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THE LI-YAU-HAMILTON INEQUALITY FOR YAMABE FLOW

ON A CLOSED CR 3-MANIFOLD

SHU-CHENG CHANG, HUNG-LIN CHIU, AND CHIN-TUNG WU

Abstract. We deform the contact form by the (normalized) CR Yamabe
flow on a closed spherical CR 3-manifold. We show that if a contact form
evolves with positive Tanaka-Webster curvature and vanishing torsion from
initial data, then we obtain a new Li-Yau-Hamilton inequality for the CR
Yamabe flow. By combining this parabolic subgradient estimate with a com-
pactness theorem of a sequence of contact forms, it follows that the CR Yamabe
flow exists for all time and converges smoothly to, up to the CR automorphism,
a unique limit contact form of positive constant Webster scalar curvature on
a closed CR 3-manifold, which is CR equivalent to the standard CR 3-sphere
with positive Tanaka-Webster curvature and vanishing torsion.

1. Introduction

Let (M2n+1, J) denote a closed (2n+ 1)-dimensional CR manifold (we refer to
section 2 for the details). The CR Yamabe problem is to find a contact form on
M with constant Tanaka-Webster curvature. In serial papers ([JL1], [JL2], [JL3]),
D. Jerison and J. Lee initiated the study of this problem. They confirmed the CR
Yamabe problem in the case where the CR Yamabe constant λ(M) is less than the

one λ(S2n+1) for a standard CR sphere (S2n+1, Ĵ). Their methods can be compared
to the partial completion of the proof of the Riemannian Yamabe problem by T.
Aubin ([A]). By the pseudohermitian analogue, the remaining cases should be
solved using a CR version of the positive pseudohermitian-mass conjecture which
is not available at this present stage of research.

In this paper, let (M,J, θ0) denote a closed pseudohermitian 3-manifold and θ(t)
be a family of contact forms on M . The (normalized) CR Yamabe flow is evolved
in the contact form as follows:

(1.1) ∂tθ(t) = 2(r(t) −W(t))θ(t),

where W(t) is the Tanaka-Webster curvature of θ(t) and r(t) is the mean value of

W(t), i.e., r(t) =
∫
M

W(t)dµt/
∫
M

dµt, dµt = θ(t) ∧ dθ(t) is the volume form of θ(t).
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We write θ(t) = e2λ(t)θ0 with respect to a fixed contact form θ0. Then we can
express the equation (1.1) in terms of λ(t) by

(1.2)

⎧⎨
⎩

∂λ(t)

∂t = r(t) −W(t),
θ(t) = e2λ(t)θ0,
λ(p, 0) = λ0(p).

The corresponding Yamabe flow on a Riemannian manifold (Nm, u
4

m−2

(t) g0) can

be read as

(1.3)

⎧⎪⎨
⎪⎩

∂u(t)

∂t = (r(t) − S(t))u,

g(t) = u
4

m−2

(t) g0, u(t) > 0,

u(p, 0) = u0(p),

where S(t) is the scalar curvature of g(t) and r(t) is the mean value of S(t).
B. Chow ([C]) obtained the Harnack inequality for the solution of the Riemann-

ian Yamabe flow and proved that the asymptotic convergence of solutions of the
flow provided that (M, g0) is locally conformally flat and g0 has positive Ricci
curvature. By using Schoen-Yau’s positive mass theorem ([SY]), the second as-
sumption was removed by R. Ye ([Y]). He showed that the flow converges to a
metric of positive constant scalar curvature whenever (M, g0) is locally confor-
mally flat. H. Schwetlick and M. Struwe obtained similar results with the help of
the concentration compactness theorem ([SS]).

We observe that, by using Hamilton’s general method, J.-H. Cheng and the first
named author ([CC]) obtained the standard Harnack inequality for the CR Yam-
abe flow (1.1) on a closed spherical CR 3-manifold with positive Tanaka-Webster
curvature and vanishing torsion.

In this paper, by using the method of Li and Yau ([LY]), we get a new Li-
Yau-Hamilton inequality for the flow (1.1) on a closed spherical CR 3-manifold
with positive Tanaka-Webster curvature and vanishing torsion. With the help of
a compactness theorem of a sequence of contact forms, we prove the asymptotic
convergence of solutions of the CR Yamabe flow (1.1) as t → ∞.

We first recall some previous results ([CCW]). Let (M,J, θ) denote a closed
pseudohermitian 3-manifold, and we consider a positive solution u(x, t) of the CR
heat equation with respect to the sub-Laplacian ∆b

(1.4) (∆b −
∂

∂t
)u(x, t) = 0

on M × [0,∞). By using the arguments of [LY], we are able to derive the CR
version of the parabolic Li-Yau gradient estimate and the Li-Yau inequality for a
positive solution u(x, t) of (1.4) on M × [0,∞) with the pluriharmonic function as
initial data.

Proposition 1.1 ([CCW]). Let (M,J, θ) be a closed pseudohermitian 3-manifold
of vanishing torsion and nonnegative Tanaka-Webster curvature. If u(x, t) is a
positive solution of the CR heat equation (1.4) on M × [0,∞) with P0u(x, 0) = 0,
then u satisfies the estimate

(1.5)
|∇bu|2
3u2

+
ut

u
≤ 3

t

on M × (0,∞).
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Integrating (1.5) from time t1 to time t2, we obtain the following CR version of
the Li-Yau inequality.

Corollary 1.2 ([CCW]). Let (M,J, θ) be a closed pseudohermitian 3-manifold of
vanishing torsion and nonnegative Tanaka-Webster curvature. If u(x, t) is a positive
solution of the CR heat equation (1.4) on M × [0,∞) with P0u(x, 0) = 0, then for
any x1, x2 in M and 0 < t1 < t2 < ∞, we have the inequality

(1.6) u(x2, t2) ≤ u(x1, t1)

(
t2
t1

)3

exp

(
3

4
L

)
,

where

L = inf
γ

∫ t2

t1

|
.

γ|
2

dt

and the infimum is taken over all horizontal curves γ with γ(t1) = x1 and γ(t2) =
x2.

Remark 1.3. Due to the CR version of Bochner formula (3.5) involving a term which
is the so-called CR Paneitz operator P0 and has no analogue in the Riemannian
case, the CR version of the parabolic Li-Yau gradient estimate and the Li-Yau
inequality are somewhat different from the one of the Riemannian case, as in the
remarkable paper of Li and Yau ([LY]). It is also interesting to compare the results
of Cao and Yau ([CY]) with ours.

For later use, we call a CR structure J spherical if a Cartan curvature tensor
Q11 vanishes identically. Here

Q11 =
1

6
W11 +

i

2
WA11 −A11,0 −

2i

3
A

11,11
.

Note that (M,J) is called a closed spherical pseudohermitian 3-manifold if J is a
spherical structure. We observe that the spherical structure is CR invariant and
that a closed spherical pseudohermitian 3-manifold (M,J) is locally CR equivalent

to (S3, Ĵ).
We denote ft by partial differentiation of a smooth function f with respect to

the variable t and write W = W(t), r = r(t), etc., for short in the notation. Now
by using the method of Li and Yau ([LY]) and ([CCW]), we are able to get the CR
version of the parabolic Li-Yau-Hamilton gradient estimate.

Theorem 1.4. Let (M,J, θ(0)) be a closed spherical pseudohermitian 3-manifold
with vanishing torsion and positive Tanaka-Webster curvature. Then under the
Yamabe flow (1.1), the Tanaka-Webster curvature W satisfies the estimate

(1.7)
4

3

|∇bW |2

W 2
+

Wt

W
≤ 6r +

3

t

on M × (0,∞).

By integrating (1.7) from time t1 to time t2, we obtain the following Li-Yau-
Hamilton Harnack inequality.

Corollary 1.5. Consider the Yamabe flow under the same assumptions as in The-
orem 1.4. Then for all points x1, x2 in M and times 0 < t1 < t2 ≤ ∞, we have the
inequality

W (x2, t2) ≤ W (x1, t1)

(
t2
t1

)3

exp

(
6R +

3

16
L

)
,
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where

R =

∫ t2

t1

r(t)dt, L = inf
γ

∫ t2

t1

∣∣ .γ∣∣2
J,θ(t)

dt

and the infimum is taken over all Legendrian paths γ with γ(t1) = x1 and γ(t2) =
x2.

We have an opposite sign of the term Wt

W in (1.7) with the one in Hamilton’s
paper ([H]) for the Ricci flow due to the CR version of the Bochner formula. Indeed,
as in (3.7), one needs to deal with an extra term

〈
PW + P̄W, dbW

〉
L∗

θ
which is an

operator that characterizes CR-pluriharmonic functions in Lemma 3.8. However we
are able to control it for a closed spherical pseudohermitian manifold with positive
Tanaka-Webster curvature and vanishing torsion. It follows that the CR version
of Li-Yau-Hamilton’s inequality (1.7) holds, and then we have the uniformly Lp-
bound estimate of W as in Lemma 5.2, for p > 2. As a consequence of (1.7) and a
compactness theorem of a sequence of contact forms, we show the convergence of
solutions of the CR Yamabe flow (1.1) as follows:

Theorem 1.6. Let (M,J, θ(0)) be a closed pseudohermitian 3-manifold which is CR

equivalent to (S3, Ĵ) with vanishing torsion and positive Tanaka-Webster curvature.
Then solutions of the CR Yamabe flow (1.1) converge smoothly to, up to the CR
automorphism, a unique limit contact form of constant Webster scalar curvature as
t → ∞.

Due to Conjecture 4.8 in section 4, we make a further conjecture:

Conjecture 1.7. Let (M,J, θ(0)) be a closed spherical pseudohermitian 3-manifold
with vanishing torsion and positive CR Yamabe constant. Then solutions of the CR
Yamabe flow (1.1) converge smoothly to, up to the CR automorphism, a unique limit
contact form of constant Webster scalar curvature as t → ∞. As a consequence,
there is a contact form of positive constant Tanaka-Webster curvature on such a
pseudohermitian 3-manifold.

Besides T. Aubin’s ([A]) and R. Schoen’s ([Sch]) proof, a very different solution
to the Riemannian Yamabe problem was introduced by A. Bahri and H. Brezis
and can be generalized to the CR Yamabe problem by N. Gamara and Y. Yacoub
([GY]).

We briefly describe the methods used in our proofs. In section 3, we first derive
some basic properties for the CR Yamabe flow. Second, by using the arguments
of [LY] and [CCW], we are able to have Li-Yau-Hamilton’s inequality for the CR
Yamabe flow, and then the CR version of the parabolic gradient estimate is derived
on a pseudohermitian 3-manifold. In section 4, by applying the second named au-
thor’s previous method ([Chi1]), we are able to get a pseudohermitian compactness
theorem of a sequence of contact forms. In section 5, we first derive the uniformly
Lp-bound estimate of W from the subgradient estimate in Theorem 1.4. By com-
bining a compactness theorem of a sequence of contact forms in section 4, we are
able to get the uniformly S2,p-estimates for any fixed p > 2 and then the asymptotic
convergence of solutions of the CR Yamabe flow (1.1).

2. Preliminaries

Let us first review some basic material in pseudohermitian geometry ([T], [W]).
Let M be a closed 3-manifold with an oriented contact structure ξ. There always
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exists a global contact form θ, obtained by patching together local ones with a
partition of unity. The characteristic vector field of θ is the unique vector field
T such that θ(T ) = 1 and dθ(T, ·) = 0. A CR-structure J compatible with ξ is
a smooth endomorphism J : ξ→ξ such that J2 = −identity. A pseudohermitian
structure compatible with ξ is a CR-structure J compatible with ξ together with
a global contact form θ.

Given a pseudohermitian structure (J, θ), we can choose a complex vector field
Z1, an eigenvector of J with eigenvalue i, and a complex 1-form θ1 such that
{θ, θ1, θ1̄} is dual to {T, Z1, Z1̄}. It follows that dθ = ih11̄θ

1∧θ1̄ for some nonzero
real function h11̄. If h11̄ is positive, we call such a pseudohermitian structure (J, θ)
positive, and we can choose a Z1 (hence θ1) such that h11̄ = 1. That is to say,

dθ = iθ1∧θ1̄.
Throughout the paper we’ll always assume our pseudohermitian structure (J, θ)

is positive and h11̄ = 1. The pseudohermitian connection of (J, θ) is the connection
∇ on TM⊗C (and extended to tensors) given by

∇Z1 = ω1
1⊗Z1, ∇Z1̄ = ω1̄

1̄⊗Z1̄, ∇T = 0

in which the 1-form ω1
1 is uniquely determined by the following equation with a

normalization condition:

dθ1 = θ1∧ω1
1 +A1

1̄θ∧θ1̄,
ω1

1 + ω1̄
1̄ = 0.

The coefficient A1
1̄ is called the (pseudohermitian) torsion. Since h11̄ = 1,

A1̄1̄ = h11̄A
1
1̄ = A1

1̄, and A11 is just the complex conjugate of A1̄1̄. Differentiating
ω1

1 gives

dω1
1 = Wθ1∧θ1̄ + 2iIm(A11,1̄θ

1∧θ),
where W is the Tanaka-Webster curvature.

We can define the covariant differentiations with respect to the pseudohermitian
connection. For instance, f1 = Z1f, f11̄ = Z1̄Z1f −ω1

1(Z1̄)Z1f, and f0 = Tf for a
function f . We define the subgradient operator ∇b and the sublaplacian operator
∆b by ∇bf = f1̄Z1 + f1Z1̄ and ∆bf = f11̄ + f1̄1, respectively. We also define the
Levi form 〈, 〉J,θ by

〈V, U〉J,θ = 2dθ(V, JU) = v1u1̄ + v1̄u1

for V = v1Z1̄ + v1̄Z1, U = u1Z1̄ + u1̄Z1 in ξ. The associated norm is defined as
usual: |V |2J,θ = 〈V, V 〉J,θ. Next we recall below the Folland-Stein space Sk,p.

Define

(V, U)J,θ =

∫
M

〈V, U〉J,θθ ∧ dθ.

For a vector X ∈ ξ, we define |X|2 ≡ 〈X,X〉J,θ. It follows that |∇bf |2 = 2f1f1̄ for
a real valued smooth function f. Also, the square modulus of the sub-Hessian ∇2

bf
of f reads |∇2

bf |2 = 2f11f1̄1̄ + 2f11̄f1̄1. Let D denote a differential operator acting
on functions. We say D has weight m, denoted w(D) = m, if m is the smallest
integer such that D can be locally expressed as a polynomial of degree m in vector
fields tangent to the contact bundle ξ. We define the Folland-Stein space Sk,p of
functions on M by

Sk,p = {f ∈ Lp : Df ∈ Lp whenever w(D) ≤ k}.
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We define the Lp norm of∇bf,∇2
bf , ... to be (

∫
|∇bf |pθ∧dθ)1/p, (

∫
|∇2

bf |pθ∧dθ)1/p,
..., respectively, as usual. So it is natural to define the Sk,p norm of f ∈ Sk,p as
follows:

||f ||Sk,p = (
∑

0≤j≤k

||∇j
bf ||

p
Lp)

1/p.

The function space Sk,p with the above norm is a Banach space for k ≥ 0, 1 < p <
∞. There are also embedding theorems of Sobolev type. For instance, S2,2 ⊂ S1,4

(for dimM = 3). We refer the reader to [FS] and [Fo] for more discussions on these
spaces. For all Z = x1Z1 ∈ T1,0, one defines

Ric(Z,Z) = Wx1x1̄,

T or(Z,Z) = 2Re iA1̄1̄x
1̄x1̄.

A piecewise smooth curve γ : [0, 1] → M is said to be horizontal if γ ′(t) ∈ ξ
whenever γ ′(t) exists. The length of γ is then defined by

l(γ) =

∫ 1

0

|γ ′(t)|J,θdt.

The Carnot-Carathéodory distance between two points p, q ∈ M is defined by

d(p, q) = inf {l(γ)| γ ∈ Cp,q} ,

where Cp,q is the set of all horizontal curves which join p and q. By the Chow
connectivity theorem [Cho], there always exists a horizontal curve joining p and q,
so the distance is finite.

3. The subgradient estimate and Li-Yau-Hamilton inequality

In this section, we first derive some basic facts under the CR Yamabe flow (1.1).
Then, by using the arguments of [LY], we are able to derive an estimate on the
derivative of the Tanaka-Webster curvature W on a pseudohermitian 3-manifold.
This is the so-called the Li-Yau-Hamilton inequality for the CR Yamabe flow.

Lemma 3.1. Under the Yamabe flow (1.1), we have

Wt = 4∆bW + 2W (W − r),(3.1)

∂t(A11) = 2(W − r)A11 − 2iW11,(3.2)

where ∆b, A11, and covariant derivatives are with respect to θ(t).

By applying the maximum principle to (3.1), we obtain

Lemma 3.2. Suppose (M,J, θ(0)) is closed with W(0) > 0. Then the inequality
W > 0 is preserved under the Yamabe flow (1.1).

Following the same proof of Lemma 3.1 in [CC] to equation (3.2), we have that
the torsion vanishes for all time if our CR structure J is spherical.

Lemma 3.3. Suppose J is spherical and A11 = 0 for an initial θ(0). Then, under
the Yamabe flow (1.1), A11 vanishes for all θ(t).
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Since the volume of M is preserved along the Yamabe flow (1.1), and by using
the equation (3.1) of W , we get

Lemma 3.4. Under the Yamabe flow (1.1), we have

d

dt
r = −2

∫
M

(W − r)2dµ/

∫
M

dµ.

This implies that r(t) is decreasing along the Yamabe flow (1.1).
The following formulae will be used as we compute the evolution equations of

∆bW and |∇bW |2.

Lemma 3.5. Under the Yamabe flow (1.1), we have

∂t(∆bf) = ∆b(ft) + 2(W − r)∆bf − 2 〈∇bW,∇bf〉Lθ
,

∂t(|∇bf |2) = 2(W − r)|∇bf |2 + 2 〈∇bf,∇bft〉Lθ

for a (smooth) real-valued function f = f(x, t) defined on M ×R.

Let W be a positive solution of equation (3.1) and let ϕ = logW ; then ϕ satisfies
the equation

(∂t/4−∆b)ϕ = |∇bϕ|2 +
1

2
(W − r).

We first recall the following formulae that we need in the proof of the subgradient
estimate. The first is the CR version Bochner formula involving the CR Paneitz
operator.

We define

Pϕ = (ϕ1̄
1̄
1 + iA11ϕ

1)θ1 = Pϕ = (P1ϕ)θ
1,

which is an operator that characterizes CR-pluriharmonic functions ([L2]). Here

P1ϕ = ϕ1̄
1̄
1 + iA11ϕ

1 and Pϕ = (P 1)θ
1̄, the conjugate of P . The CR Paneitz

operator P0 is defined by

(3.3) P0ϕ = 4
(
δb(Pϕ) + δb(Pϕ)

)
,

where δb is the divergence operator that takes (1, 0)-forms to functions by δb(σ1θ
1) =

σ1,
1, and similarly, δ̄b(σ1̄θ

1̄) = σ1̄,
1̄. We observe that

(3.4)

∫
〈Pϕ+ Pϕ, dbϕ〉L∗

θ
dµ = −1

4

∫
P0ϕ · ϕ dµ.

Lemma 3.6 ([Chi2], [CCC]). For a real function ϕ,

(3.5)

1
2∆b|∇bϕ|2 = |(∇H)2ϕ|2 + 3 〈∇bϕ,∇b∆bϕ〉Lθ

+(2Ric− 3Tor)((∇bϕ)C , (∇bϕ)C)

−4〈Pϕ+ Pϕ, dbϕ〉L∗
θ
,

where (∇bϕ)C = ϕ1̄Z1 is the corresponding complex (1, 0)-vector field of ∇bϕ and

dbϕ = ϕ1θ
1 + ϕ1̄θ

1̄.

Lemma 3.7. Let ϕ = logW , for a positive smooth function W. Then〈
Pϕ+ P̄ϕ, dbϕ

〉
L∗

θ

= W−2
〈
PW + P̄W, dbW

〉
L∗

θ
− 1

2 〈∇bϕ,∇b|∇bϕ|2〉 − 1
2W

−1∆bW |∇bϕ|2.
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Proof. Let Q(x) = |∇bϕ|2 (x). We compute

∇bQ = Q1Z1 +Q1Z1

= 2∇b(ϕ1ϕ1)

= 2(
W 2W1W11+W 2W1W11−2WW 2

1 W1

W 4 )Z1 + complex conjugate.

It follows that

P1ϕ = ϕ1̄11 + iA11ϕ1̄

=
W 3W1̄11 −W 2W1̄W11 − 2W 2W1W1̄1 + 2WW1

2W1̄

W 4
+ iA11

W1̄

W

=
P1W

W
− 1

2
Q1 −

W1W1̄1

W 2

=
P1W

W
− 1

2
Q1 − ϕ1

W1̄1

W
.

Thus

4
〈
Pϕ+ P̄ϕ, dbϕ

〉
L∗

θ
= 4

〈
(P1ϕ) θ

1 +
(
P̄1ϕ

)
θ1̄, ϕ1θ

1 + ϕ1̄θ
1̄
〉
L∗

θ

= 4
[
(P1ϕ)ϕ1̄ +

(
P̄1ϕ

)
ϕ1

]
= 4

(
P1W

W
− 1

2
Q1 − ϕ1

W1̄1

W

)
ϕ1̄ + complex conjugate

= 4

〈
PW + P̄W, dbW

〉
L∗

θ

W 2
− 2

〈
∇bϕ,∇b |∇bϕ|2

〉
− 2

(
∆bW

W
|∇bϕ|2

)
.

This implies the lemma. �

Now we prove the following lemma which is essential in the derivation of our
subgradient estimate for the Tanaka-Webster curvature.

Lemma 3.8. Let (M,J, θ(0)) be a closed spherical 3-dimensional pseudohermitian
manifold with positive Tanaka-Webster curvature and vanishing torsion. Then,
under the Yamabe flow (1.1), the function

(3.6) F = t[|∇bϕ|2 +
3

4
ϕt − 12(W − r)]

satisfies the inequality

(∆b − ∂t/4)F ≥ −2

3
〈∇bϕ,∇bF 〉+ 1

9t
F [F + (12W − 33

2
r)t− 9

4
]

+
16

9
t|∇bϕ|4 − 7tW |∇bϕ|2 + 7t(W − r)2(3.7)

−21

8
trt − 8tW−2

〈
PW + P̄W, dbW

〉
L∗

θ
.
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Proof. First differentiating (3.6) in the variable t and by Lemma 3.5, we have

Ft =
1

t
F + t[|∇bϕ|2 +

3

4
ϕt − 12(W − r)]t

=
1

t
F + t[4 |∇bϕ|2 + 3∆bϕ− 21

2
(W − r)]t

=
1

t
F + t[8(W − r) |∇bϕ|2 + 8〈∇bϕ,∇bϕt〉+ 3∆bϕt(3.8)

+6(W − r)∆bϕ− 6〈∇bW,∇bϕ〉 −
21

2
(Wt − rt)]

=
1

t
F + t[8〈∇bϕ,∇bϕt〉+ 3∆bϕt − 6(6W + r)∆bϕ

−8(5W + r) |∇bϕ|2 − 21W (W − r) +
21

2
rt].

By the Bochner formula (3.5) to equation (3.6) and Lemma 3.7, we obtain

∆bF = t[∆b |∇bϕ|2 +
3

4
∆bϕt − 12∆b(W − r)]

= t[2|(∇H)2ϕ|2 + 6 〈∇bϕ,∇b∆bϕ〉
+2(2Ric− 3Tor)((∇bϕ)C , (∇bϕ)C)

−8〈Pϕ+ Pϕ, dbϕ〉L∗
θ
+

3

4
∆bϕt − 12∆bW ]

≥ t[4 |ϕ11|2 + (∆bϕ)
2 + 6 〈∇bϕ,∇b∆bϕ〉+ 2W |∇bϕ|2(3.9)

−8〈Pϕ+ Pϕ, dbϕ〉L∗
θ
+

3

4
∆bϕt − 12∆bW ]

= t[4 |ϕ11|2 + (∆bϕ)
2 + 6 〈∇bϕ,∇b∆bϕ〉+

3

4
∆bϕt

−8W−2
〈
PW + P̄W, dbW

〉
L∗

θ
+ 4

〈
∇bϕ,∇b|∇bϕ|2

〉
+4(∆bϕ+ |∇bϕ|2)|∇bϕ|2 − 2W (6∆bϕ+ 5|∇bϕ|2)],

where we have used the inequalities

∣∣(∇H)2ϕ
∣∣2 = 2 |ϕ11|2 +

1

2
(∆bϕ)

2 +
1

2
ϕ2
0 ≥ 2 |ϕ11|2 +

1

2
(∆bϕ)

2,

(2Ric− 3Tor)((∇bϕ)C , (∇bϕ)C) = 2W |(∇bϕ)C |2 = W |∇bϕ|2

and

W−1∆bW = ∆bϕ+ |∇bϕ|2.

Applying the formula

(3.10) ∆bϕ =
1

4
ϕt − |∇bϕ|2 −

1

2
(W − r) =

1

3t
F − 4

3
|∇bϕ|2 +

7

2
(W − r)
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and combining (3.8) and (3.9), we conclude that

(∆b − ∂t/4)F

≥ − 1

4t
F + t[4 |ϕ11|2 + (∆bϕ)

2 + 4(∆bϕ+ |∇bϕ|2)|∇bϕ|2

+6 〈∇bϕ,∇b∆bϕ〉+ 4
〈
∇bϕ,∇b|∇bϕ|2

〉
− 2〈∇bϕ,∇bϕt〉

+(
3

2
r − 3W )∆bϕ+ 2r |∇bϕ|2 +

21

4
W (W − r)− 21

8
rt

−8W−2
〈
PW + P̄W, dbW

〉
L∗

θ
](3.11)

= − 1

4t
F + t[4 |ϕ11|2 + (∆bϕ)

2 + 4(∆bϕ+ |∇bϕ|2)|∇bϕ|2

− 2

3t
〈∇bϕ,∇bF 〉 − 4

3

〈
∇bϕ,∇b|∇bϕ|2

〉
+ (

3

2
r − 3W )∆bϕ

+(2r − 11W )|∇bϕ|2 +
21

4
W (W − r)− 21

8
rt

−8W−2
〈
PW + P̄W, dbW

〉
L∗

θ
].

Now, it is easy to see that〈
∇bϕ,∇b|∇bϕ|2

〉
= 4Re(ϕ11ϕ1ϕ1) + ∆bϕ |∇bϕ|2 ,

thus

−4

3

〈
∇bϕ,∇b|∇bϕ|2

〉
= −16

3
Re(ϕ11ϕ1ϕ1)−

4

3
∆bϕ |∇bϕ|2

≥ −4 |ϕ11|2 −
16

9
|ϕ1|

4 − 4

3
∆bϕ |∇bϕ|2

= −4 |ϕ11|2 −
4

9
|∇bϕ|4 −

4

3
∆bϕ |∇bϕ|2 .

Here we used the basic inequality 2Re(zw) ≤ ε |z|2 + ε−1 |w|2 for all ε > 0. Substi-
tuting this inequality into (3.11) and applying the formula (3.10), we finally get(

∆b −
∂

∂t

)
F

≥ −2

3
〈∇bϕ,∇bF 〉+ t[(∆bϕ)

2 +
8

3
∆bϕ |∇bϕ|2 +

32

9
|∇bϕ|4

+(
3

2
r − 3W )∆bϕ+ (2r − 11W )|∇bϕ|2 +

21

4
W (W − r)

−21

8
rt − 8W−2

〈
PW + P̄W, dbW

〉
L∗

θ
]− 1

4t
F

= −2

3
〈∇bϕ,∇bF 〉+ 1

9t
F [F + (12W − 33

2
r)t− 9

4
]

+
16

9
t|∇bϕ|4 − 7tW |∇bϕ|2 + 7t(W − r)2 − 21

8
trt

−8tW−2
〈
PW + P̄W, dbW

〉
L∗

θ
.

This proves the lemma. �

In order to deal with the term
〈
PW + P̄W, dbW

〉
L∗

θ
in Lemma 3.8, we assume the

torsion vanishes at the initial time. Then by Lemma 3.3, the torsion A11 vanishes
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identically for all time; so does W0 due to the Bianchi identity ([L2]):

(3.12) A
11,11

+A
11,11

= W0.

This implies W0 vanishes identically for all time. It follows that W
11

= W
11

and
W10 = W01 by the commutation relations. In addition, when the CR structure J is
spherical, we have W11 = 0 for all time due to the fact that the Cartan curvature
tensor Q11 vanishes identically.

Lemma 3.9. Suppose J is spherical and the torsion A11 vanishes identically. Then
we have 〈

PW + P̄W, dbW
〉
L∗

θ
= −W |∇bW |2 .

Proof. Using the commutation relations ([L2]) and the Bianchi identity (3.12), we
obtain

W
111

= W
111

+ iW10 +WW1

= W
111

+ iW01 +WW1

= W
111

+WW1.

This implies that W
111

= −WW1. Thus〈
PW + P̄W, dbW

〉
L∗

θ
= W

111
W

1
+W

111
W1

= −2WW1W1
= −W |∇bW |2 . �

Now we are ready to derive the subgradient estimate for the positive solution of
the Tanaka-Webster curvature W (x, t) of (3.1) on M × (0, T ].

Proof of Theorem 1.4. Apply Lemma 3.8 to obtain ϕ = logW , Lemma 3.2, Lemma
3.3, and Lemma 3.9 to get W−2

〈
PW + P̄W, dbW

〉
L∗

θ
= −W |∇bϕ|2 , and Lemma

3.4 to obtain rt ≤ 0. Combining all of these we have

(∆b − ∂t/4)F ≥ −2

3
〈∇bϕ,∇bF 〉+ 1

9t
F [F + (12W − 33

2
r)t− 9

4
]

+
16

9
t|∇bϕ|4 + tW |∇bϕ|2 + 7t(W − r)2 − 21

8
trt(3.13)

≥ −2

3
〈∇bϕ,∇bF 〉+ 1

9t
F [F + (12W − 33

2
r)t− 9

4
]

+7t(W − r)2.

We claim that F is at most ( 332 r−12W )t+ 9
4 . If not, at the maximum point (x0, t0)

of F on M × [0, T ],

F (x0, t0) > (
33

2
r(t0) − 12W (x0, t0))t0 +

9

4
.

Clearly, t0 > 0, because F (x, 0) = 0. By the fact that (x0, t0) is a maximum point
of F on M × [0, T ], we have

∆bF (x0, t0) ≤ 0, ∇bF (x0, t0) = 0,

and

Ft(x0, t0) ≥ 0.
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Combining this with (3.13) implies

0 ≥ 1

9t0
F (x0, t0)[F (x0, t0) + (12W (x0, t0)−

33

2
r(t0))t0 −

9

4
]

+7t0(W (x0, t0)− r(t0))
2,

which is a contradiction. Since we always have F (x0, t0) ≥ 0 and if W (x0, t0) =
r(t0), then F (x0, t0) >

9
4 (2r(t0)t0 + 1) > 0. Hence we obtain

F ≤ (
33

2
r − 12W )t+

9

4
as desired, which implies

|∇bϕ|2 +
3

4
ϕt − 12(W − r) ≤ (

33

2
r − 12W ) +

9

4t
.

This completes the proof of the theorem. �
Proof of Theorem 1.5. Let γ be a Legendrian path with γ(t1) = x1 and γ(t2) = x2.
We define η : [t1, t2] → M × [t1, t2] by

η(t) = (γ(t), t).

Clearly η(t1) = (x1, t1) and η(t2) = (x2, t2). Letting ϕ = logW (x, t) and integrating
d
dtϕ along η, we get

ϕ(x2, t2)− ϕ(x1, t1) =

∫ t2

t1

d

dt
ϕdt =

∫ t2

t1

(
〈 .γ,∇bϕ〉+ ϕt

)
dt.

Applying Theorem 1.4 to ϕt yields

ϕ(x2, t2)− ϕ(x1, t1) ≤
∫ t2

t1

(∣∣ .γ∣∣ |∇bϕ|+ ϕt

)
dt

≤
∫ t2

t1

(
3

16

∣∣ .γ∣∣2 + 6r +
3

t

)
dt

=

∫ t2

t1

3

16

∣∣ .γ∣∣2 dt+ 6

∫ t2

t1

rdt+ 3 log

(
t2
t1

)
.

The theorem follows by taking exponentials of the above inequality. �

4. Compactness of pseudohermitian structures

with integral bounds on the curvature

Let (M,J, θ) be a closed 3-dimensional pseudohermitian manifold. Let {θk =
u2
kθ, uk > 0} be a sequence of contact forms which satisfy

V ol(hk) =

∫
u4
k dµ � V0,(4.1) ∫

|Wk|p dµk � βp,(4.2) ∫
|τ1k |

p
k dµk =

∫
|A1̄1̄(k)|p dµk � βp,(4.3) ∫

|A1̄1̄,1(k)|p dµk � βp,(4.4) ∫
|Wk,0|2 dµk � β2(4.5)
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for some constants V0, β and p > 2. Here Wk and τ1k denote the Tanaka-Webster
curvature and the pseudohermitian torsion with respect to (J, θk = u2

kθ), A1̄1̄,1(k)

is the covariant derivative of A1̄1̄(k) and Wk,0 = TkWk. Also, dµk = u4
kdµ is the

volume form with respect to the adapted metric hk = dθk(·, J ·) + θ2k and dµ is the
volume form with respect to h = dθ(·, J ·) + θ2.

Before stating the main theorem, we first define a somewhat technical condition
on {uk}, say condition (∗), as follows:

Definition 4.1. We say that {uk} satisfies (∗) if there is a point x ∈ M , and
constants ρ, ε, C > 0 such that

(∗)
∫
B(x,ρ)

u−ε
k dµ � C,

where B(x, ρ) denotes the ball of radius ρ centered at x with respect to a natural
distance function.

The condition (∗) was imposed in the works of Gursky ([Gu]), Chang ([Ch]) and
Chang-Wu ([CW]). In the rest of this section, we consider a contact class [θ] with
θk = u2

kθ, for uk > 0. Note that

(4.6) (2∆b +W )uk = Wku
3
k.

It follows ([Chi1]) that

Lemma 4.2. Suppose that {uk} satisfies (4.1), (4.2), and (∗). Then there are
constants δ0, C

′
0 > 0 such that

(4.7)

∫
M

u−δ0
k dµ � C ′

0.

As a consequence, there is a constant C0(V0, β) > 0 such that

(4.8) uk � C0.

Proposition 4.3. Suppose that {uk} satisfies (4.1), (4.2), (4.3), (4.4), (4.5). In
addition, if {uk} has a uniform lower bound, then there are constants C1, C2, which
depend on V0, β and p, such that

(4.9) C−1
1 � uk � C1

and

(4.10) ‖uk‖Sp
2 (M) � C2.

As a consequence of Lemma 4.2 and Proposition 4.3, one has

Corollary 4.4. Suppose that {uk} satisfies (4.1), (4.2), (4.3), (4.4), (4.5) and (∗).
Then {uk} satisfies the conclusions (4.9) and (4.10) of the previous proposition.

Now the main step is to establish the condition (∗) for {uk}. To this end, we
have ([Chi1]).

Lemma 4.5. Let (M,J, θ) be a closed 3-dimensional pseudohermitian manifold
with a negative CR Yamabe constant and where {uk} satisfies (4.1), (4.2), (4.3),
(4.4), (4.5). Then {uk} satisfies (∗).
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Lemma 4.6. Let (M,J, θ) be a closed 3-dimensional pseudohermitian manifold
which is not CR spherical and where {uk} satisfies (4.1), (4.2), (4.3), (4.4), (4.5).
Then {uk} satisfies (∗), provided that there also exists an Lp bound on the Cartan
tensor,

(4.11)

∫
|QJ (θk)|pk dµk � βp, p > 2.

In this section, we shall extend Lemma 4.6 to a closed spherical 3-dimensional
pseudohermitian manifold as well. Now let D = {ζ ∈ C

2 : |ζ| < 1} be the unit ball
and Ω = {(z, w) ∈ C

2 : Imw > |z|2} be the Siegel upper half space. The Cayley
transform : D → Ω is a biholomorphism given by

(4.12) w = i(
1− ζ2
1 + ζ2

), z =
ζ1

1 + ζ2
.

When restricted to the boundary, this transformation gives a CR equivalence be-
tween S3 = ∂D minus the south pole and ∂Ω. The Heisenberg group H1 is identified
with ∂Ω by (z, t) → (z, t+ i|z|2). Define the mapping F : S3 → H1 given by (4.12),
followed by this identification H1 = ∂Ω. We write

θ1 = i(∂ − ∂)|ζ|2 = i(
2∑

j=1

ζjdζj − ζjdζj)

as the standard contact form on the sphere. Then

θ1 = F ∗(
4

|i+ w|2 θ0) = F ∗(
4

|i+ t+ i|z|2|2 θ0)

and

(F−1dδF )∗θ1 = f2
δ θ1

with

fδ =
2δ

|(1 + ζ2) + δ2(1− ζ2)|
.

Here θ0 = dt+ i(zdz− zdz) is the standard contact form on H1 and dδx = (δz, δ2t)
is the dilation.

Now, following the lines of M. J. Gursky’s result ([Gu, Proposition 4.4.]), we
show that

Theorem 4.7. Suppose that (M,J, θ) is a closed 3-dimensional pseudohermitian

manifold which is CR equivalent to (S3, Ĵ) and that {uk} satisfies conditions (4.1)
and (4.2). Then if {uk} does not satisfy (∗), there is the CR automorphism {Tk}
such that, if T ∗

k θk = v2kθ0, then {vk} satisfies (∗).

Proof. The following idea of renormalizing is due to K. Uhlenbeck. Let us assume

that (M,J) = (S3, Ĵ). The more general case of CR equivalence follows in an
obvious way.

If {uk} does not satisfy (∗), then max uk → ∞ as k → ∞. After composing
with a rotation which is a CR automorphism, we can assume that the maximum
of uk is achieved at the point (ζ1, ζ2) = (0, 0, 1, 0) ∈ S3 ⊂ C

2 . Let ϕδ = F−1dδF.
Then ϕδ is a CR automorphism and (0, 0, 1, 0) is a fixed point of ϕδ. Moreover,

ϕ∗
δθ = f2

δ θ,



THE LI-YAU-HAMILTON INEQUALITY FOR CR YAMABE FLOW 1695

where

fδ =
2δ

|(1 + ζ2) + δ2(1− ζ2)|
.

Put ϕ∗
δθk = v2k,δθ; then

vk,δ = fδ(ζ1, ζ2)(uk ◦ ϕδ)(ζ1, ζ2).

For each k, choose δk so that vk,δk(0, 0, 1, 0) = vk(0, 0, 1, 0) = 1 (δk = 1
uk(0,0,1,0)

).

Then
vk(ζ1, ζ2) = fδk(ζ1, ζ2)(uk ◦ ϕδk)(ζ1, ζ2)

≤ fδk(ζ1, ζ2)uk(0, 0, 1, 0)
= 2

|(1+ζ2)+δ2k(1−ζ2)|
≤ C

if Imζ2 < − 1
2 .

Now let Ω = {(ζ1, ζ2) ∈ S3|Imζ2 < − 1
2}. By using (4.6) and (4.2), it follows from

the Harnack inequality ([JL1] and [Tru]) that

1 ≤ sup
Ω

vk ≤ C(V0,β) inf
Ω

vk.

This gives a uniformly lower bound of {vk} on Ω and then implies that {vk} satisfies
(∗). �

Due to Proposition 5.1 of [Gu], we expect that

Conjecture 4.8. Suppose (M,J, θ) is a closed spherical pseudohermitian 3-mani-
fold with λ(M) > 0. If {uk} does not satisfy condition (∗), then (M,J) is CR

equivalent to (S3, Ĵ).

5. The asymptotic convergence

of solutions of the CR Yamabe flow

In this section, under the CR Yamabe flow we first derive the uniformly Lp-
bound estimate of W from the subgradient estimate in Theorem 1.4. By combining
the compactness theorem of a sequence of contact forms as in the previous section,
we are able to get the uniform S2,p-estimates for any fixed p > 2. Now the standard
subelliptic theory and bootstrapping then yield the uniform smooth estimates for
λ.

Lemma 5.1. Under the flow (1.1) we have∫
M

W 2dµ ≤ C0(W(0), θ(0))

for 0 ≤ t ≤ T ≤ ∞.

Proof. From (3.1), we compute

−1

2

d

dt

∫
M

W 2dµ = −2

∫
M

W 2(r −W )dµ−
∫
M

W [4∆bW + 2W (W − r)]dµ

= −4

∫
M

W∆bWdµ = 4

∫
M

|∇bW |2dµ.

Thus
d

dt

∫
M

W 2dµ ≤ 0.

�
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Then we use the subgradient estimate in Theorem 1.4 to get a uniform Lp-bound
of W for any p > 2 after a short time τ > 0.

Lemma 5.2. Under the flow (1.1), after a short time τ > 0, for any p > 2, there
exists a constant Cp = C(p,W(0), θ(0), τ ) such that∫

M

W pdµ ≤ Cp

for 0 < τ ≤ t ≤ T ≤ ∞.

Proof. From Theorem 1.4, we have

Wt

W
≤ 4

3

|∇bW |2

W 2
+

Wt

W
≤ 6r +

3

t
≤ 6r(τ) +

3

τ
for t ≥ τ.

This implies that
Wt ≤ C(r(τ), τ )W

for all t ≥ τ. Then, for any p > 2, we compute

d

dt

∫
M

W pdµ = 4

∫
M

W p(r −W )dµ+ p

∫
M

W p−1Wtdµ

≤ −4

∫
M

W p+1dµ+ C(r(τ), τ )p

∫
M

W pdµ

and by using the inequality∫
M

W pdµ ≤ ε

∫
M

W p+1dµ+ C(p, ε)

∫
M

W 2dµ, for any ε > 0.

We deduce for some small ε > 0

d

dt

∫
M

W pdµ+ 3

∫
M

W p+1dµ ≤ C ′
p,

and then
d

dt

∫
M

W pdµ ≤ Cp −
∫
M

W pdµ+ C

∫
M

W p−1dµ.

In particular,
d

dt

∫
M

W 3dµ ≤ C −
∫
M

W 3dµ.

It follows that ∫
M

W 3dµ ≤ C3,

and for any arbitrary fixed p, ∫
M

W pdµ ≤ Cp.

�
It follows from Lemma 3.3, Lemma 5.2, (3.12) and Theorem 4.7 that all assump-

tions of Corollary 4.4 are satisfied. Then

Corollary 5.3. Under the Yamabe flow (1.1), there are constants C1 and C2 de-
pending on Cp, θ(0) such that

−C1 ≤ λ ≤ C1 and ||λ||W2,p
≤ C2

hold up to the CR automorphism for all time. This leads to a Hölder continuity
estimate for λ for all time.



THE LI-YAU-HAMILTON INEQUALITY FOR CR YAMABE FLOW 1697

Proof of Theorem 1.6. From Corollary 5.3 the standard subelliptic theory and boot-
strapping yield the uniform smooth estimates for λ ([JL1], [Y], [SS]). Now by L.
Simon’s general results [S], the solutions of the Yamabe flow (1.1) converge smoothly
to a unique limit contact form at t → ∞. On the other hand, since

− d

dt
r = 2

∫
M

(W − r)2dµ/

∫
M

dµ

and the volume of M is preserved along the flow,∫ ∞

0

∫
M

(W − r)2dµdt < ∞.

It follows that the limit contact form has constant Webster scalar curvature. This
completes the proof of Theorem 1.6. �
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