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AFFINE AND QUASI-AFFINE FRAMES
FOR RATIONAL DILATIONS

MARCIN BOWNIK AND JAKOB LEMVIG

ABSTRACT. In this paper we extend the investigation of quasi-affine systems,
which were originally introduced by Ron and Shen [J. Funct. Anal. 148
(1997), 408-447] for integer, expansive dilations, to the class of rational, ex-
pansive dilations. We show that an affine system is a frame if, and only if, the
corresponding family of quasi-affine systems are frames with uniform frame
bounds. We also prove a similar equivalence result between pairs of dual affine
frames and dual quasi-affine frames. Finally, we uncover some fundamental
differences between the integer and rational settings by exhibiting an example
of a quasi-affine frame such that its affine counterpart is not a frame.

1. INTRODUCTION

Quasi-affine systems are little known cousins of well-studied affine systems also
known as wavelet systems. Let A be an expansive dilation matrix, i.e., an n X n
real matrix with all eigenvalues |A| > 1. The affine system generated by a function
€ L2(R") is

(1.1) AW) = {zz;j,k(x) — |det AP>p(Aiz —k):j €T, ke zn} .

The affine systems are dilation invariant, but not shift invariant. However, if the
dilation A has integer entries, that is AZ™ C Z", then one can modify the definition
of affine systems to obtain shift invariant systems. This leads to the notion of a
quasi-affine system

(12)  AY) = djn(e) = { det AP? (A2 k) :j > 0, k € 2"
. i k(L) 1= .
" |det A’ ¢(Aj(33 —-k):j<0, kezZ"

which was introduced and investigated for integer, expansive dilation matrices by
Ron and Shen [20]. Despite the fact that the orthogonality of the affine system
cannot be carried over to the corresponding quasi-affine system due to the over-
sampling of negative scales of the affine system, it turns out that the frame property
is preserved. This important discovery is due to Ron and Shen [20] who proved that
the affine system A (1) is a frame if, and only if, its quasi-affine counterpart A%(2))
is a frame (with the same frame bounds). Furthermore, quasi-affine systems are

Received by the editors September 24, 2008.

2010 Mathematics Subject Classification. Primary 42C40.

Key words and phrases. Wavelets, affine systems, quasi-affine systems, rational dilations, shift
invariant systems, oversampling.

The first author was partially supported by NSF grant DMS-0653881.

(©2010 American Mathematical Society
Reverts to public domain 28 years from publication

1887



1888 MARCIN BOWNIK AND JAKOB LEMVIG

shift invariant and thus much easier to study than affine systems which are dilation
invariant.

The goal of this work is to extend the study of quasi-affine systems to the class of
expansive rational dilations. Let A be an expansive dilation with rational entries;
that is, AQ™ C Q™. The first author [3] generalized the notion of a quasi-affine
frame for rational, expansive dilations which coincides with the usual definition in
the case of integer dilations. The main idea of Ron and Shen [20] is to oversample
negative scales of the affine system at a rate adapted to the scale in order for the
resulting system to be shift invariant, i.e., ¢ € AY(Y) = Trp € A%() for all
k € Z™. In order to define quasi-affine systems for rational expansive dilations one
needs to oversample both negative and positive scales of the affine system (at a
rate proportional to the scale) which results in a quasi-affine system that in general
coincides with the affine system only at the scale zero. This can easily be seen in
one dimension where the quasi-affine system has a relatively simple algebraic form.
Suppose that a = p/q € Q is a dilation factor, where |a| > 1, p, q € Z are relatively
prime. Then, the quasi-affine system associated with a is given by

P2 gl (aix — g ik): j>0, keZ
1.3 Al(Y) = 1l 2 — i '
(1.3) ) { pf? ‘q|—3/2¢(aﬂx—p3k) o j<0,keZ

In the rational case it is much less clear than in the case of integer, expansive
dilations (where both systems coincide at all non-negative scales), whether there
is any relationship between affine and quasi-affine systems. Nevertheless, the first
author proved in [3] that the tight frame property is preserved when moving between
rationally dilated affine and quasi-affine systems. This result has initially suggested
that there is not much difference between integer and rational cases.

In this work we show that this belief is largely incorrect by uncovering substantial
differences between the theory of integer dilated and rationally dilated quasi-affine
systems. For any rational, non-integer dilation we give an example of an affine
system which is not a frame, but yet the corresponding quasi-affine system is a
frame. This kind of example does not exist for integer dilations due to the above
mentioned result of Ron and Shen.

To understand the broken symmetry between the integer and rational case we in-
troduce a new class of quasi-affine systems indexed by the choice of the oversampling
lattice A C Z™. In short, the quasi-affine system A} (¢) is defined to be the smallest
shift invariant system with respect to a lattice A, ie., ¢ € A%(¢) = Tho € AL (¥)
for A € A, which contains all elements of the original affine system A (¢). In or-
der to make this definition meaningful we also need to renormalize the elements of
Af () at a rate corresponding to the rate of oversampling as it was previously done.
Again, this is best illustrated in one dimension. We take A = (pq)’Z for J € Ny,
since this particular choice gives the oversampled quasi-affine system A} (¢) a nice
algebraic form:

2 g gl — g IR) > T ke
(14)  Ad@) =< |af*p(aiz — k) : —J<j<J kel p;
P2 g (i — P R) < —J ke

see Example Bl Then our main result can be stated as follows.
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Theorem 1.1. The affine system A (1) is a frame for L2(R™) if, and only if, every
N-oversampled quasi-affine system Af () is a frame with uniform frame bounds for
all N C Z™.

In the case when the dilation A is integer-valued, the class of A-oversampled
quasi-affine systems reduces to the standard quasi-affine system A%(¢) and its di-
lates; see Example 2 Hence, the original result of Ron and Shen [20] follows im-
mediately from Theorem [[.J] The proof of Theorem [[.1]is influenced by the work
of Herndndez, Labate, Weiss, and Wilson [I3] [14], where the authors obtain repro-
ducibility characterizations of generalized shift invariant (GSI) systems including
affine, wave packets, and Gabor systems. The key element of these techniques is
the use of almost periodic functions which was pioneered by Laugesen [I7, 18] in
his work on translational averaging of the wavelet functional. Using these methods
Laugesen [I8] gave another proof of the equivalence of affine and quasi-affine frames
in the integer case. In this work we show that these techniques can be generalized
to treat rationally dilated quasi-affine systems as well.

In the next part of the paper we investigate more subtle frame properties of quasi-
affine systems. We characterize when the canonical dual frame of a A-oversampled
quasi-affine frame Af(v) is also a quasi-affine frame. In the case of integer dila-
tions, such characterization is due to the first author and Weber [5]. Theorem
generalizes this result to the case of rational dilations. It is remarkable that the
existence of the canonical quasi-affine dual frame is independent of the choice of
the oversampling lattice A. Hence, if such canonical dual frame exists for some
A-oversampled quasi-affine system, then it must exist for all lattices A C Z".

Theorem 1.2. Suppose the quasi-affine system AR (¢) is a frame for L?(R™) for
some lattice N9 C Z". Then, the canonical dual frame of A;I\O (v) is of the form
AR (9) for some ¢ € L2(R™) if, and only if, for all a« € Z" \ {0},

(1.5) ta(§ = > W$(BIYYBI(E+a) =0 forae &R,
JEL: € BIZ™

where B = A'. In this case, A}(¢) is the canonical dual frame of Aj(¢) for all

lattices N C Z™.

We also investigate pairs of dual quasi-affine frames. Here, the theory of ra-
tionally dilated quasi-affine frames parallels quite closely that of integer dilated
systems. Hence, we have a perfect equivalence between pairs of dual affine frames
and pairs of dual quasi-affine frames, regardless of the choice of the oversampling
lattice A.

Theorem 1.3. Suppose that A (v) and A (¢) are Bessel sequences in L*(R™). Then
the following are equivalent:

(i) A(W) and A(¢) are dual frames,
(it) AR, (¥) and Af () are dual frames for some oversampling lattice Ao C Z",
(iii) Ax(¢) and A3(p) are dual frames for all oversampling lattices N C Z".

Theorem [[3] points at a location of the broken symmetry in the equivalence
between affine and quasi-affine frames in the rational non-integer case. If such
non-equivalence exists, then it can only exhibit itself for quasi-affine frames which
do not have a dual quasi-affine frame. The last section of this work is devoted
to showing that such phenomenon does indeed exist. For any non-integer rational
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dilation factor we give an example of a quasi-affine frame A7 (1) such that the
corresponding affine system A (1) is not a frame.

Theorem 1.4. For each rational non-integer dilation factor a > 1, there ezists a
function ¢ € L*(R) such that A% () is a frame for any oversampling lattice N C Z,
but yet A (¢) is not a frame.

Despite that each system A} (¢) is a frame, its lower frame bound drops to zero
as the lattice A gets more and more sparse. Hence, this example does not contradict
Theorem [Tl Moreover, in the light of Theorem [[L3] none of the quasi-affine frames
A% (1) can have a dual quasi-affine frame.

We end this introduction by reviewing some basic definitions. A frame sequence
is a countable collection of vectors {f;};cs such that there are constants 0 < C; <
Cy < oo satisfying, for all f € span{f;},

CullfI* < DU < Celif)
JjET
If span{ f;} = H for a separable Hilbert space #, we say that the frame sequence
{f;j}jes is a frame for H. If the upper bound in the above inequality holds, but

not necessarily the lower bound, the sequence {f;} is said to be a Bessel sequence
with Bessel constant Cs. For a Bessel sequence {f;}, we define the frame operator

of {f;} by
S:H—=H,  Sf=Y (f.fi)f

JjET
If {f;} is a frame, this operator is bounded, invertible, and positive. A frame {f;}
is said to be tight if we can choose C; = Cs. This is equivalent to S = C11, where
I is the identity operator. If furthermore C; = C5 = 1, the sequence {f;} is said
to be a Parseval frame.
Two Bessel sequences {f;} and {g,} are said to be dual frames if

f:Z<fagj>fj for all f € H.
JjE€T
It can be shown that two such Bessel sequences indeed are frames, and we shall say
that the frame {g;} is dual to {f;}, and vice versa. At least one dual always exists;
it is given by {S™'f;} and called the canonical dual.

Let f € L?(R™) for some fixed n € N. The translation by y € R™ is T, f(z) =
f(z—y); dilation by an n x n non-singular matrix B is Dg f(z) = |det B|*/? f(Buz).
These two operations are unitary as operators on LZ(R"). Let ¥ = {1,...,%1} C
L?(R") and let A be a fixed n x n expansive matrix, i.e., all eigenvalues A of A
satisfy |A\| > 1. The affine system of unitaries A associated with the dilation A is
defined as A = {DysT) : j € Z,k € Z™}, and the affine system A(¥) generated by
V¥ is defined as

A) ={jr:j €L,k €L, ¢ € U},
where ;1 = DasTiptp for j € Z,k € Z™. We say that ¥ is a frame wavelet if A(T)
is a frame for L?(R™), and say that ¥ and ® is a pair of dual frame wavelets if their

wavelet systems are dual frames. The transpose of the (fixed) dilation matrix A is
denoted by B = A®.
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Following [12], the local commutant of a system of operators U at the point
[ € L?(R") is defined as

Cr(U):={T € B(L*(R")) : TUf =UTf VYU e€eU}.
For f € L'(R"), the Fourier transform is defined by

FIO=H©O = [ F@eEda
with the usual extension to L?(R™). We will frequently prove our results on the
following subspace of L2?(R"™):

(1.6) 2= {f e L*(R") : f € L™(R™) and supp f is compact in R™ \ {O}} ,

and extend the result by density arguments.

2. GENERALIZED SHIFT INVARIANT SYSTEMS, LATTICES AND OVERSAMPLING

In this section we review some fundamental properties of lattices, shift invari-
ant systems, oversampling of shift invariant systems, mixed dual Gramians, and
generalized shift invariant systems.

2.1. Lattices in R™. A lattice I in R" is a discrete subgroup under addition gener-
ated by integral linear combinations of n linearly independent vectors {p;}1; C R,
ie.,

M={zip1+ -+ 2npn:21,...,2n €EZ}.

In other words, it is a set of points of the form PZ" for a non-singular n X n matrix
P. Let I be a lattice in R™. If [ = PZ", we say that the matrix P € GL,(R)
generates the lattice . A generating matrix of a given lattice is only unique up to
multiplication from the right by integer matrices with determinant one in absolute
value. In particular, if I = PZ™ for some P € GL,(R), then also I = PSZ" for
any S € SL,(Z). The determinant of I is defined to be

(2.1) d(r) = |det P,

where P € GL,(R) is a generating matrix for I'; note that d(I') > 0 and d(Z") = 1.
The determinant d(I') is independent of the particular choice of generating matrix
P and equals the volume of a fundamental domain I of the lattice I', where

Ir=P0,1)")Y={aapr1+ +eapn:0<c;<lfori=1,...,n}

with p; denoting the ith column of a generating matrix P. Note that

R" = J(v+1r)

yer

with the union being disjoint, and that the specific shape of I+ depends on the
choice of the generating matrix P.
Suppose that ' C A, in other words, that ' is a sublattice of some “denser”
lattice A. We define the indez of I in A as
d(r)

(2.2) D= an;

QU
—
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The index D is always a positive integer. It is actually the number of copies of
parallelotopes I+ that fit inside a larger parallelotope Ip. If D is the index of I' in
A, we have from [0, §1.2.2],

(2.3) DA CT CA,
and, from [6, Lemma I.1],
(2.4) #{\/T} =D =d(T)/d(N),

where #{A/T'} is the order of the quotient group A/T. As illustrated in the following,
these simple relations are often very useful. Suppose [ is a rational lattice, i.e.,
the points of the lattice have rational coordinates or, equivalently, the entries of
a generating matrix P are rational. In this situation we define f, the integral
sublattice of T', by Fr=272"n I, and the extended integral superlattice of T by I +Z".
Using the characterization of lattices in [6, Theorem III.VI], it is straightforward
to show that these point sets are actually lattices. Thus [ =T NZ"is a sublattice
of Z™ with index in Z" as

and consequently,
(2.5) dN)zr cT cT.
This shows that any rational lattice ' has an integral sublattice of the form cZ",

where the constant ¢ € N can be taken to be ¢ = d(I') = vol If = #{7"/T}. Since
we also have #{I'/T'} = d(I")/d(T), the above calculations show that

#{2" )T} = #{T/T}d(T).
In a similar way, we have for the extended integral superlattice of I
#{(T+2")/2"y =d(T +Z") " =volIryz. " €N
and
#{(T+7Z™ /2"y +2") C Z".
The dual lattice of T is given by
(2.6) M={neR":(n,~vy)eZforyel};

thus if [ = PZ", then [* = (PY)71Z". The determinants of dual lattices satisfy
the relation

a(ryd(r-) =1.
If I C A, then A* C I'*. For rational lattices [ and A the dual lattice of N A and
I+ A are " +A* and ™ NA*, respectively. Dual lattices are sometimes called polar
or reciprocal lattices. We refer to [6] for further basic properties of lattices.

2.2. Shift invariant systems.

Definition 2.1. Suppose that I is a (full-rank) lattice in R"; i.e., [ = PZ"™ for
some n X n non-singular matrix P. A closed subspace W C L?(R") is said to be
shift invariant (SI) with respect to the lattice I, or simply I'-SI, if f € W implies
T,f € W for all v € I. Given a countable family ® C L?(R") and a lattice I, we
define the I'-SI system E"(®) and the -SI subspace ST (®) by

E"®)={T,p: € ®,~yeTl}, S (®)=spanE (D).
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We will need the following result on oversampling of shift invariant frame se-
quences. In case the frame sequence is actually a frame for all of L?(R™), assertion
(i) below reduces to [I4, Theorem 3.3]. Our proof is more elementary than [I4]
Theorem 3.3] and is included to illustrate how well behaved shift invariant systems
are under oversampling.

Proposition 2.1. Let I',T’ be lattices in R™ and ®, ¥ C L*(R™) countable sets of
the same cardinality. Suppose that T C T’ and S™(®) = ST (®). Then the following
assertions hold:

(i) If E™(®) is a frame sequence with bounds Cy,Co, then

1
——F
#{I—//r}l/Z
is a frame sequence with bounds C1,Cs.
(ii) Suppose that ST(®) = ST(¥) = ST (V). If E™(®) and ET (V) are dual frames
for ST(®), then

(@)

o
#{r//r}l/Q

are dual frames for S™(®).

E"(®) and WEF'(\II)

Proof. To prove (i) assume that there are constant Cq,Cy > 0 such that

CLIfIP <Y D HAETP <Co|lfIP forall feS(®).

PeP vel

Let {di,...,dq} be a complete set of representatives of the quotient group " /T.
For each d,., r =1,...,q, we then have

CLlfIP <Y > WToa £ T < CollfI? forall f € ST(D)

ped el

using the isometry of the translation operator, i.e., |T—q, f|| = ||f||, and the ['-SI
of ST (®) = ST(®). Adding these ¢ inequalities yield

gCr IF12 < DD D T Taad)* < aCa | £,

pedP r=1~vel
and thus,
CLIFIP <D0 a1 < CallfI1*
pedyel”
Since ¢ = #{I"'/T'}, assertion (i) is proved.
Let ® and ¥ be indexed by Z, ie., ® = {¢i};c; and ¥ = {9}
assumption we have

F=Y Y (f Ty Ty forall f € ST(®) =S (V);

i€ yel

ser- By our

hence, in particular,

AP =0 (. Toga) (Tys, f).

i€Z yel
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Using the same techniques as in the proof of (i) we arrive at
F=Y3(faPTyi) Ty forall f € ST(D) =S ().
i€ el
By (i) the sequences ¢~ 1/2E™ (®) and ¢~ /2E" (¥) are Bessel sequences, and (ii) is
proved. ([

As an immediate consequence of Proposition 2] we have the following useful
fact for SI frame sequences spanning all of L?(R™).

Corollary 2.2. Let I be a lattice. If E™(®) is a frame for L*(R™) with bounds
C1, Cso, then, for any superlattice ' of T, i.e., T C T,
1
——F
#{T T}/
is a frame for L*(R™) with bounds Cy,Cs.

"(@)

Corollary 22 is [14, Theorem 3.3] stated in terms of lattices rather than in terms
of lattice generating matrices. In the matrix version the condition [ C [’ becomes
the less transparent, but equivalent, condition C~'RC € GL,(Z), where [ = CZ"
and [ = R71CZ" for R,C € GL,(R), i.e., E"(®) = {Tcr¢p: k € Z", ¢ € ®} and
ET(®) = {Tp-1010 : k € Z", 6 € D}.

2.3. Oversampling SI systems. Following [3] we introduce the notion of over-
sampling an SI system by a rational lattice.

Definition 2.2. Let I', A be rational lattices in R"™, i.e., lattices with generating
matrices in GL,(Q). Suppose ® C L*(R") is a countable set. Define O} (®), the
oversampling of E"(®) by a rational lattice A C Q", as

1
0k®) = E granarya®)

By definition O} (®) is always SI with respect to A, and if A C I, no oversampling
occurs, and the oversampled system O} (®) = E"(®). Moreover,

1
ON(®) = {#{A/m S

- {#{A/mlm Fyialee® ¢ € Bde[MAND]y € r}

= FIAAAT dE[A%mr)]Td (E"(®)),

Tw¢:¢€¢>,wer+/\}

where the union runs over representatives of distinct cosets of the group A/(ANT).
Indeed, the penultimate equality is a consequence of the fact that by choosing
representatives of cosets of (T+A)/T in A, we also have representatives of A/(ANT).
Likewise, choosing the representatives of cosets of (I' + A)/A to be in I yields
representatives of I'/(ANT); hence

1
21) ON®) = #{N/(NOT)}/2 de[r/LJ\mr)] f o)
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This equation also follows from the obvious symmetry in Definition the A
oversampling of E"(®) is equal to the I oversampling of EM(®) up to a scaling
factor. To be precise,

d(N)'/2 Ox(@) = d(N)'/2 OR (@),

where we have used formula (Z4]) to obtain the scaling factors.

2.4. Mixed dual Gramians. Let A be a lattice in R™, and let Ip+ denote a fun-

damental domain of A*. Define the isometric, isomorphism J between L?(R™) and
L2(Ip-, 02(A%)) by

(28)  Tfile o PN), THO={fE+ N} - for fe LR,

Sequences of the form 7 f(£) are called fibers of £2(A*) parametrized by the base
space § € Ipn-. Let {fi},c; and {gi},c; be countable collections of functions in
L?*(R™). By generalizing [I, Theorem 2.3], we have that EMN{f;}) is a frame (or
Bessel sequence) in L?(R") if, and only if, {d(A*)*/27 f;(€) }iez is a frame (or Bessel
sequence) in ¢2(A*) for a.e. ¢ € Iy« with bounds being preserved. From this fact it
is straightforward to verify that EMN({f;}) and EMN({g;}) are dual frames if, and only
if, {d(N)Y2T fi(€)Yier and {d(A*)/2 T g;(€)}ier are dual frames for a.e. £ € Ip-.

Now, assume that EMN({f;}) and EM({g;}) are Bessel sequences. For a fixed
€ € Ipne set t; = d(N)V2T fi(€) and w; = d(A*)/2T g;(€) for i € T. The synthesis
operators for the fibers {¢;} and {u;} are defined by

T: (1) - (), T({e})) = et
1€T

U: (1) = BN, Ue)) =Y e,
€L

respectively. The analysis operators are the adjoint operators, and one finds

1 (a) = {<a7 ti>}ie1’ Us (a) = {<a7 ui>}ie1 )

for a = {ax},ea- € (2(A*). The fibers {t;} and {u;} being dual frames in ¢*(A*)
means in terms of the analysis and synthesis operators that

TU* = IZQ(/\*) or UrT* = IZQ(/\*),

where Iyz(p+) is the identity operator on 2(N7).
The mixed dual Gramian G = G (&) is defined as G = UT*. In the standard basis

{er}reps of £2(A*) the mixed dual Gramian acts by (Gep,e) =2, o7 ti(k)ui (D), so

i€

(2.9) G(&) = (d(A*)Zfi(£+k>gi(5+l)> :
€T k,lEN*
By the above, the SI systems EN({f;}) and E*({g;}) are dual frames if, and only
if, G(€) = Ipppwy for ae. € € Ipe.
The following result is a generalization of [3] Lemma 2.5]. Lemma 23] says that
the mixed dual Gramian of a pair of oversampled SI systems is in one part simply
the original mixed dual Gramian, whereas, in the other part, it has zero entries.
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Lemma 2.3. Let I and A be lattices, and let ¥ = {1);},.; and ® = {¢;}, 1 be
countable sets in L2(R™). Suppose O\(¥) and O)\(®) are Bessel sequences. Then
the mized dual Gramian of O\(¥) and O)(®) is given for k,1 € N* as

(210)  G(E)rs = {d(r*) Vier Gl + o€ +1)  fk—lernn,
0 ifk—1le N \T"

Proof. We paraphrase the oversampled systems Of(¥) and O} (®) using (Z7),
which yields

O\(T) = EMNT'),  where ¥/ = L —5Ta¥ ¢,
! de[r%mr)] {#{A/m Ny }
and
O\(®) = EN®'), where & = ! —Tu® .
Hence, by [29)),
A(N) 1 G(E)ka = AT ;de r%;mr)]wa A6+ R)Tudi (€ +1)
_ ; 67271'2 (k—1,d)
= EAAATT de[r%m] ;wz E+RBi(E+D).
Using Lemma B8 and #{ /(AN T)}/#{A/(ANT)} = d(N)/d(T) = d(I*)/d(A\*)
yields (ZI0). O

2.5. Generalized shift invariant systems. Generalized shift invariant systems
were introduced and studied in the work of Herndndez, Labate, and Wilson [I3],
and independently by Ron and Shen [23].

Definition 2.3. For a collection of functions {g,}pep, a generalized shift invariant
(GSI) system is defined as

(2.11) U E™(9)

pEP
where {rp}peP is a countable collection of lattices in R™. The I',-SI system E'#(g,)
is said to be the pth layer of the GSI system.

Letting ® = {gp}peP and [ =T, for each p € P in (ZI1)) for a GSI system, we
recover the SI system E'(®). Moreover, a GSI system is SI if there exists a (sparse)
lattice I' so that ' C I, for each p € P. Furthermore, if C;, € GL,(R) is chosen
such that [, = CpZ" for each p € P, then the GSI system in ([2.I1)) takes the form

(2.12) {Te,kgp k€ Z",peP}.

We will use the following results about GSI systems from [I3]. Here, we state
the results from [I3] in terms of lattices in R™ rather than in terms of ([2I2) and
matrices {Cp}. The reason behind this convention is that a matrix C, satisfying
I, = CpZ" is not unique and most of our conditions simplify when stated in terms
of lattices rather than matrices.
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Theorem 2.4 (Theorem 2.1 in [13]). Let P be a countable set, {gy},.p a collection
of functions in L*(R™) and {Tp},ep a collection of lattices in R™. Assume the local
integrability condition (LIC):

(2.13) L(J): / . fle+m)[ dry) a,O)F de <0 for all € 2.
supp

pEP mery

Then the GSI system UpeP #(gp) is a Parseval frame for L*(R™) if, and only if,
(2.14) Zd E)ap(§+ ) =dap for a.e. £€R”

peEP
for each o € |

pEP P

The fact that LIC, in general, is necessary can be found in [4 Example 3.2]. We
also recall the relation between the determinants of dual lattices d(I';) = 1/d(I",).

Proposition 2.5 (Proposition 2.4 in [I3]). Let P be a countable set, {gp} p a

collection of functions in L?(R™) and {Tp},ep a collection of lattices in R™. Assume
that the LIC given by (ZI3) holds. Then, for each f € 2, the function

(2.15) w(z) =Y N [(Tuf, Tugy)|”
pEP kel

is a continuous function that coincides pointwise with the absolutely convergent
series

(216) Z Z wp 27rz (m,x) 7

pEP mely

where

(2.17) iy (m) = d(y) | FEF(E+m) 5,(€)3p(€ +m) de.

The function w in ([2I0) is an almost periodic function. In case the GSI system
from Proposition is a [-SI system for some lattice ', the function w is actually
-periodic and can thus be considered as a regular Fourier series on the fundamental
parallelotope Ir.

Proposition 2.6 (Proposition 4.1 in [I3]). Let P be a countable set, {gp} p a
collection offunctions in L*>(R™) and {Tp},cp a collection of lattices in R™. If the

GSI system | T+ (gp) is a Bessel sequence with bound Cy > 0, then

pEP

(2.18) Z 1G,(6)? /d(T,) < Co  for a.e. € € R™

peEP

The following result is a generalization of Proposition 5.6 in [I3]. The result
states that the local integrability condition for affine systems A (¢) is equivalent to
local integrability of a Calderén sum (ZI9); hence the name of the condition.

Proposition 2.7. Let A € GL,(R) be expansive and 1p € L*(R™). Then

(219) So|bBre)| € Lo o)

jez
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if, and only if,

=3 /Suppf|f<s+3fm>2|demj|fDAjw@)Q ae

JEZ meZL™

(2200  =>_ > / f|f(g + B'm)|? [H(B7IE)|?dE < 0o for all f € D.

JEZ meL"

In the proof of Proposition 2.7 we use the following elementary lattice counting
lemma.

Lemma 2.8. Let B € GL,(R) be expansive and R > 0. Then there exists C > 0
such that

(2.21) #{(E+B'Z")NB(0,R)} < Cmax (1,|det B|™))  for any j € Z, £ € R™.
Proof. Since the matrix B is expansive, there exists J € Z such that
(2.22) B(0,v/n) C B (B(0,R))  forall j <J.
For the same reason, once J is fixed, there exists Ry > 0 such that
(2.23) B77(B(0,R)) c B(0,Ry)  forall j > J.
Let
K;={keZ":¢+BkeB(0,R)} ={k€Z": B 7¢+ke B (B(0,R))}
Using (2.22) and (2.23),

U (B7€+k+(0,1") B~ (B(0, R)+B(0, vn) {23_“‘3(”)) forj < J,

B(0, Ry + /n) forj>J.

keK;
Thus,
: 2R)" |det B| ™ for j < J.
K, =| U (B +kt 0.1]7) < o oI BT or g =
KoK, en(Ro + /1) for j > J,
where ¢, = |B(0,1)|. This immediately implies (221]). O

Proof of Proposition 27 Assume ([219). Let f € 2 and choose R > 1 such that

suppr{ﬁER":%<|§|<R}.

Since the matrix B is expansive, there exists a constant K € N such that each
trajectory {B?&};ez hits the above annulus at most K times. Thus,

#{iezice B (suwp )} <K
On the other hand, by Lemma 2.8 we have that, for any £ € R™,

#{(¢ + B7Z™) Nsupp f} < C'max (1, |det B|_j).
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Combining the last two estimates,

£ SIfECmax (1 jdec B [ |dse)] de

jez supp f

2
< el -7 d¢ + el d
1712, Z/f )| de 712 Z/B o Ji@) e
<|flIZC (B77¢)| d 2CK “d .
1712, /wa ] dc+1f1Z0K [ fio] ae <o

The last inequality is a consequence of ([2.I9) and v € L?(R™).
Conversely, if L(f) < oo for all f € 2, then in particular by choosing f = xg
for a compact set E C R™\ {0} we have

/Ej%!wg—jg)! dﬁ:%/E\wB‘f{)\ dé < L(f) < o

Since the set E was arbitrarily chosen, the validity of [2I9]) follows. O

Remark 1. One should add that [ZI9) and thus (220) hold if, and only if, the
Bessel-like condition holds on the dense subspace Z:

(2.24) SN i) <o forall fe 9.

JET kezn

Indeed, this fact is a consequence of [2l Lemma 3.1], which holds for real expansive
dilations.

3. OVERSAMPLING AFFINE SYSTEMS INTO QUASI-AFFINE SYSTEMS

In this section we show that the frame property is preserved when going from
affine to quasi-affine systems. To characterize under what conditions we can also
go from quasi-affine to affine systems, we introduce a new family of oversampled
quasi-affine systems. We then show that an affine system is a frame if, and only
if, the corresponding family of quasi-affine systems are frames with uniform frame
bounds.

3.1. Properties of quasi-affine systems. For a rational lattice A we introduce
the notion of a A-oversampled quasi-affine system.

Definition 3.1. Let A € GL,(Q) be a rational, expansive matrix, and let A be
rational lattice in R, i.e., A = PZ" with P € GL,(Q). Suppose ¥ C L*(R") is a
finite set. Define A} (%) the A-oversampled quasi-affine system by

AR = J O3 (D ).
JEL
When A = Z™ we often drop the subscript A, and we say that A?(¥) = A%, (P) is
the standard quasi-affine system.

By definition A% (W) is SI with respect to A. Note that we need to assume that
the dilation A and the lattice A are rational in order to guarantee lattice structure

of A=IZ™ + A for each j € Z. If A = Z™, we recover the usual quasi-affine system,
ie., A (V) = A9(¥), introduced in [3].
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We will use the following notation throughout this paper. The translation lattice
for the affine system at scale j € Z is denoted by '; = A™JZ"; its A-sublattice is

Fj = A7IZ" N A and its A-extended superlattice is K; = A79Z"™ + A. Note that K;
is the translation lattice for the A-oversampled quasi-affine system at scale j € Z.

Finally, for J € N, let
l7l<J l71<J

and note that My is an integral lattice. Summarizing, we will use the following
lattices, together with their dual lattices:

(3.1) rj=A>2", r=pB7"

(3.2) T, = A9Z" A, T =BIZ" + A",

(3.3) Kj = A9Z" + A, Ki = B/Z" NN,

(3.4) My = () A'z", *= + BIZ"=B7'7"+...+B'Z"
. i<
l7l<T

Let ¥,® C L?(R") be finite sets. For j € Z and f € L?(R") define the affine
functionals

(3.5) K;(f) = > (ol NEO) =D Ki(H)= > f.9f

gEEATIZN(D ;W) JEL geEA(Y)

and quasi-affine functionals
(3.6)
KL= > ol NEw =Y EL(H= > ol

geORA™IZ(D, ;W) JET geEAY (D)

Whenever unambiguous, we drop the reference to the set of generators and simply
write N(f) and Ni(f).

Before going deeper into our investigation we illustrate the notion of a quasi-
affine system in a few specific situations.

Example 1. Let J € N and consider the quasi-affine system obtained by oversam-
pling with respect to M; = ﬂIJISJ AIZ™ introduced above. Since A7IZ"™ + M; =
ATIZ™ and A7IZ" N My = My for |j] < J, we see that

(37) 08,7 (Dy®) = B4 7440 (M /M) 72D W) = B477 (D),

for |j| < J. Hence with this oversampling lattice, the scales |j| < J for the affine
system

AW) = B (Dyy D)
JEZ
and the M j-oversampled quasi-affine system
Al (9) = 051, % (D4 0)
JEZ

coincide.
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Example 2. Suppose A € GL,(Z) is integer valued. Let A = A'Z" for some | € Z.
Then the A-oversampled quasi-affine system is just a dilated version of standard
quasi-affine system ([2)). To be precise, we have the following relation:

(3.8) A0 (V) = Dt (A1(D)).
To see this note that

- , Alzn < =1

AT N = ATz 4+ Algn = - ‘?< ’

A_]Znu J 2 _l7

and that

#{AIZ"/A*jZ”}:d(Z%%n) = g <1

lryn lryn —Jmn —
#{AZ/(AZ NA™Z )}_{#{Alzn/AlZn}—l, jz—lv

whereby we have
(0 = | BAF (D vy U EAZZ"(\detA|(j+l)/2DAj\I/).
j=—1 j<—1
Recall that
A1) = | J B (Duw) U | BV (|det A|J’/2DAJ-\1/) ,
i>0 3<0
and the validity of (B:8)) follows by Dy-iTy = T, D4 and a change of variables.
Example 3. The quasi-affine system has a relatively simple algebraic form in one
dimension. Suppose a = p/q € Q is a dilation factor, where |a| > 1 and p,q € Z
are relatively prime. Let A C Z be a lattice. For simplicity, we assume that
A = p”1q”2r7Z for some Ji,Jo € No,r € N, where pg and r are relatively prime.
Then, the quasi-affine system A7 (¥) associated with a is given by
A(0) = {Yjr: 5,k €Z, Y € T}
Here, for ¢ € L*(R) and j, k € Z, we set
a2 g2 p(ade — g7 k) i > T,
(3.9) biw(@) =< |af? p(az — k) if —J, <j< s
a2 |p| T2 p(adn — pI k) i G < — .
Note that the above convention for 1/~1j7k in the case when A = Z becomes the
rationally dilated quasi-affine system (L3 introduced by the first author in [3].

In particular, if the dilation factor a is an integer, this is the original quasi-affine
system of Ron and Shen [20]. To show (3.9) note that

aIL+N=a L+ p" g
pIGL A+ p" L) = p IO L for j >0,
qj(pij _|_pJ1qJ2*j7nZ) — qumin(fj’Jl)Z fOl"j <0,
pIq2Z for j > Jo,
=< a7 for — J;3 <j < Js,
plig?Z  for j < —Ji.

Hence, one needs to oversample at a rate |q\j_J2 if j > Js (or |p|_‘]1_j if j < —J1)
to obtain the quasi-affine system A} (¥) from the affine system A (¥). Note that
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in the intermediate range —J; < j < Js, no oversampling is required and both
systems coincide at these scales. Also note that the choice J; = Js corresponds to
oversampling by M, ; see Example [Il

Remark 2. Let A be a rational lattice, and consider the A-oversampled quasi-affine
system A7 (U). By definition this system is A-SI. Take a rational superlattice A’
of A, i.e., A C N. Then the further oversampled system A%, (¥) is obviously A’-ST;
moreover, it can be written in terms of A7 (¥) as

1

= e

U Tu(A{(D).

de[N /A]

By Corollary 222l we have the following useful result for oversampled quasi-affine
frames:

Lemma 3.1. Let A € GL,(Q). Suppose N C N for rational lattices N, N'. Then
if AL(W) is a frame for L*(R™) with bounds C1, Cs, A%, (¥) is a frame for L*(R™)
with bounds Cq,Cs.

3.2. Affine and quasi-affine systems as GSI systems. Since affine and quasi-
affine systems are GSI systems, the results from Section 2.5 can be applied to these
systems; see [13] [I4]. We restate some of these results in terms of lattices in R™.
The quasi-affine system Aj (¥) introduced above can be expressed as a GSI system

@II) by taking P ={(4,1): 7€ Z,l=1,...,L} and

(3.10) Mo =Ty =ATZ" + A,
(3.11) 90(2) = g3 (@) = #{N/ (NN ATIZM)} V2D ()
for all p € P.

By applying Proposition to affine and quasi-affine systems we immediately
have the following result; see also [3] Proposition 4.5].

Proposition 3.2. Suppose that ¥ C L*(R™) and that either of the following holds:

(a) A € GL,(R) is expansive and A(P) is a Bessel sequence with bound Cs,
(b) A € GL,(Q) is expansive and A} (V) is a Bessel sequence with bound Co for
some rational lattice .

Then
(3.12) SN W(BIOP < Cy forae £ R

Yev jeZ

For the A-oversampled quasi-affine systems we have the following result on the
quasi-affine functional w} defined below.

Proposition 3.3. Let A € GL,(Q) be expansive, ¥ = {11,...,%} C L*(R"),
and let \ be a rational lattice. Suppose that each ¥ € U satisfies condition (2.19).
Then, for each f € 2, the N-periodic function

2

)

L
(3.13) wi@) = > [Tfg)l? =D > [(T.f,d;TiDasth)

gEAL(T) I=1 jEZ keK;
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where d; = #{N/(NNVATIZ")} /2 and K; is given by [B3), is a continuous func-
tion that coincides pointwise with the (N-periodic) absolutely convergent series

L
@14 W) =33 3 buere,

1=1 jEL peK:

where

(3.15) bia(p) = [ FEFE+ 1) du(B=IE) b (BT (€ + p)) dé.

R

Proof. The result follows by an application of Proposition to quasi-affine sys-
tems. In order to apply Proposition we need to verify the LIC condition (2.13])
for quasi-affine systems, i.e., that

L
(3.16) wn=Yy / e+ WP (B d < o0

=1 j€Z ;/,EK*

holds for f € D. Since each 1) € VU satisfies condition (ZI9), Proposition 27 tells us
that the LIC condition for affine systems is satisfied, i.e., that L(f) < co. Finally,
the estimate in (B]ﬂ) follows by

BH<YY S [ e Bm e = 1) < o

I=1 jEZ meZ™ supp f

where we have used the fact that K7 C BIZ™ for all j € Z. Consequently, the
expression in (B8] follows directly from (ZI7) by
|det A=

L/d(K) = d(Ky) = o s A=zt

O

Proposition [3.4] below states a similar result for affine systems. The result is
a generalization of [I4, Proposition 2.8], where the Bessel condition on A (¥) is
relaxed by (ZI9). Proposition Bl is a direct consequence of Propositions and
7

Proposition 3.4. Let A € GL,(R) be ezpansive and ¥ = {¢y,... 9} C L*(R™).
Suppose that each ¢ € U satisfies condition (ZI9). Then, for each f € 2, the

function

(3.17) w@)= > Tuf.q) ZZZMf,DAngn

gEA(T) I=1 jEZ kEZn

18 an almost periodic function that coincides pointwise with the absolutely convergent
series

L
(3.18) w(z) = ZZ Z Cj’l(m)e%ri(BJm,w},
=1 jEZ meZ"

where

(3.19) cia(m) = | f(&)F(&+ Bim) du(B=I&)y (B~ (¢ + BIm)) dé.

R




1904 MARCIN BOWNIK AND JAKOB LEMVIG

Remark 3. As noted in [I4] the sum over j € Z in Proposition B:4] can be replaced
by a sum over a smaller set j € J C Z. The same holds for Proposition B3

The series representing w and wj are very similar. By a change of variables,

B14)) becomes
L
(3.20) w?\(x) = Z Z Z Cjﬁl(m)e%m‘(BJm,w} :

=1 jEZ meZ"NB~IN\*

where the coefficients ¢;;(m) are given by (BI9). Since Z™ N B~IA* C Z" for all
J € Z, we can consider the series for wj in ([B20) as the series representing w in
(BI8)) with some coefficients set to zero—exactly those coefficients ¢;;(m) for which
m € Z™\ B~I\*. We stress that this connection holds without any assumptions on
the rational lattice A, e.g., there is no assumption on A being integer valued.

3.3. From affine to quasi-affine systems. The frame property carries over when
moving from affine to A-oversampled quasi-affine systems for any rational lattice A.
This statement is the main result of this section and is contained in Theorem [3.5

Theorem 3.5. Let A € GL,(Q) be expansive, ¥ C L*(R"), and let N\ be any
rational lattice in R™. If the affine system A (W) is a frame for L>(R™) with frame
bounds C4,C5, then the N-oversampled quasi-affine system AX (V) is a frame for
L23(R™) with frame bounds Cy,Ca.

The following lemma, which is needed in the proof of Theorem B is a conse-
quence of [15] Lemma 23.19].

Lemma 3.6. Suppose K, M are lattices in R™ such that K C M. Then, for m € K*,

1, meM*,

1 2mi(m,d) _
(3.21) #{M/K} 2 ¢ B {0, m e K*\ M*.

de[M/K]

The proof of Theorem relies on the following key result on translational
averaging of affine functionals.

Lemma 3.7. Let A € GL,(Q) be expansive, ¥ C L*(R"), and let A be an integral
lattice in R™. For each J € N define

My = [ Az"
i<
Suppose the affine system A (¥) is a frame for L2(R™). Then
1
(3.22)  NI(f)= lim > N(Tuf)  for fe 2,

J=oo #{(My +A)/M;} de[(My+N)/My]

where 7 is given by (LE), N by B3) and N} by [B.9).
Proof. Let W = {41,...,9¢}. For f € 2, by (320,

(3.23) N =wj@=>> > culm),

=1 jEZ meZ"NB~IN*

where c;;(m) are given in equation (B.I9). So fix J € N and let {dy,...,ds s} be
a complete set of representatives of the quotient group (M; + A)/M; so that s(J)
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is the order of the group. We want to express N{(f) as an average of N(Ty, f) over
r=1,...,8(J). Thus we consider

s(J) s(J) L

1 wi(B’m
LS S S 8 e
r=1 r=1[=1 |j|<J meZ"
s(J) L

TLL T T cutmenierna

r=11=1|j|>J meZm
(3.24) = 11(.]) + I(J),

which follows by BI8]). By absolute convergence of the sum above, we conclude
that Io(J) — 0 as J — oo. Assume that the following identity holds:

L
(3.25) nn=> > > cum).

1=1 |j|<J meZrNB~iA*

Taking the limit J — oo in (3.24]) and using equation ([B.23)) yield

L
Jm s ZNTdf=hm<<>+f2 M=fmd > ) cum)

=1 |j|<J meZ*NB~IN*
= Nx(f)-

Hence, to complete the proof we only have left to show ([3.25]). Taking K = M and
M = M + A in Lemma [3:0] gives us for all m € M*:

s(J) ~ * *
(3.26) Z 2mi(dr) s(J), meM;NAT,
£ 0, meM;\A

Fix j € Z with |j| < J. Take i = B/m. Obviously, m € M*% N A* precisely when
m € BTIM%NB7I\*, and m € M*% \ A* precisely when m € B~7M*% \ B~7A*. Since

BTIMY = + Bzr>oz",
—J—j<I<JI—j

we conclude from equation ([B.26) that, for all m € Z",

s(J) .
J), meZ*NBIN*
3.97 27i(BIm,d,) 5( ’ ‘ )
(8:27) Ze 0, mezr\ BN
and this holds for all |j] < J. Using these relations we arrive at
1 s(J) ;
_ wi(B'm,d,
ZED 9D 2D WP SRS
1= 1\]|<Jm€Z" r=1

—ZZ >, eulm),

I=1 [§|<J meZ"NB~IN*
which completes the proof of the lemma. O
Proof of Theorem 3.5 Assume that the affine system A (V) is a frame for L?(R")

with bounds C4, Cs. It suffices to prove that A;I\O(\IJ) is a frame for integer lattices
Mo, i.e., N\g C Z™, which follows from the fact that any rational lattice A has an
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integral sublattice of the form ¢Z™ for some ¢ € N, e.g., take ¢ = d(ANZ"); see
equation (23]). Hence, if we prove that A?,,(¥) is a frame with bounds Cy,Cs,
then, by applying Lemma B Aj(¥) is a frame with the frame bounds being
preserved.

So let Ag be an integral lattice. By our hypothesis there are constants C7,Cs > 0
so that

CLfIP < N(f) < CoIfIIP VfeL*R™).

Fix J € N and consider M introduced above. For each representative d € [M; +
No)/M ;] we have

CuIfIP < N(Taf) < Co | fIP - ¥f e LP(RY),
where we have used the fact that | T, f|| = || f|| for z € R™. Adding these equations
for each representative d yields
#{My+A)/MACIFIP < > N(Tuf) <#{(My +Mo)/MAC | ]
de[(Ms+NMo)/M;]
By taking the limit J — oo, we have

1
CyIf]? < lim N(Tuf) < Co|If|?
1 ||f|| = Jheo #{(MJ ¥ Ao)/M]} de[([\ﬂJ%Q)/MJ] ( df) >~ L2 Hf”

for all f € L2(R™). Since A is an integer lattice, we can apply Lemma B.7 This
gives us

CIfI* < N < G2 |1 £11°

for f € 2. Extending these inequalities to all of L?(R™) by a standard density
argument completes the proof. O

Remark 4. The special case of Theorem in one dimension with A = Z was first
shown in [I4, Theorem 2.18]. In fact, [14, Theorem 2.18] is stated for quasi-affine
systems obtained by oversampling with respect to the lattice A = s~'Z, where s
is relatively prime to p and ¢, and a = p/q is a dilation factor. In this case the
quasi-affine system A} (¥) takes a nice algebraic form:

q |p\j/2 |q\_j\s\_l/zw(ajx—s_lq_jk) : j>0, ke’
s-12(¥) = Gy=32 ) =2 Sy . :
Ipl” [qI ™77 |s|” /" “b(?x —s7 k) s j<0, keZ

Hence, the above system is obtained by further oversampling of the standard quasi-
affine system A% (¥) given by (L3). However, our Theorem holds for oversam-
pling with respect to any rational lattice A, such as in (I4) or in Example Bl The
sparser the lattice A is, the better result we have due to Lemma[3.Ilon oversampling
of quasi-affine systems.

3.4. From quasi-affine to affine systems. When moving from quasi-affine to
affine systems the frame property only carries over if we impose stronger conditions
on the set of generators. Hence, we have only the following partial converse of
Theorem

Theorem 3.8. Let A € GL,(Q) be expansive and ¥ C L*R"™). If the M-
oversampled quasi-affine system Afy (V) is a frame for L2(R™) with uniform frame
bounds Cy,Cy for all J € N, where M is given by BA), then the affine system
A (V) is a frame for L?(R™) with frame bounds C1, C.
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Proof. Assume that
CilfII” < N (f) <Co|lfIIP forall fe2

holds for all J € N. Since scale j of the affine system and the M j-oversampled
quasi-affine system agree whenever |j| < .J, we have by B.1),

Kj(f) = K&y, ,(f)  forall [j| < J, f e LA(R).

Thus, for J € N,

> (=3 K, () < CalfI

l71<J i<
Letting J — oo yields

. 2

N(f) Z};H;ongKj( <111}lﬁsogpz<:JKM,j fH<elfl®
jl< <

whereby we conclude that A (¥) is a Bessel sequence with bound Cs. Likewise for
the lower bound:

(3‘28 Cl Hf” Z KMJJ Z KMJJ ): Z K Z KMJJ
lil<g 31> l71<J 31>
Suppose that
(3.29) hm Z KM” =0 for f € 2.
F >
Then, by equation (3.2§)),
2 .
< - e
CillfI* < Jim_ ;} Ki(f)=N(f) forfe2.
TS

Since A (W) satisfies the upper bound, we can extend this inequality to all of L?(R")
by a density argument. Hence the affine system A (¥) satisfies the lower bound
with constant C7.

To complete the proof we need to verify ([3.29). We have already showed that
A(T) is a Bessel sequence, so by Proposition B4l the series in (BI8) converges
absolutely and

L
YD lealm)] < o,

I=1 jEZ mezn
where ¢;;(m) is given by (3I9). Therefore, by (B:20) and Remark [3]

> K, ZZZ!fvdiDAsz ZZ S Jeum)

[71>J |j1>J I=1 keK; [7|>J I=1 meZ"NB~IiM%

L
< Z Z Z leji(m)| =0 as J — oo,

li|>J 1=1 mezZn

This shows (3:229) and completes the proof of Theorem O

The following result combines Theorems and 3.8 in a more conceptually
transparent and less technical form.
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Theorem 3.9. Let A € GL,(Q) be expansive and ¥ C L*(R™). Then, the affine
system A (W) is a frame for L*(R™) with frame bounds C1,Cs if, and only if, the
N-oversampled quasi-affine system A% (V) is a frame for L2(R™) with uniform frame
bounds Cy,Cy for all integer lattices N.

3.5. Recovering known equivalence results. We end this section by illustrat-
ing the general nature of Theorems and B8 In particular, we will show that
the well-known equivalence result of Ron and Shen [20] for affine and quasi-affine
frames for integer dilation A € GL,(Z) is a simple consequence of these results.
Moreover, we have the following generalization of their result.

Proposition 3.10. Let A € GL,(Z) be expansive and ¥ C L?(R). Then the
following assertions are equivalent:

(i) A(T) is a frame with bounds Cy,Cs,

(i) AR, (¥) is a frame with bounds Cy, Cy for some oversampling lattice Ao C Z",
(iii) AX(V) is a frame with bounds Cy,Cs for all oversampling lattices N C Z".

Proof. By Theorem BE we are only left to prove (ii) = (i), but this will follow
from an application of Theorem B.8 From Lemma [B.J] we have that A4%(¥) is a
frame for L?(R™) with bounds C7, Cy. Recall the identity

A%y (U) = Dy (A9(T)) forleZ

from Example[2l This tells us, by unitarity of the dilation operator, that A% iz (V)
is a frame with (uniform) bounds Cy, C; for each [ € Z. Since A has integer entries,
we have

M, = ﬂ Alzr = AT7r for J €N,

71<T
and the conclusion follows from Theorem O

4. DUAL AFFINE AND QUASI-AFFINE FRAMES

The goal of this section is to prove the equivalence between pairs of dual affine
and quasi-affine frames in the setting of rational dilations. To achieve this we will
use well-studied fundamental equations of affine systems.

Definition 4.1. Suppose that ¥ = {¢1,...,%} C L?*(R") and ® = {¢1,...,¢1}
C L?(R") are such that

(4.1) ZZ (B2 + |i(BTIE)P) <o for ae. £

=1 j€Z

We say that a pair (¥, @) satisfies the fundamental equations if

(4.2) ZZwl GBI =1 for ae. &,

=1 j€Z
(4.3)

L _—_—
= Z Z V(B E)d(B-i(E+a)) =0 forae. &
=1 j€Z:aeBIiZ"
and all a € Z™ \ {0}.
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Remark 5. Note that the assumption ({]) is made to guarantee that the series in
([#2) converges absolutely, and hence the Calderén condition (£2) is meaningful.
On the other hand, the series (3] converges absolutely for a.e. & without any
assumptions (apart from ¥, ® C L?(R"), that is). Indeed, for any 1 € L*(R") and
a € R™,

(4.4)

J+1
/WZ\wBﬂua e = /ZldetAw ed = e I < o0

for any J € N. Since the dilation B is expansive, for any « # 0, there exists J € N
such that j € Z and a € BIZ"™ implies that j < J. Hence, by 2|zw| < |2|> + |w|?
for z,w € C,

Z [hi(B™E) (B~ (€ +a))| < 3 Z [ (B7IE)|?
JEL: € BIZL™ JEL: € BIZ™

+ Z |¢A)Z(ij(§ +a))]? < o0 for a.e. £ € R™.
JjEZ:€BIZ™

N[

The last inequality is a consequence of (4.

We will need the following result which was originally proved by Frazier, Gar-
rigés, Wang, and Weiss [I1] in the dyadic setting. Later it was extended by the
first author [2] to the setting of integer, expansive dilations and by Chui, Czaja,
Maggioni, and Weiss [8] to the setting of real, expansive dilations. We include an al-
ternative proof of Theorem [Z.]for the sake of completeness and since its techniques
will be used later.

Theorem 4.1. Let A € GL,(R) be expansive. Suppose that ¥ = {¢1,...,9p} C
L?(R™) and ® = {¢1,...,¢r} C L*(R™) are such that

ZZ [bu(BTIE)? + (BT € Li(R™\ {0}).

=1 j€EZ

Then, the affine systems A (¥) and A (®) form a weak pair of frames, i.e.,

L
(4.5) AP =3 (f. DasTih)(DasTun, f) - for all f € 9,

I=1 jEZ kezn
if, and only if, the fundamental equations [A2) and [@3]) hold.

Proof. The proof is based on Proposition B4 on affine systems and the idea of
polarization as in [I8], Section 8]. By our assumption on ¥ and ®, we can define

(4.6) N(f, 0, 9) ZZ Y f, DasTei)(DasTiy, f) for f € 2,

I=1 jEZ ke

where the multiple series converge absolutely. This follows immediately by Re-
mark [[] and

2((f, Das Tetn) (D as Tudr, £)| < |(fs DasTuthi))> + (D as i, ) -
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By the polarization identity
4

1
Zw:ZZipﬁpz—i—w\z for z,w € C,
p=1
we have
(4.7) N(f,9,9) Zz N(f,0,), where ©, = {0}, 01, = P + ¢
for f € 2.

Since, for p = 1,2, 3,4,

S| =S

=1 jeZ 1=1 jGZ

Py (BTIE) + du(B '5)‘2

< 222 [bu(BTIE)? + |du(BTEP) € Lio(R™\ {0}),

we can apply Proposition B4 to ©, for each p. This yields

Tf, ZZ Z pr 271'1 Bjmz>,

I=1 jEZ meZn
where
(4.8) bjip(m) = N FE &+ BIm) 01, (B=3)01,,(B™ (¢ + B'm)) dé
forl=1,...,L,j € Z,m € Z™, and the integral in ([£8) converges absolutely. By
the polarization identity

4
1 -
Z1Wo = Z E ip(ipzl —I—wl)(ipZQ —l—wg) for z1, z9,wy,wq € C,
p

we have

Zz 01,p(B=9€)0,,(B~ (& + Bim))

4
i > i (i (BI€)+u(B8)) (i"n(BT (€ + Bm) + (BT (€ + BIm)) )

= (BIE)4(B (£ + BIm)).
Therefore, by (@1,

(4.9) w(x) ;== N(T,f, U, d) ZZ Z &a(m 27ri<Bjm,z>,

where

Gl Z’ bjap( f(f)f(f + Bim) ¢y (B=1€) (B~ (& + BIm)) d€.
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By a change of summation order, using absolute convergence of the series in (£3]),
we have

(4.10) w(z)= Y Gee?mHen,

a€lU;e, BIZ™

where
o= | JOFE+aY, > G(BIYBTI(E+a))de

R I=1 jEZ:aEBIZ"
(4.11) = | fOIE+a)ta(©)ds, forae| B2

Rr JET

Assume that the affine systems A (¥) and A (®) form a weak pair of frames.

Using || T f|| = ||f]|, this implies that the almost periodic function @w(x) from
([@3) is constant. To be precise, w(z) = ||f||>. By uniqueness of coefficients for

Fourier series of almost periodic functions [I3] Lemma 2.5], this only happens if,
for a € U, B'Z",

(4.12) Go=|fI> and & =0 fora#0.
By (@I1)), this shows that
o 2 _ o
[ 170] @ =117 =171 torall fe 2,

Since Z is dense in L?(R™), this implies further that #o(¢) = 1 for a.e. £ € R®
showing that the first fundamental equation ([.2) holds.
For a non-zero a we have by (@II]) and (£I12),

FOfE+a)i(6)de=0 for all f € 9,
RTI,

for a € (UjeZ BjZ") \ {0}. In particular, this equality holds for a € Z™ \ {0}.

We need to show that £, = 0 almost everywhere for a € Z™ \ {0}. The conclusion
is almost immediate from Du Bois-Reynold’s lemma, which says that for local
integrable functions u on R™ satisfying [uv = 0 for all v € C§° we have u = 0. We
fix a € Z" \ {0}, and let Iz» denote a fundamental domain of Z". For arbitrary
l € Z™ we consider the translated parallelotope I} = Iz» + 1 C R™ and define f by

1 for £ € I,
f(&) =< t,(&) for & +acl,
0 otherwise.

This definition makes sense since ;- I} = R™ and (I;—a)N[; = () for o € Z"\{0}.
Furthermore, since £, is bounded by Remark [l we have f € 2. Consequently,

0= [ FOFE+a) i€ de = / 17 () T (€) d€ = / 7€) de,

Rn

which implies that £, (¢) vanishes almost everywhere for ¢ € I;. Since | € Z" was
arbitrarily chosen, we deduce that £, (&) = 0 for a.e. £ € R™. This shows that the
second fundamental equation (3] holds.

Conversely, assume that the fundamental equations [@2) and [@3]) hold. Equa-
tion (@3) states that £, (&) = 0 for a.e. £ € R™ for a € Z™ \ {0}. By a change of
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variables v = B¢ and 8 = Bla (I € Z), this implies {5(y) = 0 for 8 € B'Z™ \ {0}.
Since this holds for all I € Z, we conclude £, = 0 almost everywhere for a €
Ujez BiZ" \ {0}. Hence, by @II), é, = 0 for a € Ujez BiZ™\ {0}. Therefore,

w(z) = é = || f||* for all z € R, so, in particular,
N(f, 0, ®)=o(0) = || f|* forall fe2.
We conclude that the affine systems A (V) and A (®) form a weak pair of frames. [

We are now able to prove the characterization of dual affine and quasi-affine
frames in terms of fundamental equations using the theory of mixed dual Gramians
of Ron and Shen [19, 2T}, 23]. An alternative proof using the ideas of polarization
of affine functionals is presented at the end of this section. In the integer case
Theorem [£.2 was first shown by Ron and Shen [20] 22] with some decay assumptions
on generators ¥ and ®. Chui, Shi, and Stockler [9] proved the same result without
any decay assumptions; see also [2, Theorem 4.1]. Theorem generalizes this
result to the setting of rational dilations.

Theorem 4.2. Let A € GL,(Q) be expansive. Suppose A (V) and A (P) are Bessel
sequences in L*>(R™). Then the following assertions are equivalent:

(i) A(V) and A(®) are dual frames.
(ii) AR, (¥) and A (®) are dual frames for some integer oversampling lattice
N C Z™.
(iii) AX(V) and AZ(®) are dual frames for all integer oversampling lattices N C
Z”L

(iv) U and ® satisfy the fundamental equations (2) and [@3]).

Proof. The local integrability condition in Theorem H.] is satisfied by Proposi-
tion since A (¥) and A (®) are assumed to be Bessel sequences. Furthermore,
weak duality (@H]) of two Bessel sequences implies “strong” duality [2, Lemma 2.7],
i.e., that A (¥) and A (P) are dual frames. Hence, by Theorem 1], we have (i) <
(iv); this equivalence is well known, even for real dilations [8, Theorem 4].

The proof of the equivalences (ii) < (iii) < (iv) is based on the approach used in
[3, Theorem 3.4]. Let G;(£)x; denote the mixed dual Gramian of O %" (D, ¥)
and O,‘(r]Zn (Da; ®) for j € Z; see Section 24l By Lemma 2.3 with [ = A=IZ",
this mixed dual Gramian is given as

———

G _ J1det AP SO Dasdb(€ + k) Dasd(€ +1),  k—lel A,
Gk =
0, k_lel\*\r*7
L+ RaiE+D),  k—leBIZT A,
0, k—leA\ BizZ,

for k,1 € A*. The mixed dual Gramian of Aj(¥) and A (®) is found by additivity
of the jth layer mixed dual Gramian G;(§) as

G = Z Gi(E)ra

JEL

=3 St e B e < |

=1 j€EZ

1, k—1l€BiZ"nA*,
0, k—1leN\Biz",
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for k,1 € A*. We only consider k,l € A*, so k — 1 € A\* is trivially satisfied. Thus,
we arrive at the following expression for the mixed dual Gramian:

L —
413) GOri=>_, >, B IE+R)ABHE+D)) =hr(E+E).
=1 jeZ:k—leBizLn
Assume (i) holds. This implies that the mixed dual Gramian G(£) is the identity
operator on (2(A}) for a.e. £ € Ipns; hence G(§)k,; = Op, for ae. £ € Ip;. By
equation [@I3), for a € A,

L
(414) Sao=>_ > h(BIOH(BI(E+a)) =1a(§) forae R
=1 j€Z:aeBIT"
This implies (iv) since Z™ C A§.
Assume (iv) holds. We will show that this implies (iii), i.e., that G(&)x; = dx
for a.e. £ € Iz~ and all k,1 € A*, where A is any integer lattice satisfying A C Z". By
a change of variables, we see that £,(£) = 0 for a.e. £ and all a € Ujez BIZ"\ {0}.

If @ € A*\ U,z B'Z", then obviously to = 0; hence equation (@I4) holds for
a € N*. This shows that the mixed dual Gramian CNT'(f) is the identity operator on
C2(N*) for a.e. & € Inx, which is equivalent to assertion (iii).
The last implication (iii) = (ii) is obvious. O
It is possible to give an alternative proof of Theorem using the ideas of

polarization from the proof of Theorem Al Since the equivalence (i) < (iv) in
Theorem 2] is well known, we will only (re)prove (ii) < (iii) < (iv) here.

Another proof of Theorem B2l Let A C Z™. For f € 9, we define the A-periodic
function w§(z) by

L
(4.15) @i (z) = NI(Tof, @, ®) =Y > > " (T f, djTiDasthr) (d;Tu Das b1, Too f),
=1 jEZ keK;
where d; = #{\/(ANNA7IZ")}~/2 and K; is given by (33). The series in (EIH)
converges absolutely since Af(¥) and A} (®) are Bessel sequences. Applying po-
larization identities as in the proof of Theorem [4.]] yields

(4.16) Wi (x) = > CoemilanT)
a€U; ez BIZmNA*
where the coefficients {¢,} are given in ([{@IT]).

Assume (ii) holds. It is well known that under the Bessel condition the weak
duality of frames is equivalent to the duality of frames; see for example [7, Theorem
5.6.2]. Hence, (i) is equivalent to Ny (f, ¥, ®) = I£II? for all f € L2(R™). Since
| T fIl = || f||, this implies that @3 (z) = I£1I”. By uniqueness of coefficients of the
Fourier series of QI);Z\O, this happens only when

o =fI"0a0  forac|)BZ"NA".
JEZ
Following the proof of Theorem A1l we immediately have that this implies £, = d4. 0
almost everywhere for o € UjeZ BJZ"™ N A*. In particular, since Z" C A*, we have
to(€) = 040 for a.e. € and a € Z". This is precisely assertion (iv).
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Assume (iv) holds. By a change of variables, this implies that #,(£) = 4,0 for
a.e. £ and all a € |J, ., BYZ™. Therefore,

jez
o =000 forac|)BZ",
jez
and we note that these equations are independent of A. Hence, by ([@I0), for any
ANCzm,
NU(f, 0, ®) = @}(0) = = | f|*  forall fe 2.

By a density argument, this equality holds for all f € L?(R"™), and assertion (iii)
follows. O

Remark 6. Tt is apparent from the proof above that the equivalence of (ii), (iii), and
(iv) in Theorem holds under the weaker assumption that A{ (¥) and A (®)

are Bessel sequences in L?(R") for some Ay C Z".

5. DIAGONAL AFFINE SYSTEMS

In this section we study a particularly interesting subclass of generators where
the equivalence between affine and quasi-affine frames exhibits the largest degree
of symmetry. This is a class of diagonal affine systems for which the off-diagonal
functions t, defined below vanish. We show that the class of diagonal affine frames
consists precisely of quasi-affine frames having a canonical dual quasi-affine frame.
This extends a result of Weber and the first author [5] from the setting of integer
dilations to that of rational dilations.

Definition 5.1. For a given dilation matrix A and ¥ C L?(R™) we introduce the
family of functions {ts},czn on R by

B1) @)=Y, > GBIYHBI(E+a) foreR™

YEV jEL:aEBIL™
In particular,
to(€) = D D (B
YeV jeZ
We say that the affine system A (V) is diagonal if t,(§) = 0 a.e. for all a € Z™\ {0}.
Note that the series in (B converges absolutely for a.e. £ in light of Remark [
In addition, if ¥ C L?(R") generates an affine Bessel sequence A (¥) with bound

Cs, or a quasi-affine Bessel sequence A7 (¥) for some lattice A, then each ¢, is well
defined and essentially bounded in light of Proposition and

S>> [RBIYEBIE+)) <Y > [W(BTIYP

PYew jeZ:aEBJZ" PYew jeZ:aeBJZ"
+13 Y WBBIE )<l
YeV jel:ac BIZ™

Now, with the extra assumption ¢,(§) = 0 a.e. for a € Z™ \ {0}, we have the
following equivalence result.
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Theorem 5.1. Let A € GL,(Q) be expansive, ¥ C L*(R™) and let C1,Co > 0 be
constants. Suppose that the affine system A (W) is diagonal. Then the following
assertions are equivalent:
(i) the affine system A (¥) is a frame for L?(R™) with bounds Cy,Ca;
(i1) the quasi-affine system AR (¥) is a frame for L*>(R™) with bounds Cy,Cy for
some integer lattice N\g C Z";
(iii) the quasi-affine system A%(¥) is a frame for L*(R™) with bounds Cy,Cs for
all integer lattices N C Z';
(i)
¢y < Z ZW(BJEHQ <Oy for a.e. £ € R™.
eV jEL
Proof. Let A C Z™ be a lattice in R™. For fixed f € 2, let w and wj be the
functions introduced in BI3) and BI7). By a change of summation order, using
absolute convergence of the series, these functions can be written as

(5.2) w(x) = Z Ca ezm'<a7m>, w;{(a?) = Z Coy 62”“0‘7”,

a€lU;ey BIZ™ a€l;ey BIZMNN*
where
ca= | FOfE+a)d DY $BIOYYBI(E+ ) dE
R YEV jEZ:ac BIZN
(5.3) = . FOFE+a)ta()dg,  forae | B2

JEL
Our standing assumption in this theorem is that ¢, () = 0 a.e. for o € Z™\ {0}.
By a change of variables, this implies ¢, (£) = 0 a.e. for a € ;5 Bi7Z"\ {0}. Thus
the expressions in (B.2) reduce to

wle) = wh(e) =eo = [ |
hence w and wj are equal and constant functions of z. Therefore
N(f) = w(0) = wr(0) = Nx(f)
for f € 9. Since Z is dense in L?(R"), we find that (i) < (ii) < (iii). Note that
(i) = (iii) also follows directly from Theorem
We will verify that (i) < (iv). In terms of the ¢,-functions, assertion (iv) reads

as C1 < tg(€) < Cq almost everywhere. By the above and an application of the
Plancherel theorem, assertion (i) is equivalent to

(54) Cl<faf>§<t0faf>§02<faf> forfeLz(R”)
This implies that

(g)‘2 to(€)de  for all z € R™;

n

Cy <tg(§) <Cy for a.e. £ € R,
which, on the other hand, clearly implies (&.4). O

As a corollary we have the following converse of Theorem

Corollary 5.2. Let A € GL,(Q) be expansive, ¥ C L*(R"), and let A(V) be
diagonal. Suppose that the Ng-oversampled quasi-affine system A?\O(\I/) is a frame
for L2(R™) with bounds Cy,Cy for some integer lattice N C Z™. Then, the affine
system A (V) is a frame for L*(R™) with bounds Cy,Cs.
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As a direct consequence of Theorem and Corollary we generalize the
equivalence of affine and quasi-affine Parseval frames due to the first author [3|
Theorem 3.4]; see also [14, Theorem 2.17].

Theorem 5.3. Suppose A € GL,(Q) is expansive and ¥ C L*(R™). Then the
following assertions are equivalent:

(i) the affine system A (¥) is a Parseval frame for L*(R™);
(i) the quasi-affine system AR (V) is a Parseval frame for L?(R") for some
integer lattice Ng C Z";
111) the quasi-affine system is a Parseval jrame for or all integer
(iii) the quasi-affine system A3L(V) is a Parseval frame for L*(R") for all integ
lattices N C Z™.

Proof. The implication (i) = (iii) is a special case of Theorem BH] and (iii) = (ii)
is obvious. Proposition and the proof of Proposition [3.3] show that the local
integrability condition ([B.I6]) for the quasi-affine system is satisfied; hence we can
apply Theorem 2.4] to A} (V). By equations (ZI4), (BI0) and (B.II) this implies
that t, = 0 for a € Z™ \ {0}; hence the affine system is diagonal. An application
of Corollary 5.2 gives us (ii) = (i). O

5.1. Canonical dual quasi-affine frames. Our next aim is to characterize when
the canonical dual of a quasi-affine frame is also a quasi-affine frame. To achieve
this we need the following result resembling [5, Proposition 1].

Theorem 5.4. Let A € GL,(Q) be expansive. Suppose the A} (V) is a frame
for some Ng C Z", which has a dual quasi-affine frame A{ (®). Then, for any
S € B(L*(R")) we have

S €Cy(AR) forallp €W & S e{Da,Th: AN} .

Note that we need to assume a much stronger hypothesis than the assumption
of [B, Proposition 1], saying that the quasi-affine system A%, (¥) is complete in
L?(R™).

Proof. The fact that A} (¥) and A} (®) are dual frames implies that the funda-
mental equations ([A2) and ([@3) hold; see Remark [l By Theorem E1] the affine
system A (¥) is complete in L?(R™).

Suppose that S € Cy (AR ). Since the quasi-affine system A{ () is Ap-SI, S
must commute with translations Ty, A\ € Ag. Likewise, since the affine system
A () is a part of the quasi-affine system A{ (¥) (up to normalizing constants),
S € Cy(A). Since the affine system A (¥) is complete in L*(R") and A (V) is
dilation-invariant, S must commute with the dilation operator D 4.

Conversely, if S € {Da,Tx : A € Ao}, then clearly S belongs to the local com-
mutant Cy(Ag ) for any choice of ¢ € L3(R"). O

Remark 7. Note that if S € {Da,Ta: A€ /\0}/7 then S commutes with all trans-
lation T, A € R™. Indeed, by Tajx = Da-iTDy4i, S must commute with T'4;
for j € Z and X € \y. Since A is expansive, UjeZ A7y is dense in R™. Hence, by
continuity of 2 — T, f for f € L?>(R™), we have S € {Da, Ty : A € R"}. In fact, we
have the following lemma which is a straightforward generalization of [5, Lemma
2].
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Lemma 5.5. Let A € GL,(R) be expansive, A a lattice, and S € B(L?*(R™)). Then,
S € {Da,Tx : X € NY if, and only if, S is a B-dilation periodic Fourier multiplier,
i.e., there exists a function s € L°(R™) such that

51€) =5 f(©) forae. ¢,
where s(§) = s(BE) for a.e. .

Proof. Assume S € {Da, Ty : A€ A} . By Taiy = Da—;T\Daj, S commutes with
Tyiy for j € Z and X € A, i.e.,

(5.5) STy =TS for ke | J AN

jez
The union (J;4, AIN is dense in R™ since A is expansive. For z € R" take {k, }nen
from Uz AIN such that k, — 2. By continuity of z — T, f for f € L?*(R"),
k,, — x implies Ty, f — T, f in the L? norm, i.e., T, — T} in the strong operator
topology. Hence, by equation (B.5]), we have ST, = T,,.S, proving that S is a Fourier
multiplier. Finally, by DaS = SDa,

FDaSH(E) = [ DaSflwje ™ de = et A|~V/2 s(B~¢) f(B71€),

and

FSDaf(§) = s(6) | Daf(x)e > de = |det A|/* 5(6)f(B¢),
R
we have B-periodicity of the symbol s.

Conversely, assume S is a Fourier multiplier with a B-dilation periodic symbol.
The operator S commutes with all translations by the Fourier multiplier property
and with dilations D4 by the B-dilation periodicity of the symbol and the two
displayed equations above. (I

Theorem 5.6. Let A € GL,(Q) be expansive. Suppose the oversampled quasi-
affine system .A;I\O () is a frame for L?*(R™) for some integer lattices Ng C Z".
Then the canonical dual frame of .A;I\O(\I/) has the form Aj (®) for some set of
functions ® C L*(R™) with cardinality #® = #¥ if, and only if,

(56) ta(®)=>_ Y. GBIYYBI(E+a)=0 foralacZ"\{0}.

YEV jEL:aEBIZN

Moreover, in the positive case AL (W) is a frame for all integer lattices A C Z" and
its canonical dual frame is Aj(®).

Proof. Let S,q\0 be the frame operator of the quasi-affine system Af\o(\ll). Since
AR () is a frame, equation (B.I2)) is satisfied. Hence the expression for wy in
(E2) holds for f € 2.

Assume that the canonical dual of AR (¥) has the form A{ (®), ie., S§ €

Cy(AR,) for all 1 € ¥. By Theorem [5.4] and Remark [ S{ € {Da,Tx: A € R"}.
Hence

wi (@) = (SR Tuf, Tuf) = (TuSy [, Tuf) = (SA [, f) Vo eR™,

which shows that wf\o is constant for every f € 2.



1918 MARCIN BOWNIK AND JAKOB LEMVIG

For each f € 2 we express wj  as the Ag-periodic Fourier series (5.2). Such a
Fourier series is identically constant if, and only if,

ca=| JOFE+)ta(©)d=0 forallae (U BIZ" N /\5‘) \ {0},
R jez
by the uniqueness of the Fourier coefficients. In particular, this equality holds for
a € Z" \ {0} since Z" C Ay. Fix a € Z" \ {0}. Let Ip: denote a fundamental
domain of AJ and, for I € A§, let I; = Ip+ + I. Define f by

1 for € € I,
f(&) = qtal§) for+acl,
0 otherwise.
Since t, is bounded by the Bessel bound Cy, we have f € 2. Now,
[ Fefer o)t - £t = [ Ital) ag

for each [ € Aj. Since Ule/\o* I} =R" we deduce that t, () = 0 for a.e. £ € R", and
the theorem is half proved.
Conversely, assume t,(§) = 0 for a € Z™ \ {0}. Then t,(§) = 0 for a €

(UjEZ BjZ”) \ {0} by a change of variables. In particular, t,(§) = 0 for a €
(UjEZ BIZ" N /\g) \ {0}. Hence wy (z) = ¢ for every z € R", i.e., wy is constant
on R™ for every f € &. Therefore, for every x € R,
(SpTuf, Tof) = wi (x) = wi (0) = (S [, [) for f € 2.
This equality extends to all f € L?(R™) by a density argument; hence
((T-2S7 Te — SR ) £, f)y=0  for f e L*R").
We conclude that S§ T, = T, Sy for all € R", in other words, S3 is a Fourier

multiplier:

(5.7) SEFO) = s()f(€)  forae £ € R” and all f € L*(R),
for some symbol s € L>(R"). We claim the symbol of Sy is
=t =3 ‘w (Bi¢) ‘ .
YEW jEL

This function is obviously a B-dilation periodic function; that is, s(§) = s(B¢). By
Proposition the function is bounded by the upper frame bound s(§) < Cy for
a.e. £, 80 s € L°(R"). By the Plancherel theorem, we see

wi (0) = (SL f.f)=(SLf.f) foral fe2,
and, by (@3] with o =0, that

w=[ J©i© Y Y |ime)| a

R Yev jez

Since wf\o (z) = ¢ for all x € R™, we have, in particular,

<S,‘(Of f= wi (0)=co=(sf,f) forall fe2.
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Therefore, s is a B-dilation periodic symbol of SXO implying that S,'{O commutes with
Dy; see LemmalB.hl The frame operator S,‘{O therefore belongs to {Da, T : A € Ao}'.
As a result we find that (S )~' € Cy(A} ) for ¢ € ¥. This is equivalent to the
canonical dual of A{ (¥) having the quasi-affine structure with the same number
of generators. O

6. BROKEN SYMMETRY BETWEEN THE INTEGER AND RATIONAL CASE

The goal of this section is to illustrate fundamental differences between integer
and rational cases. That is, a mere fact that a quasi-affine system is a frame does
not imply that an affine system must be a frame as well. This kind of phenomenon
cannot happen for integer dilations where we have a perfect equivalence of the frame
property between affine and quasi-affine systems. Moreover, this cannot happen
for Parseval frames due to Theorem [5.3] or, more generally, for affine frames having
duals by Theorem Moreover, Theorem [6.1] shows the optimality of our results.
That is, the assumption of uniformity of frame bounds of quasi-affine systems in
Theorem 3.8 cannot be removed in general.

Theorem 6.1. Let 1 < a € Q\ Z be a rational non-integer dilation factor. Then
there exists a function ¢ € L*(R) such that A} (1) is a frame for any oversampling
lattice N C Z, but yet A () is not a frame.

Remark 8. In light of Theorem [3.8 the frame bounds of the quasi-affine systems
A% (1) are not uniform for all lattices A C Z. In fact, we will see that the lower frame
bound of Aj (1) drops to 0 as a lattice A gets sparser and sparser. Consequently,
in the limiting case, when no oversampling is present, we obtain an affine system
A (1) which is not a frame due to the failure of the lower frame bound.

We will need the following well-known result; see [16l Theorem 13.0.1] or the
proof of [10, Lemma 3.4].

Theorem 6.2. Suppose that ) € L*(R) is such that ¢ € L™(R) and
D& =0(gl’)  asE =0,
P& =0 ™*7%) as || = oc,

for some & > 0. Then the affine system A () is a Bessel sequence.

We define the space L?(K), invariant under all translations, by

EQ(K) ={fe L*(R) : suppf Cc K}
for measurable subsets K of R.

1

Proof of Theorem [61l. Choose § > 0 so that a(a+1) <0< 5 < a++1 Define

Y € L*(R) as w = 1(_a25,—6)u(s,a25)- First, we shall show that the affine system
A (1) is not a frame. To achieve this we will follow the idea from [5, Example 2]. We
will need the following standard identity, which can be shown by the periodization
argument

(6.1) Z| £ Tt | / ‘Zf E4+ k) §—|—k) d§ for any f € L*(R).

keZ kEZ
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Let K5 = (1 — a?6,a%5). By the restriction on §, we have
K; C (6,a%5) C (6,1 —9) and Ks —1C (—a6,—6) C (=146, —06).

Hence, by a direct calculation using (6.1]) we have for any f € L*(R),
(6.2)

ST T2 = / -1+ fo)des /

FPg+ [ Ife-nPae.
o) Ks (5,1—a25) (a26,1-6)
In particular, by restricting (6.2 to a subspace L?(Ls), where
Ls=(—00,-1+§)U(Ks—1)U(=6,0)UKsU(1—4d,00),
we obtain a convenient formula
63 ST = [ 1fe=1)+ fOPd  forany f e I3(T).
keZ s

For any natural number N and sufficiently small ¢ = ¢(N) > 0, we define a
function fy € L?(R) by

N
(6.4) In = Z(ljlj - 11;)7
k=0
where
a=k a=k a=k a=k
6.5 It = —e,—— |, I, = — —e,— .
(6.5) k <a—|—1 E’a—|—1>’ k (a—|—1 & a—|—1>

Intuitively, one might think of fN as a linear combination of point masses

52 a=*/(a+1) — O—a—+/(at1))-

We claim that

(6.6) D,ify € L?*(Ls)  forall j € Z.
Indeed, ([6.8) follows immediately from
(_675)7 jgk_L
d(FUI) c (Ks —1)UKs, j=kk+1,

(_007_1+5)U(1_67OO)7 ]Zk+27
for k =0,..., N and for sufficiently small ¢ = ¢(N) > 0, i.e.,

2
0 <ée<mind g N1 5—# ,a N2 a —1446]) ;.
ala+1) a+1

Let S be the frame operator corresponding to the affine system A (v)). Note that
by Theorem [6.2] S is bounded. Our goal is to show that S is not bounded from
below. Combining (G.3)—(6.0) we have

ISENIZ =Y N D Tep)? =D 0> " [(Dos fv, Tetp)?

JEZL z€L JEZL z€L
N+1

—Za J/ (@ (€ = 1)) + f(a96)?d€ = de.
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Here, we used that for £ € K

. ) 11;(5)_110—(5_1), 7 =0,
In(@(E =)+ Iv(@) =10 J=1....N,
€~ Ty (€~ 1), G=N 41

The presence of cancellations at scales j = 1,..., N is due to translation-dilation
linkage of the quadruple of points {+a/(a+ 1), £1/(a + 1)}. On the other hand,

Ifnl” = | fn]? = 2e(N +1).

Since N is arbitrary, this shows that the frame operator S is not bounded from
below. Consequently, A (¢) is not a frame.

Next, we will show that A7 (¢) is a frame for any choice of lattice A C Z. Since
A (1) is a Bessel sequence, Theorem yields that A} (¢) is a Bessel sequence as
well. Hence, it remains to establish the lower frame bound for Af (v).

Let a = p/q, where p,q € N are relatively prime, and [ € N be such that A = [Z.
Let

Ji = max{j € Ny : p’ divides 1}, Jo = max{j € Ny : ¢/ divides [}.

Take any j € Z. Then we have the equality of lattices a™/Z + A = a™7Z < [ is an
integer multiple of a=7. Clearly, this is equivalent to [ being divisible by ¢’ if j > 0
or [ divisible by p~7 if j < 0. Therefore,

(6.7) aIZ+N=a"7 & —J<j<Jo

Consequently,

(6.8) a7+ N= Cia*jZ for some ¢; > 2, where j < —Jy or j > Jo.
7

The properties (6.7) and (G.8) enable us to identify the quasi-affine system A7 (¢).
At the scales —J; < j < J, the quasi-affine system Af () coincides with the affine
system A (v). However, outside of this finite range of scales the quasi-affine system
is obtained by oversampling the affine system at a rate ¢; > 2. This will lead to a
simple form of the frame operator S} of the quasi-affine system A} (¢).

Indeed, suppose that j < —J; or j > Js. By Definition Bl and (6-8)) the quasi-
affine system A} (¢) at the scale j is

1
NN a—iZ

0% "H(Dar) = E+< e Daﬁ/’) = B () D).

Hence,

Z |<f> Zl f> a=Iik/c; a7¢>|

—j Gj
9EO0R 7 H(D,59) hez

/f

g
/|f )Phb(aie)de,
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The last step is a consequence of the fact that supp @(a‘j-) C (—a’,a?) and that
¢; > 2. Combining this with (6.7)) yields

Ja
ISEFI* = D" D 1 F Do Ti)|?

j=—J1 kE€Z

(6.9) +(Z+Z>

j<—=J1 Jj>Ja

Jo
> Dos f, T, 2+< + > 2de.
S oesp el ([ e )ifore

o P
(—ait25,—aid)U(alf,ai*t26)

j=—J1
By (6.2)),
(610) S [(Does £, Tt}
keZ
1—a?s 1-6
e / Flad (€ 1))+ f(a€) Pde +a? / F(ai€)2de +a? / Flad (- 1)) P
Ks ) a?s
:/, \f(&—aj>+f<f>\2d£+/, PR
al Ks alé<|é|<al (1—a?d)

We claim that for all j € Z,

I; <214 + 2/
ai Ks

where I := / | (&)Pds.
al6<|é|<ait1s

Indeed, by a’(ad — 1) < —a?*16, we have that

fe-@sf@pas [ IR©PE

(6.11)

a?t1ls altls
Lo af@ras e [ (i€ - a)P (e - o)+ fleP)g
al(1—a?d) a’(1—a?6)
@i t1s _ait1s
R _ 7 R 2 R 2
<o o ife-@)sfopas [ if@ra
Likewise,

—a’(1-a%s) —a’(1-a%s) , . o
/ GREY] (& + )P +17(€ +a7) + FOP )

_aitls —aitls
ait2s ait2s
2 F(€—a) + f(&)]2dE + 2 F(€)|2de.
<2 Clfe-ah+forae [ IfoRa

Adding the last two inequalities yields
FOPdg <2 v2 [ 1FE- )+ FOPE

al Ks
which, together with § < 1 — a2 < ad, shows (G.11)).
Take any f € L2(R) with [|f]| = 1 and let n = |S4(f)|*. By @3)

(012 /ZWS”’ where Z = {¢ : [¢] < a™+15} U{g: [¢] > a’Ha).

/aj (1—a258)<|€|<ai+1s
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On the other hand, combining (69), ([@I0), (6I1) shows that
Ij SQ(IJ+1+77) for —J1 S]SJQ

By (6I2) we also have that 1,1 < 7. Therefore, I; < 3-2727Jp for —J; < j < Jo.
Consequently,
Jo

Hf||2=/Z|f(€)|2d£+ oo <32h g,

j=—J1+1

This proves that the frame operator Sy of Af(¢) is bounded from below by a
constant depending only on J; and Jy, thus completing the proof of Theorem
0. 1] Il

Remark 9. By Theorem B.8] the frame bounds of the quasi-affine systems A} (v))
are not uniform for all A C Z. More precisely, the lower frame bound of A7 (1)) must
approach 0 for some choice of sparser and sparser lattices A. By analyzing the proof
of Theorem [6.7]it is not difficult to show that this happens for the family of lattices
A; = (pq)’Z as J — oo. This is due to the fact that in this case the quasi-affine
system A} (1) coincides with the affine system A (1) at the scales —J < j < J and
that the same argument as in the first part of the proof of Theorem applies.

Theorem [6.1] says that the lower frame bound is not preserved in general when
we move from a quasi-affine system Aj () to the corresponding affine system A ()
for rational non-integer dilations. It is not known whether the same could happen
with the upper bound. This leads to the following open problem.

Question 1. Let ¥ C L?(R") and A € GL,,(Q). Suppose that AR () is a Bessel
sequence for some oversampling lattice Ag C Z". Is A (V) necessarily a Bessel
sequence?
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