m = b1 (P 1 ). We will
need to use this fact later. Here, if K is a CW-complex, then b1 (K) denotes its
ﬁrst Betti number. In addition P is the reduced mapping cylinder of some pointed
homotopy equivalence (M, ∗) → (N, ∗ ), chosen to be cellular.
It is easy to see that Π2 (D2 , S 1 ) = (Z, Z, id, ), where  is the trivial action. We
can prove this from the long homotopy exact sequence of (D2 , S 1 ), or alternatively
by using Whitehead’s Theorem together with the explicit description of free crossed
modules in Section 1.1.1.
The results of this subsection extend in a natural way for the case of the fundamental crossed complex of a CW-complex; see [18].
2. Complements of knotted surfaces
For the case of complements of knotted surfaces in S 4 , it is convenient to work
with handle decompositions, more ﬂexible than CW-decompositions, considered in
the previous section.
Let M be a manifold with a handle decomposition, and let M (n) be the handlebody made out of the handles of M of index smaller than or equal to n (the
n-handlebody of M ). It is well known that a handle decomposition of M determines
a topological space M̂ of the same homotopy type of M , with a CW-decomposition
where each n-handle of the manifold M generates an n-cell of the CW-complex M̂ ;
see [42, Chapter 6] or [36, Chapter III], for example. Intuitively, M̂ is obtained from
M by shrinking any n-handle to an n-cell going along its core. More precisely, it is
possible to prove that, if M is a manifold with a handle decomposition, then there
exists a homotopy equivalence M → M̂ preserving the ﬁltrations of M and M̂ given
by their handle and cell decompositions, respectively, and such that the restriction
maps M (n) → M̂ n are homotopy equivalences for each n; see [36, Proposition 3.4].
Given that all inclusion maps are coﬁbrations, it thus follows that there exists a
ﬁltered homotopy equivalence M → M̂ .
Again let M be a manifold with a handle decomposition. Suppose that the
base point of M is contained in one of the 0-handles of M . The above equivalence
provides a homotopy equivalence (M, M (1) , ∗) ∼
= (M̂ , M̂ 1 , ∗). Here the base point
of M̂ is taken to be one of the 0-cells of M̂ . Therefore, the results of the previous
chapter apply with the obvious adaptations to the crossed module Π2 (M, M (1) ).
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Figure 2. Morse Modiﬁcations, respectively a “Minimal Point”,
a “Saddle Point” and a “Maximal Point”. Each of these modiﬁcations goes from left to right.

Figure 3. Oriented saddle point transitions.
2.1. Handle decompositions of complements of knotted surfaces. For details on knotted surfaces, in particular the movie presentation of them, we refer the
reader to [14, 13, 12, 21]. We work in the smooth category.
4
4
∪ (S 3 × I) ∪ D+
(where from
2.1.1. Movies of knotted surfaces. Let Σ ⊂ S 4 = D−
now on I = [−2, 2]) be a knotted surface. In other words Σ is a (locally ﬂat)
embedding of a closed 2-manifold into S 4 . We want to calculate Π2 (M, M (1) ),
where M = S 4 \ ν(Σ). Here ν(Σ) is an (open) regular neighborhood of Σ in S 4 and
M (1) is the handlebody made out of the 0- and 1-handles of a handle decomposition
of M (the 1-handlebody of M ). This will provide a description of the algebraic 2type of the complement of ν(Σ), in the form of a crossed module.
We need to construct a handle decomposition of the complement of ν(Σ) in S 4 .
Such a handle decomposition can be deﬁned from a movie of Σ; see [22, 23, 12].
Up to isotopy, we can suppose that Σ ⊂ S 3 × I. Suppose that the projection
on I deﬁnes a Morse function on the knotted
 surface Σ. In particular, for each
non-critical t ∈ I, the set Σt = Σ ∩ S 3 × {t} is a link in S 3 (a still of Σ). Between
critical values, the link Σt will undergo an isotopy of S 3 . At critical points of index
0, 1 or 2, the link Σt will go through Morse modiﬁcations, called, respectively,
“Minimal Points”, “Saddle Points” and “Maximal Points”; see Figure 2. The 1parameter family of links t → Σt , with the modiﬁcations at non-generic points, will
deﬁne what is called a “movie” of the knotted surface Σ ⊂ S 4 .
If the knotted surface Σ is oriented, then each link Σt appearing in the movie
(now called an oriented movie) of Σ will have a natural orientation. See Figure 3
for the oriented version of the saddle point moves. Any oriented movie deﬁnes an
oriented knotted surface, up to isotopy.
4
4
∪ (S 3 × I) ∪ D+
2.1.2. Hyperbolic splittings and knots with bands. Let Σ ⊂ S 4 = D−
be a knotted surface presented by a movie t → Σt . Recall that I = [−2, 2]. By
using isotopy, we can suppose that Σ ⊂ S 3 ×[−1, 1], and, moreover, that all minimal
points occur in S 3 × {−1}, all maximal points occur in S 3 × {1}, and all saddle
points occur in S 3 × {0}; see for example [12, Chapter 1] or [28]. This is a well
know result. This type of movie of knotted surfaces is usually called a “hyperbolic
splitting”.
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Figure 4. A bit of a knot with bands.

Figure 5. A piece of a knot with bands together with its postknot and pre-knot (from left to right).
Consider a knotted surface Σ represented
by

 a hyperbolic splitting. Therefore,
for all t in (−1, 0), the still Σt = Σ ∩ S 3 × {t} of Σ will be an unlink with a ﬁxed
number of components, and Σt will undergo an isotopy of S 3 in this interval. The
same is true for t ∈ (0, 1). At t = 0 the link Σt will undergo saddle point transitions;
see Figure 3. We have in addition minimal and maximal points at t = −1 and t = 1,
respectively.
All this information used for constructing a knotted surface is highly redundant,
[31]. In fact, the knotted surface constructed in this way depends only on the saddle
point transitions at t = 0, as well as the conﬁguration immediately before and after
t = 0; see for example [28] for a proof.
The saddle point transitions which happen at t = 0 can be encoded by a knot
with bands; see [28, 43, 12]. Another usual (and equivalent) presentation is to
use marked vertex diagrams; see [31, 12, 49]. The former are more useful for our
purposes since with them we can suppose that the conﬁguration immediately after
the saddle points is a standard diagram of the unlink.
A knot with bands is a knot together with some I × I bits, intersecting the knot
along ∂I × I. A knot with bands is said to be oriented if we have orientations on
the thin edges of it, having the conﬁguration of Figure 4, or its mirror image, at
the edges incident to a band. Henceforth, all knots with bands will be oriented. A
knot with bands K determines two oriented knots K+ and K− called the post-knot
and pre-knot of K; see Figure 5. Note that our convention is opposite of the one
in [43].
Let K be a knot with bands such that the post- and pre-knots of K are oriented
unlinks. We can construct an oriented knotted surface by choosing an isotopy from
the post-knot K+ of K to the standard unlink diagram for t > 0, and by capping
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all the circles of it in the obvious way, and analogously for the interval [−1, 0). The
ﬁnal result does not depend on the choices made, up to isotopy. In fact, it depends
only on the isotopy class of K.
In this article we will consider this description of knotted surfaces. However, we
will need to use the movie picture associated to a presentation of a knotted surface
by knot with bands when constructing the handle decomposition of its complement.
4
4
∪ (S 3 × I) ∪ D+
2.1.3. Construction of the handle decomposition. Let Σ ⊂ S 4 = D−
3
be a knotted surface presented by a movie t → Σt . Suppose that Σ ⊂ S × [−1, 1].
Therefore Σ is provided with a Morse function (the projection on I) and, away
from critical points, Σt is a link in S 3 . There exists a natural handle decomposition
of the complement M of an open regular neighborhood ν(Σ) of Σ (in principle
deﬁned up to handle-slides and isotopy) where minimal/maximal points will induce
1/3-handles of the decomposition, and saddle points induce 2-handles; see [23,
section 6.2], [12, 3.1.1], or [22]. This is very easy to visualize in dimension 3.
To calculate the fundamental crossed module Π2 (M, M (1) ), however, we need an
explicit description of this handle decomposition. We now follow [12, 3.1.1] and
[23, 6.2], where the missing bits of our description can be found.
Let K be a knot with bands, representing the knotted surface Σ ⊂ S 3 × [−1, 1].
Choose a regular projection of K. Let t → Σt be an associated movie for Σ, a
hyperbolic splitting. For simplicity (and without loss of generality), we will suppose
that the post-knot of K is a standard diagram of the unlink (a disjoint union of
unknotted circles). This will ﬁx a handle decomposition of the complement M of
a regular neighborhood of Σ, up to isotopy. From now on we will suppose that all
knots with bands representing knotted surfaces are on this form.
4
4
3
4
3
For any set
 (S × I) ∪ D+ , let At = A ∩ (S × {t}) and
 3A in S = D−4 ∪
A≤t = A ∩ (S × [−2, t]) ∪ D− . Then there exists some small > 0 such that
the topology of M≤t does not change in the intervals [−2, −1 − ], [−1 + , − ],
[ , 1 − ] and [1 + , 2]. In between these intervals, the manifold M≤t will undergo
attachment of handles of index, respectively, 1,2,3 and 4.
The manifold M≤(−1+) ∼
= M≤− is a 4-manifold obtained by attaching n 1handles to D4 ∼
= M≤(−1−) . Here n is the number of components of the pre-knot
of K. In fact a Kirby diagram for M≤− is obtained from the pre-knot K− of K
by turning the circles of it (considered to be 0-framed) into dotted circles, in the
notation of Kirby, [29]; see [23, Section 6.2]. This is also clear from the construction
in [12, 3.1.1].
The manifold M≤ is obtained from M≤− by attaching 2-handles, each of which
is determined by a band of K. For each t ∈ [ , 1− ], the manifold M≤t is therefore a
4-dimensional handlebody made from 0-, 1- and 2-handles, the 2-handlebody M (2)
of the knotted surface complement M .
We can easily obtain a Kirby diagram for M (2) from the knot with bands K; cf.
[23, Section 6.2]. Consider a dotted circle for each circle of K− , the pre-knot of K.
Then each 2-handle should be attached along a framed circle S 1 ×I encircling one of
the bands of K, with framing parallel to the core of it; see Figure 6. In particular
each 2-handle attaches along a 0-framed circle. To understand the subsequent
attachment of 3-handles, it is convenient to draw the framed circle S 1 × I encircling
each band of K in a way such that the framing of it goes along almost the entire
length of the band, as in Figure 6.
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framed circle S 1 × I along which a 2-handle attaches

Figure 6. Portion of the Kirby diagram for the 2-handlebody
M (2) of the complement of a knotted surface obtained from a knot
with bands. The original diagram appears on top.

Figure 7. The oriented framed circle S 1 ×I determined by a band
of a knot with bands with its core oriented.
To describe the attaching map of each 2-handle (and not simply the attaching
region) we need an orientation of its attaching sphere. Such orientation can be ﬁxed
by an orientation of the core of the associated band; see Figure 7. In subsequent
drawings of knots with bands, there will be arrows denoting the orientation of both
the thin and fat strands of it; see Figure 8.
The handles of index 3 attach along regions diﬀeomorphic with S 2 × I. In the
case of complements of knotted surfaces, 3-handles correspond to maximal points.
The attaching sphere of each 3-handle will be a sphere S 2 containing one of the
circles of the post-knot of K in the region inside it, as in Figure 9; see [12, 3.1.1]
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Figure 8. Denoting orientations of thin and fat components of a
knot with bands.
and [23, 6.2]. Recall that we suppose that the post-knot K+ of K is a standard
diagram for the unlink.
In the Kirby diagram for the knotted surface complement M , the conﬁguration
can be more complicated due to the previous attachment of 1- and 2-handles. We
can suppose that each of the attaching spheres S 2 determined by the circles of K+
intersects the framed circles S 1 ×I determined by the bands of K transversally, thus
along a disjoint union of circles S 1 , circles which we can also suppose go around
the corresponding band of K. This type of intersection will be called essential.
Therefore, in the vicinity of the circles of K+ , the conﬁguration of the Kirby diagram
of M will look like Figure 10.
Note that since we perform surgery on the framed knots S 1 × I appearing in
Figure 10, the shown embedded sphere S = S 2 is well deﬁned. In fact the intersection of S with the previously attached 2-handles is, in this particular case, a
disjoint union of three disks U1 , U2 and U3 , whose boundary is the intersection of S
with the framed circles S 1 × I determined by the bands; see Figure 10. These disks
U1 , U2 and U3 are parallel to the core of the corresponding 2-handles of M . This
remark continues to hold for more complicated conﬁgurations, with the obvious
adaptations. Therefore we have:
Lemma 2.1. The attaching sphere of each 3-handle is a sphere S 2 containing
one, and only one, of the circles of the post-knot K+ of K in the region inside
it, as in Figure 9. We can suppose that each attaching sphere S 2 intersects the
framed circles S 1 × I determining the attachment of 2-handles transversally, thus
each connected component of the intersection is a circle S 1 , which furthermore we
can suppose is linking the associated band of K, locally (an essential intersection).
Moreover, the attaching sphere S 2 of each 3-handle intersected with the 2-handles
is a disjoint union of disks (one for each essential intersection), each of which is
parallel to the core of the corresponding 2-handle. The boundary of each of these
disks is the corresponding connected component of the intersection of the attaching
sphere S 2 with the framed circles determining the attachment of 2-handles.
Note that the framed circle determined by a band may intersect the attaching
sphere for a 3-handle more than once.
Finally we attach a 4-handle at t = 2. By the Cellular Approximation Theorem,
this 4-handle will not aﬀect the calculation of Π2 (M, M (1) ) = Π2 (M (3) , M (1) ).
We have thus deﬁned a handle decomposition of the complement M of a knotted
surface Σ if we are given a knot with bands K representing it, chosen so that the
the post-knot of K is a standard diagram of the unlink.
Summarizing, a Kirby diagram for M will have a dotted circle for each circle
of the pre-knot K− of K, considered to be 0-framed. Then, each band of K will
induce a 2-handle of the complement, and the attaching region of it is determined
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attaching sphere S 2 for a 3-handle

Figure 9. The attaching sphere for a 3-handle determined by a
circle of the post-knot of K.

Intersections of the attaching sphere S 2 with the framed knot determined by the bands

Figure 10. Attaching sphere for a 3-handle in the Kirby diagram
determined by a knot with bands representing a knotted surface.
Note that the bands appearing in the ﬁgure do not belong to the
Kirby diagram, whose set of dotted circles will be the pre-knot of
the knot with bands showing.

by a framed circle S 1 × I, encircling the band, with framing parallel to the core
of it (thus yielding a 0-framed circle), and going along almost the entire length of
the band; see Figure 7. Then we attach a 3-handle for each circle of the post-knot
of K, which we suppose to be a standard diagram of the unlink. The attaching
sphere S 2 of each 3-handle contains one, and only one, of the components of K+
in the region inside it, and it intersects the framed circles determined by the bands
of K transversally, so that each connected component of the intersection (a circle
S 1 ) goes around the corresponding band of K.
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*

Figure 11. Deﬁning an element of the fundamental group of a
knot complement.
Even though it is not strictly necessary to retain the bands of K to understand
the Kirby diagram, it is useful to consider them for determining the fundamental
crossed module of the complement.
4
4
∪ (S 3 × I) ∪ D+
be a knotted surface
2.2. The calculus. Let Σ ⊂ S 4 = D−
3
deﬁned by a knot with bands K; thus Σ ⊂ S × [−1, 1]. Here I = [−2, 2]. We
suppose that the surface Σ, thus K, is oriented. Choose a regular projection p of
R3 onto a hyperplane of it such that p is a regular projection of K, thus deﬁning a
natural base point ∗ of S 3 , the “eye of the observer”; see [14]. Consider the handle
decomposition of the knotted surface complement M = S 4 \ ν(Σ) just described,
and let M (1) , M (2) and M (3) be the 1-, 2 of it. As usual, if
 and 3-handlebodies
4
. Recall that ν(Σ)
A ⊂ S 4 is a set, we denote A≤t = A ∩ (S 3 × [−2, t]) ∪ D−
denotes an open regular neighbourhood of Σ in S 4 .

2.2.1. Wirtinger relations. The fundamental group of M≤− ∼
= M (1) , a free group,
is isomorphic with the fundamental group of the complement of the pre-knot K− of
K in S 3 , the free group on the components of K− , since K− is an unlinked union of
unknotted circles. We can deﬁne a presentation of π1 (S 3 \ K− ) by considering the
Wirtinger Presentation; see for example [41]. Therefore each arc (upper crossing)
of the projection p(K− ) of K− gives a generator of π1 (S 3 \ K− ), and each crossing
yields a relation; see Figures 11 and 12. For such a presentation, the base point
will stay at the “eye of the observer” of the chosen projection. Notice that we need
to consider orientations on the knot diagram p(K− ) so that these elements are well
deﬁned. Therefore, it is at this point that we need to introduce the (probably
artiﬁcial) restriction that all the knotted surfaces that we consider are oriented,
so that we can orient the associated knot with bands K, providing compatible
orientation of K− and K+ . The ﬁnal result will certainly not depend on the chosen
orientation of Σ.
2.2.2. Saddle point relations. When we pass the saddle points at t = 0, we attach
2-handles. Therefore, by Whitehead’s Theorem (Theorem 1.8), for t ∈ [ , 1 − ], the
(1)
crossed module Π2 (M≤t , M≤t ) = Π2 (M (2) , M (1) ) is the free crossed module on the
set of 2-handles and their attaching maps, over the group π1 (M (1) )∼
= π1 (S 3 \ K− ),
the free group on the set of circles of the pre-knot K− of K.
Each band of K will deﬁne a 2-handle of the knotted surface complement M .
However, some details are needed in order to specify the element of π2 (M (2) , M (1) )
deﬁned by it as well as its boundary in π1 (M 1 ). These are only deﬁned up to acting
and conjugation by a certain element of π1 (M (1) ); see Section 1.2.1.
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Figure 12. Wirtinger Relations.
To make our discussion clearer, suppose that the knot with bands K is such
that each band of K always has the same side facing upwards, for the chosen
regular projection of K. Standard arguments prove that any knot with bands can
be isotoped so that it is in this form, whilst keeping the post-knot of it as being
a standard diagram for the unlink. From now on any regular projection of a knot
with bands will be supposed to have this special form.
To specify the element of π2 (M (2) , M (1) ) induced by each band, we will need to
consider an orientation of the core of it (therefore deﬁning the attaching map of the
associated 2-handle up to isotopy), as well as an arc (upper crossing) of the band
in the chosen regular projection p(K) of K. This is similar to the deﬁnition of the
Wirtinger presentation of knot complements.
The exact deﬁnition of these elements of π2 (M (2) , M (1) ) is the following; cf.
Figure 7. Choose a base point ∗ on the upper part (with respect to the projection
p) of the framed circle S 1 × I determined by the band. Consider a based circle
(c, ∗ ) contained in the framed circle, so that c goes around the band. The circle
(c, ∗ ) is the boundary of a certain based disk (U, ∗ ) embedded in the 2-handle
associated with the band, parallel to its core, by deﬁnition of attachment of 2handles. Therefore the based disk (U, ∗ ) deﬁnes an element of π2 (M (2) , M (1) , ∗ )
as in Section 1.2.1, and its boundary in π1 (M (1) , ∗ ) is exactly c. Note that the
attaching map of the attached 2-handle is well deﬁned since the core of the band
is oriented.
Suppose that ∗ can be connected to the base point ∗ (the “eye of the observer”
of p(K)) by a straight line which does not intersect the knot with bands. The
natural isomorphism Π2 (M (2) , M (1) , ∗ ) → Π2 (M (2) , M (1) , ∗) deﬁned by this curve
determines the element of π2 (M (2) , M (1) , ∗) speciﬁed by an arc of a band in p(K).
(It is easy to see that this element depends only on the arc of a band to which the
base point ∗ belongs.)
To determine the boundary in π1 (M (1) ) of the elements of π2 (M (2) , M (1) ) deﬁned
by arcs of bands, we can use the following proposition.
Proposition 2.2. The boundary ∂(e) ∈ π1 (M (1) ) ∼
= π1 (S 3 \ K− ) of the element
e ∈ π2 (M (2) , M (1) ), determined by an arc of a band, satisﬁes the relations of Figure
13. Note that π1 (M (1) ) is isomorphic to the fundamental group of the complement
of the pre-knot K− of K, itself presented by the Wirtinger presentation of knot
complements.

Proof. This follows immediately from the deﬁnition of the Wirtinger presentation,
as well as the deﬁnition of the elements determined by an arc of a band. We refer
to Figure 14 for the proof in one particular case (the second case of Figure 13). 
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X
Y

e
∂(e) = Y − 1 X

e
∂(e) = X − 1 Y

X
Y

e

∂(e) = Y X − 1

e
∂(e) = XY − 1

Figure 13. The boundary ∂(e) ∈ π1 (M (1) ) of the element e ∈
π2 (M (2) , M (1) ) determined by an arc of a band of a knot with
bands. Note that π1 (M (1) ) ∼
= π1 (S 3 \ K− ) is represented by the
Wirtinger presentation of knot complements. The knots without
bands appearing in the ﬁgure are the pre-knots of the remaining
knots with bands.

The element of π2 (M (2) , M (1) ) determined by a band of a knot with bands
depends on the arc chosen. The exact dependence on the arc is described in the
following proposition.
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Y

X
∂(e) = Y −1 X

∂(e)

∗

Figure 14. Calculation of the boundary in π1 (M (1) ) of the element e of π2 (M (2) , M (1) ) determined by an arc of a band of a knot
with bands.

Figure 15. Relations satisﬁed by the elements of π2 (M (2) , M (1) )
speciﬁed by an arc of a band of a knot with bands.
Proposition 2.3. The elements of π2 (M (2) , M (1) ) determined by arcs of bands of
a knot with bands satisfy the relations of Figure 15.
Proof. This follows essentially from the fact that if we use two diﬀerent paths γ1 and
γ2 from the base point of a CW-space N to the base point of a 2-cell c to identify
the 2-cell c with an element of π2 (N 2 , N 1 , ∗), then the corresponding elements cγ1
and cγ2 of π2 (N 2 , N 1 , ∗) are related by cγ1 = (γ1 γ2−1 )  cγ2 . To prove the middle
bits, we also need to use the second condition of the deﬁnition of crossed modules,
together with the relations of Figure 13.

We have:
Proposition 2.4. Let Σ be an oriented knotted surface, and let K be an oriented
knot with bands representing Σ, provided with some regular projection. As usual,
suppose that the post-knot K+ of K is a standard diagram for the unlink, and that
each band of K always has the same side facing upwards. Let M = S 4 \ ν(Σ) be
the complement of an open regular neighborhood of Σ, with handle decomposition
as above. For each band of K choose an arc of it, therefore deﬁning an element of
π2 (M (2) , M (1) ), as well as its boundary in π1 (M (1) ), the free group on the set of circles of the pre-knot K− of K (itself presented by the Wirtinger presentation of knot
complements); see Figure 13. Then the crossed module Π2 (M (2) , M (1) ) is the free
crossed module on this map from the set of bands of K into π1 (M (1) )∼
= π1 (S 3 \ K− ).
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Figure 16. Figure relative to Lemma 2.5.
2.2.3. The 2-relations at maximal points. Given the drawing of the attaching sphere
of a 3-handle in Figure 10, it is possible to determine the 2-relations (implied by
Theorem 1.10) coming from the attachment of a 3-handle at a maximal point.
First of all we need to determine the element r ∈ π2 (M (2) , M (1) ) induced by the
attaching map of each 3-handle; see Theorem 1.10. We will need the following
intuitive lemma, whose straightforward proof is left to the reader.
Consider the 2-sphere S 2 having the north pole as a base point ∗. Remove 2disks Di2 , where i = 1, 2, . . ., n from S 2 , whose middle points lie in the equator of
S 2 , with base points ∗i at their highest points; see Figure 16 for the case n = 3.
2
Consider the
nobvious paths γi from ∗i to ∗ along a meridian. Then S is obtained
from S 2 \ ( i=1 Di2 ) by attaching a 2-cell for each i = 1, . . ., n along the obvious
attaching map Xi shown inFigure 16. The paths ∗i → ∗ permit us to associate
elements ei of π2 S 2 , S 2 \ ( ni=1 Di2 ) to each disk Di2 .



Lemma 2.5. The product e1 e2 .. .en ∈ π2 S 2 , S 2 \ ( ni=1 Di2 ) coincides with the

element of π2 S 2 , S 2 \ ( ni=1 Di2 ) naturally deﬁned by the oriented S 2 .
Let K be an oriented knot with bands so that the post- and pre-knots K+ and K−
of it are oriented unlinks, with the post-knot of K being a standard diagram of the
unlink. Suppose also that each band of K always has the same side facing upwards.
Consider the natural handle decomposition of the complement M of the oriented
knotted surface Σ determined by K. Let c1 , . . ., cm be the circles of the post-knot
of K, thus there exists one 3-handle of M for each ci . For each i = 1, . . ., m, let Si2
be a sphere (the attaching sphere of the associated 3-handle) containing the circle
ci in the region inside it, so that the other circles cj are outside. As before, suppose
that Si2 intersects the framed circles determined by the bands of K, transversally,
along the equator, so that each connected component of the intersection is a circle
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S 1 encircling the corresponding band; see Lemma 2.1. Recall that this type of
intersections are called essential.
Each sphere Si2 , where i = 1, 2, . . ., m, has a natural orientation induced by the
orientation of a ball in S 3 . Let {e1i , . . ., eni i } be the set of essential intersections of
the framed circles determined by the bands of K with Si2 (note that each framed
circle may intersect Si2 more than once), ordered as in Figure 16. By “intersections”
we mean connected components of the intersection of Si2 with the framed circles
determined by the bands.
The core of each band is oriented, by assumption. Let θij = 1 if, with respect to
the attaching sphere Si2 , the bit of band determining eji is pointing outwards, and
−1 otherwise.
Each intersection eji induces an element eji ∈ π2 (M (2) , M (1) ), determined by the
arc of band to which eji is encircling. This group element is the one provided from
the fact that the intersection eji bounds a disk embedded in the corresponding 2handle, parallel to its core. This disk is a connected component of the intersection of
the attaching sphere Si2 with the 2-handle; see Lemma 2.1. This discussion implies:
Theorem 2.6. The crossed module Π2 (M, M (1) ) can be presented by the map from
the set of bands of K into π1 (S 3 \ K− ) deﬁned in Proposition 2.4, considering the
2-relation
ni

j
(eji )θi = 1,
j=1

well deﬁned up to cyclic permutations, for each circle ci of the post-knot of K.
Proof. The crossed module Π2 (M (2) , M (1) ) is the free crossed module on the set of
bands of K and the attaching maps of the associated 2-handles; see Proposition 2.4.
The manifold M (3) obtained by attaching the 3-handles determined by the circles
of K+ to M (2) is homotopic to the space obtained by attaching a 3-cell along each
circle Si2 .
We now need to apply Theorem 1.10. The set of 2-relations yielding the fundamental crossed module Π2 (M (3) , M (1) ) is given by the elements ri of π2 (M (2) , M (1) )
determined by the attaching sphere Si2 of each 3-handle; here i = 1, . . ., m, where
m is the number of circles of the post-knot K+ of K. In terms of the generators of
π2 (M (2) , M (1) ) determined by the bands of the knot with bands, each of these ele i
j
(eji )θi . This follows from lemmas
ments is exactly given by the formula ri = nj=1
2.5 and 2.1.

Note that the 2-relation motivated by the attachment of a 3-handle at a maximal
point in principle depends on the chosen sphere S 2 containing the corresponding
circle of the post-knot K+ of K in the region inside it. The conﬁguration of this
attaching sphere will usually be as in Figure 10; so some bands of K may be entirely
in the region inside the chosen attaching sphere. In particular they do not appear
in the 2-relation motivated by the attachment of the 3-handle. This is because the
intersection of the attaching sphere with the framed circle determined by the band
is empty; see Figure 17 for one such example.
2.2.4. Simple examples. Consider the surface Σ1 represented by the knot with
bands K1 of Figure 18. Therefore Σ1 is a trivial embedding of a sphere S 2 in
S 4 . Let M1 be the complement of an open regular neighborhood of Σ1 , provided
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Figure 17. The 2-relations implied by the attachment of a 3handle at a maximal point in one particular example.
X

X
f

X
X−1  f

∂(f ) = XX − 1
X−1  f = 1

Figure 18. Calculation of Π2 (M1 , M (1) ). The knot on top is the
pre-knot of the knot with bands K1 on the bottom.
(1)

with the handle decomposition determined by K1 . The calculation of Π2 (M1 , M1 )
appears in Figure 18. This permits us to conclude that


f →1
(1)
Π2 (M1 , M1 ) = U {f } −−−→ F (X); X −1  f = 1 ,
where F (X) is the free group on the variable X.
Consider the knot with bands shown in Figure 19. Let M2 be the complement
of the knotted surface Σ2 represented by it. From Figure 19 we have


e→1
(1)
Π2 (M2 , M2 ) = U {e} −−−→ F (X); e = 1 .
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(1)

Figure 19. Calculation of Π2 (M2 , M2 ). The knot on top is the
pre-knot of the knot with bands K2 on the bottom.

(1)

Figure 20. Calculation of Π2 (M3 , M3 ). The knot on top is the
pre-knot of the knot with bands K3 on the bottom.
Likewise, consider the complement M3 of the knotted surface Σ3 represented by
the knot with bands K3 of ﬁgure 20. Then:
(1)

e→X −1 Y

Π2 (M3 , M3 ) = F {e} −−−−−−→ F (X, Y ) .
Here F (X, Y ) is the free group on the variables X and Y . Note that in this case we
can ﬁnd a sphere containing the post-knot of K3 in the region inside it that does
not intersect the unique band of K3 , hence there are no 2-relations motivated by
the attachment of 3-handles; see Theorem 2.6.
2.3. Spun trefoil. A knot with bands representing the Spun Trefoil (a knotted
sphere S 2 embedded in S 4 ) appears in Figure 21. This can be obtained for example
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Figure 21. Representing the Spun Trefoil by using a knot with bands.
from the marked vertex diagram of it in [31, Figure 5], by switching the marked
vertices to bands, and isotoping the ﬁnal result so that the post-knot of it is a
standard diagram of the unlink.
Let M = S 4 \ ν(Σ) be the complement of the Spun Trefoil Σ. We display
in Figure 22 the calculation of Π2 (M, M (1) ). This permits us to conclude that
Π2 (M, M (1) ) can be presented by the map {e, f } → F (X, Y ) such that e → A−1 X,
where A = XY XY X −1 Y −1 X −1 , and f → 1, also considering the 2-relations
(X −1  f )(Y −1 X −1  f −1 )(X −1 Y −1 X −1  f ) = 1
and
(X −1  f −1 )(X −1 Y −1 X −1  f −1 )(Y −1 X −1  f ) = 1.
Here F (X, Y ) is the free group on X and Y . Given that ∂(f ) = 1, it follows that all
the elements of the form Z  f , where Z ∈ π1 (M (1) ), are central in π2 (M (2) , M (1) ),
by the second condition of the deﬁnition of crossed modules. In particular the two
2-relations are equivalent; thus we can skip one of them.
See Section 3.2.2 for calculations in the Spun Hopf Link case.
2.3.1. The second homotopy group of the spun trefoil complement. The discussion
of Section 1.1.2 will now be needed. We want to determine the kernel of the map
π2 (M, M (1) ) → π1 (M (1) ), where M is the complement of the Spun Trefoil; cf. (1.2).
Let K ⊂ S 3 = R3 ∪ {∞} be a knot. Suppose that the projection on the last
variable is a Morse function in K. Then, similarly with the 4-dimensional case,
we have a handle decomposition of the complement of K, where minimal points
induce 1-handles of the complement and maximal points induce 2-handles. At
the end we have to attach one extra 3-handle, which will cancel out one of the 2handles previously attached. Therefore, the complement of the Trefoil Knot, shown
in Figure 23, admits a handle decomposition with one 0-handle, two 1-handles and
one 2-handle; see [23], exercise 6.2.2. Note that 2-dimensional CW-complexes with a
unique 2-cell are classiﬁed by their fundamental group, up to homotopy equivalence;
see [27].
Consider the CW-complex N with one 0-cell {∗}, two 1-cells X and Y and
a 2-cell e attaching along A−1 X. Here A = XY XY X −1 Y −1 X −1 . Then N is
homotopic to the Trefoil Knot complement. We can prove this for example from
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Figure 22. Calculation of Π2 (M, M (1) ), where M is the complement of the Spun Trefoil.

the fact that N has a unique 2-cell and its fundamental group is isomorphic to the
fundamental group of the Trefoil Knot complement. In particular π2 (N, ∗) = {0},
by the well known theorem (due to Papakyriakopoulos) asserting that 3-dimensional
(one component) knot complements are aspherical; see [37, 41]. On the other
hand, we can represent π2 (N, ∗) as ker{∂ : π2 (N, N 1 , ∗) → π1 (N 1 , ∗)}. Note that
Π2 (N, N 1 , ∗) is the free crossed module on the map e → A−1 X ∈ F (X, Y ).
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Figure 23. Trefoil Knot.
Let M be the complement of the Spun Trefoil, with handle decomposition
as above. Let R be the subgroup of π2 (M (2) , M (1) ) generated by the elements
B  f , where B ∈ F (X, Y ). Since ∂(f ) = 1, then (see Section 1.1.2) the group
π2 (M (2) , M (1) ) is the direct sum of π2 (N, N 1 , ∗) and R . Moreover, R is the free
.
abelian module with basis {f } over the group algebra of π1 (M ) = coker(∂) = G,
1
1
where ∂ : π2 (N, N , ∗) → π1 (N , ∗) = F (X, Y ), with the obvious action of F (X, Y ).
In addition, we have that G = F (X, Y )/ XA−1 = 1 , which is isomorphic with the
fundamental group of the complement of the Trefoil Knot.
Now, (X −1  f ) − (Y −1 X −1  f ) + (X −1 Y −1 X −1  f ) ∈ R (note that we switched
to additive notation). Consider the abelian Z(G)-module:
R=

R
.
(X −1  f ) − (Y −1 X −1  f ) + (X −1 Y −1 X −1  f ) = 0

Then it follows that π2 (M, M (1) ), as an F (X, Y )-module, is the direct sum of R
and π2 (N, N 1 , ∗).
The CW-complex N is aspherical; thus the kernel of the boundary map of
Π2 (M, M (1) ) when restricted to π2 (N, N 1 , ∗) is trivial. In particular, π2 (M ) =
ker{∂ : π2 (M, M (1) ) → π1 (M (1) )} = R. It follows that the second homotopy group
of the complement of the Spun Trefoil is the free abelian module over Z(G) with one
generator f and the relation (X −1  f ) − (Y −1 X −1  f ) + (X −1 Y −1 X −1  f ) = 0.
This is consistent with the calculation in [31].
3. The “crossed module invariant” of homotopy types
3.1. Deﬁnition of the invariant. Let M be a CW-complex. As we have seen
in Section 1.2.2, the fundamental crossed module Π2 (M, M 1 ) depends only on the
homotopy type of M , as a space, up to free products (in the category of crossed
modules) with Π2 (D2 , S 1 ). Given a cell decomposition of M , it is in principle
possible to obtain a presentation of Π2 (M, M 1 ). However, it may be diﬃcult to
distinguish between two crossed modules (up to free products with Π2 (D2 , S 1 ))
presented this way.
It is possible in some cases to distinguish between ﬁnitely generated groups by
using the Alexander’s Invariant (see [15]), or by counting the number of morphisms
from them into a ﬁnite group. The latter method can also be used, with due
adaptations, in the case of ﬁnitely generated crossed modules. We have:
Theorem 3.1. Let M be a ﬁnite CW-complex with a unique 0-cell, which we take to
be its base point ∗. Let G = (G, E, ∂, ) be a ﬁnite crossed module. Here ∂ : E → G
is a group morphism and  is a left action of G on E by automorphisms. The
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quantity



#Hom Π2 (M, M 1 ), G
IG (M ) =
(#E)b1 (M 1 )

is ﬁnite, does not depend on the CW-decomposition of M and is a homotopy invariant of M , as a space. Here b1 (M 1 ) denotes the ﬁrst Betti number of the 1-skeleton
M 1 of M .
We call this homotopy invariant of CW-complexes the “Crossed Module Invariant”.
Proof. The ﬁniteness of IG (M ) follows from the fact (Theorem 1.10) that if M is
ﬁnite, then the group π2 (M, M 1 ) is ﬁnitely generated as a module over π1 (M 1 ),
itself a ﬁnitely generated group.
Let N be a CW-complex with a unique 0-cell ∗ , such that N is homotopic to M
as a space. By the discussion in Section 1.2.2, there exist positive integers m and
n such that
Π2 (M, M 1 , ∗) ∨ Π2 (D2 , S 1 , ∗)∨n ∼
= Π2 (N, N 1 , ∗ ) ∨ Π2 (D2 , S 1 , ∗ )∨m .
By using the universal property deﬁning free products of crossed modules (Example
1.3) it follows that

n
#Hom(Π2 (M, M 1 , ∗), G) × #Hom(Π2 (D2 , S 1 , ∗), G)

m
= #Hom(Π2 (N, N 1 , ∗), G) × #Hom(Π2 (D2 , S 1 , ∗), G) .
Since Π2 (D2 , S 1 , ∗) = (Z, Z, id, ), where  is the trivial action, we have that
#Hom(Π2 (D2 , S 1 , ∗), G) = #E. The result follows from the fact that we necessarily have b1 (M 1 ) + n = b1 (N 1 ) + m; see the comments after Corollary 1.12. 
Let M be a compact manifold with a handle decomposition. In this case the
crossed module invariant IG (M ) can be calculated by using the crossed module
Π2 (M, M (1) ), where as before M (1) is the 1-handlebody of M , made out of the 0and 1-handles of M . This follows immediately from the discussion at the beginning
of the previous chapter.
The Crossed Module Invariant IG has the following geometric interpretation; see
[18, 20]. Let G be a ﬁnite crossed module. Then G has a classifying
space BG

with a natural base point ∗; see [8, 4]. Consider the space T OP (M, ∗), (BG , ∗) of
continuous maps (M, ∗) → (BG , ∗), provided with the k-iﬁcation of the compactopen topology. Then
IG (M ) =




f ∈ (M,∗),(BG ,∗)

 #π1



1

 .
T OP (M, ∗), (BG , ∗) , f






Here (M, ∗), (BG , ∗) = π0 T OP (M, ∗), (BG , ∗) denotes the set of pointed homotopy classes of maps (M, ∗) → (BG , ∗).
The results in this subsection extend in a natural way to crossed complexes; see
[18].
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3.1.1. Relation with algebraic 2-types. Recall that a 2-type is a path-connected
topological space M such that πk (M ) = {0}, ∀k > 2. If M is a connected CWcomplex with a base point ∗ which is a 0-cell, then T2 (M ) is the based cellular space
deﬁned from M 3 by killing all the homotopy groups πk (M ) of M with k > 2 in the
usual way; see for example [25, Example 4.17]. It is well known that T2 (M ) does
not depend on the CW-decomposition of M up to homotopy equivalence. If M is
a connected CW-complex, then the CW-complex T2 (M ) is called the topological
2-type of M , or, more commonly, the second Postnikov section of M .
Let M be a path-connected topological space. Then the algebraic 2-type of M
is given by the triple


A2 (M ) = π1 (M ), π2 (M ), k(M ) ,
where k ∈ H 3 (π1 (M ), π2 (M )) is the k-invariant (or ﬁrst Postnikov invariant) of
M ; see [32, 16, 33]. If M and N are CW-complexes, then their topological 2types (up to homotopy) coincide if and only if their algebraic 2-types coincide (up
1
to isomorphism); see
 [1, 16, 30]. 1On
 the other hand we have that Π2 (M, M ) =
3
1
Π2 (M , M ) = Π2 T2 (M ), T2 (M ) , where both equalities follow from the Cellular
Approximation Theorem. Therefore, we have:
Theorem 3.2. Let G be a ﬁnite crossed module. The homotopy invariant IG (M )
depends only on the (algebraic or topological) 2-type of M .
Therefore a natural issue is how useful the Crossed Module Invariant is for separating 2-types.
3.2. Applications to knotted surfaces. Theorem 3.1 tells us that we can deﬁne
invariants of knotted surfaces by considering the invariants IG of their complements
in S 4 , where G is a ﬁnite crossed module. The previous chapter provides us with
an algorithm for this type of calculation.
Recall the construction of a crossed module presented by a map, with 2-relations,
in Section 1.1. It follows immediately that:
Lemma 3.3. Suppose that G is a free group, say on the set L. Thus if G is a group,
then any map φ0 : L → G extends uniquely to a group morphism φ : G → G . Let
K = {m1 , . . ., mk } be a set provided with a map ∂0 : K → G. Also let {r1 , . . ., rn }
be a set of 2-relations in the free crossed module on the map ∂0 : K → G. Let
G  = (G , E  , ∂  ,  ) be a crossed module. There exists a one-to-one correspondence
between crossed module maps


∂0
U K −→
G; r1 , . . ., rn = 1 → G 
and pairs of maps φ0 : L → G and ψ0 : K → E  satisfying:
(1) (φ ◦ ∂0 )(mi ) = (∂  ◦ ψ0 )(mi ); i = 1, . . ., k,
(2) ψ(ri ) = 1E  , i = 1, . . ., n.
Here (φ, ψ) is the map F (∂0 : K → G) → G  determined by φ0 and ψ0 . In particular
if
r = (X1 , m1 )θ1 (X2 , m2 )θ2 . . .(Xl , ml )θl ,
where Xi ∈ G, mi ∈ K and θi ∈ Z, for i = 1, 2, . . . l, then
ψ(r) = (φ(X1 )  ψ0 (m1 ))θ1 (φ(X2 )  ψ0 (m2 ))θ2 . . .(φ(Xl )  ψ0 (ml ))θl ∈ E  .
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As an example, consider the knotted surface complements M1 , M2 and M3 of
Section 2.2.4. By the previous lemma it follows that
#G
#{X ∈ G, f ∈ E|∂(f ) = 1, X −1  f = 1}
=
,
#E
#E
#G
#{X ∈ G, e ∈ E|∂(e) = 1, e = 1}
IG (M2 ) =
=
,
#E
#E
#{X, Y ∈ G, e ∈ E|∂(e) = X −1 Y }
#G
IG (M3 ) =
.
=
2
#E
#E
IG (M1 ) =

In fact all these knotted surfaces are isotopic to the trivial knotted sphere.
Suppose that G = (G, E, ∂, ) is a ﬁnite crossed module with G abelian and that
∂ = 1G , from which it follows that E is abelian. Then if M is the complement of
the Spun Trefoil it follows that


# (X, f ) ∈ G × E : (X  f )(X 2  f −1 )(X 3  f )
.
IG (M ) =
#E
This agrees with the calculation in [17].
This information is suﬃcient for proving that the Spun Trefoil is knotted. For
example, consider the crossed module A = (Z2 , Z3 , ∂, ), where Z2 = {+1, −1},
with the trivial boundary map Z3 → Z2 . The action of Z2 = {+1, −1; ×} in
Z3 = {[0], [1], [2]; +} is a  v = av. Then IA (M ) = 4/3. However, if M1 is the
complement of the trivial knotted sphere, then IA (M1 ) = 2/3.
Notice that we would not have been able to prove this (known) fact if we had
used only the fundamental group of the complement of the Spun Trefoil and had
counted the number of morphisms from it into an abelian group, since the ﬁrst
homology group of a knotted surface complement depends only on the intrinsic
topology of the knotted surface, and not on the embedding. See also Remark 3.6
and Section 3.2.3.
3.2.1. A general algorithm. Let G = (G, E, ∂, ) be a ﬁnite crossed module and let
M = S 4 \ ν(Σ) be the complement of the knotted surface Σ. To calculate IG (M )
we do not need to determine Π2 (M, M (1) ) fully, which, since G veriﬁes relations of
its own, can be much more complicated than calculating IG (M ) alone. To this end
we deﬁne:
Deﬁnition 3.4 (G-coloring). Let K be a knot with bands representing some oriented knotted surface Σ. As usual, we suppose that K is provided with a regular
projection as before, such that the post-knot of K is a standard diagram of the
unlink and such that each band of K always has the same side facing upwards. Let
G = (G, E, ∂, ) be a ﬁnite crossed module. A G-coloring of K is an assignment of
an element of G to each arc of the pre-knot K− of K and an element of E to each
arc of the bands of K, satisfying the conditions of Figures 12, 13, 15 and 17. These
conditions should be interpreted in light of Theorem 2.6.
Note that the additional relations obtained when a thin component of K passes
under a fat component are dealt with by the Wirtinger relations for K− .
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By Lemma 3.3 it follows that:
Theorem 3.5. Let Σ ⊂ S 4 be an oriented knotted surface, and choose a knot with
bands K representing Σ, as well as a regular projection of K. Suppose that the
post-knot of K is a standard diagram of the unlink, and that each band of K always
has the same side facing upwards. Let G = (G, E, ∂, ) be a ﬁnite crossed module.
We have

 #{G-colorings of K}
.
IG S 4 \ ν(Σ) =
#E #{circles of K− }
Note that, given a knot with bands K representing the knotted surface Σ ⊂ S 4 ,
the handle decomposition of the complement of Σ in S 4 constructed from K has a
unique 0-handle and a 1-handle for each circle of the pre-knot K− of K.
The formula for IG (S 4 \ ν(Σ)) provided by the previous theorem simpliﬁes considerably when G = (G, E, ∂, ) is a crossed module with G abelian and ∂ = 1G ,
which implies E is abelian. In this case, for calculation purposes, all strands of a
knot with bands K can pass through each other, except when one is a thin component and the other is a band. In addition, the coloring of an arc of K− depends
only on the component of K− to which it belongs; see Figures 12,13, 15, and 17,
and adapt them to the case when G is abelian and ∂ = 1G .
Remark 3.6. We prove in [19] that the Crossed Module Invariant IG is strong
enough to distinguish some pairs (Σ, Σ ) of non-isotopic knotted surfaces with the
same fundamental group of the complement, and with Σ diﬀeomorphic with Σ as
2-dimensional manifolds; see also Section 3.2.3. In [38],
the
 it4 was asserted
 4existence



∼
S
S \ ν(Σ
spheres
such
that
π
\
ν(Σ)
π
)
of pairs Σ, Σ ⊂ S4 of knotted
=
1
1





over π1 S 4 \ ν(Σ) = π1 S 4 \
and π2 S 4 \ ν(Σ)  ∼
= π2 S 4 \ ν(Σ ) , as modules


4
4

ν(Σ ) , but with k S \ ν(Σ) = k S \ ν(Σ ) . Since the invariant IG (M ) depends
only on the algebraic 2-type of M (see Section 3.1.1), it would be interesting to
determine whether IG is strong, and practical, enough to distinguish between pairs
of embedded spheres with this property, completing the results of [19].
3.2.2. Spun Hopf Link. Consider the Spun Hopf Link Σ obtained by spinning the
Hopf Link depicted in Figure 24. Therefore Σ is an embedding of a disjoint union
of two tori S 1 × S 1 into S 4 . A knot with bands K representing the Spun Hopf Link
appears in Figure 25.
Let us calculate Π2 (M, M (1) ), where M is the complement of the Spun Hopf
Link, with the handle decomposition determined by K. This calculation appears
in Figure 26. This permits us to conclude that Π2 (M, M (1) ) is the crossed module
presented by the map {e, f, g, h} → F (X, Y ), where f, h → 1, e → X −1 Y XY −1
and g → X −1 Y −1 XY , considering the 2-relations
f (X  f −1 )h(Y  h−1 ) = 1
and
(X  f )f −1 (Y  h)h−1 = 1.
As usual, F (X, Y ) is the free group on the variables X and Y . These 2-relations
are equivalent, thus we can skip one of them. To prove this we need to use the fact
that ∂(h), ∂(f ) = 1, which implies that both h and f are central in π2 (M (2) , M (1) ).
Let G = (G, E, ∂, ) be a ﬁnite crossed module. We can easily calculate
IG S 4 \ ν(Σ) , for Σ the Spun Hopf Link, by using this calculation. Suppose that
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Figure 24. Hopf Link.

Figure 25. A knot with bands representing the Spun Hopf Link.
G = (G, E, ∂, ) is a ﬁnite crossed module with G abelian and ∂ = 1G . We have



IG (S 4 \ ν(Σ))= # X, Y ∈ G; f, h ∈ E f (X  f −1 )h(Y  h−1 ) = 1E .
This particularizes to IA (S 4 \ ν(Σ)) = 18, for the case when A = (Z2 , Z3 , ∂, ) is
the crossed module deﬁned in Section 3.2.
If T is the trivial embedding of a disjoint union of two tori we have, for any ﬁnite
crossed module G = (G, E, ∂, ),
IG (S \ ν(T )) =
4

(#G)(# ker ∂)2
#E

2

,

which specializes to
IG (S 4 \ ν(T )) = (#G)2 (#E)2
in the particular case for which G is abelian and ∂ = 1G . Comparing this with the
value for IA (S 4 \ ν(Σ)) when Σ is the Spun Hopf Link proves that Σ is knotted.
We can also determine the second homotopy group of the complement M of
the Spun Hopf Link from the presentation of the fundamental crossed module

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use

THE FUNDAMENTAL CROSSED MODULE

4625

Figure 26. Calculation of Π2 (M, M (1) ), where M = S 4 \ ν(Σ).
Here Σ is the Spun Hopf Link.

Π2 (M, M (1) ). Proceeding as in the case of the Spun Trefoil, it follows that π2 (M ) is
the quotient of the free abelian module over the group algebra of G = {X, Y |XY =
Y X} (the fundamental group of M ) with generators {z, f, h} by the relation X 
f − f + (Y  h) − h = 0.
To prove this, we need to use the fact that the CW-complex N constructed
with two 1-cells X and Y and two 2-cells e and g, attaching in a way such that
∂(e) = X −1 Y XY −1 , whereas ∂(g) = X −1 Y −1 XY , is such that π1 (N ) = G and
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Figure 27. A knot with bands K  representing the knotted surface Σ .

π2 (N ) is the free abelian module over Z(G) with basis {z}. This follows from the
fact that N ∼
= T 2 ∨ S 2 , easy to prove. Here T 2 = S 1 × S 1 is the torus.

3.2.3. Final example. Consider the knotted surface Σ obtained from the knot with
bands K  which appears in Figure 27. Similarly with the Spun Hopf Link, this
knotted surface is, topologically, diﬀeomorphic with the disjoint union of two tori
S1 × S1.
Let us determine Π2 (N, N (1) ), where N = S 4 \ ν(Σ ), with the handle decomposition determined by K  . This calculation appears in Figure 28. This permits us to conclude that Π2 (N, N (1) ) is the crossed module presented by the map
{e, f, g, h} → F (X, Y ), where f, h, g → 1 and e → X −1 Y XY −1 , considering the
2-relation f (X  f −1 ) = 1. Recall that F (X, Y ) is the free group on the variables
X and Y .
Let G = (G, E,∂, ) be a ﬁnite
crossed module. By using this calculation, we

can determine IG S 4 \ ν(Σ ) . Suppose that G = (G, E, ∂, ) is a ﬁnite crossed
module with G abelian and ∂ = 1G . We have



IG (S 4 \ ν(Σ ))= #G#E# X ∈ G; f ∈ E f (X  f −1 ) = 1E .
This particularizes to IA (S 4 \ ν(Σ )) = 24, for the case when A = (Z2 , Z3 , ∂, )
is the crossed module deﬁned in Section 3.2. This in particular proves that Σ is
knotted and that Σ is not isotopic to the Spun Hopf Link Σ.
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Figure 28. Calculation of Π2 (N, N (1) ), where N = S 4 \ ν(Σ ).
Here Σ is represented by the knot with bands K  of Figure 27.

Note that the fundamental groups of the complements of Σ and Σ each are
isomorphic with Z ⊕ Z (this can be inferred from the presentations of the fundamental crossed modules of them). Therefore Σ and Σ are two knotted surfaces
(each a disjoint union of two tori S 1 × S 1 ) with the same fundamental group of the
complement, but distinguished by their crossed module invariants. This example
appears in [19].
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