TRANSACTIONS OF THE

AMERICAN MATHEMATICAL SOCIETY

Volume 365, Number 1, January 2013, Pages 491-509
S 0002-9947(2012)05624-8

Article electronically published on August 7, 2012

MOBIUS ITERATED FUNCTION SYSTEMS

ANDREW VINCE

ABSTRACT. Iterated function systems have been most extensively studied when
the functions are affine transformations of Euclidean space and, more recently,
projective transformations on real projective space. This paper investigates it-
erated function systems consisting of Mébius transformations on the extended
complex plane or, equivalently, on the Riemann sphere. The main result is a
characterization, in terms of topological, geometric, and dynamical properties,
of Mobius iterated function systems that possess an attractor. The paper also
includes results on the duality between the attractor and repeller of a M&bius
iterated function system.

1. INTRODUCTION

Iterated function systems (IFSs) are a standard framework for describing and
analyzing self-referential sets such as deterministic fractals [3] [9] [13] and some types
of random fractals [5]. Most of the examples of iterated function systems in the
literature consist of affine functions defined on Euclidean space [I]. Attractors
of affine IFSs have many applications, including image compression [4, [10] and
geometric modeling [7]. They relate to the theory of the joint spectral radius [6]
and to wavelets [11]. Recently, a rich theory has been developed for IFSs consisting
of projective transformations defined on real projective space [2]. The intuition
developed for affine IF'Ss concerning the behavior of attractors seems not to extend
to the projective setting.

This paper concerns Mdbius IFSs. A Mobius IFS consists of Mobius trans-
formations on the extended complex plane, equivalently on the Riemann sphere,
or equivalently consisting of complex projective transformations on the complex
projective line. Iteration by the action of a group of Mo6bius transformations on
the complex plane has been nicely explored, in a recreational, but mathematically
serious, manner in [16].

The main result of this paper is a characterization of iterated function systems
that possess an attractor. The characterization involves topological, geometric, and
dynamical properties of the IFS as explained briefly in the paragraphs following the
statement of the theorem below. The second theorem describes the duality between
the attractor and repeller of a Mobius IFS. Figure[[lshows the attractor and repeller,
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on the Riemann sphere, of a Mébius IFS given in Example [T.4] of section [l In the
theorem below, X denotes the closure of a subset X of the extended complex plane

C.

Theorem 1.1. For a Mébius IF'S F, the following conditions are equivalent:
(1) F has an attractor A # C,
(2) F has a repeller R # C,

(3) there is a nonempty open set U # C such that F is topolgically contractive
on U,

(4) F is contractive on an open set U such that U # C,

(5) R(F) #C.

Moreover, a Mobius IFS can have at most one attractor.
Theorem 1.2. Assume that F has an attractor A # C. If Ba is the basin of

attraction and of A and Bp_the basin of attraction of the corresponding repeller R,
then ANR =0 and B4 = C\ R and B = C\ A.

Basic definitions associated with the extended complex plane C and Mbbius
transformation on C are provided in section 2l Three equivalent views of the action

FIGURE 1. The attractor (red, below) and repeller (black, above)
of a Mdbius IFS consisting of two loxodromic transformations. See
the online version for colors.
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of the Mobius group are described—as the action on the extended complex plane,
as the action on the Riemann sphere via stereographic projection, and as the action
of PSL(2,C) on the complex projective line. There is another viewpoint, as the
action of the Lorentz group on the celestial sphere in Minkowski space. Although
this action is not used in this paper, we describe it briefly in section [ because of
related papers in the literature on “quantum” iterated function systems.

The attractor of a Mébius IFS is a compact subset of (E, the definition and some
properties of which are given in section[3l It is possible that the attractor of an IFS
is all of ((A:; an example of a Mobius IFS with this property is given in that section.
The definition and some properties of the repeller and the adjoint attractor are
provided in section [l The proof of the equivalence of statements (1) and (2) of
Theorem [T and the proof of Theorem also appear in that section.

Concerning statements (3) and (4) in Theorem [IT] a key issue is the relationship
between the existence of an attractor and the contractive properties of the functions
in the IFS. Topologically contractive in statement (3) means that each function in
F takes U into U. The proof of (1) = (3) appears in section Bl It is a classical
result of Hutchinson [I3] that, if an IFS F consists of contractions on a complete
metric space, then F' has an attractor. Contractive in statement (4) means that
each function in F' is a contraction. Hence Hutchinson’s result guarantees that
(4) = (1). It is also proved in section [3 that an IFS F with an attractor A # C
must be loxodromic, in the sense that all compositions of functions in F' must be
loxodromic transformations. This is used to prove the uniqueness of the attractor
as stated in Theorem [[11

The proof of (3) = (4) appears in section[dl What is somewhat subtle is that the
metric with respect to which the functions in F' are contractions is not a standard
metric. It is not the Euclidean metric on the complex plane C nor the chordal
metric on the Riemann sphere. On the open set U the metric is defined by

|z — |

du(z,y) max log P

if z,y € C. Examples of this metric for some sets U are given in section[d Figure

illustrates the formula above for the distance between two given points when U is
a disk.

The set R(F) of chain-recurrent points of an IFS F is introduced in section
The equivalence of statements (1) and (5) is proved in that section, which completes
the proof of Theorem [I.11

Section [7 contains several examples of attractors of Mobius IFSs. The final
section [ poses an open problem concerning a property of a Mébius IFS that we
call strong loxodromy. Strong loxodromy is defined in terms of the eigenvalues of
the functions in the IFS. The conjecture is that F' is strongly loxodromic if and
only if the five conditions in Theorem [LT] hold.

-+ max log 1z =yl
2¢U |z — x|

2. EXTENDED COMPLEX PLANE, RIEMANN SPHERE, PROJECTIVE LINE

This section contains basic notions related to three essentially equivalent spaces:
the Riemann sphere S, the extended complex plane C:=CuU {0}, and the complex
projective line CP'. The complex projective line CP' is the quotient of C2\ {0}
by the equivalence relation (zg,z1) ~ (A2, Az1) for any nonzero A € C. Let ¢ :
C% — CP! = C?/ ~ denote the quotient map. The complex projective line CP! is

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



494 ANDREW VINCE

FIGURE 2. The distance between points x and y in the unit disk
is approximately 3.18. The point z; on the boundary of the disk
maximizes the ratio |z — y|/|z — x| of distances, and the point 29
maximizes the ratio |z — z|/|z — y| of distances.

topologically a sphere. The mapping

CP' — C := C U {oo},
20
20,21) — —
(20,21) )
takes the complex projective line bijectively onto the extended complex plane, and
the extended complex plane is in bijection with the Riemann sphere S via stereo-
graphic projection; explicitly

S—)@,
T+ iy
—
(@,9,2) = T

where S is considered as the unit sphere centered at the origin in R?. Subsequently
in this paper, we move interchangeably between S, ((Aj, and CP!.

Denote by |z — w| the Euclidean metric for z,w € C and by d.(z,w) the chordal
metric between z,w € S, where the points denoted z and w in C and in S are
related by stereographic projection. If z,w € C are contained in a disk of radius R
centered at the origin, then

de(z,w) < 2|2 —w| < (14 R?)d.(z,w),

showing that the Euclidean metric and the chordal metric are Lipschitz equivalent
on the disk and, in particular, induce the same topology there.

A dimension 1 projective transformation is an element of PGL(2,C)=PSL(2,C),
the quotient of the general linear group GL(2,C) by the complex multiples of the
identity matrix. Each element f € PSL(2,C) induces a well-defined map f :
CP"™ — CP™ such that, for any matrix L representing f, the following diagram
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commutes:
L
c? - c?
o Lo
cpt — cCpP!
f

In particular, for any projective transformation f : CP' — CP!, a corresponding
linear map can be expressed as a 2 x 2 matrix Ly = (‘; g) where ad — bc = 1.

Identifying the complex projective line CP' with the extended complex plane ((A:,
the group of projective transformations is the group of Mobius transformations of

the form
az+b
f(Z) - CZ+d’

such that the complex numbers a,b, ¢, d satisfy ad — bc = 1 and with the under-
standing that f(co) =a/c and f(—d/c) = 0.

Definition 2.1. Letting tr(L) denote the trace of matrix L, a M&bius transforma-
tion f is

(1) parabolic if tr%(Ls) = 4,

(2) elliptic if tr(Ly) is real and 0 < tr*(Ly) < 4,

(3) loxodromic if tr?(Ly) ¢ [0, 4].

A loxodromic transformation f has two fixed points: an attractive fixed point
denoted z¢ at which |f/(z5)| < 1 and a repelling fixed point denoted z; at which

[f' ()l > 1.

3. THE ATTRACTOR OF A MOBIUS IFS

In this section, after giving the definition of an attractor of an IFS, the implica-
tion (1) = (3) in Theorem [[T]is proved. The notion of a loxodromic IFS is defined,
and we prove that an IFS with an attractor A # C must be loxodromic.

Definition 3.1. Let X be a complete metric space. If f,,, : X =X, m=1,2,..., M,
are continuous mappings, then F' = (X; f1, fo, ..., far) is called an iterated func-
tion system (IFS). If X is C or S (CP! ) and each f € F is a Mbius transformation
(projective transformation), then F' will be called a M&bius IFS.

To define the attractor of an IFS, first define

F(B)=J f(B)

feF

for any B C X. By slight abuse of terminology, we use the same symbol F' for the
IFS, the set of functions in the IFS, and for the above mapping. For B C X let
F%(B) denote the k-fold composition of F, the union of f;, o fi, o---o fi (B) over
all finite words iyis - - - iy of length k. Define F°(B) = B. Given a metric d(-,-) on
X, there is a corresponding metric dy, called the Hausdorff metric, on the collection
H(X) of all nonempty compact subsets of X:

dg(B,C) = max {222 Clg(f; d(b, c), igg bigjfg d(b, c)} .
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Definition 3.2. A nonempty compact set A C X is said to be an attractor of the
IFS F if

(1) F(A) = A and
(2) there is an open set U C X such that A C U and limy_,, F¥(B) = A, for

all compact sets B C U, where the limit is with respect to the Hausdorff
metric.

The largest open set U such that (2) is true is called the basin of attraction for
the attractor A of the IFS F.

Example 3.3. It is possible that the attractor of a projective IF'S on Cis C itself.
This is the case for F' = {C; fo, f1, f2, [3, f4, [5}, where

o)== A =2+l fo=1 fi5)=2 fl) =23 fi)=c",

where /7 is irrational.

The first condition in Definition of attractor holds, just by use of transfor-
mation fy. Concerning the second condition in the definition of attractor, let zg be
an arbitrary point in C. The transformations f1 and fo assure that F'(zg) contains
a point wy # 0,00. Use the transformations fy, f3 and f4 (and a little elementary
number theory) to see that, for any z on the line {z|arg(z) = arg(wp)} and any
£ > 0, there is a point w € F¥(wp) such that |w — z| < ¢ for k sufficiently large.
Hence there is a point w € F¥(z) such that |w — z| < e for k sufficiently large.
Finally, use the transformations fy and f5 to guarantee that, for any z € C and
any ¢ > 0, there is a point w € F¥(zy) such that |w — z| < ¢ for k sufficiently large.

The notation int(Y") is used for the topological interior of a set Y and Y for the
closure of Y.

Definition 3.4. An IFS F' = (X f1, fa,..., fm) is said to be topologically con-
tractive on a compact set K C X if F(K) C int(K).

Although a similar result is used in the real projective case [2], we include it here
for completeness.

Theorem 3.5. If a Mébius IFS F on C has an attractor A #* (E, then there exists
an open set U containing A such that

(1) AcCU,

(2) T#C,
(3) F is topologically contractive on U, and
(4) U has finitely many connected components.
Proof. Assume that the attractor A # @; in particular there is a point zg ¢ A.
Let V be an open set such that A C V and V contained in the basin of attraction
for A. Let V' denote an open set such that V. C V' and V7 C C \ {z0}. Since
A = limg_,oo F*(V), there is an integer m such that F*(V) c V for all k > m.
Define

O := D Fr (V).
k=m
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Since each function in F' is an open map, O has the properties:
(1) O is open,
(2) Ac o,
(3) F¥(O) C V for all k > 0.

The next part of the proof makes use of the function F~1(X) = {z € X f(x) €
X for all f € F}. Note that F~! takes open sets to open sets, X C (F~!o F)(X)
and (Fo F1)(X) C X for all X.

Since A = limy_, F¥(V), there is an integer K such that FX(O) C O. Let
Ok, k = 0,1,..., K, be defined recursively, going backwards from Ok to Oy, as
follows. Let O = O and for k= K —1,...,2,1,0, let Of be an open set such that

(4) F*¥(O) Cc O C V', and
(5) F(Ok) C Og41.

To verify that sets O, k = K — 1,...,1,0, with these properties exist, first
note that property (4) holds for ¥ = K. To verify the properties for all k =
K —1,...,2,1,0, inductively assume that Oy, k > 1, satisfies property (4). Using
property (4) we have F*~1(0) ¢ F~Y(F*(O)) c F~1(Oy), and using property
(3) we have F*=1(0) c V C V’. Now choose Oj_1 to be an open set such that
FF=1(0) C Ox_1 and Op_; C V'NEF~1(Oy). The last inclusion implies F(O_1) C
Oy.

We claim that

K—1
U= J o
k=0
satisfies the properties in the statement of the theorem. By properties (2) and (4)
we have A = F*(A) c F*(O) C Oy, for each k, which implies A C U. By property
(4) we have U is an open set such that U C V' C C \ {#0}. Lastly, we show that F
is a topological contraction on U:

K-1
= |J 7o c
k=0

the first inclusion coming from property (5), the second inclusion because Og = O,
the third inclusion from property (4) applied to k = 0, and the last inclusion from
the definition of U.

Without loss of generality it may be assumed that each connected component C'
of U has nonempty intersection with A; otherwise, throw out the components that
do not, and note that if C' has nonempty intersection with A, then so does F(C).
Since the components of U form an open covering of A and A is compact, U has
finitely many components. O

For an IFS F, let F denote the set of all finite compositions of the functions in
F. Tf each function in F is loxodromic, then F' will be called a loxodromic IF'S.

- UokuOKcUUOCUUOOCU,

TCx
Q
=

Theorem 3.6. If a Mébius IFS F on C has an attractor A #+ C and fE€F, then

(1) F is lozodromic,
(2) the attractive fized point of each f € F lies in A, and

(3) the repulsive fized point of each f € F lies outside the basin of attraction
of A.
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Proof. Let f € Fand F' = FU {f}. It is routine to check that if A is an attractor
of I with basin of attraction B, then A is also an attractor of I’ with basin of
attraction B. Therefore, to prove statement (1) it is sufficient, without loss of
generality, to show that each f € F is loxodromic, and to prove statements (2) and
(3), we can, without loss of generality, assume that f € F.

We will prove, by contradiction, that F' can contain no parabolic or elliptic
transformation. Assume that F' has attractor A’ # C and that F contains a
parabolic transformation f : C - C. Any parabolic transformation is conjugate
(via a Mobius transformation h) to a translation of the form g(z) = hfh~1(z) =
z+1. Let F}, be the IFS obtained from F by conjugating each of its functions by h.
Then Fj, has attractor A = h(A’) # C. The point co € A because, if 2z is any point
in the basin of attraction of A, then co = limg_,+ g™ (20) € A. Therefore, according
to Theorem [3.5] there is a compact set K := U # C such that co € A C int(K)
and Fy, is a topological contraction on K. Since oo € int(K), there is some disk D
centered at the origin in C such that K contains the complement of D. If z is any
point not in K, then z — k € D C K for k sufficiently large. This implies that, for
k sufficiently large, g*(z — k) = z where z — k € K but z ¢ K, contradicting that
F}, is a topological contraction.

Next assume that F has attractor A’ # C and that F contains an elliptic trans-
formation f. Any elliptic transformation is conjugate (via a projective transforma-

tion h) to a projective transformation of the form g(z) = hfh=1(z) = (e(;e e,%),
which, on the Riemann sphere centered at the origin in R3, is a rotation through
the zz-axis. By Theorem there is a compact set K that is mapped by f into
int(K). Therefore g maps h(K) into int(h(K)). Since a rotation is an isometry of
the sphere, this is impossible.

By statement (1) of this theorem, the map f is loxodromic. Therefore f has an
attractive fixed point zy and a repulsive fixed point z} Moreover lim,,_, o f™(2) =
z¢ for any z # z} If z is any point in the basin of attraction of F' that is not a

fixed point of f, then z; = limg 00 f¥(2) C limy00 F¥(2) = A. O
Corollary 3.7. A Mébius IFS can have at most one attractor.

Proof. Assume, by way of contradiction, that F' has two attractors, A and A’. First
consider the case where ANA’' # 0. If z € ANA’, then A = limy_, o, F¥({2}) = A'.
Therefore AN A’ = (). This implies that 4 # C and A’ # C. By Theorem 3.6,
the attractive fixed point of each f € F' would lie in both A and A’, contradicting
ANA =0. O

4. A METRIC ON SUBSETS OF C

This section concerns the contractive properties of a Mébius TFS. A metric is
defined on any open set U C C with U # C. Using this metric, the implication
(3) = (4) in Theorem [L.T]is proved.

Definition 4.1. A function f : X — X on a metric space X is called a contraction
with respect to a metric d if there is an s, 0 < s < 1, such that d(f(z), f(y)) <
sd(z,y) for all z,y € X. AnIFS F = (X f1, fo,..., fam) is said to be contractive
on a set X C X if

(1) F(X) c X,
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(2) there is a metric d : X x X — [0,00), inducing the same topology as on
X,

(3) (X,d) is a complete metric space, and

(4) for each f € F, the restriction f|x of f to X is a contraction on X with
respect to d.

It is a standard result that F contractive on X implies that the function F :
H(X) — H(X) is a contraction with respect to the corresponding Hausdorff metric.
Let U be an open subset of C such that U # C. Define a function dy : U x U —

[0,00) by

|z — = |z =yl
4.1 dy(z,y) = max lo + max lo
(4.1) u(@,y) max log 1+ max log T
if z,y € C,
(4.2) dy (z,00) = rgleaéc log |z — z| + rglgaéc log T

and dy (oo, y) is defined by an analogous formula. We claim that dy is a metric on
U. Clearly dy(z,y) = dy(y, ), and the triangle inequality is easy to check. Also
dy(z,z) = 0 for all z € U, and if dy(x,y) = 0, then |z — z| = |z — y| for every
z ¢ U. Since U # ((A:, this is possible only if z = y.

Lemma 4.2. Let ¢ > 0 be a real number, x,y € C, and f a Mébius transformation.

(1) The locus of points C = {z eC: &— c} 1s a circle with center on the
line joining x and y if c # 1. If c =1, then C is the perpendicular bisector
of the line segment Ty.

(2) If ¢ > 1, then the set of points inside C is {z € C : ﬁ:ﬂ >c} .

(3) There is a ¢’ > 0 such that f(C) = {z eC: E:;EZ;; = c’}.

Proof. A straightforward calculation suffices to vertify statements (1) and (2). To
vertify (3), it is sufficient to show that, if z; and 2z are any points on C such that
zimel  lzael o M@ Lz)=f@)] - By this follows from the invariance
[21—y] [22—y] [f(z1)—f ()] [f(z2)—f ()]

of the cross ratio under the Mobius transformation f, i.e.,

(21 —2)(z2—y) _ (flz) = f(2)(f(22) = f(¥))
(21 =)z =) (f(z) = FW)(f(22) — f(2))

(4.3)

|
In order to generalize distance in the Cayley-Klein disk model of the real pro-
jective plane, Hilbert [12] defined a certain metric on convex cones in R™, now
referred to as the Hilbert metric. The following examples make it clear that the
metric defined by ([@I]) and (2 is not this Hilbert metric, not even for a disk or
a rectangle. However, as is the case for the Hilbert metric, the cross ratio plays an
important role for the metric dyy, as is made clear in the proof of Lemma above
and Theorem below.

Example 4.3. Let U be the open unit disk in C. The distance in the metric dy
between the center of the disk and a point at a distance r from the center is log }J_r:
A general formula for the distance between two arbitrary points in U is problematic
because it involves solving a degree 6 polynomial equation. In general, the points

z that maximize in formula @Il do not lie on the line joining the two points. This
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is illustrated in Figure2l Even for the disk, the metric dy is not the Hilbert metric
associated with a 2-dimensional convex region.

Example 4.4. Let U be the open rectangle in C bounded by the lines
Re(z) = a+b, Re(z) = —(a+0b), Im(z) =1, Im(z) = —1, where a > 1,b > v/2— 1.
A staightforward calculation shows that dy(a, —a) = log(a® + 1 + ava2 +1) —
log(a? + 1 — av/a? + 1) and the points that maximize the two quantities in for-

mula (@) are z; = vVa? +1+i and 20 = —va? + 1 +4.

Theorem 4.5. Let U be an open subset of@ such that U # C.

(1) The metrics dy, d. and the Fuclidean metric induce the same topology on
U.

(2) The metric space (U,dy) is complete. B

(3) If f : U — U is a Mébius transformation such that f(U) C U, then f is a
contraction with respect to dy .

Proof. Concerning statement (1) in the theorem, the equivalence of the Euclidean
and chordal metrics was already mentioned in section The equivalence to the
metric dy is left as a routine exercise. Concerning statement (2), assume that
{zn}52, is a Cauchy sequence of points in U with respect to dyy. By the definition
of dy, this implies that there is an a > 0 such that |z, —z| > a for all z ¢ U and all
n sufficiently large. This in turn implies that {z,}22; is a Cauchy sequence with
respect to the Euclidean metric, and hence a convergent sequence with respect
to the Euclidean metric since the Euclidean metric is complete on U. Since the
FEuclidean metric and the metric dy induce the same topology on U, the sequence
{zn}52.; is also convergent with respect to dy.

Concerning statement (3), let f be such a transformation. Let 2 and y be any
two distinct points contained in U, neither equal to co. For x = 0o or y = oo,
we omit the proof since it is similar but easier. We will show the existence of a
real number s, 0 < s < 1, such that dy(f(z), f(y)) < sdy(z,y). Let z; and z2 be
arbitrary points not in U. The invariance of the cross ratio (equation ([€3])) implies

(4.4) log

= log

zl_m‘—l—log 29 — Y
—y 2o —

+log‘

xT

Let wy and wy be such that ‘“’I*I‘ = max,¢y ‘Z; 2=y
wi1—y zZ=y

:maxzeU =

and ‘“’Z_y
Wo—T

—T

From Lemma it follows that w; and wsy lie on the boundary of U, and the
sets Dy = {w: ‘Zj—:’;‘ ZmangU‘ify } and Dy 1= {w : ‘%‘ > max ¢y ‘% }

are closed disks contained in U. A point w € D; such that w ¢ U would con-

tradict the definition of w; as the point that maximizes ’2:2‘ over all z ¢ U.
The same is true for point w € Do, w ¢ U. Moreover, by Lemma 2] f(D;) =

{z: — %5 ;(:Jui) fgzg } Since f(U) C U, we have f(D;) C U. Therefore

there is an s; < 1 such that, if 2 ¢ U, then z:;gz; < % ', Simi-
e f wo)— f S2

larly, there is an sy < 1 such that, if z ¢ U, then %f% < % L If
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s = max{s1, s2}, then

z— f(2) ’ 2= I
d x), max log | ————=| + maxlo
v(f(x), fy) = maxlog | 5oy | ¥ meslog | S5
( ’f(wﬂ G ’ flw2) — f(y)>
Flwn) = )| 8| flwa) — fx)
(log x‘ + log ’ >
-y wy — T
z— z—y
s (%ag og z—y‘ + r%ag g | — ) sdy(z,y)
The second equality is from equation ([E4). O
The implication (3) = (4) in the Theorem [[T]is a direct consequence of Theo-

rem
Corollary 4.6. For a Mdbius IFS F', if there is an open set U # C such that F is
topologically contractive on U, then F is contractive on U.

5. THE ADJOINT ATTRACTOR AND THE REPELLER

The adjoint and the repeller of a Mébius IFS are introduced in this section, and
the equivalence of statements (1) and (2) in Theorem [L.Tis proved. The following
notation is used. For z € (C denote the conjugate by z, and for any X C (C let

2= —1/z,
Xt = {2t :2€ X},
X*:=C\ X"+

We use the notation L: X — X+ and * : X +— X* for the corresponding map-
pings. Identifying C with CP!, we have

L =Aw : (w,2) =0}
If Fis a Mobius IFS and f € F, then its inverse f~! is represented by the matrix

Ly = L;l. In a similar fashion, define f* and f~* as the Mobius transformations
represented by

Ly =1L} and Ly = (LY = (Lp)~"

respectively, where * denotes the conjugate transpose matrix. The following iter-
ated function systems related to F' will be used in this section.

(1) The adjoint of the IFS F, denoted by F*, is the IFS
F o= (G fff5 s fir) -
(2) The inverse of the IFS F is the IFS
Fli= (@; f;l,fgl,...,fﬂgl) :

Definition 5.1. A set R C (:C is said to be a repeller of the IFS F' if R is the
attractor of =1, A set A’ C C is said to be an adjoint attractor of the IFS F if
A’ is the attractor of F*.
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Proposition 5.2. The following diagrams commute for any Mdbius transformation
f and any Mébius IFS F:

1 1
¢ - C H(C) — H(A)
fe Frlo L
cC —- C H(C) — H(C).
1 1

Proof. To verify that the diagrams commute, it is sufficient to show that, for all
x € CP! and any Mébius transformation f, we have L;l(xl) = [L?(ac)]L But

Li'(ah) = {L7'y : (z,y) =0} ={z : <faLfZ> =0}
= 2 (L) = 0) = [Lh(a)]
R R O
Let S(C) denote the set of all subsets of C (including the empty set). For an IFS
F define the operator F : §(C) — S(C) by
=) rx
feF
for any X € S(C).
Proposition 5.3. The map * is an inclusion reversing function with these prop-
erties:

(1) The following diagram commutes:

S(€) — S(C)
F | F
S(C) — S(O©).

(2) If F(X) CY, then F*(Y*) C X*.
Proof. The fact that the diagrams commute is easy to verify. Concerning the second
statement, since * is inclusion reversing, F'(X) C Y implies that Y* C [F(X)]* =
F(X™*), the equality coming from the commuting diagram. The definition of F' then
yields F*(Y*) C X*. O
Theorem 5.4. For a Mdébius IFS F the following statements are equivalent.

(1) F has an attractor A # C,

(2) F* has an adjoint attractor A’ # C |

(3) F has a repeller R = (A")* # C.
Moreover, if By, By, and Bg are the basins of attraction for A, A’, and R, of IFSs
F,F* and F~', respectively, then

(1) Bg=C\ A and By = C\ R, and

(2) Ba = (C\ A)*.
Proof. (1) = (2): At this point we have aleady proved the equivalence of statements
(1) and (3) in Theorem [[Il Hence if F' has an attractor, then there is a nonempty
open set U such that F(U) C U and U # C. By Proposition [5.3] this implies that
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F*(U*) c (U)*. Let V = (U)*. It is easy to check that V = 0 if and only if U = C
and V = C if and only if U = (J; also routine is that V' = U*, which is an open set.
We now have F*(V) = V, where V is a nonempty open set and V # C. By the
already proved implication (3) = (1) in Theorem [[T] the IF'S F* has an attractor,
say A" £ C.

(2) = (3): To show that A’ is an attractor of F~!, consider the first of the
two conditions in the definition of an attractor. From the commuting diagram in
Proposition 5.2 we have F*(A’) = A’ if and only if F~1(A'") = (F*(A)+ = 4’
Concerning the second of the two conditions in the definition of an attractor, let
B be an arbitrary subset contained in the basin of attraction for A" of F*. With
respect to the Hausdorff metric, limy,_, o F*k(B) = A’ if and only if

lim F~*(BY) = lim (F**(B))* = (lim F**(B))* = 4"

k—o0 k—o0 k— o0
Note that we have also shown that B4/ is the basin of attraction for A’ of F™* if
and only if (Bas)t is the basin of attraction for R of F~1.

The implications (3) = (1) can be obtained by replacing F' by F~! in the above
arguments.

Concerning the statements about the basins of attraction, we will show that
By = C \R; Bg = C \ A is proved in exactly the same way with F'~! replacing F.
We first show that By N R = (). Let X be the set of repelling fixed points of F,
i.e., the set of attracting fixed points of F~1, and let

R =] F*Xp).
k=1
By Theorem B.6) B4 N Xz = (. Therefore By N F~*(Xr) = 0 for k > 1; otherwise
if z € Ba N F%(Xg), then for some g € F* we would have g(z) € g(Ba) N
Xr C BaN Xp. We now have By MUy, F~*(Xr) = 0, and hence BsN R =0
because By is an open set. We claim that R' = R, which would complete the
proof that B4 N R = (. Concerning the claim, since R is the attractor of F~!,
R =limy_ F7%(X;) C R. Since Xr C R, also R’ C R.

To finish the proof that By = C \ R, notice that it has already been shown that
F* has an attractor A’ # C. According to Theorem 6], A’ is contained in a set U
such that F* is a topological contractive on U. With little change to the proof of
Theorem [£.6], it follows that if N is any open set containing A’, then such a set U
can be chosen so that U C N. So, for any € > 0, let A’ be a compact set containing
A’, contained in the e-neighborhood {z : d(z,w) < € for some w € A’} of A’, and
such that F*(AL) C int(A~). This last inclusion implies, by Proposition 53] that

F(A") c F((int A))") c A",

But according to Theorem EEH, F(A’*) C A’* implies that F is contractive on
AL*, and hence, by the classic result of Hutchinson [13], we have A C A" C Ba.
Therefore
RCC\BacC\A =A"
Since lim._,9 A, = A’, also lim._,o Aél = At = R. Therefore C \ B4 = R or
B, =C\R.
Having shown that (Ba/)* = Bg, it follows that By = (Bg)t = (C\ A)*. O
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6. CHAIN-RECURRENCE

In this section, after defining the notion of a chain-recurrent point, we prove the
equivalence of statements (1) and (5) in Theorem [[11

Definition 6.1. Let F' be an IFS on a metric space with metric d(-, ). Given
e > 0, an e-chain for F is a sequence of points {z;};—,, n >0, in C such that, for
each i € {0,1,2,...,n— 1}, there is an f € F such that d(z;11, f(2;)) <e. A point
z € C is chain-recurrent for F if for every ¢ > 0 there is an e-chain {z;},_, for

F such that zy = z,, = z. The set of all chain recurrent points for F' is denoted by

Theorem 6.2. A Mébius IF'S F' has an attractor A # C if and only if R(F) # (E,
in which case R(F) = AU R, where R is the repeller of F.

Proof. Assume R(F') # C. To prove that A # C, let 2 ¢ R(F). Then there is
an € > 0 such that no e-chain starts and ends at z. Let U denote the set of all
points w such that there is an e-chain from z to w. Notice that (1) z ¢ U, (2) U
is an open set, and (3) F(U) C U. By the already proved implication (3) = (1) in
Theorem [[LT] the IFS F has an attractor A contained in U. Since z ¢ U, we have
z¢ Aand A+ C.

The paragraph above shows that if z ¢ R(F), then z ¢ A. Hence A C R(F).
To show that R C R(F), let z € R and let ¢ > 0. An e-chain for F start-
ing and ending at z is constructed as follows. By the continuity of the functions
in F, there exists a § > 0 such that, if d.(z,y) < 4, then d.(f(x), f(y)) < ¢
for all z,y € C and all f € F. Since limy_,o F~*({z}) = R, there is sequence
firs finy -y fin of functions in F' such that dc(fi:1 o f;l o---of 12), 2) < 6. Let

in
wy = z and wy_1 = fi;l(wN), WN_9 = fi;lil(wN_l),...,wo = fijl(wl). Fur-
ther, let 29 = z and 2z = wy, for k = 1,2,..., N. Since d.(zo,wo) < §, we have
de(fiy (20), 21) = de(fiy (20), fiy (wo)) < &. Also de(fiy (2k-1), 2k) = de(wp, wy) =0
for k =2,3,..., N. We have shown that z is chain-recurrent, hence AUR C R(F).

Now assume that F' has an attractor A # C. By Theorem [(5.4], the IFS F has a
unique repeller R and ANR = (). Since A and R are compact, ANR # C. To finish
the proof it suffices to show that R(F) = AU R. We already have AU R C R(F).
To show that R(F) C AUR, let z ¢ AU R. We will show that z is not chain-
recurrent. Since z ¢ R, by Theorem [5.4] the point z lies in the basin of attraction
of A, and hence limy_,o, F"({z}) € A. Let U’ C U be two open sets containing
A such that infxeﬁ/’yG@\—U de(z,y) > 0. Since limy oo F¥*({z}) € A there is a K

such that F*({z}) C U’ for all k > K and, by the continuity of the functions in F,
an (k) > 0 such that every e-chain of length k > K starting at z ends in U. If
there is an € chain starting and ending at z, then there is, by repeating the chain
if necessary, an ¢ chain starting and ending at z of length at least K. But we have
shown that it cannot be the case that, for every e, there is an e-chain starting and
ending at z of length at least K. Therefore z is not chain-recurrent. ([l

7. EXAMPLES

Example 7.1. If F' = (@, f) consists of a single loxodromic function f, then the
attractor is the attracting fixed point of f and the repeller is the repelling fixed
point of f.
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If a Mdbius IFS F' has an attractor, not equal to ((A:, then by Theorem each
transformation in F is loxodromic. A general loxodromic transformation f can
be expressed as f = g~ ' - f - g, where g is an arbitrary Mobius transformation
and f(z) = sz, where s € C, |s| < 1. The contractivity parameter s gives an
indication of how attractive is the fixed point 0 of f , and hence how attractive
is the the attracting fixed point of f. Basically, the smaller the modulus |s|, the
more attractive. Letting g(z) = (Az + B)/(Cz + D), the fixed points of f are
—B/A and —D/C. A straightforward calculation then suffices to expess a general
loxodromic transformation in terms of three parameters, the attracting fixed point
a, the repelling fixed point r, and s. If a # co and r # oo, then f has the form:

_(a—sr)z+(s—1ar
(7.1) 1(z) = (1—s)z+(sa—r)
where 1 > |s| > 0, If » = oo, the functon takes the form f(z) = sz +a(l —s). If

s =0, then f(z) = a, and if s = 1, then f(z) = z. If the parameter s is real, then
the loxodromic transformation f is called hyperbolic.

b

Example 7.2. Figure [} shows the attractor and repeller of an IFS {(E, f1s fay f3},
where the three attractive fixed points x1, zo, x3, respectively, of the three hyper-
bolic functions are mutually orthogonal as vectors on the Riemann sphere. The
repelling fixed points 7}, 25, 25 are diametrically opposite the points 1, 2, x5, re-
spectively. The contractivity factor s in (Z.I)) is 0.4. In Figure @ the IF'S is basically
the same IFS except that s = .4e*’ (not hyperbolic).

Example 7.3. Figure[Qlshows the attractor of the IFS consisting of four loxodromic
functions whose attracting fixed points are located at the four vertices of a regular
tetrahedron inscribed in the Riemann sphere. The repelling fixed points are located
diametrically opposite the respective fixed points. The factor s = .13e%".

Example 7.4. Figure[lin the introduction shows the attractor and repeller of the
IFS F = (C; f1, f2) where

L. — 0.1566 — 0.4101z  0.4453 — 0.3560¢
717 10.4305 — 0.3896i  —0.7477 — 1.2362i )’

. — 1.0122 — 0.0984:7  0.3985 — 0.40763
727 10.4305 — 0.3896i  0.2801 — 1.08047 ) *

8. LORENZ TRANSFORMATIONS

In addition to the three equivalent viewpoints given in section [2] regarding a
Mobius transformation, there is a fourth—as a Lorentz transformation on the ce-
lestial sphere in Minkowski space. This is the perspective taken in [14] [15], where
the corresponding iterated function system is referred to as a “quantum iterated
function system”.

Minkowski space consists of R* together with the quadratic form

Q(x) = Q(zo, w1, w9, w3) = 2§ — af — 25 — a3,
The future light cone N1 is defined as
Nt = {x = (w0, 21, 22,73) € R?* : xo >0, Q(x) =0},
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FIGURE 3. The attractor (red, right) and repeller (black, left) of
Example [[2 are depicted in the complex plane (top figure), and
on opposite sides of the Riemann sphere (bottom figure—attractor
on the left, repeller on the right). See the online version for colors.

and the celestial sphere C is the set of rays in N+ whose initial point is the origin
of R%. The celestial sphere can thus be regarded as the projectivized future light
cone: C = PN™T. The restricted Lorentz group SO (1,3) is the set of linear trans-
formations of R* with positive determinant that preserves the quadratic form Q
and preserves the time direction, i.e., x is future pointing if zq > 0. Therefore the
restricted Lorentz group acts on the celestial sphere.

There is a bijection

CP! - ¢,

(z,w) = (zo, 21, T2, 3),
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FIGURE 4. The attractor for the second IFS in Example

FIGURE 5. The attractor (red) and repeller (black) in Example[7:3]
See the online version for colors.
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2 <Z> (2 w)=X:= <x0+?31 x2+m3) .
w Ty — 13 Tro — T1
A projective transformation L : CP' — CP! corresponds to the Lorentz transfor-
mation

defined by

C—¢C,
X — LXL*,

where L* is the conjugate transpose matrix.

By letting ST be the intersection of N with the hyperplane xo = 1 in R?, the
celestial sphere C may be identified with the sphere ST = {(x1,22,73) : 21 + 2% +
r3 = 1} in the 3-dimensional subspace of R* spanned by the x1,z2 and x3 axes.
A transformation in SO'(1,3) does not necessarily take the hyperplane zy = 1
to itself, but if we multiply by a suitable scalar so that x¢g = 1, then the Lorentz
group can be regarded as acting on ST. This turns out to be precisely the action
described in section 2 of PSL(2,C) on the Riemann sphere.

9. STRONGLY LOXODROMIC IFSs

In this last section we introduce a property of a Mobius IFS that we conjecture
is equivalent to the other five conditions in Theorem [Tl Representing a Mobius
transformation f by a 2 x 2 matrix Ly with eigenvalues A1 (f), A2(f) with [A1(f)| <
‘)‘2 (f)|’ let
M) = Ai(f)

A2(f)
Let Q4 (F') denote the set of all k-fold compositions of functions in F' and let

M= 2 O

A(F) = lim sup [Mj,(F)]* .

k—o0

<1

Call a Mobius IFS F strongly loxodromic if
AF) < 1.

A Mobius transformation f is parabolic or elliptic if and only if A(f) = 1.
Therefore a strongly loxodromic IFS is loxodromic.

Conjecture 9.1. A Mébius IFS F is strongly lozodromic if and only if R(F') # C.
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