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ON THE GLOBAL SOLVABILITY
FOR OVERDETERMINED SYSTEMS

ADALBERTO P. BERGAMASCO, ALEXANDRE KIRILOV,
WAGNER VIEIRA LEITE NUNES, AND SERGIO LUIS ZANI

ABSTRACT. We consider a class of systems of two smooth vector fields on the
3-torus associated to a closed 1-form. We prove that the global solvability
is completely determined by the connectedness of the sublevel and superlevel
sets of a primitive of this 1-form in the minimal covering.

1. INTRODUCTION

Let T" = (R/27Z)"™ be the n-dimensional torus, and let b be a smooth, real,
closed 1-form defined on T?, and consider the line subbundle, 7", of the complexified
cotangent bundle C®T*(T?) spanned by the 1-form dz—ib(t) € \' C*°(T3), where
(t,x) = (t1,t2,7) are the coordinates in T?. The orthogonal bundle V = (T")*
is then a vector subbundle of the complexified tangent bundle C @ T(T?) whose
fibers have dimension two. The subbundle V is a locally integrable structure of
codimension one over T3 spanned by the vector fields

0 0
1.1 Li=—+ibj(t)=—, j=12.
( ) J 8tj +1 J( )6xv J
For further information on these concepts and ideas we refer the reader to the
works [I§] of Treves and [I3] of Berhanu, Cordaro and Hounie.
Let d; be the exterior derivative in T2, and consider the differential operator LL°

which acts on functions—or distributions—on the torus by means of
0

1.2 Lo = dyu +ib(t) A ——u.

(1.2) u wu + ib(t) e

In this work we are interested in global solvability in the sense that given any
smooth f satisfying natural compatibility conditions, there should exist a distribu-
tion u such that LOu = f.

The gist of the present article is that the global solvability of the operator L°
is completely determined by the connectedness of the sublevel and superlevel sets
of a primitive of b, more precisely, a primitive of the pull-back of b to a convenient
covering space of T2, the choice of which will depend on the periods of this 1-form.

When b is an exact 1-form, there exists a global primitive of b on the manifold
itself and in this case the global solvability is equivalent to the connectedness of
all superlevel and sublevel sets of the primitive, as has been proved by Cardoso
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and Hounie in [I4]. For the proof of sufficiency the authors used an embedding of
the manifold into a space of higher dimension, via Whitney’s theorem, and then
applied a semiglobal result from the pioneering work of Treves in [I7].

When the 1-form b is closed, but nonexact, it makes sense to ask if L% is globally
solvable; on the other hand, a global primitive of b does not exist on the manifold,
hence it is not immediately clear what kind of condition bearing on b would yield
global solvability.

In order to deal with this difficulty, Bergamasco, Nunes and Zani in [§ @], and
Bergamasco and Kirilov in [6], used an approach based on the study of the properties
of a primitive of the pull-back of b via the universal covering II : R? — T2.

The results obtained in [6] concern the case when the periods of b are incommen-
surable, that is, rationally independent. In that case, the authors proved that L is
globally solvable if and only if the sublevels Q, = {t € R?; B(t) < r} and the super-
levels Q" = {t € R?; B(t) > r} are connected, for all 7 € R, where B(t) = ftto IT*b is
a primitive of the pull-back of b via the universal covering II : R? — T2.

In this work we study the remaining case, namely, the case when b is closed,
nonexact and has commensurable periods. Our present results provide necessary
and sufficient conditions for the global solvability by means of an analysis of the
connectedness of superlevel and sublevel sets of a primitive of a pull-back of b to
the cylinder T x R.

In fact, we present a characterization of global solvability by means of what we
call a minimal covering of T? with respect to the 1-form b, in such a way as to unify
the results obtained in [6l [I4] with the ones proved in the present work.

Other works dealing with global properties such as solvability and hypoellipticity
of systems of vector fields are [2 Bl [12], while [T}, 4, [l [7, (IO} [T}, [16] treat the case
of a single vector field.

This article is organized as follows. In section 2 we present more details of the
problem and two equivalent formulations of our main result. In section 3 we consider
a model case and present the construction of f satisfying the natural compatibility
conditions such that L% = f has no solution. In section 4 we show that the general
case (with disconnected superlevels or sublevels) can be reduced to the model case
by diffeomorphisms of the torus. To reach this reduction, we make use of Sard’s
lemma and some properties of regular level sets. In section 5 we prove that the
condition of connected superlevel and sublevel sets is sufficient for global solvability.

2. PRELIMINARIES AND STATEMENT OF THE MAIN THEOREM

In this work the property which will play a decisive role regarding the global
solvability of LV is the connectedness of sublevel and superlevel sets of a global
primitive of a pull-back of b to a convenient covering space of T?. The choice of
such a covering will depend on the periods

1 27 1 21
(21) blO = %/O bl(Tl,O)dTl and b20 = %A bQ(O,TQ)dTQ.
The group of periods of b is defined by

1
Per(b) = {Q—/b; o is a loop in TQ};
™ g

equivalently, Per(b) is the additive subgroup of R consisting of all integral combi-
nations of the numbers b1q, bag.
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The possible values for r = rank(Per(b)) are r = 0, 1, and 2.
i. If 1 = 0, the 1-form b is exact, that is, there exists B € C*°(T% R) with
dB =b.
1. If r = 1, the periods byg, bog are rationally dependent but are not both
equal to 0; in this case we say that the periods of b are commensurable.
wi. If r = 2, the periods byg, by are rationally independent; here we say that
the periods of b are incommensurable.

We now present the definition of a minimal covering.

Definition 2.1. Let b be a smooth, real, closed 1-form defined on the two-dimen-
sional torus T?. A minimal covering of T?, with respect to the 1-form b, is a
covering space II : 7 — T2 such that II*b is exact and furthermore such that there
is no smaller covering with the same property.

Remark 2.2. We have three possibilities for minimal coverings of T?, with respect
to the 1-form b, namely:
i. if b is exact, then 7 = T?;
ii. if the periods of b are commensurable, then 7 ~ T x R (diffeomorphic);
iii. if the periods of b are incommensurable, then 7 = R2.

We now present our definition of global solvability.

Definition 2.3. Let E be the set of all fidt; + fodta € C®°(\'(T?)) satisfying
L1f2 = LQfl and f.ﬂ,Q fj(t,x)dtjdx = 0,j = ]., 2.

The operator L is said to be globally solvable on T? if for any f € [E there exists
u € D'(T?) satisfying LOu = f.

It is not difficult to prove that if f=f)dt;+ fodts € C(A'(T?)) is such that there
is u € D'(T%) with L% = f, then [, f;(t,x)dt;de = 0,5 = 1,2 and Ly fo = Lo fi.
This supports our definition. We are now ready to state our main result.

Theorem 2.4. Letb € N'C(T?) be a closed 1-form and set B(t fo I1*b, where
II: 7 — T? is the minimal covering, in the sense of Definition |2:|], and IT*b is the
pull-back of b. The operator L° = d; +1ib(t) A 0/0x is globally solvable if and only if
the sublevels 0, = {7 € T; B(1) < r} and the superlevels Q" = {1 € T;B(7) > r}
are connected, for every r € R.

Remark 2.5. In order to prove the theorem above we will make use of diffeomor-
phisms of T? and also of the induced diffeomorphisms of the covering space. Note
that if 7 and T’ are covering spaces and ® : 7' — 7T is a diffeomorphism, then the
connectedness of all superlevels (sublevels) of a continuous function B : 7 — R is
equivalent to the connectedness of all superlevels (sublevels) of B o ®.

We now make some remarks and provide examples with the purpose of clarifying
the assumptions of connectedness in the theorem.

If b is an exact 1-form it is essential to consider the minimal covering in the above
theorem as the following example shows: if L1 = 9/0t; —isint10/0x, Ly = 0/0t,
then B(ty,ty) = cost; has connected sublevel and superlevel sets both in T? (hence
LY is globally solvable) and in Ty, x Ry,, but neither in R? nor in Ry, x Tt,.

If b is a closed nonexact 1-form with commensurable periods, then up to a dif-
feomorphism of the torus T?, the minimal covering space is T = T x R. Observe
that, if we set By(t) = f I3 and Bo(t fo II5b, where I1; : T x R — T? is the
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minimal covering and I, : R? — T? is the universal covering, then for each » € R
we have:

i. 9y, is connected if and only if 3, is connected,
it. Q7 is connected if and only if 25 is connected,
where Q; ,={7 € R* B;(1) <r} and Q} = {7 € T x R; Bj(1) > r} for j = 1,2.
On the other hand, when ] and 2% are disconnected, the number of connected
components of these two sets is, in general, different. For example, if b(t1,t2) =
cos(t1 + ta)dty + (cos(t1 + t2) — 1/2m)dta, then B(t1,t2) = sin(ty +t2) — to/2m, with
(t1,t2) € T x R. Taking r = 0 we have that Qf has only two connected components,
while Q9 has infinitely many connected components. The same result is true for
Ql,O and QQVO.
In view of these remarks, we may rewrite Theorem [2.4] as follows.

Theorem 2.6. Let b be a smooth closed 1-form on T? and 1L° = d; +1ib(t) Ad/Ox.

i. If b is exact and B(t) = fg b, then the operator L0 is globally solvable if and
only if the sublevels {T € T?; B() < r} and the superlevels {r € T?%; B(t) >
r} are connected, for every r € R.

ii. If b is nonezxact and B(t) = fot I1*b, where 11 : R? — T? is the universal
covering, then the operator L0 is globally solvable if and only if the sublevels
{r € R%; B(1) < r} and the superlevels {T € R*; B(1) > r} are connected,
for every r € R.

Taking into account the results of [6] and [14], we need only analyze the com-
mensurable case.

3. NECESSITY: THE MODEL CASE

In this section we show that, in a special situation, which we will refer to as the
model case, we are able to construct an f € E (see Definition 23)) for which the
equation L% = f has no solution u € D'(T?).

We will call the model case the case when the 1-form b has the following prop-
erties: byg < bip = 0, (0,0) € II71(X), where ¥ = {t € T? : b(¢) = 0} is the critical
set of b, B(0,0) =0 and M > M’ > 0, where

1 M = B(t) = B(0,t; d M = B(t1,0).
(3.1) hax, (t) = B(0,t3) an ,max (t1,0)
Let us consider M; and ¢ > 0 such that M’ < M; < M and
(32) max {B(tl,tg) — B(O,tg) :0 g tl g 27‘(7 ‘tg‘ g 6} § Ml.

In order to exhibit an f = fidt; + fodts € E such that the equation Lou = f,
or equivalently, Lyu = fi, Lou = fo, has no solution u € D’(T?), we need to verify
that the compatibility condition L' f = 0 or, equivalently, L, fo = Lo f is satisfied.

We choose f1 = 0; then fy must verify Lqfo = 0. We expand fs in its z-Fourier
series

1 S £ inx
fo(t,z) = o Z fa(t,n)e™™.
n=-—oo
Any possible solution to the equation Lou = fo can be written in the form of an
z-Fourier series, namely,
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In fact, the partial Fourier coefficients of u must be solutions to
(33) (8/8t2 — nbg(tl,tg)) ’&(t, ’I’L) = fg(t, ’I’L), n € 7.

Since by < 0, we have 1 — €220 =£ (), for all n # 0. It follows that when n # 0
this equation has a unique solution given by

27
(3.4) a(t,n) = d2n/ e~ mBtta)=Bltita=s2)l f, (1, t, — 59, 1) dso,
0

where dy,, = (1 — e?™nb20)~1,
In fact, we will use only positive frequencies and, thus, look for f5 of the form

Falta) = 5= 3 Faltsm)e™
n=1

then, up to a constant, any possible solution to Lou = f5 can be written as
1 oo
u(t,z) = — Y a(t,n)e™.
(t,2) = 5= > lt e
n=1
Now we proceed to make the choice of each fg(t, n), with n > 1. Let us consider
an auxiliary function ys; € C°(R) satisfying the conditions
X(S(tQ) = 1, if |t2| < 5,
Xs(t2) =0, if [t2] > 26,
0< X&(tg) < 1,t2 S R,
where 6 > 0 is as in [B.2). If necessary, we take a smaller § so that 0 < 20 < t§ <

21 — 26, where t} is as in (B]), and we consider the smooth 27-periodic function
q : R? — R such that, for (t1,t2) € Q* = [0,27] x [—m, 7] it is given by

(3.5) qlt1,ta) = q(t2) = (t5 — 1) - xs(t2) + 1.
Finally, for each (t1,t2) € R?, we define
(36) fZ(tlatQan) = en[E+B(t17t2)—B(0,t2)—1\/[—Kq(t2)]’ n 2 ]-a

where ¢ > 0 and K > 0 will be chosen later on.

Proposition 3.1. There are € > 0 and K > 0 such that if f1 = 0 and fo is as
above, then f=fidt, + fodts € E. Furthermore, the same conclusion will hold if we
replace € > 0 by any € > 0 with 0 < & < g, and also if we replace K > 0 by any
K' >0 with0 < K < K'.

Proof. We will prove that fo € C°°(T?) and Ly fy = 0.

It is easy to see that, for each n € N, f5(-,-,n) is 2m-periodic in both variables
(recall that byg = 0) and (9/9t; — nby(t1,t2)) fa(t1,t2,n) =0, for all (t1,t2) € R?;
as soon as we prove that f5 is smooth, it will follow from this that L, fo = 0. Since
fl = 0, we will have L1f2 = L2f1.

Recall that, by B2l), B(t1,t2) — B(0,t2) < M; for all 0 < 2 < §. Since ¢(t) >0
for all t € [0,27]?, if we choose 0 < ¢ < M — M, we have
(37) E+B(t1,t2)—B(O,tQ)—M—Kq(tQ)<5+M1—M<O.

Note that, if 0 < 27 — {5 < 6, then

B(tl,tg) — B(O,tg) = B(lfl,tg — 27‘(’) — B(O,tg — 27‘(’) < M.
Thus, we also have (B7) for 0 < 27w — t5 < 6.
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If t € [0,27]? and § < to < 7, then q(t2) = (62 —1)xs(t2) +1 = 62, since xs(ta) <
1. Ift € [0,27)% and 7 < to < 2m—4, then g(t2) = ((t2—2m)2—1)xs(ta—2m)+1 > 62
Now choosing K such that
e—m
(3.8) K > 52
where m = min{B(0,?2);0 < t2 < 27}, we have
e+ B(ty,ta) — B(0,ts) — M — Kq(ts) <& —m — K& <0,

for all t € [0,27])? with § <ty < 27 — 6.
Finally, if A\ = max{e + M; — M,e —m — K%}, we have A < 0 and

|fa(t,n)| = enletBlint2)=B(012) =M —Kq(t2)]  gnd
for all t € [0,27]% and n € N.

Now, for a, 8 € Z,, we may write 8(a’ﬁ)f2(t,n) = fg(t,n)P(t,n,a,B), where
P(t,n,a, () satisfies

|P(t,n,a,B)| < Cap n®P, Yn €N and Vt € [0,27]%,

for some Cy g > 0.
Therefore

102 fa(t,n)] = | fa(t,n)] | P(t,n, . B)] < Cayp n 0 €™,

for all n € N and ¢ € [0, 27]2, hence fo € C>°(T?).

In view of the fact that fo contains only nonzero frequencies, it is easy to see
that we have [1, fo(t,z)dtadz = 0.

Since we trivially have [ fi(t,z)dtidz = 0, the proof is complete. O

We now proceed to state the main result of this section.

Proposition 3.2. There exists no periodic distribution whose sequence of x-Fourier
coefficients is given by BA) and [B0).
Proof. We will analyze the behavior of @(0,t5,n), where ¢5 is as in (BI). From

B4) and (B6) we have
2
(3.9) a(t,n) = dan / enloltntasa)tel gg,
0
where
B(t1,t2, 82) = [B(t1,t2) — B(0,t2 — 52) — M — Kq(t2 — s2)] .
We observe that ¢(0,t5, s2) = —B(0,t5 — s2) — Kq(t5 — s2). From (B3] we obtain
(3.10) (0, t5,n) = don (I, + Jn),
where

Ini/ POtz s2) el gg) and Jni/ POtz 52) 4l g g
‘t3—82|<6 |t;—82‘>5

In the region [t5 — s2| < J, we have xs(t5— s2) = 1, hence
?(0,15, 82) = —B(0,t5 — s2) — K (t5 — 82)2
and

(3.11) I, = e”s/ e~nBOt—s2)+ K (t3-52)" g,
|

t5—s2]|<d
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We perform the change of variables o =t — s in (BI1]) to obtain

I, = e"g/ e 99 4o,
lo|<é
where g(o) = B(0,0) + Ko?.

Since g(0) = ¢’(0) = 0 and ¢”(0) = 9by/0t2(0,0) + 2K, we may choose a larger
K > 0 and a smaller 6 > 0 to obtain ¢”(0) > 0 and therefore the origin will be
the only critical point of the function g on |o| < §, which implies that there exist
constants C, Cy > 0 such that

Cyo? < g(o) < Ci02, Yo € (=96,9).
It follows that

2 2
ens/ e—nC’lo' do < In < ens/ e—ano’ do.
lo|<d lo|<d

We use new variables 7 = oy/nC in the integral on the left and 7 = oy/nC5 in
the integral on the right above to obtain

1 1
R ne__— < In < R n8_7
1(”)6 nCl Q(n)e TLCQ
where R;(n) = / e~ dr, for j=12.
|7|<8/nC;

Observe that {Rj(n)},;eN are increasing sequences, j = 1,2, and

Ri(1) < By(n) < [ 7o = v, j=12,
R
hence Rl(l)e”aﬁ <I, < ﬁe"sn—éz.
Take ng € N such that R;(1)(nCy)~texp(ne/2) > 1, for all n > ng, which
implies I,, > e™s, for all n > nyg. Since J,, > 0, it follows that

@(0,3,1) = don (I + Jn) > donIn > done™?,

for all n > nyg.
We have dp, > 1/2, thus |@(0,t3,n)| > $e"/2 for all n > ng. We conclude that
the sequence {u(0,t5,n)} does not correspond to any periodic distribution. O

Putting together the results of this section, we reach the conclusion that, in the
model case, the operator L? is not globally solvable in T3.

4. NECESSITY: THE REDUCTION TO THE MODEL CASE

The goal of this section is, starting from the assumption of the existence of a
disconnected sublevel or superlevel set of B(t) = fot I1*b, to find a smooth diffeo-
morphism of T? that reduces our problem to the model case.

Since bijg and bgg are commensurable, by using diffeomorphisms of the two-
dimensional torus given by elements of U(2,Z) (see [9, page 56]) we may assume
that

(41) bop < b1p = 0.
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In fact, since b1y and by are rationally dependent, there exist relatively prime
integers p and ¢ such that pbig + gbag = 0. Take r, s € Z such that pr +¢s =1 and
consider the diffeomorphism ¥ : T? — T2 given by

\Il(tll,t/Z) = (pt/l - St/2,qt/1 +Tt/2) = (tlatQ)'

Let B(t1,t2) be a primitive of b defined on a cylinder of coordinates (t1,t2).
Thus, B(ty,t2) = P(t1,t2) + biot1 + bagta, where P is periodic. Then B’ = Bo ¥
is also a primitive of b on a cylinder of coordinates (¢},t5). We have B'(t},t,) =
P(pty — sth, gty + rth) + (baor — b1os)th. Hence, in these new coordinates b has one
null period.

Assume b1g = 0. If byg < 0 we are done. If byg > 0 consider the diffeomorphism
U(th,th) = (t),—t5) = (t1,t2). Then for B’ = B o ¥ we have b, < 0. Thus, if
B(tl,tg) = P(tl,tg) + b20t2, then Bl(tll,té) = B(\I’( /1, /2)) == P( /1, —t/z) — bgoté.
Hence, in the new coordinates, b has one null period and a negative one.

Finally, since we are assuming that B has a disconnected sublevel or superlevel
set, by Remark the same is true for B’.

In order to keep the notation light we will use the same symbols for the coeffi-
cients of the 1-form b as for the coefficients of the pull-back of b € A' C>(T?) via
the minimal covering IT : T x R — T 2; in other words we will write

(IT*B)(t) = by (£)dt1 + ba(t)dto,

where the functions by, be € C°°(T x R) are 2m-periodic in the second variable.
Since IT*b is a closed 1-form, and since bjg = 0, the function B : T x R — R
given by

t
(4.2) B(t) :/ ', teTxR
0

is a well-defined primitive of IT*b.

Remark 4.1. Since byg = 0 we have B(t) = P(t)+bag - to, for all t = (t1,12) € T xR,
where P € C*°(T x R) is a 2m-periodic function in the second variable.

Let us denote by F(t) the level set of B which contains ¢ € T x R and by F'(t)
the connected component of F(¢) which contains t € T x R.

It follows from the above remark that each level set F(t) of B is contained in
a cylindric strip T X [«, 8]. Moreover every superlevel set and every sublevel set
contain a half-cylinder T x (—o0, 3), or T X («, 00), respectively. It is clear that each
superlevel and each sublevel contains a unique unbounded connected component.

4.1. Characterization of the regular level sets of B. We say that the real
number 7 is a regular value of the function B when there are no critical points of
B at level r; that is, if B(t) = r, then dB(t) # 0. When r is a regular value we say
that the corresponding level set is a regular level.

Definition 4.2. We say that a subset G C T x R is trivial if there exists a sim-
ply connected open subset of T x R containing GG. Otherwise, we say that G is
nontrivial.

The following result gives a characterization of the regular levels.
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Proposition 4.3. If B(t) is a regular value of B and F(t) is the corresponding
reqular level set then:

i. Each connected component of F(t) is diffeomorphic to T.

ii. Fach connected component, say F', of F(t) is contained in an open set,
V, diffeomorphic to an annulus, which is foliated by connected components
of pairwise distinct level sets, each one of these being diffeomorphic to T.
Furthermore dB(t) # 0 on this open set. Moreover, the points on one side
of F' belong to a sublevel set of B whereas the points on the other side of
F' belong to a superlevel set. In particular, the level B(t) occurs in V only
at F'.

iti. F(t) has only a finite number of connected components.

iv. F(t) has at least one nontrivial connected component.

Proof. Since B(t) is a regular value, F(t) is an embedded one-dimensional subman-
ifold of T x R. It follows that each connected component of F(t) is diffeomorphic
either to T or to R. On the other hand, F(t) is contained in a cylindric strip T X [c, d],
hence the case of a component diffeomorphic to R cannot occur, which proves .

By assumption, we have dB(t) # 0 at each point of the connected component
F', hence there is a local foliation by level sets of B. By compactness, we obtain
a foliated neighborhood of F’ by connected components of level sets of B with
pairwise distinct levels. From this it is clear that all statements in 77 hold true.

It follows from #i that each connected component of F(t) is isolated from the
others. Recalling that the whole level set F(t) is contained in a compact strip
T x [¢,d], we conclude that the number of components is finite, which proves iii.

To prove iv, let us suppose otherwise, that is, there exists a regular level set
F(to) which has only trivial connected components.

In view of #i, the number of regular connected components having the same
level is finite, hence we may write

(4.3) T xR\ F(to) =UoU | JU;,

j=1
where U g is the unique unbounded connected component and each ¢/ ; is a bounded
open set which satisfies 0U; C F(to), j=1,...,m.

The function B is continuous on the connected set U o and never attains the
value B(to) there, hence we must have either B(7) < B(to), for all 7 € U ¢, or else
B(7) > B(ty), for all 7 € U, which contradicts the fact that both the sublevel
QB(t,) and the superlevel QB0) contain a half-cylinder. O

We remark that Proposition L3} is valid assuming only that F’ is a connected
component of a level set such that dB(p) # 0 for each p € F.

Definition 4.4. A normal curve is a nontrivial (in the sense of Definition [12))
connected component of a level set of B such that dB # 0 at each of its points.

In this work, we use Sard’s lemma for functions defined on T x R, the statement
of which we now recall.

Lemma 4.5 (Sard). If f: T xR — R is a smooth and surjective function, then
the set of critical values of f has Lebesgue measure zero. In particular, the set of
reqular values of f is dense in R.
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4.2. The reduction to the model case. We now proceed to describe the an-
nounced reduction. In order to achieve this we will rely on the notation and results
of the above subsection.

We make the remark that we may work either with the case when B has a
disconnected sublevel, say, €2,, or the case when B has a disconnected superlevel,
say, 2°. For this, if necessary, we make a change of variables in T, namely, (t,z)
(—t,—z). Note that the property ([T is preserved under this change of variables.
In order to fix the ideas we will concentrate—for now—on the case of a disconnected
sublevel.

Since every sublevel of B contains a unique unbounded connected component
(which contains an upper half-cylinder), the sublevel Q, has at least one bounded
connected component which we denote by QZ'

We may assume that p is a regular value of Bj; indeed, if p is a critical value,
then Sard’s lemma implies the existence of a regular value r € R, with p > r, such
that B(t*) = r for some t* € QL’). Since B(t*) < p and B(t) = p, for all t € GQL’), we
have F'(t*) C QL’). Since r is a regular value it follows from Proposition f3kiv, that
F'(t*) has a neighborhood foliated by level curves, all of them with distinct values
of B. Therefore B has a regular value r, whose sublevel €2,. is disconnected and has
a bounded connected component, 2., such that F’(t*) C 992, which concludes the
proof of our claim.

We claim that 89'; is equal to a finite union of connected components of F(t)
for some t € 892. Indeed, B is equal to p on 892 and p is a regular value,
hence it follows from Proposition 3k that 39; is contained in a finite union of
connected components of F(t), t € 89;. On the other hand, if t € 89; then, by

Proposition L3k, we obtain F'(t) C 89';, which concludes the proof of our claim.
We may write

No Ny
aQ;:<UO[Z>U U’Yj 5 NOuleoa NO+N1217

i=1 j=1

where each «; is a trivial embedded copy of T and each +; is a nontrivial embedded
copy of T in the cylinder T x R.

We claim that we have either N7 =0 or N7 = 2.

It is easy to see that if we had N; > 3, then Q';) would be disconnected by one
of the intermediate curves ;, which is a contradiction.

Assume now that N7 = 1 and let 7; be the nontrivial curve in 892; we may
assume that v, = {to = ¢;}. We will prove that a contradiction occurs.

First we consider the case when QZ lies below ;. Let t = (t1,%2) € QZ, with ¢
near ;. Let V= {to <c1}\ U;V:ol I'j, where I'; is the closed bounded region whose
boundary is a;. Take s = (s1,82) € V, sy < to such that B(s) > p. Since V is
path-connected, there exists a path 3 entirely contained in V, connecting the points
te Q; and s € V \Q_';), which implies that 8 meets 892, which is a contradiction.

Now we consider the case when QZ lies above 71 = {t2 = c1}. The proof is
similar. Take t € QE) near vy, that is, & = (1,£2), t2 > c1, o close to c;.

Let V.= {ta > 1} \ U;V:‘Jl I'; be as before. We know that the unique unbounded
connected component of the sublevel {B(t) < p} contains an upper half-cylinder.
Hence V contains a point s = (s1, s2) such that s ¢ Q_Z Since t,s € V and s # t,
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there exists a path 3 entirely contained in V' connecting ¢ and s. But then 8 must
Cross 692, a contradiction. Hence Ny # 1.
We have completed the proof of our claim, namely, that either N; = 0 or Ny = 2.
In order to go on with the reduction to the model case, it is important to distin-
guish between two cases which we proceed to describe.

Case 1. There exists a connected component of a regular bounded sublevel (or
superlevel) such that N; = 2, that is, its boundary has exactly two nontrivial
connected components of the level set of B in the cylinder.

Case 2. The boundary of every connected component of a bounded regular sublevel
or superlevel of B contains only trivial copies of the unit circle T.

We begin by dealing with Case 1.

We may assume that the nontrivial connected components of the level set p are
{ta = c1} and {t2 = o}, where ca > 1.

Let ¢ty € T X [e1, ¢2] be a point of global minimum of B on T X [¢1, ¢3]; note that
to is a critical point of B, since the restriction of B to Q% attains a global minimum
at a point of QZ.

Let o : [0,27] — T x R be a smooth parametrization of {t; = c2} such that
o/ (s) #0, s €]0,2n], and take 0 < s1 < 59 < 2.

Since Q'l’) is a path-connected subset of the cylinder, we may replace a([s1, s2])
by an arc, called 4*, which contains the points «(s1), to and «(sz2), and lies in
Qb in such a way that the curve o1 = ([0, s1]) U~v* U a([s2,27]) is a nontrivial
non-self-intersecting smooth curve in the cylinder.

We observe that for ¢t = (t1,t2) € T x R\QZ near «([0, 27]) with to > co we have

(4.4) B(t) > p.

We may assume that o is T x {0}, to = (0,0) and B(0,0) = 0.

It follows from (f4) that the global maximum of B on T X [0,27r] occurs in
tmax € Tx(0,27) and we may consider another nontrivial smooth curve, oo, without
self-intersection (for example, the graph of a function of ¢3) which contains the
points (0,0), tmax and (0,27). We may assume that oo is {0} x T, finishing the
reduction to the model case in Case 1.

It remains to treat Case 2. We begin with a preliminary result.

Proposition 4.6. Assume that

(*): the boundary of every bounded regular sublevel or superlevel
of B contains only trivial copies of the unit circle T.

Then

1. every reqular level set contains exactly one nontrivial copy of T;

ii. the nontrivial curve v in (i) is part of the boundary of both the unique
unbounded connected component of superlevel and the unique unbounded
connected component of sublevel (with the same level r); the superlevel set
lies below v and the sublevel set lies above 7y;

1. the boundary of each unbounded, reqular sublevel or superlevel contains ex-
actly one nontrivial curve y;

w. if a normal curve «y lies below another normal curve ~', then the value of B
over vy is strictly greater than the value of B over '; in particular, distinct
normal curves have distinct values of B.



4544 A. BERGAMASCO, A. KIRILOV, W. NUNES, AND S. ZANI

Proof. Proposition [L3}v says that every regular level set contains at least one non-
trivial copy of T. Now if this copy were not unique, then the region bounded by
two consecutive nontrivial copies of T would contain a connected component of ei-
ther a sublevel or a superlevel, the boundary of which would contain both of these
nontrivial copies of T violating our assumption (*). This concludes the proof of i.

From Proposition we know that v has a foliated neighborhood and that ~ is
contained in the boundary of a sublevel as well as in the boundary of a superlevel.
It follows from our assumption (*) that ¢ holds true.

Property 4ii is an immediate consequence of ¢ and 1.

We now move on to the proof of iv. Let v, and 5, be nontrivial connected
components of level sets, with levels r and r’, respectively, such that dB # 0 at
each point of the curves ~, and ~,.

Then ~, is the nontrivial part of the boundary of the unbounded connected
component of superlevel, denoted by Q*", and ~, is the nontrivial part of the
boundary of Q*"". We may assume that v, = {t; = ¢} and ~/. = {t, = ¢/}.

Then ¢ < ¢ if and only if v, ¢ Q*" if and only if Q*" c Q*"" if and only if
{B(t) > r} C{B(t) > r'} if and only if r > r’. The proof is complete. O

Proposition 4.7. Assume that

(*): the boundary of every bounded regular sublevel or superlevel
of B contains only trivial copies of the unit circle T.

Assume that r is a regular value of B and that the superlevel set Q" = {t €
T x R; B(t) > r} is disconnected.

Then there is a diffeomorphism of the three-dimensional torus such that
v={te = 0} is a normal curve which is the nontrivial part of the boundary of
the unique unbounded connected component of the superlevel Q" , and, furthermore,
there is a point p € T x (0,27) such that B(p) > r.

Proof. We may assume that » = 0. We may also start from the situation where
the boundary of the unbounded connected component, U, of the superlevel
Q0 = {t € T xR; B(t) > 0} is already the normal curve y={ty = 0}. What
we have to prove is that there is a point p € {0 < ¢t < 27} such that B(p) > 0.

Take V to be a bounded connected component of the superlevel Q°. By as-
sumption (*) the boundary of V' consists of a finite number of trivial copies of T.
Since v is a normal curve, it has a neighborhood, W, foliated by nontrivial copies
of T. It follows that V cannot intersect any translate of W in the ¢y direction by
numbers of the form 2kw, k € Z. We conclude that there is k € Z such that
V CV C{2kr<ty<2(k+1)7}.

If k = 0, then any point p in the boundary of V satisfies B(p) = 0.

If k> 0 and if p = (p1,p2) € IV, then p'=(p1,p2 — 2km) € {0 < t3 < 27} and
B(p/) = —2kbyy > 0.

If k < 0 we use the change of variables (z,t) — (—z, —t) and fall back into one
of the previous two cases. The proof is complete. O

Proposition 4.8. Assume that v = {to = 0} is a normal curve, B is equal to 0
over v and B has a critical point in T x (0,27). Consider the set W consisting of
all t € T x (0,2m) for which there is a normal curve o containing t and such that
the region bounded by v and « is foliated by normal curves. Then there is a point
to € OW such that dB(ty) = 0 and B(tp) < 0.
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Proof. Clearly, W is open, nonempty and connected. Also, dB(t) # 0, for all t € W,
hence W is a proper subset of T x (0,27). We may write the boundary of W as a
disjoint union OW = ~ U K; we call KC the upper part of 9W. Then K is a compact
subset of a level set, with level < 0 because B is strictly decreasing as one moves
transversally to the normal curves in W, away from the initial curve ~y. If we had
dB(t) # 0, for each t € K, then K would be a normal curve contained in W, a
contradiction which ends the proof. O

Proposition 4.9. In the geometrical situation of the previous propositions, assume
that B satisfies B(tg) =0 and B(p) > 0.

Define M by M = maxycrx 0,27 B(t); then M > B(p) > 0. Let 0 < ¢ < 1 be
such that B(t) < M/2, for all t in the open disc D(ty;0). Then there exists a
nontrivial smooth simple curve o1 : T — T x R with 01(0) = to satisfying

i. B(o1(1)) <M/2, 7 €T;
ii. the global mazimum M of B on Tx[0,2r] will be attained in the upper
half-cylinder relatively to o .

Proof. Let F'(s) be a normal curve such that F'(s) N D(ty,d) # &, which can
be smoothly parametrized by v : [0,27] — T x R such that v*)(0) = ¥ (27),
k=0,1,....

By reparametrizing -, if necessary, there exist 71 < 12 such that v(71), v(72) are
in 9D(tg, ) and (1) ¢ D(to, ) if either 7 < 74 or 7 > 7.

We now replace the arc y((71, 72)) by the juxtaposition of the segments [y(71), to]
and [tg, v7(72)] obtaining a nontrivial, continuous, piecewise smooth curve 4 passing
through to. Furthermore, B(3(7)) < &, 7 € R.

Finally, we smooth out 7 to obtain a curve o; as required. O

We are now finally ready to finish the reduction to the model case. We observe
that max,cry(o,2] B(t) = B(tmax), Where tya € T x (0,27), in particular, the
maximum does not occur in T x {0}.

We take a nontrivial smooth simple curve, oo (for example, the graph of a func-
tion of t9) passing through the points tg, tmax and to + (0, 27).

By making use of a smooth change of variables we may take o1 to be to = 0 and
09 to be t; = 0. This finishes the reduction to the model case in the remaining case
2.

5. SUFFICIENCY

In this section we prove that L0 is globally solvable on T? if all sublevels €2, and
all superlevels Q" of B are connected.

Using Remark and the arguments in the beginning of the previous section,
it is enough to consider the case when b;g = 0 and byy < 0.

Suppose, for the sake of reasoning, that there is a solution u € D’(T?) to Lou = f
for some f in the space E of Definition [Z3] Then, the xz-Fourier coefficients of u
must satisfy the equation

(dy — nb(t)A) a(t,n) = f(t,n), (t,n) € T? x Z.

For each n € Z, we lift this equation to T x R and proceed to analyze it.
Let tg € T x [0, 27].



4546 A. BERGAMASCO, A. KIRILOV, W. NUNES, AND S. ZANI

For each n € Z the general solution defined on T x R is given by

t
(5.1) it n) = / w(t,n) + KB,
to
where w(t,n) is the exact 1-form
(5.2) w(t,n)(r) = e MBO=BOIf(7 n) 7eTxR,
and K, is an arbitrary constant.
If n =0, then
t

(5.3) a(t,0) = [ f(t,0) + K.

to

In fact, for n # 0, K,, must be chosen so that u(-,n) is a 2m-periodic function in
the variable to; this yields a unique solution which may be written as

. s 1 27
6 it = [ gemdot e [ gomdo,
0 0
where g is the function
(5.5) g(o,n) = e MBOLEI=BOLEN f(q (0),n) - 72 "(0), o € [0,27],

and v+ : [0,27] — T xR are paths starting at a point ¢y and ending at ¢o+ (0, +27),
respectively, whose projections on T? are nontrivial smooth closed curves.

We will show that there are integration paths by means of which adequate esti-
mates for the behavior of these solutions can be proved, and from this we will be
able to obtain a true solution to the equation L%u = f.

5.1. Integration paths. The next results and proofs will show how the integration
paths are chosen; they are based on propositions 2.3, 2.4 and 2.9 from [6].

Proposition 5.1. In the commensurable case, assume that all sublevels and all
superlevels are connected. Then there is M > 0 such that, for all tg € T x [0, 27]
and n € Z, there exist smooth paths v+ = ~yi(tg,n) joining the points ty and
to + (0, £27) with length |y+| satisfying

[vel < M(1+|n|), VneZ
and such that

1
.. B(1) < B(t , ll ;
i B(r) < B)+ 5y - forall 7€
1
ii. B(t) > B(t) — ——— Ire~y_.
it. B(7) (t) Tl forall T €~

Proof. We will provide details only for the construction of the path ~.; similarly,
one can prove the results concerning ~y_.

Let o = minserx(o,2- B(t) and B = 1 + max;erx(o,2+) B(t) and consider the
compact interval J = [«, 8]. Then there exists v > 0 such that T x (v,00) C €,
and T x (—oo,—v) C Q" for all r € J.

Set K, = Q, N (T x [-v,v]). It is not difficult to prove that K, is bounded and
path-connected.

For each j € N, consider the collection of all squares contained in [0, 27] x R
having side length 27 /27 and vertices in (27/27) Z2.

Since T x R is locally isometric to [0,27] x R the collection above induces a
collection D; of sets, which we will continue to call squares, in T x R.
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For each t € T x [0, 2] and n € Z, we have

1
r=B(t)+ ——F—= € J
O S )
Consider the sets A;, ={Q € D;; QN K, # @} and V. = Uge 4, Q-
Observe that any point s € V;, is contained in a square Q C T x R with diagonal
equal to 7r\/§/2j_1, which intersects K, at a point s’, hence

V2

B(s) < [B(s) = B(s")[ + B(s) < [Iblloc|s = s'[ + 7 < |Iblloo 557

+ 7.

Now we take j € N such that 277! < 47v/2(1 + |n|)||b]|e < 27, and we have

™2 1 1
1 S gy T B0 T

K, is path-connected, hence so is Vj,, thus we can join the points ¢ and ¢+ (0, 27)
by means of a path v, which is piecewise linear (in the sense that it is made up of
sides and diagonals of the squares above), is contained in Vj,, and intersects each
square in V;,. at most once.

If N is the number of squares in Dy intersecting K., then the number of squares
in D; intersecting K, is at most 4 N. Since the diagonal of each square in Vi is

7r\/§/2j_1, we have

B(s) < |[bll Vs eV,

™2 .
il < 4N < (4nV2)N([Blloo (1 + [nl) = M (1 + |n]).
It is standard that v can be replaced by a smooth path satisfying similar estimates.

O

5.2. Construction of the solution. For each f € E, we will show that the equa-
tion L% = f has a solution. In fact, we prove that the formal partial z-Fourier
series u(t,z) = Y a(t,n)e®, with coefficients given by ([B3) and (54, is a C>
solution to this equation.

Lemma 5.2. For each pair (o, 8) of nonnegative integers, with a4+ 8 > 1 and for
each n # 0, we have

+ t
9la:B) (/t w(t,n)) — pots Fla,p) (/t w(t,n)> 4 poth-l G(a,8)
0 0

” b, . if p+q=0,
(potes = bjiFp,q) + o 0iFpq if pta=1

where

and

G fjl if p+q=0,
@t = 7 .
(e res I F(p,q)+ﬁ8jG(p,Q) if p+qg=1

Proof. Using the formula

o /t:““’”)) =ty (o) /t:w<t7n>) T i)

and proceeding by induction on the order of differentiation, the lemma follows. [J
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Observe that Fi, g) is bounded over T x R because F(,,3) depends only on the
derivatives of b; (of order less than a+ ) and on nonpositive powers of n. Moreover,
G(a,p) 1s a finite sum, each summand being uniformly bounded, and depending on

the derivatives of b; and fj (of order less than « + ) and on nonpositive powers
of n. Thus, given (a, ) € Z2 and N > 0, we obtain a constant Cl(a,3) such that

-N
Glap)| < Clap) (L))
Lemma 5.3. Lettyg € T x [0,27]. For every N € N, there exists a constant C > 0
such that

t

c
/ w(t,n)‘ <——, MEZ
to (1+ |nf)

where w(t,n) was defined in (B2) and t € v4, where yx is one of the paths obtained
in Proposition Bl (this choice depends only on the sign of n).

(5.6)

Proof. For n < 0, by Proposition 5.1l we have e~ (B(1)=B() e TR e, hence

[

If n > 0, we use Proposition B.Iki and also obtain (B.6). The case n = 0 is
trivial. il

e " f(7,m)| C(1+ In]) < C(1+ [n) =Y.

< sup
TEY+

Definition 5.4. The operator .0 is globally solvable in the C* sense if, for each
[ € E, there exists a solution u € C*°(T?) to the equation L4 = f.

Proposition 5.5. Suppose that, for each r € R, the sublevel . and the superlevel
Q" are connected. Then the operator L° = d; + ib(t) A 9, is globally solvable in the
C™> sense.

Proof. Since byg < 0, there is a constant Cy > 0 such that
Oyt < e — 1] < Oy, Vn € Z, with +n > 0.

Lemma [5.3] implies |4(y4(s),0)| < C and

t 1 to+(0,27)
la(t,n)| < /w(t,n) +— / w(t,n)
to |eq:"b20 — 1| to
Cl
< ———, for £n > 0, respectively.
(L+ )™ Py

When o+ § > 1, Lemma implies

C O//
(e,3) 1 a+f3 (o,8),N / a+pB—1 (o,8),N
‘8 “(t’”)‘ < Inf (1 |n|)N+o+B Clap) + Inl (1 + [n)N+o+s—1’

thus, for each N > 0, there is a constant C' > 0 such that,

_c
1+ [n)N”
which implies that u € C°°(T3). O

|0l B a(t, n)| < vn #0, t € (0,277,

The proof of sufficiency in Theorem 2.4] is complete.
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