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SETS OF UNIFORMLY ABSOLUTELY CONTINUOUS NORM

IN SYMMETRIC SPACES OF MEASURABLE OPERATORS

P. G. DODDS, B. DE PAGTER, AND F. SUKOCHEV

Abstract. We characterise sets of uniformly absolutely continuous norm in
strongly symmetric spaces of τ -measurable operators. Applications are given
to the study of relatively weakly compact and relatively compact sets and
to compactness properties of operators dominated in the sense of complete
positivity by compact or by Dunford-Pettis operators.

1. Introduction

This paper finds much of its inspiration from the classical characterisation of
Dunford and Pettis of relatively weakly compact sets in L1-spaces. In particular, a
bounded subset A of any abstract L-space E is relatively weakly compact if and only
if each disjoint sequence in its solid hull converges in norm to zero. In turn, each
of these statements is equivalent to the assertion that A is E-equicontinuous, or of
uniformly absolutely continuous norm, in the sense that each downwards directed
system in the dual of E with infimum 0 should converge uniformly to 0 on the
set A. Moreover, this latter statement is equivalent to the further statement that
A should be approximately order bounded in E, in the sense of Banach lattices.
For further details, the reader is referred to Chapter 2 of the monograph [31] of
Meyer-Nieberg.

The classical Dunford-Pettis theorem found non-trivial generalisations in several
directions. In the setting of Banach lattices, Meyer-Nieberg [31] introduced the
notion of an L-weakly compact set in a Banach lattice E, being a bounded subset
of E with the property that each disjoint sequence in its solid hull should be norm
convergent to zero. He showed that, in a Banach lattice with order continuous norm,
the class of L-weakly compact sets coincides with the class of approximately order
bounded sets and that each L-weakly compact set was weakly compact, though the
converse is not true in general. In a very different direction, the Dunford-Pettis
theorem was extended by C.A. Akemann [2] (see [42]) to the predual M∗ of an
arbitrary von Neumann algebra. In particular, he showed that a bounded subset
K of the predual M∗ is relatively weakly compact if and only if K is of uniformly
absolutely continuous norm in the sense that whenever {eα}α∈A is a decreasing
net of projections in M with infimum zero, then limα ‖eαφeα‖ = 0 uniformly on
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K. However, there are substantial differences between the commutative and non-
commutative settings; for example, it is no longer, in general, the case in the predual
of a von Neumann algebra that the solid hull of a relatively weakly compact set is
again relatively weakly compact.

A principal aim of this paper is to study subsets of uniformly absolutely continu-
ous norm (in the above sense of Akemann) and their relation to weak compactness
in the setting of strongly symmetric spaces of τ -measurable operators affiliated with
a semifinite von Neumann algebra (M, τ ). One of the key technical results (The-
orem 3.12) which links each of the successive sections of this paper shows that, in
strongly symmetric spaces with order continuous norm, a bounded set is of uni-
formly absolutely continuous norm if and only if it is approximately order bounded
in a natural sense. In the case of the Haagerup Lp-spaces, such a characterisation
has been given by Raynaud and Xu [38] and in the special case of the predual
of a non-atomic finite von Neumann algebra may be found in [26]. However, the
methods of [38] are based on ultraproduct techniques, and it is not in general the
case that the ultraproduct of an arbitrary family of semifinite von Neumann alge-
bras is again semifinite. By way of contrast, our approach is more direct and is an
extension of that of [26].

Applications to the study of relatively weakly compact sets are given in Section 4
and to relatively compact sets in Section 5. While it is the case that a bounded set
A of uniformly absolutely continuous norm in non-commutative symmetric spaces
with order continuous norm is relatively weakly compact (Proposition 4.2), the
converse implication is not valid in general, though it is indeed the case if M is a
finite von Neumann algebra and if, in addition, the norm and measure topologies
coincide on A (see Proposition 6.6). This leads naturally to a study of spaces with
the property that norm convergence of sequences is equivalent to weak convergence
plus convergence for the measure topology. The study of such spaces seems to have
been initiated in [29]. We show (Proposition 6.10) that, in such spaces, each rela-
tively weakly compact subset is of uniformly absolutely continuous norm, provided
the trace is finite and that this is no longer valid if the trace is not finite.

The final three sections give further applications to the study of various domina-
tion properties of completely positive operators between strongly symmetric spaces
which complement results given in [18] and which depend crucially on the charac-
terisation of sets of uniformly absolutely continuous norm given in Theorem 3.12.
These theorems find their source in the study of positive operators on Banach lat-
tices. A special case of Theorem 8.3 is that any completely positive operator on
a strongly symmetric space with order continuous norm, which is dominated, in
the sense of complete positivity, by a completely positive compact operator, has
compact square. This is a non-commutative counterpart to a well-known theorem
of Aliprantis and Burkinshaw [1] in the setting of Banach lattices. A particular
consequence of Theorem 8.1 is that any completely positive operator on the pre-
dual of a finite von Neumann algebra, which is dominated by a completely positive
Dunford-Pettis operator, is itself a Dunford-Pettis operator, and this continues to
hold for all non-commutative Lorentz spaces and some Orlicz spaces. Results of
this type go back to [17]. The final section gives several “band-like” decomposi-
tion theorems for completely positive compact and Dunford-Pettis operators which
again find their origins in the study of positive operators in Banach lattices [1],
[17], [31], [45].
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2. Preliminaries and notation

Throughout this paper M ⊆ B(H) will denote a von Neumann algebra on some
Hilbert space H (here, B(H) is the algebra of all bounded linear operators on H
equipped with the operator norm denoted by ‖ · ‖∞ or ‖ · ‖B(H)). Unless otherwise
stated, it will be assumed throughout that M is equipped with a fixed semifinite
faithful normal trace τ . For standard facts concerning von Neumann algebras,
we refer to [11], [42]. The identity in M is denoted by 1, and we denote by
P (M) the complete lattice of all (self-adjoint) projections in M. A linear operator
x : D(x) → H, with domain D(x) ⊆ H, is said to be affiliated with M if yx ⊆ xy
for all y in the commutant M′ of M (equivalently, ux = xu for all unitary u in
M′). For any self-adjoint operator x on H, its spectral measure is denoted by ex.
A self-adjoint operator x is affiliated with M if and only if ex (B) ∈ P (M) for any
Borel set B ⊆ R.

The closed and densely defined operator x, affiliated with M, is called τ -
measurable if and only if there exists a number s ≥ 0 such that

τ
(
e|x|(s,∞)

)
< ∞.

The collection of all τ -measurable operators is denoted by S(τ ). With the sum and
product defined as the respective closures of the algebraic sum and product, it is
well known that S(τ ) is a *-algebra. For ε, δ > 0, we denote by V (ε, δ) the set of
all x ∈ S(τ ) for which there exists an orthogonal projection p ∈ P (M) such that
p(H) ⊆ D(x), ‖xp‖B(H) ≤ ε and τ (1− p) ≤ δ. The sets {V (ε, δ) : ε, δ > 0} form a
base at 0 for a metrizable Hausdorff topology on S(τ ), which is called the measure
topology. Equipped with this topology, S(τ ) is a complete topological ∗-algebra.
These facts and their proofs can be found in the papers [32], [43].

The collection of all closed, densely defined operators x in H, affiliated with
the von Neumann algebra M and satisfying τ

(
e|x| (λ,∞)

)
< ∞ for all λ > 0,

will be denoted by S0 (τ ). The elements of S0 (τ ) are sometimes called τ -compact
operators. Evidently, each x ∈ S0 (τ ) is τ -measurable, that is, S0 (τ ) ⊆ S (τ ).

For x ∈ S(τ ), the singular value function μ(x) = μ(·;x) = μ(·; |x|) is defined by

μ (t;x) := inf {s ≥ 0 : d(s; |x|) ≤ t} , t ≥ 0,

where

d(s; |x|) := τ
(
e|x| (s,∞)

)
, s ≥ 0.

It follows directly that the singular value function μ(x) is a decreasing, right-
continuous function on the positive half-line [0,∞). Moreover, μ(uxv) ≤
‖u‖∞‖v‖∞μ(x) for all u, v ∈ M and x ∈ S(τ ) and μ(f(x)) = f(μ(x)) whenever
0 ≤ x ∈ S(τ ) and f is an increasing continuous function on [0,∞) which satisfies
f(0) = 0.

It should be observed that a sequence {xn}∞n=1 in S (τ ) converges to zero for the
measure topology if and only if μ (t;xn) → 0 as n → ∞ for all t > 0.

If m denotes Lebesgue measure on the semiaxis [0,∞) and if we consider L∞(m)
as an Abelian von Neumann algebra acting via multiplication on the Hilbert space
H = L2(m), with the trace given by integration with respect to m, then S(m)
consists of all measurable functions on [0,∞) which are bounded except on a set of
finite measure. In this case for f ∈ S(m), the generalized singular value function
μ(f) is precisely the classical decreasing rearrangement of the function |f |, which
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is usually denoted by f∗. In this setting, convergence for the measure topology
coincides with the usual notion of convergence in measure.

If M = B(H) and τ is the standard trace, then S(τ ) = M, the measure topology
coincides with the operator norm topology.

If x ∈ S(τ ), then x is compact if and only if limt→∞ μ(t;x) = 0; in this case,

μn(x) = μ (t;x) , t ∈ [n, n+ 1), n = 0, 1, 2, . . . ,

and the sequence {μn(x)}∞n=0
is just the sequence of eigenvalues of |x| in non-

increasing order and counted according to multiplicity.
The real vector space Sh (τ ) = {x ∈ S (τ ) : x = x∗} is a partially ordered vector

space with the ordering defined by setting x ≥ 0 if and only if 〈xξ, ξ〉 ≥ 0 for all

ξ ∈ D (x). The positive cone in Sh (τ ) will be denoted by S (τ )+. If 0 ≤ xα ↑α≤ x

holds in S (τ )
+
, then supα xα exists in S (τ )

+
. The trace τ extends to S (τ )

+
as

a non-negative extended real-valued functional which is positively homogeneous,
additive, unitarily invariant and normal. This extension is given by

τ (x) =

∫ ∞

0

μ (t;x) dt, x ∈ S (τ )
+
,

and satisfies τ (x∗x) = τ (xx∗) for all x ∈ S (τ ). It should be observed that if f is
an increasing continuous function on [0,∞) satisfying f (0) = 0, then

(2.1) τ (f (|x|)) =
∫ ∞

0

μ (t; f (|x|)) dt =
∫ ∞

0

f (μ (t;x)) dt

for all x ∈ S (τ ).
If 1 ≤ p < ∞, we set Lp (τ ) = {x ∈ S (τ ) : τ (|x|p) < ∞}. Note that it follows

from (2.1) that Lp (τ ) is also given by

Lp (τ ) = {x ∈ S (τ ) : μ (x) ∈ Lp (m)} .
The space Lp (τ ) is a linear subspace of S (τ ) and the functional x �−→ ‖x‖Lp(τ) =

τ (|x|p)1/p, x ∈ Lp (τ ), defines a norm on Lp (τ ). It should be observed that
‖x‖Lp(τ) = ‖μ (x)‖Lp(m) for all x ∈ Lp (τ ). Equipped with this norm, Lp (τ ) is

a Banach space. In this setting, we also have that L∞ (τ ) = M.
In the commutative setting, the spaces Lp(τ ) are the familiar Lebesgue spaces.

In the special case that M is B(H) equipped with standard trace, the corresponding
Lp-spaces are the Schatten classes Sp. As is well known, the space L1(τ ) may be
identified with the von Neumann algebra predual ofM with respect to trace duality.

If (N , σ) is a semifinite von Neumann algebra, if x ∈ S(τ ) and y ∈ S(σ), then
x is said to be submajorised by y (in the sense of Hardy, Littlewood and Polya) if
and only if ∫ t

0

μ(s;x)ds ≤
∫ t

0

μ(s; y)ds

for all t ≥ 0. We write x ≺≺ y or, equivalently, μ(x) ≺≺ μ(y).
It will be convenient to adopt the following terminology. A linear subspace

E ⊆ S(τ ), equipped with a norm ‖ · ‖E , will be called

(i) symmetrically normed if x ∈ E, y ∈ S (τ ) and μ (y) ≤ μ (x) imply that
y ∈ E and ‖y‖E ≤ ‖x‖E ;

(ii) strongly symmetrically normed if E is symmetrically normed and its norm
has the additional property that ‖y‖E ≤ ‖x‖E whenever x, y ∈ E satisfy
y ≺≺ x.
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In the present paper we shall only consider strongly symmetrically normed
spaces. It should be pointed out that all results are also valid for symmetrically
normed spaces if one assumes in addition that the von Neumann algebra M is ei-
ther non-atomic (that is, does not contain any minimal projections) or atomic and
all minimal projections have equal trace (see [21], [20]).

If a (strongly) symmetrically normed space is Banach, then it will be simply
called a (strongly) symmetric space.

If x ∈ S(τ ), then the projection onto the closure of the range of |x| is called the
support of x and is denoted by s(x). We set F(τ ) := {x ∈ M : τ (s(x)) < ∞}.

It may be shown that any strongly symmetrically normed space E for which∨
x∈E s(x) = 1 (which will always be assumed) satisfies

F (τ ) ⊆ E ⊆ L1 (τ ) +M,

with continuous inclusions (where F (τ ) is equipped with the L1∩L∞-norm). If, in
addition, E is a Banach space, then L1(τ ) ∩M ⊆ E, with continuous embedding.

Remark 2.1. We point out that the terminology introduced above differs from
that which has been used elsewhere in the literature. We point out explicitly
that the terms “symmetrically normed” and “strongly symmetrically normed” as
defined above are used in the present paper instead of the earlier terminology of
“rearrangement-invariant” and “symmetrically normed”, respectively, used in the
papers [14], [15].

If M is L∞(m), then a symmetrically normed space E ⊆ S(m) will be called,
for simplicity, a symmetrically normed space on [0,∞).

If E ⊆ S(τ ) is a strongly symmetrically normed space, then the embedding of E
into S(τ ) is continuous from the norm topology of E to the measure topology on
S(τ ).

A wide class of non-commutative strongly symmetrically normed spaces may be
constructed as follows. If E ⊆ S(m) is a strongly symmetrically normed space on
[0,∞), set

E (τ ) = {x ∈ S (τ ) : μ (x) ∈ E} , ‖x‖E(τ) := ‖μ(x)‖E.

It may be shown as in [12], [13], [41] that (E(τ ), ‖ · ‖E(τ)) is strongly symmetrically
normed and is a Banach space if E is a Banach space. See also [27].

Now suppose that E ⊆ S(τ ) is a strongly symmetrically normed space and let

E× = {y ∈ S (τ ) : sup {τ (|xy|) : x ∈ E, ‖x‖E ≤ 1} < ∞}

and

‖y‖E× = sup {τ (|xy|) : x ∈ E, ‖x‖E ≤ 1} .
If y ∈ S(τ ), then y ∈ E× if and only if

sup

{∫
[0,∞)

μ(x)μ(y)dm : x ∈ E, ‖x‖E ≤ 1

}
< ∞,

in which case, the latter quantity is equal to ‖y‖E× . The space (E×, ‖ · ‖E×) is
a strongly symmetrically normed space and is called the Köthe dual of E. The
symmetrically normed space E is said to have the Fatou property if, whenever
0 ≤ xα ↑α⊆ E is an upwards directed system with sup ‖xα‖E < ∞, it follows that
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x = supα xα exists in E and ‖x‖E = supα ‖xα‖E . The Köthe dual E× of any
strongly symmetrically normed space E ⊆ S(τ ) always has the Fatou property. If
y ∈ E×, set φy : E → C, φy(x) = τ (xy), x ∈ E. The mapping y → φy, y ∈ E×,
is an isometry of E× into the Banach dual E∗. The linear functional φ on the
symmetrically normed space E ⊆ S(τ ) is said to be normal if whenever xα ↓α
0 ⊆ E, it follows that φ(xα) →α 0 and singular if φ vanishes on some order dense
ideal in E (see e.g [16, 19]). The space of all normal (respectively, singular) linear
functionals on E is denoted by E∗

n (respectively, E∗
s ). It is shown in [19] that

if E ⊆ S(τ ) is strongly symmetric, then the Banach dual E∗ admits the unique
decomposition E∗ = E∗

n ⊕ E∗
s , called the Yosida-Hewitt decomposition, and that

E∗
n may be identified with the Köthe dual E× by trace duality (see also [15]). It

is shown in [19] that the natural projections Pn : E∗ → E∗
n, Ps : E∗ → E∗

s are
positive, bounded projections which are sequentially continuous for the weak ∗-
topology σ(E∗, E). The norm on E is said to be order continuous if ‖xα‖E ↓α 0
whenever xα ↓α 0 ⊆ E. The norm on E is order continuous if and only if every
continuous linear functional on E is normal, and in this case, the Banach dual E∗

may be identified with the Köthe dual E× [15], [21]. See also [20].

3. Sets of uniformly absolutely continuous norm

Let E ⊆ S(τ ) be a symmetrically normed space. If x ∈ E, then x is said to have
absolutely continuous norm if and only if for all decreasing sequences {en}∞n=1 in
P (M),

en ↓n 0 =⇒ ‖enxen‖E →n 0.

We shall need the following theorem, which collects together a number of useful
characterisations of elements of absolutely continuous norm (see e.g. [19], Theorem
6.13, and also [7], [15]).

Theorem 3.1. Suppose that E ⊆ S (τ ) is a strongly symmetrically normed space.
If x ∈ E, then the following statements are equivalent:

(i) x has absolutely continuous norm;
(ii) for all decreasing systems {eα} in P (M),

eα ↓α 0 =⇒ ‖eαxeα‖E →α 0;

(iii) for all decreasing sequences {en}∞n=1 in P (M),

en ↓n 0 =⇒ ‖xen‖E →n 0;

(iv) for all decreasing systems {eα} in P (M),

eα ↓α 0 =⇒ ‖xeα‖E →α 0;

(v) x has order continuous norm, that is, for all decreasing systems {xα} in E,

|x| ≥ xα ↓α 0 =⇒ ‖xα‖E →α 0;

(vi) for all decreasing sequences {xn}∞n=1 in E,

|x| ≥ xn ↓n 0 =⇒ ‖xn‖E →n 0.
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Moreover, if E is a strongly symmetric space, then the above conditions are also
equivalent with each of the following two statements:

(vii) for all mutually orthogonal sequences {en}∞n=1 in P (M) it follows that

‖xen‖E →n 0;

(viii) for all mutually orthogonal sequences {en}∞n=1 in P (M) it follows that

‖enxen‖E →n 0.

Analogously to the Banach lattice setting, the set of all elements of E with
absolutely continuous norm will be denoted by Ean.

Proposition 3.2. If E ⊆ S(τ ) is strongly symmetric and A ⊆ E, then the following
statements are equivalent.

(i)

sup
x∈A

‖enxen‖E →n 0, ∀en ↓n 0 ⊆ P (M);

(ii)

sup
x∈A

‖enxen‖E →n 0

for all mutually disjoint sequences {en}n≥1 ⊆ P (M);
(iii)

sup
x∈A

‖eαxeα‖E →α 0

for every downwards directed system eα ↓α 0 ⊆ P (M).

Proof. Note that it follows from Theorem 3.1 that each of the above conditions
implies A ⊆ Ean. The implication (iii)=⇒(i) is clear. To see that (i)=⇒(ii),
suppose that {en}n≥1 is a mutually disjoint sequence of projections but that there
exist ε > 0 and a sequence {xn}n≥1 ⊆ A such that

‖enxnen‖E ≥ ε, ∀n ≥ 1.

Set fn := supm≥n em. Observe that fn ↓n 0 ⊆ P (M), and so it follows from the
assumption (i) that supx∈A ‖fnxfn‖E →n 0. On the other hand,

ε ≤ ‖enxnen‖E ≤ ‖enfnxnfnen‖E ≤ ‖fnxnfn‖E

for all n ≥ 1 and this is a contradiction.
To show that (ii)=⇒(iii), suppose that (iii) fails for some downwards directed

system eα ↓α 0 ⊆ P (M). In particular, there exists ε > 0 such that, for every
index α, there exists an index β and an element xβ ∈ A such that eβ ≤ eα and
‖eβxβeβ‖ ≥ ε. Using this and the characterisation given by Theorem 3.1(iv) and
(viii) (applied to x and x∗) of absolutely continuous elements in E, it follows by a
simple inductive argument that there exist sequences {eα(i)}i≥1 ⊆ {eα}, {xi}i≥1 ⊆
A such that eα(i) ↓i,

‖eα(i)xieα(i)‖E ≥ ε, i ≥ 1,

and

‖xieα(j)‖E ≤ ε/4, ‖eα(j)xi‖E ≤ ε/4, ∀j > i.
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Now observe that, for all i ≥ 1,

‖(eα(i) − eα(i+1))xi(eα(i) − eα(i+1))‖E ≥ ‖eα(i)xieα(i)‖E − ‖eα(i)xieα(i+1)‖E
− ‖eα(i+1)xieα(i)‖E
− ‖eα(i+1)xieα(i+1)‖E
≥ ‖eα(i)xieα(i)‖E − ‖xieα(i+1)‖E
− 2‖eα(i+1)xi‖E
≥ ε/4.

Since the sequence {eα(i)−eα(i+1)}i≥1 ⊆ P (M) is pairwise disjoint, this contradicts
(ii) and so the implication (ii)=⇒(iii) is established. �

Definition 3.3. If A ⊆ E is a bounded set, then A will be said to be of uniformly
absolutely continuous norm if A satisfies one (and hence all) of the equivalent state-
ments of the preceding Proposition 3.2.

Note that in the Banach lattice setting, sets with property (ii) of the preceding
proposition coincide with the class of L-weakly compact sets (see e.g. [31], Definition
3.6.1).

The following result is proved in [19], Theorem 6.11 (see also [40]).

Theorem 3.4. Suppose that E ⊆ S(τ ) is strongly symmetrically normed. If
{xn}∞n=1 ⊆ Ean, then the following statements are equivalent.

(i) ‖xn‖E → 0 as n → ∞.
(ii) xn →n 0 for the measure topology, and the set {xn : n ∈ N} is of uniformly

absolutely continuous norm.

It is worth noting that the implication (ii) =⇒ (i) remains valid in the case of
nets.

Corollary 3.5. Suppose that E ⊆ S(τ ) is strongly symmetrically normed and that
{xα}α∈A ⊆ Ean is a net. If xα →α 0 for the measure topology and if the set
{xα : α ∈ A} is of uniformly absolutely continuous norm, then ‖xα‖E →α 0.

Proof. If it is not the case that ‖xα‖E →α 0, then passing to a subnet and re-
labelling if necessary, it may be assumed that there exists 0 < c ∈ (0,∞) such that
lim supα ‖xα‖E ≥ c. From the definition of convergence in measure and using the
fact that the index set A is a directed set, it follows that there exists an increasing
sequence of indices {α(n)}∞n=1 such that xα(n) ∈ V (1/n, 1/n) and ‖xα(n)‖E ≥ c −
1/n. By Theorem 3.4, it follows that ‖xα(n)‖E →n 0, and this yields a contradiction.

�

Recall that F(τ ) := {x ∈ M : τ (s(x)) < ∞}. If M = B(H), then F(τ ) is
simply the ideal of finite rank operators.

Proposition 3.6. If E ⊆ S(τ ) is strongly symmetrically normed and if x ∈ E,
then the following statements are equivalent.

(i) x ∈ Ean.
(ii) Whenever {xα} ⊂ M+ is a bounded net which converges to 0 for the weak∗-

topology σ(M, L1(τ )), it follows that ‖xαx‖E →α 0.
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Proof. (i)=⇒(ii) It clearly may be assumed that x ≥ 0. It is well known (see e.g.
[15, 21]) that every x ∈ Ean belongs to the norm closure of the set F(τ ), and
therefore, via a standard argument, it may be assumed that 0 ≤ x ∈ F(τ ). From
the assumption that 0 ≤ xα →α 0 for the weak∗-topology σ(M, L1(τ )), it follows
that

‖x1/2xαx
1/2‖L1(τ) = τ (x1/2xαx

1/2) = τ (xαx) → 0

as n → ∞. Consequently, x1/2xαx
1/2 →α 0 for the measure topology. It may

clearly be assumed further that 0 ≤ xα ≤ 1 for all α so that 0 ≤ x1/2xαx
1/2 ≤ x

for all α. This implies that {x1/2xαx
1/2} ⊆ E is of uniformly absolutely continuous

norm. By Corollary 3.5, it follows that ‖x1/2xαx
1/2‖E →α 0. Using the estimate

given in [19], Lemma 4.4 (or in [7], Lemma 2.3), and the fact that 0 ≤ x
1/2
α ≤ 1 for

all α, it follows that

‖xαx‖E ≤ ‖xx1/2
α ‖E ≤ K‖x‖1/2E ‖x1/2xαx

1/2‖1/2E →α 0.

(ii)=⇒ (i). This implication follows immediately from the fact that if {en}∞n=1 ⊆
P (M) satisfies en ↓n 0, then en →n 0 for the weak∗ topology σ(M, L1(τ )). �

Lemma 3.7. If x = x∗ ∈ S(τ ) and if δ > 0, then there exists a projection e ∈
P (M) such that ex = xe, τ (e) ≤ δ and

‖x(1− e)‖∞ ≤ μ(δ;x).

Proof. Given δ > 0, set α = μ(δ;x) and note that d(α; |x|) ≤ δ. Defining e :=
e|x| (α,∞), it follows that

‖x(1− e)‖∞ = ‖|x|(1− e)‖∞ = ‖|x|e|x|[0, α]‖∞ ≤ α = μ(δ;x)

and τ (e) = d(α; |x|) ≤ δ. Finally, since

e = e|x| (α,∞) = ex(−∞,−α) + ex(α,∞),

it follows that xe = ex. �

Lemma 3.8. Let E ⊆ S(τ ) be a strongly symmetrically normed space and let K
be the embedding constant of E into L1(τ )+M. If A ⊆ E is bounded and if δ > 0,
then

sup
x∈A

μ(δ;x) ≤ Kmin{δ, 1}−1 sup
x∈A

‖x‖E .

Proof. Observe that

χ[0,δ)μ(δ;x) ≤ μ(x)

so that

μ(δ;x)‖χ[0,δ)‖L1+L∞ ≤ ‖μ(x)‖L1+L∞ = ‖x‖L1(τ)+M ≤ K‖x‖E ,
and the assertion follows directly since

‖χ[0,δ)‖L1+L∞ =

∫ 1

0

χ[0,δ)dm = min{δ, 1}.

�

Definition 3.9. For all x ∈ E and δ > 0, set

ω(x; δ) = sup {‖exe‖E : e ∈ P (M), τ (e) ≤ δ} .
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Observe that ω(x; δ) < ∞ for every x ∈ E and δ > 0. Furthermore, when the
(E(τ ), ‖ · ‖E(τ)) is a strongly symmetrically Banach space generated by a strongly
symmetrical space E ⊆ S(m) (see the Introduction), then ω(x; δ) ≤ ‖μ(x)χ[0,δ]‖E .

Lemma 3.10. If E ⊆ S(τ ) is strongly symmetric and if A ⊆ E is of uniformly
absolutely continuous norm, then

lim
δ→0

sup
x∈A

ω(x; δ) = 0.

Proof. It clearly suffices to show that

lim
n→∞

sup
x∈A

ω(x; 2−n) = 0.

For each n ∈ N, there exists a projection en with τ (en) ≤ 2−n, and there exists
xn ∈ A such that

‖enxnen‖E ≥ sup
x∈A

ω(x; 2−n)− 1/n.

Set fn = supm≥n em and observe that τ (fn) ≤ 2−n+1. This implies that fn ↓n 0.
It follows that

‖enxnen‖E ≤ ‖fnxnfn‖E ≤ sup
x∈A

‖fnxfn‖E .

Since A is of uniformly absolutely continuous norm, it follows that

sup
x∈A

‖fnxfn‖E →n 0

and so ‖enxnen‖E →n 0. It now follows also that supx∈A ω(x; 2−n) →n 0, and this
establishes the lemma. �

Corollary 3.11. Suppose that E ⊆ S(τ ) is strongly symmetric. If τ (1) < ∞, then
the following statements are equivalent for a subset A ⊆ E.

(i) A is of uniformly absolutely continuous norm.
(ii)

lim
δ→0

sup
x∈A

ω(x; δ) = 0.

Proof. The implication (i)=⇒(ii) follows from Lemma 3.10. To show the implication
(ii)=⇒(i), suppose that en ↓n 0 ⊆ P (M). Since τ (1) < ∞, it follows that τ (en) →
0. Consequently, if δ > 0, there exists N ∈ N such that τ (en) < δ for all n ≥ N . It
follows that

sup
x∈A

‖enxen‖E ≤ sup
x∈A

ω(x; δ), n ≥ N,

and this suffices to complete the proof. �

If X is a Banach space, the unit ball of X will be denoted by B(X). The
following result yields an important characterisation of the sets with uniformly
absolutely continuous norm.

Theorem 3.12. Let E ⊆ S(τ ) be a symmetric space with order continuous norm.
If A ⊆ E is bounded, then the following statements are equivalent.

(i) A is of uniformly absolutely continuous norm.
(ii) For every upwards directed net of τ -finite trace projections {eα} ↑ 1 ⊆

P (M) and every ε > 0, there exists such α and a constant Cε > 0 that

A ⊆ Cε(eαB(M) +B(M)eα) + εB(E).



SETS OF UNIFORMLY ABSOLUTELY CONTINUOUS NORM 4325

(iii) For every ε > 0, there exists 0 ≤ yε ∈ F(τ ) such that

A ⊆ yεB(M) +B(M)yε + εB(E).

(iv)

sup
x∈A

‖xαxyα‖E →α 0

for all bounded nets {xα}, {yα} ⊆ M+ such that xα, yα →α 0 for the strong
operator topology.

Proof. (i)=⇒(ii) Let ε > 0 be given and let A be of uniformly absolutely con-
tinuous norm. Fix the upwards directed net of τ -finite trace projections {eα} ↑
1 ⊆ P (M) and consider the downwards directed net {fα := 1− eα} ↓ 0. By
Proposition 3.2(iii), there exists α such that the projection f := fα ∈ P (M) with
τ (1− f) < ∞ satisfies

sup
x∈A

‖fxf‖E < ε/4.

Since A∗ = {x∗ : x ∈ A} is also of uniformly absolutely continuous norm, it follows
that the sets of real and imaginary parts of elements of A are of uniformly absolutely
continuous norm. It follows that it suffices to prove the implication for the case
when A consists of self-adjoint elements. Suppose x = x∗ ∈ A and let δ > 0 be
given. By Lemma 3.7, there exists e ∈ P (M) such that

xe = ex, τ (e) ≤ δ, ‖x(1− e)‖∞ ≤ μ(δ;x).

It is clear that

x = (1− f)xf + (1− f)x(1− f) + fx(1− f) + fxf.

Now,

(1− f)xf = (1− f)xef + (1− f)x(1− e)f,

(1− f)x(1− f) = (1− f)xe(1− f) + (1− f)x(1− e)(1− f),

fx(1− f) = fxe(1− f) + fx(1− e)(1− f).

Using the fact that xe = ex = exe, observe that

‖(1− f)xef‖E ≤ ‖xe‖E = ‖exe‖E ≤ ω(δ;x)

and similarly

‖(1− f)xe(1− f)‖E ≤ ω(δ;x), ‖fxe(1− f)‖E ≤ ω(δ;x).

Now observe further that x(1− e)f ∈ μ(δ;x)B(M) and so

(1− f)x(1− e)f ∈ μ(δ;x)(1− f)B(M) ⊆ (1/2)Cε(1− f)B(M),

(1− f)x(1− e)(1− f) ∈ μ(δ;x)(1− f)B(M) ⊆ (1/2)Cε(1− f)B(M),

fx(1− e)(1− f) ∈ μ(δ;x)B(M)(1− f) ⊆ (1/2)CεB(M)(1− f),

where

Cε := 2 sup
x∈A

μ(δ;x) < ∞

by Lemma 3.8. By Lemma 3.10, it may be assumed that δ > 0 satisfies

sup
x∈A

ω(δ;x) < ε/4.
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If we set

xε = (1− f)x(1− e)f + (1− f)x(1− e)(1− f) + fx(1− e)(1− f),

then

xε ∈ Cε((1− f)B(M) +B(M)(1− f))

and

‖x− xε‖E ≤ 3ω(δ;x) + ε/4 ≤ ε.

The assertion of (ii) now follows.
The assertion (ii)=⇒(iii) is trivial.
(iii)=⇒(iv) Let ε > 0 be given. From (iii), there exists yε ∈ F(τ ) such that

A ⊆ yεB(M) +B(M)yε + εB(E).

Suppose that 0 ≤ xα, yα ∈ B(M) are bounded nets such that xα, yα →α 0 for the
strong operator topology. It follows from Proposition 3.6 that

max

{
sup

x∈B(M)

‖xαyεx‖E , sup
x∈B(M)

‖xyεyα‖E

}
≤ max {‖xαyε‖E , ‖yεyα‖E} →α 0,

and this suffices to prove the implication (iii)=⇒(iv).
Finally, the implication (iv)=⇒(i) is clear since en →n 0 for the strong operator

topology whenever 0 ≤ en ↓n 0 ⊆ P (M). �

It should be noted that the proof of the implication (iii)=⇒(iv) of the preceding
theorem also holds under the assumption yε ∈ Ean, and this yields the following
consequence.

Corollary 3.13. Let E ⊆ S(τ ) be a symmetric space. If y ∈ Ean, then each of the
sets yB(M), B(M)y is of uniformly absolutely continuous norm.

The preceding theorem is shown in [38] for the non-commutative Haagerup Lp-
spaces associated with an arbitrary von Neumann algebra. Their method depends
on the fact that the class of Haagerup Lp-spaces is closed under ultrapowers. How-
ever, it is not true that the class of Lp-spaces associated with semifinite von Neu-
mann algebras is closed under ultrapowers [37], and so the techniques of [38] do not
apply to general spaces E considered here.

It is convenient to make the following definition.

Definition 3.14. If A ⊆ E is bounded, then A is said to be of right (respectively,
left) uniformly absolutely continuous norm if and only if

sup{‖xen‖E : x ∈ A} →n 0

(respectively,

sup{‖enx‖E : x ∈ A} →n 0)

as n → ∞ for all sequences {en}∞n=1 ⊆ P (M) for which en ↓n 0.

If A is of both left and right uniformly absolutely continuous norm, then A will
be said to be of bi-uniformly absolutely continuous norm.

Note that if A is of right or left uniformly absolutely continuous norm, then A
is of uniformly absolutely continuous norm, in particular, A ⊆ Ean. It is clear that
if A is of right (respectively, left) uniformly absolutely continuous norm, then A∗

is of left (respectively, right) uniformly absolutely continuous norm.
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Proposition 3.15. Suppose that E ⊆ S(τ ) is a strongly symmetrically normed
space. If A ⊆ E+ is bounded, then the following statements are equivalent.

(i) A is of uniformly absolutely continuous norm.
(ii) A is of right uniformly absolutely continuous norm.
(iii) A is of left uniformly absolutely continuous norm.
(iv) A is of bi-uniformly absolutely continuous norm.

Proof. Since ‖exe‖E ≤ ‖ex‖E = ‖xe‖E for all x ∈ A ⊆ E+ and all e ∈ P (M),
the implication (ii)=⇒ (i) and the equivalences (ii)⇐⇒(iii)⇐⇒(iv) are clear. The
implication (i)=⇒(ii) now follows by observing that

‖xe‖E ≤ 4

(
sup
x∈A

‖x‖1/2E

)
‖exe‖1/2E

for all x ∈ A ⊆ E+ and all e ∈ P (M), using [19], Lemma 4.4. �

It will be useful to make the following observation. If x ∈ E and if y ∈ M and
if x = u|x| is the polar decomposition, then

‖xy‖E = ‖u|x|y‖E ≤ ‖ |x|y‖E = ‖u∗xy‖E ≤ ‖xy‖E .
In particular,

‖xy‖E = ‖ |x|y‖E , x ∈ E, y ∈ M.

Corollary 3.16. Suppose that E ⊆ S(τ ) is a strongly symmetrically normed space.
If A ⊆ E is bounded and if |A| := {|x| : x ∈ A} is of uniformly absolutely continuous
norm, then A is of right uniformly absolutely continuous norm.

Proof. Since |A| is of uniformly absolutely continuous norm, it follows from Propo-
sition 3.15 that |A| is of right uniformly absolutely continuous norm. Using the
above observation and noting that ‖xe‖E = ‖|x|e‖E for all x ∈ A, e ∈ P (M), the
assertion of the corollary now follows readily. �

Proposition 3.17. Suppose that E ⊆ S(τ ) is a symmetrically normed space. If
A ⊆ E is bounded, then the following statements are equivalent.

(i) A is of right (respectively, left) uniformly absolutely continuous norm.
(ii) |A| (respectively, |A∗|) is of uniformly absolutely continuous norm.

Proof. To see the implication (i)=⇒(ii), suppose that en ↓n 0 ⊆ P (M). Using the
equality ‖xe‖E = ‖ |x|e‖E for all x ∈ E, e ∈ P (M), observe that if en ↓α 0 ⊆ P (M),
then

sup
x∈A

‖en|x|en‖E ≤ sup
x∈A

‖ |x|en‖E = sup
x∈A

‖xen‖E →n 0,

and this implies that |A| is of uniformly absolutely continuous norm. Since A is of
left absolutely continuous norm if and only if A∗ is of right absolutely continuous
norm, the second assertion now follows from the first.

(ii)=⇒(i) Note that, as observed in Corollary 3.16, the assumption that |A| has
uniformly absolutely norm automatically implies that |A| is of right uniformly ab-
solutely continuous norm and the equality ‖xe‖E = ‖ |x| e‖E implies that A is of
right uniformly absolutely continuous norm. If |A∗| has uniformly absolutely con-
tinuous norm, then Corollary 3.16 implies that |A∗| is of right uniformly absolutely
continuous norm. Consequently A∗ is of right absolutely continuous norm, and so
A is of left absolutely continuous norm. �
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In the case that τ (1) < ∞, there are several additional characterisations of sets
of uniformly absolutely continuous norm in terms of one-sided conditions. Some
preliminary remarks are necessary.

If τ (1) < ∞, then the σ-strong topology on B(M) (and therefore the strong
topology on B(M)) is given by the metric

d(x, y) = τ ((x− y)∗(x− y))1/2 = ‖x− y‖L2(τ), x, y ∈ B(M)

(see, for example, [42], Proposition 5.3, Chapter III, p. 148). With this metric, the
unit ball B(M) is a complete metric space for the strong operator topology.

Recall further ([42], Chapter V, Lemma 2.27 and Lemma 2.28, p. 326) that
the von Neumann algebra M is finite if and only if the map x → x∗ is σ-strongly
continuous on bounded parts ofM or, equivalently, strongly continuous on bounded
parts of M.

Lemma 3.18. Suppose that E ⊆ S(τ ) is a symmetrically normed space and that
τ (1) < ∞. If y ∈ Ean and if en ↓n 0 ⊆ P (M), then

sup
x∈B(M)

‖enxy‖E →n 0.

Proof. If the assertion of the lemma does not hold, then it may be assumed that
there exists ε > 0, a sequence {xn}∞n=1 ⊆ B(M) and a sequence {en}∞n=1 ⊆ P (M)
such that en ↓n 0 ⊆ P (M) and

‖enxny‖E ≥ ε, n ∈ N.

Consequently, x∗
nen →n 0 for the strong operator topology, since the sequence

{xn}∞n=1 ⊆ M is bounded. By the remarks preceding the lemma, the fact that
τ (1) < ∞ now implies that enxn →n 0 for the strong operator topology. It follows
therefore that

τ ((enxn)
∗enxn) = ‖enxn‖2L2(τ) →n 0,

and this implies that enxn →n 0 for the measure topology. This implies further
that enxny →n 0 for the measure topology. On the other hand, by Corollary 3.13,
it follows that {enxny}∞n=1 ⊆ Ean is of uniformly absolutely continuous norm. It
now follows from Theorem 3.4 that ‖enxny‖E →n 0, and this is a contradiction. �

Corollary 3.19. Suppose that τ (1) < ∞. If y ∈ Ean and if en ↓n 0 ⊆ P (M), then

sup
x∈B(M)

‖yxen‖E →n 0.

Proof. Simply observe that

‖yxen‖E = ‖(yxen)∗‖E = ‖enx∗y∗‖E
for all n ∈ N and apply the preceding lemma with y replaced by y∗. �

Proposition 3.20. Suppose that E ⊆ S(τ ) is a strongly symmetric space with
order continuous norm. If τ (1) < ∞ and if A ⊆ E is bounded, then the following
statements are equivalent.

(i) A is of uniformly absolutely continuous norm.
(ii) A is of right uniformly absolutely continuous norm.
(iii) A is of left uniformly absolutely continuous norm.
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Proof. Each of the implications (ii)=⇒(i), (iii)=⇒(i) is clear since

‖enxen‖E ≤ ‖enx‖E , ‖xen‖E
for all n ∈ N. To prove the implication (i)=⇒(ii), we assume that A is of uniformly
absolutely continuous norm and let ε > 0 be given. By Theorem 3.12, there exists
yε ∈ F(τ ) such that

A ⊆ yεB(M) +B(M)yε + εB(E).

Now suppose that en ↓n 0 ⊆ P (M). If x ∈ A, then

‖xen‖E ≤ sup
y∈B(M)

‖yyεen‖E + sup
y∈B(M)

‖yεyen‖E + ε

≤ ‖yεen‖E + sup
y∈B(M)

‖yεyen‖E + ε.

Since E has order continuous norm and yε ∈ F(τ ), it follows from Theorem 3.1 that
‖yεen‖E →n 0. Using Corollary 3.19, it follows that supy∈B(M) ‖yεyen‖E →n 0. It
now follows that

lim sup
n

sup
x∈A

‖xen‖E ≤ ε,

and this suffices to prove the implication (i)=⇒(ii).
The proof of the implication (i)=⇒(iii) is similar, and this suffices to complete

the proof of the proposition. �

The preceding proposition is noted in [38] in the setting of the Haagerup Lp-
spaces. In the case that M is non-atomic, it is proved in [7] and in [26] in the
special case of Lp-spaces. However, it does not seem to be the case that the general
case considered here can be reduced to the non-atomic case by the usual trick of
embedding M into M⊗ L∞[0, 1].

Corollary 3.21. Suppose that τ (1) < ∞ and that E ⊆ S(τ ) has order continuous
norm. If A ⊆ E the following statements are equivalent.

(i) A is of uniformly absolutely continuous norm.
(ii) |A| is of uniformly absolutely continuous norm.
(iii) |A∗| is of uniformly absolutely continuous norm.

Proof. If x ∈ E and if e ∈ P (M), then

μ(xe) = μ(|x|e).
Since

μ(ex) = μ((ex)∗) = μ(x∗e) = μ(|x∗|e) = μ(e|x∗|),
it follows that

‖xe‖E = ‖|x|e‖E , ‖ex‖E = ‖e|x∗|‖E .
The equivalence (i)⇐⇒(ii) now follows from the equivalence (i)⇐⇒(ii) of Proposi-
tion 3.20, while the equivalence (i)⇐⇒(iii) follows from the equivalence (i)⇐⇒(iii)
of the same proposition. �

An inspection of and simple modifications to the proof of Theorem 3.12 now
yield the following. Details are omitted.

Theorem 3.22. Let E ⊆ S(τ ) be a symmetric space with order continuous norm.
If A ⊆ E is bounded, then the following statements are equivalent.

(i) A is of right (respectively, left) uniformly absolutely continuous norm.
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(ii) For every ε > 0, there exists 0 ≤ yε ∈ F(τ ) such that

A ⊆ B(M)yε + εB(E) (respectively, A ⊆ yεB(M) + εB(E)).

(iii) For every bounded net {xα} ⊆ M+ such that xα →α 0 for the strong
operator topology,

sup
x∈A

‖xxα‖E →α 0 (respectively, sup
x∈A

‖xαx‖E →α 0).

.

Theorem 3.23. Let E ⊆ S(τ ) be a symmetric space with order continuous norm.
If A ⊆ E is bounded, then the following statements are equivalent.

(i) A is of bi-uniformly absolutely continuous norm.
(ii) For every ε > 0, there exists 0 ≤ yε ∈ F(τ ) such that

A ⊆ yεB(M)yε + εB(E).

It is worth noting that the element yε ∈ F(τ ) that occurs in the statements of
Theorems 3.12, 3.22, and 3.23 may be taken to be a multiple of some finite trace
projection, as is shown by an inspection of the proof of Theorem 3.12.

4. Relatively weakly compact subsets of E

Lemma 4.1. If E ⊆ S(τ ) has order continuous norm and if 0 ≤ x ∈ E, then each
of the sets B(M)x, xB(M) ⊆ E are weakly compact.

Proof. Let {zα} ⊆ B(M) be any set. Since B(M) is σ(M, L1(τ )) compact, it
may be assumed that there exists z ∈ B(M) with zα →α z for the weak topology
σ(M, L1(τ )). It then follows that

τ (zαxy) → τ (zxy)

for all y ∈ E× = E∗. This implies that B(M)x is weakly compact. Consequently,
the set xB(M) is also weakly compact, which follows from the σ(E,E∗) = σ(E,E×)
continuity of the map x → x∗, x ∈ E. �
Proposition 4.2. Suppose that E ⊆ S(τ ) has order continuous norm. If A ⊆ E
is of uniformly absolutely continuous norm, then A is relatively weakly compact.

Proof. By the implication (i)=⇒ (ii) of Theorem 3.12, for each ε > 0, there exists
0 ≤ yε ∈ F(τ ) such that

A ⊆ B(M)yε + yεB(M) + εB(E).

By the preceding lemma, each of the sets B(M)yε, yεB(M) are weakly compact,
and from this it follows that A is relatively weakly compact in E (see e.g. Theorem
10.17 in [1]). �

The preceding proposition is given in [36], Proposition 2.7 (where the term E-
equi-integrability was used). The present proof is, perhaps, more transparent. Via
Theorem 4.4 the preceding proposition is a non-commutative counterpart to a well-
known theorem in Banach lattices which asserts that each L-weakly compact set in
a Banach lattice with order continuous norm is weakly compact (see e.g. [1], [31]).

The converse to the preceding proposition fails in general, even in the case that
M is commutative. Indeed, if E = Lp[0,∞), 1 < p < ∞, then bounded sets
in E are relatively weakly compact, since E is reflexive. On the other hand, if
xn = χ(n,n+1], n ∈ N, then the sequence {xn}∞n=1 is disjointly supported and
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‖xn‖p = 1 for all n ∈ N. This clearly implies that the sequence {xn}∞n=1 is not of
uniformly absolutely continuous norm.

It is worth noting that a special consequence of Proposition 4.2 is that if E ⊆ S(τ )
has order continuous norm, then, for every 0 ≤ x ∈ E, the order interval [0, x] =
{0 ≤ y ∈ E : 0 ≤ y ≤ x} is relatively weakly compact. The converse assertion holds
as the following proposition shows. Furthermore, the next proposition answers a
question in the recent preprint [35] concerning the non-commutative counterpart
to well-known characterisations of Banach lattices with order continuous norm. To
this end, we first need some definitions.

If π : E → E∗∗ is the natural embedding, then π is a positive linear mapping. E
will be said to be an order ideal in E∗∗ under the natural embedding if whenever
0 ≤ φ ∈ E∗∗ satisfies 0 ≤ φ ≤ π(x) for some 0 ≤ x ∈ E, it follows that there exists
0 ≤ z ∈ E such that φ = π(z).

Proposition 4.3. If E ⊆ S(τ ) is a strongly symmetric space, then the following
statements are equivalent.

(i) E has order continuous norm.
(ii) Whenever 0 ≤ x ∈ E and {en}∞n=1 ⊆ P (M) is any sequence of mutually

orthogonal projections, it follows that ‖enxen‖E →n 0.
(iii) For each 0 ≤ x ∈ E, the order interval [0, x] is σ(E,E∗)-compact.
(iv) E is an order ideal in E∗∗.

Proof. The equivalence (i)⇐⇒(ii) follows immediately from the equivalence
(vi)⇐⇒(viii) of Theorem 3.1.

(i)=⇒(iii) Since the norm on E is order continuous, it follows that any order
interval [0, x] is of absolutely uniformly continuous norm, and hence, by Proposi-
tion 4.2, any order interval [0, x] is relatively weakly compact. Since order intervals
are norm closed and convex, we see that they are weakly closed and hence weakly
compact.

(iii)=⇒(i) Suppose that 0 ≤ xα ≤ x ∈ E(τ ) for all α and that xα ↓α 0. Since the
order interval [0, x] is assumed to be weakly compact, it follows that there exists
y ∈ [0, x] such that xα →α y for the σ(E,E∗) topology. Since xα ↓α 0, it follows
that φ(y) = 0 for each 0 ≤ φ ∈ E∗. Since the dual cone in the ordered Banach
space E∗ is generating (see [4]), it follows that each element of E∗ is normal and
hence the norm on E is order continuous.

(i)=⇒(iv) Since the norm on E is order continuous, it follows from [21], Chapter
IV, Theorem 7.9, or [15] that E∗ = E× so that E∗∗ = E×∗. Now suppose that
0 ≤ φ ∈ E×∗ satisfies 0 ≤ φ ≤ π(x) for some 0 ≤ x ∈ E. This implies that
0 ≤ φ ∈ E×∗ is normal and therefore φ ∈ E××. Since E is an order ideal in S(τ ),
it follows that φ ∈ E.

(iv)=⇒(iii) By the Banach-Alaoglu theorem, each order interval in E∗∗ is
σ(E∗∗, E∗) compact. Since E is an order ideal in E∗∗, it follows immediately
that each order interval [0, x], x ∈ E, is σ(E,E∗)-compact. �

As shown in [38], the criterion given in Theorem 3.12 is valid for the preduals
of arbitrary von Neumann algebras and may be applied to establish the classical
theorem of Akemann [Ak] characterising relatively weakly compact sets in von
Neumann algebra preduals as precisely those bounded sets of uniformly absolutely
continuous norm (see e.g. [42], Chapter III, Theorem 5.4). For convenience of
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reference, we now state the following (restricted) version of the Akemann theorem
which is central to the present discussion.

Theorem 4.4 (Akemann). If A ⊆ L1(τ ) is bounded, then the following statements
are equivalent.

(i) A is relatively weakly compact.
(ii) A is of uniformly absolutely continuous norm.

Corollary 4.5. If τ (1) < ∞ and if A ⊂ L1(τ ) is bounded, then the following
statements are equivalent.

(i) A is relatively weakly compact.
(ii)

lim
δ→0

sup
x∈A

ω(x; δ) = 0.

The corollary follows immediately from Theorem 4.4 and Corollary 3.11. In
the case that M is commutative, the preceding result is well known. In the non-
commutative setting, it may be found in [26] in the case that M is non-atomic.

Corollary 4.6. If τ (1) < ∞ and if A ⊆ L1(τ ), then the following statements are
equivalent.

(i) A is relatively weakly compact.
(ii) |A| is relatively weakly compact.
(iii) |A∗| is relatively weakly compact.

The corollary is an immediate consequence of the preceding theorem and Corol-
lary 3.21.

If τ (1) = ∞, then neither of the implications (i)=⇒ (ii), (iii) of the preceding
corollary is valid in general. By way of example (see [42]), let H be a separable
Hilbert space of infinite dimension and let {ξn}∞n=1 be an orthonormal basis in H.
Let M be L(H), equipped with the canonical trace τ given by

τ (x) =

∞∑
n=1

〈xξn, ξn〉, x ∈ L(H).

Denote by en, n ∈ N, the projection onto the one-dimensional subspace spanned by
ξn and define the rank one partial isometry un ∈ L(H) by setting

unξ := 〈ξ, ξn〉ξ1, ξ ∈ H, n ∈ N.

It is not difficult to see that τ (unx) →n 0 for all x ∈ M. In particular, the
sequence {un}∞n=1 ⊆ L1(τ ) is relatively weakly compact, and so also is the sequence
{u∗

n}∞n=1 ⊆ L1(τ ). Now observe that |un| = en for all n ∈ N. Since

τ (|un|en) = τ (en) = 1, n ∈ N,

it follows that the sequence {|un|}∞n=1 is not of uniformly absolutely continuous
norm and hence is not relatively weakly compact in L1(τ ). At the same time, if
vn = u∗

n, n ∈ N, then the sequence {vn}∞n=1 is relatively weakly compact in L1(τ ),
but the sequence {|v∗n|}∞n=1 = {|un|}∞n=1 is not relatively weakly compact. However,
the implications (ii), (iii)=⇒(i) of Corollary 4.6 still hold in full generality.

Corollary 4.7. If A ⊆ L1(τ ) and if either |A| or |A∗| is weakly relatively compact,
then A is weakly relatively compact.
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Proof. If |A| is relatively weakly compact, then it follows from the implication
(i)=⇒(ii) of Theorem 4.4 that |A| is of uniformly absolutely continuous norm. It
follows from Corollary 3.16 thatA is of uniformly absolutely continuous norm. Con-
sequently, from the implication (ii)=⇒(i) of Theorem 4.4 (or from Proposition 4.2)
it follows that A is weakly relatively compact. Similarly, if |A∗| is weakly relatively
compact, then A∗ is weakly relatively compact, and hence so is A, since involution
is weakly continuous. �

Finally, it should be mentioned that M is finite if and only if, whenever A ⊆
L1(τ ) is relatively weakly compact, it follows that |A| is relatively weakly compact
(see e.g. [39]).

5. Relatively compact sets in E

Let us now observe that relatively compact subsets of E are characterised in
terms of sets of uniformly absolutely continuous norm by Theorem 3.4. Indeed, a
rephrasing of this theorem shows immediately that if E has order continuous norm
and ifA ⊆ E, thenA is compact if and only ifA is compact for the measure topology
and A is of uniformly absolutely continuous norm. The following refinement of this
characterisation in the case that A ⊆ E+ is given in [18], Proposition 4.6. It will
be needed in the section to follow.

Proposition 5.1. Suppose that E ⊆ S(τ ) is strongly symmetric. If A ⊆ E+ is
bounded, and if the norm on E is order continuous, then the following statements
are equivalent.

(i) A is relatively compact.
(ii) A has uniformly absolutely continuous norm and h1/2Ah1/2 is relatively

compact in L1(τ ) for all 0 ≤ h ∈ E×.

To proceed further, recall (see [42], Chapter III.5) that a von Neumann algebra
M is called atomic if every non-zero projection in M majorises a non-zero minimal
projection. A projection in M is said to be of finite rank if it is the sum of finitely
many orthogonal minimal projections.

The implication (ii)=⇒(i) of the proposition which follows is proved in [42],
Proposition III.5.10, in the special case that E = L1(τ ).

Proposition 5.2. Suppose that M is atomic and let E ⊆ S(τ ) be a symmetrically
normed space. If the norm on E is order continuous, and if A ⊆ E, then the
following statements are equivalent.

(i) A is relatively compact.
(ii) Each of the sets |A|, |A∗| is of uniformly absolutely continuous norm.

Proof. To see that (i)=⇒(ii), it suffices to show that if xn, x ∈ E, n ∈ N, satisfies
‖xn−x‖E →n 0, then each of the sequences {|xn|}, {|x∗

n|} is of uniformly absolutely
continuous norm. Suppose then that ek ↓k 0 ⊆ P (M) and let ε > 0 be given. There
exists N ∈ N such that ‖xn − x‖E < ε for all n ≥ N . It follows that

‖xnek‖E ≤ ‖(xn − x)ek‖E + ‖xek‖E ≤ ε+ ‖xek‖E , n ≥ N.

Using this estimate and the fact that the norm on E is order continuous, it follows
that supn≥N ‖xnek‖E →k 0. Again, order continuity of the norm on E implies that
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sup1≤n≤N ‖xnek‖E →k 0 and so

sup
n∈N

‖xnek‖E →k 0.

This implies further that

sup{‖wxnek‖E : w ∈ B(M), n ∈ N} ≤ sup
n∈N

‖xnek‖E →α 0.

Using the polar decomposition, it now follows that

sup
n∈N

‖|xn|ek‖E →k 0.

By Proposition 3.15, it follows that {|xn|} ⊆ E+ has uniformly absolutely contin-
uous norm. Since ‖x∗

n − x∗‖E → 0, the same argument now shows that {|x∗
n|} has

uniformly absolutely continuous norm.
(ii)=⇒(i) The assumption that |A| has uniformly absolutely continuous norm

implies that A has uniformly absolutely continuous norm, by Corollary 3.16. Con-
sequently, Proposition 4.2 implies that A is weakly relatively compact. Using the
Eberlein-Smulian theorem, it will suffice to show that if {xn} ⊆ A is weakly con-
vergent to some x ∈ E, then the sequence {xn} is a Cauchy sequence in E. To this
end, let {fα} ⊆ P (M) be the system of all projections of finite rank and note that
fα ↑ 1, since M is atomic. In particular (1− fα) ↓α 0. Observe that

‖xn − xm‖E ≤ ‖fα(xn − xm)fα‖E + ‖fα(xn − xm)(1− fα)‖E
+ ‖(1− fα)(xn − xm)‖E

≤ ‖fα(xn − xm)fα‖E + ‖(xn − xm)(1− fα)‖E
+ ‖(x∗

n − x∗
m)(1− fα)‖E

for all m,n ∈ N and indices α. Observe further that, for all n,m ∈ N,

‖(xn − xm)(1− fα)‖E ≤ ‖xn(1− fα)‖E + ‖xm(1− fα)‖E
= ‖ |xn|(1− fα)‖E + ‖ |xm|(1− fα)‖E
≤ 2 sup

n∈N

‖ |xn|(1− fα)‖E

and similarly

‖(x∗
n − x∗

m)(1− fα)‖E ≤ 2 sup
n∈N

‖ |x∗
n|(1− fα)‖E .

Since each of the sets |A|, |A∗| has uniformly absolutely continuous norm, using
Proposition 3.15, it follows that

sup
x∈A

‖|x|(1− fα)‖E, sup
x∈A

‖|x∗|(1− fα)‖E →α 0.

In particular,

sup
n

max{‖ |xn|(1− fα)‖E , ‖ |x∗
n|(1− fα)‖E} →α 0.

Now suppose that ε > 0 is given, and suppose that e = 1− fα0
satisfies

sup
n

max{‖ |xn|e‖E , ‖ |x∗
n|e‖E} < ε/4

so that

‖xn − xm‖E ≤ ‖e(xn − xm)e‖E + ε, n,m ∈ N.
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Since e is a finite-rank projection, it follows that the algebra eMe is finite-dimen-
sional. This implies that all linear space topologies on eEe coincide. It follows that
there exists N ∈ N such that

‖e(xn − xm)e‖E < ε, n,m ≥ N.

Consequently the sequence {xn} is a Cauchy sequence in E, and this suffices to
conclude the proof of the proposition. �

Corollary 5.3. Suppose that M is atomic and let E ⊆ S(τ ) be a symmetrically
normed space. If the norm on E is order continuous, if τ (1) < ∞ and if A ⊆ E,
then the following statements are equivalent.

(i) A is relatively compact.
(ii) A is of uniformly absolutely continuous norm.

The corollary follows immediately from Proposition 5.2 and Corollary 3.21.
The following consequences are of particular interest.

Corollary 5.4. Suppose that M is atomic. If A ⊆ L1(τ ), then the following
statements are equivalent.

(i) A is relatively compact.
(ii) Each of the sets |A|, |A∗| is weakly relatively compact.

The corollary is an immediate consequence of Proposition 5.2 via Theorem 4.4.

Corollary 5.5. Suppose that M is atomic. If τ (1) < ∞, and if A ⊆ L1(τ ), then
the following statements are equivalent.

(i) A is relatively compact.
(ii) A is weakly relatively compact.

The corollary follows directly from Corollary 5.3, Theorem 4.4 and Corollary 3.21.
Recall that a Banach space is said to have the Schur property if and only if each

weakly convergent sequence is norm convergent. Corollary 5.5 implies the classical
result that the sequence space l1(N) has the Schur property. Indeed, let M be
l∞(N), equipped with the trace τ given by

τ (x) =
∞∑
k=1

2−kxk, x = {xk}∞k=1 ∈ l∞(N).

In particular, τ (1) < ∞. It is clear that

x = {xk}∞k=1 ∈ l1(N) ⇐⇒ x̃ = {2kxk}∞k=1 ∈ L1(τ ),

in which case

‖x‖l1(N) = ‖x̃‖L1(τ).

As is easily checked, xn → x weakly in l1(N) if and only if x̃n → x̃ weakly in L1(τ ).
On the other hand, if M = B(H) is equipped with standard trace, then L1(τ )

does not have the Schur property. Indeed, if {un}n∈N is the sequence of rank one
partial isometries discussed in the remarks following Corollary 4.6, then sequence
{u∗

n} converges weakly to 0 in L1(τ ). However, for all n ∈ N, |u∗
n| is the rank one

projection ξ → 〈ξ, ξ1〉ξ1. Consequently, ‖u∗
n‖L1(τ) = 1, for all n ∈ N (see e.g. [42],

Chapter III.5).
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6. Weak convergence, convergence in measure

and sets of uniformly absolutely continuous norm

The following submajorisation will be needed in the sequel (see also [5], [6]).

Lemma 6.1. If e1, e2, . . . , en ∈ M are projections with eiej = 0, i �= j, and if
x ∈ S(τ ), then

e1xe1 + e2xe2 + . . .+ enxen ≺≺ x.

Proof. If ε = (ε1, ε2, . . . , εn), εi = ±1, 1 ≤ i ≤ n and if vε =
∑n

i=1 εiei, then
n∑

i=1

eixei =
1

2n

∑
ε

vεxvε.

Since μ(y + z) ≺≺ μ(y) + μ(z) (see e.g. [23]), for all y, z ∈ S(τ ), it follows that

μ(

n∑
i=1

eixei) ≺≺ 1

2n

∑
ε

μ(vεxvε).

Since eiej = 0, i �= j, observe that

v∗ε vε = e1 + e2 + . . .+ en

so that vε ∈ M is a partial isometry for all ε. Consequently

μ(vεxvε) ≤ μ(x)

for all ε, and the assertion of the lemma follows. �
In the following, some further terminology will be useful. As usual E ⊆ S(τ )

denotes a strongly symmetric space.
It will be convenient to say that a sequence {xn}∞n=1 ⊆ E is disjointly supported

if there exists a sequence {en}∞n=1 ⊆ P (M) of mutually orthogonal projections such
that xn = enxnen for all n ∈ N.

If X ⊆ E is a closed subspace, then X is said to be a copy of c0 if and only
if there exists a (Banach space) isomorphism T : c0 → X of c0 onto X. If the
isomorphism T : Y → X satisfies Tz ≥ 0 whenever 0 ≤ z ∈ c0, then T will be
called a positive isomorphism and the range X will be termed a positive copy of c0.
If T is a positive isomorphism and maps the unit vector basis of c0 onto a disjointly
supported sequence in X, then X will be called a disjointly supported positive copy
of c0.

Lemma 6.2. Let E ⊆ S(τ ) be a strongly symmetric space and suppose that E
has order continuous norm. Suppose that 0 ≤ y ∈ E×× and that A ⊆ E satisfies
0 ≤ x ≤ y for all x ∈ A. If A is not of uniformly absolutely continuous norm in E,
then E contains a positive disjointly supported positive copy of c0.

Proof. Since A is not of uniformly absolutely continuous norm in E, it follows from
Proposition 3.2 that there exists ε > 0, a sequence 0 ≤ xn, n ∈ N, in A and a
sequence {en}∞n=1 ⊆ P (M) of mutually disjoint projections such that

‖enxnen‖E ≥ ε, n ∈ N.

Denote by {qn}∞n=1 ⊆ c0 the standard vector basis in c0. The linear mapping
T : c00 → E is defined by setting

Tz =
k∑

j=1

cjejxjej



SETS OF UNIFORMLY ABSOLUTELY CONTINUOUS NORM 4337

if z =
∑k

j=1 cjqj ∈ c00, {cj}kj=1 ⊂ R. If, in addition, such z is positive, then, for
every j ∈ N, we have by Lemma 6.1,

cjejxjej ≤ Tz ≤
k∑

j=1

cjejyej

≤ ‖z‖∞
k∑

j=1

ejyej ≺≺ ‖z‖∞y.

Since E×× is strongly symmetric and order continuity of the norm on E implies
that the embedding of E into E×× is an isometry (see [15]), it follows that

ε‖z‖∞ ≤ ‖Tz‖E ≤ ‖z‖∞‖y‖E×× .

As is easily verified, |Tz| = T |z| for all z ∈ c00, and it now follows that T extends
uniquely to a positive isomorphism of c0 onto the closed linear span of the sequence
{enxen}n∈N. This suffices to complete the proof of the implication. �

Using the equivalence (i)⇐⇒(viii) of Theorem 3.1, an inspection of the proof of
the preceding lemma yields the following.

Lemma 6.3. Let E ⊆ S(τ ) be strongly symmetric. If 0 ≤ x ∈ E and if x �∈ Ean,
then there exists a mutually orthogonal sequence of projections {en}∞n=1 such that
the sequence {enxen}∞n=1 spans a positive disjointly supported copy of c0.

The equivalence (i)⇐⇒(v) of Theorem 3.1 now implies the following.

Corollary 6.4. Let E ⊆ S(τ ) be strongly symmetric. If E contains no disjointly
supported positive copy of c0, then the norm on E is order continuous.

Recall that a strongly symmetric space E is said to be a KB-space if E has order
continuous norm and the Fatou property.

Theorem 6.5. Let E ⊆ S(τ ) be strongly symmetric. The following statements are
equivalent.

(i) E is a KB-space.
(ii) E is weakly sequentially complete.
(iii) E contains no isomorphic copy of c0.
(iv) E contains no positive isomorphic copy of c0.
(v) E contains no disjointly supported positive copy of c0.

Proof. The equivalences (i)⇐⇒(ii)⇐⇒(iii) are established in [14]. The implications
(iii)=⇒(iv)=⇒(v) are trivial.

The proof of the theorem will be complete by showing the implication (v)=⇒(i).
To this end, observe first that since E contains no disjointly supported positive iso-
morphic copy of c0, it follows from Corollary 6.4 that the norm on E is order contin-
uous. Now suppose that 0 ≤ xn ↑n⊆ E is norm-bounded. It will suffice to show that
the sequence {xn}∞n=1 is relatively compact. Note first that x×× = supn xn exists in
E×× since E×× has the Fatou property and E is isometrically embedded into E××

due to the order continuity of the norm E (see [15]). By Lemma 6.2, the assumption
that E contains no disjointly supported positive isomorphic copy of c0 and the fact
that E has order continuous norm imply that the sequence {xn}∞n=1 is of uniformly
absolutely continuous norm. Now suppose that 0 ≤ h ∈ E×. Since 0 ≤ xn ↑ x××

holds in E××, it follows (see [15]) that 0 ≤ h1/2xnh
1/2 ↑n h1/2x××h1/2 in L1(τ ). By
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order continuity of the norm on L1(τ ), it follows that h1/2xnh
1/2 →n h1/2x××h1/2

in L1(τ ), and this implies that {h1/2xnh
1/2} is relatively compact in L1(τ ). It now

follows from Proposition 5.1 that the sequence {xn}∞n=1 is relatively compact in E,
and this completes the proof of the theorem. �

It will be convenient to adopt the following terminology. If A ⊆ S(τ ), then A
will be called solid if B(M)AB(M) ⊆ A.

Proposition 6.6. Suppose that E ⊆ S(τ ) is strongly symmetric and that τ (1) <
∞. If E has order continuous norm, and if A ⊆ E is bounded and solid, then the
following statements are equivalent.

(i) A is of uniformly absolutely continuous norm.
(ii) A is weakly relatively compact, and the norm and measure topologies coin-

cide on A.

Proof. (i)=⇒(ii) Suppose that A is of uniformly absolutely continuous norm. It
follows from Proposition 4.2 that A is weakly relatively compact. That the norm
and measure topologies coincide on A now follows from Theorem 3.4.

(ii)=⇒(i) Now assume that A is relatively weakly compact and the norm and
measure topologies coincide on A.

Suppose that A is not of uniformly absolutely continuous norm. Then, by Defini-
tion 3.3 and Proposition 3.2(ii), there exist a sequence {xn}∞n=1 ⊆ A and a sequence
{en}∞n=1 ⊆ P (M) of mutually orthogonal projections, and there exists ε > 0 such
that

‖enxnen‖E ≥ ε, n ∈ N.

Since τ (1) < ∞, it follows that enxnen →n 0 for the measure topology. Since E
has order continuous norm, it follows that E∗ = E× and so the sequence {xn}∞n=1

is relatively σ(E××, E×) compact.
Since the assumption that τ (1) < ∞ guarantees that E×, E×× ⊆ S0(τ ), it

follows from the implication (i)=⇒(v) of [14], Proposition 2.8, that

sup
n∈N

∫
[0,∞)

μ(xn)μ(ypn)dm →n 0

for every 0 ≤ y ∈ E× and for every mutually orthogonal sequence {pn}∞n=1 ⊆
P (M). Since μ(enxnen) ≤ μ(xn), n ∈ N, it follows that

sup
n∈N

∫
[0,∞)

μ(enxnen)μ(ypn)dm →n 0

for every 0 ≤ y ∈ E× and for every mutually orthogonal sequence {pn}∞n=1 ⊆
P (M). It now follows from the implication (v)=⇒(i) of the same proposition
that the sequence {enxnen}∞n=1 is relatively σ(E××, E×)-compact. It may be as-
sumed that there exists x ∈ E×× such that enxnen →n x for the weak topology
σ(E××, E×). It follows from [34], Lemma 5.3, that x = 0 and so enxnen →n 0 for
the weak topology σ(E,E×) and so also for the weak topology σ(E,E∗), since E
has order continuous norm. Since the norm and measure topologies coincide on A,
and since A is solid, it follows that ‖enxnen‖E →n 0. This is clearly a contradic-
tion, and so the sequence {xn}∞n=1 has uniformly absolutely continuous norm, and
this completes the proof. �
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The preceding Proposition 6.6 is modelled on [31], Proposition 3.6.7, in the
Banach lattice setting. It would be interesting to know if the assumption that E
has order continuous norm can be omitted.

Proposition 6.7. Suppose that E ⊆ S(τ ) is strongly symmetric and that τ (1) <
∞. The following statements are equivalent.

(i) Each relatively weakly compact subset of E is of uniformly absolutely con-
tinuous norm.

(ii) Each two-sided disjointly supported weakly null sequence in E is norm con-
vergent to 0.

Proof. (i)=⇒(ii) Suppose that {xn}∞n=1 ⊆ E is two-sided disjointly supported and
weakly null. Since τ (1) < ∞, it follows that xn →n 0 for the measure topology.
Since {xn}∞n=1 is relatively weakly compact, it follows from the assumption of (i)
that {xn}∞n=1 has uniformly absolutely continuous norm. In particular, {xn}∞n=1 ⊆
Ean. By Theorem 3.4, it follows that ‖xn‖E →n 0.

(ii)=⇒(i) Observe first that the condition (ii) implies that E is a KB-space.
If this is not the case, then, by Theorem 6.5, there exists a two-sided disjointly
supported sequence {xn}∞n=1 ⊆ E+ equivalent to the unit vector basis of c0. Such
a sequence is weakly null but not norm-convergent to 0, contradicting the assump-
tion of (ii). Now suppose that A ⊆ E is relatively weakly compact but is not of
uniformly absolutely continuous norm. Since E is a KB-space, the norm on E is
order continuous. By Theorem 3.12, there exist ε > 0, a sequence {xn}∞n=1 ⊆ A
and a sequence {en}∞n=1 ⊆ P (M) of mutually orthogonal projections such that

‖enxnen‖E ≥ ε, n ∈ N.

Since τ (1) < ∞, it follows that enxnen →n 0 for the measure topology. As in the
proof of Proposition 6.6 preceding, it follows that enxnen →n 0 weakly in E. The
assumption of (ii) now implies that ‖enxnen‖E →n 0, and this is a contradiction.
This suffices to complete the proof of the proposition. �

Proposition 6.7 is based on [31], Corollary 3.6.8. In view of Propositions 6.7
and 4.2, under the assumptions of Proposition 6.7, the class of all relatively weakly
compact sets and the class of all sets with uniformly absolutely continuous norm
coincide.

It is now convenient to introduce the following definition.

Definition 6.8. If E ⊆ S(τ ), then E is said to have property (Wm) if and only
if, for all sequences {xn}∞n=1 ⊆ E, whenever xn →n 0 both weakly and in measure,
it follows that ‖xn‖E →n 0.

This notion was introduced in [29] (see also [3]). Detailed proofs of the results
announced in [29] may be found in the unpublished manuscript [30].

To fix ideas, observe first that the space L1(τ ) has property (Wm). Indeed,
any relatively weakly compact subset in L1(τ ) has uniformly absolutely continuous
norm, as follows from Theorem 4.4, and by Theorem 3.4, any sequence in L1(τ )
with uniformly absolutely continuous norm which converges to 0 for the measure
topology necessarily converges in norm, since the norm on L1(τ ) is order continuous.
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Lemma 6.9. Suppose that τ (1) < ∞ and that E ⊆ S(τ ) is strongly symmetric.

(i) If E has the property (Wm), then E is a KB-space.
(ii) If each relatively weakly compact subset of E is of uniformly absolutely

continuous norm, then E is a KB-space.

Proof. (i) If E is not a KB-space, then by Theorem 6.5 there exists a disjointly
supported sequence 0 ≤ xn ∈ E, and there exists a positive isomorphism 0 ≤
T : c0 → span{xn}∞n=1 such that Tqn = xn, n ∈ N. Here {qn}n∈N denotes the
unit vector basis in c0. In particular, it follows that there exists ε > 0 such that
‖xn‖E ≥ ε, for all n ∈ N. On the other hand, since τ (1) < ∞, it follows that
xn →n 0 for the measure topology. Suppose that ϕ ∈ E∗; then, denoting by ϕ′ the
restriction of ϕ to span{xn}∞n=1 ⊆ E, it is clear that

〈xn, ϕ〉 = 〈xn, ϕ
′〉

= 〈Tqn, ϕ′〉 = 〈qn, T ∗ϕ′〉.

Since T ∗ϕ′ ∈ l1 and qn →n 0 for the weak topology σ(c0, l
1), it follows that

〈xn, ϕ〉 →n 0, so that xn →n 0 for the weak topology σ(E,E∗). Since E has
property (Wm), it follows that ‖xn‖E →n 0. This is clearly a contradiction and so
suffices to establish the assertion of (i).

(ii) If E is not a KB-space, then by Theorem 6.5, E contains a disjointly sup-
ported positive copy of c0. Let {xn}∞n=1 be a sequence in E corresponding to the
unit vector basis of c0. Consequently, the sequence {xn}∞n=1 is weakly null but
not norm convergent to 0. Being weakly null, the sequence {xn}∞n=1 is of uniformly
absolutely continuous norm by hypothesis and converges to 0 for the measure topol-
ogy, since τ (1) < ∞. By Theorem 3.4, the sequence ‖xn‖E →n 0, and this is a
contradiction. �

Via Corollary 3.11, the proposition which follows may be found in [3], Theorem
5.5, in the special case that M = L∞[0, 1] with trace given by Lebesgue integral.

Proposition 6.10. Suppose that E ⊆ S(τ ) is strongly symmetric. If τ (1) < ∞,
then the following statements are equivalent.

(i) E has property (Wm).
(ii) Each relatively weakly compact set in E is of uniformly absolutely continu-

ous norm.

Proof. Note that both conditions (i), (ii), together with the assumption that τ (1) <
∞, imply that E is a KB-space, by Lemma 6.9. In particular, the norm on E is
order continuous.

(ii)=⇒(i) Suppose that {xn}∞n=1 ⊆ E satisfies xn →n 0 both weakly and in mea-
sure. The assertion of (ii) implies that {xn}∞n=1 has uniformly absolutely continuous
norm. It then follows from Theorem 3.4 that ‖xn‖E →n 0.

(i)=⇒(ii) Let {xn}∞n=1 ⊆ E be a two-sided disjointly supported weakly null
sequence. By the implication (ii) =⇒(i) of Proposition 6.7, it will suffice to show
that ‖xn‖E →n 0. Since τ (1) < ∞, it follows that xn →n 0 in measure since
{xn}∞n=1 is two-sided disjointly supported. Since xn →n 0 weakly, the assumption
of (i) implies that ‖xn‖E →n 0, which completes the proof. �

Let φ denote an increasing concave function on [0, τ (1)) for which φ(0) = 0 =
φ(0+). Note that φ is absolutely continuous and φ(t) =

∫
[0,t)

φ′(s)ds, t > 0. Recall
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that the Lorentz space (Λφ, ‖ · ‖Λφ
) consists of all x ∈ S(τ ) for which

‖x‖Λφ
=

∫
[0,τ(1))

μ(x)dφ < ∞.

Note that if τ (1) < ∞, then the norm on Λφ is order continuous. Indeed, if
xn ↓n 0 ⊆ Λφ, then μ(xn) ↓n 0, and this implies that

‖xn‖Λφ
=

∫
[0,τ(1))

μ(xn)φ
′dm ↓n 0.

If τ (1) = ∞, then the norm on Λφ is order continuous if and only if limt→∞ φ(t) =
∞. The Köthe dual of the Lorentz space Λφ is the Marcinkiewicz space Mψ,
ψ(t) = t/ψ(t) consisting of all x ∈ S(τ ) such that

‖x‖Mψ
= sup

0<h<∞
[ψ(h)]−1

∫
[0,h)

μ(x)dm < ∞

(see e.g. [28], Chapter II.5).
It is the case that any non-commutative Lorentz space Λφ(τ ) corresponding to a

separable Lorentz space on the semiaxis has property (Wm). This result is due to
Krygin, Sheremet’ev and Sukochev [29]. Their proof (see [30]) is based on showing
first the general lifting theorem that if E ⊆ S(m) is a separable symmetric space and
if E has property (Wm), then E(τ ) has property (Wm) for every semifinite (M, τ )
and then using results in [8] and [44]. We will present here an independent and
more direct proof which does not depend on [30], which is not generally available.
A proof of the lifting theorem will be indicated in the following section for the sake
of completeness.

In the case that M is L∞[0, α), 0 < α ≤ ∞, the proposition which follows may
be found in [9], Proposition 1.2. By replacing the submajorisation inequality given
in [28], Theorem II.3.1, by its non-commutative counterpart given in [12], Theorem
3.4, the details of the proof are almost identical to those given in [9] and will be
omitted.

Proposition 6.11. If x ∈ Λφ(τ ), {yn}∞n=1 ∈ Λφ(τ ) and the sequence {yn}∞n=1

converges to 0 for the measure topology, then

‖x+ yn‖Λφ(τ) − ‖x‖Λφ(τ) − ‖yn‖Λφ(τ) →n 0.

Proposition 6.11 has the interesting consequence that, for sequences on the unit
sphere of the Lorentz space Λφ(τ ), norm convergence coincides with measure con-
vergence. This property is usually referred to as the Kadec-Klee property for con-
vergence in measure.

Corollary 6.12. If x ∈ Λφ(τ ), {xn}∞n=1 ∈ Λφ(τ ), then the following statements
are equivalent.

(i) ‖x− xn‖Λφ(τ) →n 0.
(ii) xn → x for the measure topology and ‖xn‖Λφ(τ) →n ‖x‖Λφ(τ).

Proof. Applying Proposition 6.11 with yn = xn − x, it follows that

‖xn‖Λφ(τ) − ‖x‖Λφ(τ) − ‖xn − x‖Λφ(τ) →n 0.

Since ‖xn‖Λφ(τ) →n ‖x‖Λφ(τ), it follows that ‖xn − x‖Λφ(τ) →n 0. �
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In the case that Λφ is separable, the preceding corollary follows from [9], Corol-
lary 1.3, and [10], Theorem 2.9. The present approach is more direct.

The proposition which follows now shows that an arbitrary Lorentz space Λφ(τ )
has property (Wm).

Proposition 6.13. If {xn}∞n=1 ⊆ Λφ(τ ), x ∈ Λφ(τ ), then the following statements
are equivalent.

(i) xn →n x in the weak topology σ(Λφ(τ ),Λφ(τ )
×) and in the measure topol-

ogy.
(ii) ‖xn − x‖Λφ(τ) →n 0.

Proof. It is only necessary to prove the implication (i)=⇒(ii). Since the sequence
{xn}∞n=1 is relatively σ(Λφ(τ ),Λφ(τ )

×) compact, it follows that the sequence
{μ(xn)}∞n=1 ⊆ Λφ(m) is relatively σ(Λφ(m),Λφ(m)×) compact, as follows from [22],
Theorem 5.2. By Smulian’s theorem ([25], Chapter 5, Corollary 3.1.2), it may be
assumed that there exists z ∈ Λφ(m) such that μ(xn) →n z for the weak topology
σ(Λφ(m),Λφ(m)×). In particular,∫

[s,t)

μ(xn)dm →n

∫
[s,t)

zdm

for all 0 < s < t, since χ[s,t) ∈ Λφ(m)×. Further, since xn →n x in the measure
topology, it follows that μ(xn) → μ(x) almost everywhere on [0,∞). Consequently,
by the dominated convergence theorem, it follows that∫

[s,t)

μ(xn)dm →n

∫
[s,t)

μ(x)dm

for all 0 < s < t. It follows directly that μ(x) = z. Since φ′ ∈ Λφ(m)×, it follows
immediately that

‖xn‖Λφ(τ) =

∫
[0,∞)

μ(xn)φ
′dm →n

∫
[0,∞)

μ(x)φ′dm = ‖x‖Λφ(τ).

By Corollary 6.12, it now follows that ‖xn − x‖Λφ(τ) →n 0. �

For Lorentz spaces on the interval [0, α), 0 < α ≤ ∞, the preceding proposition
may be found in [9], Corollary 1.3.

Since convergence for the weak topology σ(Λφ(τ ),Λφ(τ )
∗) implies that for the

weaker topology σ(Λφ(τ ),Λφ(τ )
×), the following consequence is immediate.

Corollary 6.14. Each Lorentz space Λφ(τ ) has property (Wm).

Proposition 6.10 together with Corollary 6.14 now has the interesting conse-
quence that if τ (1) < ∞, then the relatively weakly compact subsets of the Lorentz
space Λφ(τ ) are precisely those which are of uniformly absolutely continuous norm.

Corollary 6.15. If τ (1) < ∞, then each weakly relatively compact subset of Λφ(τ )
is of uniformly absolutely continuous norm.

Note that by taking φ(t) = t, t ≥ 0, the preceding proposition is a proper
extension of the Akemann characterisation of relatively weakly compact sets in
L1(τ ) given by the equivalence (i)⇐⇒(iii) of Theorem 4.4 in the case that τ (1) < ∞.

In the case of (commutative) Lorentz spaces on the interval [0, 1], the preceding
proposition may be found in [8], Theorem 1. If the condition that τ (1) < ∞ is
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omitted, then Corollary 6.15 may fail, even in the case that M is commutative, as
the discussion which follows shows. Some preparations are necessary.

The observation which follows is due to D. Zanin (personal communication).

Proposition 6.16. Suppose that E = E[0,∞) ⊆ S(m) is a (strongly) symmetric
space with order continuous norm. If each relatively weakly compact subset of E is
of uniformly absolutely continuous norm, then E ⊆ L1.

Proof. Suppose that E �⊆ L1. Let xn := χ
[n,n+1)

, n ∈ N, and observe that xn →n 0

for the σ(E,E∗) = σ(E,E×) topology. If this is not the case, then it may be
assumed that there exist ε > 0, an element 0 ≤ y ∈ E× and a sequence j(k) ↑k⊆ N

such that ∫
[0,∞)

yxj(k)dm =

∫
[j(k),j(k)+1)

ydm ≥ ε, k ∈ N.

Since |
∫
A
zdm| ≤

∫
[0,m(A))

μ(z)dm for all z ∈ S(m) and measurable subsets A ⊆
[0,∞), it follows that, for each n ∈ N,

nε ≤
n∑

k=1

∫
[j(k),j(k)+1)

ydm ≤
n∑

k=1

∫
[0,1)

μ(yχ
[j(k),j(k)+1)

)dm ≤
∫
[0,n)

μ(y)dm,

where the last inequality follows from [24], Lemma 16. As is easily seen,

lim
t→∞

μ(t; y) = lim
n→∞

1

n

∫
[0,n)

μ(y)dm,

and it follows immediately that

lim
t→∞

μ(t; y) ≥ ε.

This implies that ε1 ≤ μ(y) ∈ E× and consequently L∞ ⊆ E×. It follows that
E ⊆ E×× ⊆ L1, and this is a contradiction. In particular, the set {xn}n∈N is a
relatively weakly compact subset of E. On the other hand, the sequence {xn}∞n=1

is not of uniformly absolutely continuous norm. Indeed, observe that

xnχ[m,∞)
=

{
0, if n < m;

xn, n ≥ m.

Consequently,
sup
n∈N

‖xnχ[m,∞)
‖E = sup

n≥m
‖xn‖E = ‖x1‖E ,

and this suffices to complete the proof of the proposition. �
Lemma 6.17. The following statements are equivalent.

(i) Λφ(m) �⊆ L1(m).
(ii) limt→∞ φ(t)/t = 0.

Proof. It only needs to be noted that

1 ∈ Λφ(m)× = Mψ(m) ⇐⇒ sup
0<t<∞

t/φ(t) < ∞ ⇐⇒ inf
0<t<∞

φ(t)/t > 0.

Consequently,

L∞(m) ⊆ Mψ(m) ⇐⇒ lim
t→∞

φ(t)/t = inf
0<t<∞

φ(t)/t > 0,

and so
Λφ(m) = Mψ(m)× �⊆ L1(m) ⇐⇒ lim

t→∞
φ(t)/t = 0. �
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It follows from Proposition 6.16 and Lemma 6.17 that if limt→∞ φ(t)/t = 0, for
example if φ(t) = t1/2, t ≥ 0, then it is not the case that every relatively weakly
compact subset in the Lorentz space Λφ(τ ) is of uniformly absolutely continuous
norm. Further, since each Lorentz space on [0,∞) has property (Wm) (see Corol-
lary 6.14), it follows that the implication (i)=⇒(ii) of Proposition 6.10 fails in the
case that τ (1) = ∞, even in the case that M is commutative.

We mention a further consequence of Corollary 6.14.
Recall (see [28]) that the norm on L1 + L∞(m) is given by the equality

‖x‖L1+L∞ =

∫
[0,1)

μ(x)dm, x ∈ L1 + L∞(m).

Consequently, the space L1 + L∞(m) is just the Lorentz space Λφ(m) where

φ(t) =

{
t, if 0 ≤ t < 1;

1, t ≥ 1.

Recall that, in this case, the Köthe dual Λ×
φ (m) is given by Λ×

φ (m) = L1 ∩L∞(m).

Corollary 6.18. The space L1(τ )+M has property (Wm) for all semifinite (M, τ ).

Corollary 6.18 is noted in [30]. Observe that L1 + L∞ is not separable, and so
the norm on L1 + L∞ is not order continuous. In particular, L1 + L∞ is not a
KB-space. This implies that Lemma 6.9 (i) fails if the condition that τ (1) < ∞ is
omitted.

Orlicz spaces on the interval [0, 1) with property (Wm) have been characterised
in [3]. Let Φ be an increasing convex function on [0,∞) such that Φ(0) = 0, let LΦ

be the corresponding Orlicz space equipped with the norm

‖x‖LΦ
= inf{λ : λ > 0,

∫
[0,1)

Φ(|x(t)|/λ)dm ≤ 1},

and let Ψ be the complementary function. It is shown in [3] that LΦ has property
(Wm) if and only if either LΦ = L1 or the complementary function Ψ satisfies
limt→∞ Ψ(Ct)/Ψ(t) = ∞ for some constant C > 0. The class of Orlicz spaces
which satisfies this latter condition is denoted by Δ3. If this characterisation is
combined with the lifting theorem of [29], then this characterisation yields the
following result.

Proposition 6.19. The Orlicz space LΦ(τ ) has property (Wm) for all semifinite
(M, τ ) with τ (1) < ∞ if and only if LΦ = L1[0, τ (1)) or LΦ ∈ (Δ3).

Finally, it should be observed that there is a very large class of spaces which do
not have property (Wm). The results which follow may be found in [29].

Proposition 6.20. Suppose that M is non-atomic. If E,E× ⊆ S(τ ) have order
continuous norms, then E does not have property (Wm).

Proof. Since the norm on E is order continuous, it follows that the Banach dual E∗

coincides with E×. Since M is non-atomic, there exists a sequence of projections
{en}∞n=1 ⊆ P (M) such that en ↓n 0 and τ (en) ↓n 0. Set xn = en/‖en‖E . It is clear
that ‖xn‖E = 1, n ∈ N, and that xn →n 0 for the measure topology. Now observe
that xn →n 0 for the weak topology. Indeed, if 0 ≤ z ∈ E×, then

|τ (xnz)| = |τ (xnenz)| ≤ ‖enz‖E× →n 0
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by Theorem 3.1 since the norm on E× is order continuous. If E were to have
property (Wm), then it would follow that ‖xn‖E →n 0, but this is clearly a con-
tradiction. �

The following consequence now follows immediately from Proposition 6.20.

Corollary 6.21. If M is non-atomic and if E ⊆ S(τ ) is reflexive, then E does
not have property (Wm).

A special case of the preceding corollary is that if M is non-atomic, and if
1 < p < ∞, then Lp(τ ) does not have property (Wm). Although not covered by
the preceding corollary, it is not difficult to show, by a similar argument, that the
Schatten classes Sp do not have property (Wm). Indeed, this follows from the
following proposition.

Proposition 6.22. Suppose that M is atomic and all minimal projections have
equal trace. Let E ⊆ S(τ ) be strongly symmetric and suppose that sup{‖e‖E :
e ∈ P (M)} = ∞. If E,E× have order continuous norms, then E does not have
property (Wm).

Proof. The stated assumptions imply that there exists a sequence of mutually
orthogonal projections {en}∞n=1 ⊆ P (M) such that ‖en‖E ↑n ∞. Set xn :=
en/‖en‖E for all n ∈ N. Observe that ‖xn‖E = 1, n ∈ N, and that μ(xn) =
χ[0,τ(en))/‖en‖E →n 0, uniformly on [0,∞), so that xn →n 0 for the measure

topology. On the other hand, if 0 ≤ z ∈ E× = E∗, then

τ (xnz) = τ (zxn

∨
k≥n

ek) ≤ ‖z
∨
k≥n

ek‖E× →n 0

by order continuity of the norm on E× and the fact that
∨

k≥n ek ↓n 0. This shows

that E does not have property (Wm). �

7. Lifting of property (Wm)

It is shown in [30] that E(τ ) has property (Wm) whenever E ⊂ S(m) is a
symmetric space with order continuous norm. Since [30] is not generally available,
we will now outline a proof of this result for the sake of completeness and for the
convenience of the reader. We need some technical preparation.

Lemma 7.1. Suppose that E ⊆ S(m) is a symmetric space with order continuous
norm. If {xn}∞n=1 ⊆ E(τ ) converges to 0 for the measure topology, then there exist
a sequence {pn}∞n=1 ⊆ P (M) of mutually orthogonal projections and a subsequence
{xk(n)}∞n=1 ⊆ {xn}∞n=1 such that

(7.1) ‖xk(n) − xk(n)pn‖E(τ) →n 0.

If, in addition, x∗
n = xn, n ≥ 1, then

‖xk(n) − pnxk(n)pn‖E(τ) →n 0.

Proof. The first assertion is proved in [10], Theorem 2.5. Now suppose in addition
that x∗

n = xn, n ≥ 1, and that (7.1) holds. It follows that

‖xk(n) − pnxk(n)‖E(τ) = ‖(xk(n) − xk(n)pn)
∗‖E(τ) →n 0
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so that

‖xk(n) − pnxk(n)pn‖E(τ) ≤ ‖xk(n) − xk(n)pn‖E(τ) + ‖(pnxk(n) − xk(n))pn‖E(τ)

≤ 2‖xk(n) − xk(n)pn‖E(τ) →n 0.

�
We shall need the following lemma, which follows from [7].

Lemma 7.2. Suppose that M is non-atomic and that τ (1) < ∞. Suppose that
{xn}∞n=1 ⊆ L1(τ ) satisfies x∗

n = xn for all n ∈ N and that xnxm = 0, n �=
m. There exists a non-atomic commutative von Neumann subalgebra R ⊆ M
such that {xn}∞n=1 ⊆ L1(τ |R), and there exists a normal trace-preserving unital
∗-isomorphism π : L∞(0, τ (1)) → R.

In what follows, some facts concerning conditional expectations will be required.
Let N ⊆ M be a von Neumann subalgebra which is proper in the sense that the
restriction τN of the trace τ to N is semifinite. For each x ∈ L1(τ ) + M, there
exists a uniquely determined element EN (x) ∈ L1(τN ) + N called the conditional
expectation with respect to N such that

τ (xy) = τ (EN (x)y), ∀y ∈ L1(τN ) ∩N .

Suppose that N ⊆ M is a proper von Neumann subalgebra and let E : L1(τ ) +
M → L1(τN )+N be the conditional expectation. If E ⊆ S(τ ) is a fully symmetric
space, then EN : E → E ∩ S(τN ) is a positive contractive projection. Further,

τ (E(x)y) = τ (xE(y)), x ∈ E, y ∈ E×.

The following theorem is established in [30] for general semifinite von Neumann
algebras in the case that E ⊆ S(m) has order continuous norm. To avoid techni-
calities, we consider here the case that τ (1) < ∞, although the details in the more
general case are essentially the same.

Theorem 7.3. Suppose that E ⊆ S(0, τ (1)) is strongly symmetric and that τ (1) <
∞. If E has property (Wm), then E(τ ) has property (Wm).

Proof. Since E has property (Wm), and since τ (1) < ∞, it follows from Lemma 6.9
that E is a KB-space. In particular, the norm on E, and so also the norm on
E(τ ), is order continuous so that the Banach dual E∗(τ ) coincides with the Köthe
dual E(τ )× = E×(τ ). Assume first that M is non-atomic. Suppose then that
{xn}∞n=1 ⊆ E(τ ) is such that xn →n 0 for the measure topology and that xn →n 0
for the weak topology σ(E(τ ), E×(τ )). By passing to real and imaginary parts,
it is readily seen that it may be assumed that xn = x∗

n, n = 1, 2, . . . . If it is
not the case that ‖xn‖E(τ) →n 0, then it may be assumed that there exists ε > 0
such that ‖xn‖E(τ) ≥ ε for all n ∈ N. Passing to a subsequence and relabelling if
necessary, and using Lemma 7.1, it may be assumed that there exists a sequence
{pn}∞n=1 ⊆ P (M) such that ‖xn − pnxnpn‖E(τ) →n 0. Setting yn = pnxnpn for all
n ∈ N, it is clear that the sequence {yn}∞n=1 converges to 0 for both the measure
and weak topologies and that ‖yn‖E(τ) ≥ ε for all sufficiently large n ∈ N.

By Lemma 7.2, there exists a non-atomic commutative von Neumann subalgebra
R ⊆ M such that {xn}∞n=1 ⊆ L1(τ |R), and there exists a normal trace preserving
unital ∗-isomorphism π : L∞(0, τ (1)) → R, which has a unique extension to a trace-
preserving unital ∗-isomorphism, again denoted by π, from S(0, τ (1)) onto S(R, τ ),
which preserves the singular value function. The mapping π induces isometric
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∗-isomorphisms, denoted again by π, from E, respectively E×, onto the closed
subspaces S(R, τ ) ∩ E(τ ), respectively S(R, τ ) ∩ E(τ )×. Setting fn = π−1(yn) ∈
E, n ∈ N, it follows immediately that μ(fn) = μ(yn) →n 0, and it is readily
verified that fn →n 0 for the weak topology on E. By assumption, E has property
(Wm) and so ‖fn‖E →n 0. However, since ‖yn‖E(τ) = ‖μ(yn)‖E = ‖fn‖E , this
contradicts the fact that ‖yn‖E ≥ ε, for all sufficiently large n ∈ N.

To reduce the general case to the non-atomic setting, let N be the von Neumann
tensor product M⊗ L∞[0, 1) equipped with the tensor product trace σ = τ ⊗m,
where m denotes Lebesgue measure. Since N is non-atomic, it follows from the
first part that E(σ) has property (Wm). Suppose that {xn}∞n=1 ⊂ E(τ ) converges
to 0 for both the measure and weak topologies. Observing that μ(x⊗1) = μ(x) for
all x ∈ S(τ ), it follows that xn ⊗ 1 →n 0 holds for the measure topology in S(σ).
It will suffice therefore to show that xn ⊗ 1 →n 0 for the weak topology on E(σ),
that is,

σ((xn ⊗ 1)y) →n 0, y ∈ E(σ)∗ = E(σ)×.

Observing that the von Neumann subalgebra M⊗1 is a proper von Neumann sub-
algebra of the von Neumann algebra N , denote by E : N → M⊗ 1 the conditional
expectation. Observe that if y ∈ E(σ)× = E×(σ), then there exists z ∈ E×(τ )
such that E(y) = z ⊗ 1. It follows that, for all x ∈ E(τ ),

σ((x⊗ 1)y) = σ(E(x⊗ 1)y) = σ((x⊗ 1)E(y))
= σ((x⊗ 1)(y ⊗ 1)) = τ (xy),

and this suffices to complete the proof. �

8. Domination by completely positive compact operators

We suppose that (M, τ ) is a semifinite von Neumann algebra acting in some
Hilbert space H. For each n ∈ N, we let Mn = M⊗Mn(C) be the von Neumann
algebra tensor product acting in the tensor product Hilbert space H⊗Cn and with
the tensor product trace τn := τ ⊗ trn. Here trn denotes the standard matrix trace.
As is well known (see, for example, [42], Chapter IV, Proposition 1.6), the von
Neumann algebra tensor product Mn coincides with the algebraic tensor product
M ⊗ Mn(C) and may be identified with the space Mn(M) of all n × n-matrices
[xij ]

n
i,j=1 with values in M.

Suppose now that (N , σ) is a semifinite von Neumann algebra, that E ⊆ S(τ ),
F ⊆ S(σ) are strongly symmetric spaces and that T : E → F is a linear mapping.
For each n ∈ N, the space of all n × n-matrices with entries in E (respectively F )
will be denoted by Mn(E) (respectively Mn(F )).

For each n ∈ N, we let Tn : Mn(E) → Mn(F ) be defined by setting

Tn

(
[xij ]

n
i,j=1

)
= [T (xij)]

n
i,j=1 ,

for all [xij ]
n
i,j=1 ∈ Mn(E). The mapping T is said to be completely positive if and

only if Tn ≥ 0 for every n ∈ N; that is, Tn maps Mn(E) ∩ S(τn)+ into Mn(F ) ∩
S(σn)+, for each n ∈ N. Denote by CP (E,F ) the collection of all completely
positive maps T : E → F . If T ∈ CP (E,F ), then we will write 0 ≤cp T : E → F .
If S, T ∈ CP (E,F ), then we write 0 ≤cp S ≤cp T if and only if 0 ≤cp T − S.
Note that if E,F ⊆ S(m) are strongly symmetric spaces on [0,∞), then via the
identifications E(τn) = Mn(E(τ )), F (σn) = Mn(F (σ)), each of the mappings Tn

defined above induces a linear mapping from E(τn) to F (σn). Without risk of
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confusion, we continue to denote these mappings by Tn. In this setting, the linear
mapping T : E(τ ) → F (σ) is completely positive if and only if each of the mappings
Tn : E(τn) → F (σn) is positive in the usual sense, that is, 0 ≤ Tn(x) ∈ F (σn)
whenever 0 ≤ x ∈ E(τn). Further details may be found in [18].

It should be observed that if E ⊆ S(τ ) is a strongly symmetric space, and if
ϕ ∈ E∗, then ϕ ∈ E× if and only if, whenever xα ↓α 0 in E, it follows that
ϕ(xα) →α 0 (see e.g. [15], Theorem 5.11).

Recall (see [18]) that if E ⊆ S(τ ), F ⊆ S(σ) are strongly symmetric spaces,
then the continuous linear mapping T : E → F will be called order continuous if
σ(T (xα)z) →α 0 whenever xα ↓α 0 in E and 0 ≤ z ∈ F×.

Using the above remark, it follows that if T : E → F is order continuous, and
if T ∗ : F ∗ → E∗ denotes the Banach adjoint mapping, then T ∗z ∈ E× whenever
z ∈ F×. In this case, the restriction of the adjoint T ∗ to the Köthe dual F× will
be denoted by T× so that T× : F× → E×. It is clear that if T ≥ 0, then T× ≥ 0.
If 0 ≤ T : E → F , then T is order continuous if and only if xα ↓α 0 in E implies
Txα ↓α 0 in F . It follows, in particular, that if 0 ≤ S, T : E → F are positive linear
mappings with 0 ≤ S ≤ T , then S is order continuous if T is order continuous.

The following results are proved in [18], Theorem 5.5 and Corollary 5.6, and are
stated for the convenience of the reader.

Theorem 8.1. Let E,F ⊆ S(m) be strongly symmetric. Let 0 ≤ S, T : E(τ ) →
F (σ) be linear mappings and suppose that 0 ≤cp S ≤cp T . If T is order continuous,
if the norms on E× and F are order continuous, and if T is compact, then S is
compact.

Corollary 8.2. Let E ⊆ S(m) be strongly symmetric and suppose that 0 ≤ S, T :
E(τ ) → E(τ ) are linear mappings which satisfy 0 ≤cp S ≤cp T . If the norms on
E,E× are order continuous and if T is compact, then S is compact.

We begin with the following complement to [18], Theorem 5.5. Here (M, τ ),
(N , σ), (R, η) denote semifinite von Neumann algebras.

Theorem 8.3. Suppose that E ⊆ S(τ ), F ⊆ S(σ), G ⊆ S(η) are strongly sym-
metric and that 0 ≤ S1, T1 : E → F, 0 ≤ S2, T2 : F → G are linear mappings which
satisfy 0 ≤cp Si ≤cp Ti, i = 1, 2. If the norms on F,G are order continuous, and if
Ti, i = 1, 2, is compact, then S2 ◦ S1 is compact.

Proof. Since T1 is compact and the norm on F is order continuous, it follows from
Proposition 5.1 that (denoting B(E) the unit ball of E) T1(B(E)±) ⊆ F is of uni-
formly absolutely continuous norm. Since T1 ≥ 0, it follows that T1(B(E)±) ⊆ F+,
and so T1(B(E)) is of bi-uniformly absolutely continuous norm, by Proposition 3.15.
Since 0 ≤ S1 ≤ T1, it follows also that S1(B(E)) ⊆ F is also of bi-uniformly ab-
solutely continuous norm. Let ε > 0 be given. By Theorem 3.23 and the remark
following, there exist a positive constant K and e ∈ P (N ) ∩ F(σ) such that

S1(B(E)) ⊆ KeB(N )e+ εB(F ) ⊆ KB(eN e) + εB(F ).

Since e ∈ F(σ) ⊆ F , it follows that eN e ⊆ F and that B(eN e) is a bounded subset
of F . If j : eN e → F is the natural inclusion, it is clear that

0 ≤cp S2 ◦ j ≤cp T2 ◦ j : eN e → G



SETS OF UNIFORMLY ABSOLUTELY CONTINUOUS NORM 4349

and that T2 ◦ j is compact. Since G has order continuous norm, it follows from [18],
Proposition 5.4, that the S2 ◦ j : eN e → G is compact. Observing that

S2 ◦ S1(B(E)) ⊆ KS2 ◦ j(B(eMe)) + εS2(B(F )),

it then follows that S1 ◦ S2(B(E)) is totally bounded in G, and hence S1 ◦ S2 is
compact. �

Corollary 8.4. Suppose that E ⊆ S(τ ) is strongly symmetric and that 0 ≤ S, T :
E → E are linear mappings which satisfy 0 ≤cp S ≤cp T . If the norm on E is
order continuous, and if T is compact, then S2 is compact.

Note that the preceding corollary is valid in the case that E = L1(τ ).
In what follows, it will be assumed that E,F,G ⊆ S(m) are strongly symmetric

spaces. Recall that if the norm on E is order continuous, then the norm on E(τ )
is order continuous and the Banach dual E(τ )∗ coincides with the Köthe dual
E(τ )× = E×(τ ). Note that if F has order continuous norm and if T : E(τ ) → F (σ)
is order continuous, then the Banach adjoint T ∗ coincides with the mapping T×.

A dual version of Theorem 8.3 now follows. Together with Theorem 8.3, this is
a non-commutative analogue of [1], Theorem 16.15.

Theorem 8.5. Suppose that E,F,G ⊆ S(m) are strongly symmetric and that
0 ≤ S1, T1 : E(τ ) → F (σ), 0 ≤ S2, T2 : F (σ) → G(η) are linear mappings such that
Ti, i = 1, 2, is order continuous and which satisfy 0 ≤cp Si ≤cp Ti, i = 1, 2. If the
norms on E×, F×, G× are order continuous, if E,G have the Fatou property and
if Ti, i = 1, 2, is compact, then S2 ◦ S1 is compact.

Proof. Observe first that order continuity of Ti implies that of Si, i = 1, 2. This
in turn implies that T×

1 , S×
1 : F (σ)× → E(τ )× and that T×

2 , S×
2 : G(η)× → F (σ)×.

From [18], Proposition 3.7 (iii), it follows that 0 ≤cp S×
i ≤cp T×

i , i = 1, 2. By
Schauder’s theorem, T ∗

1 , T
∗
2 , and hence T×

1 , T×
2 , are compact. Since the norms

on F (σ)× = F×(σ), E(τ )× = E×(τ ) are order continuous, it follows from Theo-
rem 8.3 that S×

1 ◦ S×
2 : G(η)× → E(τ )× is compact. Observing that S×

1 ◦ S×
2 =

(S2 ◦ S1)
×, it follows from Schauder’s theorem that (S2 ◦ S1)

×∗ : E(τ )× ∗ →
G(η)× ∗ is compact. Order continuity of the norms on E(τ )×, G(η)× implies
that E(τ )×∗ = E(τ )××, G(η)×∗ = G(η)××, and order continuity of the norm
on E× implies that (S2 ◦ S1)

×∗ = (S2 ◦ S1)
××. Consequently, (S2 ◦ S1)

×× :
E(τ )×× → G(η)×× is compact. Since E,G have the Fatou property, it follows that
E(τ )×× = E(τ ), G(η)×× = G(η), and it now follows that S2 ◦ S1 is compact. �

Corollary 8.6. Suppose that E ⊆ S(m) is strongly symmetric and that 0 ≤ S, T :
E(τ ) → E(τ ) are linear mappings such that T is order continuous and which satisfy
0 ≤cp S ≤cp T . If E has the Fatou property, if the norm on E× is order continuous
and if T is compact, then S2 is compact.

Observe that the assertion of the preceding theorem holds in the case that E =
L∞.

9. Domination by completely positive Dunford-Pettis operators

The bounded linear operator T : E → F , with E,F Banach spaces, is said to be
a Dunford-Pettis operator if and only if T maps relatively weakly compact subsets
in E into relatively compact sets in F .
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Theorem 9.1. Suppose that τ (1) < ∞ and let E,F ⊆ S(m) be strongly symmetric
spaces such that E has property (Wm) and F has order continuous norm. If 0 ≤
S, T : E(τ ) → F (σ) are linear mappings which satisfy 0 ≤cp S ≤cp T and if T is a
Dunford-Pettis operator, then S is a Dunford-Pettis operator.

Proof. We suppose that K ⊆ E(τ ) is relatively weakly compact. Since E has prop-
erty (Wm), it follows from Lemma 6.9(i) that the norm on E is order continuous,
and from Theorem 7.3 it follows that E(τ ) has property (Wm). Using the assump-
tion that τ (1) < ∞, it now follows from Proposition 6.10 that K is of uniformly
absolutely continuous norm in E. Let ε > 0 be given. By Theorem 3.12, there
exists 0 ≤ hε ∈ F(τ ) such that

K ⊆ hεB(M) +B(M)hε + εB(E(τ )) ⊆ 2‖hε‖∞B(M) + εB(E(τ )).

Using the assumption that τ (1) < ∞, let j : M → E(τ ) be the natural embed-
ding and note that

0 ≤cp S ◦ j ≤cp T ◦ j : M → F (σ).

It follows from Proposition 4.3(iii) that j(B(M)) ⊆ (−j1, j1) ⊆ E(τ ) is relatively
weakly compact in E(τ ). Since T is a Dunford-Pettis operator, this implies that
the map T ◦ j : M → F (σ) is compact. By [18], Proposition 5.4, it follows that the
map S ◦ j : M → F (σ) is also compact. Since S ◦ j(B(M)) = S(B(M)), it follows
that S(B(M)) is relatively compact in F (σ). We obtain, therefore, that

S(K) ⊆ 2‖hε‖∞S(B(M)) + εS(B(E(τ ))),

and this implies that S(K) ⊆ F (σ) is totally bounded and hence relatively compact.
This suffices to establish the theorem. �

Corollary 9.2. Suppose that τ (1) < ∞. If 0 ≤ S, T : L1(τ ) → L1(σ) are linear
mappings which satisfy 0 ≤cp S ≤cp T and if T is a Dunford-Pettis operator, then
S is a Dunford-Pettis operator.

In the commutative setting, Theorem 9.1 reduces to a special case of a theorem
of Kalton and Saab (see e.g. [1], Theorem 19.11 of Chapter 5). Corollary 9.2 was
first proved in [17] in the case of abstract L-spaces. It seems to be an interesting
question as to whether Theorem 9.1 continues to hold without the restriction that
τ (1) < ∞.

10. Band-like decompositions

It is shown in [33], Corollary 3.7, that each completely positive mapping T :
M → Lp(σ), 1 ≤ p < ∞, admits a unique decomposition T = T1 + T2, with
0 ≤cp Ti ≤cp T , i = 1, 2, with T1 compact and such that T2 dominates no non-zero
compact operator (in the sense of complete positivity). Such a band decomposition
in the setting of Banach lattices goes back to [17].

Before proceeding, it will be convenient to make some remarks concerning the
order structure of the space L(E,F ) of continuous linear operators from E to F .
Here, E ⊆ S(τ ), F ⊆ S(σ) are strongly symmetric spaces. The space L(E,F ) is an
ordered vector space with the ordering induced by the natural cone L(E,F )+ of
positive operators 0 ≤ T : E → F . Here 0 ≤ T : E → F if and only if Tx ≥ 0 for all
0 ≤ x ∈ E or, equivalently, σ(yT (x)) ≥ 0 for all 0 ≤ x ∈ E, 0 ≤ y ∈ F×. Observe
that the cone L(E,F )+ is order complete in the sense of the following proposition.
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Proposition 10.1. If 0 ≤ Tα ↑ S ⊆ L(E,F )+, then T = supα Tα exists in
L(E,F )+ and

T (x) = sup
α

Tα(x), 0 ≤ x ∈ E.

Proof. For all 0 ≤ x ∈ E observe that T (x) = supα Tα(x) exists in F since 0 ≤
Tα(x) ↑α≤ S(x). It is clear that T (λx) = λT (x) for all scalars 0 ≤ λ and that

T (x1 + x2) ≤ T (x1) + T (x2)

for all x1, x2 ∈ E. To obtain the reverse inequality, suppose that 0 ≤ y ∈ F×, and
let ε > 0 be given. There exist indices α1, α2 such that

σ(yTα1
(x1)) ≥ σ(yT (x1))− ε, σ(yTα2

(x2)) ≥ σ(yT (x2))− ε.

Since 0 ≤ Tα ↑α, there exists an index α3 such that 0 ≤ Tα1
, Tα2

≤ Tα3
. Conse-

quently,

σ(yT (x1 + x2)) ≥ σ(yTα3
(x1 + x2)) ≥ σ(yTα1

(x1)) + σ(yTα2
(x2))

≥ σ(yT (x1)) + σ(yT (x2))− 2ε,

and the assertion follows since F×
+ separates the points of F+. �

Corollary 10.2. Suppose that E ⊆ S(m), F ⊆ S(m) are strongly symmetric. If
0 ≤cp Tα ↑α≤cp S ∈ CP (E(τ ), F (σ)), then T = supα Tα ∈ CP (E(τ ), F (σ)) and
0 ≤ (Tα)n ↑α Tn ≤ Sn ∈ L(E(τn), F (σn)) for every n ∈ N.

Proof. By Proposition 10.1, T =supα Tα exists in L(E(τ ), F (σ))+ and σ(yTα(x))→α

σ(yT (x)) for every x ∈ E(τ ), y ∈ F (σ). If n ∈ N, then for every 0 ≤ x = [xij ]
n
i,j=1 ∈

E(τn), 0 ≤ y = [yij ]
n
i,j=1 ∈ F (σn),

0 ≤ σn (y(Tα)n(x)) =

n∑
i,k=1

σ (yikTα(xki)) →α

n∑
i,k=1

σ (yikT (xki)) = σn (yTn(x)) .

Further, since

0 ≤ σn (y(Tα)n(x)) ≤ σn (ySn(x))

for every index α, it follows also that

0 ≤ σn (yTn(x)) ≤ σn (ySn(x)) , 0 ≤ x ∈ E(τn), 0 ≤ y ∈ F (σn).

In particular, it follows that 0 ≤ Tn ≤ Sn and so T is completely positive. The
final assertion of the corollary now follows immediately from Proposition 10.1 and
the fact that (Tα)n ↑α for each n ∈ N. �

Proposition 10.3. Suppose that the norm on F ⊆ S(τ ) is order continuous. If
0 ≤ Tα ↑α T ∈ L(M, F ), and if Tα is compact for every index α, then also T is
compact.

Proof. Since Tα(1) ↑α T (1), and since the norm on F is order continuous, it follows
that there exists an index α0 such that

‖Tα0
(1)− T (1)‖F < ε/2.

Since Tα0
is compact, there exists a finite subset 0 ≤ x1, x2, . . . , xn such that

Tα0
(B(M)+) ⊆

n⋃
i=1

(Tα0
(xi) + (ε/2)B(F )) .
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Now suppose that 0 ≤ y ∈ B(M)+. Then there exists an index i such that
‖Tα0

(y − xi)‖F < ε/2 and it follows that

‖T (y)− Tα0
(xi)‖F ≤ ‖T (y)− Tα0

(y)‖F + ‖Tα0
(y)− Tα0

(xi)‖F
≤ ‖(T − Tα0

)(y)‖F + ε/2

≤ ‖(T − Tα0
)(1)‖F + ε/2 ≤ ε.

It follows that the image under T of the positive part of the unit ball in M is
totally bounded in F , and the compactness of T now follows. �

Proposition 10.4. Assume that F ⊆ S(m) has order continuous norm. If 0 ≤
T : M → F (σ) is completely positive, then there exists a unique decomposition
T = T1 + T2 with T1, T2 : M → F (σ) completely positive and such that T1 is
compact and T2 dominates no non-zero compact map (in the sense of complete
positivity).

Proof. Set

CT = {S ∈ CP (M, F (σ)) : 0 ≤cp S ≤cp T, S compact}.
By Corollary 10.2 and Proposition 10.3, each chain in CT has an upper bound.
By Zorn’s lemma, CT has a maximal element T1. The element T1 is completely
positive and compact and satisfies 0 ≤cp T1 ≤cp T . The required decomposition is
then obtained by setting T2 = T − T1. That T2 dominates no non-zero completely
positive compact operator now follows from the maximality of T1. To establish the
uniqueness of the decomposition, suppose that T = T ′

1+T ′
2, with T ′

1, T
′
2 completely

positive, T ′
1 compact, and for which T ′

2 dominates no non-zero compact map. By
the maximality of T1, it follows that 0 ≤cp T ′

1 ≤cp T1. Consequently,

0 ≤cp T1 − T ′
1 = T ′

2 − T2 ≤cp T ′
2.

Since 0 ≤cp T1 − T2 is compact and T ′
2 dominates no non-zero completely positive

compact operator, it now follows that T1 = T ′
1 and so also T2 = T ′

2. �

The preceding proposition is contained in [33], Theorem 3.6, with F = Lq(m),
1 ≤ q < ∞, and the proof given above is somewhat more direct, even in this special
case. It is the non-commutative counterpart of [17], Theorem 3.4, in the setting of
Banach lattices.

It might be remarked that if 0 ≤ T : M → F ⊆ S(σ), and if one sets

C′
T = {0 ≤ S ∈ L(M, F ) : 0 ≤ S ≤ T, S compact},

then Proposition 10.1 and the proof of Proposition 10.4 with CT replaced by C′
T

yield the following.

Proposition 10.5. Assume that F ⊆ S(σ) is strongly symmetric and has order
continuous norm. If 0 ≤ T ∈ L(M, F (σ)), then there exists a unique decomposition
T = T1 + T2 with 0 ≤ T1, T2 ∈ L(M, F (σ)), such that T1 is compact and T2

dominates no non-zero compact map.

Proposition 10.6. Let E ⊆ S(τ ), F ⊆ S(σ) be strongly symmetric spaces. Sup-
pose that τ (1) < ∞, that E has property (Wm) and that the norm on F is order
continuous. If 0 ≤ Tα ↑α T ∈ L(E,F ), and if Tα is a Dunford-Pettis operator for
every index α, then also T is Dunford-Pettis.
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Proof. Suppose K ⊆ E is weakly compact and let ε > 0 be given. Since E has
property (Wm), it may be assumed, using Proposition 6.10, that K ⊆ CεB(M) +
εB(E) for some constant Cε > 0. Since the norm on E is order continuous, it follows
that B(M) is weakly compact in E. Consequently, the restriction Tα|M : M → F
is compact for every index α. Since 0 ≤ 0 ≤ Tα|M ↑α T |M ⊆ L(M, F ), it follows
from Proposition 10.3 that T |M is compact. Since supα ‖Tα‖ ≤ ‖T‖, it then follows
that the image of K under T is totally bounded in F , and this suffices to complete
the proof of the proposition. �

Using the fact that property (Wm) lifts from the commutative setting to the
non-commutative setting by Theorem 7.3, the same arguments as in the proofs of
Propositions 10.4, 10.5 now yield the following consequences.

Proposition 10.7. Assume that τ (1) < ∞, that E ⊆ S(m) has property (Wm)
and that F ⊆ S(m) has order continuous norm. If 0 ≤ T : E(τ ) → F (σ) is
completely positive, then there exists a unique decomposition T = T1 + T2 with
T1, T2 : E(τ ) → F (σ) completely positive and such that T1 is Dunford-Pettis and T2

dominates no non-zero Dunford-Pettis operator (in the sense of complete positivity).

Proposition 10.8. Assume that τ (1) < ∞, that E ⊆ S(m) has property (Wm)
and that F ⊆ S(m) has order continuous norm. If 0 ≤ T : E(τ ) → F (σ), then there
exists a unique decomposition T = T1+T2 with 0 ≤ T1, T2 : E(τ ) → F (τ ) such that
T1 is Dunford-Pettis and T2 dominates no non-zero Dunford-Pettis operator.

Corollary 10.9. If τ (1) < ∞, and if 0 ≤ T : L1(τ ) → L1(σ) (respectively, is
completely positive), then there exists a unique decomposition T = T1 + T2 with
0 ≤ T1, T2 : L1(τ ) → L1(σ) (respectively, completely positive) such that T1 is
Dunford-Pettis and T2 dominates no non-zero Dunford-Pettis operator (respectively,
in the sense of complete positivity).
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