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SMALL OPTIMAL MARGULIS NUMBERS

FORCE UPPER VOLUME BOUNDS

PETER B. SHALEN

Dedicated to José Montesinos on the occasion of his 65th birthday

Abstract. If λ is a positive real number strictly less than log 3, there is a
positive number Vλ such that every orientable hyperbolic 3-manifold of volume
greater than Vλ admits λ as a Margulis number. If λ < (log 3)/2, such a Vλ

can be specified explicitly and is bounded above by

λ

(
6 +

880

log 3− 2λ
log

1

log 3− 2λ

)
,

where log denotes the natural logarithm. These results imply that for λ < log 3,
an orientable hyperbolic 3-manifold that does not have λ as a Margulis number
has a rank-2 subgroup of bounded index in its fundamental group and in
particular has a fundamental group of bounded rank. Again, the bounds in
these corollaries can be made explicit if λ < (log 3)/2.

1. Introduction

LetM be a (complete) orientable hyperbolic 3-manifold. Up to isometry, we may
identify M with H3/Γ, where Γ is a discrete, torsion-free subgroup of Isom+(H

3),
uniquely determined up to conjugacy by the hyperbolic structure of M and isomor-
phic to π1(M). In this setting we have the following definition:

Definition 1.1. A Margulis number for M (or for Γ) is a positive real number μ
such that the following condition holds:

1.0.1. If P is a point of H3 and x, y are elements of Γ such that

max(d(P, x · P ), d(P, y · P )) < μ,

then x and y commute.

Here, and throughout this paper, d denotes hyperbolic distance on H3.
We refer the reader to the introduction of [32] for a general background discussion

of Margulis numbers, including external references generalizations to the case of
higher-dimensional or non-orientable hyperbolic manifolds. In [32] we pointed out
that if Γ ∼= π1(M) is non-abelian, then there is an optimal Margulis number for M ,
denoted μ(M), characterized by the property that a given positive number μ is a
Margulis number for M if and only if μ ≤ μ(M). We also discussed the Margulis
Lemma, which implies that there is a constant which is a Margulis number for
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every orientable hyperbolic 3-manifold. In this paper we will denote the largest
such constant by μ+(3).

In [32] we discussed the problem of finding lower bounds for μ(M), as M varies
over a prescribed class of orientable hyperbolic manifolds, and its significance for
the problem of classifying finite-volume orientable hyperbolic 3-manifolds. Results
on this problem include Meyerhoff’s lower bound of 0.104 . . . for μ+(3), given in
[24] (which should be compared with Marc Culler’s upper bound of 0.616 . . .); the
main result of [9], which implies that μ(M) ≥ 0.286 for any orientable hyperbolic
Haken manifold M ; the main result of [32], which asserts that, up to isometry,
there are at most finitely many orientable 3-manifolds with μ(M) < 0.29; and
Corollaries 3.13 and 3.14 of this paper, which assert that if every subgroup of rank
at most 2 in π1(M) has infinite index—and in particular if H1(M ;Q) has rank at
least 3 or if M is closed and H1(M ;Zp) has rank at least 4 for some prime p—
then μ(M) ≥ log 3 = 1.09 . . .. (These corollaries are well-known consequences of
known results and are included in the present paper for completeness. The essential
ingredients are, first, the “log 3 theorem”, which is deduced from the results of [10],
[4], [1], [6], [28], and [29], and, second, some topological facts proved in [17] and
[34].)

It is a standard observation that a lower bound for μ(M) forces a lower bound
for the volume of M . Indeed, if volM < ∞, it is easy to deduce that the μ-thick
part of M [5, Chapter D] is non-empty and hence that M contains an isometric
copy of a ball B of radius μ/2 in H3. In particular, the volume of B is a lower
bound for volM . Various refinements of this estimate are also well known.

The theme of the present paper, exemplified by Theorems A and B below and
their corollaries, is that for an orientable hyperbolic 3-manifold M , certain upper
bounds on μ(M) force upper bounds on the volume of M . From this one can
deduce that certain upper bounds on μ(M) also force upper bounds on certain
group-theoretical invariants of π1(M) such as its rank.

Of course, these results can be reinterpreted as saying that suitable lower bounds
on the volume of M or on such group-theoretical invariants as the rank of π1(M)
imply certain lower bounds on μ(M). From this point of view, the paper can be
seen as a contribution to a body of results, discussed above, that give lower bounds
for μ(M) under various restrictions on M .

The following result, which gives a first illustration of how upper bounds on
μ(M) force upper bounds on the volume of M , will be proved in the body of the
paper as Theorem 4.2.

Theorem A. Let λ be a positive real number strictly less than log 3. Then there is a
constant Vλ such that for every orientable hyperbolic 3-manifold M with μ(M) < λ
we have volM ≤ Vλ (and in particular volM < ∞).

The following two corollaries to Theorem A will be proved in the body of the
paper as Corollaries 4.1 and 4.2.

Corollary. Let λ be a positive real number strictly less than log 3. Then there is
a natural number dλ such that for every orientable hyperbolic 3-manifold M with
μ(M) < λ, the group π1(M) has a rank-2 subgroup of index at most dλ.

Corollary. Let λ be a positive real number strictly less than log 3. Then there is
a natural number kλ such that for every orientable hyperbolic 3-manifold M with
μ(M) < λ, the group π1(M) has rank at most kλ.
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Note that in Theorem A and the two Corollaries stated above, no explicit esti-
mate is given for the constants Vλ, dλ and kλ. As we shall now explain, explicit
estimates can be obtained if we replace the assumption λ < log 3 by the stronger
assumption that λ < (log 3)/2.

The following result will be proved in the body of the paper as Corollary 7.3.
(It is a corollary to a more technical result, Theorem 7.1.)

Theorem B. Let λ be a positive real number strictly less than (log 3)/2. Then for
every orientable hyperbolic 3-manifold M with μ(M) < λ we have

volM < λ

(
6 +

880

log 3− 2λ
log

1

log 3− 2λ

)
.

To avoid confusion it may be worth pointing out that the right hand side of the
inequality in the conclusion of Theorem B is negative if, say, λ < 0.1. Thus in this
case the theorem asserts that μ(M) cannot be less than λ. However, this is not new
information, as Meyerhoff [24] has shown that μ(3) > 0.1, and indeed his result is
used in the proof of Theorem B.

The following two corollaries to Theorem B will be proved in the body of the
paper as Corollaries 7.4 and 7.5.

Corollary. Let λ be a positive real number strictly less than (log 3)/2. Then for
every orientable hyperbolic 3-manifold M with μ(M) < λ, the group π1(M) has a
rank-2 subgroup of index at most

λ

V0

(
6 +

880

log 3− 2λ
log

1

log 3− 2λ

)
.

Corollary. Let λ be a positive real number strictly less than (log 3)/2. Then for
every hyperbolic 3-manifold M with μ(M) < λ, we have

rank π1(M) ≤ 2 + log2

(
λ

V0

(
6 +

880

log 3− 2λ
log

1

log 3− 2λ

))
.

In the author’s forthcoming paper [33], a refined version of Theorem A will be
used to prove the following result:

Theorem. Let K be a number field. Then up to isometry there are at most finitely
many closed, orientable hyperbolic 3-manifolds that have trace field K and do not
admit 0.34 as a Margulis number.

In another work of the author’s, not yet written, Theorem 7.1 is combined with
arguments invoking many other results—the log 3 theorem, the algebra of congru-
ence subgroups, and Beukers and Schlickewei’s explicit form of Siegel and Mahler’s
finiteness theorem for solutions to the unit equation in number fields—to prove the
following result:

Theorem. Let K be any number field, and let D denote its degree. The number
of (isometry classes of) closed, non-arithmetic hyperbolic 3-manifolds which are
Z6-homology 3-spheres, have trace field K, and have optimal Margulis number less
than 0.183 is at most 141× 224(D+1).

(That the number of such isometry classes is finite follows from the main result
of [32]. It is the explicit bound which is the content of the theorem above.)

The proof of Theorem A occupies Section 4. The method of proof is to reduce
the result to the log 3 theorem (which was mentioned above) using relatively formal
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arguments based on standard results about algebraic and geometric convergence.
The basic strategy is similar to the one used in [32].

The proof of Theorem B is rather easily reduced to the case in which π1(M) is a
two-generator group. In this case, the proof involves two steps. The first, which is
carried out in Section 5, consists of showing that an upper bound λ < (log 3)/2 on
μ(M) forces an explicit upper bound on the minimal length of a non-trivial relation
in the generators of π1(M). This step, which is embodied in Proposition 5.3, is a
refinement of the elementary packing arguments that are used, for example, in [34]
to give an elementary proof that (log 3)/2 is a Margulis number for any hyperbolic
3-manifold M such that every two-generator subgroup of π1(M) is free.

The second step involved in proving Theorem B in the case in which π1(M) is
a two-generator group is to show that an upper bound on the minimal length of a
non-trivial relation in the generators of π1(M) forces an explicit upper bound on
the volume of M . This bound is given by Proposition 6.2, the proof of which is the
goal of Section 6. The proof of Proposition 6.2 is a refinement, in the two-generator
case, of the argument used by Cooper in [8] to show that the volume of a closed
hyperbolic 3-manifold is bounded by π times the length of a presentation of its
fundamental group. Adapting Cooper’s method to give a volume bound in terms
of the length of a single relation rather than the length of an entire presentation
involves some ingredients which are required but did not appear in [8]. One of these
is an isoperimetric inequality which was proved by Agol and Liu as Lemma 4.4 of
their paper [3], where they applied it to prove a result that is somewhat analogous
to, but distinct from, Proposition 6.2.

The newest ingredient needed for the proof of Proposition 6.2 is a deep and
technical topological result, Lemma 6.2. One of the results needed to prove Lemma
6.2, Proposition 6.1, is a new application of the characteristic submanifold theory
that seems to be of particular independent interest.

In Section 7 we assemble the results of Sections 5 and 6 to prove Theorem 7.1
and its various corollaries (including Corollary 7.3 which is Theorem B above).

Sections 2 and 3 are preliminary sections, devoted to assembling more or less
well-known results used in later sections for which convenient references are not
easy to find.

The author is grateful to Michael Siler, Dick Canary and Marc Culler for a
series of valuable discussions on the material in this paper. Siler pointed out an
error in an earlier version of the paper; he called attention to Lemma 4.4 of Agol
and Liu’s paper [3]; and most importantly he made a suggestion that led to the
realization that π could be replaced by min(π, λ) in Proposition 6.2, which gives
an important improvement in Theorem 7.1. Canary has painstakingly continued to
educate the author about algebraic and geometric convergence; he corrected näıve
ideas about the algebraic convergence arguments involved in the proof of Theorem
4.2 and helped the author to the correct argument and suitable references. Culler
patiently listened to all the details of the material in the paper before they were
written and clarified the proof of Proposition 2.2.

2. General preliminaries

Throughout this paper, log x will denote the natural logarithm of a positive
number x and #(X) will denote the cardinality of a finite set X.
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In statements and arguments involving fundamental groups, we will suppress
base points whenever it is possible to do so without ambiguity. If X is a path-
connected space, we will often implicitly assume that X is equipped with an un-
named (and arbitrary) base point �X and write π1(X) for π1(X, �X). If f : X → Y
is a map between path-connected spaces, then f� : π1(X) → π1(Y ) will mean the
homomorphism from π1(X, �X) to π1(Y ) = π1(Y, �Y ) which is obtained by compos-
ing the standard induced homomorphism f� : π1(X, �X) → π1(Y, f(�X)) with the
isomorphism from π1(Y, f(�X)) to π1(Y, �Y ) defined by an unspecified path from
f(�X) to �Y . Thus f� is well defined up to post-composition with inner isomor-
phisms of π1(Y ). Many assertions about f�, such as the assertion that is injective
or surjective, are invariant under post-composition with inner isomorphisms and
will be made without reference to a connecting path. Likewise, the image of an
element or subgroup of π1(X) under f� is well defined up to conjugacy.

A path-connected subset A of a path-connected space X will be termed π1-
injective if the inclusion homomorphism π1(A) → π1(X) is injective.

The following two easy results from group theory will be needed later in the
paper.

Lemma 2.1. Let F be a free group on a generating set S, let Z be a cyclic subgroup
of F , and let k be a positive integer. Then there are at most 2k + 1 elements of Z
that can be expressed as words of length at most k in the generating set S.

Proof. Let t be a generator of Z. If t = 1 the assertion is trivial. If t �= 1, there
exist a reduced word V in the generating set S and a cyclically reduced word W
in S such that the word V ∗ W ∗ V is reduced and represents t; here ∗ denotes
concatenation of words and V denotes the inverse of the word V . For any non-zero
integer n the word V ∗ (�nW ) ∗ V is reduced and represents tn; here �nW denotes
the n-fold concatenation of W . In particular, the unique reduced word representing
tn has length at least n. If tn can be expressed as a word of length at most k, then
the reduced word represented tn has length at most k, and hence n ≤ k. The
conclusion follows. �

Proposition 2.1. Suppose that Γ̃ is a finite-index subgroup of a finitely generated
group Γ. Then

rank Γ ≤ rank Γ̃ + log2[Γ : Γ̃].

Proof. Set r = rank Γ̃ and fix a generating set S̃ for Γ̃ with |S̃| = r. Let S ⊃ S̃
be a finite generating set for Γ, and let S be chosen to have minimal cardinality
among all generating sets for Γ that contain S. Let us denote the distinct elements

of S − S̃ by x1, . . . , xk. For 0 ≤ j ≤ k, let Γj denote the subgroup of Γ generated

by S̃ ∪ {x1, . . . , xj} (so that in particular Γ0 = Γ̃ and Γk = Γ). It follows from the
minimality of S that Γj−1 is a proper subgroup of Γj for j = 1, . . . , k, and therefore
[Γj : Γj−1] ≥ 2. Hence

[Γ : Γ̃] =
k∏

j=1

[Γj : Γj−1] ≥ 2k.

Using this, we find

rankΓ ≤ |S| = r + k ≤ r + log2[Γ : Γ̃].

�
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The following elementary fact from hyperbolic geometry will also be needed.

Proposition 2.2. Let T be a triangle in a hyperbolic space, and let L denote the
length of the shortest side of T . Then

areaT < min(π, L).

Proof. We may assume that T ⊂ H2. Let l denote a side of T having length L,

and let H
2
denote the union of H2 with the circle at infinity. There is a triangle

T ′ in H
2
which contains T , has l as a side, and has an ideal vertex opposite l. It

is enough to prove that areaT ′ < min(π, L). Let us identify H2 with the upper
half-plane model in such a way that l is an arc in the upper unit semicircle and the
other two sides of T ′ are vertical rays. Let (x1, y1) and (x2, y2) be the endpoints of
l in Cartesian coordinates, where −1 < x1 < x2 < 1. We have

areaT ′ =

∫ x2

x1

∫ ∞

√
1−x2

1

y2
dy dx = arcsinx2 − arcsinx1,

which is the Euclidean length of the arc l. This shows that areaT ′ < π. On
the other hand, the hyperbolic length L of l is the integral over the arc l of the
hyperbolic length element, which is given by ds/y where ds is the Euclidean length
element. Since y < 1 at all but at most one point of the arc l, the hyperbolic length
of l strictly exceeds its Euclidean length, so that areaT ′ < L. �

3. Three-manifold preliminaries

3.1. When no category is specified, it will be understood that “manifolds” and
“submanifolds” are smooth. At various points in the paper we will need to mention
PL or real-analtyic manifolds, and in these cases we will be explicit about the
category in question.

As is customary in 3-manifold topology, we will frequently quote results about
3-manifolds that are proved in the PL category and apply them in the smooth
category, most often without explicitly mentioning the transition. In most cases
this will be justified by the following facts:

(1) If M is a smooth n-manifold and V is a (possibly empty) smooth, properly
embedded submanifold, then M has a smooth triangulation with respect
to which V is a polyhedral subset.

(2) Any two smooth triangulations of a given smooth manifold determine the
same PL structure up to PL homeomorphism.

(3) If n ≤ 3 and if M and M ′ are smooth n-manifolds which are PL homeomor-
phic with respect to the PL structures defined by smooth triangulations,
then M and M ′ are diffeomorphic.

Of these facts, (2), and the case of (1) where V = ∅, are proved in [37], and (3) is
included in [27, Theorem 6.3]. We have not located a direct reference for the case
of (1) in which V �= ∅, but it is a very special case of the main result of [12].

In Section 6 we will use a somewhat different result about the interaction between
the PL and smooth (or rather real-analytic) categories:

Proposition 3.2. Suppose that M is a real-analytic manifold and that X1, . . . , Xn

are semi-analytic sets. Then M admits a smooth triangulation with respect to which
X1, . . . , Xn are polyhedral subsets.
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Proof. It is shown in [13] that M is real-analytically isomorphic to a real-analytic

submanifold M ′ of RN for some N . If we identify M with M ′, the sets M,X1, . . . ,
Xn become semi-analtyic subsets of RN . The main theorem of [14] then asserts
that RN admits a smooth triangulation with respect to which M,X1, . . . , Xn are
polyhedral subsets. The conclusion follows. �

Corollary 3.3. Let M be a hyperbolic n-manifold, let p : Hn → M be a locally iso-
metric covering map, and let δ1, . . . , δk be closed hyperbolic simplices in Hn. Then
M admits a smooth triangulation with respect to which X1, . . . , Xn are polyhedral
subsets.

Proof. Each δi may be subdivided into finitely many closed hyperbolic simplices
which are embedded in M under p. Hence we may assume without loss of gen-
erality that the δi are themselves embedded in M under p. In this case the sets
p(δ1), . . . , p(δk) are clearly semi-analytic in the real analytic structure defined by
the hyperbolic structure of M , and so the result follows from Proposition 3.2. �

We will say that an orientable 3-manifold M is irreducible if M is connected and
every (smooth) 2-sphere in M bounds a (smooth) ball in M .

Lemma 3.1. Let X0 be a compact, connected, 3-dimensional submanifold of an
irreducible, orientable 3-manifold M . Then there is a compact, irreducible, 3-
dimensional submanifold X1 of M such that X1 ⊃ X0 and such that the inclusion
homomorphism π1(X0) → π1(X1) is surjective.

Proof. Let X denote the set of all compact 3-dimensional submanifolds X of M
such that X ⊃ X0 and the inclusion homomorphism π1(X0) → π1(X) is surjective.
We have X0 ∈ X . Let X1 ∈ X be chosen to have the smallest number of boundary
components among all submanifolds in X . It suffices to show that X1 is irreducible.
If S ⊂ intX1 is a 2-sphere, then S bounds a ball B ⊂ Q. If B �⊂ X1, thenX1∪B is a
compact submanifold of Q containing X1 and having fewer boundary components
than X1. It is clear that the inclusion homomorphism π1(X1) → π1(X1 ∪ B) is
surjective and hence that X1 ∪B ∈ X , a contradiction to minimality. �

Definitions 3.4. Let M be an irreducible, orientable 3-manifold. Following the
convention of [15], we will define an incompressible surface in M to be a compact,
properly embedded 2-manifold in M which is π1-injective, is not a sphere, and is
not a disk which forms the frontier of a topological ball.

A closed (smooth) 2-manifold S in intM is said to be boundary-parallel if S is the
frontier of a (smooth) submanifoldH ofM such that the pair (H,S) is diffeomorphic
to (S × [0, 1], S × {1}). (The definition in the case of a properly embedded surface
with non-empty boundary would be slightly trickier in the smooth category, but
will not be needed in this paper.)

We will define a Haken manifold to be a compact, irreducible, orientable 3-
manifold which contains an incompressible surface. Note that according to this
definition a 3-ball is not a Haken manifold.

By an essential disk in the irreducible, orientable 3-manifold M we will mean a
properly embedded disk whose boundary does not bound a disk in ∂M . We will
say that M is boundary-irreducible if M contains no essential disk. It follows from
the Loop Theorem [15, p. 39, 4.2] that M is boundary-irreducible if and only if
every component T of ∂M is π1-injective in M .
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Lemma 3.2. Let N be an irreducible, orientable 3-manifold, let T ⊂ intM be
a closed incompressible surface, and suppose that the inclusion map T → N is
homotopic to a map of T into ∂N . Then T is boundary-parallel in N .

Proof. In the case where N is compact this is included in [35, Lemma 5.3]. To prove
it in the general case, note that since the inclusion map i : T → N is homotopic to
some map f of T into ∂N , there is a compact subset X0 of N , containing T and
f(T ), such that i is homotopic to f in X0. After passing to a regular neighborhood
we may assume that X0 is a submanifold of N . According to Lemma 3.1, there
is a compact irreducible submanifold X1 of M such that X1 ⊃ X0. Applying the
compact case of the lemma, with X1 in place of N , we deduce that T is boundary
parallel in X1, and hence in N . �

Definition 3.3. LetM be an orientable hyperbolic 3-manifold, and let p : H3 → M
be a locally isometric covering map. A Z × Z-cusp neighborhood in M is a subset
C of M such that p−1(C) ⊂ H3 is a horoball, and the image of the inclusion
homomorphism π1(C) → π1(M) is a free abelian group of rank 2.

Proposition 3.5. Let M be an orientable hyperbolic 3-manifold. Then

(1) M is aspherical and irreducible.
(2) Every incompressible torus T ⊂ M is the boundary of a submanifold C of

M which is closed as a subset of M , is diffeomorphic to T 2 × [0,∞), and
has finite volume.

(3) For every torus T ⊂ M which is not incompressible, either (a) T is con-
tained in a 3-ball in M or (b) T is the boundary of a solid torus in M .

Proof. Write M = H3/Γ where Γ ⊂ Isom+(H
3) is discrete and torsion-free. Let

p : H3 → M denote the quotient map. Since the universal covering H3 of M is
contractible, M is aspherical. To prove that M is irreducible, suppose that S ⊂ M

is a 2-sphere. Then S lifts to a 2-sphere S̃ ⊂ H3. Since H3 is diffeomorphic to

R3, it is irreducible by [26, Theorem 1], and so S̃ bounds a ball B̃ ⊂ H3. For

any γ ∈ Γ − {1}, we have S̃ ∩ γ · S̃ = ∅. By the Brouwer fixed point theorem we

cannot have B̃ ⊂ γ · B̃ or B̃ ⊃ γ · B̃, and since H3 is non-compact we cannot have

B̃∪γ ·B̃ = H3. Hence B̃∩γ ·B̃ = ∅ for every γ ∈ Γ−{1}. It follows that B := p(B̃)
is a 3-ball with boundary S, and the proof of (1) is complete.

To prove (2), consider a torus T ⊂ M which is incompressible. The image of
the inclusion homomorphism π1(T ) → π1(M) is a rank-2 free abelian subgroup of
π1(M) which is defined up to conjugacy and corresponds to a rank-2 free abelian
subgroup X of Γ which is also defined up to conjugacy. Since Γ is discrete, X
must be parabolic. It is then a standard consequence of Shimizu’s lemma (see for
example [31, Theorem 2.21]) that there is a horoball H ⊂ H3, precisely invariant
under Γ, whose stabilizer ΓH contains X. In particular ΓH is non-cyclic, and
since it is parabolic and torsion-free it must be a rank-2 free abelian group. Hence
C0 := H/Γ is a Z×Z-cusp neighborhood. After possibly replacing C0 by a smaller
Z × Z-cusp neighborhood, we may assume that C0 ∩ T = ∅. Since X ≤ ΓH and
since M is aspherical by (1), the inclusion map of T into M is homotopic in M to a
map whose image is contained in C0. This inclusion map is therefore homotopic in
M − C0 to a map whose image is contained in ∂C0. It now follows from Lemma 3.2,
applied with N = M − C0, that T is boundary-parallel in M − C0; that is, there
is a submanifold P of M , diffeomorphic to T 2 × [0, 1], such that ∂P = T ∪ ∂C0
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and P ∩ C0 = ∂C0. Since C0 is diffeomorphic to T 2 × [0,∞), the submanifold
C := C0 ∪ P , which is closed as a subset of M and has boundary T , is also
diffeomorphic to T 2 × [0,∞). Furthermore, since C0 has finite volume and P is
compact, C also has finite volume.

To prove (3), consider a torus T ⊂ M which is not incompressible. In this case,
by [15, Lemma 6.1], there is a disk D ⊂ intM such that D ∩ T = ∂D, and ∂D is a
non-trivial, and hence non-separating, curve on T . Let E be a 3-ball containing D,
such that A := E ∩ T is an annular neighborhood of ∂D in T and A ⊂ ∂E. Then
S := (T ∪ ∂E)− intA is a 2-sphere which must bound a 3-ball B ⊂ M , since M is

irreducible by (1). We must have either E ⊂ B or E ∩ B = (∂E)−A. In the first
case we have T ⊂ B, and (ii) holds. In the second case, J := E ∪B is a solid torus
since M is orientable, and ∂J = T , so that (b) holds. �

The following well-known consequence of the sphere theorem is included, for
example, in [11, Theorem 8.2]:

Proposition 3.6. An irreducible 3-manifold with infinite fundamental group is
aspherical. �

The following two facts about 3-manifolds are well known, but we have supplied
proofs for completeness.

Proposition 3.7. Let N be a compact, irreducible, orientable 3-manifold such that
every component of ∂N is a torus. If N is boundary-reducible, then it is a solid
torus.

Proof. We will prove the corresponding statement in the PL category (see Section
3.1). Let N be a compact, irreducible, orientable PL 3-manifold such that every
component of ∂N is a torus. If N is boundary-reducible, it contains an essential
disk D. By hypothesis the component of ∂N containing ∂D is a torus T . If E
denotes a regular neighborhood of D in N , then the component of ∂(N − E) that
meets T is a 2-sphere. By irreducibility it follows that N − E is a ball, so that N
is a solid torus. �

Proposition 3.8. Suppose that M is an irreducible, orientable 3-manifold. Then
there is a compact, irreducible submanifold N of M such that the inclusion homo-
morphism π1(N) → π1(M) is an isomorphism.

Proof. According to [30], there is a compact submanifold N0 of M such that the
inclusion homomorphism π1(N0) → π1(M) is an isomorphism. By Lemma 3.1,
there is a compact irreducible submanifold N of M such that N ⊃ N0, and the
inclusion homomorphism π1(N0) → π1(N) is surjective. It follows that the inclusion
homomorphism π1(N) → π1(M) is an isomorphism. �

We will make use of the characteristic submanifold theory [17], [18]. The infor-
mation that we will need is summarized in the following statement:

Proposition 3.9. Let M be any Haken manifold. Then there is a Seifert-fibered
manifold Σ ⊂ intM such that each component of ∂Σ is incompressible in M and has
the following property: if f : T 2 → M is any map such that f� : π1(T

2) → π1(M)
is injective, then f is homotopic to a map g : T 2 → intM such that g(T 2) ⊂ Σ.
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Proof. According to the statement of the Characteristic Pair Theorem on page 138
of [17] and the discussion of the case T = ∅ following that statement, there is a
Seifert-fibered manifold Σ ⊂ intM such that each component of ∂Σ is incompress-
ible in M and has the following property: if S is any Seifert fibered space and
F : S → M is any map which is non-degenerate (in the sense defined on p. 55 of
[17], taking F = T = ∅), then F is homotopic to a map whose image is contained
in Σ. Now if f : T 2 → M is any map such that f� : π1(T

2) → π1(M) is injec-
tive and if we let q : T 2 × [0, 1] → T 2 denote the projection to the first factor, it
follows immediately from the definition that f ◦ q is a non-degenerate map of the
Seifert fibered manifold T 2 × [0, 1] into M . Hence f ◦ q is homotopic to a map of
T 2 × [0, 1] into M whose image is contained in Σ, and so f is homotopic to a map
g : T 2 → intM such that g(T 2) ⊂ Σ. �

(It may be shown that the submanifold Σ given by Proposition 3.9 is unique
up to ambient isotopy in M , but we will not need this fact. Note that although
Σ ⊂ intQ, every torus component T of ∂Q which is π1-injective inM is “parallel” to
a component of ∂Σ. One may think of Σ as an “absolute” characteristic submanifold
of Q which “carries essential singular tori”, as distinguished from the “relative”
characteristic submanifold which is defined only when Q is boundary-irreducible,
and carries both essential singular tori and essential singular annuli.)

The next two results, Propositions 3.10 and 3.11, are closely related to Theorem
VI.4.1 of [17]. They are both essentially topological results, although we have found
it more convenient to state Proposition 3.11 in the setting of hyperbolic 3-manifolds.

Proposition 3.10. Let N be a compact, irreducible, orientable 3-manifold such
that π1(N) has rank 2 and is not free. Then each component of ∂N is a torus.

Proof. If N is closed, there is nothing to prove. If ∂N �= ∅, then N has the
homotopy type of a connected finite CW complex K of dimension at most 2. We
may take K to have only one 0-cell. Let m and n denote, respectively, the numbers
of 1-cells and 2-cells of K. Then π1(K) has a presentation with m generators and
n relations. By definition, the deficiency of this presentation is m− n. It is shown
in [22] that if k is a positive integer, a finitely presented group that has rank k and
has a presentation of deficiency at least k must be free. Since π1(K) ∼= π1(N) has
rank 2 and is not free, the deficiency m− n must be at most one. This gives

1

2
χ(∂N) = χ(N) = χ(K) = 1−m+ n ≥ 0.

Note that if some component of ∂N were a sphere, then by irreducibility N would be
a ball, which is impossible since π1(N) has rank 2. Thus ∂N is a closed, orientable
2-manifold with no sphere components, and χ(N) ≥ 0. Hence every component of
∂N is a torus. �
Proposition 3.11. Let M be a hyperbolic 3-manifold of infinite volume. Then
every two-generator non-abelian subgroup of π1(M) is free.

Proof. Let X ≤ π1(M) be a two-generator non-abelian subgroup. Then X ∼=
π1(M̃) for some covering space M̃ of M . Since M is irreducible by assertion (1)

of Proposition 3.5, it follows from [23, p. 647, Theorem 3] that M̃ is irreducible.
By Proposition 3.8, there is a compact, irreducible submanifold N of M such that
the inclusion homomorphism π1(N) → π1(M) is an isomorphism. If X ∼= π1(N)
is not free, then it follows from Proposition 3.10 that every component of ∂M is a
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torus. Since π1(N) ∼= X is non-abelian by hypothesis, N is not a solid torus; hence
by Proposition 3.7, N is boundary-irreducible. If T is any component of ∂N , it
follows that T is π1-injective in N , and therefore in M as well. Hence by assertion
(2) of Proposition 3.5, T is the boundary of a submanifold CT of M which is closed
as a subset of M , is diffeomorphic to T 2 × [0,∞), and has finite volume. Since
π1(N) is non-abelian and since the inclusion homomorphism π1(N) → π1(M) is
in particular injective, we cannot have CT ⊃ N for any T . Hence we must have
CT ∩ N = T for each T so that M = N ∪

⋃
T CT . But this implies that M has

finite volume, a contradiction. �

The following result has direct relevance to estimating Margulis numbers, and
its corollaries were mentioned in the introduction.

Proposition 3.12. Let x and y be non-commuting elements of Isom+(H
3) such

that 〈x, y〉 is discrete and torsion-free and has infinite covolume. Then for every
P ∈ H3 we have

max(d(P, x · P ), d(P, y · P )) ≥ log 3.

Proof. Set Γ = 〈x, y〉. Proposition 3.11, applied to the hyperbolic 3-manifold M =
H3/Γ, shows that Γ is free. The conclusion now follows from the case k = 2 of [2,
Theorem 4.1]. �

Corollary 3.13. Let M be an orientable hyperbolic 3-manifold such that every
subgroup of rank at most 2 in π1(M) has infinite index. Then μ(M) ≥ log 3 =
1.09 . . ..

Proof. Write M = H3/Γ, where Γ ≤ Isom+(H
3) is discrete and torsion-free. Let

x and y be non-commuting elements of Γ. The hypothesis implies that 〈x, y〉 has
infinite index in Γ, and hence has infinite covolume. By Proposition 3.12, it follows
that max(d(P, x ·P ), d(P, y ·P )) ≥ log 3 for every P ∈ H3. Hence log 3 is a Margulis
number for M . �

Corollary 3.14. Let M be an orientable hyperbolic 3-manifold such that either
H1(M ;Q) has rank at least 3 or M is closed and H1(M ;Zp) has rank at least 4 for
some prime p. Then μ(M) ≥ log 3.

Proof. If H1(M ;Q) has rank at least 3, it is clear that every subgroup of rank at
most 2 in π1(M) has infinite index. If M is closed and H1(M ;Zp) has rank at
least 4 for some prime p, then by [34, Proposition 1.1], it is again true that every
subgroup of rank at most 2 in π1(M) has infinite index. Hence the result follows
from Corollary 3.13. �

4. An abstract bound for volM when μ(M) < log 3,
and its consequences

Let (ρn)n≥1 be a sequence of representations of a group X in Isom+(H
3). Recall

that the sequence (ρn) is said to converge algebraically to a representation ρ∞ of X
in Isom+(H

3) if we have ρn(γ) → ρ∞(γ) for every γ ∈ X.
Recall that a subgroup of Isom+(H

3) is said to be elementary if it has an abelian
subgroup of finite index. According to [32, Proposition 2.1], every torsion-free,
elementary, discrete subgroup of Isom+(H

3) is abelian.
We will give an explicit proof of the following fact, which is implicit in [20].
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Lemma 4.1. Let (ρn)n≥1 be a sequence of representations of a finitely generated
group Φ in Isom+(H

3). Suppose that ρn(Φ) is discrete, non-elementary and torsion-
free for each n ∈ N. Then there is a neighborhood W of the identity in Isom+(H

3)

such that Γ̃n ∩W = {1} for every n ∈ N.

Proof. If the conclusion is false, there is a sequence of elements (xn)n≥1 of Φ such
that ρn(xn) �= 1 for n = 1, 2, . . . but ρn(xn) → ∞ as n → ∞. Since ρn(Φ) is
a non-abelian, torsion-free, discrete subgroup of Isom+, it has trivial center. In
particular, ρn(xn) �= 1 is non-central in ρn(Φ) for each n ∈ N. Hence if S is a finite
generating set for Φ, then for each n ∈ N there is an element sn ∈ S such that
ρn(xn) and ρn(sn) do not commute. Since S is finite, we may assume after passing
to a subsequence that the sn are all the same element of S, say s.

For each n ∈ N, the group Γn := 〈ρn(xn), ρn(s)〉 is contained in ρn(Φ) and is
therefore discrete and torsion-free. Since ρn(xn) and ρn(s) do not commute, Γn is
non-abelian and is therefore non-elementary by [32, Proposition 2.1]. If Xn and Yn

are elements of SL2(C) representing ρn(xn) and ρn(s) respectively, it then follows
from Jorgensen’s inequality [20, Lemma 1] that

(4.0.1) |(traceXn)
2 − 4|+ | trace(XnYnX

−1
n Y −1

n )− 2| ≥ 1

for each n ∈ N. As n → ∞ we have ρn(xn) → 1, while ρn(s) → ρ∞(s), where ρ∞
denotes the algebraic limit of the sequence (ρn). After passing to a subsequence
we may therefore assume that Xn → ±I and that the sequence (Yn) has a limit.
Hence XnYnX

−1
n Yn → I. It follows that the left hand side of (4.0.1) converges to

0 as n ≥ ∞, a contradiction. �

The following result was stated in the introduction as Theorem A.

Theorem 4.2. Let λ be a positive real number strictly less than log 3. Then there is
a constant Vλ such that for every orientable hyperbolic 3-manifold M with μ(M) < λ
we have volM ≤ Vλ (and in particular volM < ∞).

Proof. It follows immediately from Proposition 3.12 that if M is any orientable 3-
manifold of infinite volume, then log 3 is a Margulis number for M , so that μ(M) ≥
log 3 > λ. Hence it suffices to show that there is a constant Vλ such that for every
orientable hyperbolic 3-manifold M with ∞ > volM > Vλ, we have μ(M) ≥ λ.

We reason by contradiction. Assume there is a sequence (Mn)n≥1 of orientable
finite-volume hyperbolic 3-manifolds such that volMn → ∞ and μ(Mn) < λ, i.e.,
no Mn admits λ as a Margulis number.

For each n write Mn = H3/Γn for some torsion-free cocompact discrete sub-
group Γn of Isom+(H

3). Then, by definition, for each n there exist non-commuting
elements xn, yn ∈ Γn and a point Pn ∈ H3 such that

max(d(Pn, xn · Pn), d(Pn, yn · Pn)) < λ.

After replacing each Γn by a suitable conjugate of itself in Isom+(H
3), we may

assume that the Pn are all the same point of H3, which we will denote by P . Thus
for each n we have

(4.0.2) max(d(P, xn · P ), d(P, yn · P )) < λ.

For each n, set Γ̃n := 〈xn, yn〉 and M̃n := H3/Γ̃n. Note that Γ̃n is discrete and

torsion-free since Γn is, and that Γ̃n is non-abelian—and hence non-elementary by
[32, Proposition 2.1]—since xn and yn do not commute.
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Since λ < log 3, it follows from (4.0.2) and Proposition 3.12 that vol M̃n < ∞.

On the other hand, M̃n covers Mn, and hence vol M̃n ≥ volMn. In particular,

vol M̃n → ∞.
It follows from (4.0.2) that the xn and yn lie in a compact subset of Isom+(H

3).
Hence, after passing to a subsequence, we may assume that the sequences (xn) and
(yn) converge in Isom+(H

3) to limits x∞ and y∞. Again by (4.0.2), we have

(4.0.3) max(d(P, x∞ · P ), d(P, y∞ · P )) ≤ λ.

For 1 ≤ n ≤ ∞ we define a representation ρn of the rank-2 free group F2 = 〈ξ, η〉
by ρn(ξ) = xn, ρn(η) = yn. Thus ρn(F2) = Γ̃n for each n. Since ξ and η generate
F2 and since ρn(ξ) → ρ∞(ξ) and ρn(η) → ρ∞(η) as n → ∞, we have ρn(γ) →
ρ∞(γ) for every γ ∈ F2. By definition this means that the sequence (ρn) converges
algebraically to ρ∞. Set x∞ = ρ∞(ξ), y∞ = ρ∞(η).

Let D denote the set of representations of F2 in Isom+(H
3) whose images are

discrete, torsion-free, and non-elementary. According to [32, Theorem 2.4] (a theo-
rem essentially due to T. Jorgensen and P. Klein [21]), the limit of any algebraically
convergent sequence of representations in D is again in D. Hence ρ∞ ∈ D. Thus

Γ̃∞ := ρ∞(F2) = 〈x∞, y∞〉 is a discrete group.
According to [19, Proposition 3.8], since (ρn) converges algebraically, the se-

quence of discrete groups (Γ̃n) has a geometrically convergent subsequence (in the

sense defined in [19]). Hence without loss of generality we may assume that (Γ̃n)

converges geometrically to some discrete group Γ̂∞. It then follows, again from [19,

Proposition 3.8], that Γ̃∞ ≤ Γ̂∞.
According to Lemma 4.1, there is a neighborhoodW of the identity in Isom+(H

3)

such that Γ̃n ∩W = {1} for every n ∈ N. Let E denote the set of all torsion-free
subgroups Δ of Isom+(H

3) such that Δ ∩W = {1}. (In particular, each group in
E is discrete.) According to [7, Theorem 1.3.1.4], E is compact in the topology

of geometric convergence. Since Γ̃n ∈ E for each n ∈ N, we have Γ̂∞ ∈ E. In

particular, Γ̂∞ is torsion-free. We let M̂∞ denote the orientable hyperbolic 3-

manifold H3/Γ̂∞.

Since (Γ̃n) converges geometrically to Γ̂∞, the sequence of orientable hyperbolic

3-manifolds (M̃n) converges geometrically to M̂∞ in the sense of [5, Chapter E].

If vol M̂∞ were finite, it would then follow from [5, Proposition E.2.5] that the

sequence (vol M̃n) had the finite limit vol M̂∞, which contradicts vol M̃n → ∞.

Thus M̃∞ := H3/ρ∞(F2) is a hyperbolic 3-manifold of infinite volume. It therefore
follows from Proposition 3.12 that

max(d(P, x∞ · P ), d(P, y∞ · P )) ≥ log 3.

But this contradicts (4.0.3). �

The following two corollaries of Theorem 4.2 were also pointed out in the intro-
duction.

Corollary 4.1. Let λ be a positive real number strictly less than log 3. Then there
is a natural number dλ such that for every orientable hyperbolic 3-manifold M with
μ(M) < λ, the group π1(M) has a rank-2 subgroup of index at most dλ.

Proof. Let v denote the infimum of the volumes of all hyperbolic 3-manifolds; we
have v > 0 (for example by [24, Theorem 1]). Let Vλ be a positive real number
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having the property stated in Theorem 4.2, and set

dλ = �Vλ

v
�.

Suppose that M is an orientable hyperbolic 3-manifold such that μ(M) < λ,
i.e., such that λ is not a Margulis number for M . Write M∞ = H3/Γ, where
Γ ≤ Isom+(H

3) is discrete and torsion-free. Then by definition there exist a point
P ∈ H3 and non-commuting elements x, y ∈ Γ such that

(4.1.1) max(d(P, x · P ), d(P, y · P )) < λ.

Set Γ̃ = 〈x, y〉 and M̃ = H3/Γ̃. Since x and y are non-commuting elements of Γ̃,

it follows from (4.1.1) that λ is not a Margulis number for M̃ , i.e., that μ(M) < λ.

Hence vol M̃ ≤ Vλ < ∞, and since M̃ covers M we have volM < ∞. Since
volM ≥ v, we find that

[Γ : Γ̃] =
vol M̃

volM
≤ Vλ

v
.

It follows that [Γ : Γ̃] ≤ dλ, so that Γ ∼= π1(M) has a rank-2 subgroup of index at
most dλ. �

Corollary 4.2. Let λ be a positive real number strictly less than log 3. Then there
is a natural number kλ such that for every orientable hyperbolic 3-manifold M with
μ(M) < λ, the group π1(M) has rank at most kλ.

Proof. Let dλ be a natural number having the property stated in Corollary 4.1. Set
kλ = 2 + �log2 dλ�. If M is an orientable hyperbolic 3-manifold with μ(M) < λ,

then the group Γ = π1(M) has a rank-2 subgroup Γ̃ of index at most dλ. According
to Proposition 2.1, we have

rankΓ ≤ rank Γ̃ + log2[Γ : Γ̃] ≤ 2 + dλ,

and hence π1(M) ∼= Γ has rank at most kλ. �

5. Margulis numbers and short relations

Notation 5.1. Let λ be a real number 0 < λ < (log 3)/2. Then for any sufficiently
large positive integer N we have

(5.1.1)
3N − 1

4N + 1
≥ 2667(sinh(2Nλ+ .104)− (2Nλ+ .104)).

(The natural logarithm of the left hand side of (5.1.1) is asymptotic to N log 3,
whereas the natural logarithm of the right hand side is asymptotic to 2Nλ >
N log 3.)

We shall denote by N(λ) the smallest positive integer N for which (5.1.1) holds.

Here is one simple estimate of N(λ):

Proposition 5.2. Let λ ∈ (0.1, (log 3)/2) be given, and set β = 1/((log 3) − 2λ).
Then

(5.2.1) N(λ) < 1 + 110β log β.
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Proof. Since λ > 0.1 we have β > 1/((log 3) − 0.2) > 1.11. Hence the right hand
side of (5.2.1) is bounded below by 1 + (110)(1.11)(log 1.11) = 13.7 . . .. We may
therefore assume without loss of generality that N(λ) ≥ 14.

Set n = N(λ)− 1 ≥ 13. From the definition of N(λ) we have

(5.2.2)
3n − 1

4n+ 1
< 2667(sinh(2nλ+ .104)− (2nλ+ .104)).

Since in particular we have n ≥ 3, the left hand side of (5.2.2) is bounded below by
3n/5n. The right hand side is obviously bounded above by 2667 exp(2nλ+ .104)/2.
Hence

3n ≤ 2667

2
· 5n · exp(2nλ+ .104) < 7400ne2nλ,

which upon taking logarithms and using the definition of β gives

(5.2.3) n < β log(7400n).

Now suppose that (5.2.1) is false, so that n ≥ 110β log β. Define a function g(x) for
x > 0 by g(x) = x/ log(7400x). Then g(x) is monotone increasing for x > e/7400,
and since n ≥ 110β log β > 12.7, we have g(n) ≥ g(110β log β). With (5.2.3) this
gives

110β log β

log(7400 · 110β log β)
≤ n

log(7400n)
< β,

so that

110 log β < log 7400 + log 110 + log β + log log β < 13.61 + log β + log log β,

i.e.,

(5.2.4) 109 log β − log log β < 13.61.

On the other hand, the function h(x) := 109x − log x is monotonically increasing
for x > 1/109. Since log β > log 1.11 = 0.104 . . . > 1/109, we have

109 log β − log log β = h(log β) > h(log 1.11) = 13.63 . . . ,

which contradicts (5.2.4). �
Proposition 5.3. Let M be an orientable hyperbolic 3-manifold and write M =
H3/Γ, where Γ ≤ Isom+(H

3) is discrete and torsion-free. Let λ < (log 3)/2 be
given, and let x and y be non-commuting elements of Γ such that

max(d(P, x · P ), d(P, y · P )) < λ.

Then there is a reduced word W in two letters, with 0 < lengthW ≤ 8N(λ), such
that W (x, y) = 1. (Here N(λ) is defined by 5.1.)

Proof. Set μ = 0.104. We pointed out in the introduction that, according to [24],
we have μ < μ+(3); that is, μ is a Margulis number for every orientable hyperbolic
3-manifold. Set N = N(λ).

Since μ is in particular a Margulis number for M , the elements γ ∈ Γ such that
d(γ · P, P ) < μ generate an abelian subgroup C of Γ.

Let F2 denote a free group on two (abstract) generators ξ and η. We identify F2

with the set of all reduced words in ξ and η, so that V (ξ, η) = V for every reduced
word V . Let φ : F2 → Γ denote the unique homomorphism such that φ(ξ) = x and
φ(η) = y. Then φ(V ) = V (x, y) for every reduced word V .

For every positive integer n, let Vn ⊂ F2 denote the set of all reduced words of
length at most n in ξ and η. If m and n are positive integers, then for all V ∈ Vm
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and V ′ ∈ Vn, we can concatenate V and V ′ and then reduce the resulting word to
obtain a reduced word of length at most m + n representing the product V V ′ in
F2. Hence

(5.3.1) VmVn ⊂ Vm+n for all m,n > 0.

Also note that

(5.3.2) V−1
n = Vn for every n > 0.

For any k > 0, the number of reduced words in ξ and η of length exactly k is
4 · 3k−1. Summing from k = 1 to k = n, we deduce that

(5.3.3) #(Vn)− 1 = 2(3n − 1) for every n ≥ 1.

We will assume that

(5.3.4) φ(W ) �= 1 for every W ∈ V8N − {1}.

Under the assumption of (5.3.4) we will derive a contradiction, thereby proving the
proposition.

Assuming (5.3.4), we claim that

(5.3.5) #(VN ∩ φ−1(γC)) ≤ 4N + 1 for any left coset γC of C in Γ.

To prove (5.3.5) we will first consider the special case in which φ−1(C) ∩ V2N =
{1}. In this case, if V and V ′ are elements of VN ∩ φ−1(γC) for a given left coset
γC of C in Γ, we have U := V −1V ′ ∈ φ−1(C); but by (5.3.1) and (5.3.2) we have
U ∈ V2N . The assumption φ−1(C)∩V2N = {1} then implies that U = 1 and hence
that V = V ′. Hence in this case we have #(VN ∩ φ−1(γC)) ≤ 1, which is stronger
than (5.3.5).

Hence in proving (5.3.5) we may assume that φ−1(C) ∩ V2N �= {1}. Of course
we may also assume that VN ∩ φ−1(γC) �= ∅. Let us fix an element U0 �= 1 of

φ−1(C)∩V2N and an element V1 of VN ∩φ−1(γC). Let Ĉ denote the centralizer of

U0 in F2; then Ĉ is cyclic, since F2 is free and U0 �= 1.
Let us define an injective map J : VN ∩φ−1(γC) → F2 by J(V ) = V −1V1. Since

V1 ∈ φ−1(γC), we have J(V ) ∈ φ−1(C) for every V ∈ VN∩φ−1(γC). Since V1 ∈ VN ,
it follows from (5.3.1) and (5.3.2) that J(V ) ∈ V2N for every V ∈ VN ∩ φ−1(γC).
Thus J maps VN ∩ φ−1(γC) into V2N ∩ φ−1(C).

Let V ∈ VN ∩ φ−1(γC) be given. Since U0, J(V ) ∈ φ−1(C), we have

φ(J(V )U0J(V )−1U−1
0 ) = 1.

Since J(V ) and U0 belong to V2N , it follows from (5.3.1) and (5.3.2) that

J(V )U0J(V )−1U−1
0 ∈ V8N .

Applying (5.3.4) with W = J(V )U0J(V )−1U−1
0 we deduce that W = 1, i.e., that

J(V ) commutes with U0. This means that J(V ) ∈ Ĉ.

Thus J is an injection from VN∩φ−1(γC) to V2N∩Ĉ, and so #(VN∩φ−1(γC)) ≤
#(V2N ∩ Ĉ). But according to Lemma 2.1, applied with k = 2N and with Z = Ĉ,

we have #(V2N ∩ Ĉ) ≤ 4N + 1. Thus (5.3.5) is established.
Now let L denote the set of all left cosets of C in Γ, and define a map ψ : F2 → L

by ψ(V ) = φ(V )C. We may then paraphrase (5.3.5) by saying that the fibers of
the surjection ψ|VN : VN → ψ(VN ) have cardinality at most 4N + 1. If we set
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r = #(ψ(VN )), it follows that r ≥ #(VN )/(4N + 1). Combining this with (5.3.3),
we find that

(5.3.6) r >
2(3N − 1)

4N + 1
.

Let b denote the open ball of radius μ/2 centered at P , and let B denote the
ball of radius Nλ+ (μ/2) centered at P . We have

(5.3.7) vol b = π(sinh(μ)− μ) = 0.000589 . . .

and

(5.3.8) volB = π(sinh(2Nλ+ μ)− (2Nλ+ μ)).

Since d(x · P, P ) < λ and d(y · P, P ) < λ, and since x and y are isometries, we
have d(φ(V ) · P, P ) = d(V (x, y) · P, P ) < Nλ for every V ∈ VN . It follows that

(5.3.9) φ(V ) · b ⊂ B for every V ∈ VN .

According to the definition of r, there are elements γ1, . . . , γr of φ(VN ) which rep-
resent distinct left cosets of C in γ. From (5.3.9) we have

(5.3.10) γi · b ⊂ B for i = 1, . . . , r.

If i and j are distinct indices in {1, . . . , r} we have γ−1
j γi /∈ C, which by the

definition of C gives d(γi · P, γj · P, P ) = d(γ−1
j γi · P, P ) ≥ μ, so that

(5.3.11) γi · b ∩ γj · b = ∅ for all distinct indices i and j in {1, . . . , r}.
From (5.3.10) and (5.3.11) it follows that r vol b ≤ volB. Combining this with
(5.3.6), (5.3.7) and (5.3.8), we obtain

2(3N − 1)

4N + 1
< r ≤ volB

vol b
≤ π(sinh(2Nλ+ μ)− (2Nλ+ μ))/0.000589

< 5334(sinh(2Nλ+ μ)− (2Nλ+ μ)),

which is a contradiction, since by definition (5.1.1) holds with N = N(λ). �

6. From a short relation to a volume bound

The main result of this section is Proposition 6.2. As we mentioned in the
introduction, the basic method of proof of that proposition is due to Cooper [8].
Among the several preliminary results needed to apply Cooper’s method in the
present situation, Lemma 6.2 is the deepest, while Proposition 6.1 seems to be of
particular independent interest.

Lemma 6.1. Let N and Q be irreducible, orientable 3-manifolds. Suppose that
π1(N) is isomorphic to a subgroup of π1(Q) and that N is closed. Then either Q
is closed or N is simply connected.

Proof. First consider the case in which π1(N) is infinite. In this case π1(Q) is also
infinite, and Q and N are aspherical by Proposition 3.6. Fix a base point q in

Q and a subgroup J of π1(Q, q) isomorphic to π1(N), and let (Q̃, q̃) denote the

based covering of (Q, q) determined by J . Since N and Q̃ are aspherical and have
isomorphic fundamental groups, they are homotopy-equivalent. If Q is not closed,

then Q̃ is not closed, and hence H3(Q̃;Z) = 0. But H3(N ;Z) �= 0 since N is closed,
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and we have a contradiction to the homotopy-equivalence of Q̃ and N . Hence in
this case Q must be closed.

Now consider the case in which π1(N) is finite. In this case we will assume that
π1(N) is non-trivial and show that Q is closed, thus establishing the conclusion.
The assumption that π1(N) is finite and non-trivial implies that π1(Q) has torsion,
and so Q cannot be aspherical [11, Lemma 8.4]. By Proposition 3.6, π1(Q) is
finite. We apply Proposition 3.8, letting Q play the role of M in that proposition.
This gives a compact, irreducible submanifold Q0 of Q such that the inclusion
homomorphism π1(Q0) → π1(Q) is an isomorphism. In particular, π1(Q0) is finite,
so that H1(Q0;Q) = 0, and hence every component of ∂Q0 is a sphere (for example
by [32, Proposition 2.2]). Since Q0 is irreducible it follows that either ∂Q0 = ∅ or
Q0 is a ball. In the latter case the hypothesis gives π1(N) = {1}, a contradiction.
Hence ∂Q0 = ∅, which implies that Q = Q0 and that Q is closed. �
Proposition 6.1. Let N and Q be irreducible, orientable 3-manifolds (possibly with
boundary). Suppose that N is compact, that π1(N) is non-cyclic and that every
component of ∂N is a torus. Let h : N → Q be a map such that h� : π1(N) →
π1(Q) is injective. Then there exist a compact submanifold Q0 of Q such that every
component of ∂Q0 is a torus, and a map h0 : N → Q homotopic to h such that
h0(N) ⊂ Q0.

Proof. First note that since N is irreducible, π1(N) is non-cyclic, and every compo-
nent of ∂N is a torus, it follows from Proposition 3.7 thatN is boundary-irreducible.

First consider the case in which N is closed. Note that since h� is injective,
π1(N) is isomorphic to a subgroup of π1(Q). Since π1(N) is non-cyclic, it then
follows from Lemma 6.1 that Q is closed. Hence the conclusion holds in this case
if we set Q0 = Q.

Next consider the case in which ∂N �= ∅ and Q is compact. Let us fix a Seifert-
fibered space Σ ⊂ intM having the property stated in Proposition 3.9. Let us
denote by J the union of all components C of Q− Σ such that ∂C ⊂ ∂Σ.

In this case we will set Q0 = J ∪ Σ, so that every component of ∂Q0 is a torus,
and we will construct a map h0 : N → Q, homotopic to h, such that h0(N) ⊂ Q0.

Consider an arbitrary component T of ∂N . By hypothesis T is a torus. Since
N is boundary-irreducible, T is π1-injective in N . Since h� : π1(N) → π1(Q) is
injective, it follows that (h|T )� : π1(T ) → π1(Q) is injective. It then follows from
the property of Σ stated in Proposition 3.9 that h|T : T → Q is homotopic to a
map whose image is contained in Σ. Since this is true for each component T of ∂N ,
it follows that h|∂N is homotopic to a map g : ∂N → Q such that g(∂N) ⊂ int Σ.
By the homotopy extension property of polyhedra, g extends to a map from N to
Q which is homotopic to h.

It follows from [15, Lemma 6.5] that we can choose an extension h1 : N → Q
of g, homotopic to h, so that h1 is transverse to ∂Σ and so that each component
of h−1

1 (∂Σ) is incompressible. Since h1(∂N) = g(∂N) ⊂ int Σ, we have h−1
1 (∂Σ) ⊂

intN .
We claim:

6.1.1. If K is a component of h−1
1 (Q−Q0), then h1|K is homotopic rel ∂K to a

map hK with hK(K) ⊂ ∂Σ. (In particular, h1(∂K) ⊂ ∂Σ.)

To prove Claim 6.1.1, consider a component K of h−1
1 (Q−Q0) and let C denote

the component of Q−Q0 containing h1(K). Since h1 is transverse to ∂Σ and maps
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∂N into int Σ, we have h1(∂K) ⊂ C ∩ ∂Σ. In particular, h1|K : K → C is a
boundary-preserving map.

Every component of the frontier of K in N is a component of h−1
1 (∂Σ) and is

therefore incompressible in N . Hence K is π1-injective in N . On the other hand,
h� : π1(N) → π1(Q) is injective by hypothesis, and since h1 and h are homotopic,
(h1)� : π1(N) → π1(Q) is also injective. This shows that (h1|K)� : π1(K) → π1(Q)
is injective, and so in particular (h1|K)� : π1(K) → π1(C) is injective.

Since N is irreducible and boundary-irreducible, and since we have observed that
the components of the frontier of K in N are incompressible, the manifold K is also
irreducible and boundary-irreducible. Since the components of ∂N are tori and the
components of the frontier of K are incompressible, ∂K has no sphere components.
Since ∂N �= ∅, we have ∂K �= ∅. According to [15, Lemma 6.7], it follows that K is
a Haken manifold. Since K is boundary-irreducible it is not a solid torus. It now
follows from [15, Theorem 13.6] that every boundary-preserving map from K to C
which induces an injection of fundamental groups is homotopic rel ∂K either to a
covering map or to a map whose image is contained in ∂C.

Suppose that h1|K : K → C is homotopic rel ∂K to a covering map. Then
in particular we have h(∂K) = ∂C. Since we have seen that h1(∂K) ⊂ C ∩ ∂Σ,
this implies that ∂C ⊂ ∂Σ, which by the definition of Q0 implies that C ⊂ Q0.
This is a contradiction, since C is a component of Q−Q0. Hence h1|K : K → C
is homotopic rel ∂K to a map whose image is contained in ∂C. Since h1(∂K) ⊂
C ∩∂Σ, it follows that we in fact have hK(∂K) ⊂ C ∩∂Σ. This proves Claim 6.1.1.

We may now define a map h0 : N → Q by letting h0 agree with h1 on h−1
1 (Q0)

and setting h0|K = hK for each componentK of h−1
1 (Q−Q0). It is immediate from

the properties of the hK stated in Claim 6.1.1 that h0 is well defined, is homotopic
to h1 (and hence to h), and maps N into Q0. This establishes the conclusion in
this case.

There remains the case in which ∂N �= ∅ and Q is non-compact. In this case,
fix a compact submanifold R0 of Q containing h(N). By Lemma 3.1, there is a
compact irreducible submanifold R of M such that R ⊃ R0. The hypotheses of the
propositon continue to hold if Q is replaced by R. As R is compact, the case of the
proposition already proved gives a compact submanifold Q0 of R ⊂ Q such that
every component of ∂Q0 is a torus, and a map h0 : N → R homotopic to h in R
(and hence in Q) such that h0(N) ⊂ Q0. �

Although it is convenient to state the following result in the hyperbolic setting,
the proof is essentially topological.

Lemma 6.2. Let M be a hyperbolic 3-manifold, let K be a compact, path-connected
space such that π1(K) has rank 2 and is not free, and let f : K → M be a continuous
map such that f� : π1(K) → π1(M) is surjective and f(K) ⊂ M is a polyhedron with
respect to some C1 triangulation of M . Then for each component C of M − f(K),
the image of the inclusion homomorphism π1(C) → π1(M) is abelian.

Proof. We may assume that π1(M) is non-abelian, as otherwise the conclusion is
obvious.

We fix a PL structure on M , defined by a C1 triangulation, in which f(K) is a
polyhedron.

For the purpose of this proof, a compact polyhedron in M will be termed “small”
if it is contained in a 3-ball in M . Let R be a regular neighborhood of f(K) in
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M . Let Q denote the union of R with all small components of M −R. Then no
component of M −Q is small. If S is any 2-sphere in intQ, then S bounds a 3-ball
B ⊂ M , since M is irreducible by assertion (1) of Proposition 3.5. If B �⊂ Q, then B
contains a component ofM −Q, which by definition must be small, a contradiction;
hence B ⊂ Q. This shows that Q is irreducible.

Fix a base point x ∈ K, and set q = f(x) ∈ f(K) ⊂ R ⊂ Q. We may regard f as
a map from the based space (K,x) to the based space (Q, q). Let I ≤ π1(Q, q) de-
note the image of the homomorphism f� : π1(K,x) → π1(Q, q). Then I determines

a based covering space p : (Q̃, q̃) → (Q, q), and there is a unique lift f̃ : K → Q̃ such

that f̃(x) = q̃. If i : Q → M denotes inclusion, we have a commutative diagram

π1(K,x)

π1(Q̃, q̃)

π1(Q, q) π1(M, q).

˜f�

����������������� f�
��

p�

�� i�
��

According to the hypothesis, f� ◦ i� is surjective, and hence by commutativity of the

diagram, i� ◦ p� : π1(Q̃, q̃) → π1(M, q) is surjective. Since π1(M) is non-abelian, it

follows that π1(Q̃) is non-abelian, and in particular non-cyclic. On the other hand,

the construction of (Q̃, q̃) implies that f̃� is surjective. Thus the non-cyclic group

π1(Q̃) is a homomorphic image of π1(K), which by hypothesis is a non-free group

of rank 2. It follows that π1(Q̃) is also a non-free group of rank exactly 2.

Since Q is irreducible, it follows from [23, p. 647, Theorem 3] that Q̃ is ir-

reducible. We now apply Proposition 3.8, letting Q̃ play the role of M in that

proposition. This gives a compact, irreducible submanifold N of Q̃ such that the

inclusion homomorphism π1(N) → π1(Q̃) is an isomorphism. In particular, π1(N)
is a non-free group of rank exactly 2. Hence by Proposition 3.10, each component
of ∂N is a torus.

Set h = p|N : N → Q. Since p� : π1(Q̃) → π1(Q) is injective, and since the

inclusion homomorphism π1(N) → π1(Q̃) is an isomorphism, the homomorphism
h� → π1(N) → π1(Q) is injective. We have seen that N and Q are compact,
irreducible, orientable 3-manifolds, that π1(N) has rank 2 and is in particular non-
cyclic, and that every component of ∂N is a torus. Thus all the hypotheses of
Proposition 6.1 hold. The latter proposition now gives a compact submanifold
Q0 of Q such that every component of ∂Q0 is a torus, and a map h0 : N → Q
homotopic to h, such that h0(N) ⊂ Q0.

We have seen that i� ◦ p� : π1(Q̃) → π1(M) is surjective. Since the inclu-

sion homomorphism π1(N) → π1(Q̃) is an isomorphism, it follows that i� ◦ h� =
i� ◦ (p|N)� : π1(N) → π1(M) is surjective. Since the maps h0, h : N → Q are
homotopic, i� ◦ (h0)� : π1(N) → π1(M) is also surjective. Since h0(N) ⊂ Q0, the
inclusion homomorphism π1(Q0) → M is surjective.

To establish the conclusion of the lemma, it suffices to show that for every
component c of M −R, the image of the inclusion homomorphism π1(c) → π1(M)
is abelian. According to the definition of Q, any such c is either a small component
of M −R, in which case the image of the inclusion homomorphism is trivial, or
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a component of M −Q. In the latter case, c is contained in a component c0 of
M −Q0, and we shall complete the proof by showing that the image of the inclusion
homomorphism π1(c0) → π1(M) is abelian. Let us fix any component T of ∂c0.
Then T is a component of ∂Q0 and is therefore a torus. It follows from assertions (2)
and (3) of Proposition 3.5 that T is the boundary of a 3-dimensional submanifold
J of M , closed as a subset of M , such that the inclusion homomorphism π1(J) →
π1(M) has abelian image. Since Q0 is connected, we must have either J = c0, in
which case the required conclusion holds, or J ⊃ Q0. The latter alternative would
imply that the inclusion homomorphism π1(Q0) → π1(M) has abelian image. This
is impossible, as this inclusion homomorphism is surjective and π1(M) is non-
abelian. �

Lemma 6.3. Let M be a hyperbolic 3-manifold of finite volume, and let C be
a compact 3-dimensional (smooth) submanifold of M . Suppose that the inclusion
homomorphism π1(C) → π1(M) has abelian image. Then

volC ≤ 1

2
area ∂C.

Proof. This is essentially Lemma 4.4 of [3]. The authors of [3] assume C to be “PL”
in a sense that is not clear, but their proof can be read in the smooth category
without change. �

Lemma 6.4. Let M be a hyperbolic 3-manifold of finite volume. Let X ⊂ M be
a compact set which is a 2-dimensional polyhedron with respect to some smooth
triangulation of M . Suppose that for every component C of M −X, the inclusion
homomorphism π1(C) → π1(M) has abelian image. Then

volM ≤ areaX.

Proof. Let m denote the number of cusps of M . Let ε > 0 be given. Since M has
finite volume, there are disjoint Z×Z-cusp neighborhoods V1, . . . , Vm inM , for some
m > 0, such that M0 := M − (V1 ∪ · · · ∪ Vm) is compact. Set V = V1 ∪ · · · ∪ Vm.
After replacing the Vi by smaller Z × Z-cusp neighborhoods if necessary, we may
assume that each Vi has volume less than ε/m, that each ∂Vi has area less than
ε/m, and that the Vi are disjoint from X. Hence volV < ε, area ∂V < ε, and
X ⊂ intM0.

Since X is a 2-dimensional polyhedron with respect to the given smooth trian-
gulation of M , there is an open neighborhood U of X in intM0 with volU < ε.
Let N ⊂ U be a smooth regular neighborhood of X in the sense of [16]. We may
choose N in such a way that area ∂N < ε+ 2areaX.

Let C1, . . . , Cn denote the components of M0 −N . Then each Cj is contained in
a component of M −X, and hence the inclusion homomorphism π1(Cj) → π1(M)
has abelian image. According to Lemma 6.3, we have

volCj ≤
1

2
area ∂Cj

for j = 1, . . . , n. Hence

vol(M0 −N) ≤ 1

2
area ∂(M0 −N)

=
1

2
area ∂M0 +

1

2
area ∂N.
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Since area ∂M0 = area ∂V < ε and area ∂N < ε+ 2areaX, it follows that

vol(M0 −N) < ε+ areaX.

Now since M = V ∪N ∪M0 −N , we have

volM = volV + volN + vol(M0 −N)

< ε+ ε+ (ε+ areaX)

= 3ε+ areaX.

Since ε > 0 was arbitrary, it follows that volM ≤ areaX. �
Proposition 6.2. Let (M, �) be a based closed, orientable, hyperbolic 3-manifold
such that π1(M, �) is generated by two non-commuting elements x and y. Let λ > 0
be given, and suppose that x and y are represented by closed loops of length < λ
based at �. Let W be a non-trivial reduced word in two letters such that W (x, y) = 1.
Then

volM < (length(W )− 2)min(π, λ).

(In particular, M has finite volume.)

dja

Proof. IfM has infinite volume, then Proposition 3.12 implies that the non-commut-
ing elements x and y cannot both be represented by loops of length < log 3 based
at �. Hence the hypothesis implies that volM < ∞.

Since x and y do not commute, they are in particular both non-trivial elements of
π1(M, �). Since π1(M) is generated by x and y, it is non-abelian and in particular
non-cyclic. As the fundamental group of a hyperbolic manifold, it is also torsion-
free, and hence x and y have infinite order.

We will regard W as a word in two abstract generators ξ and η. Let us write
W = ψ1 · · ·ψn, where each ψj has the form ξ±1 or η±1. We may also identify W
with a non-trivial element of the free group F on the generators x and y. Since
π1(M) is generated by x and y and since W (x, y) = 1, there is an epimorphism
from F/〈〈W 〉〉 to π1(M, �) that maps ξ to x and η to y. Set n = lengthW .

If there is a non-trivial reduced word W ′ in two letters such that n′ := lengthW ′

< n and such thatW ′(x, y) = 1, and if volM < (n′−2)min(π, λ), then in particular
volM < (n − 2)min(π, λ). Hence, arguing inductively, we may assume that n is
the minimal length of any non-trivial reduced word which gives a relation between
x and y.

If n were at most 3, either F/〈〈W 〉〉 would be cyclic, which is impossible since
π1(M) is non-cyclic, or the image of ξ or η in F/〈〈W 〉〉 would have finite order,
which is impossible since x and y have infinite order. Hence n ≥ 4.

The hypothesis implies that there are loops α, β : [0, 1] → M based at � such
that α|(0, 1) and β|(0, 1) are open geodesics of length < λ and such that [α] = x and
[β] = y. These geodesics are non-constant since x and y are non-trivial elements of
π1(M, �). Let G be a graph with one vertex v and two closed edges a and b. Fix loops
κa and κb in G, based at v, such that κa|(0, 1) and κb|(0, 1) are homeomorphisms
of (0, 1) onto int a and int b, respectively. Define a continuous map φ : G → M by
setting φ(v) = �, φ| int a = α ◦ κ−1

a and φ| int b = β ◦ κ−1
b .

Let us define a map ω : S1 → G as follows. Fix n points on S1, labeled in
counterclockwise order as ζ0, . . . , ζn−1. Set ζn = ζ0. For 1 ≤ j ≤ n let Aj denote
the arc which, when oriented counterclockwise, has ζj−1 and ζj as its initial and
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terminal points, respectively. Fix a homeomorphism hj : Aj → [0, 1] which maps
ζj−1 and ζj to 0 and 1, respectively. Set ω(ζj) = � for 0 ≤ j ≤ n − 1. For
j = 1, . . . , n, define ω|Ai to be κa ◦ hj , κa ◦ hj , κb ◦ hj , or κb ◦ hj , according to
whether ψj is equal to ξ, ξ−1, η or η−1, respectively.

Since W (x, y) = 1, the map φ ◦ ω is homotopic to a constant. Hence if we
define a CW complex K by attaching a 2-cell to G via the attaching map ω, then
φ extends to a map f : K → M . Let c : D2 → K denote the characteristic map
for the 2-cell of K. For each j with 2 ≤ j ≤ n− 2, let σj denote the line segment
in the Euclidean disk D2 with endpoints ζ0 and ζj . Set σ1 = A1 and σn−1 = An.
Then for each j with 1 ≤ j ≤ n, the topological arc σj has endpoints ζ0 and
ζj . For j = 1, . . . , n − 1, by precomposing f ◦ c|σj with a homeomorphism from
[0, 1] to σi that maps 0 to ζ0 and 1 to ζj , we obtain a loop νj based at �. We
have [νj ] = W ′(x, y), where W ′ := ψ1 · · ·ψj is a reduced word of length j < n.
By our mimimality assumption on n, it follows that νj is a homotopically non-
trivial loop and is therefore fixed-endpoint homotopic to a loop whose restriction
to (0, 1) is a non-constant geodesic. Furthermore, each of the paths ν1|(0, 1) and
νn|(0, 1) is a (possibly orientation-reversing) reparametrization of either α|(0, 1) or
β|(0, 1), and is therefore a non-constant geodesic. Hence after modifying f within
its homotopy class rel G, we may assume that νj |(0, 1) is a non-constant geodesic
for j = 1, . . . , n− 1.

The set D2 − (σ1 ∪ · · · ∪ σn−1) has n − 2 components. The closures of these
components are topological disks, which we may label as τ1, . . . , τn−2, where ∂τj =
σj ∪ Aj+1 ∪ σj+1.

Let j be any index with 1 ≤ j ≤ n − 2. The maps f |σj and f |σj+1 are
reparametrizations of the non-constant geodesic paths νj and νj+1, while f |Aj+1

may be obtained from one of the non-constant geodesic paths α or β by precom-

posing it with some homeomorphism from Aj+1 to [0, 1]. Hence if G̃j is a lift of the

map f ◦ c|τj to H3, then G̃j(∂τj) is the boundary of a triangle Tj ⊂ H3. Since one
of the sides of Tj is a lift of either α or β, the length of the shortest side of Tj is
less than λ. Hence it follows from Proposition 2.2 that areaTj < min(π, λ).

Since M is aspherical, we may arrange after modifying f by a homotopy rel
G ∪ c(σ2) ∪ · · · ∪ c(σn−2) that for each j with 1 ≤ j ≤ n − 1, the map f |τj admits
a lift to H3 which maps τj onto Tj . Now by Corollary 3.3 we may fix a smooth
triangulation of M with respect to which each of the sets α([0, 1]), β([0, 1]) and

f ◦ c(τj) = p ◦ G̃j(τj) (j = 1, . . . , n − 2), is polyhedral. It follows that the union
f(K) of these sets is also polyhedral. We have

area(f ◦ c(τj)) ≤ areaTj < min(π, λ).

Hence

(6.2.1) area f(K) ≤
n−2∑
j=1

area(f ◦ c(τj)) < (n− 2)min(π, λ).

According to the construction of K we have π1(K) ∼= F/〈〈W 〉〉, where, as above,
F denotes the free group on the generators ξ and η. In particular, π1(K) has rank
at most 2. Furthermore, since W is a non-trivial reduced word, π1(K) is not a
free group of rank 2. On the other hand, since x and y generate π1(M, �), the
map f� : π1(K, v) → π1(M, �) is surjective. Since we have observed that π1(M) is
non-cyclic, π1(K) is also non-cyclic; hence π1(K) has rank exactly 2. Thus all the
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hypotheses of Lemma 6.2 are seen to hold, and it follows that for each component C
of M−f(K), the image of the inclusion homomorphism π1(C) → π1(M) is abelian.

We may now apply Lemma 6.4, taking X = f(K), to deduce that

(6.2.2) volM ≤ area f(K).

The required conclusion volM < (n−2)min(π, λ) follows immediately from (6.2.1)
and (6.2.2). �

7. A concrete bound for volM when μ(M) < (log 3)/2,
and its consequences

Theorem 7.1. Let λ be a positive real number strictly less than (log 3)/2, and let
N(λ) be defined by Notation 5.1. Then for every orientable hyperbolic 3-manifold
M with μ(M) < λ we have

volM < λ · (8N(λ)− 2).

Proof. Suppose that M is an orientable hyperbolic 3-manifold such that μ(M) <
λ, i.e., such that λ is not a Margulis number for M . Let us write M = H3/Γ,
where Γ ≤ Isom+(H

3) is discrete and torsion-free. Then there are non-commuting
elements x and y of Γ such that max(d(P, x · P ), d(P, y · P )) < λ for i = 1, 2.
According to Proposition 5.3, there is a reduced word W in two letters, with 0 <
lengthW ≤ 8N(λ), such that W (x, y) = 1.

Set Γ̃ = 〈x, y〉 ≤ Γ and M̃ = H3/Γ̃. Let � ∈ M̃ denote the image of P ∈ H3

under the quotient map H3 → H3/Γ̃. Then (H3, P ) is a based covering space of

(M̃, �). Under the natural identification of π1(M̃, �) with the deck group Γ̃, the

elements x and y are identified with generators of π1(M̃, �) which are represented

by closed loops of length < λ based at �. Applying Proposition 6.2, with M̃ playing
the role of M in that proposition, we deduce that

vol M̃ < λ(length(W )− 2) ≤ λ(8N(λ)− 2).

(In particular M̃ has finite volume.) Since M̃ covers M , it follows that

volM < λ(8N(λ)− 2).

�

In the following corollary, V0 = 0.94 . . . will denote the volume of the Weeks
manifold [36].

Corollary 7.1. Let λ be a positive real number strictly less than (log 3)/2, and let
N(λ) be defined by Notation 5.1. Then for every orientable hyperbolic 3-manifold
M , with μ(M) < λ, the group π1(M) has a rank-2 subgroup of index at most
λ · (8N(λ)− 2)/V0.

Proof. Suppose that M is a closed, orientable hyperbolic 3-manifold such that
μ(M) < λ, i.e., such that λ is not a Margulis number for M . Write M∞ = H3/Γ,
where Γ ≤ Isom+(H

3) is discrete and torsion-free. Then by definition there exist a
point P ∈ H3 and non-commuting elements x, y ∈ Γ such that

(7.1.1) max(d(P, x · P ), d(P, y · P )) < λ.

Now Γ̃ := 〈x, y〉 is a non-abelian rank-2 subgroup of Γ.
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Since x and y are non-commuting elements of Γ̃, it follows from (7.1.1) that λ

is not a Margulis number for M̃ , i.e., that μ(M̃) < λ. Hence by Theorem 7.1 we

have vol M̃ < λ · (8N(λ)− 2). (In particular, M̃ has finite volume.) On the other
hand, it is shown in [25] that the Weeks manifold has minimal volume among all
orientable hyperbolic 3-manifolds. Hence volM ≥ V0. We therefore have

[Γ : Γ̃] =
vol M̃

volM
<

λ · (8N(λ)− 2)

V0
.

Consequently, it follows that π1(M) ∼= Γ has a rank-2 subgroup of index at most
λ · (8N(λ)− 2)/V0. �

Corollary 7.2. Let λ be a positive real number strictly less than (log 3)/2. Then
for every hyperbolic 3-manifold M with μ(M) < λ, we have

rankπ1(M) ≤ 2 + log2(λ · (8N(λ)− 2)/V0).

Proof. Let M be an orientable hyperbolic 3-manifold with μ(M) < λ. According to
Corollary 7.1, π1(M) has a rank-2 subgroup X of index at most λ · (8N(λ)−2)/V0.
According to Proposition 2.1, we have

rank π1(M) ≤ rankX + log2[π1(M) : X] ≤ 2 + log2

(
λ · (8N(λ)− 2)

V0

)
.

�

We will conclude with three corollaries which follow immediately upon combining
the earlier results of this section with the estimate for N(λ) given by Proposition
5.2 and Meyerhoff’s lower bound [24] of 0.104 for μ+(3). The first, Corollary 7.3,
was stated in the introduction as Theorem B, and the other two were presented as
corollaries to Theorem B (although we will derive them formally from Corollaries
7.1 and 7.2 above).

Corollary 7.3. Let λ be a positive real number strictly less than (log 3)/2. Then
for every orientable hyperbolic 3-manifold M with μ(M) < λ we have

volM < λ

(
6 +

880

log 3− 2λ
log

1

log 3− 2λ

)
.

Proof. Since λ > μ(M), we have in particular that λ > μ+(3) > 0.1. The assertion
now follows from Theorem 7.1 and Proposition 5.2. �

Corollary 7.4. Let λ be a positive real number strictly less than (log 3)/2. Then
for every orientable hyperbolic 3-manifold M with μ(M) < λ, the group π1(M) has
a rank-2 subgroup of index at most

λ

V0

(
6 +

880

log 3− 2λ
log

1

log 3− 2λ

)
.

Proof. Since λ > μ(M), we have in particular that λ > μ+(3) > 0.1. The assertion
now follows from Corollary 7.1 and Proposition 5.2. �

Corollary 7.5. Let λ be a positive real number strictly less than (log 3)/2. Then
for every hyperbolic 3-manifold M with μ(M) < λ, we have

rank π1(M) ≤ 2 + log2

(
λ

V0

(
6 +

880

log 3− 2λ
log

1

log 3− 2λ

))
.
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Proof. Since λ > μ(M), we have in particular that λ > μ+(3) > 0.1. The assertion
now follows from Corollary 7.2 and Proposition 5.2. �
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