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COFINALITY AND MEASURABILITY
OF THE FIRST THREE UNCOUNTABLE CARDINALS

ARTHUR W. APTER, STEPHEN C. JACKSON, AND BENEDIKT LOWE

ABSTRACT. This paper discusses models of set theory without the Axiom of
Choice. We investigate all possible patterns of the cofinality function and the
distribution of measurability on the first three uncountable cardinals. The
result relies heavily on a strengthening of an unpublished result of Kechris: we
prove (under AD) that there is a cardinal x such that the triple (k, k1, xTT)
satisfies the strong polarized partition property.

1. INTRODUCTION

In ZFC, small cardinals such as Ny, Ny, and N3 cannot be measurable, as mea-
surability implies strong inaccessibility; they cannot be singular either, as successor
cardinals are always regular. So, in ZFC, these three cardinals are non-measurable
regular cardinals. But both of the mentioned results use the Axiom of Choice, and
there are many known situations in set theory where these small cardinals are either
singular or measurable: in the Feferman-Lévy model, X; has countable cofinality
(cf. [Jec03l, Example 15.57]), in the model constructed independently by Jech and
Takeuti, 8 is measurable (cf. [Jec03, Theorem 21.16]), and in models of AD, both
N; and Ny are measurable and cf(R3) = Ny (cf. [Kan94, Theorem 28.2, Theorem
28.6, and Corollary 28.8]). Simple adaptations of the Feferman-Lévy and Jech and
Takeuti arguments show that one can also make Ny or N3 singular or measurable,
but is it possible to control these properties simultaneously for the three cardinals
Nl, NQ and Ng?

In this paper, we investigate all possible patterns of measurability and cofinality
for the three mentioned cardinals. Combinatorially, there are exactly 60 such pat-
terns of which 13 are impossible for trivial reasons (e.g., if ¥ is singular, then Ny
cannot have cofinality Ry). In this paper, we prove that the remaining 47 patterns
are all consistent relative to large cardinals.

Our 47 consistency results will be proved by reducing all cases to eight base
cases from which the other patterns can be obtained by standard methods. Three
of the base cases will be proved consistent by techniques from forcing, and five
of them will require the existence of a model of AD. In particular, we will be
using the existence of a polarized partition property under AD which generalizes an
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unpublished theorem of Kechris from the 1980s (cf. [AHS86l p. 600]). This polarized
partition property is of independent interest and its proof will take up the larger
part of this paper.

We begin by giving some basic definitions and terminology (§§2.1] and 2.2]). We
then present a proof of (a slightly stronger version of) Kechris’ result (§23) and
generalize it to higher exponents (§§2.4] and 2.5]).

We then move towards our application of the polarized partition property. We
start by listing some basic tools for forcing in the ZF context, some of them using
both polarized and ordinary partition properties, in §§[B.1] and These tools
will allow us to reduce the 47 consistent patterns to eight base cases in §B.3l In
88341 and B35 we prove the consistency of all base cases. We use consequences
of the polarized partition property established in §2.5]in our applications in §3.5
Finally, in §d we summarize upper and lower consistency strength bounds of all
60 patterns and discuss open questions.

Our notation is mostly standard. We will make frequent use of coding and
decoding maps on w and w*, especially in §21 We fix a recursive bijection i — (ig,41)
from w to w? and its inverse function (i,5) — (i,j) (and similarly, for n-tuples).
For x € w¥, we define (z);(j) := x((i, 5)).

2. POLARIZED PARTITION PROPERTIES UNDER DETERMINACY

2.1. Definitions. Fix a strictly increasing triple (kg, %1, %2) of cardinals and an
ordinal § < kg. We say a function f: 3 x § — On is a block function if x;_; <
f(i,a) < k; for i € 3 (and k1 := 0), and we say it is increasing if f(i,«) < f(3, 5)
vzhenever a < . We denote the set of increasing block functions by IBFs. If

H = (Hy, Hy, Hs) is a triple such that H; C k; (for ¢ € 3), we define a subset
Fy ; C IBFs by

fE€Fgs:<= foralla€dandic3, wehave f(i,a) € H;.

If P C IBFs is a partition of all increasing block functions into two disjoint sets,
we call a triple H 6-homogeneous for P if either Fiz ; C Por Fz ;NP = 2.
For Ramsey-type partition properties, we also define the set IBF 5 := |, 5 IBFa,
and for a partition P C IBF 4, we say that a triple H is <d-homogeneous for P
if for all a < 6, either Fg,CSPorFgz NP=g.

Definition 1. The polarized partition property

(Ko, K1, k) — (Ho,:‘fl,@)é

is the statement that for every partition P, there is a J-homogeneous triple H with
|H;| = k;. If § = kg, we call it the strong polarized partition propertyﬂ The
Ramsey-type polarized partition property

(Ko, K1, k2) = (Ko, K1, H2)<6

is the statement that for every partition P, there is a <d-homogeneous triple H
with |H;| = k;. Polarized partition-properties with pairs of cardinals instead of
triples are defined analogously!?

!Note that this terminology differs from that of [ATLI00].
2Note that as in [ATLJ00, Definition 4.11], these definitions are equivalent to the partition
theoretic ones found in [AHJ00, Definition 4.1].
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COFINALITY AND MEASURABILITY OF X;, Xy AND X3 61

As is the case for ordinary partition relations, the polarized partition property is
equivalent to a c.u.b. version. A block function f is said to be of uniform cofinal-
ity w if there is a function g: 3x é xw — On such that f(i, o) = sup{g(i,,n); n €
w}, and g is strictly increasing in the last argument. We say that a block function f
is of the correct type if it is increasing, everywhere discontinuous, and of uniform
cofinality w. We write CTFy for the functions of the correct type. If P C CTFs, we
call a triple H d-c.u.b.-homogeneous if either Fﬁ’(; NCTFs C Por Fﬁ’é NP =g.

Definition 2. We say (ko, %1, K2) cub. (Ko, k1, k)% if for every partition P C
CTFs, there is a triple C' = (Cp, Cy, Cs) such that C; is a closed unbounded set in
ki (for i € 3) and C' is d-c.u.b.-homogeneous.

Fact 3. For any § < kg < K1 < Ko, we have that (ko, k1, k2) cuk. (Ko, K1, k1)°

implies (Ko, k1,K2) — (ko,k1,k1)°. Also, (Ko, k1,k2) — (ko,k1,k1)%° implies
uw.b.

(K’Ov K1, K’Q) CL) ('14’07 K1, K’l)é~

Proof. The easy argument can be found in [JacO8, Lemma 3.3]. 0

2.2. The axiom of determinacy and Suslin cardinals. Let us recall some basic
definitions from descriptive set theory. By a boldface pointclass I' we mean a
collection of sets of reals closed under continuous preimages. For a pointclass I" we
let T' denote the dual pointclass I' := {4; w*\A € T'}. A pointclass T is called
selfdual if I' = I, and non-selfdual otherwise. If T is non-selfdual, we can define
A :=TnI. We say that a non-selfdual pointclass I" has the separation property
(in symbols: Sep(T')) if any two disjoint sets in I' can be separated by a set in A.
In general, at most one of I and I' can have the separation property. In [Ste81D],
Steel proved that AD implies that one of the two does. From now on in this section,
we shall assume AD.

The class of pairs of non-selfdual pointclasses (I',T) (i.e., T' # I') such that one
of them is closed under 3*“ has order type under the Wadge ordering

© := sup{q; there is a surjection from w® onto a}.

We call these the Lévy pointclasses. Let (T, f‘a) be the ath such pair. If one of
them is not closed under ¥+, the other one is. If this is the case, we let X7, be the
one that isn’t. If both of them are closed under ¥, let X2, be the one with the
separation property. As usual, IT}, := (X1)". In [KSS8I §4], the authors proposed
a classification of these pointclasses. They fall into four types of “projective-like
hierarchies” which are distinguished by the closure properties of the pointclass at
the base of the hierarchy (this is recalled after Proposition [6] below). For example,
if cf(a) = w, then X} is at the base of a type I hierarchy. In this case, 3 is the
collection of sets which can written as a countable union of sets each of which is in
E}g for some 8 < «a. These pointclasses play a particularly important role in the
arguments of §§2.3H2.01

As usual, a set of reals A is called A-Suslin if there is a tree T C (w x A)<% such
that A = p[T] := {z; Jy € \((z,y) € [T])}. We write S(\) for the pointclass of
all A-Suslin sets. These pointclasses are closed under 3, and thus show up in our
list mentioned in the last paragraph. A cardinal k is called a Suslin cardinal if

S(EN\Ur<r S(A) # 2.
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We give the well-known Kunen-Martin theorem (cf. [Kec78, Theorem 3.11]) with
its proof, as the general idea of this proof will be used repeatedly in our results of

§92.3-2.51

Theorem 4 (Kunen-Martin). Let < be a k-Suslin well-founded relation on w®.
Then the rank of < is less than k™.

Proof. Let T be a tree on w X w X k with < = p[T]. Let U be the well-founded tree
consisting of finite <-decreasing sequences (xg, . .., ), that is, z, < -+ < 21 < xq.
It is easy to see that < and U have the same rank. To each & = (xo,...,x,) € U,
assign (&) = (xo[n+1,...,xn[n+ 1, l(x1,20)[n+1,...l(xp, xn_1)[n+1), where
U(y, z) € k¥ is the leftmost branch of T}, .. If § extends &, we view (%) as extending
7(Z) in a natural way. The map 7 is order-preserving from U into a well-founded

relation on a set in bijection with x. Thus the rank of < must be less than . [

In [Ste83l Theorem 4.3], Steel identifies (assuming V = L(R)) the pointclasses
S(k) in the list of X!s and IT.s and calculates their Suslin cardinals. For instance,
if k® is the least non-hyperprojective ordinalE we have S(k®) = H,{VR = IND,
and x® is a Suslin cardinal as witnessed by the inductive sets. If V is an arbitrary
model of AD, then V contains L(R)" to which the Steel analysis applies. Moreover,
k< OL®" ig a Suslin cardinal in L(R)Y if and only if » is a Suslin cardinal in vH

Proposition 5. If AD holds, then there are weakly inaccessible Suslin cardinals.

Proof. As just mentioned, Steel’s analysis of scales in L(R) shows that x® is a Suslin
cardinal in L(R), and thus in V. In [KKMWS&I Theorem 3.1], the authors show
that it is in fact weakly Mahlo. Note that x® is by no means the only (or smallest)
weakly inaccessible Suslin cardinal (cf. [Ste81al, Theorem 3.1]). O

By the work of [KKMWZ&I] mentioned in the proof of Proposition [l the analysis
of the scale property of pointclasses is closely connected to partition properties.
Our results from §2.4] and §2.5] can be seen as an extension of this work. In the
following overview, we follow [JacO8| pp. 295-297]:

For a selfdual pointclass A, we let o(A) = sup{|A|w; A € T'} and §(A) :=
sup{a; there is a A-prewellordering of length a}. Note that (under AD) if A is
closed under 3° and finite intersections, then o(A) = §(A) [KSS81, Theorem
2.3.1]. Let us fix the increasing enumeration of all Suslin cardinals (ks ; @ < Z).
Note that ZF + AD does not fix the value of =Z: the Suslin cardinals could be
unbounded below © (in this case, every set has a scale and thus by a result of
Woodin [Kan94, Theorem 32.23], ADg holds) or there could be a largest Suslin
cardinal. It is enough for the results of this paper to consider the Suslin cardinals
in L(R), i.e., (ka; a < (85)®). Here [Ste83] gives a complete analysis of the
Suslin cardinals. We note though that the main partition result we prove in §2.5]
only uses AD.

We recall some facts about the classification of projective-like hierarchies and
how this pertains to Suslin cardinals. The facts we review below are sufficient for
the results of this paper. The reader can consult [Ste81a] and [Ste83|] for more

3Here, IND is the pointclass of inductive sets, and the pointclass HYP := IND N IND" is
the class of hyperprojective sets. All three mentioned pointclasses are closed under 3%“ and V“’W,
and we have Sep(IND").

41f & is a Suslin cardinal of L(R)Y, then the scale which witnesses a new Suslin representation
is trivially also in V. The other direction follows from the coding lemma.
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details. We note that the latter paper assumes V = L(R). Although we don’t need
it for the results of this paper, [Jac09] presents the theory of the Suslin cardinals
from just AD.

Following [Ste81a] consider

D :={o(A); A is selfdual and closed under A, 3*°}.

Clearly, D consists of limit ordinals and is closed unbounded in ©. Each o € D
corresponds to the base of a projective-like hierarchy. If c¢f(«) = w, this is called a
type I hierarchy. In this case the Wadge degree of rank « is selfdual and consists of a
countable join of sets of lower Wadge rank. We let 337 in this case be the collection
of countable unions of sets of Wadge rank below o. We let II be the dual class,
and define 37, ITY for n > 0 as usual. This defines the projective-like hierarchy.
In this case, X, II{, etc. have the prewellordering property. These classes will
be particularly important for the arguments of §§2Z3HZH If cf(a) > w, the Wadge
pair (T, T') of rank « is non-selfdual. By [SteR1al, exactly one of T, T, say T', has
the separation property, and this class is closed under 3°. If this pointclass is
not also closed under ¥*“ we are in type II if T' is not closed under V and in type
IIT if T is closed under V. We call I' in these cases the Steel pointclass at the
base of the hierarchy. If T is closed under real quantification, then we are in type
IV (in this case the projective-like hierarchy is built up by applying quantifiers to
Tr /\f‘) This analysis of the projective-like hierarchies does not depend on the scale
property and assumes just AD.

We now specialize to the Suslin cardinals and Suslin pointclasses. We say the
Ath Suslin cardinal k) is a limit Suslin cardinal if A is a limit ordinal, and otherwise
a successor Suslin cardinal (so a successor Suslin cardinal may be a limit cardinal).
First we recall that [Ste83] shows that the Suslin cardinals form a closed set in L(R)
(which as we mentioned above has largest element (62)“(®)). More generally, Steel
and Woodin have shown that the Suslin cardinals are closed below © assuming
AD™ | and closed below their supremum assuming just AD. So we have:

Proposition 6. If A is a limit ordinal, then k) is a limit of Suslin cardinals.

If K = Ky is a limit Suslin cardinal, then A :={J,_, S(p) is selfdual and closed

under A, 3“7, and so o(A) € D. As discussed above, A sits at the base of a
projective-like hierarchy in one of four possible types. In [Ste83], Steel identifies
the pointclasses S(k) among the 3! and IT) and in fact determines the scaled
Lévy classes among the 3}, IT} (assuming V = L(R)). We recall some of the
consequences in terms of the possible hierarchy types. In all cases, Kk = o(A) =
0(A).

Type I: In this case cf(k) = cf(\) = w. If we let, as above, X7 (where
a = o(A) = k) be the collection of countable unions of sets in A, then
3§, I, etc. have the scale property. s is a Suslin cardinal, and a II{
scale on a II{-complete set has norms of length £*. We have S(k) = XY
and S(k*) = 3.

Type II or III: In this case, let I' be the Steel class defined above. So,
A =T NI, and T is closed under A, ¥¢“. Then S(x) = 3*“T, and
Scale(T"), Scale(S(k)) hold.
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Type IV: In this case, the pointclasses I, T of Wadge degree x are closed
under real quantification. Let I" be such that I' has the separation prop-
erty. Then Scale(T") holds, and S(x) =T

If k is a regular limit Suslin cardinal, then [Ste81al Theorem 2.1] shows that
T (as in the above hierarchy descriptions) is closed under V. Thus, we are in
type III or IV. Finally, the analysis of [Ste83, Theorem 4.3] shows that a successor
Suslin cardinal is either a successor cardinal or has cofinality w. Thus, a weakly
inaccessible Suslin cardinal k) must be a limit Suslin cardinal (and so A = k).

Summarizing, our inaccessible Suslin cardinal x is a limit of Suslin cardinals,
and S(x) has the scale property. In fact, S(x) = 3T, where T is a non-selfdual
pointclass with o(T') = &, T' is closed under V<", A, V, and Scale(T"). It is possible
that T' = S(k) if we are in the case of a Type IV hierarchy. We again note that
these results can be obtained from just AD (cf. [Jac09]).

We fix a I'-complete set P (which exists by Wadge’s Lemma for all non-selfdual
pointclasses under AD) and let {¢,, }new be a (regular) T'-scale on P. An inspection
of the standard argument shows that we have the following boundedness condition
(as T' is a boldface pointclass with the prewellordering property and closed under
v+” and finite unions): any A =T'N I' subset A of P is bounded in the codes, that
is, sup{ps(z) : n € w,xz € A} < k.

Our results from §§2.4] and have to be understood in the context of proofs of
partition properties for 6(A) for highly closed pointclasses. For instance, consider
the following example theorem as listed in [Jac08, Theorem 3.10]:

Theorem 7. Let T' be non-selfdual, closed under V" and finite unions, and with
the prewellordering property. Define A :=TNT. If3*° A C A, then §(A) has the
strong partition property.

Note that if k is an inaccessible Suslin cardinal and I" is the pointclass defined as
above, then I satisfies all of the requirements of Theorem[7] and therefore 6(A) = &
has the strong partition property. Our results are extensions of this observation.

The fact that x has the strong partition property immediately implies that the
w-cofinal measure p := C¥ on « is a normal ultrafilter (cf. [Kle70, Theorem 2.1]).

Finally, we recall one more result, due to Martin (cf. [Kec78| Theorem 3.7]) in
the AD theory of pointclasses which will be used frequently later. For the sake of
completeness, we sketch the proof.

Theorem 8 (Martin). Let I' be a non-selfdual pointclass closed under VA, Y,
and assume pwo(I'). Let 6 = §(A) (where A =T NT). Then A is closed under
unions and intersections of length < §.

Proof. Assume the contrary, and let p < § be least such that there exists some p
union, say A = Ua<p o, Of sets in A that is not in A. Easily, p is regular. We may
assume the A, are strictly increasing. Since p < 4, there is a A-prewellordering
of length p. The coding lemma then shows that A € T’ (since I' is closed under
3«*). By assumption, A € I' — A. Define a norm ¢ of length p on A by p(z) =
least « such that x € A,. To see that ¢ is a I'-norm, notice that the corresponding
norm relation <* can be written as ¢ <* y <> Ja < p (v € Aua Ay ¢ Ao), a
p-union of A sets which is therefore in I'. A similar computation works for <*,
showing ¢ is a I- prewellorderlng on A. This shows that I' has the prewellorderlng
property since A is I'-complete and so every I set is a p-union of A sets. This is
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a contradiction since for pointclasses I'g closed under A, V we have the chain of
implications pwo(Ty) = Red(T'g) = Sep(I'p) and the separation property cannot
hold on both sides of a non-selfdual pointclass. O

2.3. Kechris’ Theorem. In this section, we shall prove Kechris’ theorem, an-
nounced in the 1980s, but not published. The proofs of our extensions of this
theorem in §§2.4 and build on this proof and will use definitions from this
section.

Theorem 9. Assume AD and let x be a weakly inaccessible Suslin cardinal. Then
for all 9 < wy we have (k, k+, kT+) = (5, kT, k+TH)7.

Throughout this section, x will be a weakly inaccessible Suslin cardinal (which
exists by Proposition B). Note that by Fact Bl it doesn’t matter whether we are
using the standard or the c.u.b. version of the partition property, and we shall
freely switch between them.

Partition property proofs under AD always follow the same lines as developed
by Tony Martin (cf. [Kec78l Lemma 11.1] and [Jac09, Theorem 2.3.4]): to show
k — & we must find a sufficiently good coding of the functions f: A — k. This
involves identifying a Lévy pointclass I' and a coding map ¢: w” — P(A X k) with
certain coding relations being in A. In this paper we shall use Martin’s method
directly, so the reader need not be familiar with these general results.

In our setting, I is the (Steel) pointclass forming the lowest level of the projective-
like hierarchy containing S(x). We have seen in §2.2] that this pointclass has the
required properties: S(k) = 3““T has the scale property. The pointclass T (possi-
bly T' = S(k)) is scaled, non-selfdual, closed under V" and finite intersections and
unions. We fixed a I'-complete set P and a regular I'-scale {¢y, }new on P which
allows boundedness arguments. In the following, P and ¢ will be used to code
ordinals less than k. Since we also want to code higher ordinals, we shall have to
come up with a means of coding for these (in §2.32).

By p, we denote the w-cofinal measure on x (which is an ultrafilter by Theorem
[M). We shall show that [@ — o], = 7 and that § := [a@ — otT], = .
The first claim can be proved directly (Lemma [4]), after which we shall show the
following auxiliary theorem:

Theorem 10. (k,x",8) — (k,k1,8)? for all ¥ < wy.

It follows immediately from Theorem [[0 that § — (§)? for all ¥ < w;. In
particular, ¢ is regular. By showing that kT < § < k™ (Claim [[T), we establish
that 6 = k¥, thus proving Theorem

2.3.1. Countable unions of <a-Suslin sets. An ordinal « < & is called g-strongly
reliable if for all 5 < «, we have sup{p,(2);n € w A po(z) < B} < a. Let
C C k be a c.u.b. set contained in the @-strongly reliable ordinals. Without loss of
generality, we may assume that C' is contained in the Suslin cardinals. The relation
R(z,y) > x,y € PAyo(z) < ¢p(y) is in T', and so admits a I'-scale & (with norms
into k). By boundedness, we may assume C has the property that for all a« € C
and 8 < «a, if R(z,y) and po(x) < @o(y) < B, then sup, on(z,y) < a. Let C,,
denote the elements of C' of cofinality w.

As in §22 for « € C,, let X denote the pointclass of countable unions of sets
which are in [J{S(5); 8 < a}. Thus, Scale(X§) holds. Define X7, IIY from 3§
as usual. Then Scale(TI{) holds, and X is the pointclass of a-Suslin sets. From
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the Coding Lemma and the Kunen-Martin Theorem [ it follows that a™ is the
supremum of the lengths of the X7 prewellorderings, and is the supremum of the
lengths of the ¢ well-founded relations. In particular, o is regular.

The pointclass X7 behaves sufficiently similar to E% to allow proving the follow-
ing result (by essentially the same argument as is used in the countable partition
property of Ny; cf. [Kec78, Theorem 11.2]):

Theorem 11. For all ¥ < wy, we have a™ — (a™)?.

Applying [Kle70, Theorem 2.1] again, we get that the w-cofinal normal measure
fio :=C¥, on a™ is an ultrafilter. We shall use this measure in Lemma [I8 and its
proof.

As we shall need to do arguments about « uniformly, we check in the next result
that the assignment of scales and universal sets is uniform:

Lemma 12. There is a function a — (A%, p%) which assigns to each o € C,, a
universal 35 set A% and a X7 scale p* = {p%tnew on A* with norms into «.
Furthermore, there is a function o — (B®, V) which assigns to such an a a
universal X7 set B* and a tree V* on w x a with B* = p[V®]. Finally, there
is a function o — (Qa,iﬁo‘) which assigns to such an o a universal II{ set and a
II{ -scale ¥ on Q.

Proof. For a € C,,, let R* = {{(z,y); z,y € P A po(z) < ¢o(y) < a}. From the
definition of C'; R™ can be written as an « union of sets each of which is <a-Suslin.
Thus, R* € 3. Since R“ is a prewellordering of length «, it cannot be <a-Suslin.
Define A* = {(7,2); In((7(2))n € R*)}, where we view every real T as a strategy
for player II in an integer game in some standard manner, and 7(z) is the result of
applying 7 to z. Clearly A* € 3. Moreover, since R* has Wadge degree at least
a, it follows easily that A% is X -universal. We define, uniformly in «, a tree U
with A% = p[U®]. Define (s, (ag,...,an)) € U% if and only if
(i) ap > max{ai,...,an}, and ap < a.
(i) a1 € w.
(iii) There is a (71,2) € w* extending s such that if (7(2))a, = (z,y), then
oi(z,y) = a0 for all i < n — 2 (& is the scale on R as above).

From the closure properties of C' it follows that A* = p[U®]. Then let {p%}
be the semi-scale derived from the Suslin representation U%, and let {p} be the
corresponding scale. Since each p& maps into «, so does p%, using property (i)
in the definition of U,. [In passing from the semi-scale to the scale we can take
p2(w) = |(p§(w), ..., p%(w))|<, where < is lexicographic ordering on the set of n+1
tuples satisfying (i).] To see that p® is a X-scale, it is enough to show that the
semi-scale {p%} is a Xf semi-scale, since 33 is closed under A, V. However, each
of the norm relations <, < corresponding to the norm p$ can be written as an «
union of <a-Suslin sets. For example, for < we have: z <{ w if and only if there
is a f < «a such that (U%[p), is ill-founded and (U%[8),, is well-founded. Since
U®[B and its complement are <a-Suslin (since « is a limit of Suslin cardinals), the
claim follows.

Define B* by B*((r, z)) if and only if there is a w such that for all n, we have
R*(1(z,w,n)). Since XY is closed under 3*° and countable unions and intersec-
tions, B* € X¥. Since R* has Wadge degree at least «, it is easy to check that B*
is universal for . The tree U* projecting to A easily gives a tree V¢ projecting
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to B® (as in the proof that Suslin representations are closed under 3 and W ).
Finally, we can define Q* by Q°(w) if and only if for all z, we have A*({w, z)), and
use periodicity to transfer the 37 scale on A% to a II scale on Q. O

2.3.2. Coding of ordinals below k, k* and §. The coding of elements of k is com-
pletely standard: A real x will code an ordinal below & if and only if x € P. In this
case, x codes the ordinal |z| = @g(z). We let Py = P be the set of codes of ordinals
below k.

In order to code ordinals less than x™, we need a tree 7" on w x x which we
shall use in our coding of the ordinals. For the definition of 7T, we need a number
of auxiliary objects: W, Ty, and U.

Let W = {w € w¥;V¥n (w), € P}. Define the norm ¢ on W by ¢(w) =
sup{wo((w),); n € w}. It is easy to see that ¢ is a I'-norm on the set W € I". If
we define a tree T on w X £ by (s, (ag,...,an)) € Ty if and only if there is a w
extending s such that

w € W and for all ¢ < n, we have (p;,(w);,) = o),

then p[T] = W. For a € C with cf(a) = w we also have that p[Tz[a] = W, :
{weW; P(w) < a}.

Furthermore, we define a tree U on (w)* X kX k as follows (we recycle the notation
here; U has nothing to do with the trees U® above). As a motivation, it is helpful
to think of the first two coordinates of U in the definition that follows as defining
reals z,y with x € W and y defining a Elf(m) relation via the universal set B¥(*)

from Lemma [I21 Define (s,t,u,v,&,3) € U if and only if there are x,y, z,w € w*
extending s, t, u, v such that:

4

(i) z codes the reals zg, 21,. .., w codes wg, w1, ..., and for each i,n € w the
subsequence v; = a; , jy of the a satisfies the following. View y as coding
a Lipschitz integer strategy for player II, and set r; = (y((z;, zi+1)), ;).
Let b = (7;)n. Then (b,7) € [T5], where Tj is the tree of the scale & on R.

(ii) For each i,n € w we have (using the notation immediately above) if §; =
Blin,j), then dp € w and (((b)1,5,),0") € [T5], where &' = (81,02, ...).

Let us explain the idea behind the definition of U: the objects w, @, E are
attempting to witness that the zg, 21, ... form a decreasing sequence in the qu(m)
relation coded by y, as in the proof of the Kunen-Martin Theorem [l The relation
coded by y is the set of (¢,d) such that there is a w such that for all n, we have
(y({c,d)),w), = (e, f) € R¥® (where R is as in the proof of Lemma [[2)). The
ordinals  witness that the various f reals satisfy ©o(f) < @o((2)n) for some n,
and so (e, f) € RY®),

Lemma 13. Suppose that x € W, ¢(z) € C, and y codes a well-founded relation
A in 2111}(1). Then Uy, is well-founded. Furthermore, |Uy 1 (x)| > |Al.

-,

Proof. If (z,w,&,B) € [Uy,|, then for each i, A(z;,ziy1), where A is the Ezf(x)
relation coded by y: A(c,d) if and only if there is a w such that for all n, we have
(e, d)),w)n = (e, f) € R¥@). The [ witness that the various (e, f) are in R¥(®),
So, as in the Kunen-Martin Theorem [ this produces an infinite decreasing chain
through A, a contradiction.

For any ¢, d such that A(c, d), we can find a w such that for all n, if (y({c, d)), w),
= (e, f), then sup; o;(e, f) < ¢ (z) and sup, o;(f,rx) < ¢ (x) for any k such that
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wo(zr) > @o(f). This follows from the closure properties of C' and the fact that
¥ (z) € C. The proof of the Kunen-Martin Theorem [ then shows that U, , [¢(z)
has rank at least |A|. O

We note that it is important for the following argument that for z,y as in
the statement of Lemma [[3 that the entire tree U, , is well-founded (not just

Finally, we can now define the tree TF on (w)? x k x (w)* x k x Kk such that
(a,b,7,s,t,u,v,d ) € TT if and only if (b,5) € Ty, (s,t,u,v,d,3) € U, and there
are o, r, x, y extending a, b, s, t, respectively, such that o(r) = (z,y). We may
identify T with a tree on w x & by identifying the last coordinates with a single
coordinate (i.e., taking a reasonable bijection between w x k x (w)* x £ x k and k).
We furthermore fix a reasonable bijection between x and x<“. We assume (without
loss of generality) that our c.u.b. set C' is closed under both of these bijections.

4

Coding ordinals below k*. A code for an ordinal below x* will be a pair (z,0)
where x € P and thus codes an ordinal |z| = ¢o(z) below x, and o € w* such that
T+ is well-founded. Using our bijection between x and x<%, we can ask for the
rank of an ordinal £ < r in the tree T, ; we write [T,/ (£)| for this. Given a pair
(x,0), we now consider the map f: k — r defined by a + |(T.f [a)(|x])]. Using the
w-cofinal normal measure p := C¢ on k, we now define |(z,0)| := [f],. We let P,
be the set of codes of ordinals below x*. The next lemma shows that this works.

Lemma 14. {|(z,0)|; (z,0) € Pi} = rkt. Also, kT = [a — a™],.

Proof. Suppose (z,0) € Py, and let f = f, , be given by f(a) = |T. [a(|z])] for
all @ > |z[. If g: K — & is such that Vi a g(a) < f(a), then Vo 38 < a g(a) =
|TF1a(B)]. By normality of u we may fix 3 < k, and fix ' € Py coding 3, such
that Via g(a) = [(T,Fla)(|2'])|. So, [g], = |(2’,0)|. So, the ordinals coded by
P, form an initial segment of the ordinals. This argument also shows that there
is a map from k = [a — o], onto |(z,0)], namely 8 — [a — [T, [a(B)]],. So,
{l(z,0)]; (w,0) € P} < w7

If < is a wellorder of x, let f< be given by f-(a) = |[<[a] < aT. If |<] = |</],
then there is a c.u.b. subset of £ on which f and f/ agree. Also, if |<| < |</|,
then there is a c.u.b. set on which f<(a) < f</(«). This gives an order-preserving
map from £ into (o — a™],. So, [a— a™], > k™.
Suppose v = [f],, where f(a) < a™ for all & < k. Consider the following game
Gf:

Player I r(0) r(1) r(2)
Player 1T x(0) x(1) x(2)
y(0) y(1) y(2)

where player I plays out a real » € w“ and player II plays out reals z, y. We
interpret the real r as coding countably many reals {(r);; ¢ € w} and z as coding
{(z)i; i € w}. Let i be least, if it exists, such that (r); ¢ Py or (z); ¢ Pp. Player I
loses if r; ¢ Py. Assume then that (r);, (z); € Py for all i. Thus, x € W. Recall
Y(x) = sup, |(z);|. Player II then wins if and only if ¢(x) > ¢(r) and y codes a
211/;(1) well-founded relation A, of rank > f(¢(x)).

Player I cannot have a winning strategy o, for suppose o were winning for
player I. Note that {(r)o; r € o[w” x w*]} C Py. By boundedness, let ap € C be
such that ag > sup{|(r)o|; r € o[w¥ x w*]}. Fix a real o € Py with |z¢| = ap.
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Note then that {ri; r € o[{(x,vy); ()0 = zo} C Py. By boundedness, fix a3 > ap
in C with oy > sup{|(r)1|; 7 € o[{(x,y); (x)o = zo}. Continuing, we define «; and
x; for all i. Let x € w® be the real with (x); = x; for all i. Let o = sup; ;. Clearly,
a € C. By the coding lemma, there is a X7 well-founded relation, say coded by
the real y, of length greater than f(a). If player II plays x and y, then player 1T
defeats o, a contradiction.

Now let o be a winning strategy for player II in G¢. First note that T, is well-
founded, for a branch (r,¥,z,y, z, w, &, E) € [TF] would give r € W (witnessed by
7) and so x € W and ¢(x) > ¢(r) as o(r) = (z,y) and o is winning for player II.
Also, y codes a 211/}(1) well-founded relation A, of rank at least f(¢(z)). z would
however give a decreasing chain in A,, a contradiction. Next note that there is a
cub. D C k such for all @« € D and r € W with ¢(r) = «, if o(r) = (z,y), then
P(x) = 1(r). This follows by a boundedness argument similar to the above. We
may assume D C C. For a € D with cf(a) = w, let r € W with ¥(r) = a. If
o(r) = (z,y), then w € W and ¢(z) = ¥(r) = . Thus, y codes a X7 well-founded
relation A, of rank at least f(«). From Lemma [I3]it follows that |7, [a| > f(«).
So, [fly < [ — [T lef],. Tt follows that for some z € P that [f], = |(z,0)|. So,
[a— o], <{|(z,0)|; (z,0) € P} <kT. O

Coding ordinals below §. We use a variation 77T of the tree T+ above. The
tree T will be defined exactly as T except we use a tree U’ in place of U. In
order to define U’, we need an auxiliary tree V3. In Lemma [I6 we shall construct
a tree V which is then refined to V5 in Lemma [I7]

First, recall from Lemma [T2] that there is a function a — (Q®, z/_;‘)‘), for a € C,,,
where Q® is a universal II® set, and ¢ is a (regular) II%-scale on Q®. Note that
the norms ¥ map into o™, since at is the supremum of the lengths of the X¢
well-founded relations.

We need the following technical lemma.

Lemma 15. There is a continuous function c: w* X w* — w* such that for all
r €W, B>y(x), and y € w® we have that c(z,y) € QP if and only if there is no
z such that for all n, we have B¥®) ({y, (2p, 2n41))). Here, B¥®) and QP are as in
Lemma 12

Proof. Let E(x,y) if and only if there is no z such that for all i, we have B¥®) ({y, (z;,
zi+1))). Then:

E(z,y) < 3z Vi Jw Yn RY@ (y((z, zip1), w,n))

& =3u ¥Ym RY®) (Y({(%0)mg s (©0)mo+1)s (U1)mg> 1))
<~ _EI('U:, U> Ym (R(a7 b) A R(bv xv(m)))v

where

a= a’(ya u’m) = (y(<(u0)mo’ (UO)mO+1>7 (ul)mo’ml))oa

b(y7 u, m) = (y(<(u0)mo> (uo)mo+1>7 (ul)mov ml))l'

S8
Il
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Here we use the fact that (for all j) R(a,b)AR(b, z;) holds if and only if R¥(®) (a, b)A
RY@) (b, x;) if and only if R®(a,b) A R®(b, ;). We therefore have

E(xa y) < dt = <u7 U> vm (Rﬁ(av b) A Rﬁ(ba xv(m)))
=3t Vm R%(co(z,y)(c1(z,y), t,m))
< QP (c(x,y)),

where c(z,y) = (co(x,y), c1(z,y)) and ¢y, ¢ are continuous functions such that
co(x,y) is a strategy for player II satisfying co(x,y)(c1(z,y),t,m) = (a(y,u, F),
b(y,u,2)) if m is even and co(z,y)(c1(z,y),t,m) = (b(y,u, Z5L), Ty(m)) if m is
odd. We may take ¢;(z,y) = (z,y), and then easily get a continuous ¢y satisfying
this equation. ([

Lemma 16. There is a tree V on w X w X k X k such that (z,y) € p[V] if and
only if t € W and y codes a Elf(m) well-founded relation. Furthermore, if v € W,
Y(x) € C, and y codes a well-founded 211/;(@ relation, then there is a B < ¥ (z)™
such that V1B is ill-founded. In fact, for any o € C with cf(o) = w, and any
A € XY consisting of pairs (x,y) such that x € W, ¥(x) < «, and y codes a
well-founded Elf(x) relation, there is a B < o™ such that A C p[V|f].

-,

Proof. Define (s,t,d, ) € V if and only if
(i) Bo € C and By > max{@, }.

(i) (s,@) € Tp.

(i) There are z, y extending s, ¢ such that 3; = wiﬁo (c(z,y)) for 1 <i < Ih(s),
where {17} is the scale on Q% from Lemma [ and ¢ is the continuous
function of Lemma

It is clear that V has the desired properties from Lemmal[l5l For the last property

claimed, we use the fact that {¢)f} is a II{-scale, and so every X subset of Q% is
bounded in these norms. d

The next lemma is a small variation of the previous one, allowing y to code
countably many well-founded relations instead of just one.

Lemma 17. There is a tree Vo on w X w X k X & such that (z,y) € p[V] if and only
if © € W and for all n, (y), codes a Eif(w) well-founded relation. Furthermore, for
each o € C with cf(a) = w there is a c.u.b. D C b such that for all v € D, all
r € W with ¢(x) < a, and all y such that for all n, |U, (), la| <, we have that
(V2)ay v is dll-founded.

Proof. The tree V, is constructed as V' except that in (iii) we require that 5; =
wio(c(x, (¥)i,)). Given a € C with cf(a) = w, define D C at as follows. For
B < at,let Bag = {(z,9);2 € WAY() < aAVn Uy, lal < YA Since
AT is closed under <at unions and intersections (by Theorem [)), it follows that
Bop € AY. Let g(a, 8) = sup{¢2(c(z,y)); (z,y) € Bap} < @t by boundedness,
as in Lemmal[l6l Let D be the c.u.b. sets of points below a™ which are closed under
g. (I

5Using the set B} g =1{@y); 2 € WAY(x) <aAVn (y)n codes a X7 well-founded relation

of length < 8} might seem more natural, but it is not clear that this definies a 3¢ set.
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We define (s,t,u,d,f,v,a,b,7, S’) € U’ if and only if there are =, 7,w,y, z,w
extending s,t,u, v, a, b, respectively, such that

(i) (s,u,d,5) € Va.
(i) r(w) —y.
(iii) (s,v,a,b,7,6) € U. Here U is as in Lemma [I3
3 .2

3 2

We now define the tree T7F on w? x k x w? x & X k* consisting of tuples
(c,d, 7, s,t,u,d, g,v,a,b, 5, 5) such that there are o,r, x,7 extending c,d, s,t such
that:

(i) o(r) = (z,7).
(i) (d,7) € T2
(i) (s,t,u, @ ,B,v,a,b,7,0) €U

Let us explain the definition of T7+: The first coordinate of the tree T+ pro-
duces a strategy o. We intend for o to be a strategy such that when player I
plays r € W, then o(r) = (x,7), where x € W and #(x) > %(r). The object 7
is also a strategy which we intend to do the following. If player I plays a w such

X w

that for all n, (w), codes a Ew(z) well-founded relation (so w codes the ordinal
sup,, {|Uz, (w),, [¥()[}), then 7(w) = y codes a well-founded relation in Elf(x). Fi-
nally, Tt attempts to produce an infinite decreasing chain in the relation coded
by y, as in the Kunen-Martin Theorem H

For the following result, remember that p,, is the w-cofinal measure on o™ which
exists by Theorem [}

Lemma 18. For all a € C,,, we have j, (a®)=atT.

Proof. The proof follows by a Kunen tree argument, as in the proof for the odd
projective ordinals. It is also a special case of the argument given below. Briefly,
define the tree K on w? x a® x w? x o2 by: (s,t,d’,u,v,w,g, ¥) € K if and only
if there are 7, w, and y extending s,¢,u such that 7(w) = y, (t,&) € V, and
(t, u, v, w, B, %) € U. Here V is a tree such that p[V] is the set of w such that for all
n, (w), codes a X{ well-founded relation, and there is a c.u.b. D C a™ such that
for all B € D there is a w € p[V[f] such that for all n, (w), has rank |(w),| < 8
and sup, | ()| = 58

If F: ot — o, consider the game where player I plays out w, player II plays out
y, and player 1T wins if and only if whenever for all n, (w),, codes a 37 well-founded
relation. Then y codes a XY well-founded relation of length > f(|w|), where |w| is
the supremum of the lengths of the relations coded by the (w),,. By boundedness,
player IT has a winning strategy o for the game. For any § € D with cf(8) = w we
have f(8) < |V, 1B|. This shows [f],. < a™, and so j,.(a™) < a*™. The lower
bound follows from the embedding argument given earlier (the second paragraph
of the proof of Lemma [I4]). O

Claim 19. [a— ot ], <k

6Take any « € W with ¢(z) = a and use the section V = (V3),. Note that there is a c.u.b.
E C ot such that for 8 € E and any v < B, there is a w such that |Ug,wla| < 8. So the
distinction of footnote [0 is irrelevant here.
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Proof. Fix f: k — r such that for all a, f(a) < att. Consider the game Gy
defined as follows:

Player I (0) r(1) r(2)

Player II x(0) x(1) x(2)

7(0) (1) 7(2)

If there is a least ¢ such that (r); or (z); is not in Py, then player I wins if and only
if (r); € Py. Suppose then that r,z € W, that is, for all n, (r), € Py A (2), € Pp.
Let oo = () = sup,, ¢o((x),). Then player II wins provided 7 is a strategy with
the following properties. There is a g: at — o™ such that if for all n, (w), codes
a X7 well-founded relation, then 7(w) codes a X7 well-founded relation of length
> (5P, U, T}, and also [gl,, > £(a).

The usual boundedness argument and Lemma (and its proof) show that
player I cannot have a winning strategy for Gy. Let o be a winning strategy for
player IT in G¢. Inspecting the definition of T+ shows that T, is well-founded.
There is a c.u.b. Co C C such that if player I plays r € W with ¢(r) = a € Cy,
then o(r) = (z,7), where x € W and ¢(z) = a. Let o € C with cf(a) = w. Fix
r € W with ¢(x) = a, and let o(r) = (z, 7). Then by Lemma [[l and the comment
in footnote [ there is a c.u.b. D C o™ such that for 8 € D with ¢f(8) = w, there
is a w such that for all n, |U, (), [a| < 8 and we also have sup,, |U, (), [a| = 8
and (V2)g. 10 is ill-founded. Also, for such a 8 and w, 7(w) = y codes a X7 well-
founded relation of length > g(8), where [g],., > f(a). It follows that for such an
o that (8 > TS 1], > f(a).

From the normality of the measures p, it follows that if [f’],, < [f],, then there
is a function h such that h(a) < at and f/(a) = [8 — T, T [B(h(«))| for almost all
«. This shows that [f], is a well-ordering of [ — o], = k™. So, [f], < kTT. So,
[ = att], <kt O

Let § = [@ — at™],. We have shown § < x**. The lower bound will follow
from the fact that § is regular, which follows from the partition property § — (5)”
for ¥ < wy, which follows from the polarized partition property we show below.

We are finally in the position to code ordinals below §. Such a code is a triple of
the form (z,01,02), where x € Py, T} is well-founded, and T;" is well-founded.
Let P, be the set of codes for ordinals below 4.

Since (z,01) € Py, it determines a function h with h(a) < a™ almost everywhere.
The triple then codes the ordinal [f],, where f(a) = [8 — |T,.T [8(h(a))|]u.-

Lemma 20. Every ordinal below & is coded by a triple in Ps.
Proof. This is clear from the proof of Claim 0

2.3.3. Proof of Theorem[IQ. Let P be a partition of the block functions from 3 x w-1
to (k,k™,0). Fix a bijection 7: w9 — w. Let <, be the corresponding well-ordering
of w. An ordinal j < w - ¥ can be identified with a pair j = (¢,n), where i < ¢ and
n < w, using lexicographic ordering on the pairs. We shall frequently pass back
and forth from this identification.

Consider the following game G, where player I plays out a real (z,y,z), and
player II plays out the real (z’,%/, 2). If there is a j < w - ¥ such that (z).;) & Po
or (z')xjy ¢ Fo, then player I wins if and only if for the least such j we have
that (z)r;) € Po. Suppose then that for all j < w -9, (2)x(;) and (2')r(;) are

)
in Py. In this case, x and z’ each determine a function from w - ¥ to k, viz.
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F.(j) :== |(x)x(j)| and Fu := [(2')(;)|, respectively. So, together they produce a
function F = F, . : ¥ — & given by F(i) = sup,, max{Fy(i,n), Fy (i,n)}.
Suppose next that there is an o < x such that one of the following holds.

(a) Thereis a j < w -4 such that either T(Z)w) [ or T(J;,)W) [a is ill-founded.

(b) Thereis a 8 < at and a j < w -9 such that either T(J;)Jr(‘) [8 or Tjg . [
-y -y
is ill-founded.

Let oo < k be least such that (a) or (b) above holds. If (a) holds, let j be least

such that (a) holds for « and this j. In this case, player I wins provided T, (‘Z Vi) is

well-founded. If (a) does not hold at «, but (b) does, let (8, j) be lexicographically
least such that (b) holds. Player I wins in this case provided T(J; )t o [G is well-
founded. '

Suppose finally that neither (a) nor (b) hold for all @ < x. Then each of y, 3/
determine a block function from (w-¥) x  to k. Namely, for a« € C' and j < w1, let
Gy = |T(Z)ﬂ(j) la|. Likewise, y" determines the block function g,,. Together, they de-
termine the block function g: ¥ x &k — & by g(«, i) = sup,, max{g,(a, j), gy (a, j)},
where j = (i,n). Finally, g determines a function G = G, : ¥ — ¥ by G(i) =
[a = g(o, )], o

In a similar fashion, each of z, 2’ determine block functions h,, h,,. For a € C,
B<at,and j<w-¥,let h(a,B3,5) = \T(Jg)tm [8|. Similarly define h... Together
they determine a block function h defined by: for a € C, 8 < a™, and i < 9,
let h(a,B,i) = sup, max{h.(a,B,7),h./(a,3,5)}, where j = (i,n). Finally, h
determines a function H = H, ./: ¥ — § given by H (i) = [ = [8 = h(a, 5,9)] .-

Finally in this case we say Player II wins the run of the game if and only if
P(F,G, H) = 1.

Suppose without loss of generality that Player II has a winning strategy 7 (the
case where player I has a winning strategy is slightly easier). We define first a c.u.b.
set Cyp C k. For each n < k and j < w -9, let

Ap g ={(2,9,2); V5" < J ((@)r(5r) € Po Apo((@)r(jry) < M)}
Clearly A, ; € A (recall T is the Steel pointclass of Wadge rank ). Since 7 is
winning for Player II, if (z,y,2) € A, , and 7(z,y,2) = (2/,y,2), then for all
J' < j, we have ((z') ;) € Po) and by boundedness
po(1,5) = sup{eo((2')x(in) s (@' 4 7)) € T[Ay ] A J" < 5} < k.
Let Cyp C C be c.u.b. and closed under pg.
We next define a c.u.b. C; C k™. For a € Cy with cf(a) = w, n < a™, and
j<w- 1, let
AO(JLJ' :{(Ivy’ Z) ; v] ((I)ﬂ'(]) € Py A @O((I)w(j)) < a)
AV <a VB < (o) Vi (T, laand T,"

@)e sy . [ are well-founded)
NV (|T(J;)W(j,> lal <n)}.

Since 7 is winning for player 11, if (z,y,2) € Aqa; and 7(z,y, 2) = (2/, v/, 2’), then
' € W and @o((2')x(;)) < c for all j. Furthermore, since Aq ,,; € AT, we have by
boundedness that

pr(an, ) =sup{I T, Tals § <G A G0 2) € T[Aun ]} < o)
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Construct (uniformly in «) sets D* C ot which are c.u.b. and closed under (7, j) —
p1(a,n, 7). Let By C x* be the set of [f], such that Via f(a) € D*. Let Fy C s
be the set of limit points of ordinals of the form [« — [T, [a],,, where T is well-
founded. Fj is c.u.b. in k% from Lemma [[4l Clearly E; is also c.u.b. in k7. Let
Cy=FE| NFk.

Finally, we define a c.u.b. Cy C §. For a € Cp with cf(a) = w, 8,7 < o™, and
j<w-9,let

Ao png ={(@,9,2); Vi (#)x() € Po A o((@)x(s)) < @)

AV < a VB < ()T Vj (T(Z)w) lov and T(Jg)t(j) I3 are well-founded)

AYGITE, Tl < BAYEG') <iex (B8.9) (TS 181 <)}

We have A, g,,; € AT. Since 7 is winning for Player II, for each (z,y, 2) € Aa g,5,5
if 7(z,y,x) = («/,y,72"), then V(8',75") <iex (8,7) T("z',")' o [ is well-founded. By
boundedness,

pala, B,0,9) = sw{|TES16]5 (o, 2') € TlAapng) AT < G} <t

Let E“ be a c.u.b. subset of a™ closed under py. Let ES C a™t be the c.u.b. set
of all [f],., where ran(f) C E“. Let E; C ¢ be the c.u.b. set of all [g],, where
g(a) € ES for a < K. FEs is caub. in ¢ from the definition of §. Let Fy be the
c.u.b. subset of § consisting of limits of points of the form [a — [8 — T T 18], ],
where TF* is well-founded. From Claim [[Q F is c.u.b. in §. Let Cy = E5 N Fy.

Let C{, be the set of limit points of Cp, and likewise for C], C4. To finish, we
show the following.

Claim 21. (C{,C1,C%) is homogeneous for P.

Proof. Suppose (F,G, H) is a block function from 3 x ¢ into (C{, C},C%) of the
correct type (since ¥ is countable, this just means that F', G, H are increasing,
discontinuous, and have range in points of cofinality w).

Let F: w-19 — k be increasing and induce F, that is, F(i) = SUD; <o (i+1) F(j)
for all i < 9. Let » € w“ be such that for all j < w -4, (¥)r;) € P and
eo((@)r(s)) = F(4)- )

Let G: w-9 — xT be increasing and induce G, that is, G(i) = sup;,.(i+1) G(J)
for all i < 9. We may assume G has range in C;. Since C; C F, for each j < w - ¢
we may get a y; € w (using countable choice) such that T;; is well-founded and
G(j) =[ar T, Tal],- Let y € w* be such that for all j < w9 we have (y)x(;) = ;-

Let H: w -9 — § be increasing and induce H. We may assume H has range
in Cy. Since Cy C Fy, for each j < w - ¥ there is a z; € w* such that TZ“]‘_'*‘ is
well-founded and H(j) = [a > [8 | T 18] pa] - Let 2 € w® be such that for all
J <w-9 we have (2)r(;) = zj.

Let (2',y',2") = 7(x,y, z). Recall that we identify w -9 with lexicographic order
on pairs (i,n) where i < ¥ and n € w. Since x € W and 7 is winning for Player II,
it follows that 2’ € W as well. Let F,: w -1 — & be the function determined by
', that is, Fir(j) = |(2')x(j)|- Since ran(F,) C Co, it follows from the definition of
Co that F/(i,n) < F.(i,n+1) < F(i) for all i < 9. So, for each i < ¥ we have
sup,, max{F,(i,n), Fy (i,n)} = F(i). Thus the function F, ., jointly produced by
z and ' is equal to F.
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Consider next y and 3’. For all j < w -9 we have that T(‘Z) . and T(:;'(_) are

well-founded. Let ag = sup; g F(i) = sup; .9 F(j). Let g, be the block function
determined by y. That is, for & € Cp and j < w - 9, gy(a, j) = |T('g)m) laf. For
p almost all a the function gy (j) = g,(a, j) is increasing. Let gy be the function
induced by gy, that is, g (i) = sup,, g; (j), where j = (i,n). For y almost all a, gy
has range in the limit points of D* (as defined above in the construction of C).
Say M7 C Cj is this measure one set. Consider any o € M7 with @ > «g. Then
for any j < w -9 we have that (v,y,2) € Aa,y,;, where n = gg'(j) < gy (i) (where

again j = (i,n)). It follows from the definition of D that |T(‘;,) o la| < gg(i) as

well. So, if gy, is the function determined by y (ie., gy (J) = \T(J;,)W(j) la]), then gy,
and gy both induce the function g. It follows that the function G,/ they jointly
produce is equal to G.

Consider finally z and 2. For a € My, B < o™, and j < w9, let h¥(B,5) =

|T (J; )+ o [B|. Since H is increasing and induces H, it follows from the definition of

z that if j* < j, then Vo' V}, 3 he(B,5") < h%(B,7). This implies that there is a u
measure one set M4 C M; such that for « € M) there is a c.u.b. C C a™ which is
closed under A% and such that the map (8,7) — h%(8,j) is order-preserving when
restricted to pairs with g € C, c¢f(8) = w. Also, from the definition of Fy there is
a p measure one set Mo C MY such that for o € My we have that there is a c.u.b.
C C ot such that for g € C with c¢f(8) = w we have in addition that for all ¢ < o
that sup,, h¢(8,j) € ES, where j = (i,n).

Now consider o € My with a > ag (ag as above). Fix a cu.b. C C ot as
with the two properties specified immediately above. Let 8 € C with cf(8) = w
and 3 > supgy(j). For such a 3, if j < w -9 and n = hZ(B,j), then from the
definition of A, g, ; we see that (z,y,2) € Aa gy, ;. From the definition of E it
follows that h$ (8,75) < sup hg(p5,7’), where j = (i,n), and the supremum ranges
over j' = (i,n’). It follows that the function H,., induces the function H, that is,
H = H, /. Since 7 is winning for Player II, we have that P(F,G,H) = 1 and we
are done. q.e.d. (Claim )

We have proved the claim, and this finishes the proof of Theorem (and thus
the proof of Theorem [d)).

2.4. A polarized partition property with higher exponents. We now im-
prove Theorem [ from countable exponents to arbitrary exponents ¥ < . The
setup is the same as in the proof of Theorem we have the (Steel) pointclass
T' C S(k) forming the lowest level of the projective-like hierarchy containing S(x)
which is scaled, non-selfdual, closed under ¥*“ and finite intersections and unions,
and let A =TNT.

Theorem 22. Assume AD. Let k be a weakly inaccessible Suslin cardinal. Then
for all ¥ < k we have (k, kT, kT+) = (k, kT, KHTT)V.

Proof. We fix ¥ < k, and fix a prewellordering < € A of length w - 9. We shall use
the coding lemma to code functions from w - ¥ to k. We again identify the ordinals
below w - ¥ with the pairs (i,n) ordered lexicographically, where i < ¥ and n < w.
We shall also use the trees T and 77T from the proof of Theorem
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Fix a pointclass Ty € A which is non-selfdual, is closed under 3*, has the
prewellordering property, and contains the prewellordering <. Fix a I'p-universal
set U. Without loss of generality we may assume dom (=) = w®. Let |a| denote the
rank of @ € w¥ in <. For x € w¥, we say = codes a function at j < w -9 provided

(i) Ya (Ja] =j — 3 U(x,a,b));
(ii) Va,d’, 0, (U(xz,a,b) NU(x,a’, V') Ala| = |a'| =j — (b, € Py Apo(b) =
eo(b')).
We say « codes a function from w -9 to & (or just say = codes a function) if z codes
a function at j for all j < w - 9.

Recall that if S is a tree, we write S(y) to denote the subtree of S consist-
ing of points in S below v (we are identifying ordinals with finite tuples here for
convenience).

Now fix a partition P of the block functions from 3 x 9 to (%, x™, s 1). Consider
the game G where player I plays out the real (z,y,u, z,v,w) and player II plays
out the real (z/,y’, v, 2’,v',w’). Suppose first that there is a least j < w - ¥+ such
that = or 2’ does not code a function at j. In this case, player II wins if and only if
z does not code a function at j. Suppose next that both z and z’ code functions.
If there is a least j such that y or 3’ does not code a function at j, player II again
wins if and only if y does not code a function at j. Likewise, if all of z,y, ',y
code functions and there is a least j such that z or 2’ doesn’t code a function at j,
player II wins if and only if z doesn’t code a function at j.

Suppose next that z,y, z,2’,y/, 2 all code functions from w-1 to k. We let fy, f,.
etc. denote these functions. Let a € C,, be the least ordinal, if it exists, such that
one of the following holds.

(a) There is a j < w -9 such that either T;f [a(f,(§)) or T5Ta(fy (4)) is ill-
founded. - -

(b) There is a j < w - ¥ such that either T, [a(f.(j)) or T\ la(f(4)) is ill-
founded. ~

(c) Thereis a 8 < at and a j < w -9 such that either To/ " [B(|T,} [e(f. (7))
or THH BT Te( for (4))]) is ill-founded.

Suppose first that such an « exists. If (a) holds, let j be least such that either
THa(f,(§)) or Th1a(f,(j)) is ill-founded. Player II then wins if and only if
TH1a(f,(4)) is ill-founded. If (a) does not hold, but (b) holds, then let j be least
such that either T, [a(f.(j)) or T o f.s(j)) is ill-founded. Player II then wins if
and only if T;f [a(f.(j)) is ill-founded. If (a) and (b) do not hold but (c) holds,
then let (8, j) be the lexicographically least pair witnessing (c). Player II then wins
if and only if TF+[8(T; [a(f.(4))) is ill-founded.

Finally, if no such « exists, then let F' = F} ,» be the function jointly produced
by f. and f,. That is, F(i) = sup,, max{f.(i,n), fo(i,n)} for all i < 9.

Let gy.. be the block function defined as follows. For o € C,, and j < w - 9, let
Gy, j) = T 1a(fy(5))]- Likewise define g, .+ using y’ and u'. Let G, be the
function from w -9 to kT represented by gy .. That is, Gy . (j) = [a = Gy.u(a,5)],-
Likewise define G .. Finally, let G = Gy w: 9 — kT be the function they
jointly produce: G(i) = sup,, max{Gy (i, 1), Gy ' (i,n)}.

Let }_Lz7v7w be the block function defined as follows. For a € C,, 8 < o™,
and j < w9, let hy (e, B,5) = |THIB(|T 1a(f.(5))])|- Notice we may write
this as . w(, B,7) = T 18(gsw(a, 7))|. Similarly define h,/ ., using 2/, v/,
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w’. Let FIZ7U7w: w-19 — k7T be the function represented by Bzm,w That is,
H.vw(j) = la= B heww(a, B )]ualp Let H= H. 2w w0 — kTt be
the function they jointly produce: H (i) = sup, max{H, , (i,1), Hy v w (i,n)}.

Player II then wins the run of the game G provided P(F,G,H) = 1.

Suppose without loss of generality that player II has a winning strategy 7 for G.
We define c.u.b. sets Cj), C1, C% in k, kT, k1 respectively which are homogeneous
for P. The argument is similar to that of Theorem [0 so we shall concentrate on
the differences.

We first define Cy (C) will be the set of limit points of Cy). For each n < x and
j<w-9,let

Ay =A{c=(z,y,u,z,v,w); Vj' < j (x codes a function at j' A f,(j') <n)}.
Clearly A, ; € A. Since 7 is winning for player II, if ¢ € A, ;, and 7(c) =
(' ¢, 2,0 w'), then for all 7/ < j, f,r codes a function at j’. By bounded-
ness,

p(n,5) = sup{for (j') s (2',y' ', 2 0') € T[Ay 5] A G < G} <k
Let Cy C C be c.u.b. and closed under f.

We next define Cy. For n < &, n € Cy, with cf(n) > ¢ (for convenience), a € C,,
a>n,j<w-9 and § < aT, let

A'r/,a,j,é :{C = <:E>y7u7 Z7’U> y L, Y, 2 COde flll’lCtiOl’lS A (Vj fm(])7 fy(])u fz(]) S 7])
AY(d, ) Stex (o, 4) T3 10/ (fy (5)) < 6
AV < a VB < ()T V) <w-,
T8/ (|TF 1/ (f.(5")]) is well-founded}.
Let ¢ = (2, ¢/, v/, 2,0, w') = 7(c), where ¢ = (z,y,u, z,v,w) € A, o ;5. From
the second and third conjuncts in the above definition it follows that the least o/
such that (a), (b), or (c¢) holds for ¢, ¢’ is at least . Furthermore, the second con-

junct gives that (a) does not hold at « for all j” < j. It follows that 7./, [a/(f, ()
is well-founded for all (o, j') <jex (e, 7). For n, a, j, § as above, define

p1(n, @, 4,8) = sup{Ty la(fy (') ; ' <FAC = (2 y ', 2/, 0) € T[Ay 048]}
Claim 23. p1(n,a,j,0) < a™.

Proof. We define a X7 well-founded relation of length at least p;(n, a, j,6). Since
3¢ = S(«), it then follows that p1(n,,j,d) < a™. In defining this relation we
again for convenience think of the elements of T as ordinals rather than tuples of
ordinals. Define a relation S by letting

(bu,s)SW,u',s") > b=bANu=u'A3ce A, ;s Ty 3j' <jIa
[T =yAT(c)2 =uAla| =5 ANU(y,a,b) A (b€ Py Awo(b) <n)As,s' € Py
A po(s),po(s') <N (po(s) <piiq Po(8) <gt 1 P0(0))],

where <g.+,, refers to the Kleene-Brouwer ordering on the tree T,/ la. From the
above remarks we have that S is well-founded. From the coding lemma, T [«
is 37 in the codes (relative to Pyla). Also, Ay s € AT using the closure of
AY under <ot unions and intersections (for the last conjunct in the definition
of A, a6 note that if well-founded |T,5 718" (|T." 1o/ (f.(5"))])| must have rank less

than (/)% < a). Since also 1 < «, it follows that S € XY, and we are done. O
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We let C% be the set of ordinals below a*t closed under the p; function. Let
C1 C kT be the set of [G],, where G(a) € Cf for p almost all a.

The definition of Cy is similar to that of C;. For n < k, n € Cy, with cf(n) > 9,
a€Cha>nj<w-U, and 8,6 < a™, let

Apajps ={c=(x,y,u,z,v,w); x,y, z code functions A(Vj fz(j),fy(j),fz(j)ﬁn)
AV < a Vi <w 9 [T, 1o/ (f,(5)] < 6
AV < a V' <w- 9 T e/ (f.(5") <6
AV < aVp < ()T V) <w-9,
T8 (|7 1! (f.(5")]) is well-founded
AY(B'5") Siex (B:9) 1T 18" (1T T £ (5] < 63

It again follows that A, . ;s € AY. Suppose ¢(z/,y/, v/, 2", v, v') = 7(c),
where ¢ = (z,y,u, 2,v,w) € A, o, 8,6 Since x,y, z all define functions taking values
below 7, and since n € Cy it follows that .y, 2" also all code functions below 7
(for ¢/, 2’ we also use that cf(n) > ¥ so that sup(f,), sup(f.) are also below 7).
From the second, third, and fourth conjuncts in the definition of A, , ; 3,5 and the
fact that 7 is winning for player IT it follows that the least o/ such that (a), (b), or
(c) holds at o’ is > «a. Also, from the second conjunct it follows that (a) cannot
hold at . From the third conjunct it follows that (b) cannot hold at «. From the
last conjunct it then follows that for all 8’ < o™ and j' with (5',5') <iex (8,J) that
THEB' (1T Y Ta(fr (57)]) is well-founded.

For 0, o, B, 7, 0 as in the definition of A, . ; 3,5 define

P2(77a «, ﬂ,ja 5) = Sup{|T;r/+ W’(|TJ ra(f_z/(j,))D‘ : (B/aj,) Slcx (Bv])
A = <1'/, y/a u/a Z/a vl> € T[An,a,ﬁ,j,é]}-

Analogous to Claim 23] we have:
Claim 24. pa(n,a.f.7,0) < a™.

Proof. The proof follows from a computation as in Claim 23] using the fact that
|8] = «, so TTT[3 is isomorphic to a tree on a. O

For a € C,,, now let C¢ be the c.u.b. subset of at consisting of points closed
under the py function. Let D¥ C o™ be the c.u.b. set of ordinals of the form
[h] ues where ran(h) C Dg. Finally, let Co C k*F be the c.u.b. set of ordinals of
the form [H],, where H(«) € D* for p almost all a.

We now show that the c.u.b. sets C{, C}, C} are homogeneous for the given
partition P. Fix a block function (F, G, H) from 3 x ¢ to (C{, C1, C}) of the correct
type. Let F, G, H from 3 xw-9 to (k, kT, k™) be increasing and induce (F, G, H).

From the coding lemma, let « be such that x codes a function at j for all j < w-¥
and such that f, = F.

Since 7 is regular by Theorem [ sup(G) < . Let u be such that T} is well-
founded and [« — |T} [a]],, > sup(G). Let §: w - ¥ — k be defined as follows. For
J <w-9,let g(j) be the ordinal less than x such that Vo [ — |Tu[a(g(4))|]x =
G(j). This is well-defined by the normality of 4 and the definition of u. Let y be
such that y codes the function g (i.e., for all j < w ¥, y codes a function at j, and
the value coded at j is §(j)).
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Since k™1 is also regular by Theorem [, sup(H) < xTF. From the previous
section there is a real w such that T,/ * is well-founded and such that [a + [ —
T 18] 4] > sup(H). Define a function ¢: w -9 — kT as follows. For j < w - 9,
let £(j) < T be the ordinal represented by o — £(j, @) with respect to u, where
for almost all o € C,, we have:

H(j) = o= [B = TS 1B, 0)) o

This is well-defined from the definition of w and the fact that each pu, is normal.
Let z, v be the reals corresponding to ¢ just as y, u correspond to g. So, z codes a
function f, from w -9 to x, and T, is well-founded.

Consider the run of the game where player I plays ¢ = (z,y,u, z,v,w), and
player 1T responds with ¢/ = 7(c) = (z/, 3/, v/, 2/, v',w’). Let n be the least point in
Cy greater than max{sup(fs),sup(fy),sup(f.)} which has cofinality greater than ¢.
Since f, = F has range in Cp, it follows that 2’ also codes a function f,/: w-9 — &,
and the first function they jointly produce, namely,

Foar (i) = sup max{f(i,n), for(i,n)}

is equal to F.

Now consider o« > 7 in C,. For such an « and any j = (i,n) < w -9, let
§ = |Tf1a(fy(j)] < a®. An easy argument shows, as in the proof of the last
section, that there is a ;1 measure one set of a such that the map j — |T,} [a(f,(5))]
is increasing, and we may assume « is in this set. By definition we have c € A4, o ;5.
Thus, ¢’ € 7[Ay,a,;6). Hence T la(fy (4)) is well-founded and |T.5 [a(fy (4))] <
p1(777 Ol,j, 6)

Claim 25. For p almost all o and all ¢ < 9, sup,, Gy..(i,n) € C{.

Proof. We have ran(G) C Cf. If for almost all « there is an ¢ < o for which this
fails, them by the x-completeness of u we could fix a ¢ which witnessed the failure
for almost all a. Now, G(i) = sup,, G(i,n) is represented with respect to y by the
function o — sup,, §yu (@, (i,n)).

So, for p almost all o, sup,, gy.uu(a, (i,n)) € (CF)". O

It follows that p1(n, v, 4,0) < sup, Jyu(e, (i,n)) = gyu(a, i), where j = (i,m)
for some m. Thus, for u almost all & we have that for all ¢ < ¢ that

Sljlp max{gy’u (av, (i,m)), Gy’ ! (a, (i,m))} = gy,u(a, i).

It follows that the second function G, . that the players jointly produce is
equal to G.

By a similar argument, the third function H. , v, ./,v « they jointly produce is
equal to H. Here we consider o > n and 8 < a* such that 8 > sup; Ty ul(0, 1),
and B > sup; g..(a, j). For such a, B we have that ¢ € Ay 4,5, Wwhere 6 =
ﬁzﬂmﬂ (o, B8,7). We assume here that « is in the p measure one set such that the
function (8, j) = hs vw(, B, 7) is order-preserving when restricted to a c.u.b. C C
a (as in the proof of the previous section). An easy argument as above shows that
we may assume that for p almost all a, and for p, almost all 5, and all ¢ < ¥ that

sup,, fzzﬂwj (o, B, (im)) € C¢. Thus, ViV, BV <9 (sup,, haor (0, B, (4,m)) =

sup,, s pw(e, .5, (i,n))). It follows that H, y . 5 000 = H. Since 7 is winning for
Player II it follows that P(F,G, H) = 1, and we are done. O
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2.5. The strong polarized partition property. In this section, we now prove
the optimal result, consequences of which will be used in the applications in §3.51

Theorem 26. Assume AD. Let k be a weakly inaccessible Suslin cardinal. Then
(k, kT, kTT) = (k, kT, KTT)".

The proof of Theorem 26]is again similar to that of the previous results, and we
again use the trees T and T+t from before. Let P denote the given partition of
the block functions of the correct type from (k, s, k) to (k, kT, kTT).

We now code functions from k to x using the uniform coding lemma
(cf. [KKMWSI]). Let U C w* x w* be universal for the syntactic class ¥;(Q),
where @ is a binary predicate symbol. Recall A € 31(Q) if A(z) + A'(x,z) <>
3y (B(z,y) AVn Q((y)n)), where B € £]. So, we may define the universal set U
by: U.(z,y) + Jw (S(z, (x,y), w) AVn Q((w),)), where S is universal for 37.

Recall that P is our I'-complete set, and {p,,} a I'-scale on P (with norms
onto k). Let P, = {x € P; |z| = a} be the set of codes for & < k. Also, R
is the prewellordering on P given by ¢q, so R € I'. For a < k, recall also that
Ro = {(z,y) € R; po(y) < a} is the restriction of R to reals of norm less than a.
Let R!, be the restriction of R to reals of norm < a.

Let {pn} be a I'-scale on R, and let p, (or p) denote its restriction to R, (or
R!). For any o < K, po is a A-scale on R, (similarly for pl,). Uniformly in «,
the scale p], induces a scale on U(R.)). This gives, uniformly in «, a uniformizing
relation U(R!,) € A (uniformizing on the last coordinate) of U(R.). In fact, U(R.)
is in the projective hierarchy containing R.,.

For @ < k&, let o/ < K be the least reliable ordinal > « (with respect to the
scale {¢,} on P). We let G: k¥ — w* be the Lipschitz continuous generic coding
function from the Kechris-Woodin theory of generic codes for uncountable ordinals
(cf. [KWOS] for the theory of generic codes). This means G has the following
properties. For all s € k¥, G(s) € P. Also, for all & < &k, and any s € (/)¢
enumerating an honest set S C o/, |G(a"s)] = a. Here (and throughout this
section) |z| denotes po(z). For a < k, we say that comeager many = € P, have
property B (where B C w?), written V*z € P, B(x), if player II has a winning
strategy in the game where players I and II play s; € ()<“ and player II wins the
run if and only if G(a” sy s] -+ -) € B. If B is Suslin and co-Suslin, then this game is
Suslin and co-Suslin as well, and hence determined (cf. [KKMW&I], Theorem 2.5]).
We also write V*s € () to denote that player II has a winning strategy in the
game where players I and II play s; € (o/)<“ to produce s = s, s7 sz -.

We code functions from « to x using the uniform coding lemma as follows. For
any f: k — k there is a real x such that for all @ < &, the set U, (R,) codes f[a.
That is, Uz(Ra)(a,d) if and only if pg(a) < a, b € P, and ¢g(b) = f(vo(a)). We
say x codes a function at « if U, (R,,) satisfies:

(i) For all a, |a| = a implies that there is some b with U, (R.,)(a,b).
(ii) For all a, @/, b, and V', we have that (U, (R, )(a,b) ANU.(R.)(a',b') Ala|] =
|a’| = a — |b] = |V']) holds.

We code functions from x to kT as follows. Given y € w*”, and given § < a € Cy,
we say y is good at (§, @) if for comeager many a € Py, there is a (unique) b such

that U, (Rj5)(a,b), and for this b we have that T," [« is well-founded. We let g, (4, @)
be the least ordinal <a™ such that for comeager many a € Ps, and b as above,
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IT,F la| < gy(8, ). This is well-defined using the fact that cf(a®) > w and the
additivity of category.

We say y is good at a € C,, if y is good at (,«) for all § < a. If y is good
at a for p almost all & € C,,, then y codes the function G, : k — k* defined by
G, (6) = o> g,(6, )]

We code functions from x to kT as follows. Given z € w*, § < a € C,, and
B < at, we say z is good at (4, «, B) if for comeager many a € P, if U, (R})(a,b),
then Tb++ I3 is well-founded. We let h.(d, o, 3) be the least ordinal < ot such that
for comeager many a € Ps, and b as above, |T,F T 18| < h, (4, «, 8). We say z is good
at («, 8) if for all § < a we have that z is good at (4, «r, 8). We say z is good at « if
for all § < a and all B < a™, z is good at (8, c, 8). If for yu almost all « € C,, and
to almost all B < a™ we have that z is good at (a, 8), then z codes the function
H,.: k — s given by

H.(0) = [a = [ = g:(6,0, 8)] ol -

Consider the game G where player I plays out reals (x,y, z) and player II plays
out (2',y',2’). Let @ < k be the least ordinal, if one exists, such that one of the
following holds.

(1) For some § < o we have that y or 3’ is not good (6, «).
(2) For some § < a and 8 < a™ we have that z or 2’ is not good at (4, @, 3).
(3) x or 2’ does not code an ordinal at a.

Suppose first that an o < k satisfying (), @), or @) exists, and let o be the
least such. First we check to see if case () holds at a. If so, then player IT wins
the run if and only if for the least § as in (Il) we have that y is not good at (4, a).
Suppose next that case ([Il) does not hold at a. Then we check to see if case (2]
holds at «. If so, and if (3,d) is the lexicographically least pair as in (2)), then
player IT wins the run if and only if z is not good at (4, a, 8). Suppose next that
(@ and @) do not hold at «, but case (B]) holds. Player II then wins provided x
does not code an ordinal at a.

Finally, suppose that there is no a < « satisfying (@), @), or @). So, z, 2/,
both code functions f,, f,s from k to k. Let F': kK — k be defined from f, and f,
as usual, that is, F'(8) = sup;,.(g41) max{fz(j), for (4)}. Similarly, y and y’ code
functions G, Gy from k to k. These determine the function G: K — k™ in the
usual way. Likewise, z and 2’ determine H,, H,,: kK — xT1 which then determine
H:rx— Tt

Player II then wins the run of the game if and only if P(F,G, H) = 1. Suppose
without loss of generality that player II has a winning strategy 7 for the game, and
we define homogeneous sets Cy C k, C1 C k+, and Cy C T,

For n1,m2 < k, let A(n1,12) be the set of (z,y, z) satisfying the following:

(a) y is good at « for all o < 1.
(b) zis good at « for all a < 7.
(¢) z codes a function at all « <y and f (@) < 7.

A straightforward computation using the closure of A under quantifiers shows
that A(n1,m2) € A. From the definition of G, if (x,y, 2) € A(n1,72) and (2, y', 2') =
7(z,y, ), then ' codes a function at all & < n;. By boundedness (since T is closed
under A, V), it follows that

po(n1,m2) :=sup{ for (@) ; o < i A (2,9, 2") € T[A(m, m2)]} < K.
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Let Cy C k be a c.u.b. subset closed under pyg.
For a € C,,, § < a, and 1 < o™, let A(d, ,n) be the set of (z,y, z) satisfying:
(a) y and z are good at all &’ < a, and for all &/ < «, z codes a function at
o with f,(a/) < a.
(b) For all ¢’ <4, y is good at (&', ) and ¢, (¢, o) < 7.
Lemma 27. Ford<a € Cy, if X(z,y) € X7, then X' (x) <> V*s € (0")* X(G(s),y)
is also in Y.
Proof. Write X (z,y) +» 32 Y(x,y, z), where Y € II§. Fix a non-selfdual pointclass
Ty closed under 3*°, A, V contained within <a-Suslin and which has prewellorder-
ings of length at least ¢’ (the least reliable > ¢§). Using the coding lemma, we code
strategies on ¢’ by reals. We then have:
z € X' < Jw[w codes a strategy T,: (6'<“)¥ — (6'<¥)¥ x w® x W
AV(s,y,z) a run according to 7, Y(G(s),y, 2)].
Saying w codes a strategy is projective over I'y, as is coding a run according to
Ty. Since Y € IIF, it follows that X' is 37 O

Claim 28. A(d,a,n) € AT.
Proof. The set B = {w; |T)f [a] < n} is in AJ. Since A is closed under <a™
unions and intersections (Theorem []), it is enough to show that A’ = A’(d, o, n) is
AT, where

z€ A < V*ae Ps 3b (U,(Rs)(a,b) AT, al <6).
It is enough, by a symmetrical argument, to show that A’ € X{. This follows
immediately from Lemma (]

If y € A(d,a,m) and ¢y = 7(y), then 3’ is good at (J, ). This follows from the
winning conditions for player II in the game G, specifically the fact that case () is
considered at stage « first.

Claim 29. sup{gy (o, 9); v' € T[A(d,a.n)]} < ™.

Proof. The supremum in question has length bounded by the length of the
following ordering;:

Y1 < y2 < (y1,y2 € T[A(S, a,m)]) A Tsg € (§')Y Vs1 € (8)Y V¥ sg € (6')“

b1, by (Uy, (R5)(G(5),b1) A (Uy, (R5)(G(sg's), b2) AT el < T Tal))

It follows from Lemma 27 that < € X{ provided we show that there is a X
relation S(by,bs) which when restricted to pairs such that Tb—: [a and T, b‘g [a are
well-founded correctly computes the relation |Tb+1 la| < |Tb+2 la|. To see this, let T,
be a sequence of non-selfdual pointclasses closed under 37, A, V of Wadge ranks
cofinal in a. Let U,, be universal sets for I';,. Let ¢, be a T';, prewellordering of
length o, where sup,, a, = . Each real z codes the relation R, C o X a given
by R. = J,, R?, where R? is the relation on «,, defined by (c, 5) € R? if and only
if there are w and v such that ¥, (u) = «, ¥,(v) = 8, and U, ((2)n,u,v). From
the coding lemma, every relation on « is coded in this manner by some z. We can
then say that S(by,bs) holds if and only if there is a z such that R, is an order-
preserving map from lel' [a to Tb—: la. Using the closure of AT under <« unions
and intersections (Theorem [)), it is straightforward to verify that S € 3¢.  q.ed.
(Claim 29))
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Now let,
p1(0, o, m) = sup{gy (o, 0); ¥ € T[A(6, a.n)]}.

Let Cj(a) be the c.u.b. subset of a™ of points closed under p;. Let C] = [a —
Ci(@)]u, so Cf is a cau.b. subset of k™. Let C{ be a c.u.b. subset of k¥ so that
between any two elements p1 = [f], < [g], = p2 of C7, there is a b € w* such that
T," is well-founded and Vo f(a) <|T;" a| < g(a). Let C; = C{ N CY.

Lastly, we define Cy C k11, For d < a € C,, and 8 < n < a™, let A(S,a,3,7)
be the set of (z,y, z) satisfying:

(a) y and z are good at all o/ < a, and for all &/ < «, = codes a function at
o with f,(d/) < a.

(b) y is good at (¢’, &) for all §' < a, and ¢, (¢, @) < B.

(c) For all (8,¢") <iex (8,0), 2z is good at (5',0") and h.(¢', o, ') < n.

A computation as in the proof of Claim 2§ shows that A(d,«, 5,7) € AY. If
(z,y,2) € A(d, a0, B,m) and (2/,y,2") = 7(x,y, z), then from the winning conditions
on G it follows that 2’ is good at (4, a, 8). A computation as in Claim 29 shows
that

p2(8,a, B,1) := sup{hzr(a, 6, 8) ; 2" € T[A(d, a.B,m)]} < .

Let C%(a) be c.u.b. in a and closed under py. Let C% be those p < £ such that
p=[aw [, B)]u.]u, where {(a,B) € Cy(a). An easy argument shows that
C} is c.ub. in k7. Let C4 be c.u.b. in T such that between any two ordinals
p1 < pz of CY, there is a z such that T T is well-founded and p; < [a — [B —
|TF*18]]] < p2. From the proof of Claim [[9 it follows that such a CY exists. Let
Cy=0C5NCY.

Now suppose that (F, G, H) are block functions of the correct type into the block
c.u.b. sets (Cp, C1,Co), and we show that P(F,G,H) = 1.

Let F: w-k — Cy induce F, and let = code the function F, that is,  is good at
all « < k and f, = F.

Let G: w -k — C; induce G. There is a function § which induces G in the
following sense. g(d, ) is defined for all § < a € C,, and g(d,) < at. Also,
G(0) = [a — g(d,a)], for all § < k. From the normality of x, we may assume
without loss of generality that §(d, a) € C}(a) for all & € C,, and that for all a« € C,,
that & — g(d, «) is strictly increasing. We code (some) c.u.b. subsets of « by reals
as follows. Say o is a code if for all w € P, o(w) € P. In this case, let C, be the
c.u.b. subset of £ closed under o, that is, C, = {a; Vw (w € Pco — o(w) € P<y)}.
An easy boundedness argument shows that C,, is actually c.u.b. in k. Also, an easy
Solovay game argument shows that every c.u.b. C C &k contains a subset of the
form C,. Since G has range in C}, for each § < k there are reals w such that T,
is well-founded and Vi g(6,a) < [T,/ Ja| < g(6 4+ 1,a). For each § < &, let G'(9)
be the least ordinal between G(8) and G(§ + 1) which is of the form [a — |T}/ ],
for some w with T well-founded. There is a function g, with g'(d, «) defined for
§ < a € C,, such that for all § < k we have G'(§) = [a — §/(d, )], and for all «,
0 — §' (6, ) is increasing. Also, we may assume g(d,a) < §'(6, ) < (6 + 1, ) for
all d < a € C,,.
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From the uniform coding lemma, let y € w® be such that:
(1) For all § < k and all a € Ps, there is a (unique) (b, ¢) such that U, (R})(a,
(b, c)).
(2) For all @ € Ps and (b,c) such that U, (R})(a, (b,c)), T, is well-founded
and [a > |T; Tal], = G'(9).
(3) For such a, b, ¢ we have that C. codes a c.u.b. subset of x such that for all
a € C.NC,, we have that [T, |a| = §(6, @) (where § = |a| as above).
For § < a € Cy, let
(8, ) = sup{|c(z)]; Ja, b,z (a € Ps AU, (Rs)(a, (b,c)) ANz € Py}

By boundedness, £(d,a) < k. Let E C £ be a c.u.b. subset closed under ¢. For all
a € ENC,, we have that y is (4, @) good and g, (8, a) = §'(9, ) for all § < a.

In a similar manner, we let H: k — &1t induce H, and let A be defined for
§ < ae€C, and B < ot and such that for all § < w -k, H(S) = [a = [
h(,c, B)]u.]- We may assume that for all a < & that (8,6) — h(,a,p) is
increasing (with respect to lexicographic order), and h(6,a, 3) € C¥(a) for all
§<a€eC,and B <at. Ford <w-k, let H () < H(J + 1) be least such that
for some w € w*, T,/ * is well-founded and H'(8) = [a — [+ [T T 18]]]4a]u- An
easy argument shows that there is an A’ such that for all 6 < « € C,, and 8 < a™
we have h(d,a, ) < h'(d,a, B) < h(§+1, a, B), and for each & there is a real w such
that T,/ is well-founded and V;,a V% 3 h'(8,c, B) = |TF+18]. We say a pair (o, w)
codes a measure one set if o codes a c.u.b. subset C,, of k (as above) and T, T is
well-founded. We let A,y = {(a,8); & € Co AVy < B (T, 17| < B)}. Using the
tree T it follows that if A has measure one in the sense that V,a Vi B (o, B) € A,
then there is a (o, w) with A, ) € A. From the uniform coding lemma, fix a real
z such that:

(1) For all 0 < w-k and all a € Py, there is a (unique) (b,¢c,d) such that
UZ (R:;)(CL <b7 & d>)
(2) For all @ € P5 and (b,c,d) such that U.(R})(a,(b,c,d)), T, is well-
founded and [a — [B = [T, T 18], = H'(6).
(3) For such a,b,c,d we have that (c,d) codes a measure one set A 4y such
that for all (o, 3) € A(.,qy we have that |T," 8] = h'(, ., B) (where again
§ = lal).
For § < a € Dg define:
01(8,a) = sup{|c(x)|; 3a,b,d (a € Ps AU, (Rjs)(a, (b,c,d)) Nz € Pcy}.
For § < a € Dy and B < at define:
l2(8, v, B) = sup{|T " Inl; a,b, ¢ (a € Ps AU-(Rj)(a, (b,c,d)) An < B}

A boundedness argument as before shows that ¢1(0,a) < k. Likewise, a tree
argument shows that ¢5(4, o, 3) < a™.

Let D C k be the c.u.b. set of points closed under ¢;. For a € D N C,, let
E,, be the c.u.b. subset of a® closed under ¢5. So, if « € DNC, and 8 € E,,
then (a,) € A(cgq) for all (c,d) such that for some a € Ps, 0 < «, we have
U.(R5)(a, (b,c. ).

Now consider the run of the game G where player I plays out (z, y, z) and player 1T
responds with 7(z,y, z) = (2/,y/, 2’). First note that z, y, and z are all fully good
(with the obvious meaning). In particular ' codes a function f, : kK — k. For
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any a < w- K, (z,y,2) € A(a, F(a)). Also, A(a, F(a)) € A. So, (z/,y,7') €
7[A(a, F(a)] and therefore f,/ () < po((a), F(a)) < F(a+1) since F has range in
Co which is closed under pg. So, the function F} ,/ jointly produced from f, and
fz is equal to F.

Let E, be the c.u.b. subset of x as defined above, the set of closure points of
¢ =1, Let g, g be as in the definition of y, so §(d,a) < §'(J, ) < g(d + 1,a)
for all § < a € C,. Also let g, be the function coded by y, since y is good.
That is, g,(d, @) is the least v < a' such that for comeager many a € Ps, if
Uy (R5)(a, (b, c)), then |T; la| = g,(6,a). So, for all @ € E, NC,, and § < «
we have g, (0, @) = ¢'(0, ). If a is in addition closed under the function F, then
we have that (z,y,2) € A(d,a,§'(,)). For such §, « it follows that g, (J, ) <
0(8,0,7'(0,c0)) < g(6+1, ). So, for all § < w-r, Gy(0) = [a = g, (5, @)], and G, ()
are both less than G, (6 + 1, ). So, SUD§/ <. (541) max{G, (&), Gy (8')} = G(5). So,
the function jointly produced by y and ¥’ is equal to G.

The argument for z, 2/ is similar. Recall that H: k — x¥, H: w-x — k71, and
h(5,,3) induces H, that is, H(§) = [a = [B = h(5,a, B)],.]u- Also, b’ is fixed
and h(d,a,8) < h'(6,a,8) < h(6 + 1,0, ). Let D, C & be the c.u.b. set of points
closed under ¢; as above. For « € D, NC,, let E C a™ be the c.u.b. set of points
closed under ¢5 (more precisely, the function (6, 8) — ¢2(d, a, 8)). Counsider (a, )
such that o € B, o € D,NC,, f € EY, ais closed under F, 5 > sups;,{5'(d, )},
and for all 3/ < 8 and ¢ < «, h.(d,a,8") < B. This set of pairs A has measure
one set with respect to the iterated measure, that is, Vo V}, 3 (o, 8) € A. For
(o, B) € A, z is in the set A(J, , 3, h'(6,, B)) for all § < a. Since h has its range
in the Ch(a), h./ (8,0, 3) < h(6 + 1,a, B). Thus, for all § < w -, H,(5) and H./(0)
are both less than H (5 +1). It follows that the function jointly produced by z and
z' is equal to H.

Since 7 is winning for player II, it follows that P(F, G, H) = 1, and we are done.

3. APPLICATION TO CHOICELESS SET THEORY

As mentioned in §[I our main application and the motivation for proving Theo-
rem 20]is the determination of the consistent patterns of cofinality and measurabilty
for the first three uncountable cardinals.

We shall use the labels M and X,,, standing for “measurable” and “non-measur-
able and cofinality N,,”, respectively, and write

[x1 /%2 /x3]

for the statement “N; has property x1, No has property xo, and N3 has property x3”.
There are exactly 60 (= 3 x 4 x 5) such patterns: N; can be measurable, regular
non-measurable, or singular (3 possibilities); Ny can be measurable, regular non-
measurable, or have cofinality Ny or Ry (4 possibilities); and N3 can be measurable,
regular non-measurable, or have cofinality N, Ny, or Rg (5 possibilities).

A pattern [x1 /x2/x3] is called trivially inconsistent if there are 0 < k <
i < j < 3 such that x; = R and x; = R;. For example, [Ro /R, /M] is trivially
inconsistent. This is because X; is singular, but ¢f(Ng) = Ny, which is obviously
impossible. A simple combinatorial calculation shows that there are 13 trivially
inconsistent patterns. These are the patterns 13, 18, 33, 38, 44, 49, 51, 52, 53, 54,
55, 58, and 59 in our table in Figures [I] and
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3.1. Forcing facts.

Theorem 30. If V = ZF+ “k is a measurable cardinal”, Py, is Prikry forcing for
k, and G is P,-generic over V, then in the generic extension V[G], cf(k) = R,
any cardinal having cofinality k in 'V now has cofinality Rg, and the cofinalities and
measurability of all other cardinals are unchanged.

Proof. This is [Apt96, Lemmas 1.2, 1.3 and 1.5]. O

Theorem 31. If V = ZF+ %y is measurable”, Add(w,w1) is the partial order
for adding wy many Cohen reals, and G is Add(w,w1)-generic over V, then in the
generic extension V[G], Ny is regular but non-measurable and the cofinalities and
measurability of all other cardinals are unchanged.

Proof. The fact that X; becomes non-measurable is a special case of the general
ZF-result (due to Ulam) that if » injects into 2* for some A < &, then there cannot
be a k-complete ultrafilter on x (cf. [Kan94, Theorem 2.8]). Obviously, the w-
sequence of Cohen reals produces an injection of w; into 2¢. Since Add(w,w;) is
canonically well-orderable and |Add(w,w)| = Ny, the proof that all cardinals and
cofinalities are preserved is the same as when AC is true. Since |Add(w,ws)| = Ny,
the argument given in the proof of [AH86, Lemma 2.1] shows that the measurability
of all cardinals greater than N is preserved. (I

Theorem 32. If V = ZFC+ “c < X are measurable cardinals”, then for xs €
{Ro, N1, N9, X3, M}, there is a symmetric submodel Ny, satisfying [M /Ry /x3]. If
x3 # M, only one measurable cardinal is needed in V.

Proof. We sketch the proof of Theorem Without loss of generality, we assume
that GCH holds in V. Let Go be Col(w, <k)-generic over V, where for p < (, p a
regular cardinal, ¢ a cardinal, Col(p, <() is the Lévy collapse of all cardinals less
than ¢ to p. For H which is Col(p, <()-generic over V and £ € (p, () a cardinal, let
H ¢ be all elements of H which are members of Col(p, <¢). Let G; be Col(kT, <7)-
generic over V, where v is either k™, k™%, k™7 for n = &, or A\. We write
HDv (X) for the class of sets hereditarily V-definable with a parameter from X.
Consider the symmetric model Ny, := HDvy ({Go[d; ¢ € (w, k) and § is a cardinal }U
{G110;6 € (k*,7) and § is a cardinal}). Since in V, there is a kT sequence
of subsets of k, standard arguments show that N,, is a model for [M /Ry /Rg],
[M /Ry /Ry ], [M/Ry/No], or [M /Ry /M], for 7 either k7%, k™%, £t for n =
kT, or A respectively. Since in V, there is a kT sequence of subsets of x and a kT
sequence of subsets of kT, N,, := HDv({Go|d; d € (w,k) and ¢ is a cardinal}) is
a model for [M /Ry /R3]. Clearly, the only time a second measurable cardinal is
needed in the construction is for the pattern [M /Ry / M]. O

Theorem 33. Suppose i € w. Let V = ZF + “k is a limit cardinal” + “\ :=
kT47. Let G be Col(w, <r)-generic over V. Consider the model M obtained by
symmetrically collapsing k to Ny, i.e., the model M := HDy ({G]¢; 0 € (w, k) and
0 is a cardinal}). Then the following hold:

(i) If V = “X is measurable”, then M = “A = N;11 is measurable”.
(ii) If V | “ct(X\) = ™7 for some j <i”, then M = “cf(\) = N;41 7.
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Proof. Since V |= “Col(w, <k) is canonically well-orderable and |Col(w, <x)| = k7,
(i) follows from the argument given in the proof of [AH86] Lemma 2.1], the fact
that k = Ny in M, and the fact that cardinals at and above x are preserved to
M; (ii) follows from the fact that x = Ry in M and the fact that cardinals and
cofinalities at and above k are preserved to M. ([l

3.2. Magidor-like forcing. In [Hen83|, Henle introduced Magidor-like forcing for
controlling the cofinalities of cardinals in choiceless contexts in the presence of
partition properties. Assuming that x — (x)<° and that J is a regular, uncountable
cardinal, Magidor-like forcing changes the cofinality of k to § without adding any
bounded subsets to k (thereby preserving the fact that x is a cardinal; cf. [Hen83,
Proposition 1.3]). We define the set Ps, by

Pow={(s,2); s €[]~z e[| Js <[ )2}

We use (z) to denote {,,q ; ¢ € [2]"}, where ,q = {U, ., ¢(a+n); a <k}

The partial ordering for Ps , is now defined by saying that (s',2’) extends (s, z)
if and only if s C &', (/) C (x), and s’ \ s = .t for some ¢ € [2]<°. For p € P;s ., we
denote the coordinates of p by pg and p1, i.e., p = (po, p1)-

This was generalized in [AHJ00, §6] to the context of polarized partition prop-
erties. In the following, we shall need a preservation result from [AHJ00:

Lemma 34 (Countable final segment preservation). If (ko,%1) — (ko, £1)<° and §
is regular and uncountable, then after forcing with Ps g, , the relation k1 — (k1)<*
remains true.

Proof. This follows from the proof of [AHJ00, Proposition 6.4]. O

3.3. Reducing to base cases. Of the 60 combinatorially possible patterns, we
have already excluded 13 as trivially inconsistent. The remaining 47 patterns will
be split into graphs according to the following rules:

o If P =[x;/xo/x3] is a pattern with x, = M, and P’ = [y; /y2/y3] is a
pattern with y; = N and for j # 1,

o Xj if Xj # Ni7 and
Yi = NO if X5 = Ni,

then there is an edge from P to P’. This corresponds to a forcing extension
with Pi{kry forcing according to Theorem

e There is an edge from [M /x2 /x3] to [¥1 /X2 /x3]. This corresponds to a
forcing extension adding w; many Cohen reals according to Theorem [31]

Because of Theorems [B0] and Bl if P is consistent and there is an edge from P
to P’, then P’ is consistent. This allows us to reduce the consistency of patterns to
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the patterns that are top elements in the graph. We shall now list all components
of this graph:

Base Case #1: [M/M/M].

[M/M/M]

N

[No/M/M] [M/®/M] [M/M/Ry] [N/M/M]

| > > |

[No/Ro /M] [No/M/Ng|] [M/Ro/Ro] [Ry/Rg/M] [¥;/M/Ng]
[Ro /Ro /No ] [N/ Ro /N ]

The component of the graph reachable from the pattern [M /M / M] covers 12
of our patterns, the ones numbered 1, 5, 16, 20, 21, 25, 36, 40, 41, 45, 56, and 60
in our table.

Base Case #2: [M/M/X;].

[M /M /R3]

S

No/M/Rs]  [M/Ro/Rs] [Ry/M/Rs]
|
[No/Ro /Ns] [R1/Ro /N5 ]

The component of the graph reachable from the pattern [M /M /N3] covers 6
of our patterns, the ones numbered 2, 17, 22, 37, 42, and 57. None of these was
included in the component of Base Case #1.

Base Case #3: [M/M/Xo].

[M/M/R;]

LN

[No/M/Ry]  [M/Ro/Ro] [Ry/M/Ry]

N

[Ro /Ro /Ro] [R1/Ro /Ro]
The component of the graph reachable from the pattern [M /M /Xy ] covers 6

of our patterns, the ones numbered 3, 20, 23, 40, 43, and 60. Of these, three were
not included in the components of Base Cases #1 and #2.
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Base Case #4: [M/M/¥4].
[M/M /Ry ]

LS

[Ro/M/Ro]  [M/Ro/Ny] [Ny /M/R]
N
[No/Ro /No] [Ny /Ro /Ny ]

The component of the graph reachable from the pattern [M /M /X | covers 6
of our patterns, the ones numbered 4, 19, 24, 39, 45, and 60. Of these, four were
not included in the components of Base Cases #1 through #3.

Base Cases #5a-d: [M/Ny/x3].
[M /Ry / M]

i T

[M/Ry /Ry ] [Ro /Ry /M]  [M/Ry/Ro] [Ny /Ry /M]
NG

[N1 /Ry /Ry ] [Ro /Ry /R ] [Ny /Ry /R ]

[M/R5 /R ] [M /R /N5 ]
LN )

[Ro /R /o] [Ny /Ry /Ro]  [Ro /Ry /R3] [Ry /Ry /]

This base case splits into four subcases, Base Case #5a [M /Ny / M|, Base Case
#5b [M /Ny /N3], Base Case #5¢ [M /Ry /Xy ], and Base Case #5d [M /Ry /Ry .
The components of the graph reachable from the patterns [M /Ry /x3] cover 14 of
our patterns, the ones numbered 6, 7, 8, 9, 10, 26, 27, 28, 29, 30, 46, 47, 48, and
50, none of which was included in the components of Base Cases #1 through #4.

Base Case #6: [M/N;/M].
[M /R, /M]

LS

[No/Ro/M] [M/Ry/Ro] [Ny /Ry /M]
[No /Rg /Ro] [Ny /Ry /Ro]

The component of the graph reachable from the pattern [M /®; /M ] covers 6
of our patterns, the ones numbered 11, 15, 31, 35, 56, and 60. Of these, four were
not included in the components of Base Cases #1 through #5.
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Base Case #7: [M/X;/R3].
[M /Ry /R3]

N

[Ro /N /N3] [Ny /Ny /R3]

The component of the graph reachable from the pattern [M /Xy /R3] covers 3
of our patterns, the ones numbered 12, 32, and 57. Of these, two were not included
in the components of Base Cases #1 through #6.

Base Case #8: [M/X;/¥].
[M /Ry /R ]

N

[Ny /Ny /Ry ] [Ro /Ng /R ]

The component of the graph reachable from the pattern [M /Xy /Xy ] covers 3
of our patterns, the ones numbered 14, 34, and 60. Of these, two were not included
in the components of any of the other base cases.

By our earlier remarks, it is enough to show the consistency of the eight base cases
in order to prove the consistency of all patterns that are not trivially inconsistent.
Note that in some cases, the graph will not give us the optimal consistency strength
upper bounds. For instance, the ZFC-pattern [X; /Ry /R3] shows up in Base Case
#5b and is obtained from the large cardinal pattern [IM /Ry /R3] by forcing. For
more on upper and lower bounds, cf. §Hl

3.4. Base Cases #2, #5, and #7. In this section, we handle three of the base
cases. These three are proved consistent with techniques from forcing with large
cardinals and do not rely on either polarized partition properties or AD.

Base Cases #ba-d are just Theorem and do not need any large cardinals
beyond the ones explicitly mentioned in the pattern that is created. The other
cases in this section will be proved consistent from large cardinal assumptions by
forcing in the following two theorems. None of these proofs is new. They all use
published techniques and essentially consist of proof inspection to check that the
relevant properties hold in the situation in which we are interested.

Theorem 35 (Woodin). If there are k < X\ such that k is supercompact and X\ is
measurable, then there is a model in which Base Case #2 holds (i.e., [ M /M /R3] ).

Proof. This theorem is discussed in [AH86, p. 591]. Theorem 1 of that paper is a
generalization of Woodin’s result. Suppose V |= ZFC + “k < X are such that k
is supercompact and A is measurable”. Let Py be supercompact Radin forcing as
defined in [AHS6, p. 592f], with  playing the role of k1 and X playing the role of ko.
Let P; = Col(w, <k), and let P = Py x P;. Let G be P-generic over V, and take N
as the choiceless inner model of [AH86, Theorem 1] defined with respect to G. By
suitably modified versions of [AH86, Lemmas 1.1 through 1.4], N = ZF+ “x =¥
is measurable via the club filter” + “\ = Ny is measurable”. By the appropriate
version of [AH86, Lemma 1.2], N = “A* = Xy = (A+)V”. Therefore, since V.C N
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and V contains a AT sequence of subsets of A\, N does as well. This means that
N E “A* = N3 is not measurable”. O

Theorem 36. If there is a supercompact cardinal, then there is a model of Base
Case #7 (i.e., [M /Ny /R3]).

Proof. This construction is essentially the same as in the proof of Theorem
Suppose V | ZFC + GCH + “k < A are such that k is supercompact and A =
kT, Again, let Py be supercompact Radin forcing as in the proof of Theorem
Let P, = Col(w,<k), and let P = Py x P;. A similar argument as in the
proof of Theorem B3] using GCH to show that A can be symmetrically collapsed to
become Ry, yields that the symmetric model N is such that N = ZF 4+ “k = N;
is measurable via the club filter” + “\ = Ny is singular of cofinality xk = N7 +
“A\T = N3 is not measurable”. GCH is used to infer that \ is a strong limit cardinal,
which is the key fact required in order to preserve that A remains a cardinal after

the symmetric collapse.
O

3.5. Base Cases #1, #3, #4, #6, and #8. In this section, we shall handle
Base Cases #1, #3, #4, #6, and #8, all under the assumption that there is a
model of AD. Among these, Base Case #3 is a special case since this is the famous
AD-pattern:

Theorem 37 (Solovay-Martin). Assume AD. Then N; and No are measurable
cardinals and cf(N3) = Ns.

Proof. Cf. [Kan94 Theorems 28.2, 28.6 and Corollary 28.8]. O

In order to construct models for Base Cases #1, #4, and #6, we first need the
following lemma.

Lemma 38. Suppose that (Ko, k1, k2) — (Ko, k1, k2)™ and kg > wi. Then the
following hold:
(1) ki = (Ks)<% fori=1,2 (so k; = (k;)<“* fori=1,2),
(i) (k1,K2) = (K1, K2)<", and
(111) Ko — (Iio)<w1.

Proof. Since (Ko, K1,k2) — (Ko, k1, k2)™ and kg > wi, it is trivially true that
ki = (k)" for i = 1,2, (K1,k2) = (K1,K2)", and kg — (ko)¥*. Claims (i)—(iii)
now follow from [AHJ00, Proposition 4.10]. O

Theorem 39. If there is a model of AD, then there is a model of Base Case #1
(i.e., [M /M /M]) and Base Case #4 (i.e., [ M /M /N;]).

Proof. Using Theorem 26, we start with a limit cardinal & such that (k, x™, kT1) —
(k, kT, k1) By Lemma B8 for vy =k, v = k%, or v = 71, v = (7)<“'. From
this, it easily follows that v — (v)“*“, so by [Kle70, Theorem 2.1], k, x*, and
kTT are all measurable. This yields a model of Base Case #1 (cf. [AHS86, Theorem
2]). By Lemma B8 we know that ™" — (k*7)<%. Therefore, by forcing with
Magidor-like forcing P, ,.++, we obtain a model in which c¢f(k™*) = x and no new
bounded subsets of kT are added. In particular, x and s remain measurable
after this forcing. Now we can collapse x symmetrically to become N; and apply
Theorem [33] to obtain our model for Base Case #4. O
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We explicitly note that the full power of Theorem 26 was not used in establishing
Theorem For Base Case #1, all that is required are cardinals s, kT, and ™+
such that each of k, k¥, and k™" is measurable and & is a limit cardinal (which
is a fairly weak consequence of Theorem 26] and actually follows from Theorem []).
For Base Case #4, we only use the existence of cardinals x, x*, and ™+ such
that both x and k™ are measurable and s+ satisfies the Ramsey-type partition
relation KT+ — (kT1)<" (another consequence of Theorem 26 in this case, the
weaker Theorems [0 and 22] are—as far as we know—not enough to establish these
assumptions). The partition relation ensures that forcing with P, .++ changes the
cofinality of k1 to k without adding any bounded subsets to x*+. Without the
partition relation, it does not seem possible to be able to show that the forcing
P, .++ satisfies the aforementioned properties.

Theorem 40. If there is a model of AD, then there is a model of Base Case #6
fi.c., [M/R; /M]).

Proof. Again, from Theorem P8 we start with a limit cardinal s such that
(k, kT, kTT) = (k,kT,kTT)* and we get with Lemma B8 the Ramsey-type po-
larized partition property (k*,x7) — (s7,xT1)<* and the ordinary partition
relation kT — (k1)<%. Because kT — (k*)<", after forcing with Magidor-like forc-
ing Py ..+, the measurability of « is preserved (as the forcing does not add bounded
subsets of k1), and cf(k*) = k. Furthermore, since (k*,sTT) — (5T, kTH)<H
by the countable final segment preservation from Lemma B4 xT+ — (xTT)<«1
remains true. Hence, k1 stays measurable. Now, we can collapse s symmetrically
to become N; and apply Theorem [33] to obtain our result. ([

As is the case with Theorem [39, the full power of Theorem [28] is not required
in order to establish Theorem [0l For Base Case #6, we are using the existence
of cardinals k, T, and k™ such that x is measurable, k™ — (k¥)<% and the
pair (k*, kTT) satisfies the Ramsey-type polarized partition property (k*,x7") —
(kT, kTT)<F. The partition relation k™ — (x7)<* allows us to deduce that forcing
with P, .+ changes the cofinality of k™ to x without adding any bounded sub-
sets to kT (thereby preserving the measurability of k). The polarized partition
property ensures that forcing with P, .+ preserves the ordinary partition relation
kTt — (kTT)<@1 which we then use to infer that k*+ remains a measurable car-
dinal. Without the ordinary partition relation and something along the lines of the
polarized partition relation, it does not seem possible to be able to show that the
forcing P, ,,+ satisfies the aforementioned properties.

For Base Case #8, we rely on the methods of [AHJ00].

Theorem 41. If L(R) = AD, then there is a model of Base Case #8 (i.e.,
M/ /R )]

Proof. Suppose V is a model of V = L(R) and AD. We use the model N constructed
and investigated in [AHJ00), §8] (in particular, [AHJ00, Theorem 8.1]) and applied in
[AHJ00, Theorem 11.1]. In this model, which is a symmetric submodel of a forcing
extension of V, Ry and N3 have cofinality ®;. Further, by [AHJ00, Proposition
6.2 and Lemma 8.2], N and V have the same bounded subsets of ¥;. Thus, since
V =“N; is measurable”, N =“N; is measurable” as well. This means that N is as
desired. (]
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upper bound lower bound
Base Case #1: 1| [M/M/M] ZF + AD ZFC+ WC
Base Case #2: 2| [M/M/XN3] ZFC+SC+M ZFC+ WC
Base Case #3: 3| [M/M/RX;] ZF + AD ZFC+ WC
Base Case #4: 4| [M/M/X;] ZF + AD ZFC + WC
#1) 5| [M/M/X] ZF+AD  ZFC+WC
Base Case #5a: 6 | [M/Xy,/M] ZFC+2MC  ZFC+ 2MC
Base Case #5b: 7 | [M /N3 /N3] ZFC+ MC ZFC+ MC
Base Case #5c: 8 | [M /X2 /N2]  ZFC+ MC ZFC + MC
Base Case #5d: 9 | [M/X,/N;] ZFC+ MC ZFC + MC
(#5a) 10 | [M /N2 /Rg]  ZFC+ MC ZFC + MC
Base Case #6: 11 | [M/®; /M] ZF + AD ZFC+WC
Base Case #7: 12 | [M/X; /N3] ZFC+SC ZFC+WC
13 | [M /Ry /Ry ] 0=1 0=1
Base Case #8: 14 | [M /X /N ] ZF + AD ZFC+WC
(#6) 15| [M/R,/R] ZF+AD  ZFC+WC
(#1) 16 | [M/RXo/M] ZF + AD ZFC+WC
(#2) 17| [M/Xo /R3] ZFC+SC+M  ZFC+ WC
18 | [M /R0 /R, ] 0=1 0=1
(#4) 19| [M/Ro/X:;] ZF+AD  ZFC+WC
(#1,#3) 20 | [M/Ro/Ro] ZF+AD  ZFC+WC
(#1) 21| [% /M/M] ZF+AD  ZFC+WC
(#2) 22| [X/M/R3] ZFC+ MC ZFC + MC
(#3) 23| [N /M/X,]  ZF+AD  ZFC+WC
(#4) 24| [X/M/®;] ZF+AD  ZFC+WC
(#1) 25| [Ny /M /] ZF + AD ZFC+WC
(#5a) 26 | [Ri /Ry /M] ZFC+MC  ZFC+MC
(#5b) 27 | [R1/Na /Rs] ZFC ZFC
(#5¢) 28 | [Ny /Ra/No] ZFC ZFC
(#5d) 29 | [Ry/Ra /Ry ] ZFC ZFC
(#5a) 30 | [R1/Na/Ro] ZFC ZFC

FIGURE 1. Lower and upper bounds for the consistency strength
of patterns 1 to 30.

4. SUMMARY, LOWER BOUNDS AND OPEN QUESTIONS

Figures [I] and 2 list all of the sixty patterns of measurability and cofinality for
the first three uncountable cardinals. In the first column, we list “Base Case #n”
if a pattern is one of our base cases. We list numbers in parentheses to indicate
in which of the diagrams of §B.3] the pattern shows up (if at all: of course, the 13
inconsistent patterns do not show up in the diagrams).

For the purpose of listing the upper and lower consistency strength bounds of
our patterns, we define the following theories: ZFC 4+ SC + M stands for ZFC to-
gether with the statement “There are x < A where x is supercompact and A is
measurable”; ZFC + SC stands for ZFC together with the statement “There is a su-
percompact cardinal”; ZFC+MC stands for ZFC together with the statement “There
is a measurable cardinal”; ZFC 4+ 2MC stands for ZFC together with the statement
“There are two measurable cardinals”; ZFC + WC stands for ZFC together with the
statement “There is a Woodin cardinal”.
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Upper bounds. Most of the upper bounds come directly from our consistency
proofs in Theorems B35 B7] B9, B2] @0 36 and AT (corresponding to the eight base
cases) and the reduction diagrams as listed in §B3l In a few cases, the upper
bound for the consistency strength obtained by our reduction diagrams is patently
not optimal. In our table, we have given the optimal bounds and briefly list these
exceptional cases in the following: patterns 22 and 26 can be obtained from a mea-
surable cardinal by symmetrically collapsing it to the desired cardinal. Patterns 27,
28, 29, 30, 47, 48, and 50 all share the feature that N5 is regular but non-measurable
and do not involve any measurable cardinals; consequently, the methods of The-
orem [32] allow us to obtain them from ZFC. Patterns 32 and 37 only involve one
singular cardinal, and can thus be obtained from ZFC by symmetrically collapsing
a strong limit of the desired cofinality. Finally, pattern 46 is another application of
the methods of Theorem [32] that only requires one measurable cardinal.

Lower bounds. For the purpose of calculating lower bounds, we shall define “x is
measurable” by “there is a normal k-complete ultrafilter on x”. Usually, “normal”
is not required; in ZF 4+ DC, it is possible to construct a normal ultrafilter from a x-
complete one (cf. [Jec03, Theorem 10.20]); i.e., our stronger definition is equivalent
to the usual definition.

There are a number of trivial lower bounds: any pattern involving a measurable
or two measurables necessarily has ZFC + MC or ZFC + 2MC as a lower bound
(by the standard L[U] argument). For other lower bounds, our main tool is the
following theorem:

Theorem 42 (Schindler / Jensen-Steel). Suppose § < 6* are singular. Then there
is an inner model with a Woodin cardinal.

Proof. [Sch99, Theorem 1] proved this claim under the additional assumption that
there is some € > 6T that is inaccessible and measurable in HOD. Schindler
needed this assumption to build the core model. In the meantime, Jensen and
Steel have eliminated this assumption from the construction of the core model (cf.
[JSO7al, [JSO7h]). O

Theorem allows us to deal immediately with those patterns that have two
consecutive singular cardinals (patterns 14, 15, 19, 20, 34, 35, 39, 40, 56, 57, and
60) and get a lower bound of a Woodin cardinal. Patterns that involve x and s
such that either both are measurable or one of them is measurable and the other
is singular have to be transformed into those that have two consecutive singulars
by Piikry forcing via Theorem This argument uses our slightly non-standard
definition of measurable cardinal (guaranteeing the existence of a normal ultrafil-
ter). This allows us to transform patterns 1, 2, 3, 4, 5, 11, 12, 16, 17, 21, 23, 24,
25, 31, 36, 41, 42, 43, and 45 into a pattern with two consecutive singulars and
thus apply Theorem (2] to get a lower bound of a Woodin cardinal. Without the
additional normality assumption, we do not know how to derive more strength than
a measurable out of, say, [Rg /M /R3].

Open questions. We end the paper by listing some remaining open questions.
Six of the eight base cases can be obtained from a model of ZF +AD, but Base Case

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



COFINALITY AND MEASURABILITY OF X;, Xy AND X3

upper bound lower bound
(#6) 31| [Ny /Ny /M] ZF + AD ZFC+WC
(#7) 32 | [Ny /Ry /R3] ZFC ZFC
33 | [N1 /N1 /No] 0=1 0=1
(#8) 34 | [N /Ry /Ryq] ZF + AD ZFC+WC
(#6) 35 | [Ny /Ry /Rg] ZF + AD ZFC+WC
(#1) 36 | [Ny /Rg/M] ZF + AD ZFC+WC
(#2) 37| [N /RNo /N3] ZFC ZFC
38 | [N1/No/N2] 0=1 0=1
(#4) 39 | [N1/Ro/Ny] ZF + AD ZFC+WC
(#1,#3) 40 | [R1/Ro/No] ZF + AD ZFC+WC
(#1) 41| [Ro/M/M] ZF + AD ZFC+WC
(#2) 42| [NRg/M /R3] ZFC+SC+M ZFC+WC
(#3) 43 | [No/M /R3] ZF + AD ZFC+WC
44 | [Ro /M /Rq] 0=1 0=1
(#1,#4) 45| [Ro/M/Rg] ZF + AD ZFC+WC
(#5a) 46 | [No /Ny /M] ZFC+ MC ZFC+ MC
(#5b) 47 | [No /N2 /N3] ZFC ZFC
(#5c) 48 | [No /N2 /N2 ] ZFC ZFC
49 | [Ro /N2 /Ny ] 0=1 0=1
(#5ba,#5d) 50 | [No/RNa /Ro] ZFC ZFC
51 | [No /Ny /M] 0=1 0=1
52 | [Ro /N1 /N3] 0=1 0=1
53 | [No /N1 /N2] 0=1 0=1
54 | [Ro /N1 /Nq] 0=1 0=1
55 | [Ro /N1 /No] 0=1 0=1
(#1,#6) 56 | [N /Ro/M] ZF + AD ZFC+WC
(#2,#7) 57| [No/No /N3] ZFC+SC ZFC+WC
58 | [Ro/No/Na] 0=1 0=1
59 | [No /N /Ny ] 0=1 0=1
(#1,#3,#4,#6,#8) 60 | [No /Ro /N ] ZF + AD ZFC+WC

FIGURE 2. Lower and upper bounds for the consistency strength

95

of patterns 31 to 60.

#2 appears to need (assumptions on the order of) ZFC+ SC+M and Base Case #7
appears to need (assumptions on the order of) ZFC + scfl

Question 43. Is it possible to force Base Case #2 and Base Case #7 from ZF+AD
(thus reducing the consistency strength upper bound)?

The two mentioned patterns are among 30 (out of our 60) patterns for which the
upper bound and the lower bound in consistency strength do not coincide.

Question 44. Can we determine the precise consistency strength in the cases
where upper and lower bounds do not coincide?

There are other large cardinal properties that can be exhibited by small cardinals,
such as “k is K T-supercompact” (under AD, R; exhibits this property (cf. [DPHTE])).

7As the proof of [AHS86, Theorem 1] shows, slightly weaker supercompactness hypotheses
(which are still well beyond the consistency strength of AD) actually suffice to establish Base Case
#2 and Base Case #7.
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Let us add another label for this property to our patterns, resulting in 4x5x6 = 120
patterns.

Question 45. Which of the 120 patterns involving cofinalities Ny, Ny, Ny, Ng,
measurability and x*-supercompactness are consistent?

Note that a 1975 result of Martin (cf. [DPH7S8, §2] for details) about the x*-
supercompactness of x under the assumption that both « and xT carry a normal
measure produces some non-trivial restrictions for Question

Now, after considering all measurability and cofinality patterns for the cardinals
Ny, Ny, and N3, one could ask what happens if the same question is posed for the
first four uncountable cardinals. There are 3 x 4 x 5 x 6 = 360 such patterns for
the first four uncountable cardinals.

Question 46. Which of the 360 measurability and cofinality patterns for the first
four uncountable cardinals are consistent?

Of course, a complete answer to Question [l would require (among other things)
a solution of one of the big open questions of the field of large cardinals without the
Axiom of Choice, viz. whether it is consistent to have four consecutive measurable
cardinals. As a consequence, we do not expect an answer to Question 6] very soon.

Slightly less ambitious would be to ask the same question not for four consecu-
tive cardinals, but for a different selection of three consecutive cardinals, e.g., the
cardinals Ny, N3, and Ny. Here we would have 4 x 5 x 6 = 120 patterns.

Question 47. Which of the 120 measurability and cofinality patterns for the car-
dinals Ny, N3, and N4 are consistent?

However, most of the methods used in this paper to handle the case of the first
three uncountable cardinals will not work in this setting. The main reason is that
most of the proofs require symmetrically collapsing some large cardinal to be N;.
This collapse is canonically well-orderable, and thus at our disposal in the choice-
free situation. The collapse of a cardinal to be Ny, however, is not canonically
well-orderable; consequently, the obvious analogues of our proofs will not work in
the setting of Question ET]

At this point, it might be useful to mention that some of the patterns have
alternative consistency proofs that are more likely to transfer to the situation of
Ny, N3, and Ny. We would like to give one example: if there is a strongly compact
cardinal k, it is possible to obtain the pattern [N; /Ny /N;] by using strongly
compact Piikry forcing. Obviously, this proof is not optimal in terms of consistency
strength (as we can get it from ZF + AD via Theorem [B9). However, this proof lifts
to give a consistency proof of the pattern “Ns is regular but not measurable, N3 has
cofinality Ny, and X4 has cofinality Ng”E

8 A sketch of the proof is as follows. Let x < A be such that in our ground model V, & is strongly
compact and X is the least singular strong limit cardinal of cofinality R greater than . Force over
V with P; x P>, where P; = Col(R2, <k) and P> is strongly compact Piikry forcing based on x and
A as defined in the proof of [AH91l Theorem 1]. Let G = G1 X G2 be the resulting generic, with
r = (rn ; n < w) the generic sequence through Py (\) generated by G2. For § € (k,\) a cardinal,
define 716 = (r, Nd ; n < w). Consider the symmetric model N := HDy ({G11d; § € (R2, k) and
0 is a cardinal} U {r[d; d € (k,A) and ¢ is a cardinal}). The arguments found in the proofs of
[AHO91l Theorem 1] and Theorems [31] and of this paper then show that IV is as desired. Note
that if Py is redefined as Col(R1, <k), A is redefined as the least singular strong limit cardinal of
cofinality N; greater than x, P> remains strongly compact Piikry forcing based on x and A, and
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