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TOPOLOGICAL CONTACT DYNAMICS II: TOPOLOGICAL

AUTOMORPHISMS, CONTACT HOMEOMORPHISMS,

AND NON-SMOOTH CONTACT DYNAMICAL SYSTEMS

STEFAN MÜLLER AND PETER SPAETH

Abstract. This sequel to our previous paper continues the study of topolog-
ical contact dynamics and applications to contact dynamics and topological
dynamics. We provide further evidence that the topological automorphism
groups of a contact structure and a contact form are the appropriate trans-
formation groups of contact dynamical systems. This article includes an ex-
amination of the groups of time-one maps of topological contact and strictly
contact isotopies, and the construction of a bi-invariant metric on the latter.
Moreover, every topological contact or strictly contact dynamical system is
arbitrarily close to a continuous contact or strictly contact dynamical system
with the same end point. In particular, the above groups of time-one maps
are independent of the choice of norm in the definition of the contact distance.
On every contact manifold we construct topological contact dynamical systems
with time-one maps that fail to be Lipschitz continuous, and smooth contact
vector fields whose flows are topologically conjugate but not conjugated by a
contact C1-diffeomorphism.

1. Introduction

A contact manifold (M, ξ) comes with two important groups of diffeomorphisms,
the group Diff(M, ξ) of automorphisms preserving the contact structure ξ, and
the subgroup Diff0(M, ξ) of automorphisms that are time-one maps of isotopies
generated by a smooth contact vector field or function. Similarly, a contact form α
on (M, ξ) has attached to it the group of automorphisms Diff(M,α) ⊂ Diff(M, ξ) of
diffeomorphisms preserving the contact form, and the subgroup of time-one maps
Diff0(M,α) ⊂ Diff(M,α) of isotopies generated by a smooth strictly contact vector
field or basic function on (M,α). In the theory of dynamical systems, elements of
the above automorphism groups are also known as transformations, and the time-
one maps are configurations of dynamical systems, which preserve the additional
geometric structure.
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The study of such automorphism groups, and in particular of the subgroups
of time-one maps, associated to a smooth or topological structure and to various
geometric structures – such as a volume or symplectic form, a contact structure or
contact form, or a good measure – has a long and fruitful history; see for instance
the monograph [Ban97] for a comprehensive account of this area of study. Several
well-known phenomena in contact topology and more recent developments suggest
that the above groups of diffeomorphisms are too restrictive. See below for details.

In this article, we consider the more general groups Aut(M, ξ) and Aut(M,α)
of topological automorphisms of a contact structure and a contact form, and their
subgroups Homeo(M, ξ) and Homeo(M,α) of time-one maps of topological contact
and strictly contact isotopies that emerge in the context of topological contact
dynamics [MS12b]. Compare to the references [MO07,Mül08a,Mül08b,BS12] for
similar topological automorphism groups in topological Hamiltonian dynamics and
topological strictly contact dynamics.

Topological contact dynamics is a natural extension of the dynamics of a smooth
contact vector field or function to topological dynamics, and is the odd-dimensional
analog to topological Hamiltonian dynamics developed in [MO07,Mül08a,Mül08b,
Vit06,BS10], and topological symplectic dynamics considered in [Ban10]. It is also
a non-trivial generalization of topological strictly contact dynamics from [BS12]. As
in the smooth theories, topological Hamiltonian dynamics of an integral symplectic
manifold (B,ω) is intimately related to topological strictly contact dynamics of
the total space of the associated prequantization bundle with base B [BS12], and
in turn, topological contact dynamics of a contact manifold (M, ξ) corresponds to
topological Hamiltonian dynamics of the symplectization of (M,α), where α is a
contact form with kerα = ξ [MS12b]. See the cited references for details.

The above theories have numerous applications to their smooth counterparts (see
e.g. [MS12b,MS12c] or section 3) and to topological dynamics in dimensions two and
three [MS12a], by extending a priori smooth invariants to topological Hamiltonian
and contact dynamical systems or their time-one maps. An extensive motivation for
the study of topological Hamiltonian dynamics can be found in [MO07,Mül08a],
while topological symplectic dynamics and the two flavors of topological contact
dynamics mentioned in this introduction are to a large extent motivated by the
close connections with their Hamiltonian counterpart. We recall in particular C0-
rigidity of symplectic diffeomorphisms [Eli87,Gro86,Gro87], C0-rigidity of strictly
contact and contact diffeomorphisms and their conformal factors [MS12b], and C0-
rigidity of Hamiltonian, strictly contact, and contact isotopies and their conformal
factors; see [MO07,BS12,MS12b] or again section 3.

Additional motivation comes from several implications of the energy-capacity
inequality in contact dynamics that is proved in [MS12b]. It follows that the group
of diffeomorphisms preserving a contact form admits a bi-invariant metric [MS12b].
This generalizes a previous theorem in [BD06] establishing the existence of classical
diffeomorphism groups other than the group of Hamiltonian diffeomorphisms that
support non-degenerate bi-invariant pseudo-metrics.

This article is part of a series of papers concerning topological contact dynamics
initiated in [MS12b]. In section 2 we recall the basic notions of contact geometry and
smooth contact dynamics. Sections 3 and 4 then review topological contact and
strictly contact dynamics, and topological automorphisms of a contact structure
and a contact form, including the transformation law, a detailed motivation, and
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some of the applications to contact geometry and smooth contact dynamics that
support the point of view that the groups Aut(M, ξ) and Aut(M,α) are the correct
automorphism groups of a contact structure and a contact form, respectively.

In sections 5 and 6 we study topological properties of the groups of contact
and strictly contact homeomorphisms. The main focus is on the topology induced
by the time-one evaluation map. When equipped with this contact topology, the
groups of time-one maps become first countable topological groups, and therefore
admit left invariant metrics. Moreover, these groups are path-connected and locally
path-connected, and any two contact or strictly contact homeomorphisms can be
connected by a (short) topological contact or strictly contact isotopy.

The definition of the contact distance on the group of smooth contact dynamical
systems involves a choice of norm on the space of tangent vectors to isotopies
of contact diffeomorphisms, leading to the notions of topological and continuous
contact dynamical systems, and similarly for strictly contact dynamical systems.
Another main focus in this article is on this choice of norm, and centers around
the Main Lemma stated in section 5. In brief, we prove that up to an arbitrarily
small perturbation with fixed end points, the choice of norm is not relevant. As a
consequence, the groups of time-one maps are independent of the choice of norm.
Section 7 sets the stage for the proof of the Main Lemma in section 8. In particular,
we investigate how to reparameterize and perturb a given contact isotopy to have
certain desirable properties, for instance to traverse its path in the group of contact
diffeomorphisms at nearly constant speed. Similar results are also proved for strictly
contact isotopies.

In section 9 we show how the energy-capacity inequality from [MS12b] leads to
a contact energy function and a bi-invariant metric on the group of strictly contact
homeomorphisms, with no restrictions on the contact form. This metric is an
analog of the bi-invariant metric on the group of strictly contact diffeomorphisms
in [BD06, MS12b]. We moreover demonstrate that the coarse and fine contact
energies, and hence the resulting metrics, coincide.

In the final section 10, we produce examples of contact homeomorphisms that fail
to be Lipschitz continuous, and in particular are not C1-smooth, and examples of
smooth contact vector fields that are topologically conjugate but not conjugated by
contact C1-diffeomorphisms. In particular, for any contact manifold with arbitrary
contact form, topological contact dynamics is a natural and genuine extension of
the dynamics of a smooth contact vector field or function to topological dynamics.

The last two sections can each be read independently of the rest of the paper
immediately after reviewing the relevant definitions in sections 3, 4, and 5.

2. Review of contact geometry and contact dynamics

Let (M, ξ) be a smooth manifold of dimension 2n + 1, equipped with a contact
structure ξ, that is, a nowhere integrable (or maximally non-integrable) field of hy-
perplanes ξ ⊂ TM . We assume that ξ is coorientable (or transversally orientable),
so that the contact structure can be defined as the kernel ξ = kerα of a one-form
α such that α ∧ (dα)n is a volume form. Such a one-form is called a contact form
on (M, ξ). For simplicity, we assume throughout this article that M is closed, i.e.
compact and without boundary, and connected. See the article [MS12b] for the
necessary adjustments to be made for general contact manifolds.
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A diffeomorphism φ of M is by definition contact if it preserves the cooriented
field of hyperplanes ξ ⊂ TM , i.e. φ∗α = ehα for a smooth function h on M . A
smooth isotopy Φ = {φt}0≤t≤1 is called contact if φt is a contact diffeomorphism
for all times t. Denote by X = {Xt}0≤t≤1 the time-dependent smooth vector field
generating the isotopy Φ in the sense that

d

dt
φt = Xt ◦ φt.(2.1)

Then Φ is contact if and only if LXt
α = μtα for a time-dependent smooth function

μ on M , where L denotes the Lie derivative. In that case, the smooth vector field X
is called a contact vector field, and the smooth function H : [0, 1]×M → R defined
by H(t, ·) = Ht = α(Xt) is called its Hamiltonian. The restriction of the two-form
dα to the sub-bundle ξ is non-degenerate. Thus the preceding formula defines a 1–1
correspondence between contact vector fields and smooth functions. An important
contact vector field is the Reeb vector field R = Rα, i.e. the unique vector field in
the kernel of dα that is normalized by the identity α(Rα) = 1. More generally, the
vector field XH = {Xt

H} is defined uniquely by the relations

ι(Xt
H)α = Ht and ι(Xt

H)dα = (Rα.Ht)α− dHt,(2.2)

where Rα.Ht = dHt(Rα). Then XH is contact with Hamiltonian H and μt =
Rα.Ht. Here ι denotes interior multiplication by a vector field. We write Φ = ΦH for
the contact isotopy generated by a contact vector field X = XH with Hamiltonian
H. The smooth function h : [0, 1]×M → R determined by φ∗

tα = ehtα is called the
conformal factor of the isotopy Φ = ΦH , and

ht =

∫ t

0

(Rα.Hs) ◦ φs
H ds.(2.3)

A triple (Φ, H, h) is called a smooth contact dynamical system if Φ = ΦH is
a smooth contact isotopy with Hamiltonian H and conformal factor h. We will
usually denote the Hamiltonian by an uppercase Roman letter, and the conformal
factor by the corresponding lowercase letter. The group of contact diffeomorphisms
is denoted by Diff(M, ξ), and Diff0(M, ξ) denotes its identity component.

If f is a smooth function on M , then the one-form efα defines another contact
form on (M, ξ). We fix a coorientation of ξ, and hence an orientation of M . Then
every contact form with kernel ξ can be written in this way. The relation between
a contact isotopy and its Hamiltonian and conformal factor, and in particular the
definition of the Reeb vector field, depend on this choice of contact form α. However,
the notions of contact diffeomorphism and contact vector field depend only on the
contact structure ξ. More precisely, if (Φ, H, h) is a smooth contact dynamical
system with respect to the contact form α, then (Φ, efH,h + (f ◦ Φ − f)) is the
corresponding smooth contact dynamical system with respect to the contact form
efα. Here and in the following, for brevity the expression h+ (f ◦ Φ− f) denotes
the function whose value at (t, x) ∈ [0, 1]×M is

(h+ (f ◦ Φ− f))(t, x) = ht(x) + (f(φt(x))− f(x)),

and similarly for the Hamiltonian efH. For the present purposes, it suffices to fix
a choice of contact form α with kerα = ξ for the remainder of this article. See the
remarks in [MS12b] for details.

A contact diffeomorphism φ is called strictly contact if it in fact preserves the
contact form α, i.e. φ∗α = α, or equivalently, it preserves the canonical volume
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form να = α∧ (dα)n induced by α. An isotopy {φt} is by definition strictly contact
if each diffeomorphism φt is strictly contact, or in other words, its conformal factor
h : [0, 1] ×M → R vanishes. Thus a contact isotopy {φt} is strictly contact if and
only if its contact vector field X = XH preserves the contact form α, or LXt

α = 0,
which in turn is equivalent to Rα.Ht = 0, for all times t. The latter means Ht is
invariant under the Reeb flow, and such a smooth function H is called basic. The
group of strictly contact diffeomorphisms is henceforth denoted by Diff(M,α) ⊂
Diff(M, ξ), its identity component is the group Diff0(M,α), and (Φ, H) or (Φ, H, 0)
is called a smooth strictly contact dynamical system if Φ = ΦH is a smooth strictly
contact isotopy with basic Hamiltonian H.

For later reference, we recall two well-known lemmas in contact geometry that
are used frequently in [MS12b] and in this work.

Lemma 2.1 (Conformal factors). If φ and ψ are contact diffeomorphisms of (M, ξ)
with conformal factors h and g, respectively, i.e. φ∗α = ehα and ψ∗α = egα for
smooth functions h and g on M , then

(φ ◦ ψ)∗α = eh◦ψ+gα and (φ−1)∗α = e−h◦φ−1

α.

We occasionally write H �→ ΦH if H is the Hamiltonian corresponding to the
smooth contact isotopy ΦH = {φt

H}.
Lemma 2.2 (Hamiltonians). If H �→ ΦH and F �→ ΦF , then

H#F �→ ΦH ◦ ΦF , (H#F )t = Ht +
(
eht · Ft

)
◦ (φt

H)−1,

H �→ Φ−1
H , Ht = −e−ht ·

(
Ht ◦ φt

H

)
,

H#F �→ Φ−1
H ◦ ΦF , (H#F )t = e−ht ·

(
(Ft −Ht) ◦ φt

H

)
,

K �→ φ−1 ◦ ΦH ◦ φ, Kt = e−g (Ht ◦ φ) ,
where φ ∈ Diff(M, ξ) with φ∗α = egα. Here composition ◦ and inversion are to be
understood as composition and inversion of the diffeomorphisms at each time t.

The Lie algebra of the group Diff(M, ξ) can be identified with the space C∞(M)
of smooth functions on M via the relation α(X) = H. A natural choice of norm on
C∞(M) is to define

‖H‖ = osc(H) + |c(H)| =
(
max
x∈M

H(x)− min
x∈M

H(x)

)
+

∣∣∣∣ 1∫
M

να
·
∫
M

H να

∣∣∣∣ ,
or in other words, the oscillation of the function H plus the absolute value of its
mean value with respect to the volume form να = α ∧ (dα)n defined above. This
norm depends on the choice of contact form α, however, different choices of contact
forms give rise to equivalent norms. Again see [MS12b] for further details. For
a time-dependent function H : [0, 1] × M → R, we consider two choices of norm,
known as the L(1,∞)-norm and L∞-norm, given by

‖H‖(1,∞) =

∫ 1

0

‖Ht‖ dt(2.4)

and

‖H‖∞ = max
0≤t≤1

‖Ht‖,(2.5)

respectively. The two norms ‖ · ‖(1,∞) ≤ ‖ · ‖∞ play a crucial role in this paper. In

order to distinguish the two cases, the prefixes L(1,∞) and L∞ will be attached to
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various objects defined below, and the subscripts or superscripts (1,∞) and ∞ will
be used where appropriate.

For reasons explained in [MS12b], we define the norm of the conformal factor
h : [0, 1]×M → R of a contact isotopy by the maximum norm

|h| = max
0≤t≤1

max
x∈M

|h(t, x)|,(2.6)

which is in fact equivalent to the norm (2.5).
We sometimes also consider contact isotopies that are not necessarily based at

the identity. That is, we consider isotopies Φ = ψ ◦ΦH = {ψ ◦ φt
H}, where ΦH is a

contact isotopy in the usual sense, with φ0
H = id, and ψ ∈ Diff(M, ξ). This isotopy

solves the ordinary differential equation (2.1) with (contact) vector field ψ∗XH and
initial condition φ0 = ψ, and thus the Hamiltonian of Φ is the smooth function
F = (eg · H) ◦ ψ−1, where ψ∗α = egα. By a slight abuse of notation, we write
Φ = ΦF , but explicitly mention the time-zero map ψ in this instance. Note that
one could also work with isotopies of the form Φ = ΦH ◦ ψ. The latter solves the
same ordinary differential equation as the isotopy ΦH with initial condition φ0 = ψ.
If no explicit mention is made of the time-zero map of an isotopy, it is assumed to
be the identity.

3. Topological contact dynamics

A choice of Riemannian metric determines a distance d between points on M ,
and thus a distance between two homeomorphisms φ and ψ of M by

d(φ, ψ) = max
x∈M

d(φ(x), ψ(x)).(3.1)

This metric induces the compact-open topology, and in particular, the actual choice
of Riemannian metric is mostly irrelevant. The metric in equation (3.1) is not
complete, but it gives rise to a complete metric d that also induces the compact-
open topology on the group of homeomorphisms of M , where d is defined by

d(φ, ψ) = d(φ, ψ) + d(φ−1, ψ−1).

In both cases, one also obtains a distance between isotopies Φ = {φt} and Ψ = {ψt},
equal to the maximum of the distances of the time-t maps φt and ψt. The metric

d(Φ,Ψ) = max
0≤t≤1

d(φt, ψt)

is again complete, whereas d(Φ,Ψ) is not complete. However, if a sequence Φi

of isotopies converges uniformly to an isotopy of homeomorphisms Φ, i.e. a limit
with respect to d exists, then this sequence is also Cauchy with respect to d, and
converges to the isotopy Φ. The same remark applies to sequences of homeomor-
phisms. The distance d is called the C0-metric. Composition and inversion of
diffeomorphisms and of isotopies (at each time t) are continuous with respect to
the C0-metric.

Definition 3.1 (Contact metric [MS12b]). The contact distance between smooth
contact isotopies ΦH and ΦF is the number

dα(ΦH ,ΦF ) = dα((ΦH , H, h), (ΦF , F, f)) = d(ΦH ,ΦF ) + |h− f |+ ‖H − F‖.

Here ‖ · ‖ denotes either one of the two norms (2.4) or (2.5), and the resulting
distances are also called the L(1,∞)-contact metric and the L∞-contact metric.
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Definition 3.2 (Topological and continuous contact dynamical system [MS12b]).
Let Φ = {φt} be a continuous isotopy of homeomorphisms of M , and let H and
h : [0, 1] × M → R be time-dependent functions on M . The triple (Φ, H, h) is
called a topological contact dynamical system if there exists a sequence of smooth
contact dynamical systems (ΦHi

, Hi, hi), such that the smooth contact isotopies
ΦHi

= {φt
Hi

} converge uniformly to the isotopy Φ, the corresponding conformal
factors converge uniformly to the continuous function h, and the sequence Hi of
Hamiltonians satisfies ‖H −Hi‖(1,∞) → 0. The function H is called a topological
Hamiltonian with topological contact isotopy Φ and topological conformal factor h.
The set of topological contact dynamical systems is denoted by T CDS(M,α). The
extension of the L(1,∞)-contact metric dα to T CDS(M,α) is again denoted by dα,
and the induced topology is called the contact topology.

The triple (Φ, H, h) is called a continuous contact dynamical system if the above
sequence Hi converges to H with respect to the metric induced by the L∞-norm
(2.5). In that case, the continuous function H is called a continuous Hamiltonian
with continuous contact isotopy Φ and continuous conformal factor h. The subset of
continuous contact dynamical systems is denoted by CCDS(M,α), dα also denotes
the extension of the L∞-contact metric to CCDS(M,α), and the induced metric
topology is again called the contact topology.

If in the sequences above each hi is zero, or in other words, the isotopies ΦHi

are strictly contact and their Hamiltonians are basic, then (ΦH , H) is by definition
a topological or continuous strictly contact dynamical system, respectively [BS12].
The resulting sets T SCDS(M,α) and CSCDS(M,α) carry induced contact metrics
and contact topologies. Their elements are sometimes also denoted by (ΦH , H, 0).

We recall that the metric d, and the metrics induced by the norms | · | and ‖ · ‖,
are complete in the following sense: every Cauchy sequence of isotopies with respect
to the C0-metric converges uniformly to a continuous isotopy of homeomorphisms,
and a Cauchy sequence of time-dependent continuous functions with respect to the
metric induced by either of the norms | · | or ‖ · ‖ converges to a time-dependent
function on M , which is continuous in the case of the maximum norm (2.6) or
the L∞-norm (2.5). In particular, a topological or continuous contact dynamical
system is defined uniquely by an equivalence class of Cauchy sequences of smooth
contact dynamical systems, and similarly for strictly contact dynamical systems.

In the L(1,∞)-case, the topological Hamiltonian H : [0, 1]×M → R may not be
continuous, but only L1 in the variable t ∈ [0, 1]. However, by standard arguments
from measure theory, Ht is defined for almost all t ∈ [0, 1], and is a continuous
function of the space variable x ∈ M for each such t. A topological Hamiltonian
can be thought of as an element of the space of functions L1([0, 1], C0(M)) of
L1-functions of the unit interval taking values in the space C0(M) of continuous
functions ofM . Strictly speaking, such an object is an equivalence class of functions,
where two functions are considered equivalent if and only if they agree for almost
all t ∈ [0, 1], but as is customary in measure theory, we will mostly disregard this
subtlety in our treatment, and speak of an L(1,∞)-function. Such functions H can
be defined to be any continuous function at the remaining times t belonging to a
set of measure zero.

In order to avoid lengthy and repetitive definitions and statements, we restrict
our attention to topological contact dynamical systems where possible, and consider
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continuous contact dynamical systems in short remarks after the conclusion of a
particular statement or cohesive discussion.

It is shown in [MS12b] that the isotopy ΦH and the topological conformal factor
h are uniquely determined by the function H.

Theorem 3.3 (Uniqueness of topological contact isotopy and topological conformal
factor [MS12b]). If (Φ, H, h) and (Ψ, H, g) are two topological contact dynamical
systems with the same topological Hamiltonian H, then Φ = Ψ and h = g.

This result justifies writing Φ = ΦH for the limit of the smooth isotopies ΦHi
.

As a special case, we have the following rigidity result for smooth contact isotopies
and their conformal factors.

Corollary 3.4 (Rigidity of contact isotopies and their conformal factors [MS12b]).
Suppose (ΦHi

, Hi, hi) is a Cauchy sequence of smooth contact dynamical systems,
and further suppose that the Hamiltonians Hi converge to a time-dependent smooth
function H on M . Then ΦHi

→ ΦH and hi → h uniformly, where ΦH is the smooth
contact isotopy generated by the smooth contact vector field XH , and the smooth
function h is given by (φt

H)∗α = ehtα.

In other words, if ‖H − Hi‖ → 0, and the limit H happens to be a smooth
function, then the a priori only continuous limits of the sequences ΦHi

and hi must
be smooth as well, and coincide with the contact isotopy and conformal factor
generated by the limit isotopy H.

Moreover, the set of triples (ΦH , H, h), where H is a topological Hamiltonian
with topological contact isotopy ΦH and topological conformal factor h, forms a
topological group.

Theorem 3.5 ([MS12b]). The space T CDS(M,α) of topological contact dynamical
systems with the contact topology forms a topological group under the operation ◦
determined by the formula

(ΦH , H, h)−1 ◦ (ΦF , F, f) = (Φ−1
H ◦ ΦF , e

−h · ((F −H) ◦ ΦH), f − h ◦ Φ−1
H ◦ ΦF ).

The identity element is (id, 0, 0), and the space of smooth contact dynamical systems
with its usual composition forms a topological subgroup. The subspace T SCDS(M,α)
of topological strictly contact dynamical systems is a topological subgroup, and in
turn, the space of smooth strictly contact dynamical systems forms a topological
subgroup of T SCDS(M,α) and T CDS(M,α).

We would like to point out that all of the definitions and statements in section 2
make sense for time-dependent C1-smooth Hamiltonians for which the continuous
vector field XH defined by the identities (2.2) is uniquely integrable. Moreover,
it is shown in [MS12b] that these generalizations lead to the same definition of a
topological contact dynamical system.

Theorem 3.6 ([MS12b]). Let H : [0, 1]×M → R be a continuous function that is
continuously differentiable in the variable x ∈ M , and assume the time-dependent
continuous vector field XH is uniquely integrable. Denote by ΦH the continuous
isotopy generated by XH , and by h : [0, 1]×M → R the continuous function defined
by equation (2.3). Then (ΦH , H, h) is a topological contact dynamical system.

For instance, a C2-smooth Hamiltonian H satisfies these hypotheses.
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Lemma 3.7. Suppose (ΦHi
, Hi, hi) is a sequence of topological contact dynamical

systems that is Cauchy with respect to the contact metric dα. Then the sequence
(ΦHi

, Hi, hi) converges with respect to the contact metric, and the limit (ΦH , H, h)
is a topological contact dynamical system.

Proof. Choose a diagonal subsequence of smooth contact dynamical systems that
converges to (ΦH , H, h). �

Similar results hold for contact C1-diffeomorphisms, i.e. C1-diffeomorphisms that
preserve the hyperplane field ξ ⊂ TM , and for topological automorphisms. In that
case the conformal factor is a continuous function. See the next section for details.
With the exception of section 10, we will therefore in general restrict our attention
to smooth Hamiltonians and diffeomorphisms that are of class C∞.

The results in this section are equally valid with topological contact dynamical
systems replaced by continuous contact dynamical systems, and continuous strictly
contact dynamical systems replacing topological strictly contact dynamical systems
in all of the above statements and results.

4. Topological automorphisms

A brief motivation for the definitions of a topological automorphism of the con-
tact structure ξ = kerα and a topological automorphism of the contact form α is in
order. The group Diff(M, ξ) of contact diffeomorphisms can be viewed as the group
of smooth transformations of M that preserve smooth contact dynamical systems.
Recall from section 2 that a smooth contact isotopy Φ = ΦH is uniquely determined
by the time-dependent smooth function H : [0, 1] ×M → R that is defined by the
relation α(Xt

H) = Ht. Here XH again denotes the smooth contact vector field that
generates the isotopy Φ in the sense of equation (2.1), which in turn can be obtained
from H via (2.2). A contact vector field can be written XH = YH + HR, where
YH = XH − HR ∈ kerα = ξ, and R denotes the Reeb vector field of the contact
form α. That is, the dynamics of XH are completely determined by its Reeb compo-
nents α(Xt

H) = α(Y t
H +HtR) = Ht. If ψ ∈ Diff(M, ξ) is a contact diffeomorphism

with ψ∗α = egα, then the conjugated isotopy ψ ◦ ΦH ◦ ψ−1 = {ψ ◦ φt
H ◦ ψ−1} is

generated by the smooth contact vector field ψ∗XH . Its Reeb component at time t
has the coefficient function

α(ψ∗X
t
H) = α(ψ∗Y

t
H + (Ht ◦ ψ−1

t ) · ψ∗R) = (Ht ◦ ψ−1) · α(ψ∗R)

since ψ∗ξ = ξ = kerα. Moreover,

α(ψ∗R) = (ψ−1)∗((ψ∗α)(R)) = (ψ−1)∗(egα(R)) = eg◦ψ
−1

,

proving the last identity of Lemma 2.2 with ψ replaced by its inverse. That means
the conjugated smooth contact isotopy ψ◦ΦH ◦ψ−1 is determined completely by the
Hamiltonian H of the isotopy ΦH , the topological behavior of ψ, and the conformal
factor g of the contact diffeomorphism ψ. Compare to Theorem 4.3 below.

Definition 4.1 (Topological automorphism [MS12b]). A homeomorphism φ of M
is a topological automorphism of the contact structure ξ if there exists a sequence
of contact diffeomorphisms φi ∈ Diff(M, ξ) that converges uniformly to φ, and the
smooth conformal factors hi given by φ∗

iα = ehiα converge uniformly to a function
h on M . The continuous function h is called the topological conformal factor of the
topological automorphism φ. The homeomorphism φ is a topological automorphism
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of the contact form α if its topological conformal factor h is zero. The groups of
topological automorphisms of the contact structure ξ and of the contact form α are
denoted by Aut(M, ξ) and Aut(M,α), respectively.

It is shown in [MS12b] that the topological conformal factor h is determined
uniquely by the homeomorphism φ and the contact form α. That is, if there exists
another sequence of contact diffeomorphisms ψi that converges uniformly to the
topological automorphism φ, and if the functions gi given by ψ∗

i α = egiα converge
uniformly to a function g, then we must have g = h. The set Aut(M, ξ) forms a
group, and as the notation suggests, this group does not depend on the choice of
contact form α. The topological conformal factor with respect to another contact
form efα is the continuous function h+(f ◦φ− f). Moreover, the formulas for the
conformal factors of the composition of two topological automorphisms and of the
inverse of a topological automorphism extend those in Lemma 2.1. See [MS12b] for
details. In [BS12], the authors consider the C0-closure Diff(M,α) in Homeo(M) of
the strictly contact diffeomorphism group, and show that it is another good choice
for the automorphism group of a contact form α. See below for details.

As a consequence of the above, the usual transformation law in smooth contact
dynamics extends to topological contact dynamics. The same statement is valid for
continuous contact dynamical systems.

Theorem 4.2 (Transformation law [MS12b, BS12]). If (Φ, H, h) is a topological
contact dynamical system, and ψ is a topological automorphism of the contact struc-
ture ξ with topological conformal factor g, then the conjugated system

ψ−1 ◦ (Φ, H, h) ◦ ψ = (ψ−1 ◦ Φ ◦ ψ, e−g(H ◦ ψ), h ◦ ψ + g − g ◦ ψ−1 ◦ Φ ◦ ψ)
is a topological contact dynamical system. If (Φ, H) is a topological strictly contact
dynamical system, and a homeomorphism ψ is the uniform limit of a sequence of
strictly contact diffeomorphisms, then

ψ−1 ◦ (Φ, H) ◦ ψ = (ψ−1 ◦ Φ ◦ ψ,H ◦ ψ)
is a topological strictly contact dynamical system.

As a special case of this theorem, we have the following application to smooth
contact dynamics concerning topologically conjugate smooth contact vector fields.
The proof uses the Uniqueness Theorem 3.3.

Theorem 4.3 ([MS12b]). Suppose {φt
H} and {φt

F } are smooth contact isotopies,
and φ is a topological automorphism of the contact structure ξ with topological
conformal factor g. If H = e−g(F ◦ φ), then {φt

H} = {φ−1 ◦ φt
F ◦ φ}.

Corollary 4.4 ([MS12b]). Suppose φ is a topological automorphism of ξ = kerα
with topological conformal factor g, and assume that g is smooth. Then the Reeb
vector fields of the contact forms α and egα are topologically conjugate.

The converses to Theorems 3.3 and 4.3 are proved in the sequel [MS12c].
See section 10 for examples of topologically conjugate smooth contact vector

fields that are not conjugated by contact C1-diffeomorphisms, and [MS12a] for
the case of topologically conjugate smooth strictly contact and Hamiltonian vector
fields.

The proof of Theorem 4.2 consists of showing that if (ΦHi
, Hi, hi) is a sequence of

smooth contact dynamical systems that converges with respect to the contact metric
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dα to the topological contact dynamical system (Φ, H, h), and ψi is a sequence of
contact diffeomorphisms that converges to ψ as in Definition 4.1, then the smooth
contact dynamical systems ψ−1

i ◦(ΦHi
, Hi, hi)◦ψi converge to ψ−1◦(Φ, H, h)◦ψ. In

the special case Hi = 1 for all i (i.e. ΦHi
is the Reeb flow), the Hamiltonians e−gi ·1

must converge uniformly, where gi is the conformal factor of ψi ∈ Diff(M, ξ). Thus
the assumption of uniform convergence of the conformal factors in Definition 4.1
is not only sufficient but also necessary to prove this form of convergence in the
extension of the transformation law.

For further motivation of Definition 4.1, recall that if φ is a diffeomorphism of
the contact manifold (M, ξ), and h is a smooth function on M , then the lifted

diffeomorphism φ̂(x, θ) = (φ(x), θ− h(x)) of the symplectization (M ×R,−d(eθα))
of (M,α) is symplectic, if and only if φ is contact with φ∗α = ehα. By definition, a
symplectic homeomorphism is the C0-limit of symplectic diffeomorphisms [MO07].
Then φ is a topological automorphism of the contact structure ξ with topological

conformal factor h, if and only if the homeomorphism φ̂(x, θ) = (φ(x), θ−h(x)) is an
admissible symplectic homeomorphism of the symplectization of (M,α) [MS12b].

Topological automorphisms of a contact structure are C0-rigid in the following
sense.

Theorem 4.5 (C0-rigidity of contact diffeomorphisms and their conformal factors
[MS12b]). Let φ ∈ Aut(M, ξ) be a topological automorphism of ξ = kerα with
topological conformal factor h. If φ is smooth, then the function h is smooth, and
φ is a contact diffeomorphism with φ∗α = ehα.

In fact, the statement of the theorem is a local statement. That is, if φ is smooth
at a point, then in a neighborhood of that point, φ is a local diffeomorphism, h is
smooth, and φ∗α = ehα. Note that a priori h need not necessarily be a smooth

function, so that the lift φ̂(x, θ) = (φ(x), θ−h(x)) to the symplectization is a priori
not a smooth map.

The following two lemmas help put Definition 4.1 into a sharper perspective.

Lemma 4.6. Suppose φi is a sequence of contact diffeomorphisms with φ∗
iα = ehiα

that converges uniformly to a homeomorphism φ. Then for every open subset U of
M , the average values∫

U

e(n+1)hiνα −→
∫
U

(φ−1)∗να > 0 as i → ∞.

Proof. The push-forward measures (φ−1
i )∗να are given by integration of the volume

forms φ∗
i να = e(n+1)hiνα. Since φ is a homeomorphism, the sequence φi converges

with respect to the C0-metric, and thus the induced measures converge in the weak
metric to the measure (φ−1)∗να [Fat80]. Evaluation on an open subset is lower semi-
continuous, and evaluation on a closed subset is upper semi-continuous [DGS76].
The stated convergence then follows from the fact that integration over U and its
closure U coincide. �

However, C0-convergence of a sequence of contact diffeomorphisms alone is not
sufficient to guarantee even point-wise convergence of the functions hi.

Lemma 4.7. Suppose φi is a sequence of contact diffeomorphisms of M , x ∈ M ,
and c ∈ [−∞,+∞]. Then there exists another sequence of contact diffeomorphisms
ψi with ψ∗

i α = egiα, so that gi(x) → c as i → ∞, and for every open neighborhood
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U of x, we have ψi|M\U = φi|M\U for i ≥ iU sufficiently large. In particular, the

sequence φ−1
i ◦ ψi converges to the identity uniformly.

Proof. The proof follows easily from Darboux’s theorem. Let fi be any smooth
functions on M with fi(x) → c as i → ∞, and U1 ⊃ U2 ⊃ U3 ⊃ . . . be a nested
neighborhood basis of the compact-open topology of M at the point x ∈ M . By
Darboux’s theorem, there exist diffeomorphisms ϕi that are compactly supported
in Ui, and interchange the contact forms φ∗

iα = ehiα and efiα near the point x.
Then the sequence ψi = φi ◦ ϕi has the desired properties. �

In order to gain a better understanding of the conformal factor h and of the
hypotheses of Definition 4.1, recall again that if φ is a contact diffeomorphism of
the contact structure ξ = kerα with conformal factor h, then

eh = ehα (R) = (φ∗α)(R) = φ∗(α(φ∗R)) = α(dφ(R)).

That is, the function eh is the partial derivative of φ in the Reeb direction and along
the Reeb orbits, or the infinitesimal translation by φ of the hyperplanes ξ ⊂ TM
along the Reeb orbits of the contact form α. As remarked above, given a sequence
of contact diffeomorphisms, convergence of these partial derivatives is independent
of the choice of contact form α. Let us picture this in local Darboux coordinates.
By the contact neighborhood theorem, near a point p ∈ M we may choose local
coordinates z, u1, . . . , u2n, so that a tubular neighborhood of the piece of Reeb
orbit through p is parameterized by pieces of Reeb orbits, where the variable z
parameterizes the piece of Reeb orbit through p, R = ∂

∂z , and
∂

∂ui
∈ ξ is a basis of

the normal bundle to the Reeb orbit near p. In these local coordinates,

eh = α(dφ(R)) = α

(
2n∑
i=1

∂(z ◦ φ)
∂ui

∂

∂ui
+

∂(z ◦ φ)
∂z

∂

∂z

)
=

∂(z ◦ φ)
∂z

,

where z denotes the projection to the zero section of the normal bundle of the piece
of Reeb orbit through p. Given a sequence of contact diffeomorphisms φi, by the
chain rule convergence of the partial derivatives ehi does not depend on the choice
of Darboux coordinates.

Lemma 4.8. Suppose φ is a contact C1-diffeomorphism, and that the second-order
partial derivatives X.(α(dφ(R))) exist and are continuous for all X ∈ ξ. Then φ
can be C0-approximated by contact diffeomorphisms φi, and if φ∗

iα = ehiα and
φ∗α = ehα, then the smooth functions hi converge to the continuous function h
uniformly. In particular, φ is a topological automorphism of the contact structure
ξ = kerα with topological conformal factor h.

For example, a contact C2-diffeomorphism satisfies the hypotheses of the lemma.
In the above local coordinates z, u1, . . . , u2n, the condition on the second-order
partial derivatives in the lemma is that the partial derivatives

∂

∂ui
(α(dφ(R))) =

∂

∂ui
eh =

∂2(z ◦ φ)
∂ui ∂z

exist and are continuous for i = 1, . . . , 2n. As the proof given below shows, it is
equivalent to assume the second-order partial derivatives R.(α(dφ(X))) exist and
are continuous for all X ∈ ξ.
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Before giving the proof of Lemma 4.8, we first prove another lemma that together
with Lemma 4.8 gives precise meaning to the statement after Lemma 3.7, regarding
contact C1-diffeomorphisms and topological automorphisms of a contact structure
or a contact form.

Lemma 4.9. Let φi be a sequence of topological automorphisms of the contact
structure ξ with topological conformal factors hi, and suppose the homeomorphisms
φi converge uniformly to a homeomorphism φ, and the continuous functions hi

converge uniformly to a function h. Then φ is a topological automorphism of the
contact structure ξ with topological conformal factor h.

Proof. Choose a diagonal subsequence of contact diffeomorphisms that converge
uniformly together with their conformal factors. �

Analogous results for strictly contact C1-diffeomorphisms and for topological
automorphisms of the contact form α follow immediately, and the corresponding
results for symplectic C1-diffeomorphisms can be proved similarly.

Proof of Lemma 4.8. Consider the set of C1-diffeomorphisms ϕ of M for which
the second-order partial derivatives X.(α(dϕ(R))) exist and are continuous for all
X ∈ ξ. Equip this set with the topology induced by the sub-basis consisting of
sets of the form N (ϕ;U, V → R

2n+1;K; ε), where U, V → R
2n+1 are local Darboux

coordinates as above, K ⊂ U is a compact subset with ϕ(K) ⊂ V , and 0 < ε ≤ +∞.
Then ψ ∈ N (ϕ;U, V → R

2n+1;K; ε) if ψ(K) ⊂ V and the local representations of
the restrictions to K of ϕ and ψ together with their first-order partial derivatives
and the second-order partial derivatives specified above are within ε of each other.
By a straightforward modification of a classical theorem in differential topology
(see for instance Theorem 2.7 in [Hir94]), there exist C∞-diffeomorphisms ψi that
C1-converge to φ, and moreover, the partial derivatives X.(α(dψi(R))) converge
uniformly to the continuous function X.(α(dφ(R))) for all X ∈ ξ.

Define smooth functions hi by (ψ∗
i α)(R) = ehi , and write ψ∗

i α = ehiα + βi for
unique one-forms βi with βi(R) = 0. By hypothesis, the one-forms ψ∗

i α converge
uniformly to the one-form φ∗α = ehα, so the functions hi converge to h and the
one-forms βi converge to zero uniformly. Moreover,

d(ehi) ∧ α+ ehidα+ dβi = d(ψ∗
i α) = ψ∗

i (dα) −→ φ∗(dα) = d(φ∗α) = d(ehα).

The function eh need not be C1-smooth, but the one-form ehα is continuously
differentiable. By the hypothesis on the second-order partial derivatives, the two-
forms d(ehi) ∧ α converge uniformly to the two-form d(eh) ∧ α, which makes sense
because the latter only contains partial derivatives of eh in the directions of the
hyperplanes ξ. Therefore the two-forms dβi converge to zero uniformly.

Define a sequence of one-parameter families of one-forms by

αt
i = (1− t)ehiα+ t ψ∗

i α = ehiα+ t βi

with dαt
i = d(ehi)∧α+ ehidα+ t dβi. Since βi and dβi converge to zero uniformly,

the (2n+1)-forms ναt
i
> 0 for i sufficiently large, and αt

i is a one-parameter family

of contact forms. By Gray’s stability theorem (see e.g. [Gei08]), there exist families

of vector fields Xt
i so that (φt

Xi
)∗αt

i = ef
t
i α0

i = ehi+ft
i α for all t and all i sufficiently

large, where

f t
i =

∫ t

0

gsi ◦ φs
Xi

ds,
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and the functions gti are defined below. Define φi = ψi ◦φ1
Xi

. The diffeomorphisms

φi are contact with φ∗
iα = ehi+f1

i α.
Since the one-forms αt

i are smooth, the vector fields Xt
i and their flows are C∞-

smooth, and are given by the defining relations Xt
i ∈ kerαt

i and

ι(Xt
i )dα

t
i = gtiα

t
i −

d

dt
αt
i = gtiα

t
i − βi,

where the smooth functions gti are defined by

gti =

(
d

dt
αt
i

)
(Rt

i) = βi(R
t
i),

and Rt
i denotes the Reeb vector field of αt

i. In particular, if ψi is contact at a point
p, then Xt

i (p) = 0, and thus the isotopy {φt
Xi

} is stationary at p, and φi(p) = ψi(p).

Since the one-forms αt
i and the two-forms dαt

i converge uniformly to φ∗α and
φ∗(dα), respectively, the smooth vector fields Rt

i converge uniformly to the vector
field φ∗R, and in particular have bounded coefficients independent of i and t. Since
βi → 0 uniformly, the functions gti converge to zero uniformly. As a consequence,
the vector fields Xt

i converge to zero uniformly as well. By the standard continuity
theorem from the theory of ordinary differential equations, their flows φt

Xi
converge

to the identity uniformly. Therefore the sequence φi converges to φ uniformly, and
the conformal factors fi converge to zero uniformly. �

Similar to the case of smooth isotopies, we can also consider topological or con-
tinuous contact isotopies whose time-zero map is not necessarily the identity. That
is, we consider isotopies Φ = ψ ◦ΦH = {ψ ◦φt

H}, where ΦH is a topological contact
isotopy in the usual sense, with φ0

H = id, and ψ ∈ Aut(M, ξ). This isotopy corre-
sponds to the topological Hamiltonian F = (eg · H) ◦ ψ−1, where g is the unique
topological conformal factor of the homeomorphism ψ. Again by a slight abuse of
notation, we write ΦF = Φ. Note that one could also work with isotopies of the
form Φ = ΦH ◦ ψ. Again if no explicit mention of the time-zero map of an isotopy
is made, it is assumed to be the identity.

5. Contact homeomorphisms

Denote by

ev1 : T CDS(M,α) → Homeo(M), (ΦH , H, h) �→ φ1
H ,(5.1)

the time-one evaluation map that assigns to a topological contact dynamical system
(ΦH , H, h) the time-one map φ = φ1

H of the isotopy ΦH .

Definition 5.1 (Contact homeomorphism [MS12b]). A contact homeomorphism
is the time-one map of a topological contact isotopy. The group Homeo(M, ξ) of
contact homeomorphisms is the image of the time-one evaluation map (5.1).

It is shown in [MS12b] that Homeo(M, ξ) indeed forms a group, and thus is a
topological subgroup of the group Homeo(M) of homeomorphisms of the manifold
M with the C0-topology induced by the C0-metric. Moreover [MS12b],

Diff(M, ξ) ⊂ Homeo(M, ξ) � Aut(M, ξ) ⊂ Homeo(M),(5.2)

where the second inclusion is a normal subgroup in the group of topological auto-
morphisms of the contact structure ξ. Properness of the first inclusion is proved in
section 10 for all contact manifolds.
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Proposition 5.2 ([MS12b]). The group Homeo(M, ξ) is path-connected under the
C0-topology. Thus Homeo(M, ξ) � Aut0(M, ξ) ⊂ Homeo0(M).

In order to give the proof, we need to recall the following lemma from [MS12b].

Lemma 5.3 ([MS12b]). Let (ΦH , H, h) be a topological contact dynamical system.
For every s ∈ [0, 1], the triple (ΦHs , Hs, hs) is also a topological contact dynamical
system with time-one map φs

H , where ΦHs = {φt
Hs} = {φst

H}, and the topological
Hamiltonian Hs and the topological conformal factor hs are given by the formulas
Hs(t, x) = sH(st, x) and hs(t, x) = h(st, x).

Proof of Proposition 5.2. The first statement follows at once from Lemma 5.3, and
the inclusions in the second statement are consequences of (5.2). �

A different topology that takes into account the topological and the dynamical
nature of contact homeomorphisms defined as time-one maps of topological contact
isotopies is studied in the next section.

The definitions and results in this section are again also valid with topological
contact dynamical systems replaced by continuous contact dynamical systems. In
order to distinguish the two cases, we attach the subscripts or superscripts (1,∞)
and ∞ where appropriate. In particular, the groups of contact homeomorphisms
Homeo(1,∞)(M, ξ) and Homeo∞(M, ξ) denote the time-one maps of topological and
continuous contact dynamical systems, respectively. In this case, the distinction is
actually not necessary.

Theorem 5.4. The two groups Homeo(1,∞)(M, ξ) and Homeo∞(M, ξ) of contact
homeomorphisms coincide.

In view of this theorem, we may omit the subscripts from the notation. This
result is the analog of a theorem concerning the Hamiltonian homeomorphism group
of a symplectic manifold that appeared in [Mül08a,Mül08b], and the line of proof
follows the one given there. The two main differences in the present case are the
additional term |c(Ht)| in the norm ‖Ht‖ at each time t, and the appearance of the
conformal factors in the formulas for composition and inversion of contact isotopies
as well as for conjugation by a contact diffeomorphism. We will in fact demonstrate
the following more technical result.

Lemma 5.5 (Main Lemma). Let (ΦH , H, h) be a topological contact dynamical
system. Then there exists a continuous contact dynamical system (ΦF , F, f) with
the same time-one map φ1

F = φ1
H . Given ε > 0, the continuous contact dynamical

system (ΦF , F, f) can be chosen so that either

d(ΦF ,ΦH) < ε, |f − h| < ε, and ‖F −H‖(1,∞) < ε,(5.3)

or

d(ΦF , id) < d(ΦH , id) + ε, |f | < |h|+ ε, and ‖F‖∞ < ‖H‖(1,∞) + ε.(5.4)

In fact, (ΦF , F, f) is smooth everywhere except possibly at time one, i.e. the maps
(t, x) �→ φt

F (x), (t, x) �→ (φt
F (x))

−1, (t, x) �→ Ft(x), and (t, x) �→ ft(x) are smooth
except possibly at t = 1.

After some preparation in section 7, Lemma 5.5 will be proved in Section 8.
Assuming the Main Lemma 5.5, we first deduce Theorem 5.4.
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Proof of Theorem 5.4. The inclusion Homeo∞(M, ξ) ⊂ Homeo(1,∞)(M, ξ) follows
immediately from the definitions. To prove the theorem, it only remains to show
Homeo(1,∞)(M, ξ) ⊂ Homeo∞(M, ξ). Let φ ∈ Homeo(1,∞)(M, ξ). By definition,

there exists a topological contact dynamical system (ΦH , H, h) such that φ = φ1
H .

By Lemma 5.5, there exists a continuous contact dynamical system (ΦF , F, f) with
the same time-one map φ1

F = φ, and thus φ ∈ Homeo∞(M, ξ). �

Denote by

ev1 : T SCDS(M,α) → Homeo(M), (ΦH , H) �→ φ1
H(5.5)

the time-one evaluation map that maps a topological strictly contact dynamical
system (ΦH , H) to its time-one map φ1

H . This notation is not ambiguous, since the
restriction of the time-one evaluation map (5.1) on T CDS(M,α) to T SCDS(M,α)
coincides with the time-one evaluation map (5.5). The same observation applies to
the restrictions to continuous contact and strictly contact dynamical systems.

Definition 5.6 (Strictly contact homeomorphism [BS12]). The time-one map of a
topological strictly contact isotopy is a strictly contact homeomorphism. The group
Homeo(M,α) of strictly contact homeomorphisms is the image of the map (5.5).

By [BS12], the set Homeo(M,α) indeed forms a group, and thus is a topological
subgroup of Homeo(M) with the C0-topology. Moreover [BS12],

Diff(M,α) ⊂ Homeo(M,α) � Diff(M,α) ⊂ Homeo(M),(5.6)

and the first inclusion is proper if the contact form α is regular [BS12]. Concerning
strictly contact homeomorphisms, we have the following results.

Proposition 5.7 ([BS12]). The strictly contact homeomorphism group is path-
connected in the C0-topology, and Homeo(M,α) � Diff0(M,α) ⊂ Homeo0(M).

All of the above definitions make sense for continuous strictly contact dynamical
systems, and the preceding results and their proofs are verbatim the same.

Theorem 5.8. The strictly contact homeomorphism groups Homeo(1,∞)(M,α) and
Homeo∞(M,α) coincide.

This theorem appears in [BS12] for regular contact manifolds. We will prove
the theorem by establishing a result similar to the Main Lemma 5.5 for topological
strictly contact dynamical systems. See section 8 for the proof.

Lemma 5.9. Let (ΦH , H) be a topological strictly contact dynamical system. Then
there exists a continuous strictly contact dynamical system (ΦF , F ) with the same
time-one map φ1

F = φ1
H . Given ε > 0, the continuous strictly contact dynamical

system (ΦF , F ) can be chosen so that either

d(ΦF ,ΦH) < ε and ‖F −H‖(1,∞) < ε,

or

d(ΦF , id) < d(ΦH , id) + ε and ‖F‖∞ < ‖H‖(1,∞) + ε.

In fact, (ΦF , F ) is smooth everywhere except possibly at time t = 1.

Proof of Theorem 5.8. The proof is verbatim the same as the proof of Theorem 5.4
with the reference to Lemma 5.5 replaced by a citation of Lemma 5.9. �
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6. The contact topology

Recall that the contact topology on the space T CDS(M,α) of topological contact
dynamical systems is the metric topology induced by the contact metric

dα((ΦH , H, h), (ΦF , F, f)) = d(ΦH ,ΦF ) + |h− f |+ ‖H − F‖
defined in section 3. The time-one evaluation map

ev1 : T CDS(M,α) → Homeo(M, ξ), (ΦH , H, h) �→ φ1
H(6.1)

assigns to a topological contact dynamical system (ΦH , H, h) the time-one map of
the isotopy ΦH . This map ev1 is by definition surjective, and thus induces the
usual quotient topology on the set Homeo(M, ξ), called the contact topology on
Homeo(M, ξ). By definition, the evaluation map (6.1) is continuous. The metric
dα does not necessarily project to a metric on Homeo(M, ξ), since dα is neither left
nor right invariant, and thus the triangle inequality may be violated; cf. [Mül08a].
See [MS12b] for remarks on the failure of left and right invariance of the contact
metric on T CDS(M,α).

On the other hand, the usual composition of homeomorphisms induces a group
structure on the set Homeo(M, ξ) ⊂ Homeo(M), and the time-one evaluation map
ev1 becomes a homomorphism. Therefore the contact topology on Homeo(M, ξ) is
metrizable. In fact, both topological spaces T CDS(M,α) and Homeo(M, ξ) admit
left invariant metrics. This follows from the next two results.

Theorem 6.1 ([Bir36,Kak36,Kle52]). A topological group admits a left invariant
metric if and only if it is first countable.

Note that in our notation a topological group is assumed to be Hausdorff. See
the references in the theorem for explicit constructions of such left invariant metrics.

Theorem 6.2. The projection map ev1 induces the structure of a first countable
topological group on the topological space Homeo(M, ξ) with the contact topology.

Corollary 6.3. The space Homeo(M, ξ) equipped with the contact topology admits
a left invariant metric that generates its topology.

Proof of Theorem 6.2. By Theorem 3.5, the space T CDS(M,α) forms a topological
group with the contact topology induced by the contact metric dα. In particular, the
contact topology on T CDS(M,α) is first countable, and left and right translations
in T CDS(M,α) are continuous. As a consequence, the projection map ev1 is also
open. Indeed, let U be an open set in T CDS(M,α). Then

ev−1 (ev1(U)) =
⋃

(ΦH , H, h) ◦ U =
⋃

U ◦ (ΦH , H, h)

is open, where the unions are taken over all topological contact dynamical systems
(ΦH , H, h) with time-one map the identity. Therefore ev1(U) is open by the defini-
tion of the quotient topology. That makes Homeo(M, ξ) a topological group with
respect to the contact topology, and moreover, the projection of a first countable
neighborhood basis at an element (Φ, H, h) of T CDS(M,α) defines a first countable
neighborhood basis of the contact topology on Homeo(M, ξ) at φ1

H . �

In fact, the same proofs verify that the two topological groups of topological
Hamiltonian dynamical systems and of Hamiltonian homeomorphisms with the
Hamiltonian topologies [MO07,Mül08a,Mül08b] admit left invariant metrics.
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Theorem 6.4. The group of contact homeomorphisms with the contact topology is
path-connected and locally path-connected. Any two contact homeomorphisms can
be connected inside Homeo(M, ξ) by a topological contact isotopy.

Proof. To prove path-connectedness, it suffices to show every φ ∈ Homeo(M, ξ) can
be connected to the identity by a path � : [0, 1] → Homeo(M, ξ) that is continuous
with respect to the contact topology, and with �(0) = id and �(1) = φ. By definition,
there exists a topological contact dynamical system (ΦH , H, h) with time-one map
φ1
H = φ. Define �(s) = φs

H . By Lemma 5.3, this path factors through the group of
topological contact dynamical systems via the evaluation map ev1, and it suffices to
show that the function s �→ (ΦHs , Hs, hs) is continuous with respect to the contact
metric on T CDS(M,α).

Let ε > 0. It clearly suffices to show that d(ΦHr ,ΦHs) < 3ε, |hr − hs| < 3ε,
and ‖Hr −Hs‖ < 3ε, provided |r− s| is sufficiently small. There exists a sequence
(ΦHi

, Hi, hi) of smooth contact dynamical systems, such that d(ΦH ,ΦHi
) < ε,

|h− hi| < ε, and ‖H −Hi‖ < ε for i sufficiently large. Fix such an index i. Then

d(ΦHr ,ΦHs) ≤ d(ΦHr ,ΦHr
i
) + d(ΦHr

i
,ΦHs

i
) + d(ΦHs

i
,ΦHs)

≤ d(ΦH ,ΦHi
) + d(ΦHr

i
,ΦHs

i
) + d(ΦHi

,ΦH)

< d(ΦHr
i
,ΦHs

i
) + 2ε,

and similarly for the contact Hamiltonians and conformal factors. It only remains
to show that d(ΦHr

i
,ΦHs

i
) < ε, |hr

i − hs
i | < ε, and ‖Hr

i −Hs
i ‖ < ε, provided |r − s|

is sufficiently small, where the index i is fixed.
Since the maps (t, x) �→ φt

Hi
(x) and (t, x) �→ (φt

Hi
)−1(x) are continuous, the first

inequality is obvious. Moreover, hr
i (t, x) = hi(rt, x), and hi is continuous, so that

|hi(rt, x)− hi(st, x)| < ε, provided |r − s| is sufficiently small. The function Hi is
also Lipschitz continuous, so that there exists a constant C that satisfies

‖Hr
i −Hs

i ‖(1,∞) ≤ ‖Hr
i −Hs

i ‖∞ ≤ C|r − s| < ε,

provided |r − s| is sufficiently small. See Lemma 7.1 below for an explicit constant
C. That proves � is continuous with respect to the contact topology, and the proof
of path-connectedness is complete.

It suffices to prove local path-connectedness at the identity. If (ΦH , H, h) is
a topological contact dynamical system within ε-distance of (id, 0, 0), then so is
(ΦHs , Hs, hs) for every s ∈ [0, 1]. Thus the dα-metric balls of radius ε > 0 that are
centered at the identity (id, 0, 0) ∈ T CDS(M,α) define a basis of path-connected
neighborhoods. Their projections via the time-one evaluation map ev1 form a basis
of path-connected neighborhoods at the identity in Homeo(M, ξ). The proof of
local path-connectedness is now verbatim the same as for path-connectedness.

Note that the path � chosen above is in fact a topological contact isotopy.

By replacing H by Hζ , and Hi by Hζ
i , for a fixed reparameterization function

ζ : [0, 1] → [0, 1], with ζ = 0 near t = 0 and ζ = 1 near t = 1, any φ ∈ Homeo(M, ξ)
can be connected to the identity by a boundary flat topological contact isotopy.
The concatenation of two such topological contact isotopies is again a topological
contact isotopy, proving the final statement of the theorem. �

The subspace topology on the subset of topological strictly contact dynamical
systems T SCDS(M,α) ⊂ T CDS(M,α) is also called the contact topology, and this
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topology is induced by the restriction of the contact metric dα to T SCDS(M,α).
The time-one evaluation map

ev1 : T SCDS(M,α) → Homeo(M,α), (ΦH , H) �→ φ1
H

is by definition surjective, and induces a quotient topology on Homeo(M,α), which
is also called the contact topology. Again the evaluation map ev1 is a continuous
homomorphism, and the topological spaces T SCDS(M,α) and Homeo(M,α) admit
left invariant metrics. The proofs of the following statements are the same as in
the case of contact homeomorphisms.

Theorem 6.5. The projection map ev1 induces the structure of a first countable
topological group on the topological space Homeo(M,α) with the contact topology,
and Homeo(M,α) is a topological subgroup of Homeo(M, ξ).

Corollary 6.6. The space Homeo(M,α) equipped with the contact topology admits
a left invariant metric that generates its topology.

Theorem 6.7. The group Homeo(M,α) of strictly contact homeomorphisms with
the contact topology is path-connected and locally path-connected. Any two strictly
contact homeomorphisms can be connected inside Homeo(M,α) by a topological
strictly contact isotopy.

The proofs of the corresponding results in this section for continuous contact
and strictly contact dynamical systems are similar and thus omitted.

7. Reparameterization of contact isotopies

Suppose H : [0, 1] × M → R is a smooth Hamiltonian, generating the contact
isotopy ΦH = {φt

H}, a < b are real numbers, and ζ : [a, b] → [0, 1] is a smooth
function. The reparameterized isotopy

ΦHζ = {φt
Hζ}a≤t≤b = {φζ(t)

H }a≤t≤b

is generated by the Hamiltonian Hζ : [a, b]×M → R, defined by

Hζ(t, x) = ζ ′(t) ·H(ζ(t), x),(7.1)

where ζ ′ denotes the derivative of ζ. In particular, ΦHζ is a loop if and only if

ζ(b)− ζ(a) =

∫ b

a

ζ ′(t) dt = 0.

If ζ(a) = 0, ζ(b) = 1, and the function ζ is monotone, then the reparameterized
isotopy traverses the same path as the original isotopy at different speed, and we
refer to the function ζ as a reparameterization function. In the special case ζ(t) = st

for a real number s, we also writeHζ = Hs as in sections 5 and 6. Since φt
Hζ = φ

ζ(t)
H ,

the conformal factor hζ of the isotopy ΦHζ is given by hζ
t = hζ(t). This also follows

from a change of variables in equation (2.3). In particular, if ΦH is strictly contact,
then so is the reparameterized isotopy ΦHζ .

We state a series of useful lemmas. The proofs are straightforward and similar
to the Hamiltonian case in [MO07,Mül08a,Mül08b], and thus are omitted.

Lemma 7.1. Let H : [0, 1] × M → R be a smooth Hamiltonian function, and
ζ1, ζ2 : [0, 1] → [0, 1] be two smooth functions. Then

osc
(
Hζ1

t −Hζ2
t

)
≤ 2L · |ζ ′1(t)| · |ζ1(t)− ζ2(t)|+ |ζ ′1(t)− ζ ′2(t)| · osc

(
Hζ2(t)

)
,
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and ∣∣∣c(Hζ1
t −Hζ2

t

)∣∣∣ ≤ L · |ζ ′1(t)| · |ζ1(t)− ζ2(t)|+ |ζ ′1(t)− ζ ′2(t)| ·
∣∣c (Hζ2(t)

)∣∣ ,
for all 0 ≤ t ≤ 1, where L is a Lipschitz constant that depends only on H. If in
addition ζ1 is monotone, then∥∥Hζ1 −Hζ2

∥∥
(1,∞)

≤ 3L · max
0≤t≤1

|ζ1(t)− ζ2(t)|+ ‖H‖∞ ·
∫ 1

0

|ζ ′1(t)− ζ ′2(t)| dt.

An isotopy {φt}a≤t≤b is called boundary flat if it is constant near the two end
points, i.e. there exists a constant δ > 0 such that φt = φa for t−a < δ, and φt = φb

for b − t < δ. In terms of the Hamiltonian of a contact isotopy ΦH = {φt}, this is
equivalent to Ht = 0 for t− a < δ and b− t < δ.

Given a contact isotopy ΦH , and a reparameterization function ζ : [0, 1] → [0, 1]
so that ζ = 0 near t = 0 and ζ = 1 near t = 1, the reparameterized isotopy ΦHζ is
boundary flat. Choosing the function ζ appropriately proves the following lemma.

Lemma 7.2 (Approximation by boundary flat contact isotopies). Given a smooth
Hamiltonian H : [0, 1] × M → R, and ε > 0, there exists a reparameterization
function ζ : [0, 1] → [0, 1], such that Hζ is boundary flat, and

‖H −Hζ‖(1,∞) < ε,

max(‖H0‖, ‖H1‖) ≤ ‖H −Hζ‖∞ < max(‖H0‖, ‖H1‖) + ε, and

d(ΦH ,ΦHζ ) < ε, and |h− hζ | < ε,

where H0 = H(0, ·) and H1 = H(1, ·). Moreover, ‖Hζ‖(1,∞) = ‖H‖(1,∞) and

‖Hζ‖∞ < ‖H‖∞ + ε. In particular, the two end points φ
ζ(0)
H = φ0

H and φ
ζ(1)
H = φ1

H

coincide, and Hζ can be extended to a function on R×M that is 1-periodic in time.

For later reference, we consider the following reparameterization, which is useful
to concatenate boundary flat contact isotopies. Given a < b, and a Hamiltonian H
defined on [0, 1]×M , denote by ζa,b : [a, b] → [0, 1] the unique linear function with
ζ(a) = 0 and ζ(b) = 1, and by Ha,b the reparameterized Hamiltonian defined on
[a, b]×M . Of course, if ΦH is boundary flat, then so is its reparameterization. The
two norms satisfy ‖Ha,b‖(1,∞) = ‖H‖(1,∞) and

‖Ha,b‖∞ =
1

b− a
‖H‖∞.(7.2)

The main ingredient in the proof of Lemma 5.5 is the following result. Cf.
[Mül08a,Mül08b].

Lemma 7.3. Let H : [0, 1] × M → R be a smooth Hamiltonian generating the
contact isotopy ΦH = {φt

H} with (φt
H)∗α = ehtα, and let ε > 0. Then there exists a

smooth Hamiltonian F : [0, 1]×M → R, with (φt
F )

∗α = eftα, such that the isotopy
ΦF coincides with a reparameterization of the isotopy ΦH , and

(i) the end points of the isotopies coincide, i.e. φ0
F = φ0

H and φ1
F = φ1

H ,
(ii) the norms satisfy the inequalities ‖F‖(1,∞) ≤ ‖F‖∞ < ‖H‖(1,∞) + ε,
(iii) the distances of the two isotopies to their common left end point satisfy

d(ΦF , φ
0
F ) = d(ΦH , φ0

H), and
(iv) for the conformal factors, we have |f − f0| = |h − h0|. In particular, if H

is basic, then so is F .



TOPOLOGICAL CONTACT DYNAMICS II 5029

In (iii), φ0
F = φ0

H denotes the constant isotopy t �→ φ0
F = φ0

H , and f0 = h0 its
conformal factor in (iv).

Proof. For notational convenience, let σ = ε/2, and consider the reparameterized
Hamiltonian Hζ , where ζ is the inverse of the function

η : [0, 1] −→ [0, 1], t �−→
∫ t

0
(‖Hs‖+ σ)ds∫ 1

0
(‖Hs‖+ σ)ds

.(7.3)

Then ζ fixes 0 and 1, so that Φζ
H has the same end points as ΦH . By the chain

rule,

ζ ′(t) =

∫ 1

0
(‖Hs‖+ σ)ds

‖Hζ(t)‖+ σ
,

hence for every t,

‖Hζ
t ‖ = ζ ′(t) · ‖Hζ(t)‖ <

∫ 1

0

(‖Hs‖+ σ)ds = ‖H‖(1,∞) + σ.

Therefore

‖Hζ‖∞ < ‖H‖(1,∞) + σ.

The function ζ may only be C1- but not C∞-smooth. We approximate ζ in the
C1-topology by a smooth map ρ of [0, 1] that also fixes 0 and 1, to obtain a smooth
Hamiltonian F = Hρ, with ‖F‖∞ < ‖Hζ‖∞ + σ. Then F satisfies (i)-(iv). �

8. Proof of the Main Lemma

The Main Lemma and its proof are inspired by their Hamiltonian counterparts
in [Mül08a,Mül08b]. See these references for a detailed commentary on the proof.

Proof of Lemma 5.5. By definition, there exist smooth contact dynamical systems
(ΦHi

, Hi, hi), such that

d(ΦH ,ΦHi
) → 0, ‖H −Hi‖(1,∞) → 0, and |h− hi| → 0

as i → ∞. Write φi = φ1
Hi

and φ = φ1
H . We will modify the sequence (ΦHi

, Hi, hi)
in several steps. As per usual, a Hamiltonian will be denoted by an uppercase
Roman letter, and the conformal factor of the generated contact isotopy by the
corresponding lowercase letter. For brevity, we often suppress the dependence on
the time variable.

Let εi > 0 be a decreasing sequence of real numbers. Since φ : M → M is
uniformly continuous, there exists a sequence δi > 0, so that d(φ(x), φ(y)) < εi for
all x, y ∈ M with d(x, y) < δi. The function h on M is continuous as well, so by
making the positive numbers δi smaller if necessary, we may in addition assume
|h(t, x)− h(t, y)| < εi for all 0 ≤ t ≤ 1 and all x, y ∈ M with d(x, y) < δi. By again
making δi smaller if necessary, we may impose δi ≤ εi.

Step 1. For notational convenience, write (ΦH0
, H0, h0) = (id, 0, 0). Then define a

sequence Ki of smooth Hamiltonians by

Ki+1 =
(
eh

1
i · (Hi#Hi+1)

)
◦ φ−1

i =
(
eh

1
i−hi · ((Hi+1 −Hi) ◦ ΦHi

)
)
◦ φ−1

i

for i ≥ 0, generating the smooth contact isotopies

ΦKi+1
= φi ◦ Φ−1

Hi
◦ ΦHi+1
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from φi to φi+1 (see the remark in section 2), and with conformal factors given by

kti+1 =
(
h1
i − ht

i

)
◦
(
(φt

Hi
)−1 ◦ φt

Hi+1

)
+ ht

i+1.

Here φi again denotes either the diffeomorphism itself or the corresponding constant
isotopy. By passing to a convergent subsequence of the sequence (ΦHi

, Hi, hi) if
necessary, we may assume that for all i,

‖Ki+1‖(1,∞) < 3 · e|h1
i−hi| · ‖Hi+1 −Hi‖(1,∞) < εi+1,

d(ΦHi+1
,ΦHi

) < δi+1, d(φ, φi) < εi+1 and

|h− hi| < εi+1.

In the first line, we have used the straightforward inequalities | · | ≤ ‖ · ‖ < 3 | · |
from [MS12b] for time-independent functions on M , and that the sequence |h1

i −hi|
is bounded. Then

d(ΦKi+1
, φi) = d(ΦKi+1

, φi) + d(Φ−1
Ki+1

, φ−1
i )

≤ d(φi, φ) + d(φ ◦ Φ−1
Hi

◦ ΦHi+1
, φ) + d(φ, φi) + d(Φ−1

Hi+1
◦ ΦHi

, id)

= d(φi, φ) + d(φ ◦ Φ−1
Hi

, φ ◦ Φ−1
Hi+1

) + d(φ, φi) + d(Φ−1
Hi+1

,Φ−1
Hi

)

≤ 4εi+1.

Moreover, the conformal factors of the contact isotopy ΦKi+1
and of the contact

diffeomorphism φ0
Ki+1

= φi = φ1
Hi

differ by at most

|ki+1 − k0i+1| ≤ |h1
i − h1|+ |h1 ◦ ((ΦHi

)−1 ◦ ΦHi+1
)− h1|+ |h1 − h1

i |
+ |hi − h|+ |h− h ◦ ((ΦHi

)−1 ◦ ΦHi+1
)|+ |h− hi+1| < 6εi+1.

In the present situation, we choose εi =
1
3 · ( 12 )2i−1.

Step 2. Applying Lemma 7.3 to each function Ki yields a sequence of smooth
Hamiltonians Li, such that the end points of the contact isotopies coincide, that is,
φ0
Li

= φ0
Ki

= φi−1, φ
1
Li

= φ1
Ki

= φi, and moreover,

‖Li‖∞ < ‖Ki‖(1,∞) + εi < 2εi,

d(ΦLi
, φi−1) = d(ΦKi

, φi−1) ≤ 4εi, and

|li − l0i | = |ki − k0i | < 6εi.

Step 3. Using Lemma 7.2 to reparameterize the Hamiltonians Li, we obtain bound-
ary flat Hamiltonians Mi with the same end points φi−1 and φi, and

‖Mi‖∞ < ‖Li‖∞ + εi < 3εi.

Moreover, since the contact isotopy ΦMi
is a reparameterization of the isotopy ΦLi

,
we have

d(ΦMi
, φi−1) = d(ΦLi

, φi−1) ≤ 4εi, and(8.1)

|mi −m0
i | = |li − l0i | < 6εi.

For later reference, observe that for the conformal factors, m0
i = l0i = k0i = h1

i−1.
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Step 4. Let ti = 1 − ( 12 )
i for all i ≥ 1. In particular, 0 = t0 < t1 < t2 < . . . < 1.

Then define a sequence of smooth boundary flat reparameterizations

Ni = M
ti−1,ti
i : [ti−1, ti]×M → R

as in section 7. By equation (7.2), we have

‖Ni‖∞ =
1

ti − ti−1
· ‖Mi‖∞ = 2i · ‖Mi‖∞ < 3 · 2i · εi =

1

2i−1
.(8.2)

Step 5. Define a sequence of smooth contact dynamical systems (ΦFi
, Fi, fi) as

follows. Let ΦF1
= ΦN1

in the interval [t0, t1], and the constant isotopy ΦF1
= φ1

in the remaining interval [t1, 1]. Then for i > 1, define recursively

ΦFi
= ΦFi−1

in the interval [0, ti−1],

ΦFi
= ΦNi

in the interval [ti−1, ti], and

ΦFi
= φi in the interval [ti, 1].

The contact isotopies ΦFi
are obviously continuous. Due to the boundary flatness

of the functions Ni, they are in fact smooth. For i < j, the isotopies ΦFi
and ΦFj

agree everywhere except in the interval [ti, 1]. Since both isotopies are constant
in the interval [tj , 1], their maximum distance with respect to the C0-metric is
achieved in the interval [ti, tj ]. In that interval, ΦFi

is equal to the constant isotopy
φi, while ΦFj

at each time coincides with the contact isotopy ΦNk
from φk−1 to φk

for some i < k ≤ j. By equation (8.1),

d(ΦFi
,ΦFj

) = max
i<k≤j

d(φi,ΦNk
) ≤ max

i<k≤j
d(φi, φk−1)+ max

i<k≤j
d(φk−1,ΦNk

) < 6εi ≤
1

2i

for i > 1, and therefore d(ΦFi
,ΦFj

) → 0, as i, j → ∞.
For the sequence Fi of smooth Hamiltonians, we have F1 = N1 in the interval

[t0, t1], F1 = 0 in the interval [t1, 1], and for i > 1,

Fi = Fi−1 in the interval [0, ti−1],

Fi = Ni in the interval [ti−1, ti], and

Fi = 0 in the interval [ti, 1].

These Hamiltonians Fi are indeed smooth, due to boundary flatness of the functions
Ni. By the same argument as above, for i < j,

‖Fi − Fj‖∞ = max
i<k≤j

‖Nk‖∞ <
1

2i

by equation (8.2), and thus ‖Fi − Fj‖∞ → 0, as i, j → ∞.
Since the isotopies ΦFi

and ΦFj
agree everywhere except in the interval [ti, 1],

and are both constant in the interval [tj , 1], the difference of their conformal factors
also attains its maximum in the interval [ti, tj ]. In fact,

|fi − fj | ≤ max
i<k≤j

|m1
i −mk|

≤ max
i<k≤j

|m0
i+1 −m0

k|+ max
i<k≤j

|m0
k −mk|

= max
i<k≤j

|h1
i − h1

k−1|+ max
i<k≤j

|m0
k −mk|

< 8εi <
1

2i

for i > 2.
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This proves that the sequence (ΦFi
, Fi, fi) is Cauchy with respect to the L∞-

contact metric, and the limit (ΦF , F, f) is a continuous contact dynamical system.
The time-one map is φ1

F = limi φ
1
Hi

= φ1
H . By construction, the isotopy (ΦF , F, f)

is smooth except possibly at time t = 1.
To prove the inequalities in equation (5.3), in the above construction replace

the Hamiltonian Fi0 by a boundary flattening H ′
i0

of the Hamiltonian Hi0 for a
sufficiently large fixed index i0, so that

d(ΦH′
i0
,ΦHi0

) <
ε

3
, |h′

i0 − hi0 | <
ε

3
, and ‖H ′

i0 −Hi0‖(1,∞) <
ε

3
.

Then

d(ΦH ,ΦF ) ≤ d(ΦH ,ΦHi0
) + d(ΦHi0

,ΦH′
i0
) + d(ΦH′

i0
,ΦF ) ≤

ε

3
+

ε

3
+

∞∑
i=i0

1

2i
< ε,

provided i0 = i0(ε) is chosen sufficiently large, and similarly for the other estimates
in equation (5.3). For the other inequalities (5.4), instead define H ′

i0
by applying

Lemma 7.3 to the above isotopy ΦHi0
.

�

Proof of Lemma 5.9. The proof is verbatim the same as the one of Lemma 5.5.
Since all conformal factors in the construction are zero, the resulting smooth contact
dynamical systems (ΦFi

, Fi, 0) are strictly contact. �

9. The energy-capacity inequality and a bi-invariant metric

In this section we show how the energy-capacity inequality from [MS12b] gives
rise to a bi-invariant metric on the group of strictly contact homeomorphisms. This
metric is similar to the Hofer metric on the groups of Hamiltonian diffeomorphisms
[Hof90,LM95] and Hamiltonian homeomorphisms [Oh10,Mül08a,Mül08b], and the
bi-invariant metric on the group of strictly contact diffeomorphisms [BD06,MS12b].

Definition 9.1 (Contact energy). The contact energy E(φ) of a strictly contact
homeomorphism φ ∈ Homeo(M,α) is by definition the non-negative number

E(φ) = inf
H �→φ

‖H‖,(9.1)

where the infimum is taken over all topological strictly contact dynamical systems
(Φ, H) with time-one map φ1

H = φ.

As in the case of the contact energy of strictly contact diffeomorphisms studied
in [BD06,MS12b], symmetry and conjugation invariance of the contact energy, as
well as the triangle inequality, follow from the group identities and transformation
law for topological strictly contact dynamical systems.

Proposition 9.2. The contact energy E(φ) satisfies the following properties. For
φ and ψ ∈ Homeo(M,α), and ϕ ∈ Diff(M,α), we have

(symmetry) E(φ−1) = E(φ),

(conjugation invariance) E(ϕ ◦ φ ◦ ϕ−1) = E(φ), and

(triangle inequality) E(φ ◦ ψ) ≤ E(φ) + E(ψ).

In particular, E(φ−1 ◦ ψ) = E(ψ−1 ◦ φ) by symmetry, and E(φ ◦ ψ) = E(ψ ◦ φ) by
conjugation invariance.
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For the proof of non-degeneracy, recall the following key result from [MS12b].

Theorem 9.3 (Energy-capacity inequality [MS12b]). Suppose the time-one map
φ1
H ∈ Diff0(M, ξ) of a smooth Hamiltonian H : [0, 1]×M → R displaces a compact

subset K ⊂ M with non-empty interior. Then there exists a constant C > 0 that
depends only on K and α, but is independent of the contact isotopy {φt

H}, its
conformal factor h : [0, 1]×M → R given by (φt

H)∗α = ehtα, and the Hamiltonian
H, such that

‖H‖ ≥ Ce−|h| > 0.

In particular, if φ ∈ Diff0(M,α), then ‖H‖ > C > 0 for every basic function H
that generates the time-one map φ1

H = φ.

Corollary 9.4 (Energy-capacity inequality). Suppose φ1
H ∈ Homeo(M, ξ) is the

time-one map of a topological Hamiltonian H : [0, 1] × M → R, and displaces a
compact subset K ⊂ M with non-empty interior. Then

‖H‖ ≥ Ce−|h| > 0,

where the constant C = C(K,α) > 0 is the same as the one in Theorem 9.3. In
particular, this constant is independent of the topological Hamiltonian H, and of the
topological contact isotopy {φt

H} and topological conformal factor h : [0, 1]×M → R

corresponding to H. If φ ∈ Homeo(M,α), then ‖H‖ > C > 0 for every topological
Hamiltonian H of a topological strictly contact isotopy with time-one map φ1

H = φ.

Proof. By definition, there exist smooth contact dynamical systems (ΦHi
, Hi, hi)

that converge with respect to the contact metric dα to the topological contact
dynamical system (ΦH , H, h). Let ε > 0. By compactness of K, the time-one map
φ1
Hi

displaces K for i sufficiently large, and by Theorem 9.3,

‖H‖ > ‖Hi‖ − ε ≥ Ce−|hi| − ε > Ce−|h|−ε − ε,

for i sufficiently large. Since ε was arbitrary, the claim follows. �
Corollary 9.5 (Non-degeneracy of contact energy). The contact energy E(φ) of a
strictly contact homeomorphism φ vanishes if and only if φ = id.

Corollary 9.6 (Banyaga-Donato metric). The function

Homeo(M,α)×Homeo(M,α) → R, (φ, ψ) �→ E(φ−1 ◦ ψ)
defines a bi-invariant metric on the group of strictly contact homeomorphisms.

Again it is possible to replace topological strictly contact dynamical systems
by continuous strictly contact dynamical systems in all of the constructions and
statements above. Denote by E(1,∞)(φ) = inf ‖H‖(1,∞) and E∞(φ) = inf ‖H‖∞
the a priori different contact energies that arise by taking the infimum in (9.1)
over topological strictly contact dynamical systems and continuous strictly contact
dynamical systems, respectively.

Theorem 9.7 (Coarse equals fine contact energy). The equality E(1,∞)(φ) =
E∞(φ) holds for every φ ∈ Homeo(M,α).

Proof. The inequality E(1,∞)(φ) ≤ E∞(φ) follows from the definitions, while the
reverse inequality E(1,∞)(φ) ≥ E∞(φ) is a consequence of Lemma 5.9. �

In fact, the same argument proves that their smooth counterparts E(1,∞) and
E∞ on the group of strictly contact diffeomorphisms [BD06,MS12b], defined as the
infimums over all smooth strictly contact dynamical systems, coincide as well.
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10. Non-smooth contact homeomorphisms

In [MO07,BS12], the authors construct Hamiltonian and strictly contact home-
omorphisms that are not Lipschitz continuous, and thus not C1-smooth, on any
symplectic manifold and any regular contact manifold. In this section we general-
ize these examples to contact homeomorphisms that are not Lipschitz continuous.
The topological contact dynamical system of the standard R

2n+1 constructed below
is compactly supported, and by Darboux’s theorem, can be considered as a topo-
logical contact dynamical system of any given contact form on an arbitrary contact
manifold.

The homeomorphisms referenced in the preceding paragraph arise as rotations
of a small ball in R

2n and their lifts to the total space of a prequantization bundle.
The construction in this section is much more involved, due to the fact that a
non-trivial contact isotopy that induces a rotation of a ball in R

2n in the splitting
R

2n × R = R
2n+1 is not compactly supported, and unless the contact form is

regular, a locally defined basic Hamiltonian can in general not be extended to a
basic function on the entire manifold. We begin our discussion with an example of a
compactly supported smooth contact dynamical system of R2n+1 with its standard
contact form.

Example 10.1. Denote by (r1, . . . , rn, θ1, . . . , θn, z) polar coordinates on R
2n+1,

where ri ≥ 0 and 0 ≤ θi < 2π, and where xi = ri cos θi and yi = ri sin θi are
rectangular coordinates on R

2n. Let ξ = kerα be the contact structure defined by
the contact form

α = dz +
1

2

n∑
i=1

(xi dyi − yi dxi) = dz +
1

2

n∑
i=1

r2i dθi,

which is diffeomorphic to the standard contact form dz −
∑n

i=1 yi dxi. Because
dα =

∑n
i=1 ri dri ∧ dθi, the contact vector field XH associated to a smooth time-

dependent Hamiltonian H : [0, 1]× R
2n+1 → R is in polar coordinates given by

XH =

n∑
i=1

(
1

2
ri
∂Ht

∂z
− 1

ri

∂Ht

∂θi

)
∂

∂ri
+

n∑
i=1

(
1

ri

∂Ht

∂ri

)
∂

∂θi
+

(
H − 1

2

n∑
i=1

ri
∂Ht

∂ri

)
∂

∂z
,

provided ri > 0 for i = 1, . . . , n.
Let ρ : [0, 1] → R be a smooth function that is identically zero near r = 1, and

η : R → [0, 1] be a compactly supported smooth function with η(z) = 1 near z = 0.
Define a compactly supported autonomous smooth Hamiltonian H : R2n+1 → R by

H(r1, . . . , rn, θ1, . . . , θn, z) = η(z)

∫ 1

r

sρ(s)ds,(10.1)

where r =
√
r21 + . . .+ r2n; cf. [MO07,Mül08a, BS10, BS12]. The contact vector

field corresponding to this Hamiltonian function is XH = YH − ZH , where

YH =
1

2
η′(z)

(∫ 1

r

sρ(s)ds

) n∑
i=1

ri
∂

∂ri
+ η(z)

(
1

2
r2ρ(r) +

∫ 1

r

sρ(s)ds

)
∂

∂z

and

ZH = η(z)ρ(r)

n∑
i=1

∂

∂θi
.
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Denote by {φt
Y } the smooth isotopy generated by the smooth vector field YH . Then

(φt
Y )∗(

∂
∂θi

) = ∂
∂θi

for i = 1, . . . , n, and we can express

XH = YH +
(
φt
Y

)
∗

((
φt
Y

)−1

∗ (−ZH)
)

= YH +
(
φt
Y

)
∗

(
−η

(
z ◦

(
φt
Y

)−1
)
ρ
(
r ◦

(
φt
Y

)−1
) n∑

i=1

∂

∂θi

)
,

where the maps r and z : R2n+1 → R are defined by r(r1, . . . , rn, θ1, . . . , θn, z) =√
r21 + . . .+ r2n and z(r1, . . . , rn, θ1, . . . , θn, z) = z. Write {φt

Y Z} for the smooth
isotopy generated by the vector field (φt

Y )
−1
∗ (−ZH). The smooth contact isotopy

generated by the smooth Hamiltonian H = Hρ is equal to the composition {φt
H} =

{φt
Y ◦ φt

Y Z}. Given the function ρ one can choose the function η so that

η

(
z ±

(
1

2
r2ρ(r) +

∫ 1

r

sρ(s)ds

))
= 1(10.2)

for z near zero and for all r. Conversely, given η one can choose the function ρ
so that (10.2) holds. For later reference, we denote by u = u(ρ, η) > 0 the largest
number such that (10.2) holds for all z ∈ R with |z| ≤ u and for all r ≥ 0, and by
U = R

2n× [−u, u] ⊂ R
2n+1 the corresponding neighborhood of the origin in R

2n+1.
Then on the subset U ⊂ R

2n+1, the isotopy is given by

φt
H(r1, . . . , rn, θ1, . . . , θn, z)(10.3)

=

(
r1, . . . , rn, θ1 − tρ(r), . . . , θn − tρ(r), z + t

(
1

2
r2ρ(r) +

∫ 1

r

sρ(s)ds

))
,

and its inverse is (φt
Hρ

)−1 = φt
H−ρ

. Denote as usual by h : [0, 1] × R
2n+1 → R the

conformal factor of the isotopy {φt
H} determined by the identity (φt

H)∗α = ehtα.
By equation (2.3),

ht =

∫ t

0

∂H

∂z
◦ φs

H ds =

∫ t

0

(
η′(z)

∫ 1

r

vρ(v)dv

)
◦ φs

H ds,(10.4)

and the restriction of ht to (φs
H)−1(U) ⊂ R

2n+1 vanishes for all 0 ≤ s ≤ 1.

For the remainder of this section, let ρ : (0, 1] → R be a smooth function that is
identically zero near r = 1, and near r = 0 coincides with the function r �→ r−a,
where 0 < a < 2. Note that in contrast to the situation considered in the preceding
example, this function ρ does not extend smoothly or even continuously to the
closed interval [0, 1]. Given a cut-off function η as in the example, we can choose
ρ so that (10.2) holds for a constant u = u(ρ, η) > 0, and vice versa. In order
to simplify the subsequent arguments, we assume without loss of generality that
ρ ≥ 0. Choose a sequence of smooth functions ρj : [0, 1] → R indexed by the positive
integers, such that ρj(r) = ρ(r) for r ≥ εj , and 0 ≤ ρj(r) ≤ ρk(r) ≤ ρ(r), provided
k ≥ j, where εj is a decreasing sequence of positive numbers that converges to zero
as j → ∞. Let Hj = Hρj

be the corresponding sequence of compactly supported

autonomous smooth Hamiltonians on R
2n+1 defined as in equation (10.1).

Lemma 10.2. The Hamiltonians Hj converge uniformly to a compactly supported
autonomous continuous function H on R

2n+1.
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Proof. Define a continuous function H by (10.1) for r > 0, and by

η(z)

∫ 1

0+
sρ(s)ds = η(z) lim

r→0+

∫ 1

r

sρ(s)ds < ∞(10.5)

for r = 0. Then

|H −Hj | ≤ |η|
∫ εj

0+
s (ρ(s)− ρj(s)) ds ≤ |η|

∫ εj

0+
sρ(s)ds −→ 0

as j → ∞. �

Denote by Yj = YHj
and Zj = ZHj

the vector fields defined in Example 10.1, so

that the smooth contact isotopy {φt
Hj

} of R2n+1 is again given by the composition

{φt
Hj

} = {φt
Yj

◦ φt
YjZj

} corresponding to the decomposition

XHj
= Yj +

(
φt
Yj

)
∗

((
φt
Yj

)−1

∗
(−Zj)

)
.

Lemma 10.3. The smooth vector fields Yj converge to a continuous vector field Y
uniformly on R

2n+1. In fact, Y = Yj = Yk, provided r ≥ εj and k ≥ j. In partic-
ular, the isotopies {φt

Yj
} converge uniformly to a compactly supported continuous

isotopy, denoted by {φt
Y }, where φt

Y : R2n+1 → R
2n+1 is a continuous map for each

time t.

Proof. By construction, Yj = Yk, provided r ≥ εj and k ≥ j. If k ≥ j, then

|Yj−Yk| ≤
1

2
|η′|

(∫ εj

0+
sρ(s)ds

)√
n εj+|η|

(
1

2
r2ρ(r)

∣∣
0<r≤εj

+

∫ εj

0+
sρ(s)ds

)
−→ 0

as j → ∞, uniformly on R
2n+1. �

Lemma 10.4. Let

b =
1

2
|η′|

(∫ 1

0+
sρ(s)ds

)
> 0.

Then

e−b · r ≤
(
r ◦ φt

Yj

)
(r1, . . . , rn, θ1, . . . , θn, z) ≤ eb · r

for all j, all 0 ≤ t ≤ 1, and all (r1, . . . , rn, θ1, . . . , θn, z) with r =
√
r21 + . . .+ r2n.

It is crucial to note that the constant b is independent of j, t ∈ [0, 1], and r ≥ 0.

Proof. The radial components rj,i, i = 1, . . . , n, of the flow of the vector field Yj

are solutions to the ordinary differential equations

ṙj,i(t) =
1

2
η′(zj(t))

(∫ 1

rj(t)

sρj(s)ds

)
rj,i(t),

where rj =
√
r2j,1 + . . .+ r2j,n, and zj(t) is the component of the flow of Yj in the

z-direction, defined as the solution to the ordinary differential equation

żj(t) = η(zj(t))

(
1

2
r2j (t)ρ(rj(t)) +

∫ 1

rj(t)

sρ(s)ds

)
.
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In particular, rj,i(t) is constant if the initial condition zj(0) is sufficiently close to
zero. Moreover,

ṙj,i(t) ≤
1

2
|η′|

(∫ 1

0+
sρ(s)ds

)
rj,i(t) = b · rj,i(t),

and similarly −b · rj,i(t) ≤ ṙj,i(t), and therefore e−btrj,i(0) ≤ rj,i(t) ≤ ebtrj,i(0) for
all 0 ≤ t ≤ 1. Hence

e−bt · rj(0) ≤ rj(t) ≤ ebt · rj(0)
for all j and all times 0 ≤ t ≤ 1. �

Lemma 10.5. The smooth isotopies {φt
YjZj

} converge uniformly to a compactly

supported continuous isotopy, denoted by {φt
Y Z}, where φt

Y Z : R2n+1 → R
2n+1 is a

continuous map for each time t. In fact,

(φt
Yj
)−1
∗ (−Zj) = (φt

Yk
)−1
∗ (−Zk), and {φt

Y Z} = {φt
YjZj

} = {φt
YkZk

},

provided r ≥ ebεj and k ≥ j, where b > 0 is the same constant as in Lemma 10.4.

Proof. Lemma 10.4 implies

e−b · r ≤
(
r ◦ (φt

Yj
)−1

)
(r1, . . . , rn, θ1, . . . , θn, z) ≤ eb · r

for all j, all 0 ≤ t ≤ 1, and all (r1, . . . , rn, θ1, . . . , θn, z) with r =
√
r21 + . . .+ r2n.

Then by Lemma 10.3, (φt
Yj
)−1
∗ (−Zj) = (φt

Yk
)−1
∗ (−Zk) for r ≥ ebεj and all k ≥ j.

Since r ◦ φt
YjZj

is independent of t, it follows that φt
YjZj

= φt
YkZk

for r ≥ ebεj and

k ≥ j, and thus d(φt
YjZj

, φt
YkZk

) ≤ max{2r | r ≤ ebεj} = 2ebεj → 0 as j → ∞. �

Corollary 10.6. The smooth contact isotopies {φt
Hj

} = {φt
Yj

◦ φt
YjZj

} converge

uniformly to a continuous isotopy {φt} = {φt
ρ} of maps with compact support, and

φt : R
2n+1 → R

2n+1 is continuous for each time t. In fact, φt = φt
Hj

for r ≥ ebεj .

Lemma 10.7. For each time t, the map φt : R
2n+1 → R

2n+1 is a homeomorphism.

Proof. Since φt is compactly supported, it suffices to prove that it is injective as
well as surjective. Continuity of the inverse then follows from a standard argument
in point set topology. By Lemma 10.4, the subset

A =
{
(r1, . . . , rn, θ1, . . . , θn, z) ∈ R

2n+1 | r > 0
}
⊂ R

2n+1

and its complement B in R
2n+1 are invariant under the isotopy {φt}. It follows

again from Lemma 10.4 and from the last part of Corollary 10.6 that φt is injective
and surjective on A. On the other hand, the smooth vector fields

η(z)

(∫ 1

0

sρj(s)ds

)
∂

∂z
−→ η(z)

(∫ 1

0+
sρ(s)ds

)
∂

∂z

uniformly as j → ∞. The limit is a smooth vector field, and the restriction of the
isotopy {φt} to the subspace B ⊂ R

2n+1 is determined by the smooth map R → R

that it generates. This map is injective and surjective. �

Abbreviate the constants u(ρj , η) > 0 by uj , and again write u = u(ρ, η) for the
positive number defined by (10.2). Let Uj = R

2n× [−uj , uj ] and U = R
2n× [−u, u]

denote the corresponding neighborhoods of the origin in R
2n+1.
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Lemma 10.8. If k ≥ j, then 0 < u ≤ uj ≤ uk, and therefore Uj ⊃ Uk ⊃ U defines
a nested sequence of neighborhoods of the origin. In particular,

φt(r1, . . . , rn, θ1, . . . , θn, z)(10.6)

=

(
r1, . . . , rn, θ1 − tρ(r), . . . , θn − tρ(r), z + t

(
1

2
r2ρ(r) +

∫ 1

r

sρ(s)ds

))
on U ⊂ R

2n+1. When restricted to U , the inverse is (φt
ρ)

−1 = φt
−ρ.

Proof. The lemma follows at once from the hypothesis 0 ≤ ρj ≤ ρk ≤ ρ. �

Lemma 10.9. The conformal factors hj on [0, 1]×R
2n+1 given by (φt

Hj
)∗α = eh

t
jα

converge uniformly to the continuous function h : [0, 1]× R
2n+1 → R defined by

ht =

∫ t

0

(
η′(z)

∫ 1

r

vρ(v)dv

)
◦ φs ds,

where the second integral is to be interpreted as in equation (10.5) at r = 0. The
restriction of ht to φ−1

s (U) is zero for all 0 ≤ s ≤ 1.

Proof. This follows from the identity (10.4), Corollary 10.6, the construction of the
sequence ρj , and the previous lemma. �

Write ΦH = {φt}. By the following corollary, this notation is unambiguous.

Corollary 10.10. The triple (ΦH , H, h) is a continuous contact dynamical system,
and therefore also a topological contact dynamical system. In particular, its time-
one map φ is a contact homeomorphism.

Lemma 10.11. The time-one map φ of the continuous isotopy {φt} is not Lipschitz
continuous, and in particular, not C1-smooth.

Proof. Since ρ(r) = r−a near r = 0, for any constant 0 < δ < a, one can find two
sequences sk > s′k > 0 that necessarily converge to zero, such that ρ(sk) = 0 and

ρ(s′k) = π modulo 2π, and sk−s′k < s1+δ
k . By identity (10.3) and by Corollary 10.6,

near the origin

φ(r1, . . . , rn, θ1, . . . , θn, z)(10.7)

=

(
r1, . . . , rn, θ1 − ρ(r), . . . , θn − ρ(r), z +

1

2
r2ρ(r) +

∫ 1

r

sρ(s)ds

)
.

Then
|φ(sk, 0, . . . , 0)− φ(s′k, 0, . . . , 0)|
|(sk, 0, . . . , 0)− (s′k, 0, . . . , 0)|

>
sk + s′k
sk − s′k

>
1

sδk
−→ +∞

as k → ∞. This shows that φ cannot be Lipschitz continuous. �

Using the above contact homeomorphism φ, one can construct smooth contact
vector fields XH and XF that are topologically conjugate, but not conjugate by a
C1-diffeomorphism that preserves the contact structure. Cf. section 11 in [MS12a].
Again both H and F are compactly supported inside a Darboux chart, so it suffices
to present such examples on standard R

2n+1.
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Example 10.12. Let φ = φρ be a contact homeomorphism as in Lemma 10.11,
and let U ⊂ R

2n+1 denote the neighborhood of the origin defined by (10.2). Let
F : R2n+1 → R be an autonomous smooth Hamiltonian that vanishes outside the
set U and in a neighborhood of the origin is given by the map

F (r1, . . . , rn, θ1, . . . , θn, z) = e−f(r1,θ1)

if r1 > 0, and zero otherwise, where the smooth map

f(r, θ) =
4

r2(1 + 15 cos2 θ)

is the composition of the map r �→ 1
r2 with the area-preserving change of coordinates

(x, y) �→ (2x, y
2 ). Define H : R2n+1 → R by H = F ◦ φ = e−h(F ◦ φ), since the

topological conformal factor h of φ vanishes on φ−1(U) by Lemma 10.9. Then by
the exponential decay as r → 0+,

H(r1, . . . , rn, θ1, . . . , θn, z) = e−f(r1,θ1−ρ(r))

is a smooth map on R
2n+1, where again r =

√
r21 + . . .+ r2n. Therefore ΦH and ΦF

are smooth contact isotopies, and by Theorem 4.2, we have {φt
H} = {φ−1 ◦φt

F ◦φ}.

Lemma 10.13. If 0 < a < 1, then there is no contact C1-diffeomorphism ψ such
that the identity {φt

H} = {ψ−1 ◦ φt
F ◦ ψ} holds.

Proof. Arguing by contradiction, suppose {φt
H} = {ψ−1 ◦ φt

F ◦ ψ} for a contact
C1-diffeomorphism ψ. Then by Lemma 2.2, H = e−g(F ◦ ψ) for the continuous
function g on R

2n+1 that is defined by ψ∗α = egα, and as a consequence,

F = e−g◦φ−1 (
F ◦

(
ψ ◦ φ−1

))
(10.8)

on R
2n+1. We may assume that the only isolated zero of the function F on R

2n+1

is at the origin. Then ψ ◦ φ−1 must fix the origin, and equation (10.8) implies that
in a neighborhood of the origin,

f − f ◦
(
ψ ◦ φ−1

)
= g ◦ φ−1.

The level sets {f = c} are of the form E ×R
2n−1 for concentric ellipses E centered

at the origin of the plane that is parameterized by the polar coordinates (r1, θ1).
By continuity of g, the restriction of the function g to φ−1(U) is bounded. Thus if
r1 > 0 is sufficiently small, then the point ψ ◦ φ−1(r1, π, 0) lies on the same level
set as the point ( 23r1, π, 0), or farther away from the origin. Here we write 0 for the

origin in the second factor of the above splitting R
2n+1 = R

2×R
2n−1. Similarly, the

point ψ ◦ φ−1(r′1,
π
2 , 0) lies on the same level set as the point ( 43r

′
1,

π
2 , 0), or closer

to the origin, provided r′1 > 0 is sufficiently small. For r1, r
′
1 > 0, the distance

between the two concentric ellipses containing the two points (r1, π) and (r′1,
π
2 ) is

|r1 − 1
4r

′
1|. Thus if r1 > r′1 > 0 are sufficiently small, then∣∣∣ψ ◦ φ−1(r1, π, 0)− ψ ◦ φ−1(r′1,

π

2
, 0)

∣∣∣ ≥ 2

3
r1 −

1

4
· 4
3
r′1 >

1

3
r1 > 0.

For any constant 0 < δ < a ≤ 1 − δ, one can choose two sequences sk > s′k > 0
converging to zero, such that ρ(sk) = π and ρ(s′k) =

3π
2 modulo 2π, and such that



5040 S. MÜLLER AND P. SPAETH

sk − s′k < s1+δ
k . Since ρ(r) = r−a for r sufficiently small,∣∣∣φ−1(sk, π, 0)− φ−1(s′k,

π

2
, 0)

∣∣∣ ≤ (sk − s′k) +
1

2

(
s2kρ(sk)− (s′k)

2ρ(s′k)
)
+

∫ sk

s′k

sρ(s) ds

< (sk − s′k) +
1

2
s2−a
k + s2−a

k

<
5

2
s1+δ
k .

Denote by L the Lipschitz constant of the map ψ. Then

L ≥
∣∣ψ (

φ−1(sk, π, 0)
)
− ψ

(
φ−1(s′k,

π
2 , 0)

)∣∣∣∣φ−1(sk, π, 0)− φ−1(s′k,
π
2 , 0)

∣∣ >
1
3sk

5
2s

1+δ
k

>
2

15
· 1

sδk
−→ +∞

as k → ∞. This contradiction proves that the C1-diffeomorphism ψ cannot exist.
�
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