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PRIMITIVE BICIRCULANT ASSOCIATION SCHEMES

AND A GENERALIZATION OF WIELANDT’S THEOREM

I. KOVÁCS, D. MARUŠIČ, AND M. MUZYCHUK

Abstract. Bannai and Ito defined association scheme theory as doing “group
theory without groups”, thus raising a basic question as to which results about
permutation groups are, in fact, results about association schemes. By consid-
ering transitive permutation groups in a wider setting of association schemes, it
is shown in this paper that one such result is the classical theorem of Wielandt
about primitive permutation groups of degree 2p, p a prime, being of rank
at most 3 (see Math. Z. 63 (1956), 478–485). More precisely, it is proved
here that if X is a primitive bicirculant association scheme of order 2pe, p > 2
is a prime, then X is of class at most 2, and if it is of class exactly 2, then
2pe = (2s+ 1)2 + 1 for some natural number s, with the valencies of X being
1, s(2s + 1), (s + 1)(2s + 1), and the multiplicities of X being 1, pe, pe − 1.
Consequently, translated into permutation group theory language, a primitive
permutation group G of degree 2pe, p a prime and e ≥ 1, containing a cyclic
subgroup with two orbits of size pe, is either doubly transitive or of rank 3, in
which case 2pe = (2s+1)2+1 for some natural number s, the sizes of suborbits
of G are 1, s(2s + 1) and (s + 1)(2s + 1), and the degrees of the irreducible
constituents of G are 1, pe and pe − 1.

1. Introductory and historic remarks

Making essential use of the theory of representations and group characters,
Wielandt [23] proved that a primitive permutation group G of degree 2p, p a prime,
is either doubly transitive or of rank 3. In the latter case, 2p = (2s+1)2+1 for some
natural number s, the sizes of suborbits of G are 1, s(2s+ 1) and (s+ 1)(2s+ 1),
and the degrees of the irreducible constituents of G are 1, p and p− 1.

Despite the fact that, in the decades following Wielandt’s result, considerable
efforts had gone towards a more detailed description (and possible classification) of
rank 3 groups of degree 2p (see [7, 8, 9, 18, 19]), the problem remained unresolved
until the classification of simple groups was completed. It is now known that A5

and S5, in their simply transitive actions on unordered pairs of elements from a
5-element set, are the only rank 3 primitive groups of degree 2p, p a prime. It
would definitely be worthwhile to find a “classification of simple groups free” proof
of this fact.

Wielandt’s result is naturally linked to an old question of Burnside regarding B-
groups. A group H is called a B-group if a primitive permutation group containing
H as a regular subgroup is necessarily doubly transitive. As a generalization let us
callH anm-B-group if a primitive permutation group containingH as a semiregular
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subgroup withm orbits (of equal size) is necessarily doubly transitive. The following
problem is then an obvious generalization of Burnside’s question about B-groups:
given a positive integer m, determine the class of m-B-groups. Of course, a 1-
B-group is just a B-group. It is known for example that, by the classical results
of Schur and Wielandt [22, Theorems 25.3 and 25.6], cyclic groups of composite
order and dihedral groups are B-groups. As for 2-B-groups, for example, in view
of the above comments, cyclic groups of prime order p > 5 are of this kind. In this
context, determining which cyclic groups are 2-B-groups then seems like a natural
question to pursue.

In this article we generalize Wielandt’s theorem to primitive permutation groups
of degree 2pe, p a prime and e ≥ 1, which have a cyclic subgroup with two orbits
of size pe, thus making a first step towards a possible determination of cyclic 2-B-
groups of prime power order. We do so by viewing transitive permutation groups
as purely combinatorial objects within a wider setting of association schemes.

We now briefly review some basic concepts about association schemes. (A more
detailed discussion with all the definitions is given in the Preliminaries.) For a col-
lection R of relations on a finite set X, the pair X = (X,R) is called an association
scheme (or a scheme) on X if the following properties hold:

(AS1) the diagonal relation ∆X := {(x, x) | x ∈ X} is in R;
(AS2) R is a partition of X2 = X ×X;
(AS3) if R ∈ R, then also its transpose Rt is in R, where Rt := {(y, x) | (x, y) ∈

R};
(AS4) for every triple R,S, T ∈ R and for (x, y) ∈ R, the number, denoted by

pRST , of elements z ∈ X such that (x, z) ∈ S and (z, y) ∈ T does not depend
on the choice of the pair (x, y) ∈ R.

The cardinality of X is called the order of the scheme X. The relations R ∈ R are
called basic relations , and the digraphs (X,R) basic digraphs of X. It follows from
axiom (AS4) that every basic digraph (X,R) is regular. The degree of R is the
degree of (X,R) and will be denoted by deg(R). We denote by R# the set of all
nondiagonal relations of R. The cardinality |R#| is called the class of the scheme.

The scheme with basic relations ∆X and X2 \∆X is called the trivial scheme on
X. More generally, given a permutation group G ≤ Sym(X) acting transitively on
X, the set Orb2(G) of 2-orbits (sometimes also referred to as orbitals of G), that
is, the set of orbits in its natural action on X2, gives rise to the association scheme
X = (X,Orb2(G)); every scheme of this kind is called Schurian. In particular, the
trivial scheme above is Schurian and it corresponds to the case when G is doubly
transitive. (Of course, not every scheme arises in this way.)

In analogy with primitive permutation groups which are characterized by strongly
connected orbital digraphs, we call a scheme X = (X,R) primitive if each basic di-
graph (X,R), R ∈ R \ {∆X}, is strongly connected [1, page 79], and we call it
imprimitive otherwise. The automorphism group Aut(X) of a scheme X = (X,R)
is the subgroup of Sym(X) defined as follows:

Aut(X) :=
⋂

R∈R
Aut((X,R));

see [5]. Further, a scheme X = (X,R) is called a Cayley (or a translation [3])
scheme if there is a subgroup G ≤ Aut(X) which acts regularly on X. Cayley



A GENERALIZATION OF WIELANDT’S THEOREM 3205

schemes are equivalent to the objects called Schur rings, and primitive Schur rings
have been studied extensively [21, 22], and also in the context of B-groups.

Going a step further, as a natural generalization of transitive permutation groups
containing a semiregular subgroup with two orbits, a scheme X is called a bi-Cayley
scheme if there is a subgroup G ≤ Aut(X) acting semiregularly on X with two
orbits. In particular, X is said to be a (biabelian/bicirculant scheme) if G is an
abelian/cyclic group. In contrast with Cayley schemes, much less is known about
primitive bi-Cayley schemes. Note that there are examples of strongly regular bicir-
culants which do not arise from groups of rank 3 (see [14]), and consequently there
are primitive bicirculant non-Schurian schemes of order 2n for n ∈ {8, 13, 25, 41, 61},
but even the classification of all primitive bicirculant schemes of order 2p, p a prime,
seems to be presently beyond our reach.

In the context of bi-Cayley schemes, the above-mentioned theorem of Wielandt,
rephrased in the language of schemes, claims that a primitive bicirculant Schurian
scheme on 2p points, p a prime, is of class at most 2, and that further, if the class
is exactly 2, then the degrees of its basic digraphs are 1, s(2s+ 1), (s+ 1)(2s+ 1),
and the degrees of its irreducible representations are 1, p, p− 1. The main purpose
of this paper is to prove the following generalization of Wielandt’s result.

Theorem 1.1. Let X be a primitive bicirculant scheme on 2pe points, p > 2 a
prime. Then

(A) X is of class at most two; and
(B) if the class is exactly 2, then 2pe = (2s+ 1)2 + 1 for some natural number

s, and the degrees of basic digraphs of X are 1, s(2s + 1), (s + 1)(2s + 1),
and the multiplicities of the irreducible representations of X in its standard
module are 1, pe, pe − 1.

As an immediate corollary we will then have the following result about primitive
permutation groups.

Corollary 1.2. Let G be a primitive permutation group of degree 2pe points, p > 2
a prime. Assume that G contains a permutation with two cycles of length pe. Then

(A) G is either doubly transitive; or
(B) the rank of G is 3, and there exist a positive integer s such that 2pe =

(2s+1)2+1, and the sizes of subdegrees of G are 1, s(2s+1), (s+1)(2s+1),
and the degrees of the irreducible representations of G are 1, pe, pe − 1.

As a consequence, in view of Corollary 1.2, a possible determination of which
cyclic groups of prime power orders are 2-B-groups, depends on a detailed analysis
of rank 3 groups containing semiregular cyclic subgroups with two orbits. Since all
rank 3 groups were classified in [13] using the classification of finite simple groups,
it’s not difficult to check which groups from the list have degree 2pe and contain
a semiregular cyclic subgroup of order pe. A direct inspection of the list of rank 3
groups shows that the only cyclic 2-B-group of odd prime power order is the cyclic
group of order 5.

Notice that using the CFSG one can obtain much stronger results about per-
mutation groups mentioned in Corollary 1.2, and, more generally, about primitive
permutation groups containing a bicycle (a bicycle is a permutation which has two
cycles not necessarily of the same length). P. Müller [16] classified all primitive
permutation groups which contain a bicycle. He found that every such group is of
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rank at most 3. In the same paper, Müller noticed that it would be very interesting
to find a direct proof of this fact independent of the classification of finite simple
groups. We consider Corollary 1.2 as a first step towards such a proof.

We would like to pose the following conjecture about a possible generalization
of the above-mentioned results of Müller.

Conjecture 1.3. A primitive bicirculant association scheme of any order contains
at most two nontrivial classes.

R. Guralnick pointed out [6] that using the CFSG, all primitive permutation
groups of degree 2pe, p an odd prime, may be classified.

The article is organized as follows. In the next section we collect different con-
cepts which are needed later on in the paper. In Section 3 various techniques which
are needed to deal with biabelian association schemes are developed. In Section 4
we show that the splitting field of the Bose-Mesner algebra of a bicirculant associ-
ation scheme is the pe-th cyclotomic field Q(ξpe), p an odd prime. We also derive
some properties of the action of the Galois group Gal(Q(ξpe) : Q) on the set of irre-
ducible representations of the Bose-Mesner algebra. Sections 5 and 6 are devoted
to the proof of the main result. Unfortunately we were unable to find a uniform
proof; hence we had to split it into two parts: the first one deals with the case
e = 1 and is done in Section 5, whereas the second one dealing with the case e > 1
is presented in Section 6.

2. Preliminaries

In this section we collect all definitions and facts which will be needed throughout
the rest of this paper.

2.1. More on association schemes. In this subsection we follow notation from
[1] and [24].

Let CX denote the vector space of all complex-valued functions on X, and let
MX(C) denote the algebra of all X-by-X matrices with entries in C. The usual
product of two matrices A,B ∈ MX(C) is written as AB (or A · B). The Schur-
Hadamard (entrywise) product is denoted by A ◦ B. The identity and the all-one
matrices are denoted as IX and JX , respectively.

If R is a relation on X, then its adjacency matrix A(R) is the element in MX(C)
with

A(R)(x, y) =

{
1, if (x, y) ∈ R,
0, otherwise.

Given a scheme X = (X,R), the linear span of all matrices A(R), R ∈ R, is a sub-
algebra of MX(C). This is called the adjacency algebra (or Bose-Mesner algebra,
or for short BM-algebra) of X, and will be denoted by C[R]. The vector space CX

is a (left) C[R]-module by letting A ∈ C[R] act as (Af)(x) =
∑

y∈X A(x, y)f(y),

f ∈ CX . Since C[R] is a semisimple algebra [24], the vector space CX admits a
decomposition into a direct sum of irreducible C[R]-submodules. These are called
the irreducible representations of X. Recall that irreducible representations of a
semisimple algebra are in one-to-one correspondence with central primitive idem-
potents. So, if ρ is an irreducible representation of an adjacency algebra C[R], then
Eρ will stand for the corresponding idempotent.

If X is a Schurian scheme, that is, R = Orb2(G) for some G ≤ Sym(X), then the
adjacency algebra C[R] is also known as the centralizer ring (algebra) of G [22], and
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will be denoted by V(G). The irreducible representations of X are in one-to-one
correspondence with the irreducible constituents of the permutation group G.

A scheme (X,S) is called a fusion of a scheme (X,R) if each relation of S is
a union of some relations from R. An equivalent definition may be formulated
via adjacency algebra: a scheme (X,S) is a fusion of (X,R) iff C[S] ⊆ C[R]. All
possible fusions of X may be described via their adjacency algebras.

Theorem 2.1. A subalgebra B of A = C[R] is an adjacency algebra of a certain
fusion scheme of R if and only if B contains IX , JX and is closed with respect to
the operations t and ◦.

2.2. Representation theory. For the sake of simplicity, we will write irrep for
an irreducible representation. Let A be a finite-dimensional semisimple F-algebra,
where F is an arbitrary field. We denote the set of its irreps by Irr(A). If ρ ∈ Irr(A),
then let eρ denote the corresponding central idempotent in A. If B is a subalgebra
of A and ρ is an irrep of A, then ρB denotes the restriction of ρ on B.

If B is semisimple, then ρB is isomorphic to a direct sum of irreps of B. If σ is
an irrep of B, then we let mρσ denote the multiplicity of σ in the decomposition of
ρB.

Proposition 2.2. Let B be a semisimple subalgebra of a finite-dimensional semi-
simple F-algebra A and let ρ ∈ Irr(A), σ ∈ Irr(B). Then

(a) eσeρ �= 0 ⇐⇒ mρσ �= 0;
(b) if dim(ρ) = dim(σ), then either eρeσ = 0 or eρeσ = eρ.

Proof. (a) We have that eρeσ = 0 ⇐⇒ eσ = (1 − eρ)eσ ⇐⇒ eσ ∈ (1 − eρ)A.
Since (1− eρ)A is the kernel of ρ, we obtain eρeσ = 0 if and only if ρ(eσ) = 0. The
latter equality is equivalent to saying that σ does not appear in the decomposition
of ρB.

(b) Assume that eρeσ �= 0. Then σ appears in the decomposition of ρB. Compar-
ing the dimensions we obtain that ρB = σ. Let us denote their common dimension
as n. Then

ρ(eρeσ) = ρ(eσ) = ρB(eσ) = σ(eσ) = In = ρ(eρ)

implying

ρ(eρeσ − eρ) = 0 =⇒ eρeσ − eρ ∈ ker(ρ) = (1− eρ)A =⇒ eρeσ − eρ = 0.

�

As a consequence we obtain the following.

Corollary 2.3. Let B be a semisimple subalgebra of a finite-dimensional semisimple
F-algebra A. Denote by k the maximal dimension of irreps of A. Then for each
irrep σ of B with dim(σ) = k we have that eσ = eρ1

+ ... + eρ�
∈ Z(A), where

ρ1, ..., ρ� is the complete set of irreps of A which satisfy the property ρi|B = σ.

2.3. Group algebras. All groups considered in the paper are finite and written
multiplicatively. If H is a group, then 1H denotes its identity element. The complex
group algebra is denoted as C[H], and its elements are written as formal sums∑

h∈H αhh. If α =
∑

h∈H αhh, β =
∑

h∈H βhh ∈ C[H], then

αβ :=
∑

h,f∈H

αhβfhf
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and

α ◦ β :=
∑
h∈H

αhβhh.

The latter operation is called a Schur-Hadamard product. Given a subset S ⊆ H,
we write S for

∑
h∈S h.

Given a number m ∈ Z and α =
∑

h∈H αhh, we set α(m) :=
∑

h∈H αhh
m. If H

is abelian, then the mapping α 	→ α(m) is an endomorphism of the group algebra
C[H]. If m is coprime to |H|, then (m) is an automorphism of C[H]. The set of
all irreps of H will be denoted as Irr(H). If H is abelian, then the irreps of H are
one-dimensional and coincide with irreducible characters of H. In this case we refer
to the elements of Irr(H) as irreducible characters. Recall that the primitive central
idempotent of C[H] corresponding to a character χ ∈ Irr(H) has the form

(2.1) eχ =
1

|H|
∑
h∈H

χ(h)h.

Now let H denote a cyclic group of order n generated by h ∈ H. For a divisor
d of n, let Hd denote the subgroup of H of order d. We also will write [m],m ∈ N

for the set {x ∈ Z | 0 ≤ x ≤ m}.
It is well known that Aut(H) ∼= Z∗

n. In what follows we identify Aut(H) with
Z∗
n. Recall that the automorphism k ∈ Z∗

n maps h ∈ H to the power hk.
Fix ξn as a primitive complex n-th root of unity, and for i ∈ [n − 1], let χi be

the character of H = 〈h〉 defined as

χi(h
j) = ξijn , j ∈ [n− 1].

It is well known that the Galois group of the field Q(ξn) is isomorphic to Z∗
n. In what

follows we denote the action of k ∈ Z∗
n on Q(ξn) as (k). Note that (ξjn)

(k) = ξkjn .
The action of Z∗

n on Q(ξn) induces an action of Z∗
n on Irr(H): (χi)

(k) = χik, where
the multiplication is done modulo n. For each α ∈ Q[H] and χi ∈ Irr(H) we have
that

χi(α
(k)) = χi(α)

(k) = χik(α).

2.4. Strongly regular bicirculant graphs. Let R ⊂ X2 \∆X such that R = Rt,
where X is a finite set. The graph (X,R) is called bi-Cayley (semi-Cayley in [17])
if there is a subgroup G ≤ Aut((X,R)) acting semi-regularly on X with two orbits.
If G is cyclic, then (X,R) is also called a bicirculant graph.

A nonempty and noncomplete graph (X,R) is called strongly regular if the re-
lations ∆X , R,Rc, where Rc := X2 \ (R ∪∆X), form an association scheme on X.

The numbers v := |X|, k := p∆X

RR , λ := pRRR, µ := pR
c

RR are called the parameters of a
strongly regular graph (X,R). A strongly regular graph with parameters v, k, λ, µ
is also referred to as a (v, k, λ, µ) strongly regular graph. Note that a complement
of a strongly regular graph is a strongly regular graph, too. Strongly regular bi-
Cayley graphs were studied in [12, 17], and in particular for bicirculant graphs, see
also [15, 14].

Theorem 2.4 ([17, Theorem 4.1]). If (X,R) is a (2n, k, λ, µ) − srg with k < n,
which is also a connected bicirculant graph, and n is odd, then 2n = (2s+ 1)2 + 1,
k = s(2s+ 1), λ = s2 − 1, µ = s2.
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It is well known that connected strongly regular graphs have three eigenvalues:
one of them is always the degree of the graph, and the other two are also referred
to as the nontrivial eigenvalues. We will use the following corollary of Theorem 2.4.

Corollary 2.5. For a connected strongly regular, bicirculant graph with 2n vertices
where n is odd, the sum of its nontrivial eigenvalues is −1.

3. Biabelian association schemes

Let H ≤ Sym(X) be an abelian group acting semiregularly on a set X with two
orbits, say X1 and X2. The centralizer ring [22] V := V(H) of H is isomorphic
to the matrix algebra M2(C[H]). In order to describe this isomorphism we fix
an arbitrary pair (x1, x2) ∈ X1 × X2 and define an Xi × Xj matrix Ψij(α) with
α =

∑
h∈H αhh ∈ C[H] and i, j = 1, 2 by setting

(
Ψij(α)

)
(xa

i , x
b
j) := αa−1b, where

a, b run through H. We shall refer to x1 and x2 as the base points of H. Now the
mapping Ψ : M2(C[H]) → V defined by

Ψ:

(
a b
c d

)
	→

(
Ψ11(a) Ψ12(b)
Ψ21(c) Ψ22(d)

)
is an algebra isomorphism. Thus dim(V) = 4|H|.

For two elements X and Y in M2(C[H]), their Schur-Hadamard product is

(X ◦ Y )ij := Xij ◦ Yij .

Note that Ψ also preserves the Schur-Hadamard product.
As was shown in [10], each H-invariant binary relation R on X may be encoded

by its symbol : a 2-by-2 matrix

(
R11 R12

R21 R22

)
, where Rij := {h ∈ H | (xi, x

h
j ) ∈ R}

and i, j = 1, 2. The adjacency matrix of R has the following form:(
Ψ11(R11) Ψ12(R12)
Ψ21(R21) Ψ22(R22)

)
.

The 2-orbits of H have the following symbols:(
h ∅
∅ ∅

)
,

(
∅ h
∅ ∅

)
,

(
∅ ∅
h ∅

)
,

(
∅ ∅
∅ h

)
, h ∈ H.

The center Z(M2(C[H])) has dimension |H| and consists of all “scalar” matrices,
that is, the matrices of the form(

a 0
0 a

)
, a ∈ C[H],

which we shall abbreviate as aI2. Since V ∼= M2(C[H]) is semisimple, the number
of irreducible representations of M2(C[H]) is dim(Z(M2(C[H]))) = |H|.

All irreducible representations of M2(C[H]) are of dimension 2. These represen-
tations are parameterized by irreducible characters of H: the representation χ̂ of
M2(C[H]) corresponding to a character χ ∈ Irr(H) has the form

χ̂ :

(
a b
c d

)
	→

(
χ(a) χ(b)
χ(c) χ(d)

)
.

The central idempotent eχ̂ corresponding to χ̂ has the form

eχ̂ = eχI2,

where eχ is the central idempotent corresponding to the character χ (see (2.1)).
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Now let X = (X,R) be an H-invariant association scheme and A := Ψ−1(C[R]).
Since A ⊆ M2(C[H]), each irreducible representation of A is either one- or two-
dimensional.

All matrices of C[R] have constant row sum. This yields a one-dimensional irrep
ρ of C[R] which is called principal. If R is a basic relation of R, then ρ(A(R)) is
the degree deg(R) of the graph (X,R).

Proposition 3.1. If A has an irrep of dimension 2, then X is imprimitive.

Proof. Let ρ be a 2-dimensional irrep of A. By Corollary 2.3, eρ ∈ Ψ−1(Z(V)).
Since eρ �= I2, the dimension of A ∩ Ψ−1(Z(V)) is at least two. Therefore A
contains a matrix of the form aI2 where a ∈ C[H] is not proportional to 1H . Hence

C[R] = Ψ(A) contains the matrix M := Ψ(aI2) =

(
Ψ11(a) 0

0 Ψ22(a)

)
. Write

M =
∑

R∈R µRA(R). Since M is a block-diagonal matrix, each basic relation R
with µR �= 0 has a block-diagonal adjacency matrix. Since a is not proportional to
1H , the matrix M is nonscalar. Therefore there exists a basic relation R �= ∆X with
µR �= 0. Since A(R) is block-diagonal, the basic digraph (X,R) is disconnected,
contrary to the primitivity of R. �

The following proposition generalizes [10, (1.2) Theorem].

Proposition 3.2. Let σ be a nonprincipal irrep of A and L := {χ ∈ Irr(H) |mχ̂σ �=
0}. If X is primitive, then 〈L〉 = Irr(H).

Proof. If X is primitive, then by Proposition 3.1 all irreps of C[R] are one-dimen-
sional. So, X is a commutative association scheme.

Since 1HI2 =
∑

χ∈Irr(H) eχ̂ and eσeχ̂ = 0 for each χ �∈ L (Proposition 2.2), we

obtain

eσ = eσ
∑
χ∈L

eχ̂ = eσ
∑

χ∈〈L〉
eχ̂ = eσ

∑
χ∈〈L〉

eχI2 = eσ
1

|K|KI2,

where K :=
⋂

χ∈L Ker(χ). Set Eσ := Ψ(eσ), E := Ψ
(
KI2

)
. Then Eσ is a primitive

idempotent of the algebra A corresponding to the irrep σ. Since K ≤ H, the matrix
E is the adjacency matrix of an equivalence relation. If K is nontrivial, then the
equality EσE = |K|Eσ implies that Eσ has repeated columns. By Theorem 9.3 [1]
X is imprimitive, a contradiction. �

4. Bicirculant association schemes and conjugations

In this section X = (X,R) will denote a bicirculant scheme of order 2n. Let H
denote the cyclic, semiregular subgroup of Aut(X) having two orbits of length n,
and let h be a generator for H.

Let A := Ψ−1(C[R]) be the embedding of the adjacency algebra C[R] into
M2(C[H]). Thus for each R ∈ R we have that

Ψ−1(A(R)) =

(
R11 R12

R21 R22

)
,

where (Rij) is a symbol of R. In what follows we identify Ψ−1(A(R)) with R; in
particular, we will write R = (Rij). Observe that

R =

(
R11 R12

R21 R22

)
=⇒ Rt =

(
R

(−1)
11 R

(−1)
21

R
(−1)
12 R

(−1)
22

)
.
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In what follows we shall write

(
a b
c d

)∗
for the matrix

(
a(−1) c(−1)

b(−1) d(−1)

)
inM2(C[H]).

We define Tr(R) := R11 +R22 for R ∈ R.
For i ∈ [n − 1], let ρi denote the restriction of χ̂i onto A. The action of Z∗

n on

{χi}n−1
i=0 induces an action on the set {ρi}n−1

i=0 . For k ∈ Z∗
n, the conjugation ρ

(k)
i of ρi

by k is the representation which maps R = (Ruv) ∈ A to (χi(Ruv)
(k)) = (χki(Ruv)).

Thus ρ
(k)
i = ρki for each k ∈ Z∗

n and i ∈ [n]. Note that Tr(ρi(R)) = χi(Tr(R)) =
χi(R11 +R22).

For the rest of the paper we assume that X is a primitive bicirculant scheme with
r classes. Then dim(A) = r + 1. By Proposition 3.1, A is commutative. Therefore
A has r+1 complex irreducible one-dimensional representations, say σ0, ..., σr. We
assume that σ0 is a principal representation of A, that is, σ0(R) = deg(R). Note
that {σi(R)}ri=0 coincides with the spectrum of the digraph (X,R), R ∈ R.

Since dim(ρi) = 2 for each i ∈ [n − 1], we obtain that ρi = σj + σk for certain
j, k ∈ [r]. In particular, ρ0 = σ0 + σ1, where σ1 is the only nonprincipal irrep of A
appearing in a decomposition of ρ0. Since deg(R) = |R11|+ |R12| = |R21|+ |R22| =
|R11|+ |R21|, the matrix

ρ0(R) =

(
|R11| |R12|
|R21| |R22|

)
has two eigenvalues: deg(R) = |R11|+ |R12| and |R22| − |R12|. Therefore σ1(R) =
|R22|−|R12|. Since σ0(R) = σ0(R

t), we always have |R11| = |R22| and |R12| = |R21|.
Hence σ1(R) = |R11| − |R12| for each R ∈ R.

For the rest of the paper we assume that n = pe, where p is an odd prime. Since
R is primitive, we obtain |σi(R)| < σ0(R) for each 0 < i ≤ r and R ∈ R.

It is well known that Z∗
pe

∼= Zpe−1 × Zp−1. For i ∈ [e − 1], let Pi ≤ Z∗
pe denote

the subgroup of order pi, and for a divisor l of p− 1, let Ql denote the subgroup of
order l.

Proposition 4.1. For each j = 2, ..., r, there exists i ∈ [pe − 1] coprime to p such
that ρi = σ1 + σj. In particular, σj(R) ∈ Q(ξpe) for each j ∈ [r] and R ∈ R.

Proof. By Proposition 3.2 there exists i ∈ [pe−1] coprime to p such that mρiσj
> 0.

Thus ρi = σj + σk for a suitable k ∈ [r]. By the same proposition, there exists
� ∈ [pe − 1] coprime to p with mρ�σ1

> 0. Hence ρ� = σ1 + σm for some m ∈ [r].

Since σ1(R) ∈ Q for every R ∈ R, we obtain that σm(R) ∈ Q(ξpe). Thus σm(R)(u)

is well defined for each u ∈ Z∗
pe and, therefore, the mapping R 	→ σm(R)(u) is an

irrep of A. Since i and � are coprime to p, there exists u ∈ Z∗
pe such that u� = i.

Therefore

σj + σk = ρi = ρ
(u)
� = σ1 + σ(u)

m

implying k = 1 and σj(R) = σm(R)(u) ∈ Q(ξpe). �

It follows from the above proposition that Z∗
pe acts on σ0, σ1, ..., σr via conjuga-

tion σi 	→ σ
(u)
i , u ∈ Z∗

pe . The properties of this action are studied in the statement
below.
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Proposition 4.2. Let i ∈ [pe−1] such that i = pjk, gcd(k, p) = 1. Then the action
of Z∗

pe via conjugation has the following properties:

(a) the stabilizer of ρi in Z∗
pe contains Pj;

(b) Z∗
pe has the following orbits in its action on Irr(A):

{σ0}, {σ1}, {σ2, . . . , σr};

(c) if mρiσ1
< 2, then Pj fixes every irrep of A. In particular,

r ≤ 1 + (p− 1)pe−1−j ;

(d) if K := (Z∗
pe)σ2

, then Tr(R)(K) = Tr(R) for each R ∈ R.

Proof. (a) If x ∈ Pj , then x = ype−j + 1, y ∈ [pj − 1]. Hence the Galois automor-

phism (x) fixes each matrix ρi(R), R ∈ R, entrywise. This gives ρi = ρ
(x)
i .

(b) For t = 0, 1, σt(R) is an integer for all R ∈ R; hence σt is fixed by Z∗
pe .

Now let σı and σj be arbitrary irreps of A with ı, j ∈ {2, ..., r}. By Proposition
4.1 there exist i, j ∈ [pe − 1] coprime to p such that ρi = σ1 + σı, ρj = σ1 + σj.
Observe that Z∗

pe is transitive on the set of all representations ρ� with gcd(�, p) = 1.

Hence ρi = ρ
(k)
j for a suitable k ∈ Z∗

pe implying σ
(k)
j = σı.

(c) Let ρi = σu + σv, where one of u and v is larger than 1, say u. As Pj fixes
ρi, see (a), Pj fixes σu as well. Now (b) shows that Pj fixes all irreps of A.

(d) SinceK fixes each irrep of A, the equality ρ
(K)
i = ρi holds for each i ∈ [pe−1].

Thus ρi(R)(K) = ρi(R) implying that χi(Tr(R)(K)) = χi(Tr(R)) for each i ∈ [pe−1].
Finally Tr(R)(K) = Tr(R). �

5. The proof of Theorem 1.2, e = 1

We start with the following statement which is of independent interest.

Proposition 5.1. Let X = (X,R) be a commutative bi-abelian association scheme
and A = Ψ−1(C[R]) ⊆ M2(C[H]) the image of its BM-algebra. Let B ⊆ A be a
subspace consisting of all matrices M ∈ A with M1,1 = M2,2. Then there exists a
fusion scheme S of R such that C[S] = Ψ(B).

Proof. By Theorem 2.1, Ψ(B) is an adjacency algebra of a fusion scheme if and
only if it is a subalgebra of C[R] which contains IX , JX and is closed with respect
to ◦ and t.

Let us show first that Ψ(B) is a subalgebra of C[R], or equivalently, B is a
subalgebra of A. Note that B is a fixed point subspace of the mapping

Φ :

(
a b
c d

)
	→

(
d b
c a

)
.

A direct computation shows that Φ is an anti-automorphism of the matrix algebra
M2(C[H]). Since A is commutative, a fixed point subspace of an anti-automorphism
is a subalgebra of A.

Since B is ◦-closed and Ψ preserves ◦, the image Ψ(B) is ◦-closed, too. The
subspace B is also closed with respect to ∗. Therefore Ψ(B)t = Ψ(B).

To finish the proof, it remains to note that the inclusions 1HI2 ∈ B and(
H H
H H

)
∈ B imply IX , JX ∈ Ψ(B). �
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For A ∈ M2(C[H]), we let tA denote the matrix Φ(A), and call A secondary
symmetric if A = tA.

Proposition 5.2. Let X = (X,R) be a primitive bicirculant scheme on 2n points
and A = Ψ−1(C[R]) ⊆ M2(C[H]), and further let each M ∈ A be secondary
symmetric. Then the symmetrization X∗ of X is a Cayley scheme over the dihedral
group D2n of order 2n. Furthermore, if X is nontrivial, then so is X∗.

Proof. As X is primitive, each irrep of the BM-algebra C[R] is of dimension 1. This
is equivalent with that C[R] is commutative [22, Theorem 29.3]. It is well known
that the symmetrization R∗ = {R ∪ Rt | R ∈ R} of R is a symmetric association
scheme on X. Write X∗ = (X,R∗). For i = 1, 2, denote by Xi the two orbits of H
with base points xi, and define the involution τ in Sym(X) by

τ : xh
1 ↔ xh−1

2 , h ∈ H.

As R = Rt for each R ∈ R∗, τ ∈ Aut((X,R)), and hence τ ∈ Aut(X∗). It can
be seen that 〈τ,H〉 = D2n, and it is regular on X. It remains to prove that X∗

is nontrivial whenever X is nontrivial. Otherwise, we have that R = {∆X , R,Rt}.
However, (X,R) and (X,Rt) have the same degree, and hence 2 deg(R) + 1 =
deg(R) + deg(Rt) + 1 = |X| = 2n, a contradiction. �

For the rest of the section we assume that X = (X,R) is a nontrivial primitive
bicirculant scheme on 2p points, p a prime.

Proposition 5.3. The following equality holds in the group algebra C[H] for each
pair R,S ∈ R:

(5.1) Tr(R)Tr(S)−σ1(R)Tr(S)−σ1(S)Tr(R)+2σ1(R)σ1(S)1H =
∑
T∈R

pTRSTr(T ),

where pTRS are the structure constants of R.

Proof. Pick an arbitrary i ∈ [p−1]. It follows from Proposition 4.1 that the mapping

R 	→ Tr(ρi(R))− σ1(R) = χi(Tr(R))− σ1(R)

is a one-dimensional representation of A. Therefore(
χi(Tr(R))− σ1(R)

)(
χi(Tr(S))− σ1(S)

)
=

∑
T∈R

pTRS(χi(Tr(T ))− σ1(T )).

Since χi is a representation of H we can rewrite the above equality as follows:

χi

(
(Tr(R)− σ1(R)1H)(Tr(S)− σ1(S)1H)−

∑
T∈R

pTRS(Tr(T )− σ1(T )1H)
)
= 0.

Opening the brackets and taking into account that σ1(R)σ1(S) =
∑

T∈R pTRSσ1(T )
we obtain

χi

(
Tr(R)Tr(S)−σ1(R)Tr(S)−σ1(S)Tr(R)+2σ1(R)σ1(S)1H−

∑
T∈R

pTRSTr(T )
)
= 0.

Since this equality holds for all i ∈ [p− 1], it implies (5.1). �
Since Tr(T ) ◦ 1H = 0 for all T ∈ R# (we let R# = R\ {∆X}), the coefficient of

1H in the right-hand side of (5.1) is 2σ0(R) if R = St and zero otherwise. Suppose
that R,S ∈ R#. The coefficient of 1H in the left-hand side of (5.1) is then

2σ1(R)σ1(S) + |R11 ∩ S
(−1)
22 |+ |R22 ∩ S

(−1)
11 |+ δR,St(|R11|+ |R22|),
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where δ is the Kronecker delta. Comparing both equations we obtain

2σ1(R)σ1(S) + |R11 ∩ S
(−1)
22 |+ |R22 ∩ S

(−1)
11 |+ δR,St(|R11|+ |R22|) = 2σ0(R)δR,St ,

which is equivalent to

(5.2) 2σ1(R)σ1(S) + |R11 ∩ S
(−1)
22 |+ |R22 ∩ S

(−1)
11 | = 2δR,St |R12|.

Proof of Theorem 1.1 for e = 1. Consider the following subset: S := {R ∈ R# |
σ1(R) �= 0}. All relations in S are symmetric, since for a nonsymmetric R the
equation (5.2) implies σ1(R) = 0 (take R = S in (5.2)). Since

∑
R∈R# σ1(R) = −1,

the set S contains at least one relation. If S contains a unique relation, say S, then
σ1(S) = −1. Since σ1(R) = 0 for each R �∈ S, the primitive idempotent of the
BM-algebra C[R] corresponding to the irrep σ1 is a linear combination of IX and
A(S). This implies that S ∪∆X is an equivalence relation on X, a contradiction.

Thus |S| ≥ 2. If S has more than two relations, then there exist U, V ∈ S such
that σ1(U)σ1(V ) > 0. But this contradicts (5.2). Thus S = {R,S} for suitable
R,S ∈ R#. Now pick an arbitrary T �∈ S and plug the pair T, T t into (5.2). This
yields us |T11∩T22| = |T12|. Since σ1(T ) = 0, |T12| = |T11|. Hence |T11∩T22| = |T11|.
Together with |T22| = |T11| we obtain T11 = T22.

Consider now the subalgebra B of A consisting of those matrices M which satisfy
M11 = M22. Since each T �∈ S has the property T11 = T22, the dimension of B is
either r or r+1. In the first case R∪S is a basic relation of the scheme corresponding
to B. But now the restriction of σ1 on B is an irreducible representation for which
S ∪R is the only nondiagonal relation with nonzero value of σ1. Hence ∆X ∪R∪S
is an equivalence relation on X implying ∆X ∪R ∪ S = X2 and r = 2.

If dim(B) = r + 1, then B = A, which means that T is secondary symmetric
for each T ∈ R. By Proposition 5.2, X∗ is a primitive Cayley scheme over D2p.
According to a result of Wielandt [21, Satz 2], such a scheme must be trivial, a
contradiction. �

6. The proof of Theorem 1.2, e > 1

We keep here the notation from Section 4. For the rest of the paper Hi will
denote a unique subgroup of H of order pi.

For R ∈ R, we introduce parameters ai(R) as

ai(R) :=
|R11 ∩ (Hi+1 \Hi)|+ |R22 ∩ (Hi+1 \Hi)|

pi(p− 1)
, i ∈ [e− 1],

where R = (Rij) in A. The following equations are clear:

(6.1)
∑
R∈R

ai(R) = 2, i ∈ [e− 1].

For the sake of simplicity, we put

mi = mρpiσ1
, i ∈ [e− 1],

and define the number f as

f := max
{
i ∈ [e− 1] | mi < 2

}
.

Note that f is well defined, since m0 < 2 follows from Proposition 4.1.

Lemma 6.1. For every R ∈ R, Tr(R)(Pe−1) = Tr(R).
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Proof. It is enough to show that

(6.2) r ≤ p.

Indeed, this implies that Pe−1 fixes all irreps σi and, therefore, all ρi as well. Thus
for all i ∈ [pe−1] and all x ∈ Pe−1 we have that χi(Tr(R)(x)) = χi(Tr(R)) implying
Tr(R)(Pe−1) = Tr(R).

We may assume that ρpe−1 = 2σ1, since otherwise (6.2) follows from Proposition
4.2.(c). We have that f < e − 1. In view of (6.1), in order to obtain (6.2), it is
enough to show that

(6.3) ∀R ∈ R# : ae−1(R) ≥ 2

p
.

Choose an R ∈ R#, and for short put

k = deg(R) and d = σ1(R).

Identify H/Hf+1 with a complete set of coset representatives of Hf+1 in H. It can
be assumed that the representative chosen from Hf+1 is equal to 1H , the identity
of H. Let (H/Hf+1)

# = H/Hf+1 \ {1H/Hf+1
}. We show next that there exists an

even number m ∈ N such that

(6.4) ∀x ∈ (H/Hf+1)
# : |R11 ∩Hf+1x|+ |R22 ∩Hf+1x| = m.

Let

bx := |R11 ∩Hf+1x|+ |R22 ∩Hf+1x|, x ∈ H/Hf+1,

and define the element β in Q[H/Hf+1] as β :=
∑

x∈H/Hf+1
bxx. By the definition

of f , χi(Tr(R)) = 2d whenever i > 0 and pf+1 | i. One can deduce from this
that χ(β) = 2d for each nonprincipal χ ∈ Irr(H/Hf+1). This is equivalent to the
existence of an m ∈ N0 such that

b1H/Hf+1
= m+ 2d and ∀x ∈ (H/Hf+1)

# : bx = m.

Then 2|R11| = |R11| + |R22| = pe−f−1m + 2d; hence m must be an even number.
It remains to show that m �= 0. Otherwise, 2d = χpe−1(Tr(R)) = |R11| + |R22| =
χ0(Tr(R)) = k + d, k = d implying σ0(R) = σ1(R), which is impossible since X is
a primitive scheme.

We show next that m ≥ 2pf . By the definition of f , mρ
pf

σ1
< 2; hence Pf fixes

each irrep σi, and so all ρi, and we have that

∀i ∈ [pe − 1], ∀x ∈ Pf : χi(Tr(R)(x)) = χi(Tr(R)).

From this Tr(R)(Pf ) = Tr(R). Note that Pf+1, and hence Pf , acts trivially on
H/Hf+1. So, if x ∈ H \He−1, then Pf acts fixed-point-freely on Hf+1x. This gives
pf | m, and as m > 0 and being even, m ≥ 2pf as required. Putting this into (6.4),
one obtains that

ae−1(R) =
|R11 ∩ (H \He−1)|+ |R22 ∩ (H \He−1)|

pe−1(p− 1)

=
pe−f−2(p− 1)m

pe−1(p− 1)
≥ 2

p
.

The lemma is proved. �
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Lemma 6.2. For every R ∈ R and i ∈ [e− 1] \ {0}, ai(R) ∈ {0, 1, 2}, and we have
that

Tr(R) = A+ 2B +
e−1∑
i=1

ai(R)Hi+1 \Hi

with suitable A,B ∈ H#
1 = H1 \ {1H}, A ∩B = ∅.

Proof. For short, put k = deg(R) and d = σ1(R). For i ∈ [e− 1], let us fix an orbit
Ci of the subgroup Qp−1 ≤ Z∗

n which is contained in Hi+1 \Hi. It is clear that, for
every i ∈ [e− 1], the mapping

(6.5) Ci → H#
1 , x 	→ xpi

(x ∈ Ci)

is a bijection.
Tr(R)(Pe−1) = Tr(R); see Lemma 6.1. Hence Tr(R) can be written in the form

(6.6) Tr(R) =

n−1∑
i=0

(
AiHi + 2BiHi

)
,

where Ai and Bi are suitable subsets of C#
i with Ai ∩ Bi = ∅. The lemma is

equivalent to showing that

∀i ∈ [e− 1] \ {0} : (Ai, Bi) ∈
{
(∅, ∅), (C#

i , ∅), (∅, C#
i )

}
.

In fact, ai(R) = 0/1/2 corresponds to the cases (Ai, Bi) = (∅, ∅)/(C#
i , ∅)/(∅, C#

i ),
resp. The above possibilities for the pairs (Ai, Bi) will follow from showing that

(6.7) ∀i ∈ [e− 1] \ {0} : χpi(Ai + 2Bi) ∈ Q.

To see this, let ψ ∈ Irr(H1) be defined by

ψ(hpn−1j) = χ1(h
pn−1j), j ∈ [p− 1].

Now, if i ∈ [e− 1] \ {0}, then χpi(Ai + 2Bi) = ψ(A
(pi)
i + 2B

(pi)
i ). In view of (6.5),

this is in Q if and only if (A
(pi)
i , B

(pi)
i ) ∈

{
(∅, ∅), (H#

1 , ∅), (∅, H#
1 ). This yields the

required possibilities for (Ai, Bi).
For our later convenience, let us introduce the numbers bi(R) as:

bi(R) =
i∑

j=0

(
pj |Aj |+ 2pj |Bj |

)
, i ∈ [e− 1].

For ease of notation, let us write ai and bi for ai(R) and bi(R), resp. It is easy to
see that these are related as

(6.8) bi = b0 + (p− 1)
i∑

j=1

pjaj , i ∈ [e− 1] \ {0}.

Fix an i ∈ [n − 1] \ {0}. The possibilities according to the value mi are discussed
separately.

Case 1 (mi = 0).

There exist u, v ∈ [pe− 1] with gcd(u, p) = gcd(v, p) = 1 such that χpi(Tr(R)) =
χu(Tr(R)) + χv(Tr(R))− 2d. Using (6.6), this becomes

bi−1 + piψ
(
A

(pi)
i + 2B

(pi)
i

)
= ψ

(
A0

(u) + 2B0
(u) +A0

(v) + 2B0
(v)

)
− 2d.



A GENERALIZATION OF WIELANDT’S THEOREM 3217

Thus ψ vanishes at the Q[H1]-element

(bi−1 + 2d) 1 + pi
(
A

(pi)
i + 2B

(pi)
i

)
−A0

(u) − 2B0
(u) −A0

(v) − 2B0
(v).

From this,

pi
(
A

(pi)
i + 2B

(pi)
i

)
−A0

(u) − 2B0
(u) −A0

(v) − 2B0
(v) = (bi−1 + 2d)H#

1 ;

hence

A0
(u) + 2B0

(u) + A0
(v) + 2B0

(v) ≡ (bi−1 + 2d)H#
1 (mod pi).

From A0 ∩B0 = ∅ it follows that the largest coefficient appearing on the left side is
at most 4. Thus it is easy to see that each coefficient has to be the same if pi > 3.
If pi = 3, then the same conclusion can be drawn after a direct case analysis on all
possible A0, B0. Summing up, we have that

A0
(u) + 2B0

(u) +A0
(v) + 2B0

(v) =
2b0
p− 1

H#
1 .

From this,

(6.9) piψ
(
A

(pi)
i + 2B

(pi)
i

)
= − 2b0

p− 1
− 2d− bi−1,

and hence (6.7) holds.

Case 2 (mi = 1).

There exists u ∈ [pe − 1] with gcd(u, p) = 1 such that χpi(Tr(R)) = χu(Tr(R)).
This, by (6.6), yields the equation

bi−1 + piψ
(
A

(pi)
i + 2B

(pi)
i

)
= ψ

(
A0

(u) + 2B0
(u)

)
.

Now, ψ vanishes at the Q[H1]-element bi−1 1+pi
(
A

(pi)
i +2B

(pi)
i

)
−A0

(u)−2B0
(u);

hence

pi
(
A

(pi)
i + 2B

(pi)
i

)
−A0

(u) − 2B0
(u) = bi−1 H

#
1 .

Similarly to Case 1, one obtains that A0
(u)+2B0

(u) = b0
p−1 H

#
1 , and from this that

(6.10) piψ
(
A

(pi)
i + 2B

(pi)
i

)
= − b0

p− 1
− bi−1;

hence (6.7) holds.

Case 3 (mi = 2).

Then χpi(Tr(R)) = 2d, and by (6.6),

(6.11) piψ
(
A

(pi)
i + 2B

(pi)
i

)
= 2d− bi−1;

that is, (6.7) holds also in this case. �

Observe that we obtain in the proof of Lemma 6.2 that ψ(A
(pi)
i +2B

(pi)
i ) = −ai

for each i ∈ [e − 1] \ {0}. Now, comparing (6.8) with (6.9)-(6.11), the following
recursion follows.
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Corollary 6.3. With the notation of Lemma 6.2, if i ∈ [e− 2], then

(6.12) pi+1ai+1 =

⎧⎪⎨⎪⎩
b0(p+1)
p−1 + 2d+ (p− 1)

∑i
j=1 p

jaj , if mi+1 = 0,
b0p
p−1 + (p− 1)

∑i
j=1 p

jaj , if mi+1 = 1,

b0 − 2d+ (p− 1)
∑i

j=1 p
jaj , if mi+1 = 2.

Proof of Theorem 1.1 for e > 1. Let X = (X,R) be a primitive, bicirculant associ-
ation scheme on pe points, p > 2 is a prime, and e > 1. One possibility is that X is
trivial. From now on it is assumed that X is nontrivial, that is, of class at least 2.
The argument is broken into a few steps.
(a) f = e− 1.

To the contrary assume that f < e−1, and choose an R ∈ R#. Then ae−1(R) =
2m
p > 0 for some m ∈ N; see the proof of Lemma 6.1. But also ae−1(R) ∈ {0, 1, 2},
see Lemma 6.2, and therefore ae−1(R) = 2. Using (6.1), R = X2 \ ∆X , which is
impossible.
(b) If R ∈ R#, then 1

2 (p− 1) | b0(R) and b0(R) > 0.

As f = e − 1, me−1 < 2. Then 1
2 (p − 1) | b0(R) follows from (6.12). Assume

that b0(R) = 0. By (6.12), ai(R) are even for all i > 0, and hence R1,1 = R2,2 =

R−1
1,1. (X,R) is a graph with eigenvalues deg(R), σ1(R) and −σ1(R). (X,R) is

a connected, regular graph; hence it is strongly regular. It is also a bicirculant
graph on 2pe points; therefore the sum of the two nontrivial eigenvalues must be
−1 (Corollary 2.5), a contradiction.
(c) If R ∈ R# with b0(R) = 1

2 (p− 1) and a1(R) < 2, then mi = 0 and ai(R) = 1
for all i > 0.

Let R = (Ri,j) in A, and let k = deg(R), d = σ1(R). For short, let ai and bi be

written for ai(R) and bi(R), resp.
Observe that mi �= 1 for all i > 0. Putting ãi = 2ai for i ∈ [e−1], (6.12) reduces

to

pi+1ãi+1 =

{
p+ (4d+ 1) + (p− 1)

∑i
j=1 p

j ãj , if mi+1 = 0,

p− (4d+ 1) + (p− 1)
∑i

j=1 p
j ãj , if mi+1 = 2,

0 ≤ i ≤ e− 2.

We show that mi = m1 for all i. Otherwise, m1 = · · · = mk �= mk+1 for some
1 ≤ k ≤ e− 2. Then

pk+1ãk+1 = 2p− pã1 + (p− 1)
k∑

j=1

pj ãj .

Since ãj = ã1 for all 1 ≤ j ≤ k, pkak+1 = 1+ (pk − 2)a1 follows. This is impossible
if a1 < 2. Therefore, we can conclude that mi = 0 for all i, and hence ai = a1 for
all i > 0. If ai = 0 for all i > 0, then |R11| = 1

4 (p−1) and d = − 1
4 (p+1). However,

|R12| = |R11| − d = p
2 , a contradiction. As a1 < 2, ai = 1 for all i > 0.

(d) X is of class 2.
To the contrary assume that |R| > 3. In view of (b) and (c), the following

description of R can be derived:

R = {∆X , R1, R2, R3},

where if t = 1, 2, then b0(Rt) =
1
2 (p − 1), ai(Rt) = 1 for all i, and b0(R3) = p − 1

and ai(R3) = 0 for all i. The irreps of A are σ0, σ1, σ2, σ3 with the corresponding
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degrees

f0 = 1, f1 = pe − pe−1 + 1, f2 = f3 = pe−1 − 1 +
1

2
(pe − pe−1).

Observe that R3 is symmetric; thus we have that

(6.13)
3∑

i=0

fiσi(R3)
2 =

3∑
i=0

fiσi(R
2
3) = Tr(R2

3) = deg(R3)2p
e.

We calculate next the values σi(R3). It is immediate to find that

(6.14) σ0(R3) =
1

2
(p− 1) + p and σ1(R3) = −1

2
(p+ 1).

We may assume that ρ1 = σ1 + σ2. The stabilizer (Z∗
pe)σ2

in the action of Z∗
pe

on the set of irreps is the unique subgroup K ≤ Z∗
pe of index 2. Thus

K =
{
x ∈ Z∗

pe | χ1(Tr(R3)
(x)) = χ1(Tr(R3))

}
.

By Lemma 6.2,

Tr(R3) = A+ 2B, A,B ⊂ H#
1 and A ∩B = ∅.

Therefore,

K =
{
x ∈ Z∗

pe) | ψ(A(x) + 2B(x)) = ψ(A+ 2B)
}
.

Using also that |A| + 2|B| = b0(R3) = p − 1, we obtain that A = ∅, and either B

or H#
1 \ B is equal to

⋃
x∈K hpe−1x =

⋃
x∈Q(p−1)/2

hpe−1x. Since B = B−1, p ≡ 1

(mod 4). Then we have the Gauss sum∑
x∈Q(p−1)/2

ψ(hpe−1x) =
1

2
(
√
p− 1).

From this, σ2(R3) =
√
p + 1

2 (p − 1) or σ2(R3) = −√
p + 1

2 (p − 1), and we can
conclude that

(6.15) { σ2(R3), σ3(R3) } = { ±√
p+

1

2
(p− 1) }.

Plugging (6.14) and (6.15) into (6.13), one obtains that

−4 + 4p+ pe−1 + 2pe + pe+1 = 2pe−1(3p− 1).

This is impossible for any odd prime p, and by this (d) is proved.
(e) 2pe = (2s + 1)2 + 1, the degrees of basic digraphs of X are 1, s(2s + 1),
(s+ 1)(2s+ 1), and the degrees of irreps of X are 1, pe, pe−1 − 1.

X is of class 2. The basic digraphs (X,R), R �= ∆X , are complementary strongly
regular bicirculant graphs; hence their degrees follow from Theorem 2.4. The de-
grees of irreps of X are equal to the multiplicities of eigenvalues of the digraphs
(X,R). These are 1, pe and pe−1. By this (e) is proved, and the proof of Theorem
1.1 for e > 1 is completed. �
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and semiregular subgroups, submitted paper.

[11] W. Knapp, On Burnside’s Method, J. Algebra 175 (1995), 644-660. MR1339661 (96i:20002)
[12] K. H. Leung and S. L. Ma, Partial difference triples, J. Algebr. Combin. 2 (1993), 397-409.

MR1241508 (94h:05099)

[13] M.W. Liebeck and J. Saxl, The finite primitive permutation groups of rank three, Bull.
London Math. Soc. 18 (1986), 165-172. MR818821 (87i:20007)
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