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THE MORI PROGRAM AND NON-FANO TORIC

HOMOLOGICAL MIRROR SYMMETRY

MATTHEW BALLARD, COLIN DIEMER, DAVID FAVERO, LUDMIL KATZARKOV,
AND GABRIEL KERR

Abstract. In the case of toric varieties, we continue the pursuit of Kont-

sevich’s fundamental insight, Homological Mirror Symmetry, by unifying it
with the Mori program. We give a refined conjectural version of Homologi-
cal Mirror Symmetry relating semi-orthogonal decompositions of the B-model
on toric varieties to semi-orthogonal decompositions on the A-model on the
mirror Landau-Ginzburg models.

As evidence, we prove a new case of Homological Mirror Symmetry for a
toric surface whose anticanonical bundle is not nef, namely a certain blow-up
of P2 at three infinitesimally near points.

1. Introduction

In [AKO08], Auroux, Orlov, and the fourth-named author discovered an “un-
usual” phenomenon regarding Homological Mirror Symmetry (HMS) for Hirzebruch
surfaces. This phenomenon also arose, in greater generality, in [Abo09], where
Abouzaid considered a version of HMS for smooth toric varieties which ceases to
yield an equivalence in cases where the anticanonical bundle is not ample.

The basic observation in the example of the Hirzebruch surface is the following.
Consider the weighted projective stack

P(1 : 1 : n) = [(A3 \ {0})/Gm],

where Gm = C
∗ acts with weights 1, 1, n. The toric fan has three rays with primitive

generators (1, 0), (0, 1), and (−1,−n). Following the Givental-Hori-Vafa prescrip-
tion [HV02], the mirror is a Landau-Ginzburg (LG) model

w : (C∗)2 → C,

where

w(x, y) = x+ y +
1

xny
.

Correspondingly, for the Hirzebruch surface

Fn = Proj(OP1 ⊕OP1(n)),

the (naive) mirror is the LG model

w′ : (C∗)2 → C,
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where

w′(x, y) = x+ y +
1

x
+

1

xny
.

It was observed in Lemma 5.3 of [AKO08] that for n ≥ 2 these two functions are
isotopic as exact Lefschetz fibrations and therefore have equivalent Fukaya-Seidel
categories.

On the other hand, the bounded derived categories of coherent sheaves on
P(1 : 1 : n) and Fn are not equivalent for n �= 2. For example, a full strong

exceptional collection for Db(cohFn) is given by

T = OFn
⊕π∗ OP1(1)⊕Oπ(1)⊕ π∗OP1(1)⊗Oπ(1),

where π : Fn → P1 is the projection. Similarly, a full strong exceptional collection
for Db(cohP(1 : 1 : n)) is given by

T ′ =
n+2⊕
i=0

OP(1:1:n)(i).

Figures 1 and 2 compare the endomorphism algebras of T and T ′ for n = 4
(where there are implicit relations xixj = xjxi when both sides of the equality

• •

••
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Figure 1. Quiver representing the endomorphism algebra of T
(n = 4).
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Figure 2. Quiver representing the endomorphism algebra of T ′

(n = 4).
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have the same head and tail). Observe that removing the two central vertices from
Figure 2 gives exactly Figure 1. In general, for n ≥ 2 it is always the case that

End(T ) ∼= End(OP(1:1:n)⊕OP(1:1:n)(1)⊕OP(1:1:n)(n)⊕OP(1:1:n)(n+ 1)).

This implies that for n ≥ 2 there is a fully-faithful functor (see Theorem 2.29 of
[AKO08])

(1.1) MKn : Db(cohFn) → Db(cohP(1 : 1 : n)).

In summary, while the Fukaya-Seidel categories of the LG mirrors are equivalent,
the derived categories of coherent sheaves on the toric varieties are only related by
a fully-faithful functor. It is natural to expect that the discrepancy comes from the
fact that the anticanonical divisor on Fn is no longer nef for n > 2.

Moreover, in the mirror, this discrepancy can be accounted for through a certain
deformation. Consider the family of isotopic LG models obtained by introducing
the complex parameter b in the equation

w = x+ y +
1

x
+

b

xny
.

For b �= 0 these functions yield equivalent Fukaya-Seidel categories, and have n+ 2
critical points, in bijection with the n + 2 indecomposible summands of T ′. How-
ever, we have observed that Db(cohFn) corresponds to 4 of the indecomposible
summands of T ′. This is explained by Lemma 5.4 of [AKO08] which observes that
if we let b go to zero, n − 2 of these critical points go off towards infinity while 4
remain in a bounded region. Figure 3 is an image appearing in [AKO08]. It illus-
trates this phenomenon for n = 8. Therefore instead of the (naive) mirror, we can
consider what we would call the homological mirror, which consists only of those
critical fibers contained in the bounded region.

One aim of this work is to understand this phenomena conceptually in terms of
a general framework of moduli spaces of Landau-Ginzburg models, as introduced in
[DKK12]. In particular, we suggest that, in general, the correct homological mirror

Figure 3. The deformation b → 0 (n = 8).
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can be constructed by considering a deformation whose behavior is controlled by
the Mori theory of the mirror variety.

To illustrate, we recall that mirror symmetry identifies complex moduli with
Kähler moduli, and in the example above the complex deformation parameter b is
mirror to a deformation of the complexified Kähler class. For a smooth toric variety
X the Hodge numbers h2,0 and h0,2 vanish, hence symplectic forms can be identified
with effective R-divisors H2(X,R) ∼= Pic(X)⊗R = PicR(X). Furthermore, the GKZ
fan, which parametrizes the various GIT quotients obtained from the Cox quotient
construction, can also be identified with a fan supported on the effective cone in
PicR(X). In this way, degenerating the complex parameter of the mirror amounts
to variation of GIT quotients (VGIT) on X. For the Hirzebruch surface, the two
chambers of the GKZ fan correspond to P(1 : 1 : n) and Fn as shown in Figure 4.

Fn

P(1, 1, n)

Figure 4. The GKZ fan of a Hirzebruch surface.

Indeed, in [DKK12], the authors demonstrated that any (straight line) run of
the toric Mori program degenerates the mirror LG model so that critical points
can be asymptotically arranged into successive annuli. This arrangement of critical
points provides a semi-orthogonal decomposition of the Fukaya-Seidel category of
this mirror.

Theorem 1 ([DKK12]). For every maximal degenerated LG mirror ψ of a family
ψ(t) there is a semi-orthogonal decomposition

〈
−μ1︷ ︸︸ ︷

Fuk⇀(ψ1), . . . ,Fuk
⇀(ψ1), . . . ,

−μs︷ ︸︸ ︷
Fuk⇀(ψs), . . . ,Fuk

⇀(ψs)〉

of the Fukaya-Seidel category Fuk⇀(ψ(t)) for t ≈ 0. Here the ψi are regenerations
of the degenerated LG model corresponding to each annulus and −μi are positive
integers associated to the corresponding run of the toric Mori program.

On the other side of mirror symmetry, we recall the following result.

Theorem 2 ([BFK12]). Let X be a projective toric DM stack, equipped with a run
of the toric Mori program. Starting from X, let (W1, μ1), . . . , (Ws, μs) be the wall
data associated to the run. Then there exists a semi-orthogonal decomposition

〈

−μ1︷ ︸︸ ︷
Db(cohW1), . . . ,D

b(cohW1), . . . ,

−μs︷ ︸︸ ︷
Db(cohWs), . . . ,D

b(cohWs)〉

of Db(cohX).
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As a very special case, this reproduces the inclusion 1.1. In summary, a (straight
line) run of the toric Mori program for X yields both a semi-orthogonal decom-

position of Db(cohX) and a semi-orthogonal decomposition of the Fukaya-Seidel
category of the Landau-Ginzburg mirror of X.

From here on, let us say that a variety is nef-Fano if it has Q-factorial singular-
ities and the anticanonical divisor −KX is big and nef. This condition is also often
called weak Fano, usually with the additional assumption that the singularities are
canonical. We will say that a Deligne-Mumford (or DM) stack is nef-Fano if its
underlying coarse variety is nef-Fano.

GivenX there is always a (straight line) run of the toric Mori program which con-
tains a nef-Fano projective toric DM stack X ′ as a phase (see Proposition 2.3.11).
This allows us to view the mirror to any X as a Landau-Ginzburg model coming
from a neighborhood of some collection of critical points in the mirror to X ′. There-
fore we propose that, like the homological mirror to Fn, the homological mirror of
any projective toric DM stack X can be realized as a regeneration of the degener-
ated Landau-Ginzburg mirror of X ′ (in the sense of [DKK12]). With this in mind,
we state a refined statement of HMS which includes this additional structure.

Conjecture 1. Given γ, a straight line run of the toric Mori program for a pro-
jective DM toric stack, X, and its associated maximal degeneration ψ of an LG
mirror pencil, let

Fuk⇀(ψ(t)) = 〈T1, . . . , Tr〉,
Db(cohX) = 〈S1, . . . ,Sr〉

be the semi-orthogonal decompositions associated to ψ and γ.
Then there exists an equivalence of triangulated categories

Φψ : Fuk⇀(ψ(t)) → Db(cohX)

which restricts to equivalences Ψψ : Ti → Si for all 1 ≤ i ≤ r.

As evidence, we prove Conjecture 1 in the following case: take P
2, blow it up at

a point, and then blow up at the two points on the exceptional locus corresponding
to the two coordinate lines passing through the original point. Call the resulting
space X.

Theorem 3. Conjecture 1 is true for a choice of run of the Mori program on X.

This includes a proof of the full equivalence at the level of dg categories, as well
as giving a very concrete description of the respective categories involved. We view
this as a non-trivial case of a more substantial program suggested above, namely
that proofs of HMS can be implemented by using the Mori program to break down
the relevant categories into simplified semi-orthogonal pieces. This proof requires
new technical ingredients not fully realized in [BFK12] and [DKK12], the majority
of which hold in large generality.

1.1. Relation with other work. Homological Mirror Symmetry (HMS) was origi-
nally conceived for Calabi-Yau varieties and for toric varieties by Kontsevich [Kon95,
Kon98]. Seidel proved HMS for the projective plane [Sei00] and Auroux, Orlov, and
the fourth-named author proved HMS for weighted projective planes [AKO08], and
smooth del Pezzo surfaces (toric and non-toric) [AKO06]. Independently, Ueda
proved HMS for toric del Pezzo surfaces [Ued06] and Ueda together with Yamazaki
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then proved it for toric orbifolds of del Pezzo surfaces [UY07]. Furthermore, Bondal
and Ruan have announced a proof for weighted projective spaces of all dimensions
[BR].

Abouzaid proved a version HMS for smooth Fano toric varieties in [Abo09] and,
for general smooth projective toric varieties, provided an embedding

Db(cohX) → Fuk⇀(w),

where w is the Hori-Vafa LG mirror. However, this approach does not give an
explicit exceptional collection, and obtaining a precise description of the categories
involved as the dg level is quite involved. We also emphasize that when X is not
Fano, the image of Abouzaid’s functor is not well understood in terms of mirror
symmetry. We suggest here that our approach using the toric Mori program allows
one to naturally determine the subcategory of the Fukaya-Seidal category of the
Hori-Vafa mirror which corresponds to the derived category of the mirror variety.
We also remark that Fang, Liu, Treumann, and Zaslow proved a result very similar
to Abouzaid’s via different means in [FLTZ08].

In the case of Picard rank one, Conjecture 1 reduces to the usual statement of
Homological Mirror Symmetry identically. For higher Picard rank, it includes the
usual HMS statement, with additional structure.

While this work is concerned with comparing the B-model on the toric stack
to the A-model on the mirror LG model, there has also been work in the other
direction, comparing the A-model on the toric stack to the B-model on the LG
model. For P2, Chan and Leung showed how to produce matrix factorizations
via Strominger-Yau-Zaslow [SYZ96] fibrations. In forthcoming work [AFOOO],
Abouzaid, Fukaya, Oh, Ohta, and Ono advance further this direction of HMS.
Abouzaid and Auroux have pointed out that our methods do not suffice for this
other direction of mirror symmetry.

A similar result to Theorem 2 can be proven using Kawamata’s pioneering work
[Kaw06]. The connection between the Mori program and derived categories also
goes back to Kawamata in [Kaw05,Kaw02] and extended in [BFK12] and [H-L12].

On the other hand, as we will see, the moduli space of LG models (and its
compactification) is a crucial ingredient for the A-side of our approach. Work in
preparation of Kontsevich, Pantev, and the fourth-named author provides a defini-
tion of a moduli space of LG models for essentially arbitrary potentials [KKP13], as
well as a proof that this space is always smooth as a stack. In another direction, it
was pointed out to us by Keel that the results of [GKH11] produce mirror families
for a large class of rational surfaces which carry over many of the critical features
we make use of for the case of toric mirrors. We anticipate that the conjectural ap-
proach to proving HMS we outline here will find later applicability for more general
classes of varieties.

1.2. Outline. Let us briefly summarize the structure of this paper. We begin in
Section 2.3 with a discussion of necessary background, including categorical and
homological formalities and the general setup of the toric Mori program. In Sec-
tion 3, we discuss the behavior of derived categories under variation of GIT and the
results of [BFK12], with additional emphasis on the connections with Mori theory.
Section 4 discusses the other side of mirror symmetry and general machinery for
degenerations of mirror toric LG models, and their vanishing cycles. We supply
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some additional results on tropicalizations of vanishing cycles which are of inde-
pendent interest, but also critical for the calculations in the subsequent section.
We conclude in Section 5 with a detailed discussion of our conjectural program,
and supply a complete execution of the program for the example discussed above.

2. Background

2.1. A∞-algebras and homological perturbation. We will assume that the
reader is acquainted with the basics of A∞-algebras, including modules, morphisms,
and derived categories. Excellent references for the material are [Sta63, Kel01,
L-H03]. We begin by recalling the most important non-trivial equivalence relation
on A∞-algebras.

Definition 2.1.1. A morphism of A∞-algebras, f : (A,mA
n ) → (B,mB

n ), is called
a quasi-isomorphism if the morphism on cohomology,

H∗(f) : H∗(A,mA
1 ) → H∗(B,mB

1 ),

is an isomorphism.

Quasi-isomorphic A∞-algebras have equivalent derived categories ofA∞-modules.
For a proof, see [L-H03].

Lemma 2.1.2. If f : (A,mA
n ) → (B,mB

n ) is quasi-isomorphism, then there is an
equivalence,

D(perf A) ∼= D(perf B),

between the derived categories of perfect modules.

Isomorphism classes of A∞-algebras can be quite large. Quasi-isomorphism
classes will be even larger. We will be interested in locating a managable rep-
resentative of a quasi-isomorphism equivalence class as we will need to perform full
computations of the A∞-structure.

One particularly useful class of A∞-algebras is the following.

Definition 2.1.3. An A∞-algebra, (A,mA
n ), is called minimal if m1 = 0.

Given a dg-algebra (Â, d,m), let A denote its cohomology algebra. Suppose we
have a collection of morphisms of vector spaces,

satisfying
π ◦ i = 1 and i ◦ π = 1− dh− hd and h2 = 0.

Homological perturbation, see e.g. [Mar04], gives explicit higher products mA
n

on A and a quasi-isomorphism between Â and (A,mA
n ). The formula for mA

n is
given as sum over trees with n leaves such that the valency of any internal vertex
is 3. This is described now.

Given a tree, T , oriented from leaves to root with n leaves, we write, mA
T,n, for

the composition of operators induced by the following rules:

• For each leaf compose with the map i : A → Â.
• Apply multiplication at every internal vertex.

• For each internal edge compose with the map h : Â → Â.

• Apply π : Â → A at the root.
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The mA
n are given by the formula

(2.1) mA
n =

∑
T

(−1)ϑ(T )mA
T,n,

where the sum is taken over all planar trees with n-leaves. For the precise signs,
ϑ(T ), see [Mar04]. We will only need the formula for n = 3 which we display
graphically:

mA
3 =

π

m

h

m

iii

−

π

m

h

m

i i i

In terms of equations, we have
(2.2)

mA
3 (a, b, c) = π(m(h(m(i(a), i(b))), i(c)))− (−1)|a|π(m(i(a), h(m(i(b), i(c))))),

where |a| is the degree of a.

2.2. Exceptional collections, quivers, and equivalences. Given a triangu-
lated category, we often wish to describe it by decomposing it into more manage-
able subcategories. To this end, a common structure appearing in [BFK12] and
[DKK12] is that of a semi-orthogonal decomposition. In this section we quickly
review this notion and focus on the special case of a full exceptional collection.
Standard references for the material are [Bon89,BK89,Kel01].

Definition 2.2.1. A semi-orthogonal decomposition of a triangulated cate-
gory, T , is a sequence of full triangulated subcategories, A1, . . . ,Am, in T such
that Ai ⊂ A⊥

j for i < j and, for every object T ∈ T , there exists a diagram:

0 Tm−1 · · · T2 T1 T

Am A2 A1

|||

where all triangles are distinguished and Ak ∈ Ak. We shall denote a semi-
orthogonal decomposition by 〈A1, . . . ,Am〉. If the subcategories in a semi-
orthogonal decomposition are the essential images of fully-faithful functors, Υi :
Ai → T , we shall also denote a semi-orthogonal decomposition by

〈Υ1, . . . ,Υm〉.
Assume that T is linear over a field, k. Let E1, . . . , En be objects of T . We say

that E1, . . . , En is an exceptional collection if

HomT (Ei, Ei[l]) =

{
k if l = 0,

0 otherwise
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for all i and

HomT (Ej , Ei[l]) = 0, ∀j > i, ∀l.
We say that E1, . . . , En is full if E1, . . . , En generates T . We say E1, . . . , En is a
strong exceptional collection if

HomT (Ei, Ej [l]) = 0, l �= 0, ∀i, j.

Possession of a full exceptional collection allows for a simplified presentation of
an (enhanced) triangulated category. Let E1, . . . , En be a full exceptional collection
in T . Then to E1, . . . , En we can associate a graded quiver with relations, (Q,R).
The vertex set of Q is the set {1, 2, . . . , n}. Take a minimal set, S, of generators
for the graded endomorphism algebra

A =
⊕
l∈Z

HomT (
n⊕

j=1

Ej ,

n⊕
j=1

Ej [l])

consisting of elements of the morphism spaces HomT (Ei, Ej [l]). The arrows from
i to j in Q will be the elements of S lying in HomT (Ei, Ej [l]) for some l ∈ Z. The
degree of the arrow will be l.

To determine R, we note that, as we used a set of generators for A, there is a
natural surjection

π : CQ → A

from the path algebra of Q to A. The ideal of relations, R, is the kernel of π.
One would hope that T is equivalent to the derived category of (Q,R) or equiv-

alently to the derived category of graded A-modules. However, this hope is too
naive. One must assume that T possesses some additional structure, an enhance-
ment [BK89], to get something close to this.

Proposition 2.2.2. If T possesses an enhancement, then A can be given the struc-
ture of a minimal A∞-algebra, also denoted by A, such that there is an equivalence

T ∼= D(perf A)

between T and the derived category of perfect A∞-modules over the A∞-algebra, A.

For a proof of the proposition see [Bon89,Kel94].
The above proposition allows us to determine T up to equivalence from a finite

set of data: the graded quiver Q, the relations, R, and the higher A∞ maps,

mA
n : A⊗n → A, n ≥ 3.

Let us recall a well-known example: the Beilinson exceptional collection [Bei78]

OPn ,OPn(1), . . . ,OPn(n)

is a strong full exceptional collection for the derived category Db(cohPn). The
graded quiver we get is pictured in Figure 5. All arrows are in degree 0.

The ideal of relations is generated by

ai+1jaik − ai+1kaij

for 0 ≤ i ≤ n − 1 and 0 ≤ j, k ≤ n. It expresses commutativity of the polynomial
ring. Finally, the higher A∞-structure maps are trivial for degree reasons.

Thus, whenever we can find an enhanced triangulated category, T , and (n+ 1)-
objects, T0, . . . , Tn of T such that the endomorphism algebra of

⊕n
i=0 Ti is the path
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• ... • ...
· · ·
· · ·

· · ·
· · ·

• ... •
a11

a1n−1

a10

a1n

an1

ann−1

an0

ann

Figure 5. Beilinson quiver.

algebra of the Beilinson quiver modulo the commutativity relations, we automati-
cally get a fully-faithful functor,

Db(cohPn) → T .

If we can show that T generates, we will get an equivalence. Note that this phenom-
enon explains why the quivers from Figures 1 and 2 yield the fully-faithful functor
MKn in (1.1).

2.3. The toric Mori program. In this section, we briefly review the toric Mori
program, also called the toric minimal model program, which originated in the work
of Reid [Rei83]; standard references are the books of Cox, Little, Schenck [CLS11,
Chapters 14-15] and Matsuki [Mat02, Chapter 14]. The subject has interpretations
in terms of birational geometry, variation of Geometric Invariant Theory (VGIT),
and combinatorial modifications of toric fans. It can be developed in each language
in isolation.

We will focus mainly on VGIT. We choose this direction for its immediate relation
with the work of [BFK12] and for its simplicity of presentation. For the birational
geometer interested in comparing our presentation through VGIT to their more
familiar perspective of flips, flops, and Mori contractions, we recommend reviewing
[HK00]. For those more comfortable with the combinatorial viewpoint, we recom-
mend [CLS11]. However, to make connections with [DKK12], we will also need to
recall some combinatorial properties. We begin by recalling the general setup of
VGIT [DH98,Tha96].

Let G be a linearly reductive group acting on a variety X which is equipped
with a G-equivariant line bundle L. Following Mumford [MFK94], we consider
three subsets of X:

Definition 2.3.1.

Xss(L) = {x ∈ X | ∃f ∈ H0(X,Ln)G with n > 0, f(x) �= 0, and Xf affine},
Xs(L) = {x ∈ Xss(L) | G · x is closed in Xss(L) and Gx is finite},
Xus(L) = X \Xss(L),

where Xf = {x ∈ X | f(x) �= 0}. The subsets Xss(L), Xs(L), and Xus(L), are
called the semi-stable, stable, and unstable locus, respectively, of X. Each
subset is naturally a subvariety of X.

Definition 2.3.2. With notation as above, the GIT quotient of X by G with
respect to L is the quotient stack, [Xss(L)/G]. We denote the GIT quotient by
X//LG.
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The reader should note that this is not the definition of a GIT quotient given in
[MFK94], as we work with stacks. Indeed, the GIT quotient appearing in [MFK94]
is the coarse moduli space of the GIT quotient appearing here, assuming that the
stack is Deligne-Mumford.

The GIT quotient depends on the choice of L. Exploring the relationship be-
tween the quotient stacks resulting from different choices of L has deep ties with
birational geometry. Let PicG(X) be the group of G-equivariant line bundles on

X. The associated vector space, PicG
R
(X), naturally forms a parameter space for

GIT quotients. We say that L is G-effective if L is ample and Xss(L) �= ∅ and we

let EffG
R
(X) denote the cone of G-effective equivariant line bundles.

Definition 2.3.3. The GIT fan for the action of G on X is a fan in PicG
R
(X)

whose support is EffG
R
(X). The GIT fan is the unique fan characterized by the

following property: the interiors of the cones of the GIT fan are exactly the subsets
of constant semi-stable locus.

In general, the GIT fan may not exist. However, in many cases, it does. For
example, if X is proper [DH98,Tha96,Res00], it exists. This implies that it exists
for linear G-actions on X = An since we can compactify An to Pn and extend the
action correspondingly.

We now leave the general setting of GIT to focus on toric setting: X = An

and G is a subset of Gn
m. Affine space, An, has trivial Picard group so the set of

G-equivariant line bundles is in bijection with characters of the group G, denoted

by Ĝ. Given a character, χ, of G, we denote the corresponding G-equivariant line
bundle by O(χ) and the corresponding GIT quotient by An//χG.

Definition 2.3.4. When G ⊆ Gn
m is a subgroup of an algebraic torus, we shall call

a GIT quotient, An//χG, of affine space An by G, a toric stack. We will say that
the quotient is projective if C[x1, . . . , xn]

G = C. If the quotient is represented by
a scheme, we shall call the quotient a toric variety.

Remark 2.3.5. We have already mentioned that the GIT fan for toric actions on
affine space exists. It is straightforward to see that a toric stack is Deligne-Mumford
if and only if χ lies in the interior of a top-dimensional cone of the GIT fan. This
is equivalent to the underlying coarse toric variety being simplicial.

Remark 2.3.6. Note that, in general, a GIT quotient of affine space is automatically
projective over an affine variety. In particular, if the quotient is proper, then it is
projective; this occurs when C[x1, . . . , xn]

G = C. However, the most common
definition of a toric stack proceeds through a stacky fan, as in [BCS05] or the more
general construction in [GS11]. These approaches also include non-projective toric
stacks. At least in the case of varieties, our more restrictive definition has appeared
elsewhere in the literature; see [MiSt05] as an example.

GIT fans for toric varieties have deeper roots. For toric varieties, when An is the
spectrum of the Cox ring, the GIT fan was first considered by Oda-Park [OP91],
motivated by a dual construction for polytopes introduced by Gel’fand, Kapranov,
and Zelevinsky [GKZ94]. As such, it often goes by other names, including the GKZ
fan or secondary fan, and it admits a purely combinatorial description; again see
[CLS11,Mat02] for details.

We briefly recall the structure of the GKZ fan for toric quotients; again see
[DH98,Tha96] for a treatment of the general case. The inclusion G ⊂ Gn

m yields
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an exact sequence of abelian groups

(2.3) 0 → M
δ→ Zn γ→ Ĝ → 0,

where M denotes the kernel of γ. Tensoring with R, we obtain a sequence of vector
spaces

0 → MR → Rn γR→ ĜR → 0.

Let βi := γ(ei) with e1, . . . , en the standard basis of Zn. Let Cβ be the cone in ĜR

spanned by β1, . . . , βn. It is easy to check that the characters in Cβ are exactly
those whose corresponding GIT quotients are non-empty.

Remark 2.3.7. In addition to the combinatorial descriptions, this fan also admits

descriptions in terms of birational geometry. Recall that we can identify ĜR with
PicR(X) when X is a projective simplicial toric variety representing the corre-
sponding quotient. In turn, PicR(X) coincides in this case with N1(X), the space
of divisors modulo numerical equivalence. The cone Cβ then coincides with the
cone of effective divisors Eff(X). This cone admits a fan called the Mori fan, where
divisors in the relative interior of the same chamber define the same rational con-
traction; see e.g. [HK00] for a thorough discussion which in particular proves the
equivalence of this fan with the GIT fan. We will occasionally use the standard
facts that the cone Amp(X) ⊂ N1(X) of ample divisors is the relative interior of
the closed cone of nef divisors Nef(X), that the relative interior of the cone Eff(X)
is the cone of big divisors Big(X), and that in the toric case Eff(X) is closed.

The maximal cones in the GIT fan are called chambers, and the codimension 1
cones are called walls. We say that two smooth toric projective DM stacks are
neighbors, if there is a GKZ fan FGKZ such that the two stacks are GIT quotients
corresponding to adjacent chambers separated by a wall. Motivated by string theory
terminology, given a fixed GKZ fan, if X occurs as a GIT quotient corresponding
to some maximal chamber, we say X is a phase of FGKZ.

Now, let C+ and C− be two adjacent chambers in a GKZ fan. Let τ be the wall
defined by the intersection of C+ and C−. The wall τ spans a linear hyperplane,
H. Let λ : Gm → G be a primitive one-parameter subgroup whose kernel, once
tensored with R, defines H. Furthermore, choose λ so that the pairing of λ with
any character in C+ is non-negative. Set

Gλ := G/λ(Gm).

Let α be a character in the interior of τ . Finally, consider the GIT quotient

W := (An)λ//αGλ

of the fixed locus of λ by Gλ via O(α).
Set

μ := −〈λ,K[An/G]〉,
where K[An/G] = −

∑
i βi.

Definition 2.3.8. For a wall τ separating adjacent chambers C+ and C− in a GIT
fan, we call (W,μ) the wall data associated to τ .

We are interested not in only in individual walls, but sequences of walls and
the corresponding sequences of maximal chambers. Of particular importance are
sequences which come from a sequence of Mori operations (i.e. flops, directed flips,
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divisorial contractions, and Mori fibrations). To this end, fix a projective toric DM

stack X and consider a continuous path γ : [0, 1] → ĜR such that:

• γ(0) lies in the ample cone of X,
• γ(1) lies outside the support of the GKZ fan,
• γ does not pass through any cones in the GKZ fan of codimension 2.

For any 0 < t < 1, if γ(t) lies in a wall, then we can consider the corresponding
adjacent chambers C+ and C− where γ(t−ε) ∈ C− and γ(t+ε) ∈ C+ for sufficiently
small ε. This allows us to define a sequence of wall data along the path.

Definition 2.3.9. A path, γ, as above, is called a run of the toric Mori pro-
gram if whenever γ intersects a wall τ one has μ ≤ 0 for the wall data (W,μ).
If γ is a run of the toric Mori program and is a line segment with respect to the

Euclidean topology on ĜR we call γ a straight line run.

We will frequently make use of the following elementary observation, which es-
sentially states that any phase can be reached by a straight line run.

Lemma 2.3.10. Let X be a projective toric DM stack with GKZ fan FGKZ. Let Y
be any phase of FGKZ with corresponding chamber CY . Fix any character χ in the
ample cone of X. There is a line segment γ with respect to the Euclidean topology

on ĜR satisfying the three conditions above such that γ(0) = χ and γ(a) lies in CY

for some 0 < a < 1.

Proof. Fix the Euclidean metric on ĜR and take ε > 0 sufficiently small so that the
sphere Sε(χ) of radius ε centered at χ is contained in the ample cone. Any point
α ∈ Sε(χ) determines a unique ray emanating from χ. Consider the collection
of such points which determine a ray which eventually passes outside the pseudo-
effective cone. As X is projective, the pseudo-effective cone is strongly convex.
Hence, the collection of all such points with a ray hitting the interior of CY is a
non-empty open subset of the sphere as CY is of maximum dimension. However,
the locus of all points whose ray intersects a codimension 2 cone of FGKZ is a cell
complex of real codimension at least 1. �

As discussed in the introduction, one of the aims of this paper is to study Ho-
mological Mirror Symmetry for smooth toric DM stacks which are not Fano (or
nef-Fano). This following simple observation lets us always reach this case by a
straight line run.

Proposition 2.3.11. Let X be a projective toric DM stack. Then there exists a
nef-Fano projective toric DM stack X ′ and a straight line run γ in the GKZ fan of
X which starts at the phase X ′ and passes through the phase X on its way to the
exterior of the pseudo-effective cone. Moreover, if the anticanonical divisor −KX

is contained in the relative interior of a maximal chamber of the GKZ fan of X,
then X ′ may be taken to be Fano.

Proof. Let C−K be any chamber which contains −KX (possibly in its boundary),
and let X ′ be GIT quotient corresponding to this chamber. By the lemma above,
let γ be a line segment starting in the relative interior of C−K , passing through the
ample cone of X, and eventually exiting the pseudo-effective cone.

To see that this path is a run of the toric Mori program, consider a value 0 <
a < 1 such that γ(a) lies in a wall of the GKZ fan of X. By definition,

μ = −〈λ,K[An/G]〉,
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where λ is a one-parameter subgroup with 〈λ, γ(a + ε)〉 > 0 and 〈λ, γ(a − ε)〉 < 0
for some sufficiently small value of ε > 0. Now, since our path is a straight line
we have 〈λ, γ(a − ε)〉 < 0 for any ε > 0. In particular, 〈λ, γ(0)〉 < 0 and remains
negative on the relative interior of C−K . By continuity 〈λ, v〉 ≤ 0 for any v ∈ C−K .
Hence μ = −〈λ,K[An/G]〉 ≤ 0 as desired.

Recall that the anticanonical divisor on a projective toric variety is automatically
effective and big. To see that it is also nef, notice that the GKZ fan of X ′ is
a projection of the GKZ fan of X (possibly the identity projection), and the nef
cone of X ′ is the image of C−K under this projection, from which the proposition
immediately follows. �

When we consider toric mirror symmetry, it will be natural to consider an en-
largement of the GKZ fan which is complete. The following proposition is well
known.

Proposition 2.3.12. Let X be a projective toric DM stack. Then the GKZ fan
of X is naturally a subfan of the GKZ fan of the total space of the anticanonical
bundle Tot(−KX), and moreover the GKZ fan of Tot(−KX) is complete.

Following [AGM94], we call the GKZ fan of the anticanonical bundle of X the
enlarged GKZ fan of X. That this enlarged fan is relevant for mirror symmetry
is reasonable, as Tot(−KX) is log Calabi-Yau.

3. The B-side

3.1. The toric Mori program and derived categories. The purpose of the
Mori program is to take a projective variety, X, and, by a controlled sequence of
birational morphisms, produce a “simplest” birational model of X. As birational
geometry and derived categories are intimately tied, it is natural to expect that, if
the Mori program says to replace X by X ′, then the derived categories of X and
X ′ should be closely related. The most natural language to express such a relation
is that of semi-orthogonal decompositions.

A conjecture of Kawamata [Kaw02] gives a precise condition for Db(cohX) and

Db(cohX ′) to be related by a semi-orthogonal decomposition whenever X and X ′

are birational.

Definition 3.1.1. Let X and X ′ be smooth projective varieties. If there are
birational morphisms

Z

X X ′

f g

such that f∗ωX ⊗ g∗ω−1
X′ is effective, we say that X K-dominates X ′.

Conjecture 3.1.2 (Kawamata). If X K-dominates X ′, then there is a fully-

faithful functor Db(cohX ′) → Db(cohX), hence (automatically by [BV03]) a semi-

orthogonal decomposition of Db(cohX) with Db(cohX ′) as a component.

As discussed in Section 2.3, the toric Mori program is completely understood.
Using this understanding, Kawamata proved Conjecture 3.1.2 in [Kaw05,Kaw06,
Kaw12] for smooth projective toric varieties. Moreover, if X ′ is obtained from
X via a step in the toric Mori program, Kawamata exhibited a semi-orthogonal
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decomposition of Db(cohX) with Db(cohX ′) as a component and showed that the
complementary component in the semi-orthogonal decomposition possessed a full
exceptional collection. In particular,

Theorem 3.1.3 (Kawamata). Any projective DM toric stack admits a full excep-
tional collection (not necessarily strong or of line bundles).

Again, as discussed in Section 2.3, the toric Mori program for a smooth projective
toric variety X can be embedded in VGIT by using a presentation of X as a GIT
quotient, An//χG. Hence, the results from [BFK12] on the relationship of derived
categories of varieties, or stacks, coming from VGIT can be brought to bear on the
problem.

The following result is Theorem 5.2.1 in [BFK12].

Theorem 3.1.4. Let X and Y be projective DM toric stacks which are neighbors
and let (W,μ) be the associated wall data for a path passing from the chamber for
X to the chamber for Y . For any choice of d ∈ Z the following statements are true:

a) If μ > 0, there exists fully-faithful functors,

Φd : Db(cohX) → Db(cohY )

and

Υ− : Db(cohW ) → Db(cohY ),

and a semi-orthogonal decomposition, with respect to Φd,Υ+,

Db(cohY ) = 〈Db(cohW )(−μ− d+ 1), . . . ,Db(cohW )(−d),Db(cohX)〉,

with Db(cohW )(l) the image of Υ− twisted by a character of λ-weight l.
b) If μ = 0, there is an equivalence

Φd : Db(cohX) → Db(cohY ).

c) If μ < 0, there exist fully-faithful functors

Φd : Db(cohY ) → Db(cohX)

and

Υ+ : Db(cohW ) → Db(cohX),

and a semi-orthogonal decomposition, with respect to Φd,Υ+,

Db(cohX) = 〈Db(cohW )(−d), . . . ,Db(cohW )(μ− d+ 1),Db(cohY )〉,

with Db(cohW )(l) the image of Υ+ twisted by a character of λ-weight l.

Theorem 3.1.4 is the main tool in producing an exceptional collection for any
projective toric DM stack, X. See Remark 4.1.16 for a discussion of the meaning
of the integer d in the mirror.

The exceptional collection will depend on a choice of presentation,

X ∼= An//χG,

of X as a GIT quotient and a path, γ, in the GIT fan for the action of G on An.
The path, γ, determines a run of the toric Mori program for X.
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Theorem 3.1.5. Let X ′ = An//χG be a smooth nef-Fano projective toric DM
stack, γ be a run of the toric Mori program for X ′, and X be a phase along γ.
Let (W1, μ1), . . . , (Ws, μs) be the wall data associated to running γ starting at X.
There exist fully-faithful functors

Υj
i : D

b(cohWi) → Db(cohX), 1 ≤ j ≤ μi,

and a semi-orthogonal decomposition,

Db(cohX) = 〈Υ1
s, . . . ,Υ

μs
s , . . . ,Υ1

1, . . . ,Υ
μ1

1 〉.

Proof. Let C0 be the chamber of the GKZ fan on X corresponding to the nef cone
of X and C−K be the chamber of the GKZ fan corresponding to the nef cone of
X ′.

Moving along γ from C−K to CX , we pass through a finite number of chambers
C−s, . . . , C0, separated by walls τ−s, . . . , τ−1, with wall data (W1, μ1), . . . , (Ws, μs),
where C−s := C−K and C0 := CX . Let Xi be the GIT quotient corresponding to
the chamber Ci so that X−s = X ′ and X0 = X.

Since we are on a run of the toric Mori program, μi ≤ 0 for all i. Therefore by
Theorem 3.1.4, there is a semi-orthogonal decomposition,

Db(cohXi−1) = 〈Db(cohWi−1), . . . ,D
b(cohWi−1)(μi−1 − 1),Db(cohXi)〉,

where Wi−1 is the projective toric DM stack appearing in the theorem. Compiling
these semi-orthogonal decompositions, we obtain the final desired semi-orthogonal
decomposition. �

Let T be an edge-marked tree satisfying the following conditions:

• for each vertex there are at most 2 outgoing edges,
• if a vertex has 2 outgoing edges they are marked by + and −,
• if a vertex has 1 outgoing edge it is marked by +.

Let X be a toric DM stack. Given a point p ∈ FGKZ(X) define m(p) to be the
minimum over the dimension of all cones containing p.

Definition 3.1.6. With notation as above, a Mori tree for X is an injective
continuous map,

α : T → FGKZ(X)

satisfying:

• for an edge E marked by − with incoming vertex v, m(p) is constant along
α(E ∪ v),

• for an edge E marked by + with incoming vertex v and any p ∈ E,m(α(p)) =
m(α(v)) + 1,

• for any edge E and outgoing vertex v and any p ∈ E, m(α(p)) = m(α(v))+1,
• for any root r of T , α(r) = 0.

Corollary 3.1.7. To any Mori tree α and any GIT presentation of X ∼= An//χG,

one can associate an exceptional collection on Db(cohX).

Proof. One can choose a character, χ′, in the interior of a chamber of the GIT fan
for An//χG such that X ′ = An//χ′G is a nef-Fano projective toric DM stack. We
can apply Theorem 3.1.5 to get a semi-orthogonal decomposition

Db(cohX) = 〈

−μs︷ ︸︸ ︷
Db(cohWs), . . . ,D

b(cohWs), . . . ,

−μ1︷ ︸︸ ︷
Db(cohW1), . . . ,D

b(cohW1)〉,
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where (Wi, μi) are the wall data coming from the line in α given by the + edges.
It now suffices to show that each Wi admits a full exceptional collection. From the
vertex in α corresponding to the wall for (Wi, μi), we can take the straight line path
given by first taking the − edge and then all + edges. Again applying Theorem
3.1.5, we have

Db(cohWi) = 〈

−μ′
s′︷ ︸︸ ︷

Db(cohW ′
s′), . . . ,D

b(cohWs′), . . . ,

−μ′
1︷ ︸︸ ︷

Db(cohW ′
1), . . . ,D

b(cohW ′
1)〉,

where (W ′
i , μ

′
i) is the wall data associated to this path.

We continuing branching off at − edges to refine the semi-orthogonal decom-
position. The process terminates as the dimension of projective toric DM stack
strictly decreases each time we branch off using a − edge. The final components
are derived categories of zero-dimensional projective toric DM stacks. Such stacks
admit full exceptional collections corresponding to all irreducible representations of
a finite abelian group. �

Remark 3.1.8. Although the exceptional collection depends on a GIT presentation
of X = An//χG, there is a natural choice: take An to be the spectrum of the Cox
ring of X. However, one should note that in the proof above, the GIT fan for
W in the wall data (W,μ) is interpreted as the restriction of the GIT fan to the
wall. With this in mind, the Cox construction for W as a GIT quotient may have
additional torus factors even if X does not.

4. The A-side

4.1. Degenerations of toric Landau-Ginzburg models. Let M be as in (2.3).
The A-model mirror to a toric nef-Fano stack X is an LG model, i.e. a function

(4.1) w : M ⊗ C
∗ → C.

The function w is called the superpotential and can be obtained as a Laurent
polynomial in the following manner ([HV02]).

Write N = M∨ = Hom(M,Z) for the dual of M , and consider the dual map
from (2.3)

(4.2) δ∨ : (Zn)∨ → N.

Standard toric descriptions say that X has a stacky fan in N with one-dimensional
cones spanned by Σ(1) = {αi := δ∨(e∨i ) : 1 ≤ i ≤ n}. Let A = Σ(1) ∪ {0} and
define zα to be the character associated to α ∈ N via the natural isomorphism
N ∼= Hom(M ⊗Gm,Gm). Then the superpotential is defined as

(4.3) w =
∑
α∈A

cαz
α,

where the coefficients are chosen generically so that all critical points are Morse
and have unique critical values.

Remark 4.1.1. As w is defined only using the exact sequence (2.3), toric stacks
yielding an identical exact sequence have the same mirror superpotentials. This
ambiguity is corrected for upon compactification, as below. As discussed in the
introduction, we can only expect that w gives rise to an exact mirror when X is
assumed Fano.
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Remark 4.1.2. In practice, the set A may be a proper subset of the lattice points
of Q. For later constructions it is important that we record this data throughout.
Geometrically this data can be encoded in several ways. [GKZ94] introduced a
possibly non-normal toric variety XA whose normalization is the usual projective
toric variety XQ associated to Q. Alternately, A determines a linear subsystem of
the ample line bundle OQ(1) on XQ. In [DKK12], the action of the torus on this
linear system was used to define a stack X(Q,A). By default this is what is meant
by this notation throughout this paper. However, this subtlety will only appear
tacitly from here on.

One observes that a choice of generic coefficients of w will not alter the Fukaya-
Seidel category Fuk⇀(w) as different choices produce equivalent symplectic Lef-
schetz fibrations (this follows from an application of Moser’s trick). This is mirror
to the situation on the B-side where the choice of a Kähler structure does not effect
the derived category of coherent sheaves. However, if one considers mirror symme-
try with the roles of the A- and B-models interchanged (e.g. the Fukaya category
of X and the singularity category of w), the coefficients are important and are
prescribed by the Kähler structure on X via the mirror map ([CO06,HV02]).

In order to degenerate LG models w : (C∗)n → C, we first compactify the base
to P1 and then partially compactify the total space. To this end, define X∨ to be
the toric stack associated to the convex hull Q of A; this is obtained by considering
the normal fan to Q as a stacky fan with all generators primitive. The toric stack
X∨ is equipped with the ample line bundle OQ(1) which has a basis of sections
given by the lattice points N ∩ Q. As A ⊂ N ∩ Q, we may consider the linear
system VA ⊂ H0(X∨,OQ(1)) associated to A, which is simply the span of the

monomials {zα : α ∈ A}. We write V vf
A for the torus of all such sections that have

non-vanishing coefficients for all {zα}α∈A, modulo the diagonal (1, . . . , 1). We call

a section in V vf
A very full. Note that by our choice of A we always have a section

s0 = z0 corresponding to the lattice point {0}. As X∨ arises from a stacky fan in
M , we have that the open dense orbit in X∨ is M ⊗Gm. The following proposition
follows immediately from the definitions.

Proposition 4.1.3. With notation as above, there exists a unique s ∈ V vf
A such

that the diagram

(4.4)

M ⊗Gm −−−−→ X∨\B

w

⏐⏐ [s:s0]

⏐⏐
C −−−−→ P1

commutes, where B = Zero(s0)∩Zero(s) is the base locus of the pencil [s : s0]. We
call [s : s0] a mirror pencil for X.

By this proposition, we can equivalently consider the toric mirror superpoten-
tial as a one-parameter family of hypersurfaces in X∨ moving in the linear system
VA. One advantage of this perspective is that the moduli theory of such hypersur-
faces and their compactifications has been thoroughly studied (e.g [Ale02,DKK12,
GKZ94]), and is combinatorial in nature. Note that the torus TM = M ⊗ C∗ acts

on V vf
A by coordinate scaling. The following theorem, adapted from Theorem 2.18

of [DKK12], describes the structure of this toric moduli space.
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Theorem 4.1.4 ([DKK12]). There exists a toric moduli stack XΣ(A) for very full
toric hypersurfaces H and their toric degenerations. In particular, XΣ(A) is a com-

pactification of V vf
A /TM . The universal hypersurface H is contained in a toric stack

XΘ(A) which admits a flat map

π : XΘ(A) → XΣ(A).

The polytope Σ(A) yielding the stack XΣ(A) is the secondary polytope of (Q,A). The
polytope Θ(A) yielding the stack XΘ(A) is a Minkowski sum of Σ(A) with a simplex.

The normal fan of the polytope Θ(A) was introduced by Lafforgue [Laf03] for
matroid polytopes. This construction is also implicit in work of Kapranov [Kap95],
and the fan appears explicitly in Hacking’s subsequent work [Hac03]. The sec-
ondary polytope was introduced and thoroughly investigated in [GKZ94], and a
more general theory called fiber polytopes was introduced by Billera and Sturmfels
[BS92]. This includes as a special case a polytope called the monotone path poly-
tope which we will encounter later. We will not review the full theory of secondary
or Lafforgue polytopes here, but will review the most pertinent concepts below.

The most relevant part of this structure for this paper is the 1-skeleton of the
secondary polytope. The vertices correspond bijectively to convex triangulations
T of (Q,A). These are simply cellular decompositions of the polytope Q into lattice
simplices whose vertices are respectively contained in the set A, and subject to the
condition that they arise from the projection of the linearity domains of a piecewise
affine convex function. Given such a T , the corresponding vertex φT ∈ RA of Σ(A)
is given simply by

(4.5) φα
T =

∑
α∈σ

vol(σ),

where φα
T denotes the corresponding coordinate in RA, and the sum is over the

normalized lattice volumes of all simplices containing the lattice point α ∈ A.
Of particular interest to us are the edges of Σ(A) which correspond bijectively to
extended circuits of (Q,A).

Definition 4.1.5. An (affine) circuit in a lattice L is a set C ⊂ L which is affinely
dependent over L, but such that every proper subset is affinely independent. If L
has rank d, an extended circuit is any subset C̃ ⊂ L such that |C̃| = d + 2 and
which affinely spans L.

It is easy to check that any extended circuit contains a unique circuit. We may
write an extended circuit explicitly by writing the affine relation∑

α∈A

cαα = 0,

where
∑

α∈A aα = 0. Let A+ = {α | aα > 0}, A− = {α | aα < 0}, and A◦ =
{α | aα = 0}. The triple (|A+|, |A−|; |A◦|) is an invariant of an extended circuit
called the signature, and is well defined up to a switch of the first two entries.
If |A◦| = 0, we will write (|A+|, |A−|) for the signature and refer to the extended
circuit as non-degenerate. The relationship between (extended) circuits and trian-
gulations is that every extended circuit determines two (convex) triangulations T±
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of the polytope Q = conv(A) by taking

T± = {conv(A \ {αi} |αi ∈ A±}

as the decomposition of Q into simplices with vertices contained in A.

Remark 4.1.6. A similar theory can be developed with simplicial sub-fans supported
on a set of rays playing the role of triangulations of a marked polytope. Here a
(linear) circuit will correspond to sets of primitive generators which are linearly
dependent but such that every proper subset is linearly independent, and these
linear circuits will correspond bijectively to the walls of the GKZ fan. Indeed, the
entire theory of the GKZ fan of a toric variety can be developed in this language;
this was the viewpoint taken in the original work of Reid [Rei83] and Oda-Park
[OP91], and is discussed in detail in [CLS11, Section 15.3].

When X is a toric Fano variety, the relationship between the GKZ fan and the
secondary polytope is particularly clear. Let Δ be a reflexive polytope defining X,
Δ◦ to be the polar dual, and define the set A = vert(Δ◦) ∪ {0}. The following
result is well known; see e.g. [Cox98, Section 7].

Proposition 4.1.7. With notation as above, the enlarged GKZ fan from Propo-
sition 2.3.12 equals the normal fan of the secondary polytope Σ(A). In particular,
the GKZ fan of X is a full-dimensional subfan of the normal fan of Σ(A).

This proposition will be used at least implicitly many times in order to identify
walls in the GKZ fan (B-side) with circuits on the mirror (A-side).

Let us now interpret the above combinatorial constructions geometrically. Fol-
lowing [Ale02], one associates to T (or more generally any face of Σ(A)) a stable
toric variety which is a possibly reducible variety whose components are the toric
stacks corresponding to the respective cell of the subdivision of Q, and which are
glued together along boundary strata according to the combinatorics of the subdivi-
sion. A fiber of H → XΣ(A) is a degenerated hypersurface; namely a collection
of reducible hypersurfaces in each of the components of a stable toric variety with
the respective gluing. The structure of a degenerated hypersurface is closely related
to the corresponding tropical variety; we review this in 5.1.1.

A specific consequence of the above theorem is that one can realize a mirror
pencil from 4.1.3 as the pullback along a map ι : P1 → XΣ(A) as in the diagram

(4.6)

M ⊗Gm
i−−−−→ X◦\B ι∗−−−−→ H

w

⏐⏐ [s:s0]

⏐⏐ π|H
⏐⏐

C −−−−→ P1 ι−−−−→ XΣ(A)

We use this description to construct the moduli space of LG models; that is, the
moduli space of mirror pencils.

Remark 4.1.8. The theory of maps from a sphere to a symplectic variety is quite
rich and, were XΣ(A) a smooth variety (or DM stack), we could study the structure

of the (twisted) stable map compactification M0(XΣ(A), ι(P
1)) in order to give a

useful description of the space of all such mirror pencils. Unfortunately, it is quite
rare that XΣ(A) is smooth even as a stack. The approach we give instead better
reflects the underlying combinatorics.
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Let

(4.7) ρ : V vf
A → XΣ(A)

be the map which is the composition of the quotient V vf
A → V vf

A /TM with the

inclusion of V vf
A /TM onto the dense torus of XΣ(A). Now, let K = Gm be the

one-parameter subgroup of the open torus of XΣ(A) which acts via

(4.8) λ · ρ
(∑

α∈A

cαsα

)
= ρ

⎛⎝λc0s0 +
∑

0
=α∈A

cαsα

⎞⎠ .

By varying s =
∑

α∈A cαsα and comparing with the definition of a mirror pencil as
in Proposition 4.1.3, we obtain the following useful characterization.

Proposition 4.1.9. Any mirror pencil for X is represented by the closure of a
K-orbit in XΣ(A).

Being a one-parameter subgroup, K corresponds equivalently to a cocharacter;
let us now describe it explicitly. Consider the exact sequence

0 → M ⊕ Z
δ̃→ ZA γ̃→ Ĝ → 0,

where δ̃(m,λ) =
∑

α∈A(〈m,α〉 + λ), and Ĝ is defined to be the cokernel. This
exact sequence is just the A-side analogue of (2.3). Recall that in our situation
A = vert(Δ)∪{0}, and let A′ = vert(Δ), which we may identify with the primitive
generators of the fan defining the original toric Fano.

Comparing with the exact sequence (2.3), consider the commutative diagram

0 −−−−→ M
δ−−−−→ ZA′ γ−−−−→ Ĝ −−−−→ 0

i1

⏐⏐ i2

⏐⏐ =

⏐⏐
0 −−−−→ M ⊕ Z

δ̃−−−−→ ZA γ̃−−−−→ Ĝ −−−−→

where i1 is the inclusion in the first factor, i2 is the inclusion ZA′ ⊂ Z, and

(4.9) δ̃(m, k) = i2(δ(m)) + k
∑
α∈A

eα.

The cocharacter of K acting on ZA ⊗ Gm (before applying ρ) is clearly e0. This
descends via γ̃ to the cocharacter χ = γ̃(e0).

Remark 4.1.10. Note that as an element of Ĝ, the cocharacter χ corresponding to
the subgroup K coincides with the anticanonical divisor of the original variety X.

It is thus natural to define the space of mirror pencils to be a quotient of the
stack XΣ(A) by K. This requires the correct notion of quotient. The most struc-
tured approach is to use the exact sequences above, along with the generalized
notion of a toric stack developed in [GS11], to take this quotient at the level of
generalized stacky fans. If we only regard the toric pencils as equivariant cycle
classes determined by ι(P1), we may take a more classical approach.
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Definition 4.1.11. The space of LG mirrors XLG is the toric Chow quotient of
XΣ(A) by K.

For the definition and properties of this quotient, see [KSZ91]. Note that in
general this will be a non-normal toric variety. It was observed in [CS12] that
this space admits an equivalent description in terms of log stable maps. It is
important to note that the polytope corresponding to XLG was discussed as a
purely combinatorial object in [BS92], where it was dubbed the monotone path
polytope. More precisely, this polytope is the monotone path polytope of Σ(A)
relative to the hyperplane. The most important feature of this polytope is that
its vertices correspond to edge paths on the secondary polytope. Intuitively, the

cocharacter χ = γ̃(e0) determines a linear functional on the space ĜR which contains
the secondary polytope, and the edge paths are those which move “downward” with
respect to this linear functional.

Taking a page from mirror symmetry of Calabi-Yau varieties, we consider Ho-
mological Mirror Symmetry of the original nef-Fano stack as taking place near the
toric fixed points in XLG; that is, near the large complex structure limit.

Definition 4.1.12. A torus fixed point of XLG is called a maximally degenerated
LG mirror.

The following theorem relates these degenerated LG models to their B-side mir-
rors, and makes precise the notion that the edge paths specified by vertices of the
monotone path polytope are mirror to runs of the Mori program. A complete proof
of this can be found in [DKK12],

Theorem 4.1.13 ([DKK12]). Maximal degenerated LG mirrors are in bijection
with straight line run of the toric Mori program on X.

Let us now describe the geometry of maximally degenerated LG mirrors in more
detail. As mentioned above, they in particular correspond to a collection of edge
paths on the secondary polytope, and thus a sequence of circuits. Geometrically,
to every maximal degeneration ψ ∈ XLG there is thus an associated 1-cycle

(4.10) Zψ =

m⋃
i=1

aiZψ,i

on XΣ(A). Equivalently, this is a degeneration of the generic mirror pencil (4.3) into
a (weighted) union of one-dimensional toric boundary strata. The coefficients of
the cycle can be seen by taking {ψ(t)}t∈[0,1] ⊂ XLG to be a one-dimensional family
of LG pencils with ψ(0) = ψ a maximal degeneration, and observing a bubbling
phenomena for the corresponding maps ψ(t) : P1 → XΣ(A) into ai-ramified maps

(4.11) ψi(0) : P
1 → Zψ,i.

By the description of the universal hypersurface H over XΣ(A), we thus see that

ψ defines a chain of (stacky) P1’s, which is equipped with a family of degenerated
hypersurfaces. Over the nodes of this chain and over the two torus fixed points
at the end of the chain the hypersurface is typically reducible and has irreducible
components consisting of (stacky) pairs of pants glued according to the correspond-
ing triangulation. The generic fiber over components of the chain will likewise be
determined by the circuit determined by the two triangulations of the respective
endpoints. The advantage of these degenerate pencils is that they are essentially
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entirely combinatorial. In practice, we will need Lefschetz pencils which approxi-
mate these degenerate pencils. This can be done by considering a point in XLG

sufficiently close to the corresponding fixed point. We will call such a pencil a
regeneration of ψ. In practice, there are subtleties due to the non-trivial stack
structure of XΣ(A); see Section 4.3 of [DKK12] for details.

There are prescribed asymptotics in t for annuli Bi in the domain of ψ(t) for
which ψ(t)|Bi

converges to the components ψi(t) ([DKK12]). These asymptotics
separate the critical values of ψ(t) into subsets {S1, . . . , Sm}. Furthermore, as ψi(t)
converges to an ai-fold cover of Zi, each subset Si of critical values further parti-
tions into ai groups {Si1, . . . , Siai

} corresponding to the branches of the cover. To
summarize, given a maximal degeneration ψ(0) = ψ ∈ XLG, and a one-parameter
family of LG-models approaching it, we obtain a decomposition of the plane into
successive annuli such that:

• There is one annulus for each circuit appearing in the edge path on Σ(A)
determined by ψ.

• If an edge appears with multiplicity, the corresponding annulus is divided
into the corresponding number of radial regions.

The number of critical points in each such region then depends on the further
geometry of the corresponding circuit. In particular, it is 1 unless the circuit is what
is known as a degenerate circuit. To compute the multiplicities ai, let Stab(Zi) be

the subtorus in Ĝ ⊗ C∗ that stabilizes Zi. Then ai equals the order of the group
Ker(ηi) where

(4.12) ηi : K → Ĝ/Stab(Zi).

The computation of this order amounts to evaluating the cocharacter of K with a
generator for the affine edge {Ti, Ti+1} in the secondary polytope Σ(A) correspond-
ing to Zi. In particular, if ϕTi

and ϕTi+1
are the vertices on the edge Σ(A) regarded

as a polytope in ZA and their difference ϕTi+1
−ϕTi

is not a non-trivial multiple of
any lattice point, then

(4.13) ai =
〈
e0, ϕTi+1

− ϕTi

〉
.

The total collection of the decomposition into annuli and the distinguished basis is
called a radar screen. We will see an explicit example in Figure 14.

Remark 4.1.14. For a run of the Mori program, let (Wi, μi) be the wall data asso-
ciated to an affine edge {Ti, Ti+1}. It is shown in [DKK12] that

ai = −μi · dim K0(Wi).

When the corresponding extended circuit is non-degenerate ai = −μi. Notice that
there’s a minus sign due to an altercation among sign conventions in [DKK12] and
[BFK12]. In addition, the locus W is determined by the locus where the fan is
changed non-trivially, i.e. the support of the circuit (see [CLS11, Section 15.3]).

We may use this result to write down a conjectural mirror for the semi-orthogonal
decomposition given in Theorem 3.1.5. Strictly speaking, if X ′ is a nef-Fano and
X is a phase, the theorem below gives the conjectural mirror semi-orthogonal de-
composition of Db(cohX), of which a subset of components specified by omitting

the wall contributions from X to X ′ yields Db(cohX ′).
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Theorem 4.1.15 ([DKK12]). For every maximal degenerated LG mirror ψ of a
family ψ(t) there is a semi-orthogonal decomposition

〈
−μ1︷ ︸︸ ︷

Fuk⇀(ψ1), . . . ,Fuk
⇀(ψ1), . . . ,

−μs︷ ︸︸ ︷
Fuk⇀(ψs), . . . ,Fuk

⇀(ψs)〉
of the Fukaya-Seidel category Fuk⇀(ψ(t)) for t ≈ 0. Here the ψi are regenerations
of the singular pencils Zi.

Remark 4.1.16. The integer d from Theorem 3.1.4 is mirror to a monodromy trans-
formation around a degenerate fiber of Zi (i.e. a fiber over a torus fixed point of the
base stacky P1), where Zi is the pencil corresponding to the circuit which is mirror
to the corresponding wall crossing. In terms of the radar screen, this amounts to a
rotation of the corresponding annulus and hence yields a different semi-orthogonal
decomposition of the Fukaya-Seidel category Fuk⇀(ψ(t)) for t ≈ 0.

5. The Mori program meets

Homological Mirror Symmetry, torically

5.1. General method. We begin this section by recalling our central conjecture
5.1.1. Following the notation of the previous sections, we let X be a projective toric
DM stack, X ′ be a projective toric nef-Fano DM stack with a straight line run for
X containing X as a phase. We take ψ = ψ(0) to be the degenerated LG mirror
corresponding to the Mori program run and {ψ(t)} a degenerating family.

Conjecture 5.1.1. Given any maximal degeneration ψ of an LG mirror pencil, let

Fuk⇀(ψ(t)) = 〈T1, . . . , Tr〉,
Db(cohX) = 〈S1, . . . ,Sr〉

be the semi-orthogonal decompositions associated to ψ and its run of the toric Mori
program.

Then there exists an equivalence of triangulated categories

Φψ : Fuk⇀(ψ(t)) → Db(cohX)

which restricts to equivalences Ψψ : Ti → Si for all 1 ≤ i ≤ r.

In addition to being a statement of Homological Mirror Symmetry for toric
varieties, the conjecture is formulated to suggest a rich correspondence between
decompositions of the categories involved, the geometry of the space of LG models,
and birational geometry.

Before outlining a strategy to prove this conjecture, we cite some evidence in its
favor. It was proven in [DKK12] that the conjecture holds at the level of K-theory
ranks.

Proposition 5.1.2 ([DKK12, 5.17]). In the decompositions of Conjecture 5.1.1

(5.1) rank(K0(Ti)) = rank(K0(Si))

for all 1 ≤ i ≤ r.

There are two hurdles that must be overcome in order to prove Conjecture 5.1.1.
The first is to show that

(5.2) Ti � Si
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for any circuit in Σ(A), or equivalently, for any wall crossing in the GKZ-fan coming
from a straight line run. The second hurdle is showing that the A∞- or dg-bimodule
of morphisms from 〈T1, . . . , Tk〉 to Tk+1 is quasi-equivalent to that from 〈S1, . . . ,Sk〉
to Sk+1. The full equivalence would then follow from an easy induction. For both
the A and B side of mirror symmetry, a detailed study of the dg- or A∞- endomor-
phism algebra associated to exceptional collections in the respective category must
be made.

5.1.1. Calculating the A∞-algebra corresponding to a run of the toric Mori program
on the A-side. For the A-side, we sketch a correspondence between LG models and
a type of “tropical Morse theory”. The main goal of which is to understand the
structure of the Lagrangian vanishing cycles which appear in the regenerated LG
models, as this is precisely what determines Fuk⇀(ψ) by Theorem 4.1.15. The
main point is that the location of these vanishing cycles can be largely described
by determining their tropicalizations. The idea is simple: recall that for each com-
ponent in the chain of (stacky) P1’s given a maximal LG degeneration ψ its two
torus fixed points correspond to triangulations, and the entire component corre-
sponds to a circuit. We will show that the tropicalization of the vanishing cycles of
a regeneration are determined by the circuit data.

To this end, we first recall some basic notions from tropical geometry. First,
recall that given a polarized toric variety XQ determined by a lattice polytope Q,
there is a continuous map

Mo : XQ → Q

called the moment map, such that the fiber over a point in the interior of a codi-
mension k cell of Q is the real torus (S1)k. In practice, it will suffice to consider
the restriction of Mo to the dense torus, in which case, identifying the interior of
Δ homeomorphically with Rn, the map is identified with the usual amoeba map

Log(t1, . . . , tn) = (log |t1|, . . . , log |tn|).
If H ⊂ XQ is a hypersurface, the image Mo(H) ⊂ Q is called the amoeba of H.

Tropical geometry studies the structure of H via polyhedral complexes onto which
the amoeba deformation retracts.

More precisely, given a convex triangulation T of a polytope (Q,A), we may
define a tropical variety YT which is the dual polyhedral complex to the triangula-
tion, with maximal cells weighted by the lattice volume of the corresponding dual
simplex. To each simplex in the triangulation, we associate a weighted tropical pair
of pants which glue together to give the full tropical variety YT .

Recall from (4.5) that T corresponds to a vertex of the secondary polytope Σ(A)
and thus a unique fixed point pT of the stack XΣ(A). The relationship between
the geometry of a hypersurface and YT is most clear when the triangulation is
assumed to be maximal; that is, when the maximal simplices of T each have
normalized lattice volume equal to 1. As before, if p ∈ XΣ(A), we let Hq denote the
hypersurface in XQ which is the fiber of πH over p. Let H◦

p denote the open part
of this hypersurface which is contained in the dense torus of XQ.

The following proposition follows immediately from the main results of [Mik04].

Theorem 5.1.3. Let T be a maximal triangulation of (Q,A), and let q(t) be a
continuous path in XΣ(A) such that q(0) = pT and q(t) does not meet the toric
boundary of XΣ(A) for 0 < t < ε. Then as t → 0, the amoebas Mo(H◦

qt) converge,
in the Gromov-Hausdorf limit, to the tropical variety YT .
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Analyzing the convergence for sufficiently small t produces a continuous map

(5.3) πtrop : H◦
qt → YT

called a tropical degeneration of Hqt . The fibers of this map over the interior of
a maximal cell are simply real tori.

We now apply this machinery to the study the fibers of mirror pencils. Recall
from Section 4 that a maximal degeneration of a mirror pencil arises as the limit
of a family {φ(t)} of mirror pencils whose limit in the space XLG determines a
sequence of edge paths {Ti, Ti+1}. Thus, for each 1 ≤ i ≤ m and t ∈ [0, 1] we
may define {qi,t} on the boundary of the i-th annulus Bi in the K-orbit φ(t) which
converges to pTi

. In particular, the fibers near the maximal degeneration φ can be
viewed as going through a sequence of tropical degenerations

(5.4) πtrop
i : φ(t)∗(Zqi,t) → YTi

.

We now discuss how to use tropical techniques to study not just the fibers over
the points qi,t, but the vanishing cycles which appear in the regenerated components
ψi from Theorem 4.1.15. It was noted in [GKZ94, Example 11.5.8] that there is a
strong relationship between triangulations related by a circuit and Morse surgery.
This motivates the following definition.

Definition 5.1.4. Let T and T ′ be triangulations related by a circuit, and let
YT and YT ′ be the respective tropical varieties. A cell P ⊂ YT ′ is a stable cell
with respect to the circuit if its dual simplex is contained in T ′ but not T . The
unstable cells are those in YT whose dual simplices are contained in T but not
T ′. The collection of all stable cells will be called the stable complex of the
modification.

Figure 6. Unstable and stable complexes for two-dimensional circuits.

Of course, the definition depends on an ordering of {T, T ′}. In all situations
we consider, this is afforded by the sequence T0, . . . , Tn defined by a maximal LG
degeneration ψ. In Figure 6 we illustrate the stable cells in red and the unstable
cells in blue for non-degenerate circuits in two dimensions. The main reason for
these considerations is to apply the technology of stable and unstable complexes
to the study of vanishing cycles which appear in degenerations of LG models. We
prove here that the stable complex is indeed the tropicalization of a vanishing cycle.
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Proposition 5.1.5. Let {ψ(t)} be a maximal degeneration of a mirror potential
with {T0, . . . , Tm} the corresponding sequence of triangulations. If γ is a path in
Bi from a critical value of ψ(t) to qi,t with vanishing cycle L, then the image

πtrop
i : L → YTi

converges to the stable complex of {Ti, Ti+1} as t → 0.

Proof. Recalling Theorem 4.1.4, we have the map π : XΘ(A) → XΣ(A) along with
its restriction πH to the universal hypersurface. On the annulus Bi, the maps
ψ(t) : P1 → XΣ(A) converge to an ai-fold cover of the Gm orbit corresponding
to the edge {Ti−1, Ti} on the polytope Σ(A). Let S be the convex subdivision
corresponding to the edge {Ti−1, Ti} and note that the polytopes in S consist of
the simplices that are members of both triangulations and the polytope C which
contains all simplices which are being modified.

The pullback via ψ(0) of the hypersurface H ⊂ XΘ(A) along the component Zi

decomposes into components

(5.5) ψ(0)|∗Zψ,i
(H) =

⋃
σ∈S

Xσ,

whereXσ is a fiber bundle of a pair of pants (or a cover thereof) over P1 for all σ �= C
and the map fC : XC → P1 is associated to the subpolytope C ⊂ Q associated
to the circuit. It is a consequence of Proposition 5.7 of [DKK12] that the critical
point of ψ(t)|Bi

converges to the unique critical point of fC and is contained in the
interior of XC .

Let ỸTi
be the tropical variety associated to the Ti triangulation of the marked

polytope (C,C ∩A). Then, there is an inclusion of the polyhedra in ỸTi
to those in

YTi
. We observe that at t = 0, the tropical image of the vanishing cycle L is con-

tained dual complex ỸTi
⊂ YTi

, as it is the same image as that of the hypersurfaces
corresponding to fC . One can use a compressing flow to force this image to be in
the compact polyhedra of ỸTi

. It is an easy exercise to see that for a circuit, these
polyhedra give the stable complex of the circuit corresponding to {Ti|C , Ti+1|C}.
But it easily follows from the definition of stable complex that the inclusion of the
stable complex in ỸTi

of {Ti|C , Ti+1|C} into the full tropical complex YTi
will be a

bijection of polyhedra. This yields the claim. �

Remark 5.1.6. Conjectures of Seidel [Sei11] suggest that it may be possible to build
a calculus that yields the Floer theory of the vanishing cycles in terms of essentially
tropical data. The above proposition indicates that one can identify the vanish-
ing cycles of an LG mirror with cell complexes in the tropical hypersurface YTm

near infinity; however, the results in [Abo09] strongly suggest that, in general, in
order to fully recover the Floer theory of a Lagrangian from its tropicalization,
one requires additional combinatorial enhancements. In addition to standard trop-
ical techniques, establishing related results would require the study of Floer theory
in the coamoeba setting [FHKV09, She11]. Were such a calculus to be built, the
A∞-endomorphism algebra of the exceptional collection of vanishing cycles would
then be read off from the combinatorial data of the tropical vanishing cycles, after
which a comparison with the B-model could be made. The implementation of this
program is beyond the scope of this work, but motivates much of our analysis. In
particular, we view the analysis of the A-side of the main example in Section 5.2
as a particular instance of this philosophy.
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Figure 7. Circuit vanishing cycles.

In the case where the fibers are Riemann surfaces, using matching paths argu-
ments, the actual vanishing cycles can be explicitly identified for the non-degenerate
circuits (of which there are only two cases). These cycles are pictured in Figures 6
and 7 as an illustration of Proposition 5.1.5.

In the three cases on the right of Figure 7, the vanishing cycle is embedded in
the hypersurface while in the case on the left, one sees an immersed vanishing cycle
which is a (Z/3Z) quotient of the hexagonal torus. In this last case, the actual
Lagrangian lies in the cover. The monodromy around the fixed points of these
circuit fibrations is given by a Dehn twist along each cylinder that corresponds to
an edge in the stable or unstable manifold. In the case of the finite quotient, this
is simply the action of (Z/3Z) on the cover. In the next section, we pull these
cycles back along the tropical hypersurfaces associated to a maximal LG mirror
degeneration.

Remark 5.1.7. Compared to computing Floer cohomology, there are a multitude of
general ways for computing morphisms in the derived category of coherent sheaves
on a variety. However, the A-model analysis described above and the methods and
observations of [AS10,Sei11] suggest an approach to the B-side computations of A∞
structure that might be amenable to mirror symmetry. Namely, the hypersurface on
the A-side admits a pair of pants decomposition coming from its tropical amoeba.
This decomposition is combinatorially dual to the collection of maximal cones in
the fan for the corresponding toric variety. If we wish to compute morphisms on
the A-side, following [Sei11], we should be able to compute the Floer cohomology
of the restrictions of the Lagrangians to each pair of pants and glue them together
to get the global Floer cohomology. Mirror to this procedure, we should use the
affine cover of the toric variety coming from the maximal cones, plus locally-free
resolutions of the complexes mirror to the Lagrangians. Hence, we obtain a dg-
algebra from the corresponding C̆ech resolution. However, due to the fact that
much of this technology is not currently available, this is not the approach we will
take in Section 5.2.

5.2. An example. To illustrate the program outlined above, we examine the case
of a blow-up of P2 in three infinitesimally close points. Precisely, take P

2, blow
it up at a point, and then blow up at the two points on the exceptional locus
corresponding to two coordinate axes passing through the original point. This is
toric. Namely, we take X to be the toric variety defined by the fan Σ in NR with
one-cone generators

(5.6) Σ(1) = {(−1,−1)(1, 0), (0, 1), (1, 1), (1, 2), (2, 1)}.
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The fan Σ is pictured in Figure 8 with rays labeled according to the ordering in the
above equation. We name the corresponding toric divisors {D0, . . . , D5}.

2
4

3

1

0

5

Figure 8. The fan of the toric variety X.

This fan determines the linear map γ from Z6 to Ĝ ∼= Z4 displayed in Figure 9
with basis for Z4 given by D0, D3, D4, D5.

Z6
Z4 ∼= Ĝ

γ =

⎛⎜⎜⎝
1 1 1 0 0 0
0 −1 −1 1 0 0
0 −2 −1 0 1 0
0 −1 −2 0 0 1

⎞⎟⎟⎠

Figure 9. The map γ for the toric variety X.

•

⎛
⎜⎜⎝

0
−3
1
1

⎞
⎟⎟⎠

⎛
⎜⎜⎝

0
−1
0
1

⎞
⎟⎟⎠

⎛
⎜⎜⎝

0
−1
1
0

⎞
⎟⎟⎠

⎛
⎜⎜⎝
0
1
0
0

⎞
⎟⎟⎠

⎛
⎜⎜⎝
−1
0
0
0

⎞
⎟⎟⎠

Figure 10. A straight line run of the toric Mori program for X ′

marked by one-parameter subgroups.

The variety X is not nef-Fano. However, if Σ′(1) = Σ(1)\{(1, 1)} and X ′ is the
smooth stack associated to Σ′, one observes that X ′ is nef-Fano and X ′ is a phase
of X. Figure 10 illustrates a straight line run of the toric Mori program for X ′ with
Σ′ appearing on the far left and Σ appearing as the first phase. The one-parameter
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subgroups determining the wall-crossings are listed above each fan modification in
the basis for D0, D3, D4, D5.

Following the outline given in Section 4, the straight line run of the toric Mori
program appearing in Figure 10 can also be interpreted in the language of monotone
path polytopes. To this end, consider the secondary polytope of A = Σ(1)∪{(0, 0)}.
Recall that the normal fan of the polytope extends the GIT fan of X. A direct
calculation finds that the secondary polytope Σ(A) is a 4-dimensional polytope with
30 vertices, 20 of which have normal cones in the GIT fan of X. The monotone
path polytope of Σ(A) with respect to the function χ can also be computed as a
3-dimensional polytope with 24 vertices. In this case, every run of the toric Mori
program for X ′ is a straight line run and so the vertices of the monotone path
polytope are in one to one correspondence with straight line runs of the toric Mori
program of X ′. Of these runs, precisely 10 have X as a phase. The monotone
path polytope is illustrated in Figure 11. Those faces which have vertices whose
runs of the toric Mori program contain X as a phase are colored in green. The left
most green vertex corresponds to the straight line run of the toric Mori program
illustrated in Figure 10.

Figure 11. The monotone path polytope Σχ(Σ(A)).

5.2.1. The B-model computation. Let us now discuss the dg-algebra associated to
this straight line run of the toric Mori program on the B-side.

Recall that X is, by definition, the toric variety defined by the fan Σ in NR with
one-cone generators labeled from 0 to 5 by

(5.7) Σ(1) = {(1, 0), (2, 1), (1, 1), (1, 2), (0, 1), (−1,−1)}.
The Cox construction describes X as a GIT quotient of the prime spectrum of

the homogeneous coordinate ring, C[x0, . . . , x5], by the torus dual to the Picard
group of X,

G := Hom(Pic(X),Gm),

for any choice of a G-equivariant ample line bundle. In this case, the semi-stable
locus and stable locus agree. They are the complement of the vanishing locus of
the ideal

J := 〈x3x4x2x0, x4x2x0x1, x2x0x1x5, x0x1x5x3, x1x5x3x4, x5x3x4x2〉.
Let

U := SpecC[x0, . . . , x5]\V (J)
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so that

(5.8) X ∼= [U/G].

Via the above isomorphism, one can identify Di with the vanishing locus of xi

for 0 ≤ i ≤ 5. With this interpretation, the two disjoint exceptional loci from the
second blow-up are D4 and D5 while the strict transform of the exceptional locus
from the first blow-up is described by D3. The remaining toric divisors, D0, D1 and
D2 are all linearly equivalent to the pullback of a generic hyperplane from P2.

Now, the run of the Mori program appearing in Figure 10 (starting from the
ample chamber of X and ending outside the support of the GKZ fan) corresponds
to the sequence of blow-downs for X given by D2 followed by D4 followed by D3.
Consider the blow-down maps

f5 : X → Y

contracting D5,

f4 : Y → F1

contracting D4, and

g : F1 → P2

contracting D3.
Table 1 displays the weights of each of the one-parameter subgroups appearing in

Figure 10 along with the data (W,μ) used to determine the semi-orthogonal decom-
position in Theorem 3.1.5. The one-parameter subgroup λ1 determines the variation
of GIT quotients from X ′ to X. Therefore, to compute the semi-orthogonal decom-
position of Db(cohX), we consider the sequence of wall crossings corresponding to
λ2, λ3, λ4, λ5.

x0 x1 x2 x3 x4 x5 Wi μi

λ1 0 0 0 −3 1 1 pt −1

λ2 0 −1 0 −1 0 1 pt −1

λ3 0 0 −1 −1 1 0 pt −1

λ4 0 −1 −1 1 0 0 pt −1

λ5 −1 −1 −1 0 0 0 pt −3

Table 1. The weights and wall data associated to each one-
parameter subgroup.

Let us first justify the computation of the wall data (W2, μ2) in the case of the
wall τ2 determined by λ2. The anticanonical divisor on X is given by the sum of
the Di. In the basis D0, D3, D4, D5 we can sum the columns of γ in Figure 9 to
obtain

−KX = −3D0 +D3 + 2D4 + 2D5.
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Therefore we can take the dot product of λ2 = (0,−1, 0, 1) with the anticanonical
(3,−1,−2,−2) to obtain μ2 = −1. In the same manner, one can calculate each of
the μi.

Now recall that W2 is defined as the GIT quotient of the fixed locus of λ2 by
(Gm)3 determined by a character α in the relative interior of τ2. From Table 1, we
see that the fixed locus of λ2 is defined by the xi of weight zero, namely x0, x2, x4.
This yields a GIT quotient of C3 by (Gm)3. Under change of basis, the action can
be diagonalized completely so that weights of the action are (1, 0, 0), (0, 1, 0), and
(0, 0, 1). Any GIT quotient with a generic character yields a point. Also in the
same manner, one can see that each Wi is a point.

Let us consider the application of Theorem 3.1.5 to the wall crossing associated
to λ2 with wall data (pt,−1). For each d ∈ Z, we get fully-faithful functors

Φd : Db(cohY ) → Db(cohX)

and

Υ+ : Db(coh pt) → Db(cohX)

and a semi-orthogonal decomposition

Db(cohX) = 〈Db(coh pt),Db(cohY )〉.
Fix d = −1. The functor Υ+ can be described as follows. The fixed locus of λ2

is

A3 = V (x0, x1, x2) ⊂ A6.

The set of points

{x ∈ A6 | lim
t→0

λ2(t) · x exists} ∼= A5

is the vanishing locus of x5. (Here, it useful to remember that the passing from the
rings to spectra inverts the weights of an action.)

There is a sequence of morphisms of stacks,

A3//G3
m → A5//G4

m → A6//G4
m = X.

The first map is pulling back by the map

x �→ limλ2(t) · x,
and using the projection

G4
m

∼= G → G/λ2(Gm) ∼= G3
m.

The second is the inclusion.
Applying Theorem 3.1.4, we get a semi-orthogonal decomposition

Db(cohX) = 〈OD5
(−KX), f∗

5 Db(cohY )〉.
Proceeding similarly for the walls τ3, τ4, τ5 corresponding to the one-parameter

subgroups λ3, λ4, λ5, the exceptional collection of Db(cohX) corresponding to the
run of the Mori program in Figure 10 is given by

〈OD4
(−KX),OD5

(−KX), (f4 ◦ f5)∗(OD3
(−3D0 +D3)), (g ◦ f4 ◦ f5)∗Db(cohP2)〉.

Remark 5.2.1. In this way, one can also obtain a semi-orthogonal decomposition of
Db(cohX ′),

〈Op(−KX′),Φd(D
b(cohX))〉,

where p is a stacky point defined by the intersection of D4 and D5 in X ′.
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It is natural for computational reasons to move the wall contributions from the
left to the right. This amounts to applications of Serre functors for some of the
admissible subcategories. This leaves us with

Db(cohX) = 〈(g ◦ f4 ◦ f5)∗ Db(cohP2), (f4 ◦ f5)∗ OD3
,OD4

,OD5
〉.

Remark 5.2.2. The reader may be concerned that we mutated our exceptional
collection before comparing it with the A-side. The difference between this choice
and the original collection on the A-side amounts to a choice of orientation for the
vanishing paths. It is therefore inconsequential.

Now, notice that

(f4 ◦ f5)∗ OD3
= OD3+D4+D5

.

Furthermore, the unique run of the Mori program for the toric GIT description of
P2 yields a semi-orthogonal decomposition

Db(cohP2) = 〈O(−2),O(−1),O〉,
or

(g ◦ f4 ◦ f5)∗ Db(cohP2) = 〈O(−2D0),O(−D0),O〉.
In summary we have an exceptional collection 〈E0, . . . , E5〉 on Db(cohX) where

E0 = O(−2D0),

E1 = O(−D0),

E2 = O,

E3 = OD3+D4+D5
,

E4 = OD4
,

E5 = OD5
.

Our aim is to compute the A∞-algebra

(5.9) A = End•
(

5⊕
i=0

Ei

)
.

As a first step, we compute the underlying cohomology algebra which gives the
quiver with relations in Figure 12.

• • • •

•

•

a0

a1

a2

b0

b1

b2

t

c4

d4

c5

d5

Figure 12. Scissors quiver.

In Figure 12 the degree of each arrow is zero except

(5.10) deg(d4) = 1 = deg(d5).
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The relations are

b2a1 = b1a2,

b2a0 = b0a2,

b1a0 = b0a1,(5.11)

tb1 = 0 = tb2,

d4t = 0 = d5t.

As a formal consequence of the homological grading on the A∞ higher products,
it is possible to eliminate all such higher products except mA

3 . To compute m3, we
must resolve the sheaves by either injective sheaves, or by the total complex of a
vector bundle and C̆ech resolution (see also Remark 5.1.7). However, in this case
we may perform one left mutation to obtain another exceptional collection

〈Ẽ0, Ẽ1, Ẽ2, Ẽ3, Ẽ4, Ẽ5〉 = 〈E0, E1, LE2
E3, E2, E4, E5〉,(5.12)

where the twist can be written concretely as LE2
E3 = O(−D1 − D2 − D3). One

can check that this exceptional collection is strong so its endomorphim algebra is
formal.

To get a controlled dg-resolution of A, we may replace OD3+D4+D5
by the com-

plex

O(−D3 −D4 −D5)
x3x4x5−→ O,

and consider the resulting dg-quiver in Figure 13.

• • • •

•

•

a0

a1

a2

b0

b1

b2

b̃1

b̃2

s

c4

d4

c5

d5

Figure 13. Resolved scissors quiver.

All arrows are degree zero except

deg(d4) = deg(d5) = 1,(5.13)

deg(b̃1) = deg(b̃2) = −1.(5.14)
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The relations on arrows in the quiver illustrated in Figure 13 are

bjai = biaj 0 ≤ i, j ≤ 2,

b̃1a2 = b̃2a1,

dj b̃i = 0 1 ≤ i ≤ 2 , 4 ≤ j ≤ 5,

cjsbi = 0 0 ≤ i ≤ 3 , 4 ≤ j ≤ 5,(5.15)

djsbi = 0 1 ≤ i ≤ 2 , 4 ≤ j ≤ 5,

c4b̃2 = d4sb0 , c5b̃1 = d5sb0,

c4b̃1 = c5b̃2 = 0.

The differential is zero on all arrows except

d(b̃i) = sbi, 1 ≤ i ≤ 2.(5.16)

The differential then extends linearly over the path algebra.
To obtain the higher morphisms on A, one implements homological perturbation

(see Section 2.1)

Â Ah
π

i

where i is the inclusion using the already enforced notational identification and
setting i(t) = s. The map π is the obvious projection and h is the homotopy which
vanishes except for

h(sbi) = b̃i , 1 ≤ i ≤ 2,(5.17)

h(sbiaj) = h(sbjai) = b̃iaj , 1 ≤ i ≤ 2, 0 ≤ j ≤ 3.(5.18)

To calculate mA
3 we use the formula (2.2) obtained by homological perturbation in

Section 2.1 which we recall here.

mA
3 (x, y, z) = π(m2

Ã
(h(mA

2 (i(x), i(y))), i(z)))

− (−1)|x|m2
Ã
(i(x), h(mA

2 (i(y), i(z)))).
(5.19)

This can be computed to give zero on all triples other than three possible sequences
of elements in A. We obtain

mA
3 (d4, t, b2) = c4tb0, mA

3 (d5, t, b1) = c5tb0,(5.20)

mA
3 (d4, t, b2a0) = c4tb0a0, mA

3 (d5, t, b1a0) = c5tb0a0,(5.21)

mA
3 (d4, tb0, a2) = c4tb0a0, mA

3 (d5, tb0, a1) = c5tb0a0.(5.22)

5.2.2. The A-model computation. The mirror picture of the run of the toric Mori
program appearing in Figure 10 follows from the monotone path polytope descrip-
tion. It is a degenerated LG model {ψ(t)}. The cycle corresponding to the max-
imal degeneration ψ(0) has a sequence of components {Z1, Z2, Z3, Z4, Z5} which
are weighted projective line orbits in XΣ(A). Combinatorially, this corresponds
to a path in Σ(A) with vertices P = {T0, . . . , T5} associated to triangulations of
(Q,A) and edges {Ti, Ti+1} associated to extended circuits. Note that this is just
a reinterpretation of the choice of a run of the toric Mori program.



8968 M. BALLARD, C. DIEMER, D. FAVERO, L. KATZARKOV, AND G. KERR

Figure 14. The potential near the mirror degeneration.

Figure 15. The mirror fiber and tropical vanishing cycles for X.

Utilizing the formula given in (4.13), the ramifications of the components ψi(0)
of ψ(0) can be computed using the vertices φTi

to be {3, 1, 1, 1, 1}. Indeed, this
formula amounts to finding the difference between the sum of the volumes of all
triangles containing 0 as a vertex in Ti+1 with the same sum for Ti. Inspecting
Figure 14, one sees that no triangles contain 0 in T0, while three contain it in T1

yielding 〈e0, ϕT1
− ϕT0

〉 = 3. For each remaining edge, a single unit volume triangle
is added to the set containing zero as a vertex, so each has multiplicity ai = 1. As
there are no degenerate circuits in this sequence, this also gives the number of
critical values in each annular decomposition of ψ(t) for t ≈ 0.

Figure 14 illustrates the triangulations Ti, together with the critical fibers ar-
ranged into annuli as t approaches zero and the tropical limit of the hypersurface
over ψ(t) near the bounding radii of each annulus. Each critical fiber is color-
coordinated with the corresponding critical value.

As a sanity check with the B-side, let us pause for a moment to consider Figure 15
which displays the tropicalization of the fiber corresponding to the outer radius of
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the annulus associated to Z4 (or equivalently the tropical variety dual to T5). Notice
that the two vanishing cycles (pictured in red and blue) are disjoint. Applying
Proposition 5.1.5, one confirms immediately that the semi-orthogonal components
Fuk⇀(ψ3(t)) and Fuk⇀(ψ4(t)) are in fact orthogonal. This is certainly the case on
the B-side, as these two categories are generated by structure sheaves of disjoint
exceptional loci.

Figure 16. The fiber F with vanishing cycles and one example
of a higher product.

To each critical fiber in Figure 14 we also associate a color-coordinated vanishing
cycle in Figure 16. This would be done, theoretically, using the prescription in
Section 5.1.1 which characterizes the vanishing cycles associated to a circuit as
stable tropical Morse cells. However, as the calculus mentioned in Section 5.1 has
not yet been developed, we instead utilize the local model for vanishing cycles of
surface circuits obtained in Figure 7.

Near the first component Z0 in the degeneration, ψ(t) has 3 critical values whose
vanishing cycle consists of the (1, 3) circuit vanishing cycle L2 drawn in Figure 7
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along with two vanishing cycles. The first of these, L1, is obtained by Dehn twisting
once around each cylinder corresponding to an internal edge of the stable complex
and the second, L0, is obtained by Dehn twisting twice along these cylinders. For
each of the remaining critical values, we obtain the local model of a (2, 2) circuit.
As the vanishing cycle flows along its distinguished basis, one must keep careful
track of its image in the fiber. Assembling these models onto the fiber near the
outer radii of the Z4 degeneration produces Figure 16.

We conclude with a visual inspection of the A∞-algebra associated to the cycles⊕5
i=0 Li in Fuk⇀(ψ) as illustrated in Figure 16. To this end, we have labeled the

intersections of the vanishing cycles in bijection with the morphisms obtained in
the previous section for the B-model.

For the rigorous definition of the category associated to a collection of vanishing
cycles in the general setting of symplectic Lefschetz pencils, see [Sei08]. We briefly
recall the definition of the higher products mk now.

The A∞-structure maps {mk}k≥1 are determined by a count of holomorphic
polygons with appropriate boundary conditions. More precisely, let Lik , . . . , Li1 be
k distinct vanishing cycles in the collection, with i1 < · · · < ik. Here the subscript
indicates to which path in the distinguished basis the vanishing cycle corresponds.
By a (k + 1)-marked disc Δ, we mean the disc in C with (k + 1) marked points
{p0, p1, . . . , pk} on the boundary oriented counterclockwise. We think of the k
points pi as incoming points and p0 as an outgoing point and write ∂iΔ for the arc
on the boundary of Δ between pi and pi+1.

Finally, take Mk(F,Lik , . . . , Li0) to be the moduli space of holomorphic maps u
from a (k+1)-marked disc Δ to F such that u(∂jΔ) ⊂ Lij . Let M0

k(F,Lik , . . . , Li0)
be the zero-dimensional subspace in Mk(F,Lik , . . . , Li0). In general, this space is
determined by considering maps with Maslov index 2, which in the 1-dimensional
setting amounts to restricting to holomorphic immersions. For exact manifolds like
F , the zero-dimensional moduli spaces are compact and can be given an orienta-
tion, so that we obtain an integer χ(Mk(F,Lik , . . . , Li0)) ∈ Z equal to the Euler
characteristic. Then for pij ∈ Lij ∩ Lij+1

= Hom∗(Lij , Lij+1
) we compute the k-th

A∞-product as

(5.23) mk(aik , . . . , pi0) =
∑

p0∈Lik
∩Li0

χ(Mk(F,Lik , . . . , Li0))p0.

Applying this formula to the vanishing cycles {L0, . . . , L5} in the fiber X, one
sees the underlying scissors quiver in Figure 12 based on the marking of arrows
in Figure 14. To verify the relations obtained for the B-model, one must count
holomorphic triangles according to (5.23). One such count is made between the
Lagrangians L0, L1, L2 in Figure 14. It produces the relation

mA
2 (b2, a1) = mA

2 (a2, b1).

The rest of the relations are handled similarly.
To calculate the higher products m3 one verifies that there are six holomor-

phic quadralaterals with cyclic boundary conditions. One such relation and one
quadralateral appears in Figure 16 between the Langrangians L0, L2, L3, L4. It
produces higher product

mA
3 (c4, t, b2a0) = d4tb0a0.
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The rest can be found at www.math.miami.edu/~gdkerr/products.pdf. Finally,
mn = 0 for n ≥ 4 as a formal consequence of the underlying cohomology algebra
just like on the B-side.
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