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EXPANSIVITY FOR MEASURES ON UNIFORM SPACES

C. A. MORALES AND V. SIRVENT

Abstract. We define positively expansive and expansive measures on uni-
form spaces extending the analogous concepts on metric spaces. We show that
such measures can exist for measurable or bimeasurable maps on compact
non-Hausdorff uniform spaces. We prove that positively expansive probabil-
ity measures on Lindelöf spaces are non-atomic and their corresponding maps
eventually aperiodic. We prove that the stable classes of measurable maps
have measure zero with respect to any positively expansive invariant measure.
In addition, any measurable set where a measurable map in a Lindelöf uniform
space is Lyapunov stable has measure zero with respect to any positively ex-
pansive inner regular measure. We conclude that the set of sinks of any bimea-
surable map with canonical coordinates of a Lindelöf space has zero measure
with respect to any positively expansive inner regular measure. Finally, we
show that every measurable subset of points with converging semiorbits of a
bimeasurable map on a separable uniform space has zero measure with respect
to every expansive outer regular measure. These results generalize those found
in works by Arbieto and Morales and by Reddy and Robertson.

1. Introduction

The uniform spaces were introduced by A. Weil [26] in order to allow topological
meaningfulness to certain metric structures including Cauchy sequences, complete-
ness and uniform continuity. These spaces include important members such as the
metric and pseudometrizable spaces, topological groups and the function spaces.
It is well known that a topological space is uniformizable if and only if it is com-
pletely regular [15]. On the other hand, the study of dynamical systems on uniform
spaces has been explored elsewhere [13], and, in particular, certain metric dynam-
ical structures like expansivity, Anosov systems, Devaney’s chaos and topological
entropy have been extended to this uniform context [2], [6], [8], [9], [11], [14], [16].

In this paper we further consider the extent to which certain dynamical structures
on metric spaces are also suitable for uniform spaces. In particular, we focus on
the expansivity for Borel measures on metric spaces defined in [1] (see also [7]), a
notion which allowed the study of continuous maps with positive entropy. More
precisely, we shall define (positively) expansive measures for measurable maps on
uniform spaces. We also give some examples including compact non-Hausdorff
uniform spaces exhibiting measurable (resp. bimeasurable) maps with positively
expansive (resp. expansive) measures. We prove that every positively expansive
probability measure of a measurable map on a Lindelöf uniform space is non-atomic.
Moreover, every measurable map of a Lindelöf uniform space is eventually aperiodic
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(and so aperiodic) with respect to any positively expansive measure. We prove that
the stable classes of a measurable map on a uniform space have measure zero with
respect to any positively expansive invariant measure. In addition, if a measurable
map in a Lindelöf uniform space is Lyapunov stable on a measurable set, then we
prove that such a set has measure zero with respect to any positively expansive
inner regular measure. We use this result to conclude that the set of sinks of
any bimeasurable map with canonical coordinates of a Lindelöf uniform space has
zero measure with respect to any positively expansive inner regular measure (this
generalizes a result in [23]). Finally, it is shown that every measurable subset of
points with converging semiorbits under a bimeasurable map on a separable uniform
space has zero measure with respect to every expansive outer regular measure.
These results extend [1], [22], [23].

2. Definitions and examples

The definition of positively expansive measure for measurable maps on uniform
spaces is essentially the same as corresponding concepts on metric spaces [1] with
the sole difference being the role of spherical neighborhoods, now played by uniform
neighborhoods. To motivate let us recall the corresponding concepts on metric
spaces [1].

Consider a non-empty set X equipped with a metric d. A map f : X → X or
subset of X is measurable if it is measurable with respect to the Borel σ-algebra
of X. A bimeasurable map is a measurable map which is bijective with measurable
inverse. All Borel measures μ on X will be assumed to be different from the zero
measure, i.e., μ(X) �= 0.

Definition 2.1. A positively expansive (resp. expansive) measure of a measurable
(resp. bimeasurable) map f : X → X on a metric space X is a Borel measure μ of
X for which there is δ > 0 such that

μ({y ∈ X : d(fn(x), fn(y)) < δ, ∀n ∈ N+ (resp. n ∈ Z)}) = 0, ∀x ∈ X.

In order to state the analogous concept on uniform spaces we shall need the
following terminology.

Let X ×X denote the cartesian product of X with itself. Given E,D ⊂ X ×X
and x0 ∈ X we define

E−1 = {(y, x) ∈ X ×X : (x, y) ∈ E}, D(x0) = {y ∈ X : (x0, y) ∈ D},
and

E ◦D = {(x, y) ∈ X ×X : ∃z ∈ X such that (x, z) ∈ E and (z, y) ∈ D}.
We say that E is symmetric if E = E−1. The diagonal of X ×X is defined to be
ΔX = {(x, x) : x ∈ X}.
Definition 2.2. A uniformity of X is a collection U of subsets of X × X (often
called entourages) satisfying the following properties (cf. [15]):

(1) Every D ∈ U contains ΔX .
(2) If D ∈ U and E ⊃ D, then E ∈ U .
(3) If D,D′ ∈ U , then D ∩D′ ∈ U .
(4) If D ∈ U , then D−1 ∈ U .
(5) For every D ∈ U there is D′ ∈ D such that D′ ◦D′ ⊂ D.

The pair (X,U) is called a uniform space.
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Every uniform space comes equipped with the uniform topology based on

{D(x) : (D, x) ∈ U ×X}.
Unless otherwise stated all topological structures on uniform spaces will be referred
to as this topology.

If f : X → X is a measurable (resp. bimeasurable) map of a uniform space X,
then the set

{y ∈ X : fn(y) ∈ D(fn(x)), ∀n ∈ N+ (resp. n ∈ Z)}
is measurable, for all x ∈ X and all entourage D of X. With this in mind we can
state our main definition.

Definition 2.3. A positively expansive (resp. expansive) measure of a measurable
(resp. bimeasurable) map f : X → X on a uniform space X is a Borel measure μ
of X for which there is an entourage D satisfying

μ({y ∈ X : fn(y) ∈ D(fn(x)), ∀n ∈ N+ (resp. n ∈ Z)}) = 0, ∀x ∈ X.

Any entourage D satisfying this identity will be referred to as a positive expansivity
neighborhood (resp. expansivity neighborhood) of μ.

It is natural to compare the notions of expansivity for Borel measures in Defini-
tions 2.1 and 2.3 where they make sense, i.e., on metric spaces. Indeed, they turn
out to be the same as explained below.

Example 2.4. Every metric space X comes equipped with a natural uniformity
generated by the collection {d−1([0, ε]) : ε > 0}. It turns out that a Borel measure
is a positively expansive (resp. expansive) measure of a measurable (resp. bimea-
surable) map f : X → X according to Definition 2.1 if and only if it is a positively
expansive (resp. expansive) measure according to Definition 2.3.

In the next example we shall consider the case of discrete uniform spaces.

Example 2.5. There are no measurable (or bimeasurable) maps with positively
expansive (resp. expansive) probability measures on discrete uniform spaces. This
follows from Example 2.15 and well-known facts about Borel measures on such
spaces ([17], [22]).

By contrast, in the countable case, we have the following question.

Question 2.6. Are there measurable (resp. bimeasurable) maps on countable
uniform spaces exhibiting positively expansive (resp. expansive) measures?

To simplify we introduce the following notation. If f : X → X is a map (resp.
bijection) of a uniform space X and D ⊂ X ×X, then we define

ΦD(x) = {y ∈ X : fn(y) ∈ D(fn(x)), ∀n ∈ N}
(resp.

ΓD(x) = {y ∈ X : fn(y) ∈ D(fn(x)), ∀n ∈ Z}).
Notation Φf

D(x) or Γf
D(x) will be useful to indicate dependence on f . Concerning

these sets we have the following elementary property.

Lemma 2.7. Let f : X → X be a map (resp. bijective map) of a uniform space
X. If D and D′ are entourages of X, with D′ symmetric and D′ ◦ D′ ⊂ D, and
x0 ∈ X, then

ΦD′(x0) ⊂ ΦD(x) (resp. ΓD′(x0) ⊂ ΓD(x)), ∀x ∈ ΦD′(x0) (resp. ∀x ∈ ΓD′(x0)).
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Proof. We only prove the result for maps (the proof in the bijective case is analo-
gous). Take y ∈ ΦD′(x0) so (fn(x0), f

n(y)) ∈ D′ for all n ∈ N. As x ∈ ΦD′(x0)
we also have (fn(x0), f

n(x)) ∈ D′ so (fn(x), fn(x0)) ∈ D′ for all n ∈ N since D′

is symmetric. As D′ ◦ D′ ⊂ D we obtain (fn(x), fn(y)) ∈ D for all n ∈ N so
y ∈ ΦD(x) proving ΦD′(x0) ⊂ ΦD(x). �

There are natural maps on uniform spaces without positively expansive or ex-
pansive measures. Indeed, we say that a map f : X → X of a uniform space X
is a contraction if for every entourage D of X there is an entourage U ⊂ D of X
satisfying

f(U(x)) ⊂ U(f(x)), ∀(x, U) ∈ X.

(This definition is equivalent to one in [5].)
Such maps are clearly continuous and so measurable. It is then reasonable to ask

if they have positively expansive measures or not. The answer is negative on certain
uniform spaces by the result below. Recall that a topological space is Lindelöf if
every open covering of it has a countable subcover (another author includes the
Hausdorff property in this definition, e.g., [6]).

Proposition 2.8. A contraction f : X → X of a Lindelöf uniform space X cannot
have positively expansive measures.

Proof. Suppose by contradiction that f has a positively expansive measure μ with
corresponding positive expansivity neighborhood U . Since f is a contraction there
is an entourage U ⊂ D satisfying f(U(x)) ⊂ U(f(x)) for all x ∈ X. Then, for
all x ∈ X and y ∈ U(x) one has f(y) ∈ f(U(x)) ⊂ U(f(x)) and, analogously,
fn(y) ∈ U(fn(x)) for all n ∈ N. It follows that U(x) ⊂ ΦU (x). As U ⊂ D we get
ΦU (x) ⊂ ΦD(x) hence μ(U(x)) = 0 for all x ∈ X. On the other hand, the collection
{U(x) : x ∈ X} is an open covering of X. Since X is Lindelöf there is a sequence
xk ∈ X such that X ⊂

⋃
k∈N

U(xk). It follows that μ(X) ≤
∑

k∈N
μ(U(xk)) = 0

which is absurd. This proves the result. �

A related example is as follows.

Example 2.9. The identity of a Lindelöf uniform space is clearly a contraction (in
the above sense), and so, has no positively expansive measures by Proposition 2.8
(analogously for the rotations of the circle S1).

Hereafter we say that a (non-necessarily) measurable subset X0 of a measurable
space (X,B) has measure zero with respect to a measure μ in B if μ(A) = 0 for
every measurable subset A ⊂ X0 (we also say that X0 is negligible with respect to
μ). The following is a natural characterization for a Borel measure to be positively
expansive or expansive.

Lemma 2.10. A Borel measure μ of a uniform space X is a positively expansive
(resp. expansive) measure of a measurable (resp. bimeasurable) map f : X → X if
and only if there are an entourage D and a negligible subset X0 such that

μ(ΦD(x)) = 0 (resp. μ(ΓD(x)) = 0), ∀x ∈ X \X0.

Proof. We only prove the result in the positive case (the other case is analo-
gous). The necessity is certainly trivial thus we only need to prove the sufficience.
Then, suppose that there are an entourage D and a negligible subset X0 such
that μ(ΦD(x)) = 0 for every x ∈ X0. Take a symmetric entourage D′ satisfying
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D′ ◦D′ ⊂ D. We only need to prove that D′ is a positive expansivity neighborhood
of μ.

Suppose by contradiction that it is not. Then, there is x0 ∈ X such that
μ(ΦD′(x0)) > 0. Since ΦD′(x0) is measurable with positive measure and X0 is
negligible we have that ΦD′(x0) �⊂ X0. Then, there is x ∈ ΦD′(x0) \ X0 and
so μ(ΦD(x)) = 0. But ΦD′(x0) ⊂ ΦD(x) by Lemma 2.7 so μ(ΦD′(x0)) = 0, a
contradiction. �

To present more examples we will need the following short definitions.
Let (X,B) be a measurable space. We call a point x of X measurable if the single

point set {x} is measurable. We say that X has measurable points if all its points
are measurable. By a point of positive mass of a measure μ on (X,B) we mean a
measurable point x ∈ X satisfying μ({x}) > 0.

An atom of μ is a measurable set A with μ(A) > 0 such that μ(E) ∈ {0, μ(A)}
for every measurable set E ⊂ A. We say that μ is non-atomic if it has no atoms.

Clearly a non-atomic measure has no points of positive mass, and conversely for
regular Borel probability measures on compact Hausdorff uniform spaces [17].

A related question is as follows (a partial answer will be given later in Corollary
3.5):

Question 2.11. Is every positively expansive or expansive measure non-atomic?

Now, recall from [11] and [25] that a map (resp. bijection) f : X → X on a
metric space X is positively expansive (resp. expansive) if there is δ > 0 (called
expansivity constant) satisfying

{y ∈ X : d(fn(y), fn(x)) ≤ δ, ∀n ∈ N (resp. ∀n ∈ Z)} = {x}, ∀x ∈ X.

This definition extends to uniform spaces in the natural way (cf. [6], [10], [11]).

Definition 2.12. A map (resp. bijection) f : X → X of a uniform space X is
positively expansive (resp. expansive) if there is an entourage D such that ΦD(x) =
{x} (resp. ΓD(x) = {x}) for all x ∈ X. We shall call such a D a positive expansivity
neighborhood (resp. expansivity neighborhood) of f .

However, [6] and [11] proved that such an extension is trivial on compact Haus-
dorff spaces. More precisely, they proved that every compact Hausdorff uniform
space carrying expansive homeomorphisms or positively expansive continous maps
is metrizable. The following example shows that this last conclusion is false for
non-compact Hausdorff uniform spaces.

Example 2.13. Let Z be the Sorgenfrey line, i.e., R equipped with the topology
based on the intervals of the form [x, y[ where (x, y) ∈ R × Q with x < y. The
map f : Z → Z defined by f(x) = 2x is a positively expansive (and so expansive)
homeomorphism with positive expansivity neighborhood D = {(x, y) ∈ Z × Z :
y ∈]x − 1, x + 1[}. On the other hand, it is well known that Z is a non-compact
Hausdorff uniform space which is not metrizable (see Example 6.1.19, Vol II, in
[3]).

The result in [6], [11] together with the previous example motivates the question
below.

Question 2.14. Are there compact non-Hausdorff uniform spaces carrying expan-
sive continuous maps or expansive homeomorphisms?
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The example below deals with expansivity for maps and measures.

Example 2.15. Positively expansive or expansive measures have no points of pos-
itive mass. Conversely, every Borel measure without points of positive mass is
positively expansive (resp. expansive) with respect to every positively expansive
map (resp. expansive bijection). Consequently, by Example 2.13, there are measur-
able (resp. bimeasurable) maps on certain non-Hausdorff uniform spaces carrying
positively expansive (resp. expansive) measures.

Question 2.14 and Example 2.15 motivate the question whether there are mea-
surable (or bimeasurable) maps on certain compact non-Hausdorff uniform spaces
exhibiting positively expansive (resp. expansive) measures. Unlike Question 2.14
the answer for this last question will be positive. To prove it we introduce the fol-
lowing concept which is the uniform counterpart of one in [20]. Hereafter # denotes
the cardinality operation.

Definition 2.16. Given n ∈ N+ we say that a map (resp. bijective map) f : X →
X on a uniform space X is positively n-expansive (resp. n-expansive) if there is an
entourage D satisfying #(ΦD(x)) ≤ n (resp. #(ΓD(x)) ≤ n) for all x ∈ X.

The positively 1-expansive maps (resp. 1-expansive bijections) are precisely the
positively expansive maps (resp. expansive bijections). Clearly, every positively
n-expansive map (resp. n-expansive bijection) is positively m-expansive (resp. m-
expansive) for all n ≤ m. It follows that every positively expansive map (or ex-
pansive bijection) is positively n-expansive (or n-expansive) for every n ≥ 1 and
thus such dynamical systems exist. A more subtle problem is to find positively n-
expansive maps (resp. n-expansive bijections) which are not positively m-expansive
maps (resp. m-expansive bijections) for some m ≤ n. Indeed, such a question was
answered in the positive in [20].

Related to this definition we have the following example.

Example 2.17. In every uniform space with measurable points, every Borel mea-
sure without points of positive mass is positively expansive (resp. expansive) with
respect to every positively n-expansive continuous map (resp. n-expansive homeo-
morphism), ∀n ∈ N+.

We can ask if there are positively n-expansive continuous maps (or n-expansive
homeomorphisms) on compact non-Hausdorff uniform spaces, ∀n ∈ N+. Although
we don’t know the answer for n = 1 (this is a reformulation of Question 2.14) the
answer turns out to be positive for n ≥ 2 by the following result.

Proposition 2.18. For every integer n ≥ 2 there are compact non-Hausdorff uni-
form spaces with measurable points carrying both Borel probability measures without
points of positive measure and n-expansive homeomorphisms which are not (n−1)-
expansive.

Proof. The proof for n = 2 is as follows. Take a compact metric space X (e.g.
the two dimensional torus T 2 with the standard metric) carrying both a Borel
probability measure μ without points of positive mass (e.g. the normalized Lebesgue
measure of T 2) and an expansive homeomorphism f : X → X with a fixed point x0

(e.g. a linear Anosov diffeomorphism). Since X is a metric space we see that X has

measurable points. Adding an extra point ∞ to X we obtain the set X̂ = X∪{∞}.
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Defining d̂ : X̂ × X̂ → R+ by

d̂(x̂, ŷ) =

⎧⎪⎨
⎪⎩

d(x0, ŷ) if x̂ = ∞,

d(x̂, x0) if ŷ = ∞,

d(x̂, ŷ) otherwise,

we obtain a pseudometric whose corresponding uniformity is compact but not Haus-

dorff (for d̂(x0,∞) = 0 and x0 �= ∞). Moreover, the Borel σ-algebra of X̂ with

respect to this uniformity consists of those subsets B̂ ⊂ X̂ for which B̂ \ {∞} be-

longs to the Borel σ-algebra of X. In particular, X̂ has measurable points and we
can extend μ to a Borel probability measure μ̂ on X̂ by setting μ̂(B̂) = μ(B̂ \ {∞})
for all such B̂. Clearly, μ̂ has no points with positive mass.

Next we define f̂ : X̂ → X̂ by

f̂(x̂) =

{
f(x̂) if x̂ �= ∞,

∞ otherwise.

Using that x0 is a fixed point of f we see that f̂ is a homeomorphism of X̂. Moreover,
a direct computation shows the following identity ∀δ > 0 and ∀x̂ ∈ X̂:

Γf̂
D(x̂) =

{
{ŷ ∈ X : d(fn(x̂), fn(ŷ)) < δ, ∀n ∈ Z} if x̂ �= ∞,

{ŷ ∈ X : d(x0, f
n(ŷ)) < δ, ∀n ∈ Z} ∪ {∞} otherwise,

where D = D(δ) is the entourage

D = {(x̂, ŷ) ∈ X̂ × X̂ : d̂(x̂, ŷ) < δ}.

Taking δ above as an expansivity constant of f : X → X we obtain that Γf̂
D(x̂)

is either {x̂} (if x̂ �= ∞) or {x0,∞} (otherwise) so #(Γf̂
D(x̂)) ≤ 2 for all x̂ ∈ X̂.

Therefore, f̂ is a 2-expansive homeomorphism of X̂. Since d(x0,∞) = 0 we see
that ΦE(x0) = {x0,∞} for every entourage E thus f is not 1-expansive.

Adding (n−1)-points ∞1, · · · ,∞n−1 as above we obtain the proof for n ≥ 3. �

Remark 2.19. Proposition 2.18 is also true for positively n-expansive continuous
maps (just replace the homeomorphism f in the above proof by a positively expan-
sive continuous map).

Combining Proposition 2.18 with Example 2.17 we obtain the following sentence.

Theorem 2.20. There are compact non-Hausdorff uniform spaces carrying con-
tinuous maps (or homeomorphisms) with positively expansive (resp. expansive)
measures.

Proof. By Proposition 2.18 there is a compact non-Hausdorff space with measurable
points X̂ carrying both a Borel probability measure μ̂ without points of positive
mass and a positively 2-expansive continuous map (resp. 2-expansive homeomor-

phism) f̂ : X̂ → X̂. Example 2.17 implies that μ̂ is a positively expansive (resp.

expansive) measure of f̂ . �

The following lemma proves that the property of being a positively expansive or
expansive measure is preserved by taking powers.
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Lemma 2.21. The following properties are equivalent for every uniformly contin-
uous map f : X → X and every Borel measure μ on a uniform space X:

(1) μ is a positively expansive measure of f .
(2) μ is a positively expansive measure of fn, ∀n ∈ N+.
(3) μ is a positively expansive measure of fn, for some n ∈ N+.

Analogously replace uniformly continuous map by uniform equivalence (cf. Defini-
tion 7.10 p. 92 in [15]), positively expansive by expansive, and N+ by Z \ {0}.

Proof. A direct computation shows the following identity for any n ∈ N+, x ∈ X,
and any entourage D:

(2.1) Φfn

⋂n−1
i=0 (f×f)−i(D)

(x) = Φf
D(x).

Let us prove that (1) implies (2). Fix n ∈ N and a positively expansive neigh-
borhood D of μ with respect to f . Then, (2.1) implies

μ
(
Φfn

⋂n−1
i=0 (f×f)−i(D)

(x)
)
= μ(Φf

D(x)) = 0, ∀x ∈ X.

But
⋂n−1

i=0 (f × f)−i(D) is an entourage since f is uniformly continuous, so,⋂n−1
i=0 (f × f)−i(D) is a positive expansivity neighborhood of μ with respect to fn.

Hence μ is a positively expansive measure of fn proving (2). Clearly (2) implies
(3) so it remains to prove that (3) implies (1).

Assume (3), i.e., that μ is a positively expansive measure of fn, for some n ∈ N+,
and let D be the corresponding positive expansivity neighborhood. Since f is

uniformly continuous we have that
⋂n−1

i=0 (f×f)−i(D) is an entourage ofX contained

in D, so, μ
(⋂n−1

i=0 (f × f)−i(D)
)
= 0 for all x ∈ X. Then, (2.1) implies

μ(Φf
D(x)) = μ

(
Φfn

⋂n−1
i=0 (f×f)−i(D)

(x)
)
= 0, ∀x ∈ X,

proving that D is a positive expansivity neighborhood of μ with respect to f . So,
μ is a positively expansive measure of f proving (1). �

3. Non-atomicness and aperiodicity of positively expansive measures

In [19] the non-atomicness and aperiodicity of measure-expansive maps on mea-
surable spaces was studied. In this section we shall use these results to obtain
such properties for positively expansive measures. Previously we introduced some
related notions.

Let (X,A) be a measurable space. By a partition of X we mean a disjoint
collection of non-empty sets whose union is X. We say that it is measurable if all
its elements are measurable sets. For any partition P and x ∈ X we indicate by
P [x] the element of P containing x. The following definition was introduced in [19].

Definition 3.1. Let (X,A, μ) be a measure space. We call a measurable map
f : X → X measure-expansive if there is a measurable countable partition P of X
such that

(3.1) μ({y ∈ X : fn(y) ∈ P [fn(x)], ∀n ∈ N}) = 0, ∀x ∈ X.

Restricting this definition to a (non-necessarily uniform) topological space we
obtain the following one.
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Definition 3.2. Let f : X → X be a measurable map of a topological space X.
We say that a Borel measure μ is a positively τ -expansive measure of f if f is a
measure-expansive map of the associated measure space (X,B, μ) where B denotes
the Borel σ-algebra of X.

It appears natural to compare the concepts of positively τ -expansivity and pos-
itively expansivity whenever both make sense, i.e., on uniform spaces. In one
direction we obtain the following result on Lindelöf uniform spaces:

Proposition 3.3. Every positively expansive measure μ of a measurable map f :
X → X on a Lindelöf uniform space X is positively τ -expansive.

Proof. Let D be a positive expansivity neighborhood of μ and D′ be a symmetric
entourage satisfying D′ ◦D′ ⊂ D. Since {D′(x) : x ∈ X} is an open covering of X
which is Lindelöf, there exists a sequence xk ∈ X satisfying

(3.2) X =

∞⋃
k=0

D′(xk).

Define the collection P of subsets of X by setting P0 = D′(x0) and

Pk = D′(xk) \
k−1⋃
i=0

D′(xi), ∀k ≥ 1.

Clearly this collection consists of pairwise disjoint measurable sets and by (3.2) we
see that it is indeed a countable partition.

Now take x, y ∈ X such that fn(y) ∈ P [fn(x)] for all n ∈ N. It follows from the
definition of P that there is a sequence kn such that {fn(x), fn(y)} ⊂ D′(xkn

) or,
equivalently, (xkn

, fn(x)) ∈ D′ and (xkn
, fn(x)) ∈ D′. Then, using the symmetry

of D′ and D′ ◦D′ ⊂ D we obtain (fn(x), fn(y)) ∈ D for all n ∈ N yielding

{y ∈ X : fn(y) ∈ P [fn(x)], ∀n ∈ N} ⊂ ΦD(x).

Using that D is a positive expansivity neighborhood of μ we obtain (3.1). �

By contrast, in the reversed direction we obtain a negative answer (even on
compact metric spaces) by the following example:

Example 3.4. Let f : S1 → S1 be an irrational rotation. Then, f preserves the
Lebesgue measure μ of S1 and is totally ergodic (i.e. fn is ergodic for all n ∈ N+).
It follows from Lemma 1.1 p. 208 in [18] that μ exhibits a countable partition P
satisfying (3.1), and so, μ is a positively τ -expansive measure of f . On the other
hand, μ cannot be a positively expansive measure of f by Example 2.9.

By a result in [19] we have that every positively τ -expansive probability measure
of a measurable map f : X → X on a topological space X is non-atomic. This
together with Proposition 3.3 gives the following partial positive answer to Question
2.11.

Corollary 3.5. Every positively expansive probability measure of a measurable
map f : X → X on a Lindelöf uniform space X is non-atomic.

A second consequence is the aperiodicity of measurable maps with respect to
positively expansive measures on Lindelöf spaces. First recall the following classical
definition [21].
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Definition 3.6. A measurable map f : X → X on a measurable space (X,A) is
aperiodic with respect to a measure μ in A whenever for all n ∈ N+ if fn(x) = x
on a measurable set A, then μ(A) = 0.

This definition can be extended in the following way (cf. [19]).

Definition 3.7. A measurable map f : X → X on a measurable space (X,A)
is eventually aperiodic with respect to a measure μ in A whenever the following
property holds for every (n, k) ∈ N+ × N: If A is a measurable set such that for
every x ∈ A there is 0 ≤ i ≤ k such that fn+i(x) = f i(x), then μ(A) = 0.

It follows easily from the definition that an eventually periodic map is aperiodic.
The converse is true for invertible maps but not in general (e.g. the constant map
f(x) = c where c is a measurable point of zero mass).

By a result in [19] we have that every measurable map f : X → X of a topological
space X is eventually aperiodic (and so aperiodic) with respect to any positively
τ -expansive measure. This together with Proposition 3.3 yields the following result.

Corollary 3.8. Every measurable map f : X → X of a Lindelöf uniform space X
is eventually aperiodic (and so aperiodic) with respect to any positively expansive
measure.

From this we obtain the following consequence.

Corollary 3.9. Let f : X → X be a measurable map of a Lindelöf uniform space
X. If there is an integer k ≥ 2 satisfying fk = f , then f has no positively expansive
measures.

Proof. Suppose by contradiction that f has a positively expansive measure μ. Then
f would be eventually aperiodic with respect to μ by Corollary 3.8. Besides, if
x ∈ X, then fk(x) = f(x) so fk−1(fk(x)) = fk−1(f(x)) = fk(x) therefore fk(x) ∈
Fix(fk−1) whence X ⊂ f−k(Fix(fk−1)). (Fix(h) denotes the set of fixed points
of h.) But since f is eventually aperiodic, n = k− 1 ∈ N+ and X is measurable we
obtain from the definition of eventually aperiodicity that μ(X) = 0, a contradiction.
This ends the proof. �

It follows from this corollary that the identity of a Lindelöf uniform space has
no positively expansive measures (this was already observed in Example 2.9).

4. Stable classes, Lyapunov stability and sinks for positively

expansive measures

In [1] some results about stable classes, Lyapunov stability and sinks (under
canonical coordinate’s assumptions) for positively expansive and expansive mea-
sures for measurable maps on metric spaces were proved. In this section we will
extend these results to positively expansive measures for measurable maps on Lin-
delöff uniform spaces.

To start with we let f : X → X be a map in a uniform space X. As in [9] if
x ∈ X we define the stable set,

W s(x) = {y ∈ X : #{n ∈ N : fn(y) �∈ D(fn(x))} < ∞ for every entourage D}.
We say that A ⊂ X is a stable class if A = W s(x) for some x ∈ X.

Recall that a measure μ in a measurable space (X,B) is invariant for a measur-
able map f : X → X if μ(f−1(B)) = μ(B) for all B ∈ B.
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Proposition 4.1. Every stable class of a measurable map f : X → X of a uni-
form space X has measure zero with respect to every positively expansive invariant
measure of f .

Proof. It follows easily from the definition that W s(x) ⊂
⋃

n∈N
f−n(ΦD(fn(x))) for

all x ∈ X and all entourage D. Now, take a measurable subset A ⊂ W s(x). Then,
for every positively expansive invariant measure μ with expansivity neighborhood
D one has

μ(A) ≤
∑
n∈N

μ(f−n(ΦD(fn(x)))) =
∑
n∈N

μ(ΦD(fn(x))) = 0.

�
Definition 4.2. We say that a map f : X → X in a uniform space X is Lyapunov
stable on A ⊂ X if for every x ∈ A and every entourage D there is a neighborhood
U of x such that fn(y) ∈ D(fn(x)) for all n ∈ N and all y ∈ U ∩ A.

A Borel measure μ of a topological space is inner regular if for every measurable
subset A and every ε > 0 there is a closed subset C ⊂ A such that μ(A \ C) < ε.

Proposition 4.3. If a measurable map f : X → X in a Lindelöf uniform space X
is Lyapunov stable on a measurable set A, then A has measure zero with respect to
any positively expansive inner regular measure of f .

Proof. Let μ be a positively expansive inner regular measure with expansivity neigh-
borhood D. Fix ε > 0 and a closed subset C ⊂ A with μ(A \ C) < ε. Given x ∈ C
there is a neighborhood Ux of x such that fn(y) ∈ D(fn(x)) for all n ∈ N and
y ∈ Ux∩C. In other words, y ∈ ΦD(x) for all y ∈ Ux∩C ⊂ ΦD(x). Since X is Lin-
delöf and C closed we have that C is Lindelöf with respect to the induced topology.
Applying this to the open covering {Ux : x ∈ C} of C we obtain a sequence xi ∈ C
such that C =

⋃
i∈N

(Uxi
∩ C) thus C ⊂

⋃
i∈N

ΦD(xi) so

μ(C) ≤
∑
i∈N

μ(ΦD(xi)) = 0.

It follows that μ(A) = μ(A \ C) + μ(C) < ε, ∀ε > 0, and then μ(A) = 0. �
Similar to the previous definitions, the following definitions are direct adapta-

tions of the corresponding ones on metric spaces [23].
As in [9] if x ∈ X, then for an entourage D of X we define the local stable set,

W s(x,D) = {y ∈ X : fn(y) ∈ D(fn(x)), ∀n ∈ N},
and, in the invertible case, the local unstable set,

Wu(x,D) = {y ∈ X : f−n(y) ∈ D(f−n(x)), ∀n ∈ N}.
We use these sets to give the following definitions.

Definition 4.4. We say that f has canonical coordinates if for every entourage E
there is an entourage D′ such that

(4.1) y ∈ D′(x) implies W s(x,E) ∩Wu(y, E) �= ∅.
Definition 4.5. We call x ∈ X a sink if there is an entourage D0 satisfying

(4.2) Wu(x,D0) = {x}.
With these definitions we obtain the following lemma.
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Lemma 4.6. If x is a sink of a map f : X → X with canonical coordinates on a
uniform space X, then for every entourage D there is an entourage D′ such that
D′(x) ⊂ W s(x,D).

Proof. Since x is a sink there is an entourage D0 satisfying (4.2). Now, take an
entourage D. Since the set of symmetric entourages form a basis of the uniformity
of X we can arrange a symmetric entourage E ⊂ D ∩ D0. Since f has canonical
coordinates there is an entourage D′ satisfying (4.1). Without loss of generality we
can assume that D′ is symmetric. As E ⊂ D0 we have from (4.2) that Wu(x,E) ⊂
Wu(x,D0) = {x} so

Wu(x,E) = {x}.
Take y ∈ D′(x). As D′ is symmetric we have x ∈ D′(y) so (4.1) implies

W s(y, E) ∩Wu(x,E) �= ∅.
But Wu(x,E) = {x} so W s(y, E) ∩ {x} �= ∅ which is equivalent to x ∈ W s(y, E).
As E is symmetric we obtain y ∈ W s(x,E). As E ⊂ D we obtain y ∈ W s(x,D)
proving D′(x) ⊂ W s(x,D). �

A direct consequence of this lemma is the following in which Sink(f) denotes
the set of sinks of f .

Corollary 4.7. Every map f : X → X with canonical coordinates on a uniform
space X is Lyapunov stable on Sink(f).

Proof. Fix x ∈ Sink(f) and an entourage D of X. By Lemma 4.6 there is an
entourage D′ ⊂ D satisfying D′(x) ⊂ W s(x,D). Taking U = D′(x) we obtain a
neighborhood U of x satisfying fn(y) ∈ D(fn(x)) for all n ∈ N and y ∈ U . As x
and D are arbitrary we are done. �

Combining this corollary with Proposition 4.3 we obtain the following.

Theorem 4.8. The set of sinks of any bimeasurable map f : X → X with canonical
coordinates of a Lindelöf uniform space X has zero measure with respect to any
positively expansive inner regular measure.

Proof. Let A ⊂ Sink(f) be a measurable subset. By Corollary 4.7 we have that f
is Lyapunov stable on Sink(f) and, then, it is also Lyapunov stable on A. If now μ
is a positively expansive inner regular measure of f , then μ(A) = 0 by Proposition
4.3. �

5. Measurable Reddy theorem

In [22] W. Reddy observed that the set of points with converging semiorbits under
an expansive homeomorphism of a compact metric space is finite. This result was
generalized in [1] by proving that the set of points with converging semiorbits under
a homeomorphism f : X → X of a compact metric space has measure zero with
respect to any expansive measure of f . The purpose of this section is to further
extend the result in [1] to bimeasurable maps on separable uniform spaces.

Given a map f : X → X on a topological space X and x ∈ X we define the
ω-limit set

ω(x) =
⋂
n∈N

Cl({fm(x) : m ∈ N,m ≥ n}),
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and, in the invertible case, the α-limit set

α(x) =
⋂
n∈N

Cl({f−m(x) : m ∈ N,m ≥ n}).

Definition 5.1. Let f : X → X be a bijective map of a topological space X. We
say that x ∈ X is a point with converging semiorbits under f if both α(x) and
ω(x) consist of single points. Denote by A(f) the set of points with converging
semiorbits under f .

The following lemma will be useful to study A(f) in the uniform case. Given a
uniform space X, a bijective map f : X → X, x, y ∈ X, m ∈ N+, and an entourage
D we define

A(x, y,D,m) = {z ∈ X : (f−i(z), f i(z)) ∈ D(x)×D(y), ∀i ≥ m}.
Clearly such a set is measurable if f is. Recall that a topological space is separable
if it has a countable dense subset.

Lemma 5.2. For every bijection f : X → X of a separable uniform space X there
is a sequence xk ∈ X such that

(5.1) A(f) ⊂
⋂
D

⋃
k,k′,m∈N+

A(xk, xk′ , D,m),

where D in the intersection above runs over the entourages of X.

Proof. Since X is separable there is a sequence xk which is dense in X. Now take
z ∈ A(f), an entourage D and a symmetric entourage D′ satisfying D′◦D′ ⊂ D. As
z ∈ A(f) we have that α(z) and ω(z) reduce to single points x and y respectively.
Then, there is m ∈ N+ such that f−i(z) ∈ D′(x) and f i(z) ∈ D′(y) for all i ≥ m.
Since xk is dense there are k, k′ ∈ N+ such that xk ∈ D′(x) and xk′ ∈ D′(y).
Therefore, (f−i(z), f i(z)) ∈ D(xk)×D(xk′) for all i ≥ m yielding (5.1). �

The following lemma seems to be well known (its proof is included for the sake
of completeness).

Lemma 5.3. Let μ be a Borel measure of a topological space. Then, for every mea-
surable Lindelöf subset K with μ(K) > 0 there are z ∈ K and an open neighborhood
U of z such that μ(K ∩W ) > 0 for every open neighborhood W ⊂ U of z.

Proof. Otherwise, for every z ∈ K there is an open neighborhood Uz satisfying
μ(K ∩ Uz) = 0. Since K is Lindelöf the open covering {Uz : z ∈ K} of K admits a
countable subcover, i.e., there is a sequence zl ∈ K satisfying K =

⋃
l∈N

(K ∩ Uzl).
So,

μ(K) ≤
∑
l∈N

μ(K ∩ Uzl) = 0

contradicting μ(K) > 0. �

Recall that a Borel measure μ of a topological space is outer regular if for every
measurable subset A and every ε > 0 there is an open subset A ⊂ O such that
μ(O \A) < ε.

Theorem 5.4. The set of points with converging semiorbits under a bimeasurable
map f : X → X of a separable uniform space X has measure zero with respect to
any expansive outer regular measure of f .
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Proof. Suppose by contradiction that there are an expansive outer regular measure
μ and a measurable subset A ⊂ A(f) such that μ(A) > 0. By Lemma 5.2 there is a

sequence xk satisfying (5.1). It follows that A ⊂
⋃

k,k′,m∈N+

A(xk, xk′ , D,m), and so,

μ

⎛
⎝ ⋃

k,k′,m∈N+

A(xk, xk′ , D,m)

⎞
⎠ > 0 for every entourage D.

Fix an expansivity neighborhood D of μ and a symmetric entourage D′ satisfy-
ing D′ ◦ D′ ⊂ D. By the previous inequality there are k, k′,m ∈ N such that
μ(A(xk, xk′ , D′,m)) > 0.

Hereafter we fix such k, k′ and m. To simplify we introduce the notation

B = A(xk, xk′ , D′,m)

so we have

μ(B) > 0.

We have that X is second countable for it is a separable uniform space. Since μ
is outer regular, the Lusin Theorem (cf. the remark on p. 192 of [12]) implies that
for every ε > 0 there is a measurable subset Cε with μ(X \Cε) < ε such that f i|Cε

is continuous for all integer i with |i| ≤ m. Taking ε = μ(B)
2 we obtain a measurable

subset C = Cμ(B)
2

such that f i|C continuous, ∀|i| ≤ m, and

(5.2) μ(B ∩ C) > 0.

Now, as X is second countable we have that X is hereditarily Lindelöf and so
K = B ∩ C is a Lindelöf subspace. Applying Lemma 5.3 we obtain z ∈ B ∩C and
an entourage D0 satisfying

(5.3) μ(B ∩ C ∩D1(z)) > 0, for all entourage D1 ⊂ D0.

Hereafter we fix such a z ∈ B ∩ C and D0.
Since z ∈ C and f i|C is continuous (∀|i| ≤ m) we can fix an entourage D∗ ⊂ D0

such that

(5.4) f i(w) ∈ D(f i(z)) whenever |i| ≤ m and w ∈ C ∩D∗(z).

Let us prove

(5.5) B ∩ C ∩D∗(z) ⊂ ΦD(z).

Indeed, take w ∈ B∩C∩D∗(z) so w ∈ B and w ∈ C∩D∗(z). Since w ∈ C∩D∗(z)
relation (5.4) yields

f i(w) ∈ D(f i(z)), ∀|i| ≤ m.

Since z ∈ B ∩ C we have w, z ∈ B. As B = A(xk, xk′ , D′,m) we obtain that
w, z ∈ A(xk, xk′ , D′,m) so (f−i(w), f i(w)) ∈ D′(xk)×D′(xk′) and (f−i(z), f i(z)) ∈
D′(xk)×D′(xk′) for all i ≥ m. Then, the symmetry of D′ and D′ ◦D′ ⊂ D imply

f i(w) ∈ D(f i(z)), ∀|i| ≥ m.

All this together imply

f i(w) ∈ D(f i(z)), ∀i ∈ Z,

thus w ∈ ΦD(z) proving (5.5).
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Using (5.5) we obtain μ(B ∩ C ∩D∗(z)) ≤ μ(ΦD(w0)) thus

μ(B ∩ C ∩D∗(z)) = 0

since D is an expansivity neighborhood. Nevertheless, since D∗ ⊂ D0 we can take
D1 = D∗ in (5.3) to obtain

μ(B ∩ C ∩D∗(z)) > 0,

a contradiction. This ends the proof. �

A related question is as follows:

Question 5.5. Is the conclusion of Theorem 5.4 valid for positively τ -expansive
outer regular measures (instead of expansive outer regular ones)?

On the other hand, we have the following direct corollary from Theorem 5.4 and
the well-known fact that every Borel probability measure on a metric space is outer
regular.

Corollary 5.6. The set of points with converging semiorbits under a bimeasurable
map of a separable metric space has zero measure with respect to any expansive
probability measure.

As already mentioned, Corollary 5.6 was proved first in [1] but for homeomor-
phisms on compact metric spaces instead of bimeasurable maps on separable metric
spaces. A second corollary is as follows.

Corollary 5.7. Every uniform equivalence of a separable uniform space is aperiodic
with respect to any expansive outer regular measure.

Proof. Let μ be an expansive outer regular measure of a uniform equivalence f :
X → X of a separable uniform space X. Clearly, if a positive integer n and a
measurable subset A satisfy fn(x) = x for all x ∈ A, then A ⊂ A(fm) for some
1 ≤ m ≤ n. By Lemma 2.21 we have that μ is also an expansive measure of fm

thus μ(A) = 0 by Theorem 5.4. As n and A are arbitrary we are done. �

Although separable uniform spaces are Lindelöf, we observe that Corollary 5.7
does not follow from Corollary 3.8 since expansive measures are not necessarily
positively expansive.
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