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WIGNER-VON NEUMANN TYPE PERTURBATIONS
OF PERIODIC SCHRODINGER OPERATORS

MILIVOJE LUKIC AND DARREN C. ONG

ABSTRACT. We study decaying oscillatory perturbations of periodic
Schrédinger operators on the half line. More precisely, the perturbations we
consider satisfy a generalized bounded variation condition at infinity and an
LP decay condition. We show that the absolutely continuous spectrum is pre-
served, and give bounds on the Hausdorff dimension of the singular part of the
resulting perturbed measure. Under additional assumptions, we instead show
that the singular part embedded in the essential spectrum is contained in an
explicit countable set. Finally, we demonstrate that this explicit countable set
is optimal. That is, for every point in this set there is an open and dense class
of periodic Schrodinger operators for which an appropriate perturbation will
result in the spectrum having an embedded eigenvalue at that point.

INTRODUCTION

We consider real solutions u of a Schrédinger equation
(1) Hu :=—u" + (V(z) + Vo(z))u = Eu,

where Vy(x) is 1-periodic and V(z) is a decaying and oscillatory perturbation.
Given a choice of boundary condition § € [0, 7), our operator H has domain

D(H) ={u € L*(0,00)|u,u’ € ACipe, —u"" 4+ (V 4+ Vo)u € L?,
u'(0) sin(0) = u(0) cos(6)}.
The operator H is self-adjoint, has 0 as a regular point and is limit point at 4oco.

For z € C with Imz > 0, there is a nontrivial solution of -u” + (V 4+ Vp)u, = zu,
which is L? near +o00. We then define the m-function corresponding to H,

(2) = u’,(0) cos(6) + u,(0) sin(d)
u(0) cos(f) — u’,(0) sin(6)’

and the canonical spectral measure,

1
dp = —w-li j€)dx.
p=_wlim m(x + ie)dx

We give V' as

(2) Via) =3 ce oy (a),
=1
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where the ¢, ¢, are chosen so V(x) is real, and so that it obeys the conditions
of Theorem 1.1 of [Luk12]. That is:

(i) The 7;(x) are functions of a uniformly bounded variation in I; in other words,

(3) sup Var (v, (0,00)) < oc.
(ii) For some p € Z, p > 2,
(4) Slllp/o |y (2)|Pdx < oo.

1
(iii) For some a € (07 m),

(5) D et < o
=1

We refer to these decaying oscillatory perturbations as Wigner-von Neumann type
perturbations based on the Wigner von Neumann potential function on (0, c0):
sin(2x
V(z) = —8L +0(z7?), 2 — oo.

x
Historically, this potential was interesting because the corresponding Schrodinger
operator had the unexpected property that there is an eigenvalue at +1 embedded
in the absolutely continuous spectrum.

Let us first discuss solutions of the unperturbed Schrédinger equation

(6) Hyp := —¢" 4+ Vo(x)p = Eo,

where ¢ is the Floquet solution. We express ¢ as p(x)e’*®, where k is the quasi-
momentum. We also write w(z) = Arg p(z). When we wish to emphasize the
dependence of k on F, we will write kg. It is known that the essential spectrum of
a periodic Schrédinger operator consists of a union of absolutely continuous closed
intervals (often referred to as “bands”). Any two of those bands can intersect at
most at a point. Additionally, by Weyl’s theorem, oess(H) = 0css(Hp).

Let us define the set S so that

S = {F € Int(0ess(H))|not all solutions of () are bounded}.

Due to standard results in spectral theory ([GP87], [Beh91], [Sto92]), we know that
u is mutually absolutely continuous with Lebesgue measure on Int(oess(H)) \ S.

Our theorem for the finite frequency case (i.e. all but finitely many of the ¢;’s
are zero) is given as

Theorem 1. Considering V' chosen so that [2)) is a finite sum,

(7)
S C {Eélnt(aess(H))

p—1
+2kpe U A+ ...+ A mod 27 (sum of l A’s mod27r)},
I=1

where A is the set of all ¢;’s. This implies that each band of o.ss(H) has at most
finitely many embedded pure points, that H has no singular continuous spectrum,
and that the absolutely continuous spectrum of H is equal to oess(H).
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Conversely, we can also say

Theorem 2. Fiz p and the size of A = {¢;}. For any choice of A away from an
algebraic set of codimension 1, if we fix an energy E and a quasimomentum kg in
the RHS of (), among all the Vo € L}, ((0,1)) for which kg corresponds to E,
there is an open and dense set of Vi such that there is a choice of V' for which the

spectrum of H has an embedded pure point at E.
Our theorem for the infinite frequency case is as follows.

Theorem 3. Let the potential V be given by [@)). Assume that for some a €
(0,1/(p — 1)), Yopeylck|® < oo. Then the Hausdorff dimension of S is at most
(p—1)a. Moreover, onInt(oess(H))\S, the spectral measure p is mutually absolutely
continuous with Lebesgue measure, so the absolutely continuous spectrum of H is
equal to oess(H).

These results are an extension of [Luk13] and [Luk12], which study the case when
our Vp is identically zero. We may also see these results as extensions of [KNO7],
which addresses the problem in L? for a less general V, using different methods.

The next three sections will explain the proofs of Theorems [Il and Bl In the
last section we will discuss a converse problem, that is, the existence of embedded
eigenvalues in the case where () is a finite sum. This section will culminate in a
proof of Theorem

1. PRELIMINARY LEMMAS

We wish to control solutions of the perturbed Schrédinger operator () by com-
paring them to solutions of the unperturbed operator (@), so we will use modified
Priifer variables which were defined in [KRS99] for this purpose.

We first fix E and fix a ¢. We will need to choose ¢ so that it is linearly
independent of : this is possible since we restrict our attention to E in the interior
of 0ess. We define p(x) € C as in (21) of [KRS99):

(32) oo (28]

We also define

(8) R(z) =|p(@)l,
(9) n(x) =Arg(p(x)),
(10) 0(z) =kz + w(z) + n(z).

We choose 1 so that (0) € (=, ] and n continuous. Our Priifer variables are
going to be R and 7.

Let w be the Wronskian of ¢, . Note that the Wronskian is real, nonzero and
independent of z. By Theorem 2.3 of [KRS99] we have that

which we then rewrite as

_n/(x) + i[ln(R(x))]’ _ Mv(x)(l _ 6—2i(km+w(w)+n(m))).
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In particular, we can write

(11)

[h’l R(l’)y —Im (|(p(x)| V(x)Gszm+21w(m)+2zn(m)) ,
w
/ _ lp(z) |2 . 1 2ika+2iww(x)+2in(x) —2ikx—2iww(x)—2in(z)
(12) n'(z) = " V(x) 1+2<e +e ) .

Note that our choice of V(z) given in ([2]) means that [In(R(z))]’ can be written as
a sum of terms which are products of periodic and decaying factors. Our immediate
goal is to perform a sequence of manipulations that look like integration by parts
so as to integrate the periodic factors of [In(R(z)])" and differentiate the decaying
factors, an approach in the spirit of [Luk13] and [Luk12]. First, we need a technical
lemma to choose the appropriate antiderivative for the periodic factors.

Proposition 1. Let ®(a;x) be continuous and 1-periodic in x. Then there exists
a continuous 1-periodic function @, (x) such that

(1o (2)e'®) = (1 — ) D(0s; z)e™?.
Furthermore, if o £ 0 mod 27, this function is unique.

Proof. Let Qu(x) be the antiderivative of ®(a;z)e’™® such that Q,(0) = 0. We
then define

(13) Do (2) = —iQa(w)e (1 — €') + iQq(1)e .
We first note that (iPy(z)e' ™) = (1 — ) ®(a;z)e’™®. It remains to show that
., (z) is 1-periodic. )
We observe that since i®, (z)e’®® is an antiderivative of (1 — e'*)®(«a;x)e
and since
Do (1) = —iQa(1)e (1 — ) +iQu(1)e ™™ = iQq (1) = ®4(0),
we must then have

i®q(2)e'* —i®,(0) = (1 — eia)/ ®(a;t)e ™ dt
0

ax
)

= (e —1)/ ®(a;t+1)e "t (due to 1-periodicity of @)
0

z+1
= (7" — 1)/; B(a;t)e' ™ dt
= 7 (iBa(w+ 1) —ida (1))
1o (2)e" ™ = i®q(z + 1)e"* — i®a (1) + i®a(0)
P, (x) = Bo(z+1).
We now demonstrate uniqueness when o Z 0 mod 27. Consider a 1-periodic con-

tinuous function ¥(z) such that (¥(x)e’*®) = (1 —e'*)®(a;x)e’*®. We then know
that for some constant C,

U(2)e' " = &, (x)e'™® + C.
We can then write R .
U(z) = Dy(z) + Ce "%,
Observe that e~*** is not 1-periodic since a cannot be a multiple of 27, by
hypothesis. Thus it must be true that C' = 0, and so ¥(z) = ®,(x). O
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Remark. It is easy to see that if & = 0 mod 27w, we may define &)a(x) to be an
arbitrary constant. The following lemma demonstrates that there is a natural choice
for this arbitrary constant.

Lemma 1. Let n be an integer. Assume that a function ®(«a;x) is continuous
and 1-periodic in x, and converges uniformly as o — 2mn for x on R . Then
Q2rn(1l) = limy o0, Qu (1) exists, and éa(:ﬂ) converges to 1Qaxn (1) as a — 2mn
uniformly for x on R.

Proof. We define, as in Proposition[ll Q. () as the antiderivative of ®(a; z)e’*dx
with Qu(27n) = 0. Then, due to the fact that ®(a;z), e'® uniformly converge as
a — 2mn for x in compact subsets of R,

Qa(z) = /Ow (o t)e™dt,

lim @(a;t)eiatdt:/ lim ®(a;t)e'tdt
0

a—21n 0 a—=21n
:/ O (2mn;t)dt
0
:Q27rn(x)'

Thus indeed limg_orn Qo(x) converges to Qaorn(x). Furthermore, since
f;ol ®(a;t)e’dt is bounded for xy < z1 and w7 is bounded, the convergence is

uniform on compact subsets of z. From (I3), we then find that &, (z) converges
uniformly on compact subsets of R. Since ®, () is 1-periodic, it follows that it in
fact converges uniformly on R. |

As a consequence, defining égﬂn(x) as 1Qarn (1) ensures that &)a(x) is uniformly
continuous at « =0 mod 2.

Let us define Cj.,-(0, 00) as the space of continuous 1-periodic functions on (0, co)
with the uniform norm. Then the preceding proposition allows us to make the
following definition:

Definition 1. For K € Z,a € R, Ay k is a linear operator from Cpe,(0,00) to
itself so that Ay x takes each ®(«;x) € Cper(0,00) to the corresponding

éa(l,)672Kiw(m)7
where @, is as defined in (I3).
Lemma 2. With ||...|| denoting the operator norm, ||Aa, k|| < 2.

Proof. Let ®(a;x) € Cper(0,00). Note that since |(Aq,x®)(x)| is 1-periodic and
continuous, it must have a maximum in [0,1). Let Q,(x) once again be the an-
tiderivative of ®(c;z)e’*®) such that Q,(0) = 0. It is clear that |Qq.(2)| < ||®||
for any = € [0,1). In fact, it is also clear that |Qn(1) — Qu(z)| < ||®||. When we
rewrite (I3) as

Do () = i€ Qo (2)e ™ +i(Qa(l) — Qulx))e™",
it becomes clear that ||®,|| < 2. O

Since the variations of the v; are uniformly bounded, it is possible to define

7 = sup Var (7, (0, 00)) < oo.
l
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Lemma 3. Welet JKe€Z withJ >1and0< K <J,and0<a<b<oo. We
also define T'(x) = v, (2) ... Ym, (z), and we let ¢ be some phase in [0,27). Then
where @ is some continuous 1-periodic function,

(14)

b
2Aarcisctllr’ > | [ (1= RN R (1))

_2K62Ki(n(m)+kz+w(m))efid)zr(‘r) d"zi(x) >\2Kk—d>,Kq)(x)) dzl
X

Proof. The proof is identical to the proof of Lemma 2.1 of [Luk12], except that we
redefine ¢ (x) in that proof to be equal to

eZKi'r](z) . Z‘ei(QKk:erQKw(x)f(zm)>\2Kk7¢7K(I)(x).

Keep in mind that the derivative of ie?(2Kka+2K@(@)=02) )\, (P (2)) is
(1 — e(2Kk=0))e(2Kk=0)izH (1) by the definition of Aogp_g K- O

2. A RECURSION RELATION

For integers J, K with J > 1 and 0 < K < J, let us now define functions
f1x,9,K as follows. They are functions of 1+ J variables, z, ¢1,..., ¢, and they
also depend implicitly on E.

For convenience, we define ®q(x) = |p(z)[?/w. We first set

(15) fro(z;01) =0, f11(z;01) = Po(x).
‘We then define
(16)
J 2K 2iKw(x) J
9.k (2 {d;}j=1) = | _ KRS, )>‘2Kk S 65K kle frr(zi{d;}5=1)];
and for J > 2,
K+1

A7) frx@{et) = > Z

I=K—-1 c€Sy

-1, ($§ {(ba(j)};‘];ll)'

Here S; denotes the symmetric group in J elements and, motivated by ([I2l), we
define the constant function

-1 a=0,
(18) walwsd) =41 a==1,
0 Ja|>2.

We use the symmetric product defined as Definition 2.1 of [Luk12], with some slight
modifications:

Definition 2. For a function p; of I variables and a function ¢; of J variables,
their symmetric product is a function p; ® g of 1 + I + J variables defined by

1o a)@ o) = gy 2 pila{n Mo @ 6002 ).

oc€STyg
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Where § refers to the Kronecker delta, we can express fjx as

1
(19) frrx =07-1%o(x) + Z Qo (x)we © gy—1,K+a-

a=-—1

Lemma 4. ForO< K <T and0<I <,

I
1
(20) frx =35 > Fi©grjk
j=0
1
(21) gr,x = 3 91 ©gr—j Kk —1-
j=0

Proof. Let us assume for now that the 2Kk — > ¢ terms are never congruent to
0 mod 2m. We prove both 20) and ([2I) at the same time, inductively. The
statement is vacuously true for I < 1. Let us assume now that it holds for I — 1.
We use ([3)) and notice that

I

I 1
> Fu©grix =Y (6:-1%0(z) + Y Po(2)wa © gr-111a) © g1t 1.
t=0 t=0 a=—1

Using the inductive assumption, we may apply (ZI)) to the g ® g terms, unless
l4+a<0. But I +a <0 holds only for [ = 1,a = —1, and in this exceptional case
gt—1,1+a = 0. Thus,

1 I
S faOgrrk1=Y 6 1%0(z) O gr .1
t=0 t=0

1
+ YD (@) wa ©2(91-1,K+a — Sat101-191-1,K-1)

a=—11=0
(because t =1, [ > 1 implies f;; = 0)
=01-1Po(x) © gr—1,K-1
+2fr,x = 0r-1P0(z) — 2w_1Po(2) © d1-197-1,K -1
=2f1 K.

The last equality is due to the fact that we are assuming I > 1. It remains to prove

@I).
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We can calculate that for any o € Sy, using the product rule and (I6),

d [ ieiCE(kztw (@) =3[, ¢;)
%( 2 thz ({3 6o i) 91—t -1 ({3 S 1)

t=0

t=0

T
? 1 xT w xr
=i <§Z [ (ke te(@) =250 bai )gt,l({x;gﬁa(]’)};:l)}

X [ei(Z(Kil)(kx+w(m))7zjz‘+l C0®) gr_y —1(; {¢U(j)}]I':t+1):| ) ‘

Recalling ([I0), Proposition [ and Definition [I] and applying the product rule, we
find that this expression is equal to

I
1 . e
(5 Z [2161(2l(kx+w($)) 2= d)"(”’”)ft,l({z; ¢U(j)}§‘:1)]

t=0

" [Ei(Q(K_l)(km+W(x))_Z§Hl 0" gry K-1(z; {¢U(j)}§=t+1)] )

I
( Z[ i(2U(ketw (@) =251 ¢ (@) gei(x {¢U(J)}a 1)}
t=0

DN | =

% [2(](_[) eI E=D) (kz+w () =30, 1y ¢o(j)x)f17t’K 1@ {do( }j t+1)1 )

Collecting terms, we find that this in turn can be written as

oK (hatw(2) =], ¢;2)

9 <Z 2lftl {¢a(j)}§':1)glft,Kfl(x§ {¢a(j)}§:t+1)

+ 2(K = Dgei(x: {bo() Yimr) Fre. i -1 {¢a(j)}§:t+1) ) :

Once we average across all permutations o € Sy, we arrive at

( I il 2K (kz+w(x)—3(_, ¢;2)
t=1

/
5 gi1 © g[—t,K—l)

et CK (kztw () =32, ¢2) L

=2l 5 ; fia © gr—e, k1
Z(QK(’W/’JFW(E)) E] 195%)
+2(K — 1)° 5 thK 1O gr—¢1
=1

9K iCK (ke tw(@) - S @) f,

Since %gt,l ©® gr—t,x—1 is 1-periodic in z, we conclude by uniqueness in Proposition
[ that it is equal to gr k.

Now in the case where some 2Kk — > ¢ =0 mod 27, we may apply Lemma [Il
to assert that f,g are continuous at & = 0 mod 27, and thus since the equalities
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0), 1)) hold for every 2Kk — > ¢ in a neighborhood of 0 mod 27, they must be
true for 2Kk — > ¢ =0 mod 27 as well. O

Let us define functions h; of 1+ j variables recursively by ho(z) =1 and
hJ(x;(blw . '5¢J)

e ¢1, ,¢])| Zh T3P1, s PRy (T g1, Bao1)-

Next, we recall that by Lemma 2] ||A\.]] < 2.

Lemma 5. Where ||®o|| refers to the mazimum of the periodic continuous function
|Do(x)], the function g1 can be bounded in terms of hy in the following manner:

2||<I>o||
19,1 (z; {d;}]=1)] < > h(@i {bo }i=1)-
g€Sy
Proof. We prove this by induction. First we note that

. A2k—¢ eziw(x)fl,l(IQ $1)
|g1,1(l”7 ¢1)| = ‘2 i — ei(2k—¢1)

< 4| Qo] |h (5 ¢1).

For J > 2, we deduce, using ([I7), (I9) and the inductive hypothesis,

g7 (@5 {5 }]—1)l
Mgt =
1 _ ei(Qk*Z}'}:l d)j)
B 2
- 1 — ik=37, 45)

J—2
i 1
X )\Zk_z;[ZI é; 622w(z)<1>0($) wo ©gyj-_1,1+ 511)1 ® Z 9i1 ©gi—j—11
j=1
J—2
4| Po|| 1
- - ez‘(2k—23’:1¢j)| wo ®gs-11+ 2w1 © ;9;,1 ©gj—j-1,1
J—2
2(2]|20l[)”
2 hy- 2 h; hy_i_
- ‘1_61'(21@723’:1%” wo ©hy-1,1+ w1®; g1 ONy—j-11
J—2
2(2]|20l[)”
2 hy_ 2 ha R i
> ‘1 _ 61.(2]67231:1 ¢J)| |w0| ©hy 1,1 + 2w © ; j,1 ®nhy i—1,1
2||<I>o||
- Z hy(z {‘ba(j)}}']:l)- 0

o€Sy
We are now prepared to prove the following lemma:

Lemma 6. Let E € (0,00) so that V' can be given by [2)) and that the following
conditions are satisfied:

(i) 302y lei| < oo,
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(ii) forj=1,...p—1, and 1 < K <7,

(22) Z lcty e h (w5 ¢uy, .o, dry)| < 00

yely=1
then all the solutions of () are bounded.

Before we prove this lemma, we first define

23) Suk(@) = S Frr(bmyse - s bmy) B (3) . B, () 2T (@],

mi,...,mJg

where Bj(x) = c;e™ "%, ().
We can then rewrite (1) as

b
(24) InR(b) —InR(a) = Im/ S11(z)dx.
We also define
(25) Ejx = Z lcmy - Cmy | - 197K (Dmys - s Byl

mi,...,my=1
where ||g|| refers to the maximum of the continuous periodic function |g|.

Lemma 7. Assume the hypotheses of Lemma Gl For J=1,...,p—1,
b/ J J+1 J EY o1’
/a S Sik =Y Srpk | da| <Y —
K=1 K=0 K
Proof. We apply Lemma [ setting ® = €K% f; - with T'(z) = Y, - - Yim,

=1
and ¢ = ¢m, + ... + ¢m,. Noting that the assumption [22) implies 2Kk — ¢ #
0 mod 27, we obtain

(26)

gkl

J
T >
K =

b
/ (62Ki(n(a@)+kz+w(m))e*id)zr(x)fJ’K

a

(27)

_eZKi(n(x)+kx+w($))e_wxr(x)dn—(x)QJ K) dx
dx ’

We then expand dn/dx using (IZ), apply ([7), multiply by ¢pm, ...¢m,, sum in
my,...,my from 1 to oo, and sum in K from 1 to J to prove the lemma. ]

Let us define
(28) m = sup ye(@)]lp-

We know it is finite by the assumptions we placed on V.

Lemma 8. Assume the hypotheses of Lemma Bl Sy i (x) is absolutely convergent
when 1 < K < J <p, and if in addition J > 2, then

o0

S 1k (Gmys s Gm) By (2) - B, ()]

ml,.“,m]:l

1 0
(29) < [@o(@)| Y [wal Bkt Y el
=1

a=-—1
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Furthermore, if J = p, we have that also

/0 Z ‘fJ,K(qul’"'7¢mJ)/8m1(x)"'ﬁmJ(‘T)|d‘T

mi,...,mj=1

1 00
(30) < |@o(2)| Y [walEp-1x4a Y larm(@)”.
=1

a=—1
Proof. From ([) we have
|fJ,K(¢m1a sy ¢TI’LJ)|

1
<1®o(@)] Y Y lwal 1951540 (B Bl

a=—10€S;
We then multiply by
[Bimy (@) o By ()] < lemy - - .ch|TJ.

Summing in my, ..., m  completes the proof of (29]).
For J = p, we multiply instead by

/ B ()« B, (@) d < e, - Co, [

0
to get (30). O
Proof of Lemma [6l We sum (26]) in J =1,...p — 1 to obtain
b P P p—1 j 1 4
(31) / S1a(x) = 3 Sprcla) = D S0(a) | da < 3037 1By
a K=1 j=2 j=11=1

Note that the RHS converges due to the assumption ([22) together with Lemma [Fl
By using Lemma [8 for J = p, integrating in  and summing in K,

p b p—1 0
> [ Spalde] < 1203 Byi 3 el
K=17¢ r=0 =1

We have now that

p—1

|InR(b) —nR(a)| - B) <> Y

j=11=1

p—1 o'}
+ 1120l Y Ep-1r ) lerfm?,
r=0 =1

where B(b), a bound on the 3 S; o term, is independent of our choices of R and 7.
In other words, we can write

In R(b) — In R(a) +i(n(b) —n(a)) = A(b) + B(b),

where A(b) converges as b — oo, and B(b) is independent of  and R. Consider
now two solutions of (), u1,us with the corresponding (Ry,71), (R2,72). We then
also have

1 .
jEj’lT]

In R1(b) — In Ry(a) + i(n1(b) — m(a)) = A1(b) + Bi(b),
In Ry (b) — In Ra(a) +i(n2(b) — m2(a)) = A2(b) + Ba(b).
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We note that B; = By. Therefore subtracting the first equation from the second
we obtain

In Ry(b) + inz(b) — In Ry (b) — in1(b) = A2(b) — A1(b).
In particular, both sides of this equation converge when b — 0o, and so we must

know that )
Ry
In —= b) — n2(b);
by B )
both converge as b — oo.
However, we know that the Wronskian of u1, us does not depend on b. We may

express the Wronskian as
w = Ry (b) Ra(b) sin 1 (b) — n2(b)]-

But we know that (1 (b) — n2(b)) converges as b — oo, and so in response to a
choice of g it is possible to choose solution w1 so that limy_, o sin |9y (b) —n2(b)| = €
for some € > 0. This is because convergence of 7, (b) —72(b) is at a rate independent
of initial conditions. Thus for sufficiently large b, we can choose u; by, say, the initial
condition 71 (b) = n2(b) + 7/2, and this would guarantee that the limit is nonzero.
But then we have

lim In(Ry(b)?) = —In((e)/w) + lim Re(Az(b) — Ay (D).
b—o0 b—ro0
Thus Rz (b) converges, and hence we have proven our lemma. ]

3. PROOFS OF THEOREMS

Lemma 9. Assume that ([Bl) holds. Then for a positive integer j, the set of k for
which the condition 22)) fails has Hausdorff dimension at most ja.

Proof. The proof is similar to that of Lemma 4.2 in [Lukl2], even though our A is
defined slightly differently. The most significant difference is that our singularities
are at 2k — Y. ¢ = 27n rather than just at 0, so each choice of > ¢ generates
infinitely many singularities rather than just one. We adjust the proof by restricting
the measure v in Lemma 4.1 of [Luk12] to be a finite uniformly S-Hélder continuous
measure on [—m,m|. O

Proof of Theorem Bl Note that by standard results in Floquet Theory (cf. [Wei03])
the quasimomentum k is monotone and analytic on bands of the ac spectrum of the
unperturbed operator. Thus the theorem follows immediately from Lemmas [6] and
[0, and the fact that monotone analytic maps preserve Hausdorff dimension. ([l

Proof of Theorem [l Tt is clear that for finite frequencies, the points of our S are
the only ones which might not satisfy the small divisor condition (22]). O

4. EXISTENCE OF EMBEDDED EIGENVALUES

We already know that the set S described in Theorem [1is optimal, since they are
optimal for Vo = 0, by [Kriil2] and [Luk13]. In this section we wish to demonstrate
examples of point spectrum even when the background potential V) is not identically
Z€ero.

The proofs in this section will be similar to the proofs in Section 6 of [Luk13],
except that f in our proofs are periodic in z instead of constant in z. The following
lemma will thus prove useful.
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Lemma 10. Let P(x) be a C* 1-periodic function on Ry, and let P be its mean.
Let q(x) be a C'-function of bounded variation on R such that ¢'(z) € L'(Ry)
and limg o0 q(z) = 0. Then [ (P(x) — P)q(z)dx is finite.

Proof. This follows from integration by parts. Let A(x) be an antiderivative of
P(z) — P and notice that A(x) is periodic. We then calculate

/ T (P(2) - P)a(a)dr = A(w)q(z)| — / " Al)q (@)da
0 0 0

and observe that the term in the RHS is finite. O

o0

Lemma 11. Let R(z), n(x) be the Priifer variables corresponding to some solution
of ). Assume that

B(x)
=17’

(32) % log R(x) ~ —

for some periodic C*-function B(z) with positive mean, and the limit
Tloo = lim 7(z)
exists. Then for some A > 0,
u(x) = Af(x)elFem=l(1 4 o(1)), 2 — oo,

where denoting B as the mean of B(x) (remember that B is positive) gives

ro-{ T
xr) =
exp (_% ~(p— 1)7), N e (% ;)

These asymptotics imply the existence of an L? solution of (M) if v € (%, ﬁ),
and hence an eigenvalue.
Proof. This follows immediately Lemma 6.1 in [Luki3] and our Lemma [0l O

Theorem 4. Consider

K
(33) V(z) = Z Lkgcl_v cos(aqzr + & (x)) + Bo(z), z > xo,

=1
where

1 1
e (i)

Ly >0, and
(B @) € C L (Bo(w)) = O ), folw) = O ),z = oo,

The functions &(x) € C1 have the property that
&(x) = 0@~ "),z — oo,

If Bo(x) has bounded variation, this ensures that [B3) has generalized bounded vari-
ation with phases
{0, ial, ey iaK}
Thus V is LP. Our values for ¢1, da, ... are then drawn from {0, taq,...,Tak}.
Consider a value of k for which 2k = ¢;, + ...+ ¢;,_, mod 27, such that 2k
cannot be written similarly as a sum of fewer phases. If the 1-periodic function
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fo—1.1(x; 0405+, d)jp_l)eziw(m) does not have mean 0, then there are choices of PBoy
and & so that the operator H given by ([l) has point spectrum at all energies E with
the given quasimomentum k.

We will remark that the methods of the previous section make clear that the
converse is true, i.e. if f, 1 1(x;¢5,...,¢;,_,) has mean zero, then there is no
point spectrum at the specified value of the quasimomentum.

Proof of Theorem [ This proof will follow closely the proof of Theorem 1.2 of
[Luk13].

We start from () and apply the iterative algorithm in the previous section.
Recall that the algorithm could not deal with the term

fp71,1(¢j1> el ¢jp71)6j1 (il?) o ﬁjp71 ($)€2ikm+2iw(1)+2in(m)
and that instead we had to bound it separately in the form of Lemma Bl Thus if

we denote the number of distinct permutations of (ji,...,j,—1) by Ci, we obtain
d AZ)  iew)t2in()
where

A(.’[) = lepflﬁl(x; ¢j1 RN ¢jp)62iw(w)le - Ljp
and
§(ac) = fjl (:17) +.o.F gjp—l(z).
Conversely, once we have an appropriate &(z), we can construct §;(x) by taking
§i(x) = ¢j€(x), where the ¢; are real numbers such that ¢;, +...+¢;,_, = 1.
We now need to show that 7(x) has a limit as + — oco. We apply ([I2) and see
that

dz :(I)o(,T)V(:L‘)Re(—l +e2zkm+2zw(x)+2m(m))
A®)  ie(a)+2in(a)
~Re <Q(x) t e € ,

with

p—1
Qa)=) D, fro@idi,.. ;)8 (x) .. By (@),
I=1¢j, +...+¢;, €21ZL
Let us replace every function f with its mean in the definition of Q(x), to obtain
Q(x). Observe that by Lemma 6.2 of [Luk13], there is a choice of fy(z) such that
fooo Q(z)dz is finite . By applying Lemma [I0, we can see that fooo Q(x)dz is finite
as well.
We then have
dn A(z)
dr -0
Firstly, since we assumed fp_1,1(z) and hence A(x) has nonzero mean, it must
be true that Im(A(x)e’) has positive mean for some real t. We denote 9(z) =

§(x) + 2n(x).
Lemma 12. Let R(x),n(x) be Prifer variables corresponding to some solution

of @). Assume that BB) and BO) hold. Then we may pick &(x) with £'(x) €
O(z=®=D7) such that limy_, e Y(x) = t.

(36)
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Proof. The proof is identical to that of Lemma 6.3 of [Luk13], except that we replace
the constant A with the periodic function A(z), and Lemma 4.1 with Lemma[ O

With that choice of £(x),

a log R(z) ~Im ( Az) e 1 ;\&(eiw(x) _ eww))

dx r(P—1)y (p—1)v
Ax)e oy
~Im <4x(1’1)’¥ +O(z7P7)
A(z)et
~Im <x(P_1)’Y ’
and then we simply apply Lemma [I1] to complete our proof. O

We now need to determine how often the condition that

fp*l’l(x; (bjl? ceey (bjp—l)e%w(w)

has nonzero mean is satisfied. We will show that this condition is satisfied for a
nontrivial class of periodic functions ¢(z)e~™**. We will start with a suggestive
example. For notational convenience, let us adjust the order of the phases so we

can rewrite @;,, ¢j,, ¢j,_, as P1, P2, .., Pp_1.

Proposition 2. Assume that the Floquet solution ¢ is given as Ce'** for some
positive C (i.e., ®o(z) = £ and w(x) = 0). Then for a choice of phases {o;} away
from an algebraic set of codimension 1, for every 1 <1< j<p-1

Fia(@;br,. .., ¢;)e? =@

is a nonzero constant in x (the constant depends on j,1).

Proof. Let us assume that 2Kk — Zi:l ¢o(ty = 0 mod 27 does not hold for any
I < j, any choice of phases, any permutation o of p — 1 elements, and any K < p.
We can make this assumption since it is a codimension 1 condition on the {a;}.

We may calculate that for a constant C, emw(w))\a,lC = —%. Thus applying
(@), we discover that

Fia(@;da, ..., ¢;)e*= )

is a rational function in the variables k, ¢1,..., ¢;, with denominator terms of the
form 2Kk—>Y" ¢. Note that for large enough k all the terms are strictly positive (the
quasimomentum k only takes values in a 7-interval, but in the context of this proof

we are viewing it as a variable in R). But then it is an easy induction argument
that

(D) (s e, @)@

is strictly positive, using (I8) and (7). This demonstrates that it is a nontrivial
rational function, and therefore is only zero on a set of ¢;’s of codimension 1. [

Lemma 13. Assume that the 1-periodic function p(x)e™*® has finite Fourier ez-

pansion
N

Z @(n)e2ﬂ'inz )

n=—N
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Assume that the phases {«;} are chosen away from the codimension 1 algebraic set
described in Proposition Bl Then if the Fourier coefficients $(n) are chosen away
from another algebraic set of codimension 1, the corresponding

fia(@; b1, ., ¢;)e2=@)

have nonzero mean for all1 <1< j<p-—1.

Proof. As a first step, we have to understand how eQilw(w))\aﬁl acts on finite Fourier

. N = 1 .
sums. So let us consider ®(z) =" " ®(n)e?™"*. For the reader’s convenience,

we will take this somewhat tedious calculation step by step, using the proof and
notation of Proposition [I] as a guide.

First, we need to determine the value of Q. (z), that is, the antiderivative of
®(x)e’® with Q,(0) = 0. We find that

N
Qa(x) :/ Z (i)(n)e(2ﬂ7l+a)ixd$
n=—N

N e(27‘rn+a)ix

=C+ Z ‘i(n)m

n=—N

Using Q(0) = 0, it is easy to calculate the value of C. We then obtain, finally,

2nn+a)iz _ 1

N el
Qal(z) = Z ‘I’(”)m-

e(27rn+a)i;ﬂ

N o 1 , ,
( > @(n)m> e~ (1 — ')
N 2n+a)i
( > é(n)ie((%r;—)ka_)l>
N o g2miz _ —iax A
- (n_X_:N(D(") 2mn + a) ) (1=
N
(%
N

.i)(n) eia(l—w) _ e low
(27mn + )

(i) n)(l—e“ 27nix
-3 _2(m)(A — )

(2mn + «)

)

n=—N
and thus by Definition [I] we know that

. Aa, 1P
@(1’) N eQzlw(a:) )L ((E)
1— e
. . . 2 b(n)
modifies the Fourier coefficients so that ®(n) — —5 .

Now using ([{06]), (IT), and the fact that

SN e SN G(Cayerine
Po(z) = = ’
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we deduce that
fia(z; o1,y ¢j)6221w(z)

is a finite Fourier sum whose coefficients are all polynomials in {@(n)} U {@(n)}.
In particular, the zeroth Fourier coefficient, which gives us the mean of f;;, is a
polynomial in {4(n)} U {@(n)}. But we know it is not identically zero, since by
Proposition [2 the mean is nonzero when ¢(0) = W = (' is a positive constant and

all the other ¢(n), p(n) are zero. Thus the mean can be zero only on a codimension

1 set of {¢(n)} U {p(n)}. O

Proposition 3. Assume that the phases {«;} are chosen away from the codimen-
sion 1 algebraic set described in Proposition 2. Then for a dense open set of Vy(x)
in (@) in the L*(0,1)-topology , the corresponding

fj,l(x; ¢17 ceey ¢j)e2ilw(w)

have nonzero mean for all1 <1< j<p-—1.

Proof. Let us for notational convenience set (z) = o(x)e”"**. First note that
trigonometric polynomials are dense in the space of 1-periodic functions under the
W21((0,1)) topology. We further claim that the set of trigonometric polynomials
in Lemmal[I3] (i.e., missing an algebraic codimension 1 set) is still dense in the space
of 1-periodic functions. This is obvious, since for any n we can apply an arbitrarily
small trigonometric polynomial (in the W?21((0,1)) sense) perturbation of degree
n to a trigonometric polynomial in that algebraic codimension 1 set so that the
perturbed polynomial is not in the codimension 1 set.
Also, the condition that the

fia(z; 1,y ¢j)62ilw(m)

have nonzero mean for all 1 < [ < j < p — 1 is clearly an open condition in
the W21((0,1))-norm of 9 (z), since the expressions are sums of antiderivatives of
1. Thus this condition is an open and dense condition in the space of 1-periodic
functions ¢ (z) under the W21((0, 1)) topology.

Furthermore, if we write (@) in terms of ¢ and k, we get

1" !/
V@) V@ e
¥(z) ¥(x)
Recall that since we assumed ¢, @ are linearly independent, it must be true that
() is nonzero for all z. So, noting that the quasimomentum % depends continu-
ously on Vj, it is clear that an open and dense set in ¢ corresponds to an open and
dense set in V; (using the L'(0, 1) topology). O

Vo() ~ B =

Theorem [2] is an immediate corollary of this proposition.
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