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UNIVERSAL VECTOR BUNDLE OVER THE REALS

INDRANIL BISWAS AND JACQUES HURTUBISE

Abstract. Let XR be a geometrically irreducible smooth projective curve,
defined over R, such that XR does not have any real points. Let X = XR×RC

be the complex curve. We show that there is a universal real algebraic line
bundle over XR × Picd(XR) if and only if the Euler characteristic χ(L) is odd

for L ∈ Picd(XR). There is a universal quaternionic algebraic line bundle over

X ×Picd(X) if and only if the degree d is odd. (Quaternionic algebraic vector
bundles are defined only on a complexification.)

Take integers r and d such that r ≥ 2, and d is coprime to r. Let MXR
(r, d)

(respectively, MX(r, d)) be the moduli space of stable vector bundles over XR

(respectively, X) of rank r and degree d. We prove that there is a universal
real algebraic vector bundle over XR × MXR

(r, d) if and only if χ(E) is odd
for E ∈ MXR

(r, d). There is a universal quaternionic vector bundle over
X ×MX(r, d) if and only if the degree d is odd.

The cases where XR is geometrically reducible or XR has real points are
also investigated.

1. Introduction

Let Y be a compact connected Riemann surface of genus g. For any integers
r ≥ 2 and d, let MY (r, d) be the moduli space of stable vector bundles over Y
of rank r and degree d. A Poincaré bundle (also called a universal bundle) is an
algebraic vector bundle E −→ Y ×MY (r, d) with the property that for each point
z ∈ MY (r, d), the vector bundle E|Y×{z} on Y is in the isomorphism class of

vector bundles defined by z. Similarly, a Poincaré line bundle L −→ Y × Picd(Y )

is an algebraic line bundle with the property that for each point z ∈ Picd(Y ), the
restriction L|Y×{z} is in the isomorphism class of line bundles defined by z. Poincaré
vector bundles are very useful objects; for example, they are used in computing the
cohomology of MY (r, d) ([MN], [JK]).

There is a Poincaré line bundle on Y ×Picd(Y ) for each d. If g ≥ 2, it is known
that there is a universal vector bundle over Y ×MY (r, d) if and only if d is coprime
to r. A similar statement holds for the moduli space of stable vector bundles over
Y with fixed determinant. Our aim here is to address similar questions for curves
defined over the real numbers.

Let XR be an irreducible smooth projective curve defined over R. If XR is
geometrically reducible, or if XR has a real point, then it is straightforward to
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6532 I. BISWAS AND J. HURTUBISE

answer the question of existence of a universal bundle (see Section 2.3 for the
details). So assume that

(1) XR is geometrically irreducible, and
(2) XR does not have any real points.

Let X := XR ×R C be the complex curve obtained by base change. The con-
jugation of C gives an anti-holomorphic involution σ of X. Real algebraic vector
bundles over XR are the same as complex algebraic vector bundles E −→ X to-
gether with an algebraic isomorphism σE : E −→ σ∗E with σE ◦ σ∗(σE) = IdE .
Using the canonical C∞ isomorphism of E with E, an isomorphism of E with σ∗E
is given by an anti-holomorphic automorphism of the total space of E lifting σ
which is conjugate linear on the fibers. The above condition σE ◦ σ∗(σE) = IdE is
equivalent to the condition that this automorphism is an involution.

A quaternionic vector bundle over X is defined to be an algebraic vector bundle
E −→ X equipped with an algebraic isomorphism σE : E −→ σ∗E such that
σE ◦ σ∗(σE) = −IdE . Quaternionic vector bundles are defined only on the com-
plexification X and not on XR. Since the automorphism −IdE acts trivially on the
projective bundle P(E) associated to E, a quaternionic vector bundle on X defines
a real projective bundle over XR.

These descriptions of real and quaternionic vector bundles hold for any variety
defined over R. Real algebraic universal vector bundles for XR will be identified
with the universal vector bundles for X equipped with a lift of the anti-holomorphic
involution of the base; they will be called real universal vector bundles.

For a vector bundle E on X of rank r and degree d, define

χ(E) := dimH0(X, E)− dimH1(X, E).

By Riemann–Roch, this is expressed as

d− r(genus(X)− 1).

It turns out that, contrary to the complex case, there are obstructions for the
existence of a real or quaternionic universal line bundle over X × Picd(X). More
precisely, we prove the following:

Theorem 1.1. There is a real universal line bundle over X ×Picd(X) if and only

if χ(L) is odd for L ∈ Picd(X).

There is a quaternionic universal line bundle over X × Picd(X) if and only if d
is odd.

See Propositions 3.3, 3.4 and 3.5 for a proof of Theorem 1.1.
Take any integer r ≥ 2. Let d be any integer coprime to r (as mentioned above,

there is no universal vector bundle, even over the complex numbers, if g.c.d.(r, d) �=
1). Let MX(r, d) be the moduli space of stable vector bundles over X of rank r
and degree d.

Theorem 1.2. There is a real universal vector bundle over X ×MX(r, d) if and
only if χ(E) is odd for E ∈ MX(r, d).

There is a quaternionic universal vector bundle over X ×MX(r, d) if and only
if the degree d is odd.

See Propositions 4.2, 4.3, 4.4, and 4.5 for a proof of Theorem 1.2.
A similar result holds for moduli spaces of vector bundles with fixed determinant;

see Section 5.
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We note that, somewhat ironically, one can have a universal real (or quaternionic)

bundle on X ×Picd(X) or X ×MX(r, d) without there being a corresponding real
(or quaternionic) bundle over X. Indeed, the constraint for the existence of a real
bundle on X is that the degree d be even; for a quaternionic bundle, χ(E) must
be even (see [BHH]); these can be contrasted with the conditions in the theorems
above.

Instead of the involution E −→ σ∗E, one may also consider the involution of

the moduli space defined by E −→ σ∗E
∗
. Note that degree(E) = 0 if E and

σ∗E
∗
lie in the same moduli space. Unitary flat vector bundles on nonorientable

surfaces are extensively studied; see [HJ], [HL]. The holomorphic vector bundles

corresponding to these flat bundles are fixed points of the involution E −→ σ∗E
∗
.

Since there is no universal vector bundle over X ×MX(r, 0) if r ≥ 2, there is no
real or quaternionic universal vector bundle over X ×MX(r, 0) for this involution.

2. Real curves and universal bundles

2.1. Universal bundles. Let Y be a compact connected Riemann surface. Let
J(Y ) be the Jacobian of Y , which is an abelian variety that parametrizes the iso-
morphism classes of topologically trivial holomorphic line bundles over Y . For any
integer d, let Picd(Y ) denote the torsor for J(Y ) that parametrizes the isomorphism
classes of holomorphic line bundles over Y of degree d. A Poincaré line bundle over
Y × Picd(Y ) is a holomorphic line bundle

L −→ Y × Picd(Y )

such that for each point z ∈ Picd(Y ) the line bundle L|Y×{z} −→ Y is in the
isomorphism class parametrized by z. There is a Poincaré line bundle over Y ×
Picd(Y ). If we fix a point y0 ∈ Y , then there is a unique, up to an isomorphism,

Poincaré line bundle over Y × Picd(Y ) which is trivial over {y0} × Picd(Y ); see
[ACGH, Ch. IV, §2] for the details. A Poincaré line bundle is also called a universal
line bundle.

Let g be the genus of Y .
Fix an integer r ≥ 2 and let d be any integer. Let MY (r, d) denote the moduli

space of stable vector bundles over Y of rank r and degree d. This moduli space,
which was first constructed by Mumford, [Mu], is an irreducible smooth quasi-
projective variety over C. If g = 0, then MY (r, d) is an empty set; this follows
immediately from a theorem of Grothendieck which says that any holomorphic
vector bundle over CP1 splits into a direct sum of holomorphic line bundles [Gr].
If g = 1, and g.c.d.(r , d) �= 1, then MY (r, d) is an empty set; if g.c.d.(r , d) = 1,
then, up to tensoring with a line bundle, there is exactly one stable vector bundle
over Y of rank r and degree d (see [At1]). If g ≥ 2, then the dimension of MY (r, d)
is r2(g − 1) + 1.

When we consider the moduli space MY (r, d), it will always be assumed that
g ≥ 2.

An algebraic vector bundle

E −→ Y ×MY (r, d)

is called universal if for each point z ∈ MY (r, d), the vector bundle E|Y×{z} −→ Y
is in the isomorphism class parametrized by z.
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There is a universal vector bundle over Y ×MY (r, d) if and only if g.c.d.(r , d) =
1 [Ra] (see also [Ne]). In Section 2.3 we recall a construction of the universal vector
bundle under the assumption that the degree is coprime to the rank.

2.2. Real curves: real and quaternionic bundles. Let XR be an irreducible
smooth projective curve defined over the field of real numbers. The corresponding
complex curve X := XR ×R C is a compact Riemann surface. The automorphism
of C defined by z �−→ z produces an anti-holomorphic involution

(2.1) σ : X −→ X .

IfXR is geometrically irreducible, thenX is connected. IfXR is not geometrically
irreducible, then X is a disjoint union

(2.2) X = S ∪ S ,

where S is a compact connected Riemann surface, and S is the conjugate of S,
meaning that the smooth manifold underlying S coincides with that of S, while the
almost complex structure of S is −JS , where JS is the almost complex structure of
S. So the identity map S −→ S is anti-holomorphic, and this map coincides with
σ.

Let Z be a variety defined over R; let ZC := Z ×R C be the corresponding
complex variety. Let

σZ : ZC −→ ZC

be the anti-holomorphic involution given by the automorphism of C defined by
z �−→ z. Giving a real algebraic vector bundle over Z is equivalent to giving a
complex algebraic vector bundle E −→ ZC together with an algebraic isomorphism
of vector bundles

(2.3) η : E −→ σ∗
ZE

such that the composition

E
η−→ σ∗

ZE
σ∗
Zη−→ σ∗

Zσ
∗
ZE = E

is the identity map of E. Note that this condition means that there is an involution
lifting σZ .

The above correspondence between real algebraic vector bundles on Z and com-
plex algebraic vector bundles on the complexification ZC equipped with an involu-
tion lifting σZ will be used throughout without further clarification.

For convenience, sometimes a real algebraic vector bundle over Z will also be
called a real algebraic vector bundle on ZC (this happens when we refer to both
real and quaternionic vector bundles in the same sentence).

In the same vein, a quaternionic vector bundle on ZC is a complex algebraic
vector bundle

E −→ ZC

together with an algebraic isomorphism

η : E −→ σ∗
ZE

such that the composition

E
η−→ σ∗

ZE
σ∗
Zη−→ σ∗

Zσ
∗
ZE = E

is multiplication by −1.
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Note that the quaternionic vector bundles are defined only on the complexifica-
tion.

For any integer d, let Picd(XR)C := Picd(XR) ×R C be the complexification of
the Picard variety of XR. So, if XR is geometrically irreducible, then

Picd(XR)C = Picd(X) .

If XR is not geometrically irreducible, and if d is odd, then Picd(XR)C is the empty
set. If XR is not geometrically irreducible, and if d is even, then

Picd(XR)C = Picd/2(S)× Picd/2(S) ,

where S and S are as in (2.2).
Let

(2.4) σ̃ : Picd(XR)C −→ Picd(XR)C

be the anti-holomorphic diffeomorphism that sends any holomorphic line bundle L
on X to σ∗L, where σ is the anti-holomorphic involution in (2.1). This σ̃ is clearly
an involution, and it coincides with the involution given by the automorphism
z �−→ z of C.

Note that both quaternionic and real line bundles over X of degree d are repre-
sented by real points of Picd(XR)C.

Now we consider stable vector bundles of higher ranks.
If XR is geometrically irreducible, an algebraic vector bundle E over XR will be

called stable if for every proper subbundle F ⊂ E of positive rank, the following
inequality holds:

degree(F )/rank(F ) < degree(E)/rank(E) .

So if E is stable, then the corresponding vector bundle E
⊗

R
C overX is polystable.

For a real algebraic vector bundle E −→ XR, from the uniqueness of the Harder–
Narasimhan filtration it follows that each term in the Harder–Narasimhan filtration
of E

⊗
R
C overXR×RC is real, meaning it is preserved by the involution of E

⊗
R
C.

We note that if d is coprime to r, then E is stable if and only if E
⊗

R
C on X is

stable.
If XR is not geometrically irreducible, an algebraic vector bundle E over XR will

be called stable if the restriction of E
⊗

R
C to the component S in (2.2) is stable.

Note that the restriction of E
⊗

R
C to S is stable if and only if the restriction of

E
⊗

R
C to S is stable.

Let g := H1(XR, OXR
) be the genus of XR. As mentioned before, while consid-

ering higher rank bundles it is assumed that g ≥ 2. We further assume that g ≥ 4
if XR is not geometrically irreducible. This condition is equivalent to the condition
that the genus of S in (2.2) is at least two.

Let MXR
(r, d) be the moduli space of stable vector bundles over XR of rank r

and degree d. Let

(2.5) M̃X(r, d) = MXR
(r, d)×R C

be the complexification. Assume thatXR is geometrically irreducible. LetMX(r, d)
be the moduli space of stable vector bundles overX of rank r and degree d. From the
construction of the moduli space it follows that MX(r, d) is a Zariski open subset

of M̃X(r, d). But if d is coprime to r, then MX(r, d) coincides with M̃X(r, d).
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If XR is not geometrically irreducible, and if d is odd, then M̃X(r, d) is the empty
set. If XR is not geometrically irreducible, and if d is even, then

M̃X(r, d) = MS(r, d/2)×MS(r, d/2) ,

where S and S are as in (2.2); recall that genus(S) ≥ 2. Let

(2.6) σ̃ : M̃X(r, d) −→ M̃X(r, d)

be the anti-holomorphic diffeomorphism defined by E �−→ σ∗E, where σ is the

involution in (2.1). We note that σ̃ coincides with the involution of M̃X(r, d) given
by the automorphism z �−→ z of C.

Note that both quaternionic and real stable vector bundles over X of rank r and

degree d are represented by real points of M̃X(r, d).

2.3. Real and quaternionic universal bundles. First assume that XR is geo-
metrically irreducible. A real universal line bundle over X ×Picd(X) is a universal
line bundle

L −→ X × Picd(X)

equipped with a holomorphic

σP : L −→ (σ × σ̃)∗L ,

where σ and σ̃ are the involutions in (2.1) and (2.4), respectively, such that σP ◦
σP = IdL. The definition of a quaternionic universal bundle is the same, except
that σP ◦ σP = −IdL.

Now assume that XR is not geometrically irreducible. Take d to be even, say
d = 2d0 (recall that Picd(XR)C is the empty set when d is odd).

A real universal line bundle over X × Picd(XR)C is a universal line bundle

L −→ S × Picd0(S) ,

where S is the Riemann surface in (2.2). Note that the universal line bundle over

S×Picd0(S) is uniquely determined by L; more precisely, it is the pullback (σ×σ̃)∗L.
Since a universal line bundle over S × Picd0(S) exists, we conclude that there is

a real (or quaternionic; we just have to change the sign of the isomorphism over the

component S × Picd0(S) of (S × Picd0(S)) ∪ (S × Picd0(S))) universal line bundle

over X × Picd(XR)C if XR is not geometrically irreducible.
The real points of XR are the fixed points of the involution σ of X. Assume that

XR has a real point x0 (note that this implies that XR is geometrically irreducible).
As mentioned in Section 2.1, there is a unique, up to an isomorphism, universal
line bundle over X ×Picd(X) which is trivial on {x0}×Picd(X). Let Ld −→ X ×
Picd(X) be this universal line bundle. Fix a trivialization of Ld over {x0}×Picd(X).
From the uniqueness of Ld it follows that there is a unique involution

Ld −→ (σ × σ̃)∗Ld

whose restriction to {x0} × Picd(X) is the conjugation of C with respect to the
chosen trivialization; the involution σ̃ is constructed in (2.4). In other words, Ld

gets a real structure. Consequently, if σ has a fixed point, there is a real universal
line bundle over X × Picd(X).

Now we consider the moduli spaces of stable vector bundles of higher rank.
First assume that XR is not geometrically irreducible. Take the integer d to be

even, say d = 2d0 (recall that M̃X(r, d) in (2.5) is the empty set when d is odd).
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A real universal vector bundle over X × M̃X(r, d) is a universal vector bundle

E −→ S ×MS(r, d0) ,

where S is the Riemann surface in (2.2); as before, E gives the universal vector
bundle (σ × σ̃)∗E over S ×MS(r, d0).

As mentioned in Section 2.1, there is a universal vector bundle over S×MS(r, d0)
if and only if d0 is coprime to r. Hence, if XR is not geometrically irreducible, there

is a real (or quaternionic) universal vector bundle over X ×M̃X(r, 2d0) if and only
if d0 is coprime to r.

Now assume that XR is geometrically irreducible. A real universal vector bundle
over X ×MX(r, d) is a universal vector bundle

E −→ X ×MX(r, d)

equipped with a conjugate-linear involution

E −→ E ,

lifting σ × σ̃, where σ and σ̃ are the involutions constructed in (2.1) and (2.6),
respectively. The square of this lift must be the identity; for a universal quaternionic
vector bundle, one has the same type of lift, but now one asks that the square be
minus the identity.

We will show that if σ has a fixed point, and d is coprime to r, then there is
a real universal vector bundle over X × MX(r, d). For that we need to recall a
construction of the universal vector bundle over the complex numbers under the
assumption that d is coprime to r.

As before, assume that XR is geometrically irreducible. Assume that d is coprime
to r. Set

(2.7) χ := d+ r(1− g) ,

where g is the genus of X. Note that χ is the Euler characteristic of any vector
bundle on X lying in MX(r, d). Since d is coprime to r, there are integers a and b
such that

(2.8) ar + bχ = −1 .

The moduli space MX(r, d) is a quotient of a Quot scheme Q ([Mu]). Let

E −→ X ×Q
be the tautological universal vector bundle. Fix a point x0 in X. Let

Ex0
−→ {x0} × Q = Q

be the restriction. Let

D := (detR0p∗E)⊗ (detR1p∗E)∗ −→ Q
be the determinant line bundle, where p : X ×Q −→ Q is the natural projection.
Then the vector bundle

(2.9) E ⊗ (
∧r

p∗Ex0
)⊗a ⊗ p∗D⊗b −→ X ×Q

descends to a universal vector bundle over X ×MX(r, d), where a and b are as in
(2.9). From (2.8) it follows that the multiplication action of the nonzero scalars
on the vector bundle in (2.9) is trivial. We recall that the vector bundle in (2.9)
descends to X ×MX(r, d) because C∗ acts trivially on it.
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The Quot scheme Q can be so chosen that it has a real structure; indeed, one is
looking at quotients of a fixed real bundle, which can be chosen to be real. Then
the vector bundle E −→ X × Q has a real structure. If the point x0 is fixed by
σ, the universal vector bundle over X × MX(r, d) constructed above has a real
structure.

If a in (2.9) is an even integer, then the vector bundle in (2.9) can be replaced
by

E ⊗ (
∧r

p∗Ex0
)⊗a/2 ⊗ (

∧r
p∗Eσ(x0

))⊗a/2 ⊗D⊗b −→ X ×Q,

which also descends to X × MX(r, d) as a universal vector bundle for the same
reason. If the Quot scheme has a real structure, this descended vector bundle also
has a real structure.

So we have the following lemma.

Lemma 2.1. Assume that XR is geometrically irreducible. Also, assume that d is
coprime to r.

If σ has a fixed point, then there is a real universal vector bundle over X ×
MX(r, d).

If the integer a in (2.8) is even, then there is a real universal vector bundle over
X ×MX(r, d).

One could try the same approach for quaternionic structures: the universal bun-
dle over the Quot scheme can be made quaternionic, but unfortunately the tech-
nique for having it descend to the moduli space does not go through.

Henceforth, we will always make the following two assumptions:

(1) XR is geometrically irreducible, and
(2) XR does not have any real points.

We have seen above that the question of the existence of a real universal bundle
is settled if any of the above two conditions fails.

3. Line bundles

3.1. Existence of universal bundles. The following lemma gives an explicit
universal line bundle.

Lemma 3.1. There is a natural real universal line bundle over X × Picg−2(X).

Proof. On Picg−1(X), there is a canonical theta hypersurface Θ that parametrizes
all line bundles ζ −→ X of degree g − 1 such that H0(X, ζ) �= 0. If

Lg−1 −→ X × Picg−1(X)

is a universal line bundle, then the line bundle OPicg−1(X)(−Θ) is the determinant
line bundle

detLg−1 := (det p2∗Lg−1)⊗ (detR1p2∗Lg−1)
∗ −→ Picg−1(X) ,

where p2 is the projection of X×Picg−1(X) to Picg−1(X). Since χ(L) = 0 for any
L ∈ Picg−1(X), the determinant line bundle detLg−1 is independent of the choice
of Lg−1.

Let

(3.1) φ : X × Picg−2(X) −→ Picg−1(X)
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be the map defined by (x , L) �−→ L
⊗

OX(x). Define a line bundle

(3.2) L := φ∗OPicg−1(X)(−Θ)⊗ p∗XKX −→ X × Picg−2(X),

where KX is the holomorphic cotangent bundle of X, and pX is the projection of
X × Picg−2(X) to X. We will show that L is a universal line bundle.

For that, take any holomorphic line bundle

ζ −→ X

of degree g − 2. Consider the line bundle

ζ̃ := (q∗1ζ)⊗OX×X(Δ) −→ X ×X ,

where qi, i = 1 , 2, is the projection of X×X to the i–th factor, and Δ ⊂ X×X is
the diagonal divisor. From the above-mentioned identification of OPicg−1(X)(−Θ)
as a determinant line bundle, it follows that

(3.3) φ∗OPicg−1(X)(−Θ)|X×{ζ} = det ζ̃ := (detR0q2∗ζ̃)⊗ (detR1q2∗ζ̃)
∗ ,

where φ is the map in (3.1).
In view of (3.3), to prove that L is a universal line bundle it suffices to show that

(3.4) ζ = (det ζ̃)⊗KX .

To prove (3.4), we use [BM, p. 368, Lemma 6] for the family of line bundles ζ̃
over X parametrized by the second factor of X ×X. Given a pair of algebraic line
bundles η1 and η2 on an algebraic family of curves, the Deligne pairing 〈η1 , η2〉 is a
line bundle on the parameter space (see [De], [BM] for its construction). The line
bundle 〈q∗1ζ ,OX×X(Δ)〉 is isomorphic to ζ (see [BM, p. 367, Proposition 5(c)]).
Now [BM, p. 368, Lemma 6] says that

(3.5) ζ = (det ζ̃)⊗ (detOX×X(Δ))∗

(all other line bundles in [BM, p. 368, Lemma 6] are trivial in our case).
Consider the short exact sequence of sheaves on X ×X:

(3.6) 0 −→ OX×X −→ OX×X(Δ) −→ OX×X(Δ)|Δ −→ 0 .

The Poincaré adjunction formula says that the restriction of the line bundle
OX×X(Δ) to Δ is the tangent bundle TX. Hence from (3.6),

detOX×X(Δ) = TX ,

where TX is the holomorphic tangent bundle. Now (3.5) implies (3.4). Therefore,
L is a universal line bundle over X × Picg−2(X).

From the construction of L it follows immediately that there is a natural involu-
tion of L lifting the anti-holomorphic involution σ× σ̃ of X×Picg−2(X). Therefore,
L is a real universal line bundle. This completes the proof of the lemma. �

We recall that a real (respectively, quaternionic) algebraic line bundle on XR is a
holomorphic line bundle on X equipped with an involution lifting σ, whose square
is the identity (respectively, minus the identity).

Lemma 3.2. Let d be an integer such that there is a real universal line bundle
on X × Picd(X). Let L be a real (respectively, quaternionic) line bundle on X of
degree d1. Then there is a real (respectively, quaternionic) universal line bundle on

X × Picd+d1(X).
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Similarly, let d be an integer such that there is a quaternionic universal line
bundle on X × Picd(X). Let L be a real (respectively, quaternionic) line bundle
on X of degree d1. Then there is a quaternionic (respectively, real) universal line

bundle on X × Picd+d1(X).

Proof. Let L −→ X × Picd(X) be a real universal line bundle. Let

φ : Picd+d1(X) −→ Picd(X)

be the morphism defined by L′ �−→ L′ ⊗ L∗. Then (IdX × φ)∗L ⊗ p∗XL, where

pX is the projection of X × Picd+d1(X) to X, is naturally a real (respectively,
quaternionic) universal line bundle if L is real (respectively, quaternionic). The
same procedure works for the second half of the proposition. �

For any point x0 ∈ X, the line bundle OX(x0 + σ(x0)) is real; taking duals,
varying x0 and tensoring, there are then real line bundles on X in any even degree.
There are none in odd degree. In the same vein, one can show that quaternionic
line bundles exist in degree d if and only if d− g+1 ≡ 0 mod 2 [BHH], [AB, p. 55,
Theorem 2.6]. For example, there is a quaternionic theta characteristic on X if g is
even (see [At2, pp. 61–62]; recalling that XR does not have any real point, there is
no real theta characteristic on X because there is no real line bundle on X of odd
degree).

Proposition 3.3. If the integer d − g is even, then there is a real universal line
bundle over X × Picd(X).

If the degree d is odd, then there is a quaternionic universal line bundle over
X × Picd(X).

Proof. Indeed, Lemma 3.1 and Lemma 3.2 allow us to produce all the universal
bundles in the theorem from the real one in degree g − 2, by twisting by an ap-
propriate real or quaternionic line bundle. We note that there is a real line bundle
on X of degree two. Also, there is a quaternionic line bundle on X of degree one
(respectively, zero) if g is even (respectively, odd) [BHH, Theorem 6.6] (see also
[AB, p. 55, Theorem 2.6]). �

3.2. Nonexistence: the case of even genus. First assume that the genus g is
an even integer.

Proposition 3.4. There is no real universal line bundle on X × Pic2d+1(X).

There is no quaternionic universal line bundle on X × Pic2d(X).

Proof. For any point x ∈ X, the line bundle OX(x + σ(x)) is real. Therefore, in
view of Lemma 3.2, it suffices to prove the first part of the proposition for d = 0.

Fix a quaternionic line bundle

(3.7) L0 −→ X

such that degree(L0) = 1. Let

L −→ X × Pic0(X)

be a real universal line bundle; from Proposition 3.3 we know that such a universal
line bundle exists. Let

pX : X × Pic1(X) −→ X
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be the natural projection. We note that

(3.8) L1 := p∗XL0 ⊗ (IdX × ϕ)∗L −→ X × Pic1(X)

is a quaternionic universal line bundle.
To see that there is no real universal line bundle on X × Pic1(X), let

p2 : X × Pic1(X) −→ Pic1(X)

be the natural projection. Any universal line bundle on X ×Pic1(X) is of the form

(3.9) L1 ⊗ p∗2ξ ,

where L1 is the line bundle in (3.8). If the line bundle L1

⊗
p∗2ξ in (3.9) is real, then

ξ must be a quaternionic line bundle, because L1 is quaternionic. On the other hand,
it can be shown that there are no quaternionic line bundles on Pic1(X). Indeed,
the variety Pic1(XR) defined over R has a real point because the line bundle L0 in
(3.7) is represented by a real point of Pic1(XR); hence there is no quaternionic line
bundle on Pic1(X) (see [CP, p. 201, Proposition 2.7.4]).

For the second part, if one had a universal quaternionic bundle in even degree,
one could use Lemma 3.2 to produce a universal real bundle in odd degree because
there is a quaternionic line bundle on X of degree one [BHH, Theorem 6.6]; we have
just proven that these don’t exist. This completes the proof of the proposition. �
3.3. Nonexistence: the case of odd genus. Now assume that g is odd.

Proposition 3.5. There is no real or quaternionic universal line bundle on X ×
Pic2d(X).

Proof. In view of Lemma 3.2, it suffices to prove the proposition for d = 0.
Let

(3.10) L′ −→ X × Pic0(X)

be a real or quaternionic universal line bundle. We will show that L′ can be modified
to construct another real or quaternionic universal line bundle which is topologically
trivial in the direction of Pic0(X).

Let
c ∈ H2(Pic0(X), Z)

be the Künneth component of the Chern class c1(L′) ∈ H2(X × Pic0(X), Z) of
the line bundle in (3.10). Since L′ is real or quaternionic, the anti-holomorphic
involution of Pic0(X) (see (2.4)) preserves c. Hence there is a real line bundle

(3.11) ξ −→ Pic0(X)

such that c1(ξ) = c (see the paragraph following Remark 3.3.2 in [CP, p. 215]);
note that the trivial line bundle OX is fixed by the anti-holomorphic involution of
Pic0(X), so the assumption in [CP, p. 214, §3.3] is fulfilled.

Let p2 : X ×Pic0(X) −→ Pic0(X) be the natural projection. Consider the line
bundle

(3.12) L := L′ ⊗ p∗2ξ
∗ −→ X × Pic0(X) ,

where L′ and ξ are constructed in (3.10) and (3.11), respectively. It is clear that L
is real or quaternionic, and also it is topologically trivial in the direction of Pic0(X).

Let

(3.13) A := Pic0(X)∨
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be the moduli space of topologically trivial line bundles on Pic0(X). The anti-
holomorphic involution σ̃ of Pic0(X) produces an anti-holomorphic involution of A
by sending any η to σ̃∗η; this anti-holomorphic involution of A will be denoted by
σ′.

We have the morphism

(3.14) f : X −→ A

that sends any x ∈ X to the point representing the restriction L|{x}×Pic0(X), where
L is constructed in (3.12). Note that f is defined over R, meaning f(σ(x)) =
σ′(f(x)) for all x ∈ X.

Fix a point x0 ∈ X. The divisor

D =
g − 1

2
(x0 + σ(x0))

is real, meaning it is fixed by σ. We have an isomorphism

φ : Pic0(X) −→ Picg−1(X)

defined by L �−→ L ⊗ OX(D). This morphism intertwines the anti-holomorphic
involutions of Pic0(X) and Picg−1(X), so it is defined over R. Let

(3.15) Θ0 := φ−1(Θ) ⊂ Pic0(X)

be the inverse image of the theta divisor on Picg−1(X) (see the proof of Lemma 3.1
for the definition of a theta divisor).

For any L ∈ Pic0(X), let

τL : Pic0(X) −→ Pic0(X)

be the isomorphism defined by L′ �−→ L′ ⊗ L. The divisor Θ0 in (3.15) produces
an isomorphism

(3.16) Pic0(X)
∼−→ A

(see (3.13) for A) by sending any L to the line bundle OPic0(X)(τ
∗
LΘ0 − Θ0); this

map is an isomorphism because Θ0 gives a principal polarization on Pic0(X). Let

Θ′ ⊂ A

be the image of Θ0 by the isomorphism in (3.16).
Note that the pullback f∗OA(Θ

′) −→ X is a real line bundle, where f is the
morphism in (3.14). We have

(3.17) degree(f∗OA(Θ
′)) = g

(see [GH, p. 336]). We note that (3.17) also follows from (3.3) and (3.4), because
they imply that degree(φ∗OPicg−1(X)(Θ)|X×{ζ}) = degree(KX)− degree(ζ) = g.

On the other hand, since g is odd, there is no real line bundle on X of degree
g (recall that σ does not have any fixed point). This completes the proof of the
proposition. �
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4. Real universal bundles of higher rank

4.1. Existence of universal bundles. Henceforth, we will assume that

(1) the rank r is at least two, and
(2) d is coprime to r.

Recall the construction of the universal bundle in Lemma 2.1.

Remark 4.1. The integer a in (2.8) can be taken to be even if and only if the integer
χ in (2.7) is odd. Indeed, if χ is even, then r is odd (recall that d is coprime to
r), and hence from (2.8) we know that ar is odd. Therefore, a is odd if χ is even.
If χ is odd, then χ is coprime to 2r. Hence there are integers a′ and b such that
2ra′ + χb = −1. Hence a can be taken to be even if χ is odd.

Proposition 4.2. If the integer χ in (2.7) is odd, then there is a real universal
vector bundle over X ×MX(r, d).

Thus there are real universal bundles when:

• g even: the degree and the rank are of opposite parity.
• g odd: the degree is odd.

Given a real (respectively, quaternionic) line bundle on X of degree d0, then there
is a universal real bundle over X ×MX(r, d) if and only if there is a universal real
(respectively, quaternionic) bundle over X ×MX(r, d+ rd0).

In particular, for d odd, there is a universal quaternionic vector bundle over
X ×MX(r, d).

Proof. In view of Remark 4.1, the first part is a consequence of Lemma 2.1. The
second part follows as in Lemma 3.2. For the third, let us consider first the case
when the genus is odd. There is a quaternionic line bundle of degree zero on X. The
second part of the proposition then tells us that there is a universal quaternionic
bundle if and only if there is a real one in a given rank and degree; thus the
quaternionic bundle exists for odd degree. For even genus, one has a quaternionic
line bundle of degree one. One then has a universal quaternionic bundle over
X × MX(r, d) if one has a universal real bundle over X × MX(r, d − r). This
happens when r, d− r are of opposite parity, that is, when d is odd. �

4.2. Nonexistence: the real case of even degree. Assume that the degree d
is even.

Proposition 4.3. There is a real universal vector bundle over X × MX(r, d) if
and only if χ = d− r(g − 1) is odd, i.e., if and only if r is odd and g is even.

Proof. First note that the rank r is odd because d is coprime to r. So, if g is even,
then χ is odd. Hence, in that case, from Proposition 4.2 it follows that there is a
real universal vector bundle over X ×MX(r, d).

Assume that g is odd.
We will construct a real cyclic étale cover

(4.1) f : X̃ −→ X

of degree r. For that, first note that there is a real line bundle over X of order
exactly r. Indeed, if σ̃ is the anti-holomorphic involution of Pic0(X) defined by
η �−→ σ∗η, then the connected component of the fixed point locus Pic0(X)σ̃ con-
taining the trivial line bundle OX is a divisible group. Also, all line bundles lying
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in this component are real because OX is a real line bundle. Take any point L0 of
order exactly r of this component. So L0 is a real line bundle of order exactly r.
Now consider the map of total spaces of line bundles

ρ : L0 −→ L⊗r
0 = OX

defined by v �−→ v⊗r. Take

X̃ = ρ−1(1X) ,

where 1X is the image of the section of OX defined by the constant function 1. The
projection f in (4.1) is the restriction of the natural projection of L0 to X.

The anti-holomorphic involution of the total space of the line bundle L0 defining

its real structure preserves the subset X̃. Therefore, this restriction produces an

anti-holomorphic involution σ
˜X of X̃. Note that the projection f intertwines σ

˜X
and σ.

We have

g̃ := genus(X̃) = r(g − 1) + 1 ,

and g̃ is odd because g is odd.
Since d is even and g̃ is odd, there is a quaternionic line bundle

(4.2) ξ −→ X̃

of degree d [BHH, Theorem 6.6] (see also [AB, p. 55, Theorem 2.6]). Consider the
direct image

(4.3) E := f∗ξ ∈ MX(r, d) ,

where f is the projection in (4.1); since f is unramified, the vector bundle f∗ξ is
semistable of degree d; hence it is stable (recall that d is coprime to r).

Since ξ is quaternionic, it follows that E is quaternionic; the direct image of the
isomorphism

ξ −→ σ∗
˜X
ξ

defining the quaternionic structure of ξ is clearly a quaternionic structure on E.
Note that E is a real point of MX(r, d), meaning that it is fixed by the anti-
holomorphic involution of MX(r, d).

If there is a real universal vector bundle E overX×MX(r, d), then the restriction
of E to X × {E} = X is also real. Consequently, in that case, E would be both
real and quaternionic. But that’s impossible [BHH]. Hence there is no universal
real algebraic vector bundle over X × MX(r, d). This completes the proof of the
proposition. �

4.3. Nonexistence: the real case of odd degree. We now assume that d is
odd.

Proposition 4.4. There is a real universal vector bundle over X × MX(r, d) if
and only if χ = d− r(g− 1) is odd, i.e., if and only if either r is even or g is odd.

Proof. The cases for which the bundles must exist have been covered above; one
must show nonexistence in the case when r is odd, g is even.

Fix a real cyclic étale cover

(4.4) f : X̃ −→ X
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of degree r (see (4.1) for its construction). Note that

(4.5) g̃ := genus(X̃) = 1 + (g − 1)r

is even.
Let

ξ −→ X̃

be a real line bundle of degree d− r (note that d− r is even). The vector bundle

E := f∗ξ −→ X

is stable of rank r and degree d− r. The real structure of ξ defines a real structure
on E. Let

(4.6) ϕ : Pic1(X) −→ MX(r, d)

be the morphism defined by L �−→ E ⊗ L. Since the vector bundle E is real,
the morphism ϕ is defined over R, meaning ϕ intertwines the anti-holomorphic
involutions of Pic1(X) and MX(r, d).

To prove by contradiction, let

U −→ X ×MX(r, d)

be a real universal vector bundle. Let

P := (IdX × ϕ)∗U −→ X × Pic1(X)

be the pullback, where ϕ is the map in (4.6). Let

(4.7) L := (
∧r

P)⊗ p∗X
∧r

E∗ −→ X × Pic1(X)

be the line bundle, where pX is the projection of X × Pic1(X) to X. Since both
the vector bundles P and E are real, it follows that the line bundle L is also real.

There is a quaternionic universal line bundle

L0 −→ X × Pic1(X)

(see Proposition 3.4). Since r is odd, the line bundle L⊗r
0 is also quaternionic. Note

that for any L ∈ Pic1(X), the restrictions of both the line bundles L and L⊗r
0 to

X × {L} are isomorphic to L⊗r. Hence there is a unique, up to an isomorphism,
holomorphic line bundle

(4.8) L1 −→ Pic1(X)

such that

L⊗r
0 = L ⊗ p∗2L1 ,

where p2 is the projection of X × Pic1(X) to Pic1(X). Since L is real and L⊗r
0 is

quaternionic, we conclude that L1 is quaternionic.
Since g is even, there is a quaternionic line bundle on X of degree one; this

follows from the facts that there is a quaternionic theta characteristic on X, [At2,
pp. 61–62], and that there is a real line bundle on X of degree two (see the
proof of Proposition 3.4). Hence Pic1(X) has a real point. Therefore, there is
no quaternionic line bundle on Pic1(X) [CP, p. 201, Proposition 2.7.4]. This
contradicts the existence of L1 in (4.8). Therefore, there is no real universal vector
bundle over X ×MX(r, d). This completes the proof of the proposition. �
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4.4. Nonexistence: the quaternionic case.

Proposition 4.5. There is a universal quaternionic vector bundle over the Carte-
sian product X ×MX(r, d) if and only if d is odd.

The proof proceeds by using the results for the real case, tensoring by a quater-
nionic line bundle of degree 0 (if g is odd) or 1 (if g is even); universal real vector
bundles exist if and only if the corresponding real ones exist.

5. Fixed determinant moduli space

As before, assume that r ≥ 2.
Let ζ −→ X be a holomorphic line bundle of degree d. Let

MX(r, ζ) ⊂ MX(r, d)

be the moduli space of stable vector bundles E with
∧r

E = ζ. There is a universal
vector bundle over X ×MX(r, ζ) if and only if d is coprime to r [Ra].

As in Section 4, assume that d is coprime to r.
Let ζ be a fixed point of the anti-holomorphic involution σ̃ of Picd(X) (see

(2.4)). So the line bundle ζ −→ X is either real or quaternionic. The subvariety
MX(r, ζ) is preserved by the anti-holomorphic involution of MX(r, d) (see (2.6)).
The induced anti-holomorphic involution of MX(r, ζ) will be denoted by σ̂.

A real universal vector bundle over X ×MX(r, ζ) is a universal vector bundle

E −→ X ×MX(r, ζ)

equipped with a holomorphic isomorphism

σ′ : E −→ (σ × σ̂)∗E
such that σ′ ◦ σ′ = IdE .

Therefore, the restriction of a real universal vector bundle over X×MX(r, d) to
X ×MX(r, ζ) is also real universal.

Proposition 5.1. Assume that the line bundle ζ is real. There is a real universal
vector bundle over X ×MX(r, ζ) if and only if χ(E) is odd for E ∈ MX(r, ζ).

Proof. Since ζ is real, the degree d is even. So r is odd. In view of Proposition 4.3,
the only case to check is where r and g are both odd.

We can choose the line bundle ξ −→ X̃ in (4.2) such that the vector bundle
f∗ξ in (4.3) lies in MX(r, ζ). Indeed, this follows from the fact that the connected
component of the fixed point locus Pic0(X)σ̃ containing OX is a divisible group.
Hence the argument in Proposition 4.3 completes the proof for the case where both
r and g are odd. �

Proposition 5.2. Assume that the line bundle ζ is quaternionic. There is a real
universal vector bundle over X ×MX(r, ζ) if and only if there is a real universal
vector bundle over X ×MX(r, d).

Proof. First assume that d is even. As in Proposition 5.1, the only case to check is
the one where both r and g are odd. Again the argument in Proposition 4.3 settles
this case.

Now assume that d is odd.
In view of Proposition 4.4, the only case to check is the one where r is odd and

g is even.
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Consider the covering X̃ in (4.4). Its genus g̃ is even (see (4.5)). Hence there is
a quaternionic line bundle

L −→ X̃

such that f∗L ∈ MX(r, ζ), where f and X̃ are as in (4.4). See the proof of
Proposition 3.4 for the existence of L; we note that the determinant can always be
arranged to be ζ because the connected component of Pic0(X)σ̃ containing OX is
a divisible group.

The vector bundle f∗L is quaternionic because L is quaternionic. In particular,
the point of MX(r, ζ) representing f∗L is fixed by the anti-holomorphic involution
of MX(r, ζ).

If

U −→ X ×MX(r, ζ)

is a real universal vector bundle, then the restriction of U to X×{f∗L} is real. But
we have seen that f∗L is quaternionic. This is a contradiction [BHH]. Hence there
is no real universal vector bundle over X×MX(r, ζ) if r is odd and g is even. This
completes the proof of the proposition. �
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