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NORMALLY HYPERBOLIC INVARIANT MANIFOLDS

FOR RANDOM DYNAMICAL SYSTEMS:

PART I - PERSISTENCE

JI LI, KENING LU, AND PETER BATES

Abstract. In this paper, we prove the persistence of smooth normally hyper-
bolic invariant manifolds for dynamical systems under random perturbations.

1. Introduction

Invariant manifolds provide large-scale structures that serve to organize the
global phase space of a dynamical system. Persistence of invariant manifolds under
small perturbation, when that occurs, gives a more global robustness or structural
stability, allowing one to classify the behavior of families of systems, even those
with the vector field known only approximately. Persistence results are particu-
larly important in geometric singular perturbation theory, which provides a pow-
erful technique for analyzing systems involving multiple time scales which arise in
applications. The theory gives a rigorous and well-defined way to reduce systems
with small parameters to lower-dimensional systems that are more easily analyzed.
That theory is well developed for deterministic systems [F1, F2, F3, JK, B, S2] and
has been enormously effective in a wide variety of applications (see for instance [J],
[BFGJ], [S1], and [KSS]).

This work is the first step in a program to build geometric singular perturba-
tion theory under stochastic perturbations by providing the persistence theory for
random normally hyperbolic invariant manifolds. We also give persistence results
for random overflowing and random inflowing invariant manifolds, thus extending
Fenichel’s fundamental results [F1] to randomly perturbed dynamical systems.

Let (Ω,F , P ) be a probability space and (θt)t∈R be a measurable P -measure
preserving dynamical system on Ω. A discrete time random dynamical system (or
a cocycle) on space R

n over the dynamical system θt is a measurable map

φ(·, ·, ·) : R× Ω× R
n → R

n, (ω, x) �→ φ(t, ω, x), for t ∈ R

such that the map φ(t, ω) := φ(t, ω, ·) forms a cocycle over θt:

φ(0, ω) = Id, for all ω ∈ Ω,

φ(t+ s, ω) = φ(t, θsω)φ(s, ω), for all t, s ∈ R, ω ∈ Ω.
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When φ(·, ω, ·) : R × R
n → R

n is continuous for each ω ∈ Ω, φ(t, ω, x) is called a
continuous random dynamical system. An RDS φ is called a smooth RDS of class
Ck, k ≥ 1, if for each (t, ω) ∈ R × Ω, φ(t, ω, ·) : Rn → R

n is Ck–smooth. Namely,
φ(t, ω, x) is k times differentiable in x and the derivatives are continuous in (t, x)
for each ω ∈ Ω.

Random dynamical systems arise in the modeling of many phenomena in physics,
biology, climatology, economics, etc. which are often subject to uncertainty or
random influences, such as stochastic forcing, uncertain parameters, random sources
or inputs, and random boundary conditions. An example is the solution operator
for a random differential equation driven by a real noise:

dx

dt
= f(θtω, x),

where x ∈ R
d, f : Ω× R

d → R
d is a measurable function and fω(t, ·) ≡ f(θtω, ·) ∈

Lloc(R, C
0,1
b ),

Here, (Ω,F ,P) is the classic Wiener space, i.e., Ω = {ω : ω(·) ∈ C(R,Rd), ω(0) =
0} endowed with the open compact topology so that Ω is a Polish space and P is
the Wiener measure. Define a measurable dynamical system θt on the probability
space (Ω,F , P ) by the Wiener shift (θtω)(·) = ω(t + ·) − ω(t) for t > 0. It is well
known that P is invariant and ergodic under θt. This measurable dynamical system
θt is also called a metric dynamical system. This models the noise in the system;
see [A], page 60, for details.

We consider a deterministic flow ψ(t)(x) ≡ ψ(t, x) in R
n and its randomly per-

turbed flow (cocycle) φ(t, ω)(x) ≡ φ(t, ω, x). Our main results can be summarized
as

Theorem. Assume that ψ(t) is a Cr flow, r ≥ 1, and has compact, connected Cr

normally hyperbolic invariant manifold M ⊂ R
n. Then there exists ρ > 0 such that

for any C1 random flow φ(t, ω) in R
n, if

||φ(t, ω)− ψ(t)||C1 < ρ, for t ∈ [0, 1], ω ∈ Ω,

then

(i) Persistence: φ(t, ω) has a C1 normally hyperbolic random invariant mani-

fold M̃(ω).
(ii) Smoothness: If φ(t, ω) is Cr and the normal hyperbolicity is sufficiently

strong (see Theorem 2.1), then M̃(ω) is a Cr manifold diffeomorphic to
M for each ω ∈ Ω.

(iii) Existence of stable manifolds: φ(t, ω) has a stable manifold W̃s(ω) at M̃(ω).

(iv) Existence of unstable manifolds: φ(t, ω) has an unstable manifold W̃u(ω)

at M̃(ω).
(v) Persistence of overflowing and inflowing manifold: If ψ(t) has an over-

flowing/inflowing manifold M, then φ(t, ω) has an overflowing/inflowing

manifold M̃(ω).

As was stated earlier, when the perturbed flow φ(t, ω) is a deterministic flow, i.e.,
φ(t, ω) is independent of ω, this theorem was proved by Fenichel [F1], and we follow
the approach given there. The basic idea is due to Hadamard [H] and involves a
graph transform to first construct a center-unstable manifold. One takes a Lipschitz
graph over the unstable bundle at the deterministic normally hyperbolic invariant
manifold for ψ(t) and maps it forward under φ(t, ω) for large but fixed t for each
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ω ∈ Ω. Because each φ(t, ω) is C1 close to ψ(t) and because the latter stretches the
graph in the unstable direction while compressing in the normal direction, the image
(for each ω) is again a Lipschitz graph. Furthermore, this mapping is a contraction
on the space of such graphs and the resulting fixed graph (for each ω) is the center-
unstable manifold. The center-stable manifold is obtained in the same way, by
reversing time. The desired manifold is then the intersection of these two (for each
ω). There are important technical hurdles that must be overcome. The fact that
the manifolds are global forces us to use local charts, which is a messy but harmless
complication. The fact that we are dealing with a random dynamical system also
leads to some complicated notation and bookkeeping. The main difficulty, however,
is the need to show certain measurability properties, and this is the crux of the
extension. Of course, a random dynamical system is also nonautonomous, and so
naturally the concept of an invariant manifold must be extended. Here, one is
faced with the need to construct random invariant manifolds that change with time
according to a metric dynamical system on a probability space (see the next section
for definitions).

It should be noted that there are other approaches to proving perturbation results
for normally hyperbolic invariant manifolds, most notably the Lyapunov-Perron
method, but we believe that the obstacles are equally challenging and so take this
more geometric route.

We mentioned the fact that persistence of invariant manifolds under perturbation
is the basis for geometric singular perturbation theory. This paper is to be followed
with another which gives the next step, that of constructing random invariant
foliations (the counterpart of the Fenichel fibration) of the center-stable and center-
unstable manifolds for φ(t, ω). We also expect to develop an exchange lemma (see
[JK]) for random dynamical systems. We hope that these will lay the groundwork
for applications and provide tools for studying stochastic systems.

At present we do not have results along the lines of this paper for infinite-
dimensional random semiflows, as one encounters with stochastic parabolic PDEs.
The deterministic case was treated in [BLZ1, BLZ2, BLZ3], but the extension to
random systems is elusive.

The results we present here are closely related to the theory of local random sta-
ble, unstable, and center manifolds of stationary solutions. For finite-dimensional
random dynamical systems, we refer to [C, BK, Bx, D, LQ, S, W, A, LiL]. The
results on local invariant manifolds for infinite-dimensional random dynamical sys-
tems can be found in [R, CLR, DSL1, DSL2, MS, MZZ, LS, GLS, CDLS, WD].
Random inertial manifolds were obtained in [BF, GC, DD]. Included in the pre-
viously cited work are discrete time dynamics with products of diffeomorphisms,
in Euclidean space, on Riemannian manifolds, or in infinite-dimensional spaces,
where applications to PDEs are considered. Various approaches have been used,
the Lyapunov-Perron method in particular.

2. Main results

In this section, we first introduce some basic concepts on random dynamical
systems. Then, we state our main results.

2.1. Random dynamical systems. In this subsection, we review some of the
basic concepts related to random dynamical systems in a Banach space that are
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taken from Arnold [A]. Let (Ω,F , P ) be a probability space and X be a Banach
space. Let T = R or Z endowed with their Borel σ-algebra.

Definition 2.1. A family (θt)t∈T of mappings from Ω into itself is called a metric
dynamical system if

(1) (ω, t) → θtω is F ⊗ B(T) measurable;
(2) θ0 = idΩ, the identity on Ω , θt+s = θt ◦ θs for all t, s ∈ T;
(3) θt preserves the probability measure P .

Definition 2.2. A map

φ : T× Ω×X → X, (t, ω, x) �→ φ(t, ω, x),

is called a random dynamical system (or a cocycle) on the Banach space X over a
metric dynamical system (Ω,F , P, θt)t∈T if

(1) φ is B(T)⊗F ⊗ B(X)-measurable;
(2) the mappings φ(t, ω) := φ(t, ω, ·) : X → X form a cocycle over θt:

φ(0, ω) = Id, for all ω ∈ Ω,

φ(t+ s, ω) = φ(t, θsω) ◦ φ(s, ω), for all t, s ∈ T, ω ∈ Ω.

An example is the solution operator for a random differential equation driven by
a real noise,

dx

dt
= f(θtω, x),

where x ∈ R
d, f : Ω× R

d → R
d is a measurable function and fω(t, ·) ≡ f(θtω, ·) ∈

Lloc(R, C
0,1
b ).

2.2. Normally hyperbolic random invariant manifolds. We first recall that
a multifunction M = (M(ω))ω∈Ω of nonempty closed sets M(ω), ω ∈ Ω, contained
in a separable Banach space X is called a random set if

ω �→ inf
y∈M(ω)

||x− y||

is a random variable for any x ∈ X. When each of the sets M(ω) is a manifold, we
call M a random manifold.

Definition 2.3. A random manifold M is called a random invariant manifold for
a random dynamical system φ(t, ω) if

φ(t, ω,M(ω)) = M(θtω) for all t ∈ R, ω ∈ Ω.

Definition 2.4. A random invariant manifold M is said to be normally hyperbolic
if for almost every ω ∈ Ω and x ∈ M(ω), there exists a splitting which is C0 in x
and measurable in ω:

X = Eu(ω, x)⊕ Ec(ω, x)⊕ Es(ω, x)

of closed subspaces with associated projections Πu(ω, x), Πc(ω, x), and Πs(ω, x)
such that

(i) The splitting is invariant:

Dxφ(t, ω)(x)E
i(ω, x) = Ei(θtω, φ(t, ω)(x)), for i = u, c,

and

Dxφ(t, ω)(x)E
s(ω, x) ⊂ Es(θtω, φ(t, ω)(x)).
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(ii) Dxφ(t, ω)(x)
∣∣
Ei(ω,x)

: Ei(ω, x) → Ei(θtω, φ(t, ω)(x)) is an isomorphism for

i = u, c. Ec(ω, x) is the tangent space of M(ω) at x.
(iii) There are (θ, φ)-invariant random variables ᾱ, β̄ : M → (0,∞), ᾱ < β̄, and

a tempered random variable K : M → [1,∞) such that

||Dxφ(t, ω)(x)Πs(ω, x)|| ≤ K(ω, x)e−β̄ω,x)t for t ≥ 0,(2.1)

||Dxφ(t, ω)(x)Πu(ω, x)|| ≤ K(ω, x)eβ̄(ω,x)t for t ≤ 0,(2.2)

||Dxφ(t, ω)(x)Πc(ω, x)|| ≤ K(ω, x)eᾱ(ω,x)|t| for −∞ < t < ∞.(2.3)

We consider a deterministic flow ψ(t)(x) ≡ ψ(t, x) in R
n and its randomly per-

turbed (cocycle) counterpart φ(t, ω)(x) ≡ φ(t, ω, x). Our main results are:

Theorem 2.1. Assume that ψ(t) is a Cr flow, r ≥ 1, and has a compact, connected
Cr normally hyperbolic invariant manifold M ⊂ R

n. Let the positive exponents
related to the normal hyperbolicity be α < β in (2.1)-(2.3), which in this case are
constant and deterministic. Then there exists ρ > 0 such that for any random C1

flow φ(t, ω) in R
n, if

||φ(t, ω)− ψ(t)||C1 < ρ, for t ∈ [0, 1], ω ∈ Ω,

then

(i) Persistence: φ(t, ω) has a C1 normally hyperbolic random invariant mani-

fold M̃(ω).

(ii) Smoothness: If α < rβ and φ(t, ω) is Cr, then M̃(ω) is a Cr manifold
diffeomorphic to M for each ω ∈ Ω.

(iii) Existence of stable manifolds: φ(t, ω) has a stable manifold W̃s(ω) at M̃(ω).

(iv) Existence of unstable manifolds: φ(t, ω) has an unstable manifold W̃u(ω)

at M̃(ω).

We use the notation B(0, r) to refer to the ball centered at 0 of radius r where
the space is clear from the context. We will also use the notation L|E to mean
the restriction of the linear operator L to the subspace E. We do not place E as a
subscript, since often it has sub and superscripts.

2.3. Normally hyperbolic random overflowing and inflowing invariant
manifolds.

Definition 2.5. A random manifold M̄(ω) = M(ω) ∪ ∂M(ω) is called a random
overflowing invariant manifold for a random dynamical system φ(t, ω) if

φ(t, ω,M(ω)) ⊃ M̄(θtω) for all t > 0, ω ∈ Ω.

Definition 2.6. A random manifold M̄(ω) = M(ω) ∪ ∂M(ω) is called a random
inflowing invariant manifold for a random dynamical system φ(t, ω) if

φ(t, ω,M(ω)) ⊃ M̄(θtω) for all t < 0, ω ∈ Ω.

Definition 2.7. A random overflowing invariant manifold M̄(ω) = M(ω)∪∂M(ω)
is said to be normally (stably) hyperbolic if for almost every ω ∈ Ω and x ∈ M(ω),
there exists a splitting which is C0 in x and measurable in ω:

X = Ec(ω, x)⊕ Es(ω, x)
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of closed subspaces with associated projections Πc(ω, x) and Πs(ω, x) such that

(i) The splitting is invariant:

Dφ(t, θ−tω)(φ(−t, ω)(x))Ec(θ−tω, φ(−t, ω)(x)) = Ec(ω, x)

and

Dφ(t, θ−tω)(φ(−t, ω)(x))Es(θ−tω, φ(−t, ω)(x)) ⊂ Es(ω, x).

(ii) Dφ(t, θ−tω)(φ(−t, ω)(x))|Ec(θ−tω, φ(−t, ω)(x)) : Ec(θ−tω, φ(−t, ω)(x)) →
Ec(ω, x) is an isomorphism. Ec(ω, x) is the tangent space of M(ω) at x.

(iii) There are (θ, φ)-invariant random variables α, β : M → (0,∞), α < β, and
a tempered random variable K(ω, x) : M → [1,∞) such that

||Dφ(t, θ−tω)(φ(−t, ω)(x))Πs|| ≤ K(θ−tω, φ(−t, ω)(x))e−β(ω,x)t for t ≥ 0,(2.4)

||Dxφ(t, ω)(x)Πc(ω, x)|| ≤ K(ω, x)eα(ω,x)|t| for t such that φ(t, ω, x) ∈ M(θtω).

(2.5)

Definition 2.8. A random inflowing invariant manifold M̄(ω) = M(ω)∪∂M(ω) is
said to be normally (unstably) hyperbolic if for almost every ω ∈ Ω and x ∈ M(ω),
there exists a splitting which is C0 in x and measurable in ω:

X = Eu(ω, x)⊕ Ec(ω, x)

of closed subspaces with associated projections Πu(ω, x) and Πc(ω, x) such that

(i) The splitting is invariant:

Dφ(t, ω, x)Ei(ω, x)) = Ei(θtω, φ(t, ω)(x), for i = u, c.

(ii) Dφ(t, θ−tω)(φ(−t, ω)(x))|Ei(θ−tω, φ(−t, ω)(x)) : Ei(θ−tω, φ(−t, ω)(x)) →
Ei(ω, x) is an isomorphism for i = u, c. Ec(ω, x) is the tangent space of
M(ω) at x.

(iii) There are (θ, φ)-invariant random variables ᾱ, β̄ : M → (0,∞), ᾱ < β̄, and
a tempered random variable K(ω, x) : M → [1,∞) such that

(2.6) ||Dφ(t, θ−tω)(φ(−t, ω, x))Πu|| ≤ K(θ−tω, φ(−t, ω, x))eβ̄(ω,x)t for t ≤ 0,

(2.7)

||Dxφ(t, ω)(x)Πc(ω, x)|| ≤ K(ω, x)eᾱ(ω,x)|t| for t such that φ(t, ω, x) ∈ M(θtω).

Theorem 2.2. Assume that ψ(t) is a Cr flow, r ≥ 1, and has a compact, connected
Cr normally hyperbolic overflowing invariant manifold M̄ = M∪ ∂M ⊂ R

n with
positive deterministic constant hyperbolicity exponents α < β. Then there exists
ρ > 0 such that for any random Cr flow φ(t, ω) in R

n, if

||φ(t, ω)− ψ(t)||C1 < ρ, for t ∈ [0, 1], ω ∈ Ω,

and if α < rβ, then φ(t, ω) has a Cr normally hyperbolic random overflowing

invariant manifold M̃(ω) such that for each ω ∈ Ω, M̃(ω) is Cr diffeomorphic to
M.

Theorem 2.3. Assume that ψ(t) is a Cr flow, r ≥ 1, and has a compact, connected
Cr normally hyperbolic inflowing invariant manifold M̄ = M∪ ∂M ⊂ R

n. Then
there exists ρ > 0 such that for any random Cr flow φ(t, ω) in R

n, if

||φ(t, ω)− ψ(t)||C1 < ρ, for t ∈ [0, 1], ω ∈ Ω,

and if α < rβ, then φ(t, ω) has a Cr normally hyperbolic random inflowing invariant

manifold M̃(ω) such that for each ω ∈ Ω, M̃(ω) is Cr diffeomorphic to M.
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3. Basic lemmas

In this section, we first recall some facts for deterministic system taken from
[F1]. Then we deduce the corresponding properties for random systems.

We consider a compact connected Cr normally hyperbolic invariant manifold M
under the deterministic Cr flow ψ(t) and let TRn|M = TM ⊕ Es ⊕ Eu be the
associated splitting. We will sometimes use the notation Ec to denote the bundle
TM, and we will sometimes use Ei to denote the subspace Ei

m (i = c, s, u) at
a point m ∈ M when the context makes the meaning obvious. We denote the
associated positive constant hyperbolicity exponents by α < β.

The first two propositions concern the hyperbolicity of the invariant manifold
M.

Proposition 3.1. Normal hyperbolicity is independent of the metric.

Proposition 3.2. If M is normally hyperbolic under the flow ψ(t):

(1) There exist positive constants a < 1 and c1 such that

||Dψ(t)(ψ(−t)(m))|Es|| < c1a
t

for all m ∈ M and t ≥ 0 and

||Dψ(t)(ψ(−t)(m))|Eu|| < c1a
−t

for all m ∈ M and t ≤ 0.
(2) If α < rβ, there exist c2 > 0 and r′ > r such that

||Dψ(t)(ψ(−t)(m))|Es|| ||D(ψ(−t))(m)|Ec||r′ < c2

for all m ∈ M and t ≥ 0 and

||Dψ(t)(ψ(−t)(m))|Eu|| ||D(ψ(−t))(m)|Ec||r′ < c2

for all m ∈ M and t ≤ 0.

Let the dimensions of Es, Eu, and M be k, l, m, respectively, so that k+l+m =
n, and let Πs, Πu, Πc denote the projections corresponding to the splitting. The
next two propositions are on the smooth approximation of normal bundles and the
tubular neighborhood of M; see [W].

Proposition 3.3. There exist k- and l-dimensional Cr subbundles Ẽs and Ẽu

of TRn|M which are arbitrarily close to Es and Eu, respectively, and such that

TM⊕ Ẽi is invariant under Dψ(t), i.e., TM⊕ Ẽi = TM⊕ Ei for i = s, u.

We have TRn|M = Ẽs⊕Ẽu⊕TM and denote by Π̃s, Π̃u and Π̃c the projections

corresponding to the splitting. We sometimes use the notation Ẽ = Ẽs ⊕ Ẽu.

Proposition 3.4. There exists a Cr diffeomorphism γ from a neighborhood of the
zero section of Ẽ to a tubular neighborhood of M in R

n.

To construct the random unstable and stable manifolds, we first introduce the
local coordinate charts in R

n near M.
We use the normal bundle Ẽ to define local charts in R

n near M as in [F1]. By
compactness of M, we can take finitely many points p1, p2, · · · , ps of M with the
following properties: for each pj , there exists a coordinate neighborhood U j of pj
in M; {U j} covers M; in each U j , Ẽ has an orthonormal basis which changes in

a Cr manner. Moreover, we can shrink each U j a little to Ũ j such that Ũ j ⊂ U j
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and {Ũ j} still cover M. Suppose {(σj , U
j
5 (= U j))} is an atlas on M and σ(U j

5 ) =

Dj
5 ⊂ R

m is an open neighborhood of the origin in R
m. We may take open subsets

Dj
1, D

j
2, D

j
3, D

j
4 of Dj

5 such that Dj
i−1 ⊂ Dj

i for i = 2, 3, 4, 5 and Ũ j ⊂ σ−1
j (Dj

1).

Taking U j
i = σ−1

j (Dj
i ), U j

i is an open neighborhood of pj and Ũ j ⊂ U j
i for all

i = 1, 2, 3, 4, 5. So {U j
i }j cover M. In fact, we have

M =
⋃
j

U j
1 ⊂

⋃
j

U j
2 ⊂ · · · ⊂

⋃
j

U j
5 = M.

Define for small ε > 0

Ẽε = Ẽs
ε ⊕ Ẽu

ε := {(m, νs, νu) ∈ Ẽ : ||νs|| < ε, ||νu|| < ε}.
It follows from Proposition 3.4 that there exists ε0 > 0 such that for 0 < ε < ε0,
Ẽε is Cr diffeomorphic to a neighborhood V of M in R

n. In other words, Ẽε is a
tubular neighborhood of M. From now on, we view both ψ(t, x) and φ(t, ω, x) as

flows on Ẽε as well as on V .
Choose a Cr orthonormal basis on Ẽ|U j

5 for each j. Thus, for m ∈ U j
5 and

(m, νs) ∈ Ẽs
ε , ν

s has coordinates (xs
1, · · · , xs

k) under the chosen orthonormal basis,

and these depend smoothly on m. Define τ sj : Ẽs
ε |U

j
5 → R

k by

τ sj (m, νs) = xs = (xs
1, · · · , xs

k) ∈ R
k

and define τuj similarly by

τuj (m, νu) = xu = (xu
1 , · · · , xu

l ) ∈ R
l.

We have
||xs||Rk = ||νs||, ||xu||Rl = ||νu||.

These give us Cr diffeomorphisms γj from Ẽε|U j
5 to R

n = R
m ⊕ R

k ⊕ R
l, where

γj(m, νs, νu) = (xc, xs, xu) = (σj(m), τ sj (m, νs), τuj (m, νu)).

So {(Ẽε|U j
5 , γj)} gives us an atlas on Ẽε.

Since M is compact, there exists L1 > 0 such that Dσj and Dσ−1
j are bounded

by L1 for all m and j.
Then for sufficiently large T > 0, we represent the random diffeomorphism

φ(T, ω)(·) in the local charts by

(xc, xs, xu) → (f c
ij(ω, x

c, xs, xu), fs
ij(ω, x

c, xs, xu), fu
ij(ω, x

c, xs, xu)),

where
f l
ij(ω, x

c, xs, xu) = Pl ◦ γj ◦ φ(T, ω, ·) ◦ γ−1
i (xc, xs, xu)

for (xc, xs, xu) ∈ γi ◦ Ẽε|U i
4 ∩ ψ(−T, U j

4 ) and Pl(x
c, xs, xu) = xl for l = c, s, u. Note

that given i and (xc, xs, xu), fij(ω, x
c, xs, xu) is defined only for some j’s.

Denoting the differential operators D1 = Dxc , D2 = Dxs , D3 = Dxu , we have

D2f
s
ij(ω, x

c, xs, xu)

= DPlDγjDφ(T, ω)D2γ
−1(xc, xs, xu)

= DPlDγj(Π̃
sDφ(T, ω)|Ẽs)D2γ

−1
i (xc, xs, xu).

Since M is compact, DPl, Dγj , and D2γ
−1, along with their inverses, are uniformly

bounded by a constant L2 > 0. Then

||D2f
s
ij(ω, x

c, xs, xu)|| ≤ L3
2||Π̃sDφ(T, ω)|Ẽs||.
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Similarly, we get for k = 1, 2, 3 and l = c, s, u,

||(Dkf
l
ij(ω, x

c, xs, xu))±1|| ≤ L||Π̃lDφ(T, ω)|Ẽl||,
for some L > 0. We have the following lemma:

Lemma 3.1. There exists a T > 0 such that for any η > 0, if ε and ρ are small
enough, then

(3.1) ||(D3f
u
ij(ω, x

c, xs, xu))−1|| < 1

4
,

(3.2) ||D2f
s
ij(ω, x

c, xs, xu)|| < 1

2
,

(3.3) ||(D1f
c
ij(ω, x

c, xs, xu))−1||k||D2f
s
ij(ω, x

c′, xs′, xu′)|| < 1

4
,

for 0 ≤ k ≤ r, xc′ close to xc, and

(3.4) ||(D3f
c
ij(ω, x

c, xs, xu))−1|| < η,

(3.5) ||fs
ij(ω, x

c, xs, xu)|| < η, ||fu
ij(ω, x

c, xs, xu)|| < η,

(3.6) ||D1f
s
ij(ω, x

c, xs, xu)|| < η, ||D3f
s
ij(ω, x

c, xs, xu)|| < η,

(3.7) ||D1f
u
ij(ω, x

c, xs, xu)|| < η, ||D2f
u
ij(ω, x

c, xs, xu)|| < η.

Moreover, the norm of all first partial derivatives of fij and their inverses are
bounded by some Q > 0.

Proof. By Proposition 3.2, there exists a T > 0 such that

Lr||Dψ(−T )(m)|Eu|| < 1

16
,

Lr||Dψ(T )(ψ(−T )(m))|Es|| < 1

8
,

Lr+1||Dψ(−T )(m)|TM||k||Dψ(T )(ψ(−T,m))|Es|| < 1

16
, 0 ≤ k ≤ r.

Since Ẽ and E are arbitrarily close, and ||φ(t, ω)− ψ(t)||C1 < ρ for all t ∈ [0, 1]
and ω ∈ Ω, if ρ is small enough, we have

(3.8) Lr||Π̃uDφ(−T, ω)(m)|Ẽu|| < 1

8
,

(3.9) Lr||Π̃sDφ(T, ω)(ψ(−T,m))|Ẽs|| < 1

4
,

(3.10)

Lr+1||Dφ(−T, ω)(m)|TM||k||Π̃sDφ(T, ω)(ψ(−T )(m))|Ẽs|| < 1

8
, 0 ≤ k ≤ r.

Note that we identified V with E(ε) and viewed ψ(t) and φ(t, ω) as flows in the
bundles. So in terms of f l

ij ,

(3.11) ||(D3f
u
ij(ω, x

c, 0, 0))−1|| < 1

8
,

(3.12) ||D2f
s
ij(ω, x

c, 0, 0)|| < 1

4
,
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(3.13) ||(D1f
c
ij(ω, x

c, 0, 0))−1||k||D2f
s
ij(ω, x

c, 0, 0)|| < 1

8
, 0 ≤ k ≤ r.

We also have

(3.14) ||(D3f
c
ij(ω, x

c, 0, 0))−1|| < 1

2
η.

Choose ε and ρ small enough, we have

||(D3f
u
ij(ω, x

c, xs, xu))−1|| < 1

4
,

||D2f
s
ij(ω, x

c, xs, xu)|| < 1

2
,

||(D1f
c
ij(ω, x

c, xs, xu))−1||k||D2f
s
ij(ω, x

c′, xs′, xu′)|| < 1

4
,

for 0 ≤ k ≤ r, xc′ close to xc, and

||(D3f
c
ij(ω, x

c, xs, xu))−1|| < η.

By the invariance of M under ψ(T ), the invariance of Eu, Es, TM under Dψ(T )

and the closeness of Ẽ and E, if ε and ρ are small enough, we have

||fs
ij(ω, x

c, xs, xu)|| < η, ||fu
ij(ω, x

c, xs, xu)|| < η,

||D1f
s
ij(ω, x

c, xs, xu)|| < η, ||D3f
s
ij(ω, x

c, xs, xu)|| < η,

||D1f
u
ij(ω, x

c, xs, xu)|| < η, ||D2f
u
ij(ω, x

c, xs, xu)|| < η.

This completes the proof of the lemma. �

4. Existence of the random unstable manifold

In this section, we will prove the existence of a random unstable manifold using
the graph transform. The random unstable manifold will be constructed as a section
of Ẽε over Ẽu

ε . We will define a transform on the space of all Lipschitz sections
and prove that the transform has a fixed point which gives the random unstable
manifold.

Let X denote the space of sections of Ẽε over Ẽu
ε . For u(ω) ∈ X, it is locally

represented by ui(ω):

ui(ω, x
c, xu) = τ si ◦ P s ◦ u(ω) ◦ (σi × τui )

−1(xc, xu),

where P s is the fiber projection. Let ε > 0 be fixed so that B̄ε(0) ⊂ Di
5 for all j.

Define

(4.1)

Lipu(ω) := max
i

sup
xc,xc′∈Di

3,||xu||,||xu′||≤ε,(xc,xu) �=(xc′,xu′)

× ||ui(ω, x
c, xu)− ui(ω, x

c′, xu′)||
max{||xc − xc′||, ||xu − xu′||}

if it exists. Denote Xδ = {u(ω) ∈ X|Lipu(ω) ≤ δ}. Denote a random section by

u = {u(ω) ∈ X|ω ∈ Ω}
and denote by S the set of all such u = {u(ω) : ω ∈ Ω}. Define

Lip u := sup
ω

Lipu(ω)

and let

Sδ = {u ∈ S|Lipu ≤ δ}.
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Define the norm on Sδ by

||u|| := sup
ω

max
i

sup
xc,xu

|ui(ω, x
c, xu)|.

Then the induced metric on Sδ makes it into a complete metric space. Let T be
given by Lemma 3.1.

Proposition 4.1. There is a unique u ∈ S such that

φ(t, ω, graphu(ω)) ⊃ graphu(θtω)

for all t > T and ω ∈ Ω. Furthermore, u ∈ Sδ.

We need several lemmas to prove this proposition. We occasionaly write u(ω) in
place of graphu(ω).

In the local coordinates, the mapping u(ω) → φ(T, ω)(u(ω)) has the form

(xc, ui(ω, x
c, xu), xu) → (f c

ij(ω, x
c, ui(ω, x

c, xu), xu), fs
ij(ω, x

c, ui(ω, x
c, xu), xu),

fu
ij(ω, x

c, ui(ω, x
c, xu), xu)).

Define an operator G on Sδ by

(Gu)j(ω, ξ
c, ξu) = fs

ij(θ
−Tω, xc, ui(θ

−Tω, xc, xu), xu),

where
ξc = f c

ij(θ
−Tω, xc, ui(θ

−Tω, xc, xu), xu),

ξu = fu
ij(θ

−Tω, xc, ui(θ
−Tω, xc, xu), xu).

In the following, we will show G is well defined. For convenience, we denote
xcu = (xc, xu), ξcu = (ξc, ξu), and write

fs
ij(ω, x

cu, xs) = fs
ij(ω, x

c, xs, xu)

and
f cu
ij (ω, x

cu, xs) = (f c
ij(ω, x

c, xs, xu), fu
ij(ω, x

c, xs, xu))T .

We also use the norms
||xcu|| = max(||xc||, ||xu||),
||ξcu|| = max(||ξc||, ||ξu||),
||f cu

ij || = max(||f c
ij ||, ||fu

ij ||).
Thus, we may write the local representatives as

ui(ω, x
cu) = ui(ω, x

c, xu),

(Gu)j(ξ
cu) = fs

ij(ω, x
cu, u(ω, xcu))

with
ξcu = f cu

ij (ω, x
cu, u(ω, xcu)).

Denote

A ≡ D1,3f
s
ij(ω, x

cu, xs) ≡ (D1f
s
ij(ω, x

c, xs, xu), D3f
s
ij(ω, x

c, xs, xu)),

B ≡ D2f
s
ij(ω, x

cu, xs) = D2f
s
ij(ω, x

c, xs, xu),

C ≡ D1,3f
cu
ij (ω, x

cu, xs) =

(
D1f

c
ij(ω, x

c, xs, xu) D3f
c
ij(ω, x

c, xs, xu)
D1f

u
ij(ω, x

c, xs, xu) D3f
u
ij(ω, x

c, xs, xu)

)
,

and

E ≡ D2f
cu
ij (ω, x

cu, xs) = (D2f
c
ij(ω, x

c, xs, xu), D2f
u
ij(ω, x

c, xs, xu)).
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Lemma 4.1. For δ > 0 small enough and any 0 < ε < ε0, there exists ρ(ε) > 0
such that for 0 < ρ < ρ(ε), G is well defined on Sδ.

Proof. For fixed ω and i and any xcu, xcu′ ∈ Di
3 ×B(0, ε), we have

||ξcu − ξcu′||
= ||f cu

ij (θ
−Tω, xcu, ui(θ

−Tω, xcu))− f cu
ij (θ

−Tω, xcu′, ui(θ
−Tω, xcu′))||

≥ 1

Q
||xcu − xcu′|| −Qδ||xcu − xcu′||

>
1

2Q
||xcu − xcu′||,

which implies that f cu
ij (θ

−Tω, ·, ui(θ
−Tω, ·)) is one-to-one and thus is a homeomor-

phism from Di
3×B(0, ε) to its range. Note that although the Mean Value Theorem

does not hold in multi-dimensional space, we still have the first inequality above
since the matrix of partial derivatives obtained by using the Mean Value Theorem
componentwise is close to the Jacobian. Such estimates will be used repeatedly in
our analysis.

Letting xc = xc′ and using Lemma 3.1, we have

||ξu − ξu′||
= ||fu

ij(θ
−Tω, xc, ui(θ

−Tω, xc, xu), xu)− fu
ij(θ

−Tω, xc, ui(θ
−Tω, xc, xu′), xu′)||

≥ ||(D3f
u
ij)

−1||−1||xu − xu′|| − ||D1f
u
ij ||||xc − xc||

− ||D2f
u
ij ||||ui(x

c, xu)− ui(x
c, xu′)||+ o(||xcu − xcu′||)

≥ 4||xu − xu′|| − 2Qδ||xcu − xcu′||
= (4− 2Qδ)||xu − xu′||
> 3||xu − xu′||,

(4.2)

where by taking ε small enough, we have from ||xu − xu′|| < 2ε that

o(||xcu − xcu′||) < Qδ||xcu − xcu′||.

For fixed δ, ε > 0, there exists ρ(ε) > 0 such that for 0 < ρ < ρ(ε), we have

(4.3) ||fu
ij(θ

−Tω, xc, ui(θ
−Tω, xc, 0), 0)|| < 1

3
ε,

which together with (4.2) yield that

||fu
ij(θ

−Tω, xc, ui(θ
−Tω, xc, xu), xu)|| > ε

for 2
3ε < ||xu|| < ε. From this and the fact that f cu

ij (θ
−Tω, ·, ui(θ

−Tω, ·)) is a

homeomorphism, we conclude that
⋃

k Dk
3 × B(0, ε) is contained in the range of

f cu
ij (θ

−Tω, ·, ui(θTω, ·)) for i, j running all possible choices. This shows G is well
defined and completes the proof of the lemma. �

Lemma 4.2. For all 0 ≤ k ≤ r,

(4.4) ||B|| ||C−1||k <
1

2
.
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Proof. Using Lemma 3.1, we have

(4.5) ||B|| < 1

2
.

Writing

C =

(
D1f

c
ij(ω, x

c, xs, xu) D3f
c
ij(ω, x

c, xs, xu)
D1f

u
ij(ω, x

c, xs, xu) D3f
u
ij(ω, x

c, xs, xu)

)
=

(
a b
c d

)
,

we have

C−1 =

(
(a− bd−1c)−1 −(a− bd−1c)−1bd−1

(ca−1b− d)−1ca−1 −(ca−1b− d)−1

)
.

From Lemma 3.1, we know that

||a|| < Q, ||c|| < η, ||a−1|| < Q,

||b|| < η, ||d|| < Q, ||d−1|| < 1

4
.

Hence,

||(C−1)11|| = ||(a− bd−1c)−1||
= ||(I − a−1bd−1c)−1a−1||
≤ ||a−1||(1 +O(η2)),

||(C−1)12|| = || − (I − a−1bd−1c)−1bd−1a−1||

≤ 1

4
Qη(1 +O(η2)) = O(η),

||(C−1)21|| = ||(d−1ca−1b− I)−1d−1ca−1||

≤ 1

4
Qη(1 +O(η2)) = O(η),

||(C−1)22|| = || − (d−1ca−1b− I)−1d−1||

≤ ||d−1||(1 +O(η2)) ≤ 1

4
(1 +O(η2)),

which yield that for η sufficiently small,

||C−1||k < 2max(||(D1f
c
ij)

−1||k, 1
4
).

Therefore,

||B||||C−1||k < 2max(||D2f
s
ij ||||(D1f

c
ij)

−1||k, 1
4
||D2f

s
ij ||)

< 2max(
1

4
,
1

4
× 1

2
) =

1

2
.

The proof of the lemma is complete. �

We note that

(4.6) ||A|| < η

and all A,B,C,E and their inverses are bounded by Q, perhaps choosing a larger
value of Q.

Remark. A,B,C and E depend on i, j, xcu, xs, ω, ψ(T ) and φ(T, ω). But all the
above estimates hold uniformly. Note that in (4.4) the argument i, j, ω should be
the same, while the argument xcu, xs could vary as long as they vary only slightly.
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Lemma 4.3. For fixed δ small enough and any 0 < ε < ε0, there exists a ρ(ε) > 0
such that for all 0 < ρ < ρ(ε), G maps Sδ to Sδ.

Proof. It is sufficient to show that if u ∈ Sδ, then

(4.7) ||(Gu)j(ω, ξ
cu)− (Gu)j(ω, ξ

cu′)|| ≤ δ||ξcu − ξcu′||
for ξcu and ξcu′ in any sufficiently small neighborhood for all ω ∈ Ω and j. This
is because any two points ξcu, ξcu′ ∈ Dj

3 × B(0, ε) are connected by a line segment
which is covered by finitely many such neighborhoods and one can always choose a
sequence of points ξ0 = ξcu, ξ1, · · · , ξm = ξcu′ along the line segment such that for
any 1 ≤ k ≤ m, ξk and ξk+1 are located in the same small neighborhood. Then

||(Gu)j(ω, ξ
cu)− (Gu)j(ω, ξ

cu′)|| ≤
∑
k

δ||ξk − ξk−1|| = δ||ξm− ξ0|| = δ||ξcu− ξcu′||.

Using Lemma 4.1, we have for ξcu′ near ξcu that there exists xcu′ ∈ Di
3 near xcu

such that

ξcu = f cu
ij (θ

−Tω, xcu, ui(θ
−Tω, xcu))

and

ξcu′ = f cu
ij (θ

−Tω, xcu′, ui(θ
−Tω, xcu′)).

Thus, we have

||(Gu)j(ω, ξ
cu)− (Gu)j(ω, ξ

cu′)||
= ||fs

ij(θ
−Tω, xcu, ui(θ

−Tω, xcu))− fs
ij(θ

−Tω, xcu′, ui(θ
−Tω, xcu′))||

≤ ||A||||xcu − xcu′||+ ||B||δ||xcu − xcu′||+ o(||xcu − xcu′||)
≤ (2η + δ||B||)||xcu − xcu′||.

Here, we have taken ||xcu−xcu′|| small enough so that |o(||xcu−xcu′||)| < η||xcu−
xcu′||. Next we need to estimate ||ξcu − ξcu′|| in terms of ||xcu − xcu′||:
||ξcu−ξcu′|| = ||f cu

ij (θ
−Tω, xcu, ui(θ

−Tω, xcu))− f cu
ij (θ

−Tω, xcu′, ui(θ
−Tω, xcu′))||

≥ ||f cu
ij (θ

−Tω, xcu, ui(θ
−Tω, xcu))− f cu

ij (θ
−Tω, xcu′, ui(θ

−Tω, xcu))||
− ||f cu

ij (θ
−Tω, xcu′, ui(θ

−Tω, xcu))−f cu
ij (θ

−Tω, xcu′, ui(θ
−Tω, xcu′))||

≥ ||C−1||−1||xcu − xcu′||+ o(||xcu − xcu′||)− ||E||δ||xcu − xcu′||
≥ ||C−1||−1(1− 2δQ2)||xcu − xcu′||.

Here again we have taken ||xcu − xcu′|| small enough so that |o(||xcu − xcu′||)| <
δQ||xcu − xcu′||. Then, we have

||(Gu)j(ω, ξ
cu)− (Gu)j(ω, ξ

cu′)|| ≤ (2η + δ||B||)||xcu − xcu′||

≤ (2η + δ||B||) ||C−1||
(1−2δQ2) ||ξcu − ξcu′||

≤ 2ηQ+ 1
2 δ

1−2δQ2 ||ξcu − ξcu′|| ≤ 3
4δ||ξcu − ξcu′||,

provided δ < 1
12Q2 and η < δ

16Q . So G maps Sδ to Sδ. This completes the proof of

the lemma. �

Lemma 4.4. If δ, η > 0 are small enough, there exists ε(η) > 0 such that for any
0 < ε < ε(η) there exists ρ(ε) > 0 such that for 0 < ρ < ρ(ε), G is a contraction on
Sδ.
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Proof. Let u, u′ ∈ Sδ. Fix ω ∈ Ω and let ξcu ∈ (σj × τuj )(Ẽ
u
ε |U

j
3 ) be given. By

Lemma 4.1, there exist i and xcu, xcu′ ∈ Di
3 ×B(0, ε) such that

ξcu = f c
ij(θ

−Tω, xcu, ui(θ
−Tω, xcu)) = f c

ij(θ
−Tω, xcu′, u′

i(θ
−Tω, xcu′)).

Here, as long as ε is small, xcu, xcu′ are close enough to be in the same Di
3×B(0, ε).

Then if ε is small enough, we have that o(||xcu−xcu′||) and o(||u−u′||) are so small
that

||(Gu)j(ω, ξ
cu)− (Gu′)j(ω, ξ

cu)||
= ||fs

ij(θ
−Tω, xcu, ui(θ

−Tω, xcu))− fs
ij(θ

−Tω, xcu′, u′
i(θ

−Tω, xcu′))||
≤ ||A||||xcu − xcu′||+ ||B||||ui(θ

−Tω, xcu)− u′
i(θ

−Tω, xcu)||
+Q||u′

i(θ
−Tω, xcu)− u′

i(θ
−Tω, xcu′)||+ o(||xcu − xcu′||) + o(||u− u′||)

≤ (η + 2δQ)||xcu − xcu′||+ 2
3 ||ui(θ

−Tω)− u′
i(θ

−Tω)||.
Next, we need to estimate ||xcu −xcu′|| in terms of ||ui(θ

−Tω)−u′
i(θ

−Tω)||. We
first have

||fcu
ij (θ

−Tω, xcu, ui(θ
−Tω, xcu))− f cu

ij (θ
−Tω, xcu′, ui(θ

−Tω, xcu))||
≥ Q−1||xcu − xcu′||

and

||f cu
ij (θ

−Tω, xcu′, u′
i(θ

−Tω, xcu′))− f cu
ij (θ

−Tω, xcu′, ui(θ
−Tω, xcu))||

≤ Q(δ||xcu − xcu′||+ ||ui(θ
−Tω)− u′

i(θ
−Tω)||).

Noting that

ξcu = f cu
ij (θ

−Tω, xcu, ui(θ
−Tω, xcu)) = f cu

ij (θ
−Tω, xcu′, u′

i(θ
−Tω, xcu′)),

we combine the above estimates to obtain

||xcu − xcu′|| ≤ (2Q2(η + 2δQ) +
2

3
)||ui(θ

−Tω)− u′
i(θ

−Tω)||.

Taking δ, η small enough, then we get

||(Gu)j(ω, ξ
cu)− (Gu′)j(ω, ξ

cu)|| ≤ 3

4
||ui(θ

−Tω)− u′
i(θ

−Tω)||.

�

Proof of Proposition 4.1. Using Lemma 4.4, by the uniform contraction principle,
G has a unique fixed point in Sδ, call it u. If u

′ ∈ S is such that

φ(T, ω)(graphu′(ω)) ⊃ graphu′(θTω),

then the proof of Lemma 4.4 can be applied: Fix ω ∈ Ω and let ξcu ∈ (σj ×
τuj )(Ẽ

u
ε |U

j
3 ) be given. Since u′ is invariant, there exist i and xcu′ ∈ Di

3 × B(0, ε)
such that

ξcu = f cu
ij (θ

−Tω, xcu, ui(θ
−Tω, xcu)) = f cu

ij (θ
−Tω, xcu′, u′

i(θ
−Tω, xcu′)).

Here, as long as ε is small, xcu, xcu′ are close enough to be in the same Di
3 ×

B(0, ε). Then

||uj(ω, ξ
cu)− u′

j(ω, ξ
cu)||

= ||fs
ij(θ

−Tω, xcu, ui(θ
−Tω, xcu))− fs

ij(θ
−Tω, xcu′, u′

i(θ
−Tω, xcu′))||

≤ (η + 2δQ)||xcu − xcu′||+ 2
3 ||ui(θ

−Tω)− u′
i(θ

−Tω)||.
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Similarly, as in Lemma 4.4 we get

||xcu − xcu′|| ≤ (2Q2(η + 2δQ) +
2

3
)||ui(θ

−Tω)− u′
i(θ

−Tω)||.

So

||uj(ω, ξ
cu)− u′

j(ω, ξ
cu)|| ≤ 3

4
||ui(θ

−Tω)− u′
i(θ

−Tω)||.
This shows that u = u′, giving the uniqueness in S.

To show
φ(t, ω)(graphu(ω)) ⊃ graphu(θtω),

we use the uniqueness of u.
For any fixed t > T , we can define G′ on Sδ based on t just as G is based on T .

G′ is well defined. Then we have that φ(t, ω)(graphu(ω)) ∩ Ẽε is the graph of an
element ū ∈ Sδ at the θtω fiber.

Since for each ω

(4.8) φ(T, θ−Tω)(graphu(θ−Tω)) ⊃ graphu(ω),

we have

φ(t, ω)(graphu(ω)) ⊂ φ(t, ω)φ(T, θ−Tω)(graphu(θ−Tω))

= φ(T, θt−Tω)φ(t, θ−Tω)(graphu(θ−Tω)),

which gives

graph ū(θtω) ⊂ φ(T, θ−T (θtω))(graph ū(θ−T (θtω))),

or equivalently,

(4.9) graph ū(ω̃) ⊂ φ(T, θ−T (ω̃))(graph ū(θ−T (ω̃))).

Comparing (4.8) and (4.9) and using the uniqueness of the fixed point of G, we
obtain

ū = u.

This completes the proof of the proposition. �

5. Smoothness of the random unstable manifolds

In this section, we prove the smoothness of the random unstable manifold. Let
u ∈ Sδ denote the unique fixed point of G. So the graph of u(ω) is the unique

random unstable manifold W̃u(ω). We prove u is Cr. We construct linear functions
in the local coordinates as the candidates for Dui(ω) and prove they are indeed the
derivatives of ui(ω).

In the local coordinates, for any fixed ω, u(ω) is represented by ui(ω) : (Di
3 ×

B(0, ε)) → R
k, for i = 1, · · · , s. If u(ω) ∈ C1, Dui(ω) assigns to each point in

(Di
3 ×B(0, ε)) a linear map from R

n−k to R
k. Thus Du(ω) is represented by

vi(ω) ∈ C0((Di
3 ×B(0, ε)), L(Rn−k,Rk)),

for i = 1, · · · , s. The candidates for Du(ω) are of the form

v(ω) = (v1(ω), · · · , vs(ω)) ∈
s∏

i=1

C0((Di
3 ×B(0, ε)), L(Rn−k,Rk)),

and we denote the space of such mappings by T̄ S. If v(ω) is such an s-tuple, define

(5.1) ||v(ω)|| = max
1≤i≤s

sup
xcu∈(Di

3×B(0,ε))

||vi(ω, xcu)||,
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if this exists, where || · || is the operator norm. For v = {v(ω) ∈ T̄ S : ω ∈ Ω}, define
(5.2) ||v|| := sup

ω
||v(ω)||.

Let TS be the space of all such random linear mappings v. To be more clear, any
element v of TS can first be viewed as a function of ω ∈ Ω, and for any fixed
ω, v(ω) is an s-tuple (v1(ω), · · · , vs(ω)) ∈

∏s
i=1 C

0((Di
3 × B(0, ε)), L(Rn−k,Rk)).

Define the norm || · || on TS by (5.1) and (5.2). Under this norm, TS is complete.
In terms of the local coordinates, u(ω) satisfies

uj(θ
Tω, ξcu) = fs

ij(ω, x
cu, ui(ω, x

cu)),

where ξcu = f cu
ij (ω, x

cu, ui(ω, x
cu)). Differentiating these formally, we have

vj(θ
Tω, ξcu)[C + E vi(ω, x

cu)] = A+B vi(ω, x
cu),

where A = D1,3f
s
ij , B = D2f

s
ij , C = D1,3f

cu
ij and E = D2f

cu
ij , the arguments of

A,B,C,E, are all (ω, xcu, ui(ω, x
cu)). So

vj(θ
Tω, ξcu) = Hij(ω)vi(ω, x

cu),

where

(5.3) Hij(ω)vi(ω, x
cu) = [A+B vi(ω, x

cu)][C + E vi(ω, x
cu)]−1.

Thus, (5.3) induces an operator H on TS.

Remark. In the definition of Hij , the argument of all A,B,C,E are all (ω, xcu,
ui(ω, x

cu)), while later in the computation of contraction, the argument of A,B,C,E
may be different, and in fact the matrices themselves may be different, being small
perturbations of these Jacobians. However, this does not affect the estimates.

We want to prove that H has a fixed point v(ω). For technical reasons, we need

a smooth partition of unity. Choose Cr functions: hi : Û
i
3 → [0, 1] with support of

hi ⊂ Û i
2 and

s∑
i=1

hi = 1 on
s⋃
i

Û i
1. Here, Û i

k := (σi × τui )
−1(Di

k ×B(0, ε)). Define

v0i (ω, x
cu) = 0, i = 1, 2, · · · , s,

and

vn+1
j (θTω, ξcu) =

s∑
i=1

hi(m−)Hij(ω)v
n
i (ω, x

cu),

where

φ(T, ω, u(ω,m−)) = u(θTω, σ−1
j (ξcu)).

Then m− ∈
s⋃
i

Û i
1 and

s∑
i=1

hi(m−) = 1. We will show {vn} converges to a fixed

point of (5.3).

Proposition 5.1. The sequence {vn(ω)} converges to a solution of the equations

(5.4) vj(θ
Tω) =

s∑
i=1

hi ·Hij(ω)vi(ω).

First, we claim

Lemma 5.1. ||vni (ω, xcu)|| < δ for all n and ω.
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Proof. It is sufficient to show

||Hij(ω)v
n
i (ω)|| < δ.

Letting δ > 0 be such that δQ2 � 1, for ||vni (ω)|| < δ we have

||[C + E vni (ω)]
−1|| = ||[C (1 + C−1E vni )]

−1||

= ||[1− (−C−1E vni )]
−1C−1|| = ||

∞∑
k=0

(−C−1E vni )
kC−1||

≤
∞∑
k=0

||C−1E vni ||k||C−1|| ≤
∞∑
k=0

||δQ2||k||C−1|| = ||C−1||
1− δQ2

.

Thus, using (5.3), by induction we have

||Hij(ω)v
n
i (ω)|| ≤ (η + ||B||δ) ||C−1||

1− δQ2
≤

Qη + 1
2δ

1− δQ2
≤ δ,

provided η is small enough. This completes the proof of the lemma. �

Lemma 5.2. ||vn+1(θTω)− vn(θTω)|| ≤ λ||vn(ω)− vn−1(ω)|| for some 0 < λ < 1.

Proof. It is sufficient to show

||Hij(ω)v
n
i (ω)−Hij(ω)v

n−1
i (ω)|| ≤ λ||vn(ω)− vn−1(ω)|| for all i, j.

First, we note that

Hij(ω)v
n
i (ω)−Hij(ω)v

n−1
i (ω)

= [A+B vni (ω)][C + E vni (ω)]
−1

−[A+B vn−1
i (ω)][C + E vn−1

i (ω)]−1

= (A+B vni )(C + E vni )
−1[(C + E vn−1

i )− (C + E vni )](C + E vn−1
i )−1

+[(A+B vni )− (A+B vn−1
i )](C + E vn−1

i )−1.

Estimating the above and using Lemma 4.2, we have

||Hij(ω)v
n
i (ω)−Hij(ω)v

n−1
i (ω)||

≤ (η + ||B||δ) ||C
−1||

1− δQ2
Q||vni − vn−1

i || ||C
−1||

1− δQ2

+||B||||vni − vn−1
i || ||C

−1||
1− δQ2

=
(
(η + ||B||δ) ||C−1||2

(1− δQ2)2
Q+

1
2

1− δQ2

)
||vn(ω)− vn−1(ω)||

= λ||vn(ω)− vn−1(ω)||,
for all i, j. By choosing η and δ small enough, we have λ < 1. The proof is
complete. �

By the contraction principle, {vn} converges to v, which satisfies (5.4).
We are ready to prove that v is the derivative of u.

Proposition 5.2. For each ξcu ∈ (Dj
3 × B(0, ε)), Duj(θ

Tω, ξcu) exists and equals
vj(θ

Tω, ξcu). Hence, u ∈ C1 and vj(θ
Tω, ξcu) = Hij(ω)vi(ω, x

cu).
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Proof. For a fixed ω ∈ Ω, we define an increasing function γω : (0, 1) → R:

γθTω(a) = max
i

sup
ξcu,ξcu′∈(Di

3×B(0,ε)),0<||ξcu−ξcu′||<a

× ||ui(θ
Tω, ξcu′)− ui(θ

Tω, ξcu)− vi(θ
Tω, ξcu)(ξcu′ − ξcu)||

||ξcu′ − ξcu||
.

Note that γθTω is bounded by 2δ.
We want to show γω(a) → 0 as a → 0. To prove this, we claim

Claim. γω(a) satisfies

γθTω(a) ≤ sγω(za) + r(ω, a)

for small a, for some 0 ≤ s < 1, z > 1, where r(ω, a) is a decreasing function which
approaches zero as a → 0 uniformly in ω ∈ Ω.

Proof of the Claim. Let ξcu ∈ (Dj
3 × B(0, ε)). By Lemma 4.1, we have ξcu =

f cu
ij (ω, x

cu, ui(ω, x
cu)) for some xcu ∈ (Di

2 × B(0, ε)). We choose d ∈ (0, a) so

small that if ξcu′ ∈ (Dj
3 × B(0, ε)) with ||ξcu − ξcu′|| < d, then there exists xcu′ ∈

(Di
3 ×B(0, ε)) such that ξcu′ = f c

ij(ω, x
cu′, ui(ω, x

cu′)).
To show

γθTω(a) ≤ sγω(za) + r(ω, a),

it is sufficient to show that

||uj(θ
Tω, ξcu′)− uj(θ

Tω, ξcu)−Hij(ω)vi(θ
Tω, ξcu) · (ξcu′ − ξcu)||

≤ [sγω(za) + r(a)]||ξcu′ − ξcu||

for all ξcu, ξcu′, i, j as above and ||ξcu′ − ξcu|| ≤ a < d.
First, we have

ξcu′ − ξcu = f cu
ij (ω, x

cu′, ui(ω, x
cu′))− f cu

ij (ω, x
cu, ui(ω, x

cu))

= C(xcu′ − xcu) + E(ui(ω, x
cu′)− ui(ω, x

cu)) + o(||xcu′ − xcu||),

uj(θ
Tω, ξcu′)− uj(θ

Tω, ξcu) = fs
ij(ω, x

cu′, ui(ω, x
cu′))− fs

ij(ω, x
cu, ui(ω, x

cu))

= A(xcu′ − xcu) +B(ui(ω, x
cu′)− ui(ω, x

cu))

+o(||xcu′ − xcu||).

Note that the quantity o(||xcu − xcu′||) is uniformly in ω ∈ Ω. From the first
equation it follows that

||xcu′ − xcu|| ≤ ||C−1|| ||ξ
cu′ − ξcu||
1− 2δQ2

and that

ξcu′ − ξcu =[C + E vi(ω, x
cu)](xcu′ − xcu)

+ E[ui(ω, x
cu′)−ui(ω, x

cu)−vi(ω, x
cu)(xcu′−xcu)] + o(||xcu′−xcu||).
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Hence,

||uj(θ
Tω, ξcu′)− uj(θ

Tω, ξcu)−Hij(ω)vi(θ
Tω, ξcu)(ξcu′ − ξcu)||

= ||A(xcu′ − xcu) +B(ui(ω, x
cu′)− ui(ω, x

cu)) + o(||xcu′ − xcu||)
− [A+B vi(ω, x

cu)][C + E vi(ω, x
cu)]−1 · (ξcu′ − ξcu)||

= ||A(xcu′ − xcu) +B[ui(ω, x
cu′)− ui(ω, x

cu)]− [A+B vi(ω, x
cu)](xcu′ − xcu)

− [A+B vi(ω, x
cu)][C + E vi(ω, x

cu)]−1E[ui(ω, x
cu′)− ui(ω, x

cu)

− vi(ω, x
cu)(xcu′ − xcu)] + o(||xcu′ − xcu||)||

= ||{B − [A+B vi(ω, x
cu)][C + E vi(ω, x

cu)]−1 · E}[ui(ω, x
cu′)− ui(ω, x

cu)

− vi(ω, x
cu)(xcu′ − xcu)] + o(||xcu′ − xcu||)||

≤ [||B||+O(η + δ)]γω(||xcu′ − xcu||)||xcu′ − xcu||+ ||o(||xcu′ − xcu||)||

≤ [||B||+O(η + δ)]||C−1||
1− 2δQ2

γω(||xcu′ − xcu||)||ξcu′ − ξcu||+ ||o(||xcu′ − xcu||)||.

Taking s = ||B||+O(η+δ)||C−1||
1−2δQ2 , if η and δ are small enough, then s < 1. Let

z = Q
1−2δQ2 . Then

||xcu′ − xcu|| ≤ z||ξcu′ − ξcu|| < zd < za

and then

γω(||xcu′ − xcu||) ≤ γω(za).

Since

||ξcu′ − ξcu|| ≥ z−1||xcu′ − xcu||,
o(||xcu′−xcu||) can be bounded by r(ω, a)||ξcu′−ξcu||, where r(ω, a) → 0 uniformly
in ω ∈ Ω as a → 0. This shows

(5.5) γθTω(a) ≤ sγω(za) + r(ω, a).

Note that z can be taken to be larger than 1 because γω(a) is increasing in a. This
completes the proof of the Claim.

We are ready to show γω(a) → 0 as a → 0.
Replace a successively by az−1, az−2, · · · , az−n, replace ω successively by ω, θTω,

· · · , θ(n−1)Tω, weigh the terms with sn−1, sn−2, · · · , 1 and add them together to get

γθnTω(az
−n) ≤ snγω(a) + r(θ(n−1)Tω, az−n) + sr(θ(n−2)Tω, az−n+1)

+ · · ·+ sn−1r(ω, az−1)

≤ sn · 2δ + 1

1− s
sup
ω

max
0≤t≤a

r(ω, t).

Since here ω is arbitrary, we get

γω(sz
−n) ≤ 2δsn +

1

1− s
sup
ω

max
0≤t≤a

r(t).

It follows that γω(a) → 0 as a → 0.
So u is differentiable. Then from the definition of vn we have vn ∈ C0. Since

vn → v uniformly, v ∈ C0. Since Du = v, u ∈ C1. �
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Next, we show u ∈ Cr. Knowing u ∈ C1, by the construction of vn, and using
the partition of unity {hi}, we have vn ∈ C1 and

vn+1
j (θTω, ξcu) =

∑
hi[A+Bvni (ω, x

cu)][C + Evni (ω, x
cu)]−1.

Hence,

Dvn+1
j (θTω, ξcu)[C + E vi(ω, x

cu)]

=
∑

hi[BDvni (ω, x
cu)(C + E vni (ω, x

cu))−1

− (A+B vni (ω, x
cu))(C + E vni (ω, x

cu))−1ED vni (ω, x
cu)(C + E vni (ω, x

cu))−1]

+ (terms not involving derivatives of vk or v),

which yields

Dvn+1
j (θTω, ξcu)

=
∑

hi

(
BDvni (ω, x

cu)(C + E vni (ω, x
cu))−1

− (A+B vni (ω, x
cu))(C + E vni (ω, x

cu))−1ED vni (ω, x
cu)(C + E vni (ω, x

cu))−1
)

×
(
C + E vi(ω, x

cu)
)−1

+ (terms not involving derivatives of vk or v).

Then, using Lemma 4.2 and arguments similar to those in Lemma 5.1 and 5.2, one
can show Dvn is a Cauchy sequence. By the definition of vn, Dvn ∈ C0. Hence
Dv exists and equals the limit of Dvn. So v ∈ C1 and u ∈ C2.

By using induction and Lemma 4.2, one can prove that Dk−1vn is a Cauchy
sequence in C0 and converges to Dk−1v uniformly. So v ∈ Ck−1, i.e., u ∈ Ck.
Thus, we have

Proposition 5.3. u ∈ Cr.

This completes the proof of the smoothness of the random unstable manifold
W̃u. From the proof, we also obtain the following property, which will be used in
the next section:

Proposition 5.4. Each vi is measurable in (ω, xcu) jointly.

Proof. From the definition of the sequence vn. Each vn+1 is defined byH(ω, vn) in a
local chart. H(ω, v) has the following Carathéodory property : H(·, v) is measurable
for any fixed v, and H(ω, ·) is Cr−1 for almost every ω ∈ Ω. So as long as v0 is
measurable in ω and Cr−1 in xcu, each vn is measurable in ω and Cr−1 in xcu.
Since vn is measurable in ω and Cr−1 in xcu, it is measurable in (ω, xcu) jointly
(see [CV]). Since v0 is chosen to be 0, all the above hold. Then the limit v of vn is
jointly measurable in (ω, xcu). �

6. Measurability of the unstable manifold and its tangent space

In this section, we prove that the unique random unstable manifold is a random
set and the tangent space of the random unstable manifold is measurable.

Let u = {u(ω) : ω ∈ Ω} be the unique fixed point of G in Sδ. For simplicity, we
use u(ω) to denote both the section and the graph of the section.

Proposition 6.1. u(ω) is a random set.
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Proof. Recall
Û i
k ≡ (σi × τui )

−1(Di
k ×B(0, ε)

and let

u0(ω) =
s⋃

i=1

Û i
3,

u1(ω) = φ(T, θ−Tω, u0(θ−Tω)) ∩ V,

un+1(ω) = φ(T, θ−Tω, un(θ−Tω)) ∩ V,

· · ·
un = {un(ω) : ω ∈ Ω}.

Recall that V is a tubular neighborhood of M in R
n which is Cr diffeomorphic

to Ẽε. Since we identify V with Ẽ(ε), u0(ω) can be viewed as a set or the zero
section. Here, we view u0(ω) as a set. We have V ∈ B(Rn). Since G is a uniform
contraction on Sδ, we have

un → u,

i.e.,
un(ω) → u(ω)

uniformly in ω ∈ Ω.
We will show that all un(ω) are random sets. Let {mk} be dense in

⋃s
i=1 Û

i
3.

Define
y0k(ω) = mk

and let
y1k(ω) = φ(T, θ−Tω, y0k(θ

−Tω)), · · · ,
yn+1
k (ω) = φ(T, θ−Tω, ynk (θ

−Tω)).

Since φ(t, ω,m) is B(R) ⊗ F ⊗ B(Rn)-measurable, we know that each ynk (ω) is
B(Rn)-measurable. We also know that {ynk (ω)}k ∩ un(ω) is dense in un(ω), since
φ(−T, θTω, ·) is continuous.

For any x = xcu ∈ R
n, define

rnx (ω) = inf
y∈un(ω)

|x− y|;

then rnx is a random variable. This is because for each fixed a ∈ R,

{ω : rnx (ω) ≥ a}
= {ω : inf

y∈un(ω)
|x− y| ≥ a}

=
⋂
k

({ω | ynk (ω) ∈ V, |x− ynk (ω)| ≥ a} ∪ {ω | ynk (ω) ∈ V c}),

which is F-measurable because of the measurability of ynk (ω) and V . So we have
proved rnx (ω) is a random variable. Since n, x are arbitrary, un(ω) are random sets.

To show that u(ω) is a random set, let x ∈ R
n and define

rx(ω) = inf
y∈u(ω)

|x− y|.

We want to show rx(ω) is a random variable. Since

un(ω) → u(ω)

uniformly for ω ∈ Ω in C0 norm, we have

rnx(ω) → rx(ω)
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pointwise, which implies that rx(ω) is a random variable, hence, uω is a random
set. This completes the proof of the proposition. �

To show the measurability of the tangent space TW̃u, we need to show

TW̃u : (ω,m) ∈ W̃u → T(ω,m)W̃u

is measurable. Since each T(ω,m)W̃u is an (n− k)-dimensional subspace of Rn, the

map from W̃u to the tangent space can be represented by

TW̃u : W̃u = {(ω,m) : ω ∈ Ω,m ∈ W̃u(ω)} → Kn−k,

(ω,m) �→ T(ω,m)W̃u ∈ Kn−k,

where Kn−k is the set of all (n− k)-dimensional subspaces of Rn.
Consider the metric introduced by [K]. Let N1, N2 be a linear subspace of Rn

and let SN1
be the unit sphere in N1. Define, for N1 �= {0} �= N2,

d1(N1, N2) = sup
x∈SN1

dist(x, SN2
),

d2(N1, N2) = max(d1(N1, N2), d2(N1, N2)).

Also define

d2(0, N) = d2(N, 0) = 1.

Then the set of all closed linear subspaces of Rn is a complete metric space with
metric d2 and Kn−k is also a complete metric space with this metric. See also [LL].

Corresponding to the local chart Di
3 × B(0, ε)× R

k, for each ω ∈ Ω, there is an

open set Ûi(ω) on W̃u(ω). We denote

Ûi := {(ω,m) : ω ∈ Ω,m ∈ Ûi(ω)}.

Then

W̃u = Û1 ∪ Û2 ∪ · · · ∪ Ûs.

Each Ûi is a measurable subset of W̃u.
In the local chart Di

3×B(0, ε)×R
k, Ûi is constructed as a collection of Lipschitz

functions ui(ω, x
cu) over Di

3 ×B(0, ε). vi(ω, x
cu) is the derivative of ui(ω, x) which

has values in L(Rn−k,Rk). We use v̂i(ω, x
cu) to denote the tangent space in the

local chart. So v̂i(ω, x
cu) has values in Kn−k. By an elementary computation, for

any ω ∈ Ω, xcu ∈ Di
3 ×B(0, ε), the d2 distance between v̂i(ω, x

cu) and R
n−k × {0}

is at most
√
2− 2√

1+δ2
, which, for convenience, will be denoted by δ∗. Then the

range of v̂i can be denoted by

Bd2
(Rn−k × {0}, δ∗),

the closed set containing all (n−k)-dimensional subspaces of Rn, whose d2 distance
to R

n−k×{0} are no more than δ∗. Remember this set is in the chart Di
3×B(0, ε)×

R
k.
In order for TW̃u to be a well-defined map, the range of all TW̃u|Ûi should be

in the same metric space. In other words, all values of v̂i should be measured in a
single chart.
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Suppose the coordinate change from Di
3 × B(0, ε) × R

k to D1
3 × B(0, ε) × R

k is
represented by the invertible matrix Ai1. Then in the chart D1

3 ×B(0, ε)×R
k, v̂ is

represented by (A11v̂1, · · · , As1v̂s). It has range

s⋃
i=1

Ai1Bd2
(Rn−k × {0}, δ∗).

To prove the measurability of v̂ = TW̃u, it is enough to prove the measurability
of each TW̃u|Ûi or, equivalently, the measurability of each Ai1v̂i as a function
defined in the chart Di

3 × B(0, ε) × R
k and taking value in Kn−k measured in the

chart D1
3 ×B(0, ε)× R

k:

Ω×Di
3 ×B(0, ε) → Ai1Bd2

(Rn−k × {0}, δ∗).

Since Ai,1 is an invertible matrix, it is a diffeomorphism from

Bd2
(Rn−k × {0}, δ∗)

to

Ai1Bd2
(Rn−k × {0}, δ∗).

So it suffices to prove the measurability of v̂i as a function defined in the chart
Di

3×B(0, ε)×R
k and taking value in Kn−k measured in the chart Di

3×B(0, ε)×R
k.

Proposition 6.2. v̂i is measurable.

Proof. From Section 5 we know vi is measurable. We use the measurability of vi
to prove the measurability of v̂i.

The operator norm of each vi(ω, x) is at most δ. Let B(0, δ) be the closed ball
centered at 0 with radius δ in the space L(Rn−k,Rk). It induces a subset Kδ of
Kn−k:

Kδ := {(a, L̃a) : a ∈ Rn−k, L̃ ∈ B(0, δ)}.
We also have the representation

Kδ = Bd2
(Rn−k × {0}, δ∗).

This is because for any L̃ ∈ B(0, δ),

d2(R
n−k × {0}, (I × L̃)(Rn−k)) =

√√√√2− 2√
1 + ||L̃||2

,

which is no more than δ∗ =
√
2− 2√

1+δ2
. On the other hand, for any 0 < δ1 ≤ δ,

and J an (n − k)-dimensional subspace of Rn whose d2 distance to R
n−k × {0} is

δ1, there exists an L̃ such that ||L̃|| = δ1 and R
n−k × L̃(Rn−k) = J . So we have

Kδ = Bd2
(Rn−k × {0}, δ∗).

Define a metric d3 on Kδ by

d3(R
n−k × L1(R

n−k),Rn−k × L2(R
n−k)) := ||L1 − L2||L(Rn−k,Rk).

This makes Kδ into a metric space, and obviously we have

Kδ = Bd3
(Rn−k × {0}, δ).
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Lemma 6.1. d2 and d3 generate the same topology on Kδ.

Proof. Let Dn ⊂ Kδ. It is obvious that d2(Dn, D0) → 0 if and only if d3(Dn, D0) →
0. �

We use the metric d3 on Kδ. This makes Kδ isomorphic to B(0, δ). So the
measurability of v̂i as a function to Kδ is equivalent to the measurability of vi as a
function to B(0, δ). By Proposition 5.4, vi is measurable, so v̂i is measurable. �

From the discussion before Proposition 6.2, we have:

Proposition 6.3. The tangent space of the random unstable manifold W̃u is mea-
surable.

7. Existence of the random stable manifold

Since the random flow φ(t, ω) is invertible, by reversing the time and applying
the results on unstable manifold in Sections 4, 5, and 6, we have

Proposition 7.1. There exists a unique Cr random stable manifold W̃s(ω) in
the neighborhood V of M. Moreover, it is a random set and its tangent space is
measurable.

Taking the intersection of W̃u(ω) and W̃s(ω), we get an invariant manifold M̃(ω)

of the random flow φ(t, ω). From the proof of the existence of W̃s(ω) and W̃u(ω) we
can find this intersection by taking a measurable m-dimensional random manifold
M0(ω) on the random unstable manifold as a graph over M and mapping it under
the inverse flow. For example, we can take the random set which corresponds to
ui(ω, x

cu) = ui(ω, x
c, 0) in a local chart. Iterates of this random set approach the

random stable manifold uniformly under the inverse random flow. On the other
hand, the random set stays in the random unstable manifold. So it converges to
the intersection of the random stable and unstable manifolds. In other words, the
invariant manifold of intersection is the limit of M0(ω) under the inverse random
flow. Since we have the measurability and smoothness of ui(ω, x

c, 0) in local charts,
we know M0(ω) is measurable and smooth, and also since the derivatives (tangent

spaces) converge uniformly, then the limit M̃(ω) is also measurable and smooth.

M̃(ω) is obviously Cr diffeomorphic to M for each ω ∈ Ω because it is the graph
of a Cr section over the tangent bundle of M.

The measurability of the tangent space of M̃(ω) is also proved from the mea-
surability and smoothness of the tangent space of M0(ω). From the measurability
and smoothness of the tangent space of M0(ω), we get the measurability of the
derivative map of M0(ω,m) in local charts using the Carathéodory property as we
did in Proposition 5.4. Then from uniform convergence of the tangent spaces, we
get the measurability of the derivative map of M(ω) in local charts. Applying the
method of proving the measurability of the tangent space of the unstable manifold,
which shows the equivalence between the measurability of the tangent space and
the measurability of the tangent map, we obtain the measurability of the tangent
space of the random invariant manifold M(ω).

Summarizing the above, we get

Proposition 7.2. There exists a unique Cr random invariant manifold M̃(ω) in

a neighborhood of M. For each fixed ω ∈ Ω, M̃(ω) is Cr diffeomorphic to M.
Moreover, it is a random set and its tangent space is measurable.
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8. Persistence of normal hyperbolicity

In this section we show that M̃ is normally hyperbolic. We prove the following
proposition:

Proposition 8.1. For each x ∈ M̃(ω) there exists a splitting

R
n = Eu(ω, x)⊕ Ec(ω, x)⊕ Es(ω, x)

of closed subspaces with associated projections Πu(ω, x), Πc(ω, x), and Πs(ω, x) such
that

(i) The splitting is invariant:

Dxφ(t, ω)(x)E
i(ω, x) = Ei(θtω, φ(t, ω)(x)), for i = u, c, s.

(ii) Dxφ(t, ω)(x)
∣∣
Ei(ω,x)

: Ei(ω, x) → Ei(θtω, φ(t, ω)(x)) is an isomorphism for

i = u, c, s. Ec(ω, x) is the tangent space of M(ω) at x.
(iii) There are (θ, φ)-invariant random variables α, β : M → (0,∞), 0 < α < β,

and a tempered random variable K(ω, x) : M → [1,∞) such that

||Dxφ(t, ω)(x)Π
s(ω, x)|| ≤ K(ω, x)e−β(ω,x)t for t ≥ 0,(8.1)

||Dxφ(t, ω)(x)Π
u(ω, x)|| ≤ K(ω, x)eβ(ω,x)t for t ≤ 0,(8.2)

||Dxφ(t, ω)(x)Π
c(ω, x)|| ≤ K(ω, x)eα(ω,x)|t| for −∞ < t < ∞.(8.3)

Moreover, Ei(ω, x) are measurable in (ω, x) and Cr−1 in x.

We prove the proposition by several lemmas.

Lemma 8.1. For any ω ∈ Ω, there are subbundles Ẽs(ω) and Ẽu(ω) of TRn|M̃(ω),

which are uniformly close to Ẽs and Ẽu respectively, such that Ẽs(ω) is comple-

mentary to TM̃(ω) in TW̃s(ω)|M̃(ω) and Ẽu is complementary to TM̃(ω) in

TW̃s(ω)|M̃(ω).

Proof. We first note that there exists an unstable manifold Wu of M under the
deterministic flow ψ(t). Both Wu and W̃u(ω) are constructed as sections over the

same bundle. Since φ(t, ω) and ψ(t) are uniformly C1 close, Wu and W̃u(ω) are
C1 close and diffeomorphic to each other. We denote the diffeomorphism between
them by u(ω). Then u(ω) is C1 close to the identity map. Taking the image of Ẽu

under the map Du(ω) to get Ẽu(ω), then Ẽu(ω) is uniformly close to Ẽu.

Similarly, we have that Ẽs(ω) is uniformly close to Ẽs. �

Since Ẽi is arbitrarily close to Ei for i = s, u, we have that Ẽi(ω) is uniformly

close to Ei. Since there is no invariance condition on Ẽi(ω), we can modify Ẽi(ω,m)
such that it is Cr in m for each fixed ω ∈ Ω and still stays close to Ei. This is from
[W]. In any case, Ẽi(ω,m) is not necessarily measurable.

Define Ẽc(ω,m) ≡ TM̃(ω), and for i = s, u, c, Π̃i ≡ Π̃i(ω,m) the projections

onto Ẽi(ω,m). Recall that 0 < α < β are constants associated with the normal
hyperbolicity of M with respect to ψ(t).

Lemma 8.2. (1) There exist positive constants 0 < a < 1 and c1 such that

||Π̃sDφ(t, θ−tω)(φ(−t, ω)(m))|Ẽs(θ−tω)|| < c1a
t
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for all m ∈ M̃(ω) and t ≥ 0, and

||Π̃uDφ(t, θ−tω)(φ(−t, ω)(m))|Ẽu(θ−tω)|| < c1a
t

for all m ∈ M̃(ω) and t ≤ 0.
(2) If α < rβ, there exist c2 > 0 and r′ > r such that

||Π̃sDφ(t, θ−tω)(φ(−t, ω)(m))|Ẽs(θ−tω)|| ||Dφ(−t, ω)(m)|Ẽc(ω)||r′ < c2

for all m ∈ M̃(ω) and t ≥ 0, and

||Π̃uDφ(t, θ−tω)φ(−t, ω)(m)|Ẽu(θ−tω)|| ||Dφ(−t, ω)(m)|Ẽc(ω)||r′ < c2

for all m ∈ M̃(ω) and t ≤ 0.
(3) If α < rβ, there exist c3 > 0 and r′ > r such that

||Π̃sDφ(t, θ−tω)φ(−t, ω)(m)|Ẽs(θ−tω)|| ||Dφ(−t, ω)(m)|Ẽc(ω)||
||Dφ(t, θ−tω)φ(−t, ω)(m)|Ẽc(θ−tω)||r′−1 < c3

for all m ∈ M̃(ω) and t ≥ 0, and

||Π̃uDφ(t, θ−tω)φ(−t, ω)(m)|Ẽu(θ−tω)|| ||Dφ(−t, ω)(m)|Ẽc(ω)||
||Dφ(t, θ−tω)φ(−t, ω)(m)|Ẽc(θ−tω)||r′−1 < c3

for all m ∈ M̃(ω) and t ≤ 0.

Proof. We prove this lemma using an idea extended from [F1].
We first prove (1). Since

||Dψ(t)ψ(−t)(m)|Es|| → 0 as t → ∞
for all m ∈ M, for m ∈ M there exists T (m) > 0 such that

||Dψ(T (m))ψ(−T (m))(m)|Es|| < 1.

Hence, there exists a neighborhood U(m) of m in M such that for m′ ∈ U(m),

||Dψ(T (m))ψ(−T (m))(m′)|Es|| < 1.

Since M is compact, we may choose finitely many points m1,m2, · · · ,mN such that

M ⊂ U(m1) ∪ U(m2) ∪ · · · ∪ U(mN ).

Choose 0 < a < 1 such that

||Dψ(T (mi))ψ(−T (mi))(m
′)|Es|| < aT (mi)

for m′ ∈ U(mi). Since φ(t, ω) and ψ(t) are uniformly close and M̃(ω) and M are
uniformly close, we have

||Π̃sDφ(T (mi), θ
−T (mi)ω)φ(−T (mi), ω)(u(ω,m

′))|Ẽs(θ−T (mi)ω)|| < aT (mi)

for m′ ∈ U(mi). Take U(ω,mi) = u(ω,U(mi)). Then

M̃(ω) ⊂ U(ω,m1) ∪ U(ω,m2) ∪ · · · ∪ U(ω,mN )

and

||Π̃sDφ(T (mi), θ
−T (mi)ω)φ(−T (mi), ω)(m̃)|Ẽs(θ−T (mi)ω)|| < aT (mi)

for all ω ∈ Ω and m̃ ∈ U(ω,mi).

Fix an arbitrary ω ∈ Ω and let m ∈ M̃(ω) be given. Choose a sequence
of integers i(1), i(2), · · · , as follows. Choose i(1) such that m ∈ U(ω,mi(1)). If
i(1), i(2), · · · , i(j) have been chosen, let τ (j) = T (mi(1)) + · · · + T (mi(j)). Choose
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i(j+1) such that φ(−τ (j), ω)(m) ∈ U(θ−τ(j)ω,mi(j+1)). Letting t > 0, it is possible
to write t = τ (j) + r for some j and 0 ≤ r < maxT (mi). Then

||Π̃sDφ(t, θ−tω)φ(−t, ω)(m)|Ẽs(θ−tω)||
= ||Π̃sDφ(T (mi(1)), θ

−τ(1)ω)φ(−T (mi(1)), ω)(m)|Ẽs(θ−τ(1)ω)

Π̃sDφ(T (mi(2)), θ
−τ(2)ω)φ(−T (mi(2)), θ

−τ(1)ω)φ(−τ (1), ω)(m)|Ẽs(θ−τ(2)ω)

Π̃sDφ(T (mi(3)), θ
−τ(3)ω)φ(−T (mi(3)), θ

−τ(2)ω)φ(−τ (2), ω)(m)|Ẽs(θ−τ(3)ω)

· · ·
Π̃sDφ(r, θ−tω)φ(−r, θ−τ(j)ω)φ(−τ (j), ω)(m)|Ẽs(θ−tω)||

≤ aT (m1) · aT (m2) · · · aT (mj) · ar

· ||Π̃
sDφ(r, θ−tω)φ(−r, θ−τ(j)ω)φ(−τ (j), ω)(m)|Ẽs(θ−tω)||

ar

≤ c at,

where

c = sup
||Π̃sDφ(r, θ−tω)φ(−r, θ−τ(j)ω)φ(−τ (j), ω)(m)|Ẽs(θ−tω)||

ar
,

and the supremum is taken over all ω ∈ Ω,m ∈ M̃(ω) and 0 ≤ r < maxT (mi).
Equivalently,

c = sup
||Π̃sDφ(r, θ−rω′)φ(−r, ω′)(m′)|Ẽs(θ−rω′)||

ar
,

and the supremum is taken over all ω′ ∈ Ω,m′ ∈ M̃(ω′) and 0 ≤ r < maxT (mi).
Since (2) and (3) follow similar arguments, we omit the details. �

Lemma 8.3. There exist unique subbundles Es(ω) and Eu(ω) of TRn|M̃(ω) such

that Es(ω) is complementary to TM̃(ω) in TW̃s(ω)|M̃(ω) and Eu(ω) is comple-

mentary to TM̃(ω) in TW̃u(ω)|M̃(ω). Moreover, Ei(ω) (i = s, u) is Cr−1 and
invariant under Dφ(t, ω) for any t ∈ R and ω ∈ Ω.

Proof. We will show that for some K to be determined later, there exists a unique
random subbundle Eu(ω) of TW̃s(ω)|M̃(ω) that is invariant under Dφ(K,ω). This
will be sufficient to conclude the invariance under Dφ(t, ω) for any t ∈ R. This is
because once we proved the first, we know that Dφ(t, ω)(Eu(ω)) is also invariant
under Dφ(K,ω). Then by the uniqueness we are done.

To start, we notice that any bundle complementary to TM̃(ω) in TW̃u(ω)|M̃(ω)
is the graph of a family of linear maps

h(ω,m) : Ẽu(ω,m) → TM̃(ω,m),

and the bundle is invariant under Dφ(K,ω) if and only if

Dφ(K, θ−Kω)h(θ−Kω, φ(−K,ω,m)) = h(ω,m)

for all ω ∈ Ω and m ∈ M̃(ω). Equivalently,

h(ω,m)Π̃uDφ(K, θ−Kω, φ(−K,ω,m)) · (ξcu + h(θ−Kω, φ(−K,ω,m)))ξcu

= Π̃cDφ(K, θ−Kω, φ(−K,ω,m)) · (ξ + h(θ−Kω, φ(−K,ω,m)))ξ
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for all ξ ∈ Ẽu(θ−Kω, φ(−K,ω,m)), for ω ∈ Ω, m ∈ M̃(ω). Since TM̃(ω) is
invariant, we have

Π̃uDφ(K, θ−Kω, φ(−Kω,m))h(θ−Kω, φ(−K,ω,m)) = 0.

Suppressing ξ, we can write the functional equation for h as

h(ω,m) ◦ Π̃uDφ(K, θ−Kω, φ(−K,ω,m))|Ẽu(θ−Kω, φ(−K,ω,m))

= Π̃cDφ(K, θ−Kω, φ(−K,ω,m))|Ẽu(θ−Kω, φ(−K,ω,m))

+ Π̃cDφ(K, θ−Kω, φ(−K,ω,m))

◦ h(θ−Kω, φ(−K,ω,m))|Ẽu(θ−Kω, φ(−K,ω,m)).

We have

[Π̃uDφ(K, θ−Kω, φ(−K,ω,m))|Ẽu(θ−Kω, φ(−K,ω,m))]−1=Π̃uDφ(−K,ω,m)|Ẽu.

Hence,

h(ω,m)

= Π̃cDφ(K, θ−Kω, φ(−K,ω,m)) ◦ Π̃uDφ(−K,ω,m)|Ẽu

+ Π̃cDφ(K, θ−Kω, φ(−K,ω,m)) ◦ h(θ−Kω, φ(−K,ω,m))

◦ Π̃uDφ(−K,ω,m)|Ẽu.

This is a linear functional equation for h. We want to use the contraction mapping
theorem to show it has a unique fixed point.

By Proposition 8.2 (1) and (2), we get

(8.4) ||D(φ|M̃(θ−Kω))(K, θ−Kω, φ(−K,ω,m))|| ||Π̃uDφ(−K,ω,m)|Ẽu|| ≤ 1

4
,

||Dφ(K, θ−Kω, φ(−K,ω,m))|Ẽc(θ−Kω)|| ||Dφ(−K,ω,m)|Ẽc(ω)||k

||Π̃uDφ(−K,ω,m)|Ẽu|| ≤ 1

4

(8.5)

for 1 ≤ k ≤ r − 1.
Define a space S whose element h ∈ S is of the form

h = {h(ω,m)|ω ∈ Ω,m ∈ M̃(ω)}.

Define the norm || · ||S by

||h||S := sup
ω

max
m∈M̃(ω)

||h(ω,m)||L(Ẽu(ω,m),TM̃(ω,m)).

Under this norm, S is a complete metric space. Let

h0(ω,m) ≡ 0 ∈ L(Ẽu(ω,m), TM̃(ω,m)),

and define

hn+1(ω,m)

= Π̃cDφ(K, θ−Kω, φ(−K,ω,m)) ◦ Π̃uDφ(−K,ω,m)|Ẽu

+ Π̃cDφ(K, θ−Kω, φ(−K,ω,m)) ◦ hn(θ−Kω, φ(−K,ω,m))

◦ Π̃uDφ(−K,ω,m)|Ẽu.
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Then for all n ≥ 0 and for any fixed ω, hn(ω,m) is Cr−1 in m . By (8.4), hn is a
Cauchy sequence. Suppose h is the unique limit of hn. Then h satisfies

h(ω,m)

= Π̃cDφ(K, θ−Kω, φ(−K,ω,m)) ◦ Π̃uDφ(−K,ω,m)|Ẽu

+ Π̃cDφ(K, θ−Kω, φ(−K,ω,m)) ◦ h(θ−Kω, φ(−K,ω,m))

◦ Π̃uDφ(−K,ω,m)|Ẽu,

so h(ω,m) represents the unique invariant bundle E(ω,m). Since hn(ω,m) →
h(ω,m) uniformly, h(ω,m) is C0 in m.

By (8.5), Dk
mhn(ω,m) for k ≤ r − 1 is a Cauchy sequence in the corresponding

space. So Dk
mhn(ω,m) converges uniformly as n goes to ∞. Therefore, Dk

mh(ω,m)
exists and equals the limit of Dk

mhn(ω,m), which means h(ω,m) is Cr−1 in m for
any fixed ω. Hence, we obtain a unique Cr−1 invariant bundle Eu(ω). Similarly,
we have a unique Cr−1 invariant bundle Es(ω). �

From now on, we use Es(ω) and Eu(ω) to denote the unique invariant bundle

of Lemma 8.3. Since ψ(t) and φ(t, ω) are uniformly close, and M and M̃(ω)
is uniformly close, we conclude that E(ω) is uniformly close to E. Since M is
compact, the angle between E(m) and TmM is uniformly bounded away from 0.

So we also have that the angle between E(ω,m) and TmM̃(ω) is uniformly bounded
away from 0. So ||Πs||, ||Πu||, 1

||Πs|| and 1
||Πu|| are bounded. Suppose they are all

bounded by c4 > 0.

Lemma 8.4. (8.1), (8.2) and (8.3) are satisfied for Es(ω), Eu(ω) and Ec(ω) =

TM̃(ω).

Proof. For any ν ∈ TW̃s(ω)|M̃(ω), we have

ν −Πsν ∈ TM̃(ω).

So Π̃sΠs = Π̃s. Similarly, ΠsΠ̃s = Πs.
For each fixed ω ∈ Ω, m ∈ M̃(ω) and ν ∈ Es(ω,m), let ν̃ = Π̃sν. Then

ν̃ − ν ∈ TM̃(m) and

c−1
4 |Π̃sDφ(−t, ω)(ν̃)|

= c−1
4 |Π̃sDφ(−t, ω)(Π̃sν)| = c−1

4 |Π̃sDφ(−t, ω)(ν)| ≤ |ΠsΠ̃sDφ(−t, ω)(ν)|
= |ΠsDφ(−t, ω)(ν)| ≤ c4|Π̃sΠsDφ(−t, ω)(ν)| = c4|Π̃sDφ(−t, ω)(ν)|
= c4|Π̃sDφ(−t, ω)(Π̃sν)| = c4|Π̃sDφ(−t, ω)(ν̃)|,

which gives us

(8.6) c−1
4 |Π̃sDφ(−t, ω)(ν̃)| ≤ |ΠsDφ(−t, ω)(ν)| ≤ c4|Π̃sDφ(−t, ω)(ν̃)|.

From (8.6), all properties listed in Lemma 8.2 persist if we change Ẽs(ω) and

Ẽu(ω) to Es(ω) and Eu(ω).
From (1) of Lemma 8.2, if we take K(ω, x) = c1 and β(ω, x) = − log a, then

β > 0 and (θ, φ)-invariant, K(ω, x) is tempered, and (8.1) and (8.2) hold.
From the uniform closeness of φ(t, ω) and ψ(t), the normal hyperbolicity property

of M under ψ(t) and the uniform closeness of M̃(ω) and M, we have for some

(θ, φ)-invariant random variable α : M̃ → (0,∞) and tempered random variable

K(ω, x) : M̃ → [1,∞) such that (8.3) holds.
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What we need to prove is that rα < β. From (2) of Lemma 8.2, α and β can be
chosen such that rα < β. �

Lemma 8.5. Ei(ω,m) is measurable.

Proof. In Sections 6 and 7, we proved the measurability of Ec. Here we only prove
the measurability of Eu. For Es, just follow exactly the same argument for Eu.

Take the orthogonal complement of T(ω,m)M̃ in T(ω,m)W̃u to get a normal bundle

Êu(ω,m). Since TM̃ and TW̃u are both measurable, Êu(ω,m) is also measurable.

Moreover, the angle between Êu(ω,m) and T(ω,m)M̃ is uniformly bounded away
from 0. So by Lemma 8.4, all properties listed in Lemma 8.2 hold, even though
Ê(ω,m) may not close to Eu. So we can replace the bundle Ẽu(ω,m) in Lemma 8.3

by Êu(ω,m) and still get the unique invariant bundle Eu(ω,m) by the same argu-
ment. In this way, the contraction mapping in the functional equation of h(ω, x) is
measurable in ω and Cr−1 in x. As we obtained the measurability of v in Propo-
sition 5.4, we obtain the measurability of h(ω, x)–the representation of Eu(ω,m).
This completes the proof of the lemma. �

By using Lemmas 8.3, 8.4 and 8.5, we have Proposition 8.1.
Summarizing Propositions 4.1, 5.3, 6.1, 6.3, 7.1, 7.2 and 8.1, gives Theorem 2.1.

9. Persistence for overflowing and inflowing invariant manifolds

In this section, we give the persistence of overflowing and inflowing manifolds.
The proof of these results follows in the same fashion as the persistence of normally
hyperbolic invariant manifolds with slight modifications.

Theorem 9.1. Assume that ψ(t)(x) is a Cr flow, r ≥ 1, and has a compact,
connected Cr normally hyperbolic overflowing invariant manifold M̄ = M∪∂M ⊂
R

n. Then there exists ρ > 0 such that for any Cr random flow φ(t, ω, x) in R
n, if

||φ(t, ω)− ψ(t)||C1 < ρ, for t ∈ [0, 1], ω ∈ Ω,

then if α < rβ, φ(t, ω) has a Cr normally hyperbolic random overflowing invariant

manifold M̃(ω) such that for each ω ∈ Ω, M̃(ω) is Cr diffeomorphic to M.

To prove this theorem, we enlarge the overflowing invariant manifold M̄ to
M̄1 := ψ(1,M̄) and M̄2 := ψ(2,M̄) such that

M̄ ⊂ M1 ⊂ M̄1 ⊂ M2 ⊂ M̄2,

where Mi, i = 1, 2, are the interiors of M̄i.
Following the same argument as in the proof of Theorem 2.1, one can construct

M̃(ω) near M1 in a tubular neighborhood V of M̄2 as a section of a normal bundle.
Since the normal direction contains only the stable direction, there is no need to
combine the center and the unstable direction. So the proof for the persistence
actually is shorter.

We have the following theorem for the inflowing manifolds.

Theorem 9.2. Assume that ψ(t)(x) is a Cr flow, r ≥ 1, and has a compact,
connected Cr normally hyperbolic inflowing invariant manifold M̄ = M ∪ ∂M ⊂
R

n. Then there exists ρ > 0 such that for any Cr random flow φ(t, ω, x) in R
n, if

||φ(t, ω)− ψ(t)||C1 < ρ, for t ∈ [0, 1], ω ∈ Ω,
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then if α < rβ, φ(t, ω) has a Cr normally hyperbolic random inflowing invariant

manifold M̃(ω) such that for each ω ∈ Ω, M̃(ω) is Cr diffeomorphic to M.

Remark 1. For the overflowing case, if the normal direction contains both stable
and unstable directions with ‘similar’ properties as those listed in Definition 2.4,
then we also call it normally hyperbolic and an unstable manifold exists (see [F1]
theorem 4) and persists under random perturbation.

Remark 2. For the inflowing case, if the normal direction contains both stable and
unstable directions with ‘similar’ properties as those listed in Definition 2.4, then
we also call it normally hyperbolic and a stable manifold exists and persists under
random perturbation.

Remark 3. Generally, for the overflowing (inflowing) case, we have neither the
existence of a stable (unstable) manifold of M nor the persistence of M. So we do
not have the persistence of the normally hyperbolicity, either. However, we have
the following theorem about the persistence of normally hyperbolicity:

Theorem 9.3. Assume that ψ(t) is a Cr flow, r ≥ 1, and has a compact, connected
Cr normally hyperbolic overflowing (inflowing) invariant manifold M̄ = M∪∂M ⊂
R

n with α < rβ, where M has both the stable and unstable manifolds Ws and Wu.
Then there exists ρ > 0 such that for any random Cr flow φ(t, ω) in R

n, if

||φ(t, ω)− ψ(t)||C1 < ρ, for t ∈ [0, 1], ω ∈ Ω,

as long as φ(t, ω) has a compact, connected Cr random overflowing (inflowing)

invariant manifold ¯̃M(ω) with stable and unstable manifold W̃s(ω) and W̃u(ω)

such that ¯̃M(ω), W̃s(ω) and W̃u(ω) are C1 close to M̄, Ws and Wu, respectively,

then ¯̃M(ω) is normally hyperbolic with constant α < rβ.

The proof of this theorem follows the line of Section 8.
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