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SMASH PRODUCTS AND DIFFERENTIAL IDENTITIES

CHEN-LIAN CHUANG AND YUAN-TSUNG TSAI

To Pjek-Hwee Lee on his retirement

ABSTRACT. Let U be the universal enveloping algebra of a Lie algebra and R
a U-module algebra, where U is considered as a Hopf algebra canonically. We
determine the centralizer of R in R#U with its associated graded algebra. We
then apply this to the Ore extension R[X; ¢|, where ¢ : X — Der(R). With the
help of PBW-bases, the following is proved for a prime ring R: Let @ be the
symmetric Martindale quotient ring of R. For f;,g; € Q[X;¢], >, firgi =0
for all r € Riff 3, f; ® g; = 0, where ® is over the centralizer of R in Q[X; ¢].
Finally, we deduce from this Kharchenko’s theorem on differential identities.

1. INTRODUCTION

By a derivation of an associative ring R, not necessarily with 1, we mean a map
6 : R — R satisfying

§(z+y)=6(x)+4d(y), d(zy)=0d(x)y+xé(y) forz,y € R.

Given a € R, define the map ad(a) : R =+ R by r € R — ar — ra. We check
easily that ad(a) is a derivation of R, called the inner derivation defined by a €

R. Let Der(R) denote the set of derivations of R and Derg(R) the set of inner

derivations of R. Clearly, Der(R) forms a Lie ring with respect to [d, d] W 5d — do

for §,d € Der(R). Also clearly, Derg(R) forms a Lie ideal of Der(R) in the sense
that [Der(R), Derg(R)] C Derg(R).

Our primary aim is to investigate differential identities of a prime ring R in
terms of Ore extensions (to be defined in §3), as initiated in Amitsur [I] for a
single derivation and extended in [5] to a set of derivations. For this purpose, we
have to compute the centralizer of R in the Ore extension. This was done for
Ore extensions with one indeterminate in [I] for simple rings and was extended
to prime rings in [9]. The crucial computation of [I] was interpreted in terms of
Hasse-Schmidt higher derivations. For Ore extensions with many indeterminates,
the computation of the centralizer of R was left open in [5]. Higher derivations
don’t help much here because of the lack of the division algorithm. Surprisingly, it
turns out that this can be done much easier in the more general context of smash
products (to be explained in §2) with the associated graded algebras. We apply this
to Ore extensions in §3 and then deduce in §4 an interpretation of Kharchenko’s
theory of differential identities in the context of Ore extensions. It seems very
interesting whether results of §4 can be extended to the context of smash products
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considered in §2. Furthermore, can all these be generalized to g-skew derivations
or skew derivations ([4, 8])?

2. SMASH PRODUCTS

Throughout here, & is a field. An associative (or Lie, Hopf) algebra over k will be
called an associative (or Lie, Hopf resp.) k-algebra. By a Lie ring or a Lie algebra
g, we always mean a restricted p Lie ring or algebra if chark = p > 2.

Let g be a Lie k-algebra. It is well known that the universal enveloping algebra
of g, denoted by U, forms a pointed irreducible cocommutative Hopf algebra with

respect to the comultiplication A(a) = a ® 1+ 1 ® a, the counit (a) = 0 and the

antipode S(a) e _forac g. Assume that R is an associative k-algebra. Let

Der(R) be the set of k-linear derivations of R and Endy (R) the set of k-linear maps
of R. So Dery(R) forms a Lie k-algebra and Endy (R) forms an associative k-algebra.
Let ¢ : g — Derg(R) be a Lie k-algebra homomorphism. By the universal mapping
property, ¢ extends uniquely to a k-algebra homomorphism U — Endg(R), also
denoted by ¢. With respect to ¢ thus extended, the k-algebra R is a U-module
algebra and we can form the smash product R#U. This is the k-space R ®; U,
where we write a ® h as a#h for a € R and h € U, endowed with multiplication
defined by

(a#h)(b#g) = ab#hg + ap(h)(b)#g for a,b € R and h,g € U.

We refer the reader to [10] and [13] for the details. Our aim here is to describe the
centralizer of R in R ®; U. We recall the following:

Definition 1. Let R be a k-algebra with 1 and g M be a left R-module. We call a
finite sum >, a;m;, where a; € R and m; € M, a left R-linear combination of m;.
By a left R-basis of M, we mean a subset B of M such that any m € M can be
uniquely written as a left R-linear combination of elements in B. A right R-basis
of a right R-module is defined analogously. By an R-basis of an (R, R)-bimodule
rMp, we mean a subset B of M which is both a left R-basis of pM and a right
R-basis of Mg.

The well-known Poincaré-Birkhoff-Witt Theorem asserts that regular words in
a linearly ordered k-basis of g form a k-basis of its universal enveloping k-algebra
U and hence form an R-basis of R#U. But our main concern is the centralizer of
R in R#U. Let C be the center of R. Clearly, C centralizes R. So the dependence
of elements of g over C', not merely over the subfield £ of C, has to be considered.
We recall the notion of regular words in this general context as follows.

Definition 2. Given a set B, elements of the free monoid generated by B are called
B-words. The identity of the free monoid generated by B, denoted by 1, is called
the empty B-word. Given a B-word, write

W =biby---by,

where b; € B and where we postulate W = 1 for convenience if n = 0. We call
n the B-length of W and write lhp(W) = n. Assume further that B is linearly
ordered by <. By a regular B-word, we mean a B-word in the form

717N [
bz . br,
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where the b; € B satisfy by < by < -+ < by and, in the case of chark = p > 2,
where 0 < n; < p for each i. We order regular B-words first by length and then
lexicographically for B-words of the same length.

We shall apply the above notions to algebras. To be precise, we state the follow-
ing.

Definition 3. Let A be an associative k-algebra with 1 and B a subset of A. By
a B-product, we mean an expression in A of the form

by by by by,

where b; € B and where - denotes the multiplication of A. For simplicity of termi-
nology and as an abuse of language, whenever there is no confusion, the B-product

above will be identified with the B-word W < b1by - - - b, in the free monoid gen-
erated by B (as a set of symbols). So the above B-product is regular if so is W
and so on.

We stress here that the above notions apply not to elements of A but to ez-
pressions of elements of A as products of elements of B. An element of A may
be expressed as many B-products with different associated B-words of different
B-lengths and we have to know which expression is meant. Regular words occur
naturally in the following.

Lemma 1. Let R be a k-algebra with 1 and R[Y] the k-algebra generated by R and

a set'Y of commuting indeterminates subjected to yr = ry and yy' = y'y forr € R
def.

and y,y' €Y. Set R,[Y]| = R[Y]/I, where I is the ideal of R[Y] defined by
7 def 0 if chark = 0,
o the ideal generated by yP fory € Y if chark =p > 0.

For any linear order < of Y, regular Y -words form an R-basis of the polynomial
ring R,[Y]. More specifically, for each n > 0, regular Y -words of Y -length n form
an R-basis of the R-module of polynomials of degree n in R,[Y].

Proof. This is obvious by the commutativity yr = ry and yy’ = y'y for r € R and
v,y €Y. O

Theorem 2. Assume that R is a ring with the center C' being a field. Let k be a
subfield of C and g a Lie k-algebra with the universal enveloping algebra U. Assume
that R is a U-module k-algebra. Let B be a C-basis of Cg as a left C-subspace of

the smash product R#U. For each h € B, set I/ At + ap, where ap € R is

arbitrarily chosen. Define B’ def. {h' : h € B} and let < be an arbitrary linear
order of B'. Then the set of reqular B'-words forms an R-basis of R#U.

Proof. For n > 0, let V,, be the set of f € R#U which can be written in a finite
sum f = >, a;W;, where 0 # a; € R and where W; is a g-word of length < n for
each i. Clearly, V,,V,, C V4, and

VWCViCVaC---.
def.

So the associative k-algebra R#U is filtered. Set V_; =" 0 for convenience. Define

Vi def. Vy/Vi_1 for n > 0. For a € V,, and b € V,,, where a € V,, and b € V,,,,
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define @b < ab € Vam. This is well-defined because of V,V; C V,,,. With this,
we form the graded k-algebra

er(R#U) < PV,
i>0
We say that f € R#U has g-degree n and write deg,(f) = n if f € V, = V,,_1.
Given f € R#U with deg,(f) = n, define

FY v, €V, Car(RAU).
Given finitely many f, f; € R#U, if f = fi + fo + -+ and if deg (f) = deg,(f1) =
degy(f2) = -+, then clearly

(%) f=h+fot-.

For S C R#U, set S def- {f € gr(R#U) : f € S}. Let h € g+ 0;, € Derg(R) be the
Lie homomorphism g — Derg(R). For any r € Rand h € g, hr —rh = §,(r) € R
and hence h¥ = 7h in gr(R#U). Since §(C) C C for § € Der(R), Cg forms a
Lie ring. So for fi,fo € Cg, fifs — fofi € Cg C Vi and hence fifo = fof; in
gr(R#U). Thus Cg is a commuting set in gr(R#U). Clearly, gr(R#U) is the
k-algebra generated by R and the commuting set Cg.

Set p L char R > 0. Given a C-basis Y of Cg, let R,[Y] be as defined in Lemma
Il We claim that there is a k-algebra homomorphism 6 : R,[Y] — gr(R#U) such

that 6(r) = r for 7 € R and such that 0(y) =y € V; for y € Y. This is clear if

char R =p =0, for R,[Y] et R[Y] is the freest k-algebra generated by R and the

commuting set Y. Assume char R = p > 2. Since g is a restricted p-Lie algebra by
our convention, there is a unary p-operation h — h[P! for h € g such that in the
universal enveloping algebra U we have

h-h-h---h=h?=h
N————
p times

Since hlPl € V;, we have h? = 0 for h € g in the associated graded algebra gr(R#U).
Given 0 # f € Cg, write f = a1hy + azha+-- -, where a; € C and h; € g. By (%),
fTZ 5[1;?,1 + O_AQBQ + - and hence

JP = (a1hy + aghg + -+ )P = alhf + ahhf +--- = 0.
Since Y C Cg, we see that y? = 0 for y € Y in gr(R#U). By the definition in
Lemma I R,[Y] is the freest k-algebra generated by R and the commuting set Y’
subjected to the condition y? = 0 for y € Y. The claim is thus proved.

We show that 6 above is the k-algebra isomorphism of R,[Y] and gr(R#U).
The map 6 is surjective, since gr(R#U) is the k-algebra generated by R and the
commuting set Y. To show the injectivity of 8, pick arbitrarily a k-basis B of g with
a linear order <. By the Poincaré-Birkhoff-Witt Theorem, regular B-words form
a k-basis of U and hence form an R-basis of R#U, since R#U, as a left C-space,
is the same as the left C-space R ®y U; also B forms a C-basis of C'g. So regular
B-words of B-lengths < n form an R-basis of V,, for each n > 0. Particularly, B
forms a C-basis of Cg. The injectivity of R,[B] — gr(R#U) follows. Given an
arbitrary C-basis Y of Cg, there exist af, ﬂzl; € C for be B and y € Y such that

y = Z alb and b= Z Bsy.

beB yey
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Since both Y and B are C-bases of Cg, the two expressions above are inverse to
each other. The injectivity of R,[Y] — gr(R#U) follows from that of R,[B] —
gr(R#U). _ _

Let B be a given left C-basis of C'g. Clearly, B forms a C-basis of C'g and hence
gr(R#U) = R,[B|. Let B’ def {h' : h € B}, where, for each h € B, K’/ Ch+ap
for some aj, € R. Given a linear order < of B’, we denote the corresponding linear
order of B also by <. By Lemma [l regular B-words of length n form an R-basis
for V,,. For any hy,...,h, € B, where n > 1, we have hy ---h,, = b} --- h/, modulo
V,—1. So regular B’-words of length n also form an R-basis for V,,. With this, we
see inductively that regular B’-words of length < n form a left R-basis of nonzero
V,,. From this, our assertion follows. [l

Theorem [2] provides very good bases, which deserve a special definition below
because of frequent uses in the sequel.

Definition 4. Let R, C, k and g be as in Theorem Let ¢ : h € Cg — 4y, €
Derg(R) be the left C-linear map extending the Lie homomorphism g — Dery(R).

(So ¢(Cg) = C¢p(g).) Set go def {h € Cg:6n € Derg(R)}. Let B be a left C-basis

of C'g such that By BN go forms a left C-basis of gy. For each h € By, pick

ap € R arbitrarily such that §, = ad(ay). Define B et {h—ap : h € By} and

B < B U (B — By). Let < be a linear order of B’ such that
(%) h<g  forh€ Bjand g € B— By.
We call B’ so ordered a reqular Lie basis of the smash product R#U.

With regular Lie bases, we are able to compute the centralizer of R in R#U. For
latter applications, we have to characterize subsets T of R such that the centralizer
of T in R#U is equal to the centralizer of R in R#U. This seems interesting in
itself.

Theorem 3. Let R, C, k and g be as in Theorem 2. Set S def- R#U. ForT C R,

set Cs(T) A the centralizer of T in S.

(1) For T C R, Cs(T) = Cs(R) iff for any § € Cp(g) + Derg(R), 6(T) =0
implies §(R) = 0.

(2) Let B’ be a regular Lie basis of S and retain the notation of Definition Ml
The set of regular Bj-words forms a C-basis of the free C-module Cs(R). For any
C-basis V of R, the set

B {vW :v eV and W is a regular word in B — By}
forms a Cs(R)-basis of the free Cs(R)-module R#U.
(3) Any element of S®c(r)S can be uniquely expressed in the form . fi @ gi,
where f; € R#U and where the g; € B are distinct.

Proof. Given h € Cg and a € R, dj, + ad(a) vanishes on a subset T of R iff
h+a € Cs(T). So if Cs(T) = Cg(R), then §(T) = 0 implies 6(R) = 0 for
0 € Cp(g) + Derg(R). On the other hand, suppose that §(7") = 0 implies 6(R) = 0
for any 6 € C¢p(g) + Derg(R). Clearly, C' and Bj, are contained in Cs(R) and hence
in Cs(T). By Theorem [ regular B’-words form a left R-basis of R#U. Any
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regular B’-word is of the form {W, where € is a regular Bjj-word and W is a regular
(B — By)-word. So any f € R#U can be uniquely expressed in the form

[= fo‘fi,

where ¢, ranges over all distinct regular B{-words and where f; € R#U are left
R-linear combinations of regular (B — Bg)-words. Suppose that f € Cg(T). Since
all &; centralize R, we have for any r € R,

0=fr—rf=2 &(fir=rf).

Since subwords of regular (B — By)-words are also regular (B — By)-words, each
fir — rf; is also a left R-linear combination of regular (B — Bp)-words. So each
&(fir — rf;) is a left R-linear combination of regular B’-words starting with &;.
Since the &; are distinct for distinct ¢, so are the B’-words involved in & (fir —rf;).
It follows that f;r —rf; = 0 for all ¢ and all » € T. That is, f; € Cs(T) for
all 5. All f;’s are left R-linear combinations of regular (B — By)-words. It thus
suffices to show that for any left R-linear combination g of regular (B — By)-words,
if g € Cg(T), then g € C. So consider such a g and write it as a left R-linear
combination of distinct regular (B — By)-words W;:

g=a Wi +a Wy +--- | where a; € R.
If W; has the maximal length among all W1, W5, ..., then for any r € T,
0=gr—rg=(a;r —ra;) Wy +---,

where the dots denote a left R-linear combination of regular (B — By)-words distinct
from W;. So a;r — ra; = 0 for any r € T. That is, the inner derivation ad(a;)
vanishes on T" and hence on R by our assumption of 7. That is, a; € C. Let us
assume that W7 is the <-maximum among all W;. If W7 # (), then write

Wy = bt by - - - by,
where b; € B — By satisfy b; < by < --- < bs; and where 0 < n; < p for each 7 in
the case of char k = p > 2. Suppose that
W = b o2 b for some j.
Also, assume that Ws, ..., W,, enumerate all those W; of maximal length such
that W; = d;W; = d;b{* ~'by> --- b for some d; € B — By — {b;}. Recall that
¢ h € Cg — 6, € Derg(R) denotes the left C-linear map extending the Lie

k-algebra homomorphism g — Dery(R). The left coefficient of b7* b5 ... b2 in
gr —rg is then given by

m
nyap, (r) + Z a;04,(r) + ajr —ra;.
i=2
We have seen that a; € C for ¢ = 0,1,...,m. So the above expression defines a

derivation in C'¢(g) + Derg(R). Since g centralizes T, the above expression vanishes
for r € T and hence for r € R by our assumption of 7. So we have

?11(11(51,1 + Zaiédi + ad(aj) =0.
=2
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So nia1by + EZQ a;d; falls in C'gg and hence can be expressed as a C-linear combi-
nation of Bj). But by, ds,...,dn € B— By, implying nyja; = 0. Also, n is invertible
in R. So a; = 0, a contradiction. (1) is thus proved. By (x), any regular B’-word
can be uniquely written as a product §W, where £ is a regular Bj-word and W is
a regular (B — By)-word. By Theorem [2] these words §W form a left R-basis of
R#U. Since V is a C-basis of R, the set v£W, where v € V, ¢ is a regular Bj-word
and W is a regular (B — Bg)-word, forms a C-basis of R#U. But oW = oW,
since £ centralizes R. So (2) follows. As right Cg(R)-modules, S = @, Cs(R)g;,
where g; enumerate B. So

S8, 5= SCS@?R)(@CS(R)%) — @Scf?mgi'

So (3) follows. O

3. ORE EXTENSIONS

Given a set X of noncommuting indeterminates, finite or infinite, and a map

¢ : X — Der(R), write d, def ¢(x) for brevity. Let R[X;¢] denote the ring of
polynomials in indeterminates z € X and with coefficients in R subjected to the
following commutation rule for a € R and = € X:

xa = ax + 6(a), where 6, = ¢(z) € Der(R).

We call R[X; ¢] the Ore extension of R by ¢. (See [3| [I5] [I4].) We stress here that
the indeterminates * € X do not commute with each other and that the map ¢
may not be injective. So distinct € X can be associated with the same derivation.

In traditional notation, we enumerate X as a sequence x;, ¢ = 0,1,..., and let
D be the corresponding sequence §; ‘<" ¢(z;) = 0z, € Der(R), i =0,1,.... In this
way, the map ¢ is explicitly encoded in the two corresponding sequences X and
D. We can thus denote R[X;¢] by R[X;D]. Ore extensions are also called skew
polynomial rings, which has become one of the most basic and useful constructions
in ring theory. This topic has been extensively studied in various directions for a
few decades.

Here are some interesting special instances of R[X; D]: If X is a singleton, say
X = {z}, then R[X; ¢] is commonly written as R[z;J], where 0 et ¢(z) € Der(R).
This is the most extensively investigated Ore extension. If § happens to be the zero
derivation, then R[x;d], usually written as R[z] and called the polynomial ring in x
over R, is merely the ring R adjoined by the indeterminate x which commutes with
R. More generally, if ¢(x) = 0 for € X, then the Ore extension R[X; @], usually
denoted by R(X) and called the free algebra generated by X over R, is simply the
ring R adjoined by the indeterminates x € X which all commute with R but which
do not commute with each other.

Let R be an associative k-algebra and ¢ : X — Dery(R). Let gx be the Lie
k-algebra generated by X in R[X;¢]. (So gx is a restricted p-Lie k-algebra if
char R = p > 2 by our convention.) Clearly, gy is the free Lie k-algebra generated
by X. By [12] or [11], the universal enveloping algebra of gx is k(X), the free
associative k-algebra generated by X. This is also contained in R[X; ¢]. The map
¢ : X — Der(R) extends to a unique Lie k-algebra homomorphism gx — Dery(R)
by the freedom of gx on the generator set X and then to a k-algebra homomorphism
k(X) — Endg(R) by the freedom of k(X). With the map thus extended, which
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we also denoted by ¢, R is a k(X )-module algebra. It was pointed out to us by
the referee of [I4] that the Ore extension R[X;¢] can be interpreted as a smash
product as the following.

Lemma 4. In the context above, the Ore extension R[X; @] is canonically isomor-
phic with the smash product R#k(X) via the map a — a#1 fora € R and x — 1#x
forz e X.

Proof. For a € R and = € X, write 0, et ¢(z) and we have

(1#2)(a#1) = aftz + ¢(x)(a)#1 = attz + 62 (a)#1.

So a +— a#l for a € R and x — 1#x for z € X induces a surjective k-algebra
homomorphism R[X;¢] — R#k(X). Suppose that f € R[X;¢] is in the kernel of
the above k-algebra homomorphism. Write f = . a;w;, where a; € R and where
w; are distinct words in X. Then 0 = >, a;#w; = Y, a; @ w;. The distinct
words w;, as elements of k(X), are k-independent. So ). a;#w; = 0, which is the
same as y ., a; ®p w; = 0, implies each a;, = 0, that is, f = Y. a;w; = 0. So the
k-algebra homomorphism R[X; ¢] — R#Ek(X) defined above is actually a k-algebra
isomorphism, as expected. O

Let R be a ring with the center C, which forms a field. Clearly, 6(C) C C for
any ¢ € Der(R). Given a map ¢ : X — Der(R), where X is a set of indeterminates,

write 6, < ¢(z) for x € X and define

def.

O E {aeC: () =0 forany z € X}.

Clearly, C(?) is a subfield of C. Let k be any subfield of C'(#). The simplest choice

of k is the prime subfield of C. Then ¢(x) s, € Deri(R) for z € X. By Lemma
@ R[X;¢] is canonically isomorphic to the smash product R#k(X). With this,
we are able to apply Theorems 2] and [ to the Ore extension R[X;¢]. For the
convenience of later applications, we recall Definition @ and Theorems Pl and Bl in
the context of Ore extensions as follows.

Definition 5. Let R be a ring with the center C being a field. In the Ore extension
R[X;¢], let g be the free Lie algebra generated by X over the prime field of C
and let h € Cg — 0p, € Der(R) be the left C-linear Lie map extending the map
¢ : X — Der(R). Let go be the C-space of h € g such that ¢;, € Derg(R). Let B

be a C-basis of C'g such that By  pn go forms a C-basis of gg. For h € By,

choose ap € R such that 6, = ad(ap). Define Bj def. {h —ap : h € By} and

B < B{U(B — By). Let < be a linear order of B’ such that h < g for h € Bj, and
g € B— By. We call B’ so ordered a regular Lie basis of the Ore extension R[X; ¢)].
Theorem 5. Let R be a ring with the center C being a field. Set S def. R[X; ¢].
Let B’ be a reqular Lie basis of S and retain the notation of Definition Bl We have
the following:

(1) Regular B'-words form an R-basis of R[X; ¢).

(2) For T C R, Cs(T) = Cs(R) iff for any § € C¢(g) + Derg(R), 6(T) = 0
implies §(R) = 0.



SMASH PRODUCTS AND DIFFERENTIAL IDENTITIES 4163

(3) The set of regular Bj-words forms a C-basis of the free C-module Cg(R).
For any C-basis V' of R, the set

B < {vW v eV and W is a regular word in B — By}

forms a Cs(R)-basis of the free Cs(R)-module S.
(4) Any element of S®cy(r)S can be uniquely expressed in the form . f; @ g;,
where f; € S and where g; € B are distinct.

Proof. (1) follows by Theorem 2l and the rest by Theorem Bl O

It is interesting to see the special instance of Theorem Bl for X = {z}. This has
already generalized all the known results in the literature, in which R has to be
simple [I] or prime [9]. Ours is true for any ring R with the center C being a field.

Corollary 6. Consider the Ore extension S < R(x;0], where § € Der(R) and
where R is a ring with the center C being a field. Set C'®) et {a € C:§(a) =0}.
Let Zg denote the center of S.

(1) char R = 0: If § is inner, say 6 = ad(a), where a € R, then Cs(R) = Zg =
C[¢], where & A — a. Otherwise, Cs(R) = C and Zs = C®).

char R = p > 2: Assume that there exist o; € and a € such that
2) char R 2: A hat th j C®) and a € R such th
(1) & + 16”4+ as6 = ad(a).

Let s > 0 above be the minimal such integer. Then Cg(R) = C[¢], where £ et
a? +oqa? 4+ agz —a. If 6(a) € 6(C), say 6(a) = 6(a), where a € C, then
Zs = COE+al. If§(a) ¢ 6(C), then Zg = CO[EP]. If § does not satisfy any
identities of the form (1), then Cs(R) = C and Zg = C®).

Proof. We retain the notation of Theorem Bl Let k be the prime field of C. For
the case char R = 0, the Lie ring g generated by kx is kx itself. If § = ad(a) for
some a € R, then gg = g = Cz and Cs(R) = C[€], where £ 4l 2 — a, follows from
Theorem [ by letting B}, < {¢}. Since Cs(R) 2 Zs 2 C[€], we have C[¢] = Zg. If
def.

§ is outer, then go = 0 and Cs(R) = C follows from Theorem [l by letting By =" 0.

J

For the case char R = p > 2, the Lie ring g generated by kz is EBogj kxP, and
Cg = ®O<j Cz? | the left C-space spanned by {z”" : j > 0}. Suppose that &
satisfies (1) with s being the minimum. Set y RN -+ asz. Clearly,
g= @Cmf’j = @ Cz? @ @ Cypt.
0<j 0<j<s 0<t

By the minimality of s, go = @<, Cy*". So go has the left C-basis By def. {yP" -

t > 0}. Clearly, 4,,+ = ad(a?'). Set B et {y*" —a®" :t >0} and ¢ et Yy — a.
Since ya = ay, we have y? — a?' = &', So B = {¢”"  t > 0}. Order B
linearly by setting & < &P < §p2 < ---. Regular B} words consist of ", n > 0. So

Cs(R) = CJ€] follows by Theorem Bl Since S is generated by R and z, we have
Zs={f€Cs(R):[f,z] =0}. For a € C, da = ad + 6(«). With this, we multiply



4164 CHEN-LIAN CHUANG AND YUAN-TSUNG TSAI

(t) by 6 from the left-hand sides, from the right-hand sides, and then take their
difference. This yields
5(01)6” 4 -+ 6(a)d = ad(5(a)).
This implies §(a;) = 0 and 6(a) € C by the minimality of s. With this,
£, 2] =y —a,z] = 5(041):10”571 + -+ d(as)z — 0(a) = —0(a).

Assume §(a) € §(C), say d(a) = 6(a), where « € C. Then [ + a, 2] = —6(a) +
§(a) = 0, implying &€ + o € Zg. Since C5(R) = C[¢] = C[¢ + a], Zg = CO[¢ + a).
Assume 6(a) ¢ 5(C). Since §(a) € C, we have [€P,z] = p&P~16(a) = 0. Any
f € Cs(R) can be written uniquely in the form

f=ao(€) + ar(6)€” + az(€)€”” +

where each a;(¢) € C[€] has {-degree < p. So f € Zg iff 0 = [f, ] = [a0(&), z] +

[a1(€), 2]&P+[az (&), 26" +- -, iff [a;(&), 2] = 0 for each i. Write a;(£) = 35—, 8;¢,
where 0 < j <t <p, 3; € C and B; # 0. We have

t
BN £+Zﬂjsf
jZO Jj=1
Zgé )8, !

== D _(0(8)) + (G + 1)3(a)B;41)€ — (3(B)¢".
j=0
Suppose [a;(§),z] = 0. Then 6(8;) = 0 and §(8i—1) + td(a)By = 0. If t > 0, then

0(a) = 762%1 1) = (5(ﬁ* %5+) € 6(C), contradicting our assumption. So ¢ = 0 and

a;(§) = Po € 0(5) We have thus shown that f € Zg implies f € C(O[¢P]. Clearly,
f € CO[er] implies f € Zg. So Zg = C®)[¢P] follows. O

Jj=0

4. DIFFERENTIAL IDENTITIES

A differential identity of R is an equality
Z Zaijwi(r)bij =0 Vr € f%7
i g

where a;5,b;; € R and where w; are compositions of derivations of R. In the Ore
extension R[X; @], write ¢(z) = 0, for z € X. For r € R,
0z (1) = [z, 7] et o — rT,
5y5m(T) = [ya [ZL’,TH,

In this way, a differential identity involving derivations in ¢(X) can be put in the
form

Z firgi =0 Vr € R,

K3
where f;, g; € R[X; ¢]. We will prove the following.
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Theorem 7. Let R be a prime ring and Q) its symmetric Martindale quotient ring.
Set § < Q[X; ¢] and

def.

Cs(R) = {feS: fr=rf forreR}.

Gwen fi,gi €S, >, firgi=0 forallr e Riff Y. fi ® ¢;=0.
Cs(R)

We recall some notation from [6] and [7]. Let Q°P denote the opposite ring of
Q@ and let Z be the ring of integers. The tensor product Q ®z Q°P consists of
elements in the form ) ,r; @ 7}, where 7, € Q and 7, € Q°°. For f € S and
B=>,1®1r €Q®zQP, we define

foBE Y rifr

Let L denote the subring of Q ®z Q°P generated by the elements of the form r ® r’
for all 7,7’ € RU {1}. Thus we can regard S as a right L-module. For a subset
Y C S, we define

yi BeL|f-B=0 foral feY}
Note that Y1 is an (R, R)-submodule of L. On the other hand, for U C L, we
define

Ut (feS|f-B=0 forall Be U}
We need the following.

Lemma 8 (Lemma 4 [5]). Let C denote the extended centroid of R. Given finitely
many ay, . ..,a, € Q, we have

(Cay+ -+ Cap)** = a1Cs(R) + - - + anCs(R).
We are ready for

Proof of Theorem [ The implication < is obvious. For the implication =, we
apply Theorem [l It is well known that any derivation of R can be uniquely
extended to (). So any derivation of () vanishing on R must also vanish on Q). So
Cs(R) = Cs(Q) by Theorem il Let C' denote the extended centroid of R, which
is defined to be the center of Q. Fix a C-basis V of Q. By Theorem [l the set of
regular B’-words forms a right Q-basis of S, the set of regular Bj-words forms a
C-basis of Cg(R) and the set

B < {vU :v €V and U is a regular word in B — By}

forms a basis of the free C's(R)-module S. Let g1, ga, ... enumerate elements of B.
By (4) of Theorem [B we have for any f; € S,

Sfi ® g;i=0 « all fi =0.
T Cs(R)

Assume on the contrary that there exist 0 # f; € Q[X; ¢], and g; € B such that
(1) Z firgi=20 for all r € R.

Fix arbitrarily a linear order < of X-words such that

short word < long word.
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The =<-leading word of 0 # f € S is the <-maximal word occurring nontrivially
in f. By the <-leading word of (1), we mean the <-maximum of <-leading words
of nonzero f;’s. We may further choose (f) so that that its <-leading word W is
minimal possible. For each i, write

fi=aW+---.

For B € N, a;-, each f; -3 has <-leading word < W. We easily see >_.(fi-8)rg; =0
for all € R. By the <-minimality of (}), we have f;- 3= 0. So 8 € (), ai" implies
fi-B=0. By Lemma@ f; € > ;a;Cs(R). Let {; enumerate regular Bj-words.
We may thus write

fi=> bii&,  whereb;; € Q.
J

With this, rewrite (I) as
0= Z Zbijgjrgi = Z Zbij’l”gjgi for all r € R.

Let vy, v, ... enumerate V and Uy, Us, . .. enumerate regular B’-words. Each g; € B
can be written uniquely as g; = v,U;. We re-index the corresponding b;; as b if
g; = vsU;. So

0= bujrgusly = > bajrvs;Us  for all r € R,
s,t g

8,t,4

Distinct ordered pairs (j,t) correspond to distinct regular B’-words &;U; and these
regular B’-words form a right R-basis of S. So for a fixed ordered pair (j,t),

0= Z bst;TVs.

But V = {v1,ve, ...} forms a C-basis of ). By the well-known Martindale’s lemma,
bst; = 0. This is true for all s,¢,j. So all b;; = 0 and hence f; = Zj bi;&; = 0 for
all 4, contradicting the assumption. (I

It is interesting to deduce Kharchenko’s Theorem from the above.

Theorem 9 (Lemma 2 [6]). Let R be a prime ring, Q its symmetric Martindale
quotient ring and C' its extended centroid. Suppose that §; € Der(Q), i = 1,2,...,
are mutually outer in the sense that given any finite sum ), o;0; € Derg(Q), where
a; € C, then all a; = 0 follows. Let < linearly order these 6;. Let w; enumerate
regular words in these 0;. Given as;j,b;; € Q, if

Z agjw;i(r)bi; =0 for all v € R,
i,5>0
then ), a;j®@b;; = 0 for each j.
C

Proof. Pick a set X = {x1,x9,...} of indeterminates with the cardinality equal

to that of these d;. Define ¢ : X — Der(Q) such that ¢(z;) 4 5. Extend ¢ to

X-words by setting
¢(Ii1Ii2 s ) déf’ ¢(I11)¢(x12) Tty
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where z;,,;,,... € X. Conversely, given a product (or word) w of derivations in
Der(Q), let ¢~ (w) be the X-word W such that ¢(W) = w. Let k be the prime
subfield of C' and g the free Lie algebra generated by X over k. Define

go = {h S Cg : gb(h) S Del‘o(Q)}.

Fix a C-basis By of go. The set X U By is C-independent by the mutual outerness

of §; & ¢(x;) and hence can be extended to a left C-basis B of Cg. For h € By,

pick aj, € Q such that ¢(h) = ad(ap). Set Bj et {h —ap}. Order X by setting

x; < x; if §; < 0;. Extend this order of X to B’ such that h < g for h € Bj and

g € B — By. Given a derivation word w = - - - §;,0s,, where d,, € Der(Q), write
w(r)=[-- (2o, [250,7]) -1 = > firan,
l
where f;, g; are subwords of the word ¢~ (w) = -+ - x,,7,,. So if w is a regular word

in derivations, then f, g; are regular X-words (and hence regular (B — By)-words,
since X C B — By). Given a;j,b;; € Q, suppose that

Z aijw;i(r)bi; =0 for all 7 € R.
i’j

In the way explained above, write this in the form ), firg; = 0, where f;,g; € S
involve only regular X-subwords of ¢! (w,). By Theorem[7 ", f; ® g; = 0, where
® is taken over Cis(R). Since f;, g; € S involve only regular X-subwords of ¢~ (w;),
> fi ® gi is a sum of terms of the form

aW @ bW’

where a,b € Q and where W, W' are regular X-subwords of some ¢! (w;). We may
assume that wo has the maximal length n among all w;. In }~, f; ® g;, the sum of

terms involving Wy def. ¢~ (wp) is clearly

Z aioWo ® bo + (—1)" Z a0 @ bigWo.
By (4) of Theorem [, )", ajo ®c bijo = 0. On the other hand, >, a0 ®c bjo = 0
implies ), ajowo(r)bio = 0 for r € R. So we have

Z a;jw;(r)bi; =0 for all r € R.

4,5>0
Apply the same argument to this and continue in this manner. It follows that
Zi ai; ®c bj; = 0 for all 5. 0
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