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SELF DELTA-EQUIVALENCE FOR LINKS

WHOSE MILNOR’S ISOTOPY INVARIANTS VANISH

AKIRA YASUHARA

Dedicated to Professor Tetsuo Shibuya on his 60th birthday.

Abstract. For an 𝑛-component link, Milnor’s isotopy invariants are defined
for each multi-index 𝐼 = 𝑖1𝑖2...𝑖𝑚 (𝑖𝑗 ∈ {1, ..., 𝑛}). Here 𝑚 is called the length.
Let 𝑟(𝐼) denote the maximum number of times that any index appears in 𝐼.
It is known that Milnor invariants with 𝑟 = 1, i.e., Milnor invariants for all
multi-indices 𝐼 with 𝑟(𝐼) = 1, are link-homotopy invariant. N. Habegger and
X. S. Lin showed that two string links are link-homotopic if and only if their
Milnor invariants with 𝑟 = 1 coincide. This gives us that a link in 𝑆3 is link-
homotopic to a trivial link if and only if all Milnor invariants of the link with
𝑟 = 1 vanish. Although Milnor invariants with 𝑟 = 2 are not link-homotopy
invariants, T. Fleming and the author showed that Milnor invariants with 𝑟 ≤ 2
are self Δ-equivalence invariants. In this paper, we give a self Δ-equivalence
classification of the set of 𝑛-component links in 𝑆3 whose Milnor invariants
with length ≤ 2𝑛 − 1 and 𝑟 ≤ 2 vanish. As a corollary, we have that a link

is self Δ-equivalent to a trivial link if and only if all Milnor invariants of the
link with 𝑟 ≤ 2 vanish. This is a geometric characterization for links whose
Milnor invariants with 𝑟 ≤ 2 vanish. The chief ingredient in our proof is
Habiro’s clasper theory. We also give an alternate proof of a link-homotopy
classification of string links by using clasper theory.

1. Introduction

For an 𝑛-component link 𝐿, the Milnor invariant 𝜇𝐿(𝐼) is defined for each multi-
index 𝐼 = 𝑖1𝑖2...𝑖𝑚 (𝑖𝑗 ∈ {1, ..., 𝑛}) [18, 19]. Here 𝑚 is called the length of 𝜇𝐿(𝐼)
and denoted by ∣𝐼∣. Let 𝑟(𝐼) denote the maximum number of times that any index
appears in 𝐼. For example, 𝑟(1123) = 2, 𝑟(1231223) = 3. It is known that if
𝑟(𝐼) = 1, then 𝜇𝐿(𝐼) is a link-homotopy invariant [18], where link-homotopy is an
equivalence relation on links generated by self-crossing changes. Similarly, for a
string link 𝐿, the Milnor invariant 𝜇𝐿(𝐼) is defined [9]. While Milnor invariants are
not strong enough to give a link-homotopy classification for links, they are complete
for string links. In fact, the following is given by N. Habegger and X. S. Lin [9].

Received by the editors July 17, 2007.
2000 Mathematics Subject Classification. Primary 57M25, 57M27.
Key words and phrases. Δ-move, self Δ-move, 𝐶𝑛-move, link-homotopy, self Δ-equivalence,

Milnor invariant, string link, Brunnian link, clasper.
The author was partially supported by a Grant-in-Aid for Scientific Research (C) (#18540071)

of the Japan Society for the Promotion of Science.

c⃝2009 American Mathematical Society
Reverts to public domain 28 years from publication

4721



4722 A. YASUHARA

Ck-move

0 1 2 k-1 k 0 1 2 k-1 k

Figure 1.1. A 𝐶𝑘-move involves 𝑘 + 1 strands of a link

Theorem 1.1 ([9]). Two 𝑛-component string links 𝐿 and 𝐿′ are link-homotopic if
and only if 𝜇𝐿(𝐼) = 𝜇𝐿′(𝐼) for any 𝐼 with 𝑟(𝐼) = 1.

We will give an alternate proof in section 4 via clasper theory. Actually we will
give representatives determined by Milnor link-homotopy invariants for the link-
homotopy classes explicitly; see Theorem 4.3. As a corollary, we have that for
𝑛-component string links 𝐿 and 𝐿′, and for a positive integer 𝑘 (𝑘 ≤ 𝑛), 𝜇𝐿(𝐼) =
𝜇𝐿′(𝐼) for any 𝐼 with 𝑟(𝐼) = 1 and ∣𝐼∣ ≤ 𝑘 if and only if 𝐿 and 𝐿′ are transformed
into each other by combining link-homotopies and 𝐶𝑘-moves; see Corollary 4.5. A
𝐶𝑘-move is a local move on (string) links as illustrated in Figure 1.1. (A 𝐶1-move
is defined as the crossing change.) These local moves were introduced by Habiro
[10]. The 𝐶𝑘-move generates an equivalence relation on (string) links, called the
𝐶𝑘-equivalence.
For a string link 𝐿, let cl(𝐿) denote the closure of 𝐿. It follows from the definitions

that 𝜇𝐿(𝐼) = 𝜇cl(𝐿)(𝐼) if 𝜇𝐿(𝐽) = 0 for any 𝐽 with ∣𝐽 ∣ < ∣𝐼∣. Since the Milnor
invariants of trivial (string) links are 0, this and Theorem 1.1 imply the following.
The theorem below is also shown by J. Milnor [18].

Theorem 1.2 ([18, 9]). A link 𝐿 in 𝑆3 is link-homotopic to a trivial link if and
only if 𝜇𝐿(𝐼) = 0 for any 𝐼 with 𝑟(𝐼) = 1.

Although Milnor invariants with 𝑟 ≥ 2, i.e., Milnor invariants for all multi-index
𝐼 with 𝑟(𝐼) ≥ 2, are not necessarily link-homotopy invariants, they are general-
ized link-homotopy invariants. In fact, Fleming and the author [4] showed that
Milnor invariants with 𝑟 ≤ 𝑘 are self 𝐶𝑘-equivalence invariants, where the self 𝐶𝑘-
equivalence is an equivalence relation on (string) links generated by self 𝐶𝑘-moves,
and a self 𝐶𝑘-move is a 𝐶𝑘-move where all the strands belong to the same compo-
nent of a (string) link [26].
The 𝐶𝑘-move can also be defined by using the theory of claspers (see section 2).

The (self) 𝐶𝑛-equivalence relation becomes finer as 𝑛 increases, i.e., the (self) 𝐶𝑚-
equivalence implies the (self) 𝐶𝑘-equivalence for 𝑚 > 𝑘. We remark that a (self)
𝐶2-move is equivalent to a (self) Δ-move defined by [21]. The Δ-move is defined
as a local move as illustrated in Figure 1.2. We call the (self) 𝐶2-equivalence the
(self) Δ-equivalence.
A self Δ-equivalence classification of 2-component links was shown by

Y. Nakanishi and Y. Ohyama [22]. It is still open for links with at least 3 compo-
nents. Here we give the following theorem.

Theorem 1.3. Let 𝐿 and 𝐿′ be 𝑛-component links. Suppose that 𝜇𝐿(𝐼) = 𝜇𝐿′(𝐼) =
0 for any 𝐼 with ∣𝐼∣ ≤ 2𝑛− 1 and 𝑟(𝐼) ≤ 2. Then 𝐿 and 𝐿′ are self Δ-equivalent if
and only if 𝜇𝐿(𝐽) = 𝜇𝐿′(𝐽) for any 𝐽 with ∣𝐽 ∣ = 2𝑛 and 𝑟(𝐽) = 2.
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Remark 1.4. (1) The ‘only if’ part follows directly from the fact that Milnor in-
variants with 𝑟 ≤ 𝑘 are self 𝐶𝑘-equivalence invariants [4].
(2) In the last section, we characterize 𝑛-component links whose Milnor invariants

of length ≤ 2𝑛 − 1 and 𝑟 ≤ 2 vanish. More precisely, the Milnor invariants of an
𝑛-component link with length ≤ 2𝑛 − 1 and 𝑟 ≤ 2 vanish if and only if, for any
integer 𝑖 in {1, ..., 𝑛}, it is self Δ-equivalent to a Brunnian link 𝐿𝑖 such that the 𝑖th
component𝐾 of 𝐿𝑖 is null-homotopic in 𝑆

3∖(𝐿𝑖−𝐾) (Theorem 6.3). As an example,
we will give a 3-component Brunnian link 𝐿 = 𝐾1 ∪𝐾2 ∪𝐾3 such that 𝐾1 is not
null-homotopic in 𝑆3 ∖ (𝐿−𝐾1) and 𝐾𝑖 is null-homotopic in 𝑆

3 ∖ (𝐿−𝐾𝑖) (𝑖 = 2, 3)
(Example 6.4). In particular, 𝐿 is link-homotopic to a trivial link. There is no
such link with 2 components, i.e., if a 2-component link is link-homotopic to a
trivial link, then it is self Δ-equivalent to a Brunnian link 𝐾1 ∪𝐾2 such that 𝐾𝑖 is
null-homotopic in 𝑆3 ∖𝐾𝑗 ({𝑖, 𝑗} = {1, 2}).
For 2-component links, Theorem 1.2 can be generalized [22]. Theorem 1.3 gives

us the following corollary, which is a generalization of Theorem 1.2 for links with
arbitrarily many components. This gives us a geometric characterization for links
whose Milnor invariants with 𝑟 ≤ 2 vanish.
Corollary 1.5. A link 𝐿 is self Δ-equivalent to a trivial link if and only if 𝜇𝐿(𝐼) = 0
for any 𝐼 with 𝑟(𝐼) ≤ 2.
Remark 1.6. (1) This corollary gives an affirmative answer for an open question
raised in [4].
(2) For string links, Corollary 1.5 does not hold, i.e., there are 2-string links

such that their Milnor invariants 𝜇(𝐼) with 𝑟(𝐼) ≤ 2 vanish and they are not self
Δ-equivalent to a trivial string link [5].
(3) Since a 𝐶𝑘-move (𝑘 ≥ 3) is not an unknotting operation, it is impossible to

generalize the corollary above. It is reasonable to consider the following question:
If 𝜇𝐿(𝐼) = 0 for any 𝐼 with 𝑟(𝐼) ≤ 𝑘, then is 𝐿 self 𝐶𝑘-equivalent to a completely
split link? Fleming and the author gave a negative answer to the question [4]. In
fact, there is a 2-component boundary link 𝐿 such that 𝐿 is not self 𝐶3-equivalent
to a split link. Note that all Milnor invariants of a boundary link vanish. We will
give the definition of a boundary link after Remark 1.8.

By combining Lemma 3.2 ([19, Theorem 7]), Theorem 1.2 and Corollary 1.5, we
have the following corollary.

Corollary 1.7. Let 𝐿 be an 𝑛-component link and let 𝐿(2) be a 2𝑛-component link
obtained from 𝐿 by replacing each component of 𝐿 with two zero framed parallel
copies of it. Then 𝐿 is self Δ-equivalent to a trivial link if and only if 𝐿(2) is
link-homotopic to a trivial link.

Remark 1.8. For an 𝑛-component link 𝐿, let 𝐿(𝑘) be a 𝑘𝑛-component link obtained
from 𝐿 by replacing each component of 𝐿 with 𝑘 zero framed parallel copies of it.

Figure 1.2
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In the proof of [4, Theorem 2.1], it is shown that if two links 𝐿 and 𝐿′ are self
𝐶𝑘-equivalent, then 𝐿(𝑘) and 𝐿

′(𝑘) are link homotopic. So one might expect that
if 𝐿(2) and 𝐿′(2) are link homotopic, then 𝐿 and 𝐿′ are self Δ-equivalent. But
this is not true. The reason is the following: There are 2-component links 𝐿 and
𝐿′ such that they are concordant and are not self Δ-equivalent [23], [24]. The fact
that 𝐿 and 𝐿′ are concordant implies that 𝐿(2) and 𝐿′(2) are concordant. Since
link-concordance implies link-homotopy [6], [7], 𝐿(2) and 𝐿′(2) are link-homotopic.

An 𝑛-component link 𝐿 = 𝐾1 ∪ ⋅ ⋅ ⋅ ∪ 𝐾𝑛 is called a boundary link if there is
a disjoint union 𝑋 = 𝐹1 ∪ ⋅ ⋅ ⋅ ∪ 𝐹𝑛 of orientable surfaces such that ∂𝑋 = 𝐿 and
∂𝐹𝑖 = 𝐾𝑖 (𝑖 = 1, 2, ..., 𝑛). An 𝑛-component link 𝐿 is called a homology boundary
link if 𝜋1(𝑆

3 ∖𝐿) admits an epimorphism from 𝜋1(𝑆
3 ∖𝐿) to a free group of rank 𝑛

[28]. Every boundary link is a homology boundary link. T. Shibuya and the author
showed that all boundary links are self Δ-equivalent to trivial links [27]. In [25],
Shibuya showed that all ribbon links are self Δ-equivalent to trivial links.
Whether homology boundary links are self Δ-equivalent to trivial links and

whether slice links are self Δ-equivalent to trivial links have remained as open
questions. Since all Milnor invariants of homology boundary links vanish, and since
Milnor invariants are concordance invariants [1], we have the following corollary,
which gives affirmative answers for the open questions.

Corollary 1.9. If 𝐿 is concordant to a homology boundary link, then 𝐿 is self
Δ-equivalent to a trivial link.

2. Claspers

Let us briefly recall from [11] the basic notions of clasper theory for (string)
links. In this paper, we essentially only need the notion of a 𝐶𝑘-tree. For a general
definition of claspers, we refer the reader to [11].
Let 𝐿 be a link in 𝑆3 (resp. a string link in 𝐷2 × 𝐼). An embedded disk 𝐹 in

𝑆3 (resp. 𝐷2 × 𝐼) is called a tree clasper for 𝐿 if it satisfies the following (1), (2)
and (3):
(1) 𝐹 is decomposed into disks and bands, called edges, each of which connects

two distinct disks.
(2) The disks have either 1 or 3 incident edges, called leaves or nodes respectively.
(3) 𝐿 intersects 𝐹 transversely and the intersections are contained in the union

of the interior of the leaves.
The degree of a tree clasper is the number of leaves minus 1. (In [11], a tree

clasper and a leaf are called a strict tree clasper and a disk-leaf respectively.) A
degree 𝑘 tree clasper is called a 𝐶𝑘-tree (or a 𝐶𝑘-clasper). A 𝐶𝑘-tree is simple if
each leaf intersects 𝐿 at one point.
We will make use of the drawing convention for claspers of [11, Fig. 7], except

for the following: ⊕ on an edge represents a positive half-twist. (This replaces the
convention of a circled 𝑆 used in [11].)
Given a 𝐶𝑘-tree 𝑇 for a (string) link 𝐿, there is a procedure to construct a

framed link 𝛾(𝑇 ) in a regular neighborhood of 𝑇 . Surgery along 𝑇 means surgery
along 𝛾(𝑇 ). Since there exists an orientation-preserving homeomorphism, fixing
the boundary, from the regular neighborhood 𝑁(𝑇 ) of 𝑇 to the manifold 𝑁(𝑇 )𝑇
obtained from 𝑁(𝑇 ) by surgery along 𝑇 , surgery along the 𝐶𝑘-tree 𝑇 can be re-
garded as a local move on 𝐿. We say that the resulting link 𝐿𝑇 is obtained from



SELF DELTA-EQUIVALENCE FOR LINKS 4725

Figure 2.1. Surgery along a simple 𝐶𝑘-tree

𝐿 by surgery along 𝑇 . In particular, surgery along a simple 𝐶𝑘-tree, illustrated in
Figure 2.1, is equivalent to band-summing a copy of the (𝑘+1)-component Milnor
link (see [18, Fig. 7]) and is equivalent to a 𝐶𝑘-move as defined in the introduction
(Figure 1.1). Similarly, for a disjoint union of trees 𝑇1 ∪ ⋅ ⋅ ⋅ ∪ 𝑇𝑚 for 𝐿, we can
define 𝐿𝑇1∪⋅⋅⋅∪𝑇𝑚

as a link obtained by surgery along 𝑇1∪⋅ ⋅ ⋅∪𝑇𝑚. We often regard
𝐿∪𝑇1 ∪ ⋅ ⋅ ⋅∪𝑇𝑚 as 𝐿𝑇1∪⋅⋅⋅∪𝑇𝑚

. A 𝐶𝑘-tree 𝑇 having the shape of the tree clasper in
Figure 2.1 is called linear, and the left-most and right-most leaves of 𝑇 in Figure
2.1 are called the ends of 𝑇 . Recall that a 𝐶𝑘-tree is an embedded disk. For a
linear 𝐶𝑘-tree 𝑇 , the ends of 𝑇 are uniquely determined.
It is known that the 𝐶𝑘-equivalence as defined in section 1 coincides with the

equivalence relation on links generated by surgery along 𝐶𝑘-trees and ambient iso-
topy. Two (string) links 𝐿 and 𝐿′ are 𝐶𝑘-equivalent if and only if there is a disjoint
union of simple 𝐶𝑘-trees 𝐺1∪⋅ ⋅ ⋅∪𝐺𝑚 such that 𝐿

′ is ambient isotopic to 𝐿𝐺1∪⋅⋅⋅∪𝐺𝑚

[11, Theorem 3.17].
Let 𝐿 = 𝐾1 ∪ ⋅ ⋅ ⋅ ∪𝐾𝑛 be an 𝑛-component (string) link. A (simple) 𝐶𝑘-tree 𝑇

for 𝐿 is a (simple) 𝐶𝑎
𝑘 -tree (resp. 𝐶

𝑑
𝑘 -tree, 𝐶

𝑠
𝑘-tree) if it satisfies the following:

(1) For each leaf 𝑓 of 𝑇 , 𝑓 ∩ 𝐿 is contained in a single component of 𝐿, and
(2) ∣{𝑖 ∣ 𝑇 ∩𝐾𝑖 ∕= ∅}∣ = 𝑛 (resp. = 𝑘 + 1, 1).

Note that 𝑛 is the number of components of 𝐿 and that 𝑘+1 is the number of leaves
of 𝑇 . If 𝑇 is simple, 𝑇 always satisfies the condition (1). The superscript 𝑎 (resp.
𝑑 and 𝑠) stands for trees grasping all components (resp. distinct components and
a single component). For an 𝑛-component link 𝐿, there exist 𝐶𝑎

𝑘 -trees for 𝐿 if and
only if 𝑛 ≤ 𝑘+1, there exist 𝐶𝑑

𝑘 -trees for 𝐿 if and only if 𝑛 ≥ 𝑘+1, and there exist
𝐶𝑠
𝑘-trees for 𝐿 for any 𝑘 ≥ 1. The 𝐶∗

𝑘-equivalence (∗ = 𝑎, 𝑑, 𝑠) is an equivalence
relation on (string) links generated by surgery along 𝐶∗

𝑘 -trees and ambient isotopy.
Note that 𝐶𝑠

𝑘-equivalence is the same as self 𝐶𝑘-equivalence. In particular, 𝐶
𝑠
𝑘-

equivalence coincides with the link-homotopy and self Δ-equivalence for 𝑘 = 1 and
𝑘 = 2 respectively. For a simple 𝐶𝑘-tree 𝑇 , the set {𝑖 ∣ 𝑇 ∩𝐾𝑖 ∕= ∅} is called the
index of 𝑇 , and is denoted by index(𝑇 ). Let 𝑟𝑖(𝑇 ) be the number of intersection
points in 𝑇 ∩𝐾𝑖 (𝑖 = 1, ..., 𝑛). The (𝐶

𝑠
𝑙 + 𝐶∗

𝑘)-equivalence (𝐶
∗
𝑘 = 𝐶𝑘, 𝐶

𝑎
𝑘 , or 𝐶

𝑑
𝑘)

is an equivalence relation on (string) links generated by surgery along 𝐶𝑠
𝑙 -trees or

𝐶∗
𝑘 -trees and ambient isotopy. By arguments similar to those in the proof of [11,
Theorem 3.17], we have that two (string) links 𝐿 and 𝐿′ are (𝐶𝑠

𝑙 + 𝐶∗
𝑘)-equivalent

if and only if there is a disjoint union of simple 𝐶𝑠
𝑙 -trees or 𝐶

∗
𝑘-trees 𝑇1 ∪ ⋅ ⋅ ⋅ ∪ 𝑇𝑚

such that 𝐿′ is ambient isotopic to 𝐿𝑇1∪⋅⋅⋅∪𝑇𝑚
. We use the notation 𝐿

𝐶∗
𝑘∼ 𝐿′ (resp.

𝐿
𝐶𝑠

𝑙 +𝐶∗
𝑘∼ 𝐿′) for 𝐶∗

𝑘 -equivalent (resp. (𝐶
𝑠
𝑙 + 𝐶∗

𝑘)-equivalent) links 𝐿 and 𝐿
′.

Recall that a string link is a tangle without closed components (see [9] for a
precise definition). The set of ambient isotopy classes of 𝑛-component string links
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Figure 2.3. Sliding a leaf over another leaf

has a monoid structure with composition given by the stacking product, denoted
by ∗, and with the trivial 𝑛-component string link 1𝑛 as the unit element.
In the following, we give several lemmas. The proofs of Lemmas 2.1, 2.2 and

2.4 are essentially given in [11] (see also section 1.4 in [15]), and Lemma 2.5 is
essentially shown in [8] (see also [3], [16]). These proofs in [3], [11], [15], [16] rely
on Habiro’s zip construction [11, section 3.3]. Lemmas 2.1, 2.2, 2.4 and 2.5 below
follow from straightforward refinements of those proofs, keeping track of the index
and 𝑟𝑗 of claspers.

Lemma 2.1 (cf. [11, Propositions 4.5, 4.6]). Let 𝑇 be a simple 𝐶𝑘-tree for an
𝑛-component (string) link 𝐿, and let 𝑇 ′ (resp. 𝑇 ′′, and 𝑇 ′′′) be obtained from 𝑇 by
changing a crossing of an edge and the 𝑖th component 𝐾𝑖 of 𝐿 (resp. an edge of 𝑇 ,
and an edge of another simple tree clasper 𝐺) (see Figure 2.2). Then

(1) 𝐿𝑇
𝐶𝑘+1∼ 𝐿𝑇 ′ , and the 𝐶𝑘+1-equivalence is realized by surgery along simple

𝐶𝑘+1-trees with index index(𝑇 ) ∪ {𝑖} and 𝑟𝑗 ≥ 𝑟𝑗(𝑇 ) (𝑗 = 1, ..., 𝑛).

(2) 𝐿𝑇
𝐶𝑘+1∼ 𝐿𝑇 ′′ , 𝐿𝑇∪𝐺

𝐶𝑘+1∼ 𝐿𝑇 ′′′∪𝐺, and the 𝐶𝑘+1-equivalence is realized by
surgery along simple 𝐶𝑘+1-trees with 𝑟𝑗 ≥ 𝑟𝑗(𝑇 ) (𝑗 = 1, ..., 𝑛).

Proof. (1) In the proof of [11, Proposition 4.5], by using zip construction, it is
shown that 𝐿𝑇 ′ is obtained from 𝐿𝑇 by surgery along a simple 𝐶𝑘+1-tree 𝐻. It is
not hard to see that index(𝐻) = index(𝑇 ) ∪ {𝑖} and 𝑟𝑗(𝐻) ≥ 𝑟𝑗(𝑇 ) (𝑗 = 1, ..., 𝑛)
under the zip construction.
(2) Since 𝑇 and𝐺 are tree claspers, 𝑇 ′′ and 𝑇 ′′′ are obtained from 𝑇 by combining

ambient isotopy and changing crossings of an edge of 𝑇 and components of 𝐿.
Lemma 2.1 (1) completes the proof. □

Lemma 2.2 (cf. [11, Propositions 4.4]). Let 𝑇1 (resp. 𝑇2) be a simple 𝐶𝑘-tree
(resp. a simple tree clasper) for an 𝑛-component (string) link 𝐿, and let 𝑇 ′

1 be
obtained from 𝑇1 by sliding a leaf of 𝑇1 over a leaf of 𝑇2 (see Figure 2.3). Then

𝐿𝑇1∪𝑇2

𝐶𝑘+1∼ 𝐿𝑇 ′
1∪𝑇2

, and the 𝐶𝑘+1-equivalence is realized by surgery along simple
𝐶𝑘+1-trees with 𝑟𝑗 ≥ 𝑟𝑗(𝑇1) (𝑗 = 1, ..., 𝑛).

Proof. Note that 𝐿𝑇1∪𝑇2
= (𝐿𝑇2

)𝑇1
and 𝐿𝑇 ′

1∪𝑇2
= (𝐿𝑇2

)𝑇 ′
1
. Hence 𝑇 ′

1 is ob-
tained from 𝑇1 by changing crossings of edges of 𝑇1 and components of 𝐿𝑇2

. By
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Lemma 2.1 (1),

𝐿𝑇1∪𝑇2
= (𝐿𝑇2

)𝑇1

𝐶𝑘+1∼ (𝐿𝑇2
)𝑇 ′

1
= 𝐿𝑇 ′

1∪𝑇2
,

and the 𝐶𝑘+1-equivalence is realized by surgery along simple 𝐶𝑘+1-trees with 𝑟𝑗 ≥
𝑟𝑗(𝑇1) (𝑗 = 1, ..., 𝑛). □

Remark 2.3. In Lemma 2.1 (2), it follows from [11, Proposition 4.6] that if 𝐺 is
a simple 𝐶𝑙-tree, then 𝐿𝑇∪𝐺 is 𝐶𝑘+𝑙+1-equivalent to 𝐿𝑇 ′′′∪𝐺. It is not hard to
see that the 𝐶𝑘+𝑙+1-equivalence is realized by surgery along a simple 𝐶𝑘+𝑙+1-tree
with 𝑟𝑗 = 𝑟𝑗(𝑇 ) + 𝑟𝑗(𝐺) (𝑗 = 1, ..., 𝑛). Similarly, in Lemma 2.2, it follows from
[11, Proposition 4.4] that if 𝑇2 is a simple 𝐶𝑙-tree, then 𝐿𝑇1∪𝑇2

is 𝐶𝑘+𝑙-equivalent
to 𝐿𝑇 ′

1∪𝑇2
. Moreover, for each 𝑗 = 1, ..., 𝑛, the 𝐶𝑘+𝑙-equivalence is realized by

surgery along a simple 𝐶𝑘+𝑙-tree with 𝑟𝑗 = 𝑟𝑗(𝑇1) + 𝑟𝑗(𝑇2) − 1 if the strand of 𝐿
in Figure 2.3 passing through the leaves of 𝑇1 and 𝑇2 is the 𝑗th component of 𝐿,
or with 𝑟𝑗 = 𝑟𝑗(𝑇1) + 𝑟𝑗(𝑇2) otherwise. Since we do not need such strong results
to show our results in this paper, we only mention them as a remark but not as
lemmas.

Lemma 2.4 (cf. [11, Claim on p.36]). Let 𝑇 be a simple 𝐶𝑘-tree for 1𝑛 and let
𝑇 be a simple 𝐶𝑘-tree obtained from 𝑇 by adding a half-twist on an edge. Then

(1𝑛)𝑇 ∗ (1𝑛)𝑇
𝐶𝑘+1∼ 1𝑛, and the 𝐶𝑘+1-equivalence is realized by surgery along simple

𝐶𝑘+1-trees with 𝑟𝑗 ≥ 𝑟𝑗(𝑇 ) (𝑗 = 1, ..., 𝑛).

Proof. In the proof of [11, Claim on p.36], it is seen that there is a simple 𝐶𝑘-tree

𝑇
′
for 1𝑛 such that (1𝑛)𝑇∪𝑇

′ is ambient isotopic to 1𝑛 and 𝑇
′
is obtained from 𝑇

by changing crossings of edges of 𝑇 and components of 1𝑛. By Lemma 2.1 (1),

(1𝑛)𝑇 ∗ (1𝑛)𝑇
𝐶𝑘+1∼ (1𝑛)𝑇 ∗ (1𝑛)𝑇 ′ ,

and by Lemmas 2.1 (2) and 2.2,

(1𝑛)𝑇 ∗ (1𝑛)𝑇 ′
𝐶𝑘+1∼ (1𝑛)𝑇∪𝑇 ′ = 1𝑛.

Moreover the 𝐶𝑘+1-equivalence above is realized by surgery along simple 𝐶𝑘+1-trees
with 𝑟𝑗 ≥ 𝑟𝑗(𝑇 )(= 𝑟𝑗(𝑇 )) for each 𝑗 = 1, ..., 𝑛. □

Lemma 2.5 (cf. [8, Theorem 6.7], [16, Lemma 2.9]). Consider simple 𝐶𝑘-trees
𝑇𝐼 , 𝑇𝐻 and 𝑇𝑋 for 1𝑛 which differ only in a small ball as illustrated in Figure 2.4.

Then (1𝑛)𝑇𝐼

𝐶𝑘+1∼ (1𝑛)𝑇𝐻
∗ (1𝑛)𝑇𝑋

, and the 𝐶𝑘+1-equivalence is realized by surgery
along simple 𝐶𝑘+1-trees with 𝑟𝑗 ≥ 𝑟𝑗(𝑇𝐼) (𝑗 = 1, ..., 𝑛).

Proof. By arguments similar to those in the proof of [16, Lemma 2.9], we have that
there are two simple 𝐶𝑘-trees 𝑇

′
𝐻 and 𝑇 ′

𝑋 for 1𝑛 such that (1𝑛)𝑇 ′
𝐻∪𝑇 ′

𝑋
is ambient

isotopic to (1𝑛)𝑇𝐼
, and 𝑇 ′

𝐻 (resp. 𝑇 ′
𝑋) is obtained from 𝑇𝐻 (resp. 𝑇𝑋) by changing

Figure 2.4. The IHX relation for 𝐶𝑘-trees



4728 A. YASUHARA

Figure 2.5. Splitting a leaf. The bunch of parallel strands passing
through 𝑓 is a bunch of strands of components of 1𝑛

crossings of edges of 𝑇𝐻 (resp. 𝑇𝑋) and components of 1𝑛. By Lemmas 2.1 and
2.2,

(1𝑛)𝑇𝐻
∗ (1𝑛)𝑇𝑋

𝐶𝑘+1∼ (1𝑛)𝑇 ′
𝐻
∗ (1𝑛)𝑇 ′

𝑋

𝐶𝑘+1∼ (1𝑛)𝑇 ′
𝐻∪𝑇 ′

𝑋
= (1𝑛)𝑇𝐼

,

and the 𝐶𝑘+1-equivalence is realized by surgery along simple 𝐶𝑘+1-trees with 𝑟𝑗 ≥
𝑟𝑗(𝑇𝐼) (𝑗 = 1, ..., 𝑛). □

By combining the proof of [11, Claim on p.26] and Lemmas 2.1 and 2.2 (or [11,
Propositions 4.4, 4.5 and 4.6]), we have the following.

Lemma 2.6 (cf. [11, Claim on p.26]). Let 𝐺 be a 𝐶𝑘-tree for 1𝑛. Let 𝑓1 and 𝑓2 be
two disks obtained by splitting a leaf 𝑓 of 𝐺 along an arc 𝛼 as shown in Figure 2.5

(i.e., 𝑓 = 𝑓1 ∪ 𝑓2 and 𝑓1 ∩ 𝑓2 = 𝛼). Then, (1𝑛)𝐺
𝐶𝑘+1∼ (1𝑛)𝐺1

∗ (1𝑛)𝐺2
, where 𝐺𝑖

denotes the 𝐶𝑘-tree for 1𝑛 obtained from 𝐺 by replacing 𝑓 with 𝑓𝑖 (𝑖 = 1, 2).

Proof. In the proof of [11, Claim on p.26], it is shown that there is a simple 𝐶𝑘-tree
𝐺′
2 for 1𝑛 such that (1𝑛)𝐺1∪𝐺′

2
is ambient isotopic to (1𝑛)𝐺 and 𝐺

′
2 is obtained from

𝐺2 by changing crossings of edges of 𝐺2 and components of 1𝑛. By Lemmas 2.1 (1)
and 2.2, we have

(1𝑛)𝐺1
∗ (1𝑛)𝐺2

𝐶𝑘+1∼ (1𝑛)𝐺1
∗ (1𝑛)𝐺′

2

𝐶𝑘+1∼ (1𝑛)𝐺1∪𝐺′
2
= (1𝑛)𝐺.

This completes the proof. □

Remark 2.7. In the proof of Lemma 2.6, we note that the 𝐶𝑘+1-equivalence is
realized by surgery along a simple 𝐶𝑘+1-tree with 𝑟𝑗 ≥ 𝑟𝑗(𝐺) (𝑗 = 1, ..., 𝑛).

An 𝑛-component (string) link 𝐿 is Brunnian if every proper sublink of 𝐿 is trivial.
In particular, any trivial (string) link is Brunnian. The 𝑛-component Brunnian
(string) links are characterized by 𝐶𝑎

𝑛−1-equivalence as follows.

Proposition 2.8 ([12, 20]). Let 𝐿 be an 𝑛-component (string) link in 𝑆3. Then 𝐿
is Brunnian if and only if 𝐿 is obtained from a trivial (string) link by surgery along
simple 𝐶𝑎

𝑛−1-trees.

By arguments similar to those in the proof of Theorem 1.2 in [20], we have the
following lemma. In [20], the authors proved it with using ‘band description’ defined
by K. Taniyama and the author [29]. Here we give a proof with using clasper.

Lemma 2.9 (cf. [20, Theorem 1.2]). Let 𝐿 be an 𝑛-component Brunnian link in
𝑆3. If 𝐿 is obtained from a trivial link 𝑂 by surgery along 𝐶𝑠

1-trees with index {𝑖},
then 𝐿 is obtained from 𝑂 by surgery along simple 𝐶𝑎

𝑛-trees with 𝑟𝑖 = 2.
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Proof. Set 𝑂 = 𝑂1 ∪ ⋅ ⋅ ⋅ ∪ 𝑂𝑛. It is enough to consider the case when 𝑖 = 1.
There is a disjoint union 𝐹1 of simple 𝐶

𝑠
1 -trees with index {1} such that 𝐿 = 𝑂𝐹1

.
Note that 𝑟1 = 2 for all 𝐶𝑠

1 -trees in 𝐹1. Hence 𝐿 can be regarded as a union
(𝑂1)𝐹1

∪𝑂2 ∪ ⋅ ⋅ ⋅ ∪𝑂𝑛.
Since 𝐿 is Brunnian, 𝐿 ∖ 𝑂2 is the trivial link. This implies that a split sum

of 𝐿 ∖ 𝑂2 and 𝑂2 is trivial. Hence 𝐿 can be deformed into the trivial link by
crossing changes between 𝑂2 and edges of 𝐶

𝑠
1 -trees of 𝐹1; here 𝑂 ∪ 𝐹1 is regarded

as 𝐿 = 𝑂𝐹1
. By Lemma 2.1 (1), we have that 𝐿 is obtained from 𝑂 by surgery

along a disjoint union 𝐹2 of simple 𝐶2-trees with index {1, 2} and 𝑟1 = 2. So we
have 𝐿 = 𝑂𝐹2

(= (𝑂1 ∪𝑂2)𝐹2
∪𝑂3 ∪ ⋅ ⋅ ⋅ ∪𝑂𝑛).

Since 𝐿 ∖ 𝑂3 is trivial, 𝐿 can be deformed into the trivial link by crossing
changes between 𝑂3 and edges of 𝐶2-trees in 𝐹2. By Lemma 2.1 (1), there is a
disjoint union 𝐹3 of simple 𝐶3-trees with index {1, 2, 3} and 𝑟1 = 2 such that 𝐿 =
𝑂𝐹3

(= (𝑂1 ∪𝑂2 ∪𝑂3)𝐹3
∪𝑂4 ∪ ⋅ ⋅ ⋅ ∪𝑂𝑛).

Repeating this step, we have that there is a disjoint union 𝐹𝑛 of simple 𝐶𝑛-trees
with index {1, ..., 𝑛} and 𝑟1 = 2 such that 𝐿 = 𝑂𝐹𝑛

. This completes the proof. □

By arguments similar to those in the proof of [4, Proposition 3.1], we have

Proposition 2.10 (cf. [4, Proposition 3.1]). If an 𝑛-component (string) link 𝐿′

is obtained from 𝐿 by surgery along a simple tree clasper 𝑇 , then for any integers
𝑝𝑖 (0 ≤ 𝑝𝑖 ≤ 𝑟𝑖(𝑇 ), 𝑖 = 1, ..., 𝑛) with 𝑘 = 𝑝1 + ⋅ ⋅ ⋅+ 𝑝𝑛 ≥ 2, 𝐿′ is obtained from 𝐿
by surgery along simple 𝐶𝑘−1-trees with 𝑟𝑖 = 𝑝𝑖 (𝑖 = 1, ..., 𝑛).

A simple 𝐶𝑘-tree 𝑇 for an 𝑛-component link is a 𝐶
(𝑙)
𝑘 -tree if max{𝑟𝑗(𝑇 ) ∣ 𝑗 =

1, ..., 𝑛} ≥ 𝑙. Two links 𝐿 and 𝐿′ are 𝐶(𝑙)
𝑘 -equivalent if 𝐿 is obtained from 𝐿′ by

ambient isotopy and surgery along simple 𝐶
(𝑙)
𝑘 -trees. The following proposition is

a corollary of Proposition 2.10.

Proposition 2.11 (cf. [4, Proposition 3.1]). If two (string) links are 𝐶
(𝑘+1)
𝑚 -

equivalent, then they are self 𝐶𝑘-equivalent. Moreover, for some 𝑖, if the 𝐶
(𝑘+1)
𝑚 -

equivalence is realized by surgery along simple 𝐶
(𝑘+1)
𝑚 -trees with 𝑟𝑖 ≥ 𝑘 + 1, then

the self 𝐶𝑘-equivalence is realized by surgery along simple 𝐶𝑠
𝑘-trees with index {𝑖}.

3. Milnor invariants

Milnor defined in [18, 19] a family of invariants of oriented, ordered links in 𝑆3,
known as Milnor’s 𝜇-invariants.
Given an 𝑛-component link 𝐿 = 𝐾1∪⋅ ⋅ ⋅∪𝐾𝑛 in 𝑆

3, denote by 𝐺 the fundamental
group of 𝑆3 ∖ 𝐿, and by 𝐺𝑞 the 𝑞th subgroup of the lower central series of 𝐺. We
have a presentation of 𝐺/𝐺𝑞 with 𝑛 generators, given by a meridian 𝑚𝑖 of each
component 𝐾𝑖. So, for 1 ≤ 𝑖 ≤ 𝑛, the longitude 𝑙𝑖 of the 𝑖th component of 𝐿 is
expressed modulo 𝐺𝑞 as a word in the 𝑚𝑖’s (abusing notation, we still denote this
word by 𝑙𝑖).
The Magnus expansion 𝐸(𝑙𝑖) of 𝑙𝑖 is the formal power series in non-commuting

variables𝑋1, ..., 𝑋𝑛 obtained by substituting 1+𝑋𝑗 for𝑚𝑗 and 1−𝑋𝑗+𝑋
2
𝑗−𝑋3

𝑗+⋅ ⋅ ⋅
for 𝑚−1

𝑗 , 1 ≤ 𝑗 ≤ 𝑛.

Let 𝐼 = 𝑖1𝑖2...𝑖𝑘−1𝑗 (𝑘 ≤ 𝑞) be a multi-index among {1, ..., 𝑛}. Denote by
𝜇𝐿(𝐼) the coefficient of 𝑋𝑖1 ⋅ ⋅ ⋅𝑋𝑖𝑘−1

in the Magnus expansion 𝐸(𝑙𝑗). The Milnor
invariant 𝜇𝐿(𝐼) is the residue class of 𝜇𝐿(𝐼) modulo the greatest common divisor of
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Kn

Kn-2

K1
K2

Kn-1

Figure 3.1. The Milnor link 𝑀𝑛

all Milnor invariants 𝜇𝐿(𝐽) such that 𝐽 is obtained from 𝐼 by removing at least one
index, and permutating the remaining indices cyclicly. As we mentioned in section
1, ∣𝐼∣ = 𝑘 is called the length of the Milnor invariant 𝜇𝐿(𝐼). It is known that 𝜇𝐿(𝐼)
are concordance invariants [1].
The indeterminacy comes from the choice of the meridians 𝑚𝑖. Equivalently, it

comes from the indeterminacy of representing the link as the closure of a string link
[9]. Indeed, 𝜇(𝐼) is a well-defined invariant for string links.
The following 4 lemmas play an important role in calculating Milnor invariants.

Lemma 3.1 ([18, section 5]). Let 𝑀𝑛 = 𝐾1 ∪ ⋅ ⋅ ⋅ ∪𝐾𝑛 be the 𝑛-component Milnor
link as illustrated in Figure 3.1. Then the Milnor invariants of length ≤ 𝑛 − 1
vanish, and

𝜇𝑀𝑛
(𝑖1𝑖2...𝑖𝑛−2 𝑛− 1 𝑛) =

{
1 if 𝑖1𝑖2...𝑖𝑛−2 = 12...𝑛− 2,
0 otherwise.

Lemma 3.2 ([19, Theorem 7]). Let 𝐿′ be a link obtained from a link 𝐿 by taking
the appropriate number of zero framed parallels of the components of 𝐿. Suppose
the 𝑖th component of 𝐿′ corresponds to the ℎ(𝑖)th component of 𝐿. Then

𝜇𝐿′(𝑖1𝑖2...𝑖𝑚) = 𝜇𝐿(ℎ(𝑖1)ℎ(𝑖2)...ℎ(𝑖𝑚)).

Lemma 3.3 ([17, Lemma 3.3]). Let 𝐿 and 𝐿′ be 𝑛-component string links such
that all Milnor invariants of 𝐿 (resp. 𝐿′) of length ≤ 𝑚 (resp. ≤ 𝑚′) vanish. Then
𝜇𝐿∗𝐿′(𝐼) = 𝜇𝐿(𝐼) + 𝜇𝐿′(𝐼) for all 𝐼 of length ≤ 𝑚+𝑚′.

Lemma 3.4 ([11, Theorem 7.2]). The Milnor invariants of length ≤ 𝑘 for (string)
links are invariants of 𝐶𝑘-equivalence.

4. Link-homotopy of string links

Let 𝜋 : {1, ..., 𝑘} −→ {1, ..., 𝑛} (𝑘 ≤ 𝑛) be an injection such that 𝜋(𝑖) < 𝜋(𝑘−1) <
𝜋(𝑘) (𝑖 ∈ {1, ..., 𝑘− 2}), and let ℱ𝑘 be the set of such injections. For 𝜋 ∈ ℱ𝑘, let 𝑇𝜋
and 𝑇𝜋 be simple linear 𝐶

𝑑
𝑘−1-trees as illustrated in Figure 4.1, and set 𝑉𝜋 = (1𝑛)𝑇𝜋

and 𝑉 −1
𝜋 = (1𝑛)𝑇𝜋

. Here, Figure 4.1 gives the images of homeomorphisms from

the neighborhoods of 𝑇𝜋 and 𝑇𝜋 to the 3-ball. Although 𝑉𝜋 and 𝑉 −1
𝜋 are not

unique up to ambient isotopy, by Lemmas 2.1 and 2.4, they are unique up to 𝐶𝑘-
equivalence. So, for any 𝜋 ∈ ℱ𝑘, we may choose 𝑉𝜋 and 𝑉 −1

𝜋 uniquely up to
𝐶𝑘-equivalence. In particular, we may choose 𝑉𝜋 so that cl(𝑉𝜋) is the Milnor link
𝑀𝜋 = 𝐾𝜋(1) ∪ ⋅ ⋅ ⋅ ∪𝐾𝜋(𝑘) as illustrated in Figure 4.2 (cf. Figure 2.1).
For 𝜋 ∈ ℱ𝑘, set

𝜇𝜋(𝐿) = 𝜇𝐿(𝜋(1)𝜋(2)...𝜋(𝑘)).

By Lemma 3.1, we have the following lemma.
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Figure 4.1. 𝜋(𝑖) means the 𝜋(𝑖)th component of 1𝑛 (𝑖 = 1, ..., 𝑘)

K (k)

K (k-2)

K (1)

K (2)

K (k-1)

Figure 4.2. Milnor link 𝑀𝜋 = 𝐾𝜋(1) ∪ ⋅ ⋅ ⋅ ∪𝐾𝜋(𝑘)

Lemma 4.1. For any 𝜋, 𝜋′ ∈ ℱ𝑘,

𝜇𝜋(𝑉𝜋′) =

{
1 if 𝜋 = 𝜋′,
0 if 𝜋 ∕= 𝜋′,

and the Milnor invariants of 𝑉𝜋′ of length ≤ 𝑘 − 1 vanish.
Lemma 4.2. Let 𝑇 be a simple 𝐶𝑑

𝑘−1-tree (resp. 𝐶𝑎
𝑛−1-tree) for an 𝑛-component

string link 𝐿 (𝑘 ≤ 𝑛). Then 𝐿𝑇 is 𝐶𝑘-equivalent (resp. 𝐶
𝑎
𝑛-equivalent) to 𝐿 ∗ 𝐿′,

where

𝐿′ =
∏

𝜋∈ℱ𝑘

𝑉 𝜇𝜋(𝐿𝑇 )−𝜇𝜋(𝐿)
𝜋

(
resp. =

∏
𝜋∈ℱ𝑛

𝑉 𝜇𝜋(𝐿𝑇 )−𝜇𝜋(𝐿)
𝜋

)
.

Proof. Suppose that 𝑇 is a simple 𝐶𝑑
𝑘−1-tree. By Lemma 2.1, 𝐿𝑇 is 𝐶𝑘-equivalent to

𝐿 ∗ (1𝑛)𝑇 ′ , where 𝑇 ′ is a simple 𝐶𝑑
𝑘−1-tree. Set index(𝑇

′) = {𝑖1, ..., 𝑖𝑘} (𝑖𝑗 < 𝑖𝑗+1).
Consider induction on the length of the path connecting the two leaves grasping
the 𝑖𝑘−1th and 𝑖𝑘th components of 1𝑛, and apply Lemmas 2.5 and 2.4: we have
that (1𝑛)𝑇 ′ is 𝐶𝑘-equivalent to a string link which is obtained from 1𝑛 by surgery
along simple linear 𝐶𝑑

𝑘−1-trees whose ends grasp the 𝑖𝑘−1th and 𝑖𝑘th components
of 1𝑛. By Lemmas 2.1, 2.2 and 2.4, we have that

(1𝑛)𝑇 ′
𝐶𝑘∼ 𝐿′′ =

∏
𝜋∈ℱ𝑘

𝑉 𝑥𝜋
𝜋 .

By Lemmas 3.4, 3.3 and 4.1,

𝜇𝜋′(𝐿𝑇 ) = 𝜇𝜋′(𝐿 ∗ 𝐿′′) = 𝜇𝜋′(𝐿) + 𝜇𝜋′(𝐿′′)
= 𝜇𝜋′(𝐿) +

∑
𝜋∈ℱ𝑘

𝑥𝜋𝜇𝜋′(𝑉𝜋) = 𝜇𝜋′(𝐿) + 𝑥𝜋′ .

Suppose that 𝑇 is a simple 𝐶𝑎
𝑛−1-tree. Since a 𝐶

𝑎
𝑛−1-tree is a 𝐶

𝑑
𝑛−1-tree, we have

already shown that

𝐿𝑇
𝐶𝑛∼ 𝐿 ∗

∏
𝜋∈ℱ𝑛

𝑉 𝜇𝜋(𝐿𝑇 )−𝜇𝜋(𝐿)
𝜋 .



4732 A. YASUHARA

Lemmas 2.1, 2.2, 2.4 and 2.5 imply that the 𝐶𝑛-equivalence is realized by surgery
along 𝐶𝑎

𝑛-trees. □

The following theorem gives representatives, which depend only on Milnor in-
variants, for the link-homotopy classes.

Theorem 4.3. Let 𝐿 be an 𝑛-component string link. Then 𝐿 is link-homotopic to
𝐿1 ∗ 𝐿2 ∗ ⋅ ⋅ ⋅ ∗ 𝐿𝑛−1, where

𝐿𝑖 =
∏

𝜋∈ℱ𝑖+1

𝑉 𝑥𝜋
𝜋 ,

𝑥𝜋 =

⎧⎨
⎩

𝜇𝐿(𝜋(1)𝜋(2)) if 𝑖 = 1,

𝜇𝐿(𝜋(1)...𝜋(𝑖+ 1))− 𝜇𝐿1∗⋅⋅⋅∗𝐿𝑖−1
(𝜋(1)...𝜋(𝑖+ 1)) if 𝑖 ≥ 2.

(= 𝜇𝐿𝑖
(𝜋(1)...𝜋(𝑖+ 1)))

Remark 4.4. The presentation 𝐿1 ∗ 𝐿2 ∗ ⋅ ⋅ ⋅ ∗ 𝐿𝑛−1 of 𝐿 depends on the choice of
order on the elements in ℱ𝑖 (𝑖 = 2, ..., 𝑛). If we put ℱ2 ∪ ⋅ ⋅ ⋅ ∪ ℱ𝑛 = {𝜋1, ..., 𝜋𝑞}
so that for 𝑖 < 𝑗, any element in ℱ𝑖 appears before the elements in ℱ𝑗 , then by
Theorem 4.3 and Lemmas 3.3 and 4.1, 𝐿 is link-homotopic to

𝑉
𝑥𝜋1
𝜋1 ∗ ⋅ ⋅ ⋅ ∗ 𝑉 𝑥𝜋𝑞

𝜋𝑞 (𝑥𝜋𝑘
= 𝜇𝜋𝑘

(𝐿)− 𝜇𝜋𝑘
(
𝑘−1∏
𝑖=1

𝑉
𝑥𝜋𝑖
𝜋𝑖 )).

Note that the representation is unique up to link-homotopy.

Proof. Since the 𝐶1-move is the crossing change, 𝐿 is 𝐶1-equivalent to the trivial
string link 1𝑛. So 𝐿 is obtained from 1𝑛 by surgery along simple 𝐶1-trees.
Note that a simple 𝐶1-tree is either a simple 𝐶

𝑠
1 -tree or a simple 𝐶

𝑑
1 -tree, and

that 𝐶𝑠
1-equivalence preserves the value of 𝜇(𝐼) for any 𝐼 with 𝑟(𝐼) = 1. Since 𝐿

is 𝐶𝑠
1-equivalent to a link which is obtained from 1𝑛 by surgery along 𝐶

𝑑
1 -trees, by

Lemmas 4.2, 2.1, 2.2 and 2.4,

𝐿
𝐶𝑠

1+𝐶2∼
∏
𝜋∈ℱ2

𝑉 𝜇𝜋(𝐿)
𝜋 (= 𝐿1).

A 𝐶𝑘-tree (𝑘 ≥ 2) is either a 𝐶
(2)
𝑘 -tree or a 𝐶𝑑

𝑘 -tree, and 𝐶
(2)
𝑘 -equivalence implies

𝐶𝑠
1 -equivalence (Proposition 2.11). It follows that (𝐶

𝑠
1 + 𝐶𝑘)-equivalence implies

(𝐶𝑠
1 +𝐶

𝑑
𝑘)-equivalence. So 𝐿 is obtained from 𝐿1 by surgery along simple 𝐶

𝑠
1 -trees

and 𝐶𝑑
2 -trees.

By Lemmas 4.2, 2.1, 2.2 and 2.4,

𝐿
𝐶𝑠

1+𝐶3∼ 𝐿1 ∗
∏
𝜋∈ℱ3

𝑉 𝜇𝜋(𝐿)−𝜇𝜋(𝐿1)
𝜋 (= 𝐿1 ∗ 𝐿2).

Therefore 𝐿 and 𝐿1 ∗ 𝐿2 are (𝐶
𝑠
1 + 𝐶𝑑

3 )-equivalent.
Repeating this process, we have that

𝐿
𝐶𝑠

1+𝐶𝑛∼ 𝐿1 ∗ 𝐿2 ∗ ⋅ ⋅ ⋅ ∗ 𝐿𝑛−1.

Since any simple 𝐶𝑛-tree for an 𝑛-component string link is a 𝐶
(2)
𝑛 -tree, (𝐶𝑠

1 +𝐶𝑛)-
equivalence implies 𝐶𝑠

1 -equivalence, i.e., link-homotopy. □
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Figure 5.1. 𝜏 (𝑖) (𝑖 = 1, ...,𝑚− 2) and 𝑘 mean the 𝜏 (𝑖)th and 𝑘th
components of 1𝑛, respectively

By Theorem 4.3, we have the following corollary.

Corollary 4.5. For a natural number 𝑘 ≤ 𝑛, two 𝑛-component string links 𝐿 and
𝐿′ are (𝐶𝑠

1 + 𝐶𝑘)-equivalent if and only if 𝜇𝐿(𝐼) = 𝜇𝐿′(𝐼) for any 𝐼 with 𝑟(𝐼) = 1
and ∣𝐼∣ ≤ 𝑘.

Proof. The ‘only if’ part follows from Lemma 3.4. Now we will prove the ‘if’ part.
By Theorem 4.3, 𝐿 and 𝐿′ are link-homotopic to 𝐿1 ∗𝐿2 ∗⋅ ⋅ ⋅∗𝐿𝑛−1 and 𝐿

′
1 ∗𝐿′

2 ∗
⋅ ⋅ ⋅∗𝐿′

𝑛−1 respectively. Note that both 𝐿𝑖 and 𝐿
′
𝑖 are 𝐶𝑖-equivalent to 1𝑛. So 𝐿 and

𝐿′ are (𝐶𝑠
1+𝐶𝑘)-equivalent to 𝐿1∗𝐿2∗⋅ ⋅ ⋅∗𝐿𝑘−1 and 𝐿

′
1∗𝐿′

2∗⋅ ⋅ ⋅∗𝐿′
𝑘−1 respectively.

Since 𝜇𝐿(𝐼) = 𝜇𝐿′(𝐼) for any 𝐼 with 𝑟(𝐼) = 1 and ∣𝐼∣ ≤ 𝑘, 𝐿𝑖 = 𝐿′
𝑖 (𝑖 = 1, ..., 𝑘− 1).

This completes the proof. □
Theorem 1.1 follows directly from Corollary 4.5.

Proof of Theorem 1.1. It is enough to show the ‘if’ part. Since a 𝐶𝑛-move for

an 𝑛-component string link is a 𝐶
(2)
𝑛 -move, by Proposition 2.11, 𝐶𝑛-equivalence

implies 𝐶𝑠
1 -equivalence. Hence (𝐶

𝑠
1 + 𝐶𝑛)-equivalence implies link-homotopy. By

Corollary 4.5, 𝐿 and 𝐿′ are link-homotopic. □
Remark 4.6. Let 𝐿 be an 𝑛-component link in 𝑆3. Denote by ℒ(𝐿) the set of all
𝑛-component string links 𝑙 such that cl(𝑙) = 𝐿. Put ℱ2 ∪ ⋅ ⋅ ⋅ ∪ ℱ𝑛 = {𝜋1, ..., 𝜋𝑞}
so that any element in ℱ𝑖 appears before the elements in ℱ𝑗 (2 ≤ 𝑖 < 𝑗 ≤ 𝑛) and
fix this total order on ℱ2 ∪ ⋅ ⋅ ⋅ ∪ ℱ𝑛. Then, by Remark 4.4, each 𝑙 in ℒ(𝐿) is link-
homotopic to 𝑉

𝑥𝜋1
𝜋1 ∗⋅ ⋅ ⋅∗𝑉 𝑥𝜋𝑞

𝜋𝑞 (𝑥𝜋𝑘
= 𝜇𝜋𝑘

(𝑙)−𝜇𝜋𝑘
(
∏𝑘−1

𝑖=1 𝑉
𝑥𝜋𝑖
𝜋𝑖 )), which is the unique

representation up to link-homotopy. We define a vector 𝑣𝑙 as 𝑣𝑙 = (𝑥𝜋1
, ..., 𝑥𝜋𝑞

),
and set 𝒱𝐿 = {𝑣𝑙 ∣ 𝑙 ∈ ℒ(𝐿)}. By the uniqueness of the presentation for 𝑙, we have
the following: Two 𝑛-component links 𝐿 and 𝐿′ in 𝑆3 are link-homotopic if and
only if 𝒱𝐿 ∩ 𝒱𝐿′ ∕= ∅.

5. Self Δ-equivalence of Brunnian links

Let 𝑛 and 𝑚 be integers (2 ≤ 𝑛 < 𝑚 ≤ 2𝑛). Given 𝑘 ∈ {1, ..., 𝑛}, consider a
surjection 𝜏 from {1, ...,𝑚 − 2} to {1, ..., 𝑛} ∖ {𝑘}. Let 𝐺𝜏 and 𝐺𝜏 be the simple
linear 𝐶𝑎

𝑚−1-trees illustrated in Figure 5.1, and set 𝑉𝜏 = (1𝑛)𝐺𝜏
and 𝑉 −1

𝜏 = (1𝑛)𝐺𝜏
.

Here, Figure 5.1 are the images of homeomorphisms from the neighborhoods of 𝐺𝜏

and 𝐺𝜏 to the 3-ball. Although 𝑉𝜏 and 𝑉
−1
𝜏 are not unique up to ambient isotopy,

by Lemmas 2.1 and 2.4, their closures are unique up to 𝐶𝑎
𝑚-equivalence. For each

𝜏 , we choose 𝑉𝜏 and 𝑉
−1
𝜏 and fix them.

Set
𝜇𝜏 (𝐿) = 𝜇𝐿(𝜏 (1)...𝜏 (𝑚− 2) 𝑘 𝑘).
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Recall that 2 ≤ 𝑛 < 𝑚 ≤ 2𝑛. Let ℬ𝑚(𝑘) be the set of all surjections 𝜏 from
{1, ...,𝑚−2} to {1, ..., 𝑛}∖{𝑘} such that ∣𝜏−1(𝑖)∣ ≤ 2 (𝑖 = 1, ..., 𝑛) and ∣𝜏−1(𝑗)∣ = 1
(if 𝑗 > 𝑘), and let 𝜌𝑚 be a surjection from {1, ...,𝑚 − 2} to itself defined by
𝜌𝑚(𝑖) = 𝑚 − 1 − 𝑖. Note that the definition of ℬ𝑚(𝑘) implies that ℬ𝑚(𝑘) = ∅ if
𝑘 < 𝑚− 𝑛. So we may assume that 𝑘 ≥ 𝑚− 𝑛.
If 𝑚 ≤ 2𝑛− 2, then for any 𝜏 ∈ ℬ𝑚(𝑘), {𝑖 ∣ 𝜏 (𝑖) ∕= 𝜏 (𝑚− 1− 𝑖)} ∕= ∅. We set

𝒫𝑚(𝑘) =

{
𝜏 ∈ ℬ𝑚(𝑘)

∣∣∣∣ 𝜏 (𝑝) < 𝜏 (𝑚− 1− 𝑝)
for 𝑝 = min{𝑖 ∣ 𝜏 (𝑖) ∕= 𝜏 (𝑚− 1− 𝑖)}

}
.

See Figure 5.2 (a) and (b): 𝜏1 is an element in 𝒫6(2) (= 𝒫2𝑛−2(𝑚− 𝑛)), and 𝜏1𝜌6
is an element in ℬ6(2) ∖ 𝒫6(2).
If 𝑚 = 2𝑛− 1, then 𝑘 = 𝑛, 𝑛− 1 and there is 𝜏 ∈ ℬ2𝑛−1(𝑛) ∪ ℬ2𝑛−1(𝑛− 1) such

that 𝜏 (𝑖) = 𝜏 (2𝑛−2− 𝑖) (𝑖 = 1, ..., 𝑛−2) and ∣𝜏−1(𝜏 (𝑛−1))∣ = 1. For 𝑘 = 𝑛, 𝑛−1,
set

ℛ2𝑛−1(𝑘) =

{
𝜏 ∈ ℬ2𝑛−1(𝑘)

∣∣∣∣ 𝜏 (𝑖) = 𝜏 (2𝑛− 2− 𝑖) (𝑖 = 1, ..., 𝑛− 2),
∣𝜏−1(𝜏 (𝑛− 1))∣ = 1

}
,

and set

𝒫2𝑛−1(𝑘) =

{
𝜏 ∈ ℬ2𝑛−1(𝑘) ∖ ℛ2𝑛−1(𝑘)

∣∣∣∣ 𝜏 (𝑝) < 𝜏 (2𝑛− 2− 𝑝)
for 𝑝 = min{𝑖 ∣ 𝜏 (𝑖) ∕= 𝜏 (2𝑛− 2− 𝑖)}

}
.

Note that if 𝜏 ∈ ℛ2𝑛−1(𝑛 − 1), then 𝜏 (𝑛 − 1) = 𝑛. See Figure 5.2 (c): 𝜏2 is an
element in ℛ7(3) (= ℛ2𝑛−1(𝑛− 1)).
If 𝑚 = 2𝑛, then 𝑘 = 𝑛 and there is 𝜏 ∈ ℬ2𝑛(𝑛) such that 𝜏 (𝑖) = 𝜏 (2𝑛 − 1 − 𝑖)

(𝑖 = 1, ..., 𝑛− 1). Set
ℛ2𝑛(𝑛) = {𝜏 ∈ ℬ2𝑛(𝑛) ∣ 𝜏 (𝑖) = 𝜏 (2𝑛− 1− 𝑖) (𝑖 = 1, ..., 𝑛− 1)},

and set

𝒫2𝑛(𝑛) =

{
𝜏 ∈ ℬ2𝑛(𝑛) ∖ ℛ2𝑛(𝑛)

∣∣∣∣ 𝜏 (𝑝) < 𝜏 (2𝑛− 1− 𝑝)
for 𝑝 = min{𝑖 ∣ 𝜏 (𝑖) ∕= 𝜏 (2𝑛− 1− 𝑖)}

}
.

See Figure 5.2 (d): 𝜏3 is an element in ℛ8(4) (= ℛ2𝑛(𝑛)).
We note that if 𝜏 ∈ ℛ𝑚(𝑘), then 𝜏𝜌𝑚 ∈ ℛ𝑚(𝑘) (i.e., 𝜏 has ‘symmetry’); if

𝜏 ∈ 𝒫𝑚(𝑘), then 𝜏𝜌𝑚 ∈/ 𝒫𝑚(𝑘), and

ℬ𝑚(𝑘) = 𝒫𝑚(𝑘) ∪ℛ𝑚(𝑘) ∪ {𝜏𝜌𝑚 ∣ 𝜏 ∈ 𝒫𝑚(𝑘)}.
For any 𝜑 ∈ ℬ𝑚(𝑘), 𝑉𝜑 is 𝐶𝑚−1-equivalent to 1𝑛. By Lemma 3.4, 𝜇𝑉𝜑

(𝐼) = 0 for
any 𝐼 with ∣𝐼∣ ≤ 𝑚− 1.
By arguments similar to those in the proof of [17, Proposition 5.1], we have the

following lemma.

Lemma 5.1. (1) If 𝜏 ∈ 𝒫𝑚(𝑘), then for an 𝑛-component string link 𝐿,

cl(𝐿 ∗ 𝑉𝜏𝜌𝑚
)
𝐶𝑎

𝑚∼
{
cl(𝐿 ∗ 𝑉𝜏 ) if 𝑚 is even,
cl(𝐿 ∗ 𝑉 −1

𝜏 ) if 𝑚 is odd.

Moreover the 𝐶𝑎
𝑚-equivalence is realized by surgery along simple 𝐶

𝑎
𝑚-trees with 𝑟𝑗 ≥

𝑟𝑗(𝐺𝜏 ) (𝑗 = 1, ..., 𝑛).
(2) If 𝜑 ∈ ℛ2𝑛−1(𝑘), then for an 𝑛-component string link 𝐿,

cl(𝐿 ∗ 𝑉𝜑)
𝐶𝑎

2𝑛−1∼ cl(𝐿 ∗ 𝑉 −1
𝜑 ).

Moreover the 𝐶𝑎
2𝑛−1-equivalence is realized by surgery along simple 𝐶

𝑎
2𝑛−1-trees with

𝑟𝑗 ≥ 𝑟𝑗(𝐺𝜑) (𝑗 = 1, ..., 𝑛).
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Figure 5.2. (a) 𝜏1 ∈ 𝒫6(2) = 𝒫2𝑛−2(𝑚 − 𝑛), (b) 𝜏1𝜌6 ∈ ℬ6(2) ∖
𝒫6(2), (c) 𝜏2 ∈ ℛ7(3) = ℛ2𝑛−1(𝑛 − 1), and (d) 𝜏3 ∈ ℛ8(4) =
ℛ2𝑛(𝑛)

Proof. (1) For 𝑉𝜏𝜌𝑚
= (1𝑛)𝐺𝜏𝜌𝑚

, we can exchange the relative position of all pairs
of leaves of 𝐺𝜏𝜌𝑚

grasping the same component of 1𝑛 by, after taking closure, sliding
the upper leaves along the orientation of cl(𝐿). Lemmas 2.1, 2.2 and 2.4 imply that

cl(𝐿 ∗ 𝑉𝜏𝜌𝑚
)
𝐶𝑎

𝑚∼ cl(𝐿 ∗ (1𝑛)𝐺),
where 𝐺 is obtained from 𝐺𝜏 by adding a positive half twist on each edge adjacent
to a leaf (see Figure 5.3). Lemma 2.4 completes the proof.
The same arguments give us a proof of (2). □

Now, for each 𝜑 ∈ ℛ𝑚(𝑘) ∪ 𝒫𝑚(𝑘), we will calculate some Milnor invariants of
the string link 𝑉𝜑.

Figure 5.3
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Lemma 5.2. For 𝜑 ∈ 𝒫𝑚(𝑘) (𝑛 + 1 ≤ 𝑚 ≤ 2𝑛, 𝑚 − 𝑛 ≤ 𝑘 ≤ 𝑛) and for
𝜏 ∈ ∪𝑙(ℛ𝑚(𝑙) ∪ 𝒫𝑚(𝑙)),

𝜇𝜏 (𝑉𝜑) =

{
1 if 𝜑 = 𝜏 ,
0 if 𝜑 ∕= 𝜏 .

We recall that 𝜇𝜏 (𝑉𝜑) = 𝜇𝑉𝜑
(𝜏 (1)...𝜏 (𝑚− 2)𝑙𝑙) for 𝜏 ∈ ℛ𝑚(𝑙) ∪ 𝒫𝑚(𝑙).

Proof. We take the following 4 steps to prove this lemma.

Step 1. Make a new link 𝑊𝜑 from 𝑉𝜑 by taking parallels of the components of 𝑉𝜑
so that Lemma 3.2 can be applied.

Consider the 𝐶𝑎
𝑚−1-tree 𝐺𝜑 for 1𝑛. Let 𝜏 ∈ ℛ𝑚(𝑙) ∪ 𝒫𝑚(𝑙) (𝑚 − 𝑛 ≤ 𝑙 ≤ 𝑛).

Let 1𝑚 be the 𝑚-component trivial string link obtained from 1𝑛 by taking parallel
copies of the components of 1𝑛 such that the 𝑖th component of 1𝑚 is a parallel
copy of either {

the 𝜏 (𝑖)th component of 1𝑛 if 𝑖 = 1, ...,𝑚− 2, or
the 𝑙th component of 1𝑛 if 𝑖 = 𝑚− 1,𝑚,

and that 1𝑚 is contained in the tubular neighborhood 𝑁(1𝑛) of 1𝑛 with 𝐺𝜑∩1𝑚 ⊂
int(𝐺𝜑 ∩ 𝑁(1𝑛)). Since surgery along a 𝐶𝑚−1-tree preserves framings, the above
correspondance can be naturally extended so that the 𝑖th component of (1𝑚)𝐺𝜑

is
a parallel copy of either{

the 𝜏 (𝑖)th component of (1𝑛)𝐺𝜑
if 𝑖 = 1, ...,𝑚− 2, or

the 𝑙th component of (1𝑛)𝐺𝜑
if 𝑖 = 𝑚− 1,𝑚.

Set 𝑊𝜑 = (1𝑚)𝐺𝜑
. Since 𝐺𝜑 is a 𝐶

𝑎
𝑚−1-tree, by Lemma 3.4, 𝜇𝑊𝜑

(𝐼) = 𝜇𝑉𝜑
(𝐼) = 0

for any 𝐼 with ∣𝐼∣ ≤ 𝑚− 1. Hence, by Lemma 3.2, we have
𝜇𝑊𝜑

(12...𝑚) = 𝜇cl(𝑊𝜑)(12...𝑚) = 𝜇cl(𝑉𝜑)(𝜏 (1)...𝜏 (𝑚− 2)𝑙𝑙) = 𝜇𝜏 (𝑉𝜑).

Step 2. By applying Lemma 2.6, deform 𝑊𝜑 up to the 𝐶𝑚-equivalence into

(1𝑚)𝐺𝜑1
∗ (1𝑚)𝐺𝜑2

∗ ⋅ ⋅ ⋅ ∗ (1𝑚)𝐺𝜑𝑠

so that each 𝐺𝜑𝑗
is a simple linear 𝐶𝑚−1-tree.

Set 𝑉𝑗 = (1𝑚)𝐺𝜑𝑗
(𝑗 = 1, ..., 𝑠).

Step 3. By Lemma 3.4, we have

𝜇𝑊𝜑
(12...𝑚) = 𝜇𝑉1∗⋅⋅⋅∗𝑉𝑠

(12...𝑚).

Since 𝜇𝑉𝑗
(𝐼) = 0 for any 𝐼 with ∣𝐼∣ ≤ 𝑚− 1, by Lemma 3.3, we have

𝜇𝑊𝜑
(12...𝑚) = 𝜇𝑉1

(12...𝑚) + ⋅ ⋅ ⋅+ 𝜇𝑉𝑠
(12...𝑚).

Step 4. If 𝐺𝜑𝑗
is a 𝐶

(2)
𝑚−1-tree, then by Proposition 2.11, 𝑉𝑗 is link-homotopically

trivial; hence 𝜇𝑉𝑗
(12...𝑚) = 0. Otherwise, by using Lemma 4.1, calculate each

𝜇𝑉𝑗
(12...𝑚).
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If (∣𝜑−1(1)∣, ..., ∣𝜑−1(𝑛)∣) ∕= (∣𝜏−1(1)∣, ..., ∣𝜏−1(𝑛)∣), then each 𝐺𝜑𝑗
is a 𝐶

(2)
𝑚−1-tree.

This implies that 𝜇𝑊𝜑
(12...𝑚) = 0.

Suppose (∣𝜑−1(1)∣, ..., ∣𝜑−1(𝑛)∣) = (∣𝜏−1(1)∣, ..., ∣𝜏−1(𝑛)∣). Since ∣𝜑−1(𝑘)∣ = 0
and ∣𝜏−1(𝑖)∣ ≥ 1 (𝑖 ∕= 𝑙), we have 𝑘 = 𝑙, i.e., 𝜑 ∈ 𝒫𝑚(𝑙).
If 𝜑 ∕= 𝜏 , then neither (𝜑(1), ..., 𝜑(𝑚− 1)) nor (𝜑𝜌𝑚(1), ..., 𝜑𝜌𝑚(𝑚− 1)) is equal

to (𝜏 (1), ..., 𝜏 (𝑚− 1)). By Lemma 4.1, 𝜇𝑉𝑗
(12...𝑚) = 0 for any 𝑗 (= 1, 2, ..., 𝑠).

If 𝜑 = 𝜏 , then by Lemma 4.1 and by the fact that 𝜑𝜌𝑚 ∕= 𝜑, there is a unique
𝐶𝑑
𝑚−1-tree 𝐺𝜑𝑢

in {𝐺𝜑1
, ..., 𝐺𝜑𝑠

} such that

𝜇𝑉𝑗
(12...𝑚) =

{
1 if 𝑗 = 𝑢,
0 if 𝑗 ∕= 𝑢.

This completes the proof. □

Remark 5.3. The calculation method used in the proof of Lemma 5.2 can be applied
in a more general context as follows. Let 𝑇 be a linear, simple 𝐶𝑚−1-tree for 1𝑛
whose ends both grasp the 𝑘th component, and let 𝐼 = 𝑖1...𝑖𝑚−2𝑘𝑘 be a multi-index.
Then, 𝜇(1𝑛)𝑇 (𝐼) can be calculated as follows.

Step 1. Make a new link 𝑊 = (1𝑚)𝑇 from (1𝑛)𝑇 by taking parallels of the compo-
nents of (1𝑛)𝑇 so that Lemma 3.2 can be applied.

Step 2. By applying Lemma 2.6, deform𝑊 up to the 𝐶𝑚-equivalence into (1𝑚)𝑇1
∗

(1𝑚)𝑇2
∗ ⋅ ⋅ ⋅ ∗ (1𝑚)𝑇𝑠

so that each 𝑇𝑗 is a simple linear 𝐶𝑚−1-tree.

Step 3. By applying Lemmas 3.4 and 3.3, we have

𝜇𝑊 (12...𝑚) = 𝜇(1𝑚)𝑇1
(12...𝑚) + ⋅ ⋅ ⋅+ 𝜇(1𝑚)𝑇𝑠

(12...𝑚).

Step 4. If 𝑇𝑗 is a 𝐶
(2)
𝑚−1-tree, then by Proposition 2.11, 𝜇(1𝑚)𝑇𝑗

(12...𝑚) = 0. Oth-

erwise, by using Lemma 4.1, calculate each 𝜇(1𝑚)𝑇𝑗
(12...𝑚).

Lemma 5.4. (1) For any 𝜑 ∈ ℛ2𝑛−1(𝑘) (𝑘 = 𝑛, 𝑛 − 1), the Milnor invariants of
𝑉𝜑 of length ≤ 2𝑛− 1 vanish.
(2) For 𝜑 ∈ ℛ2𝑛−1(𝑛) and 𝜏 ∈ ℛ2𝑛(𝑛)∪𝒫2𝑛(𝑛), there is a string link 𝑈𝜑 such that

cl(𝑈𝜑)
𝐶2𝑛−1∼ cl(𝑉𝜑) and

∣𝜇𝜏 (𝑈𝜑)∣ =
{
1 if 𝜏 ∈ ℛ2𝑛(𝑛) and 𝜑(𝑖) = 𝜏 (𝑖) (𝑖 = 1, ..., 𝑛− 1),
0 otherwise.

(3) For 𝜏, 𝜑 ∈ ℛ2𝑛(𝑛) ∪ 𝒫2𝑛(𝑛),

𝜇𝜏 (𝑉𝜑) =

⎧⎨
⎩
1 if 𝜑 = 𝜏 ∈ 𝒫2𝑛(𝑛),
2 if 𝜑 = 𝜏 ∈ ℛ2𝑛(𝑛),
0 if 𝜑 ∕= 𝜏 .

Remark 5.5. (1) Note that, for any 𝜑 ∈ ℛ2𝑛−1(𝑛), there exists a unique element
𝜏 ∈ ℛ2𝑛(𝑛) such that 𝜑(𝑖) = 𝜏 (𝑖) (𝑖 = 1, ..., 𝑛 − 1), and that the correspondence
induces a bijection from ℛ2𝑛−1(𝑛) to ℛ2𝑛(𝑛).
(2) For 𝜑 ∈ ℛ2𝑛−1(𝑛− 1) and 𝜏 ∈ ℛ2𝑛(𝑛) ∪ 𝒫2𝑛(𝑛), while the Milnor invariants of
𝑉𝜑 of length ≤ 2𝑛− 1 vanish, 𝜇𝜏 (𝑉𝜑) is not easily calculated. However, we do not
need the calculations to prove Theorem 1.3.
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surgery

Whitehead link(a) (b)

Figure 5.4. (a) 2-component trivial link with a simple 𝐶2-clasper.
(b) 2-component trivial link with 3 basic claspers

Proof. As illustrated in Figure 5.4, the Whitehead link, which is a link 𝐶(12, 12)
as defined in [2, subsection 7.11], is obtained from the 2-component trivial link by
surgery along a simple 𝐶2-tree. We recall that, for a sequence 𝑖1...𝑖𝑘,
(i) 𝐶(𝑖1𝑖2, 𝑖1𝑖2) is a Whitehead link; and
(ii) 𝐶(𝑖1...𝑖𝑘𝑖𝑘+1, 𝑖1...𝑖𝑘𝑖𝑘+1) = 𝐾𝑖1 ∪ ⋅ ⋅ ⋅ ∪ 𝐾𝑖𝑘+1 is a (𝑘 + 1)-component link

obtained from 𝐶(𝑖1...𝑖𝑘, 𝑖1...𝑖𝑘) = 𝐾𝑖1 ∪ ⋅ ⋅ ⋅ ∪ 𝐾𝑖𝑘−1
∪ 𝐾 ′

𝑖𝑘
by replacing 𝐾 ′

𝑖𝑘
by a

Bing double 𝐾𝑖𝑘 ∪𝐾𝑖𝑘+1
of 𝐾 ′

𝑖𝑘
.

A 4-component link obtained from the 4-component trivial link by surgery along
the 11 basic claspers illustrated in Figure 5.5 is ambient isotopic to a link obtained
by surgery along the 11 basic claspers of Figure 5.6, and to a link obtained from
the trivial link by surgery along a clasper 𝐻 with boxes as illustrated in Figure 5.7
(for the definitions of a basic clasper and a box, see [11]). Apply zip construction
[11] twice to the clasper 𝐻 in Figure 5.7; the first one is for the marking {𝑒1}, and
the second one is for {𝑒2}. Then Zip(Zip(𝐻, {𝑒1}), {𝑒2}) is 𝐶7-equivalent to a link
obtained by surgery along the 𝐶6-tree of Figure 5.8. By Lemmas 2.4 and 5.1 (2),
a link illustrated in Figure 5.8 is 𝐶7-equivalent to cl((14)𝐺𝜑

) (= cl(𝑉𝜑)), where
𝜑 ∈ ℛ7(4) = ℛ2𝑛−1(𝑛) is defined by 𝜑(1) = 𝜑(5) = 3, 𝜑(2) = 𝜑(4) = 2, 𝜑(3) = 1;
see Figure 5.9. Since a link illustrated in Figure 5.6 is ambient isotopic to a link
𝐶(1234, 1234) (Figure 5.10); the link 𝐶(1234, 1234) is 𝐶7-equivalent to cl(𝑉𝜑).
Similarly, we can see that, for 𝜑 ∈ ℛ2𝑛−1(𝑘) (𝑘 = 𝑛, 𝑛 − 1), a link 𝐶(𝛼, 𝛼)

(𝛼 = 𝜑(𝑛 − 1)𝜑(𝑛 − 2) ⋅ ⋅ ⋅𝜑(1)𝑘) is 𝐶2𝑛−1-equivalent to cl(𝑉𝜑). In [2, subsection
7.11], it is shown that 𝜇𝐶(𝛼,𝛼)(𝐼) = 0 for any 𝐼 with ∣𝐼∣ ≤ 2𝑛 − 1. Hence, by

Lemma 3.4, we have the conclusion (1).
Let 𝑈𝜑 be a band sum of 𝐶(𝛼, 𝛼) and 1𝑛 with cl(𝑈𝜑) = 𝐶(𝛼, 𝛼); for exam-

ple, see Figure 5.11. Let 𝜏 ∈ ℛ2𝑛(𝑛). Then it is not hard to see that cl(𝑉𝜏 ) is
ambient isotopic to a link 𝐿((𝛽, 𝛽)) (𝛽 = 𝜏 (𝑛 − 1)(𝜏 (𝑛 − 2)(⋅ ⋅ ⋅ (𝜏 (1)𝑛) ⋅ ⋅ ⋅ )), 𝛽 =
((⋅ ⋅ ⋅ (𝑛𝜏 (1)) ⋅ ⋅ ⋅ )𝜏 (𝑛− 2))𝜏 (𝑛− 1) defined in [2, subsection 7.4]. By combining [2,
Proposition 6.5, Theorem 7.10 on p.42, and Theorem 7.10 on p.43], we have that if
𝛼 = 𝛽, i.e., 𝜑(𝑖) = 𝜏 (𝑖) (𝑖 = 1, ..., 𝑛− 1), then

∣2𝜇𝑈𝜑
(𝐼)∣ = ∣2𝜇𝐶(𝛼,𝛼)(𝐼)∣ = ∣𝜇𝐿((𝛽,𝛽))(𝐼)∣

for any 𝐼 with ∣𝐼∣ = 2𝑛. Then, (2) follows from (3).
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For 𝜏, 𝜑 ∈ ℛ2𝑛(𝑛)∪𝒫2𝑛(𝑛), by following the 4 steps in Remark 5.3, we have (3).
This completes the proof. □

1

2

3

4

Figure 5.5. 4-component trivial link with 11 basic claspers. The
numbers 1, 2, 3, and 4 denote the order of the components

1

2

3

4

Figure 5.6
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1

2

3

4 =

H
e1

e2

Figure 5.7

1

2

3

4

Figure 5.8

G

4321

ϕ

Figure 5.9. 𝜑 ∈ ℛ7(4) = ℛ2𝑛−1(𝑛); 𝜑(1) = 𝜑(5) = 3, 𝜑(2) =
𝜑(4) = 2, 𝜑(3) = 1

Lemma 5.6. Let 𝐿 be an 𝑛-component string link and 𝑚 (𝑛 + 1 ≤ 𝑚 ≤ 2𝑛)
an integer. Let 𝑇 be a simple 𝐶𝑎

𝑚−1-tree for 𝐿. Suppose that 𝜇𝐿(𝐼) = 0 for any

𝐼 with ∣𝐼∣ ≤ 𝑚 − 1 and 𝑟(𝐼) ≤ 2, and that 𝑇 is not a simple 𝐶
(3)
𝑚−1-tree. Set
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Figure 5.10. ‘
isotopy∼ ’ means that the links obtained by surgery

along claspers are ambient isotopic

1 2 3 4

Figure 5.11. A band sum of 14 and 𝐶(1234, 1234)
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𝑘 = max{𝑖 ∣ ∣𝑇 ∩ (𝑖th component of 1𝑛)∣ = 2}. Then
(1) cl(𝐿𝑇 ) is 𝐶

𝑎
𝑚-equivalent to cl(𝐿 ∗ 𝐿′), where 𝐿′ =⎧⎨

⎩

∏
𝜏∈𝒫𝑚(𝑘)

𝑉 𝜇𝜏 (𝐿𝑇 )−𝜇𝜏 (𝐿)
𝜏 if 𝑛+ 1 ≤ 𝑚 ≤ 2𝑛− 2,

∏
𝜏∈𝒫2𝑛−1(𝑘)

𝑉 𝜇𝜏 (𝐿𝑇 )−𝜇𝜏 (𝐿)
𝜏 ∗

∏
𝜑∈ℛ2𝑛−1(𝑘)

𝑉 𝜀(𝜑)
𝜑 if 𝑚 = 2𝑛− 1,

(for some 𝜀(𝜑)’s in {0,1})∏
𝜏∈𝒫2𝑛(𝑛)

𝑉 𝜇𝜏 (𝐿𝑇 )−𝜇𝜏 (𝐿)
𝜏 ∗

∏
𝜑∈ℛ2𝑛(𝑛)

𝑉 (𝜇𝜑(𝐿𝑇 )−𝜇𝜑(𝐿))/2
𝜑 if 𝑚 = 2𝑛,

and
(2) the 𝐶𝑎

𝑚-equivalence is realized by surgery along simple 𝐶𝑎
𝑚-trees with 𝑟𝑘 ≥ 2.

Note that if 𝑚 ≥ 𝑛+ 1, then a simple 𝐶𝑎
𝑚−1-tree is a simple 𝐶

(2)
𝑚−1-tree. If 𝑇 is

a simple 𝐶
(3)
𝑚−1-tree, then by Proposition 2.11, 𝐿𝑇 and 𝐿 are self Δ-equivalent.

Proof. By Lemma 2.1, 𝐿𝑇 is 𝐶𝑎
𝑚-equivalent to 𝐿 ∗ (1𝑛)𝑇 ′ , where 𝑇 ′ is a simple

𝐶𝑎
𝑚−1-tree and not a 𝐶

(3)
𝑚−1-tree with

max{𝑖 ∣ ∣𝑇 ′ ∩ (𝑖th component of 1𝑛)∣ = 2} = 𝑘.

By induction on the length of the path connecting the two leaves grasping the 𝑘th
component, using Lemmas 2.5 and 2.4, we have that (1𝑛)𝑇 ′ is 𝐶𝑎

𝑚-equivalent to
a string link which is obtained from 1𝑛 by surgery along simple linear 𝐶

𝑎
𝑚−1-trees

whose ends grasp the 𝑘th component of 1𝑛. By Lemmas 2.1, 2.2, 2.4, we have that

𝐿𝑇
𝐶𝑎

𝑚∼ 𝐿 ∗
∏

𝜏∈ℬ𝑚(𝑘)

𝑉 𝑢𝜏
𝜏 .

Moreover, by Lemmas 2.4 and 5.1, the closure cl(𝐿∗∏𝜏∈ℬ𝑚(𝑘) 𝑉
𝑢𝜏
𝜏 ) is 𝐶𝑎

𝑚-equivalent

to cl(𝐿 ∗ 𝐿′), where

𝐿′ =

⎧⎨
⎩

∏
𝜏∈𝒫𝑚(𝑘)

𝑉 𝑦𝜏
𝜏 if 𝑛+ 1 ≤ 𝑚 ≤ 2𝑛− 2,

∏
𝜏∈𝒫𝑚(𝑘)

𝑉 𝑦𝜏
𝜏 ∗

∏
𝜑∈ℛ𝑚(𝑘)

𝑉 𝜀(𝜑)
𝜑 , (𝜀(𝜑) ∈ {0, 1}) if 𝑚 = 2𝑛− 1,

∏
𝜏∈𝒫𝑚(𝑘)

𝑉 𝑦𝜏
𝜏 ∗

∏
𝜑∈ℛ𝑚(𝑘)

𝑉 𝑧𝜑
𝜑 if 𝑚 = 2𝑛.

Note that the 𝐶𝑎
𝑚-equivalences which are used in the above can be realized by

surgery along simple 𝐶𝑎
𝑚-trees with 𝑟𝑘 ≥ 2. By Lemmas 3.3, 5.2, and 5.4, for

𝜂 ∈ 𝒫𝑚(𝑘) ∪ℛ𝑚(𝑘), we have that

𝜇𝜂(𝐿 ∗ 𝐿′) =
{
𝜇𝜂(𝐿) + 𝑦𝜂 if 𝜂 ∈ 𝒫𝑚(𝑘),
𝜇𝜂(𝐿) + 2𝑧𝜂 if 𝑚 = 2𝑛 and 𝜂 ∈ ℛ𝑚(𝑘).

Since Milnor invariants of 𝐿 with length ≤ 𝑚− 1 and 𝑟 ≤ 2 vanish, by Lemma 3.4,
those of 𝐿𝑇 also vanish. By combining this, the fact that cl(𝐿𝑇 ) and cl(𝐿 ∗𝐿′) are
𝐶𝑎
𝑚-equivalent, and Lemma 3.4, we have that

𝜇𝜂(𝐿𝑇 ) = 𝜇𝜂(cl(𝐿𝑇 )) = 𝜇𝜂(cl(𝐿 ∗ 𝐿′)) = 𝜇𝜂(𝐿 ∗ 𝐿′).

This completes the proof. □
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The following is the main result in this section.

Theorem 5.7. Let 𝐿 be an 𝑛-component Brunnian link. If 𝜇𝐿(𝐼) = 0 for any 𝐼
with ∣𝐼∣ ≤ 2𝑛−1 and 𝑟(𝐼) ≤ 2, then 𝐿 is self Δ-equivalent to the closure of 𝐿′ ∗𝐿′′,
where

𝐿′ =
∏

𝜑∈ℛ2𝑛−1(𝑛)

𝑈𝜀(𝜑)
𝜑 , 𝐿′′ =

∏
𝜏∈ℛ2𝑛(𝑛)

𝑉 (𝜇𝜏 (𝐿)−𝜇𝜏 (𝐿
′))/2

𝜏 ∗
∏

𝜂∈𝒫2𝑛(𝑛)

𝑉
𝜇𝜂(𝐿)
𝜂 ,

and

𝜀(𝜑) =

{
1 if 𝜇𝜏 (𝐿) is odd for 𝜏 ∈ ℛ2𝑛(𝑛) with 𝜏 (𝑖) = 𝜑(𝑖) (𝑖 = 1, ..., 𝑛− 1),
0 if 𝜇𝜏 (𝐿) is even for 𝜏 ∈ ℛ2𝑛(𝑛) with 𝜏 (𝑖) = 𝜑(𝑖) (𝑖 = 1, ..., 𝑛− 1).

Here 𝑈𝜑 is the string link in Lemma 5.4 (2).

Note that, in the theorem above, 𝐿′ ∗ 𝐿′′ is determined by Milnor invariants of
𝐿 with length 2𝑛 and 𝑟 = 2.

Proof. By Proposition 2.8, 𝐿 is obtained from the 𝑛-component trivial link 𝑂 by
surgery along simple 𝐶𝑎

𝑛−1-trees 𝑇1, ..., 𝑇𝑙. Hence we have

𝐿 = cl((1𝑛)𝑇1∪𝑇2∪⋅⋅⋅∪𝑇𝑙
).

By Lemmas 4.2, 2.1, 2.2 and 2.4, we have that

𝐿
𝐶𝑎

𝑛∼ cl(
∏

𝜋∈ℱ𝑛

𝑉 𝜇𝜋(𝐿)
𝜋 ).

Since 𝜇𝜋(𝐿) = 0 for any 𝜋 ∈ ℱ𝑛, 𝐿 is 𝐶
𝑎
𝑛-equivalent to 𝑂; i.e., 𝐿 is obtained

from 𝑂 by surgery along simple 𝐶𝑎
𝑛-trees. By Lemmas 5.6 (1), 2.1, 2.2 and 2.4, we

have that

𝐿
𝐶𝑎

𝑛+1∼ cl(
∏

1≤𝑘≤𝑛

(
∏

𝜏∈𝒫𝑛+1(𝑘)

𝑉 𝜇𝜏 (𝐿)
𝜏 )).

Since 𝜇𝜏 (𝐿) = 0 for any 𝜏 ∈ 𝒫𝑛+1(𝑘) (𝑘 = 1, ..., 𝑛), 𝐿 is 𝐶𝑎
𝑛+1-equivalent to

𝑂. Note that a simple 𝐶𝑎
𝑚-tree (𝑚 ≥ 𝑛 + 1) for an 𝑛-component link is a simple

𝐶
(2)
𝑚 -tree and might be a 𝐶

(3)
𝑚 -tree. By Proposition 2.11, surgery along a 𝐶

(3)
𝑚 -tree

is achieved by surgery alomg 𝐶𝑠
2 -trees. By Lemmas 5.6 (1), 2.1, 2.2 and 2.4, we

have that

𝐿
𝐶𝑠

2+𝐶𝑎
𝑛+2∼ cl(

∏
2≤𝑘≤𝑛

(
∏

𝜏∈𝒫𝑛+2(𝑘)

𝑉 𝜇𝜏 (𝐿)
𝜏 )).

Since 𝜇𝜏 (𝐿) = 0 for any 𝜏 ∈ 𝒫𝑛+2(𝑘) (𝑘 = 2, ..., 𝑛), by repeating this step, then
by similar arguments and Lemma 5.1 (2), we have that

𝐿
𝐶𝑠

2+𝐶𝑎
2𝑛−1∼ cl(

∏
𝜑∈ℛ2𝑛−1(𝑛)

𝑉 𝜀(𝜑)
𝜑 ∗

∏
𝜙∈ℛ2𝑛−1(𝑛−1)

𝑉
𝜀(𝜙)
𝜙 )

for some 𝜀(𝜑)’s and 𝜀(𝜙)’s in {0, 1}.
In the proof of Lemma 5.4 (1), we showed that, for 𝜙 ∈ ℛ2𝑛−1(𝑛− 1),

cl(𝑉𝜙)
𝐶2𝑛−1∼ 𝐶(𝛼, 𝛼),

where 𝛼 = 𝑛𝜙(𝑛−2) ⋅ ⋅ ⋅𝜙(1)(𝑛−1). Since the Whitehead link 𝐶(12, 12) is deformed
into a trivial link by a single self-crossing change in the first component, 𝐶(𝛼, 𝛼) is
also deformed into a trivial link by a single self-crossing change in the 𝑛th compo-
nent. So 𝐶(𝛼, 𝛼) is obtained from a trivial link by surgery along a simple 𝐶𝑠

1-tree 𝑇
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with 𝑟𝑛(𝑇 ) = 2. By Lemma 2.9, 𝐶(𝛼, 𝛼) is obtained from a trivial link by surgery
along simple 𝐶𝑎

𝑛-trees with 𝑟𝑛 = 2. Since the Milnor invariants of 𝐶(𝛼, 𝛼) with
length ≤ 2𝑛− 1 vanish, by similar arguments as above and Lemmas 5.6 (for 𝑘 = 𝑛,
𝑚 ≤ 2𝑛− 1), 2.1, 2.2, 2.4 and 5.1 (2), we have that

𝐶(𝛼, 𝛼)
𝐶𝑠

2+𝐶𝑎
2𝑛−1∼ cl(

∏
𝜑∈ℛ2𝑛−1(𝑛)

𝑉 𝜀′(𝜑)
𝜑 )

for some 𝜀′(𝜑)’s in {0, 1}.
Since ∏

𝜑∈ℛ2𝑛−1(𝑛)

𝑉 𝜀(𝜑)
𝜑 ∗

∏
𝜙∈ℛ2𝑛−1(𝑛−1)

𝑉
𝜀(𝜙)
𝜙

is obtained from 1𝑛 by surgery along simple 𝐶
𝑎
2𝑛−2-trees, by Lemmas 2.1, 2.2, and

5.1 (2), 𝐿 is (𝐶𝑠
2 + 𝐶2𝑛−1)-equivalent to the closure of a product of some 𝑉𝜑’s

(𝜑 ∈ ℛ2𝑛−1(𝑛)). By Lemmas 2.4, 5.1 (2) and the proof of Lemma 5.4 (2), 𝐿 is
(𝐶𝑠

2 + 𝐶2𝑛−1)-equivalent to the closure of

𝐿′ =
∏

𝜑∈ℛ2𝑛−1(𝑛)

𝑈𝜀′′(𝜑)
𝜑 ,

where 𝑈𝜑 is the string link in Lemma 5.4 (2), and 𝜀
′′(𝜑)’s are integers in {0, 1}.

Note that a simple 𝐶2𝑛−1-tree for an 𝑛-component link is either a 𝐶
𝑎
2𝑛−1-tree or

a 𝐶
(3)
2𝑛−1-tree; hence by Proposition 2.11, 𝐶2𝑛−1-equivalence implies (𝐶

𝑠
2 + 𝐶𝑎

2𝑛−1)-
equivalence. So 𝐿 is self Δ-equivalent to a link obtained from cl(𝐿′) by surgery
along simple 𝐶𝑎

2𝑛−1-trees. By Lemmas 5.6 (1) (for 𝑚 = 2𝑛), 2.1, 2.2 and 2.4, 𝐿 is
(𝐶𝑠

2 + 𝐶𝑎
2𝑛)-equivalent to cl(𝐿

′ ∗ 𝐿′′), where

𝐿′′ =
∏

𝜏∈ℛ2𝑛(𝑛)

𝑉 (𝜇𝜏 (𝐿)−𝜇𝜏 (𝐿
′))/2

𝜏 ∗
∏

𝜂∈𝒫2𝑛(𝑛)

𝑉 𝜇𝜂(𝐿)
𝜂 .

Since a 𝐶2𝑛-tree is a 𝐶
(3)
2𝑛 -tree, by Proposition 2.11, 𝐿 is self Δ-equivalent to the

closure of 𝐿′ ∗𝐿′′. By Lemmas 3.3, 3.4 and 5.4, we have that for any 𝜏 ∈ ℛ2𝑛−1(𝑛),

𝜇𝜏 (𝐿) ≡ 𝜀′′(𝜑) (mod 2),

where 𝜑(𝑖) = 𝜏 (𝑖) (𝑖 = 1, ..., 𝑛− 1). This completes the proof. □
By Theorem 5.7, we have the following two corollaries. Corollaries 5.8 and 5.9 are

special cases of Theorem 1.3 and Corollary 1.5, respectively. Since these corollaries
are needed to show Theorem 1.3, we give the statements.

Corollary 5.8. Let 𝐿 and 𝐿′ be 𝑛-component Brunnian links. Suppose that 𝜇𝐿(𝐼)
= 𝜇𝐿′(𝐼) = 0 for any 𝐼 with ∣𝐼∣ ≤ 2𝑛 − 1 and 𝑟(𝐼) ≤ 2. Then 𝐿 and 𝐿′ are self
Δ-equivalent if and only if 𝜇𝐿(𝐽) = 𝜇𝐿′(𝐽) for any 𝐽 with ∣𝐽 ∣ = 2𝑛 and 𝑟(𝐽) = 2.

Corollary 5.9. A Brunnian link 𝐿 is self Δ-equivalent to a trivial link if and only
if 𝜇𝐿(𝐼) = 0 for any 𝐼 with 𝑟(𝐼) ≤ 2.

6. Links whose Milnor invariants vanish

Before proving Theorem 1.3, we need some preparations.
Let 𝐿 = 𝐾1 ∪ ⋅ ⋅ ⋅ ∪𝐾𝑛 be an 𝑛-component link and 𝑏 a band attaching a single

component 𝐾𝑖 in a way which is compatible with the orientations, i.e., 𝑏 ∩ 𝐿 =
𝐾𝑖 ∩ 𝑏 ⊂ ∂𝑏 consists of two arcs whose orientations from 𝐾𝑖 are opposite to those
from ∂𝑏. Then the (𝑛 + 1)-component link 𝐿′ = (𝐿 ∪ ∂𝑏) ∖ int(𝑏 ∩𝐾𝑖) is called a
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link obtained from 𝐿 by fission (along a band 𝑏), and conversely 𝐿 is called a link
obtained from 𝐿′ by fusion [14]. For example, a ribbon link is a link obtained from
a trivial link by a finite sequence of fusions.
Let 𝐿′ = 𝐾11 ∪ ⋅ ⋅ ⋅ ∪ 𝐾1𝑙1 ∪ ⋅ ⋅ ⋅ ∪ 𝐾𝑛1 ∪ ⋅ ⋅ ⋅ ∪ 𝐾𝑛𝑙𝑛 be a link obtained from an

𝑛-component link 𝐾1∪⋅ ⋅ ⋅∪𝐾𝑛 by a finite sequence of fissions, where 𝐾𝑖1∪⋅ ⋅ ⋅∪𝐾𝑖𝑙𝑖

is obtained from 𝐾𝑖 (𝑖 = 1, ..., 𝑛). We assign a color 𝑐(𝐾𝑖𝑗) to 𝐾𝑖𝑗 as 𝑐(𝐾𝑖𝑗) = 𝑖.
In this section, for a 𝐶𝑘-tree 𝑇 , we call 𝑇 a 𝐶

𝑠
𝑘-tree (resp. 𝐶

𝑑
𝑘 -tree) if ∣{𝑐(𝐾𝑖𝑗) ∣ 𝑇 ∩

𝐾𝑖𝑗 ∕= ∅}∣ = 1 (resp. = 𝑘+1). A 𝐶𝑠
𝑘-move (resp. 𝐶

𝑑
𝑘 -move) is a local move defined

by surgery along a simple 𝐶𝑠
𝑘-tree (resp. 𝐶

𝑑
𝑘 -tree).

Lemma 6.1. If an 𝑛-component link is deformed into a trivial link by a finite
sequence of fissions, 𝐶𝑠

2-moves and 𝐶
𝑑
𝑛−1-moves, then it is self Δ-equivalent to a

Brunnian link.

Proof. Note that 𝐿 is obtained from a trivial link by a finite sequence of fusions,
𝐶𝑠
2 -moves and 𝐶𝑑

𝑛−1-moves. By arguments similar to those in the proof of [11,

Proposition 3.22], we may assume that the bands of fusion, 𝐶𝑠
2-trees and 𝐶

𝑑
𝑛−1-trees

are mutually disjoint. So there exist an 𝑛-component ribbon link 𝐿0 and a disjoint
union 𝐹 ∪ 𝐹 ′ of simple 𝐶𝑠

2-trees and 𝐶
𝑑
𝑛−1-trees such that 𝐿 = 𝐿0𝐹∪𝐹 ′ , where 𝐹

(resp. 𝐹 ′) is a disjoint union of 𝐶𝑠
2 -trees (resp. 𝐶

𝑑
𝑛−1-trees). Since ribbon links are

self Δ-equivalent to a trivial link [25], 𝐿0 is self Δ-equivalent to the 𝑛-component
trivial link 𝑂. Hence

𝐿
𝐶𝑠

2+𝐶𝑑
𝑛−1∼ 𝑂.

This implies that 𝐿 is self Δ-equivalent to a link obtained from 𝑂 by surgery along
simple 𝐶𝑑

𝑛−1-trees. Since a 𝐶
𝑑
𝑛−1-tree is a 𝐶

𝑎
𝑛−1-tree, by Proposition 2.8, we have

the conclusion. □

Theorem 6.2. Let 𝐿 be an 𝑛-component link such that 𝜇𝐿(𝐼) = 0 for any 𝐼 with
∣𝐼∣ ≤ 2𝑛− 2 and 𝑟(𝐼) ≤ 2. Then 𝐿 is self Δ-equivalent to a Brunnian link.

Proof. Set 𝐿 = 𝐾1∪⋅ ⋅ ⋅∪𝐾𝑛. By Lemma 6.1, it is enough to show that 𝐿 is deformed
into a trivial link by a finite sequence of fissions, 𝐶𝑠

2-moves and 𝐶
𝑑
𝑛−1-moves.

Since any knot is Δ-equivalent to an unknot [21], we may assume that every
component of 𝐿 is trivial.
Suppose that any 𝑘-component sublink of 𝐿 is Brunnian (2 ≤ 𝑘 ≤ 𝑛− 1). Since

surgery along a simple 𝐶𝑑
𝑘−1-tree with index {𝑖1, ..., 𝑖𝑘} does not change the link

type of a sublink 𝐾𝑗1∪⋅ ⋅ ⋅∪𝐾𝑗𝑘 of 𝐿 for {𝑗1, ..., 𝑗𝑘} ∕= {𝑖1, ..., 𝑖𝑘}, by Proposition 2.8,
𝐿 is 𝐶𝑑

𝑘−1-equivalent to a link 𝐿
′ whose 𝑘-component sublinks are all trivial. Let

𝐿0 be an 𝑛-component string link with cl(𝐿0) = 𝐿′, and set 1𝑛 = 𝛾1 ∪ ⋅ ⋅ ⋅ ∪ 𝛾𝑛. Let
{𝑆1, ..., 𝑆𝑚} (𝑚 = (𝑛𝑘)) be the set of subsets of {1, ..., 𝑛} with ∣𝑆𝑖∣ = 𝑘 (𝑖 = 1, ...,𝑚).

By Lemmas 2.1 and 2.2,

𝐿
𝐶𝑘∼ cl(𝐿0 ∗ 𝐿1 ∗ ⋅ ⋅ ⋅ ∗ 𝐿𝑚),

where, for each 𝑖 = 1, ...,𝑚, 𝐿𝑖 = 𝑈𝑖 ∪𝐿𝑖1 is a split union of 𝑈𝑖 = 1𝑛 ∖
∪

𝑗∈𝑆𝑖
𝛾𝑗 and

𝐿𝑖1 with 𝐿𝑖1 = (
∪

𝑗∈𝑆𝑖
𝛾𝑗)𝑇𝑖

for some union 𝑇𝑖 of simple 𝐶
𝑑
𝑘−1-trees with index 𝑆𝑖,

and the 𝐶𝑘-equivalence is realized by surgery along simple 𝐶𝑘-trees with ∣index∣ ≥ 𝑘.
This implies that 𝐿 is 𝐶𝑑

𝑘 -equivalent to a link obtained from cl(𝐿0 ∗ 𝐿1 ∗ ⋅ ⋅ ⋅ ∗ 𝐿𝑚)
by surgery along simple 𝐶𝑘-trees with ∣index∣ = 𝑘.
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By Lemmas 2.1 and 2.2,

𝐿
𝐶𝑑

𝑘+𝐶𝑘+1∼ cl(𝐿0 ∗ 𝐿1
1 ∗ ⋅ ⋅ ⋅ ∗ 𝐿1

𝑚),

where, for each 𝑖 = 1, ...,𝑚, 𝐿1
𝑖 = 𝑈𝑖 ∪ 𝐿1

𝑖1 is a split union of 𝑈𝑖 and 𝐿1
𝑖1 with

𝐿1
𝑖1 = (

∪
𝑗∈𝑆𝑖

𝛾𝑗)𝑇 1
𝑖
for some union 𝑇 1

𝑖 of simple 𝐶𝑑
𝑘−1-trees and 𝐶𝑘-trees with

index 𝑆𝑖, and the 𝐶𝑘+1-equivalence is realized by surgery along simple 𝐶𝑘+1-trees
with ∣index∣ ≥ 𝑘. By Proposition 2.10, surgery along a simple 𝐶𝑘+1-tree with
∣index∣ ≥ 𝑘 + 1 is realized by 𝐶𝑑

𝑘 -equivalence. Therefore, 𝐿 is 𝐶
𝑑
𝑘 -equivalent to a

link obtained from cl(𝐿0 ∗ 𝐿1
1 ∗ ⋅ ⋅ ⋅ ∗ 𝐿1

𝑚) by surgery along simple 𝐶𝑘+1-trees with
∣index∣ = 𝑘.
By Lemmas 2.1 and 2.2,

𝐿
𝐶𝑑

𝑘+𝐶𝑘+2∼ cl(𝐿0 ∗ 𝐿2
1 ∗ ⋅ ⋅ ⋅ ∗ 𝐿2

𝑚),

where, for each 𝑖 = 1, ...,𝑚, 𝐿2
𝑖 = 𝑈𝑖 ∪ 𝐿2

𝑖1 is a split union of 𝑈𝑖 and 𝐿2
𝑖1 with

𝐿2
𝑖1 = (

∪
𝑗∈𝑆𝑖

𝛾𝑗)𝑇 2
𝑖
for some union 𝑇 2

𝑖 of simple 𝐶
𝑑
𝑘−1-trees, 𝐶𝑘-trees, and 𝐶𝑘+1-

trees with index 𝑆𝑖, and the 𝐶𝑘+2-equivalence is realized by surgery along simple
𝐶𝑘+2-trees with ∣index∣ ≥ 𝑘.
By repeating this procedure, we have that

𝐿
𝐶𝑑

𝑘+𝐶2𝑘∼ cl(𝐿0 ∗ 𝐿𝑘
1 ∗ ⋅ ⋅ ⋅ ∗ 𝐿𝑘

𝑚),

where, for each 𝑖 = 1, ...,𝑚, 𝐿𝑘
𝑖 = 𝑈𝑖 ∪𝐿𝑘

𝑖1 is a split union of 𝑈𝑖 and 𝐿
𝑘
𝑖1 with 𝐿

𝑘
𝑖1 =

(
∪

𝑗∈𝑆𝑖
𝛾𝑗)𝑇𝑘

𝑖
for some union 𝑇 𝑘

𝑖 of simple 𝐶
𝑑
𝑘−1-trees, 𝐶𝑘-trees,..., and 𝐶2𝑘−1-trees

with index 𝑆𝑖. Note that a simple 𝐶2𝑘-tree is either a 𝐶2𝑘-tree with index ≥ 𝑘 + 1

or a 𝐶
(3)
2𝑘 -tree. By Propositions 2.10 and 2.11,

𝐿
𝐶𝑑

𝑘+𝐶𝑠
2∼ cl(𝐿0 ∗ 𝐿𝑘

1 ∗ ⋅ ⋅ ⋅ ∗ 𝐿𝑘
𝑚).

So 𝐿 is self Δ-equivalent to a link obtained from cl(𝐿0 ∗𝐿𝑘
1 ∗ ⋅ ⋅ ⋅ ∗𝐿𝑘

𝑚) by surgery
along simple 𝐶𝑑

𝑘 -trees. By Lemmas 2.1 and 2.2,

𝐿
𝐶𝑠

2+𝐶𝑘+1∼ cl(𝑀1 ∗ 𝐿0 ∗ 𝐿𝑘
1 ∗ ⋅ ⋅ ⋅ ∗ 𝐿𝑘

𝑚),

where𝑀1 is a string link obtained from 1𝑛 by surgery along simple 𝐶
𝑑
𝑘 -trees, and the

𝐶𝑘+1-equivalence is realized by surgery along simple 𝐶𝑘+1-trees with ∣index∣ ≥ 𝑘+1.
By Lemmas 2.1 and 2.2,

𝐿
𝐶𝑠

2+𝐶𝑘+2∼ cl(𝑀2 ∗ 𝐿0 ∗ 𝐿𝑘
1 ∗ ⋅ ⋅ ⋅ ∗ 𝐿𝑘

𝑚),

where 𝑀2 is a string link obtained from 1𝑛 by surgery along simple 𝐶
𝑑
𝑘 -trees and

𝐶𝑘+1-trees with ∣index∣ ≥ 𝑘 + 1, and the 𝐶𝑘+2-equivalence is realized by surgery
along simple 𝐶𝑘+2-trees with ∣index∣ ≥ 𝑘 + 1.
By repeating this step, we have that

𝐿
𝐶𝑠

2+𝐶2𝑛∼ cl(𝑀2𝑛−𝑘 ∗ 𝐿0 ∗ 𝐿𝑘
1 ∗ ⋅ ⋅ ⋅ ∗ 𝐿𝑘

𝑚),

where 𝑀2𝑛−𝑘 is a string link obtained from 1𝑛 by surgery along simple 𝐶
𝑑
𝑘 -trees,

𝐶𝑘+1-trees,..., and 𝐶2𝑛−1-trees with ∣index∣ ≥ 𝑘 + 1. Since a simple 𝐶2𝑛-tree is a

𝐶
(3)
2𝑛 -tree, by Lemma 2.11,

𝐿
𝐶𝑠

2∼ cl(𝑀2𝑛−𝑘 ∗ 𝐿0 ∗ 𝐿𝑘
1 ∗ ⋅ ⋅ ⋅ ∗ 𝐿𝑘

𝑚).
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Since ∣𝑆𝑖∣ = 𝑘, the unions of the 𝑗th components (𝑗 ∈ 𝑆𝑖) of cl(𝑀2𝑛−𝑘 ∗ 𝐿0 ∗
𝐿𝑘
1 ∗ ⋅ ⋅ ⋅ ∗ 𝐿𝑘

𝑚) and of cl(𝐿0 ∗ 𝐿𝑘
𝑖 ) are equivalent. Let 𝐿0𝑖 be the union of the 𝑗th

components (𝑗 ∈ 𝑆𝑖) of 𝐿0. Then cl(𝐿0𝑖 ∗ 𝐿𝑘
𝑖1) is deformed into a split sum of

cl(𝐿0𝑖) and cl(𝐿
𝑘
𝑖1) by a finite sequence of fissions. Since the 𝑘-component sublinks

of cl(𝐿0)(= 𝐿′) are all trivial, cl(𝐿0𝑖) is the trivial link. Therefore cl(𝐿0𝑖 ∗ 𝐿𝑘
𝑖1) is

concordant to cl(𝐿𝑘
𝑖1). This implies that 𝜇𝐿𝑘

𝑖1
(𝐽) = 𝜇𝐿(𝐽) = 0 for any multi-index

𝐽 in 𝑆𝑖 with ∣𝐽 ∣ ≤ 2𝑘 (≤ 2𝑛 − 2) and 𝑟(𝐽) ≤ 2. By Corollary 5.9, cl(𝐿𝑘
𝑖1) is self

Δ-equivalent to a trivial link. Since cl(𝑀2𝑛−𝑘 ∗ 𝐿0 ∗ 𝐿𝑘
1 ∗ ⋅ ⋅ ⋅ ∗ 𝐿𝑘

𝑚) is deformed
into a split sum of cl(𝑀2𝑛−𝑘 ∗ 𝐿0) and cl(𝐿

𝑘
11),...,cl(𝐿

𝑘
𝑚1) by a finite sequence of

fissions, 𝐿 is deformed into a split sum of cl(𝑀2𝑛−𝑘 ∗ 𝐿0) and a trivial link by a
finite sequence of fissions and 𝐶𝑠

2-moves. Note that any (𝑘+ 1)-component sublink
of cl(𝑀2𝑛−𝑘 ∗ 𝐿0) is Brunnian.
By the induction, we have that 𝐿 is deformed into a split sum of an 𝑛-component

Brunnian link 𝐵 and a trivial link by a finite sequence of fissions and self Δ-moves.
By Proposition 2.8, 𝐵 is 𝐶𝑑

𝑛−1-equivalent to a trivial link. This completes the
proof. □

By combining Corollary 5.8 and Theorem 6.2, we can prove Theorem 1.3.

Proof of Theorem 1.3. Let 𝐿 be an 𝑛-component link with 𝜇𝐿(𝐼) = 0 for any 𝐼 with
∣𝐼∣ ≤ 2𝑛 − 1 and 𝑟(𝐼) ≤ 2. By Theorem 6.2, 𝐿 is self Δ-equivalent to a Brunnian
link 𝐵. Since 𝜇𝐵(𝐼) = 𝜇𝐿(𝐼) = 0 for any 𝐼 with ∣𝐼∣ ≤ 2𝑛 − 1 and 𝑟(𝐼) ≤ 2, by
Corollary 5.8, 𝐵 is determined by Milnor invariants with length 2𝑛 and 𝑟 = 2. This
completes the proof. □

The following theorem characterizes 𝑛-component links whose Milnor invariants
of length ≤ 2𝑛− 1 and 𝑟 ≤ 2 vanish.
Theorem 6.3. For an 𝑛-component link 𝐿, 𝜇𝐿(𝐼) = 0 for any 𝐼 with ∣𝐼∣ ≤ 2𝑛− 1
and 𝑟(𝐼) ≤ 2 if and only if, for each 𝑖 ∈ {1, ..., 𝑛}, there is a Brunnian link 𝐿𝑖 such
that 𝐿𝑖 is self Δ-equivalent to 𝐿 and the 𝑖th component 𝐾 of 𝐿𝑖 is null-homotopic
in 𝑆3 ∖ (𝐿𝑖 −𝐾).

Proof. For the ‘only if’ part, it is enough to consider the case when 𝑖 = 𝑛. By
Theorem 6.2, 𝐿 is self Δ-equivalent to a Brunnian link. In the proof of Theorem 5.7,
we see that a Brunnian link, whose Milnor invariants vanish for any 𝐼 with ∣𝐼∣ ≤
2𝑛 − 1 and 𝑟(𝐼), is (𝐶𝑠

2 + 𝐶2𝑛−1)-equivalent to the closure of a product of some
𝑉𝜏 ’s (𝜏 ∈ ℛ2𝑛−1(𝑛)). Hence, by Proposition 2.11, Lemmas 5.4 (1) and 5.6, 𝐿 is self
Δ-equivalent to 𝐿𝑛 of a product of some 𝑉𝜑’s (𝜑 ∈ ℛ2𝑛−1(𝑛) ∪ ℛ2𝑛(𝑛) ∪ 𝒫2𝑛(𝑛)).

Note that, for 𝜑 ∈ ℛ2𝑛−1(𝑛) (resp. 𝜑 ∈ ℛ2𝑛(𝑛) ∪ 𝒫2𝑛(𝑛)) 𝑉𝜑 is 𝐶
(2)
2𝑛−1-equivalent

(resp. 𝐶
(2)
2𝑛 -equivalent) to 1𝑛 and the 𝐶

(2)
2𝑛−1-equivalence (resp. 𝐶

(2)
2𝑛 -equivalence)

is realized by surgery along simple 𝐶
(2)
2𝑛−1-trees (resp. 𝐶

(2)
2𝑛 -trees) with 𝑟𝑛 = 2.

By Proposition 2.11, 𝐿𝑛 is self 𝐶1-equivalent to the trivial link and the self 𝐶1-
equivalence is realized by surgery along simple 𝐶𝑠

1-trees with 𝑟𝑛 = 2. Hence the
𝑛th component 𝐾 of 𝐿𝑛 is null-homotopic in 𝑆

3 ∖ (𝐿𝑛 −𝐾).
Now we will show the ‘if’ part. Let 𝐼 be a multi-index with ∣𝐼∣ ≤ 2𝑛 − 1 and

𝑟(𝐼) ≤ 2. Since 𝐿 is self Δ-equivalent to a Brunnian link, if 𝐼 does not contain an
integer in {1, ..., 𝑛}, then 𝜇𝐿(𝐼) = 0. So we may suppose that 𝐼 contains any integer
in {1, ..., 𝑛}. The condition ∣𝐼∣ ≤ 2𝑛− 1 implies that there is an integer 𝑖 such that
𝑖 appears in 𝐼 once. Let 𝐿𝑖 be a Brunnian link such that 𝐿𝑖 is self Δ-equivalent to



4748 A. YASUHARA

1 32

Figure 6.1

𝐿 and the 𝑖th component 𝐾 of 𝐿𝑖 is null-homotopic in 𝑆
3 ∖ (𝐿𝑖 −𝐾). This implies

that 𝜇𝐿𝑖
(𝐽𝑖) = 0 for any index 𝐽 in {1, ..., 𝑛} ∖ {𝑖}. Since 𝜇 has ‘cyclic symmetry’

([19, Theorem 8]), 𝜇𝐿𝑖
(𝐼) = 0. This completes the proof. □

Example 6.4. Let 𝑉 be the string link illustrated in Figure 6.1 and let 𝐿 be the
closure of 𝑉 . By Proposition 2.11, for each 𝑖 (𝑖 = 2, 3), 𝑉 is self 𝐶1-equivalent to
13 and the self 𝐶1-equivalence is realized by surgery along 𝐶

𝑠
1-trees with index {𝑖}.

Hence the 𝑖th component 𝐾𝑖 of 𝐿 is null-homotopic in 𝑆3 ∖ (𝐿 − 𝐾𝑖) (𝑖 = 2, 3).
Suppose that the 1st component 𝐾1 is null-homotopic in 𝑆3 ∖ (𝐿 − 𝐾1). Then,
by Theorem 6.3, 𝜇𝐿(𝐼) = 0 for any 𝐼 with ∣𝐼∣ ≤ 5 and 𝑟(𝐼) ≤ 2. By Lemma 5.2,
𝜇𝑉 (12233) = 1. Hence 𝜇𝐿(12233) = 1. This is a contradiction.
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