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ON ANALYTIC PROPERTIES OF DEFORMATION

SPACES OF KLEINIAN GROUPS

HIROSHIGE SHIGA

Abstract. Let G0 be a non-elementary Kleinian group. We consider the
deformation space of D(G0), the space of quasiconformal deformations of G0,
and its complex analytic properties. We show some analytic structures of
D(G0) which are improvements of results by Bers, Kra, Maskit and McMullen.
In particular, we clarify that the structures for Kleinian groups with non-simply
connected components are different from those for Kleinian groups without

non-simply connected components.

1. Introduction and main results

A discrete subgroup G of PSL(2,C) is called a Kleinian group. It is well known
that every Kleinian group G acts on the hyperbolic 3-space H3 properly discon-
tinuously and it produces a hyperbolic 3-manifold H3/G. Hence, the deformation
of Kleinian groups has its own interest from the viewpoint of the moduli of hy-
perbolic 3-manifolds as well as of complex analysis. Indeed, a series of works by
Bers, Maskit and Kra ([2], [14]-[16], [20]) clarified some fundamental properties of
quasiconformal deformation spaces of Kleinian groups. In this paper, we consider
a global theory of the deformation of Kleinian groups. In particular, we consider
complex analytic properties of deformation spaces of Kleinian groups which are
improvements of the above works. The main tools in this article are holomorphic
motions and Teichmüller theory.

Since every element of PSL(2,C) is represented by a 2× 2 matrix with complex
entries, we may consider a natural complex structure of spaces of Kleinian groups.
Before stating our results, we begin with the holomorphic family of Kleinian groups.
Let V be a complex manifold with a base point x0 and G0 be a Kleinian group. We
denote by Hom(G0,PSL(2,C)), the set of homomorphisms from G0 to PSL(2,C).

We also denote by H̃om(G0,PSL(2,C)) the quotient space of Hom(G0,PSL(2,C))
by conjugation of PSL(2,C). Both spaces admit the natural complex structures
coming from entries of matrices as above.

Suppose that a family of {θx}x∈V of H̃om(G0,PSL(2,C)) satisfies the following
conditions:

(1) θx0
= id.

(2) For each g∈G0, the map V �z �→θz(g)∈PSL(2,C) is holomorphic on V .
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Then, we call the triple G := (G0, V, {θx}x∈V ) a holomorphic family of the Kleinian
group G0 over V . If θx is isomorphic for every x ∈ V , the family is called a
holomorphic family of isomorphisms of G0 over V . A holomorphic family G of G0

is order preserving if θx(g) is of infinite order or the identity for every g ∈ G0 of
infinite order.

Note. In the above definition of holomorphic families, condition (2) means that
there exist a neighbourhood Uz of z∈V and representatives ρx∈Hom(G0,PSL(2,C))
of θx for x ∈ Uz such that the map Uz � x �→ ρx(g) ∈ PSL(2,C) is holomorphic for
each g ∈ G0.

Among results on the deformation of Kleinian groups, one important result is a
theorem by L. Bers [2], which is on a local theory of the deformation of Kleinian
groups. First of all, we recall the theorem of Bers [2] on holomorphic families over
the unit disk Δ = {z ∈ C | |z| < 1} (See Corollary 2 in [24] for an infinite version
of the theorem.)

Theorem 1.1. Let G0 be a non-elementary Kleinian group and {θx}x∈Δ be a
holomorphic family of isomorphisms of G0 over the unit disk Δ. Suppose that
θx(G0) is discrete for any x ∈ Δ and θx(g) is parabolic whenever g ∈ G is parabolic.
Then, for each x ∈ Δ there exists a quasiconformal mapping wx of the Riemann
sphere Ĉ to itself such that it induces the isomorphism θx.

We now present the main theorems in our paper; see the following sections for
the relevant definitions.

In Theorem 1.1, the assumption that the holomorphic family consists of isomor-
phisms defined on the unit disk Δ, that is, simply connected, is crucial. If Kleinian
groups satisfy a certain condition, we can relax the assumption as follows:

Theorem I. Let K be an AB-removable compact subset of the unit disk Δ in C.
Suppose that G0 is a Kleinian group whose components are all simply connected.
Then, any order preserving holomorphic family G = (G0,ΔK , {θx}x∈ΔK

) of G0

over ΔK := Δ \K can be extended to a holomorphic family G̃ = (G0,Δ, {θ̃x}x∈Δ)
of G0 over Δ.

Immediately, we have the following corollary which is a generalization of the disk
convexity of QF(Γ0), the space of quasi-Fuchsian groups of a Fuchsian group Γ0,
by McMullen [23].

Corollary 1.1. Suppose that G0 is a Kleinian group whose components are all
simply connected. Let K be an AB-removable compact subset of Δ and ϕ be a

holomorphic map from ΔK∪∂Δ to H̃om(G0,PSL(2,C)) so that ϕ(z)(γ) is parabolic
whenever γ ∈ G0 is parabolic. If ϕ(∂Δ) ⊂ D(G0), then ϕ can be extended to a
holomorphic map ϕ̃ on Δ and ϕ̃(Δ) ⊂ D(G0).

Remark 1.1. (1) In Theorem I and Corollary 1.1, we do not assume that Kleinian
groups are finitely generated.

(2) The statement of the corollary does not hold if we replace ΔK by an annu-
lus. Namely, for a Fuchsian group Γ0, we can construct a holomorphic map
ϕ : U → QF(Γ0) from any given annulus U = {z ∈ Δ | 0 < r < |z| < 1}
with r ∈ (0, 1) such that ϕ(∂U) ⊂ QF(Γ0), ϕ(z)(γ) (z ∈ U) is parabolic
whenever γ ∈ Γ0 is parabolic but ϕ cannot be extended to a holomorphic
map on the unit disk Δ (see Remark 4.1).
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In Theorem I, we cannot drop the assumption that the Kleinian group has only
simply connected components. In fact, we may show that Theorem I is not true if
the Kleinian group has a non-simply connected component.

Theorem II. Let G0 be a finitely generated Kleinian group. Suppose that there
exists a non-simply connected component of G0. Then, there exists a holomorphic
family G of isomorphisms of G0 over the punctured disk Δ∗ := {0 < |z| < 1} such
that it cannot be extended to a holomorphic family of G0 over Δ.

While Theorem II has its own interest, the theorem also helps us to show the
following complex analytic properties of deformation spaces of Kleinian groups.

Theorem III. Let G0 be a finitely generated Kleinian group. Then

(1) The Carathéodory pseudo distance on D(G0) is a distance.
(2) If every component of G0 is simply connected, then in D(G0) the Carathéo-

dory distance is complete. In particular, D(G0) is H∞-convex.
(3) If there exists a non-simply connected component of G0, then D(G0) is not

H∞-convex. In particular, the Carathéodory distance is not complete in
D(G0).

It is well known that in Teichmüller space, the Kobayashi distance and the
Teichmüller distance are the same. We show that it also holds for our deformation
spaces.

Theorem IV. Let G0 be a Kleinian group. Then the Teichmüller distance d
D(G0)
T

of D(G0) is equal to the Kobayashi distance d
D(G0)
K of D(G0). In particular, the

Kobayashi distance of D(G0) is complete.

The Kobayashi distance of D(G0) is complete for every Kleinian group G0 while
the Carathéodory distance is not complete in D(G0) if the Kleinian group G0 has
a non-simply connected component. The following is an immediate consequence.

Corollary 1.2. Let G0 be a finitely generated Kleinian group with a non-simply
connected component. Then, the Kobayashi distance does not coincide with the
Carathéodory distance in D(G0).

2. Fundamental notions and terminologies

2.1. Holomorphic convexities. We begin with the holomorphic convexity of
complex manifolds. Let M be a (connected) complex manifold and O(M) the
space of holomorphic functions on M . For a subset O of O(M), M is called O-
convex or convex for the space O if for any compact subset K of M , the O-convex
hull K̂O of K is compact in M , where

K̂O = {p ∈ M | |f(p)| ≤ max
z∈K

|f(z)| for all f ∈ O}.

A complex manifold M is called holomorphically convex if it is O(M)-convex. A
domain in Cn is holomorphically convex if and only if it is a domain of holomorphy
(cf. [8]). If O is H∞(M), the space of bounded holomorphic functions on M ,
and if M is H∞(M)-convex, then we call the manifold H∞-convex. Obviously,
if M is H∞-convex, then it is holomorphically convex. It is known that if the
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Carathéodory distance cM of M is complete, then M is H∞-convex. Here, the
Carathéodory (pseudo) distance cM of M is defined by

(2.1) cM (x, y) = sup
f∈H∞

1 (M)

ρΔ(f(x), f(y))

for x, y ∈ M , where H∞
1 (M) is the set of holomorphic functions f on M with

||f ||∞ < 1 and ρΔ is the Poincaré distance of the unit disk Δ. In general, the
Carathéodory distance is a pseudo distance. Namely, cM (x, y) = 0 does not neces-
sarily imply x = y. The Carathéodory distance is not greater than the Kobayashi
distance.

If M is a domain in Cn and it is convex for the space of polynomials in Cn, then
M is called polynomial convex. It is also easy to see that if M is polynomial convex,
then it is H∞-convex.

2.2. Teichmüller spaces. In the following, we shall give a brief discussion on
Teichmüller spaces. The reader may refer to [10], [11] or [17] for further details.

Let X0 be a Riemann surface of type (g, n) with 2g−2+n > 0. The Teichmüller
space T (X0) of X0 is the set of Teichmüller equivalence classes [X, f ] of marked
Riemann surfaces (X, f), where a marked Riemann surface is a pair (X, f) of a
Riemann surface X and a quasiconformal homeomorphism f from X0 onto X, and
two marked Riemann surfaces (X, f), (X ′, f ′) are Teichmüller equivalent if there
exists a conformal mapping h from X to X ′ which is homotopic to f ′ ◦ f−1.

The Teichmüller space T (X0) admits a natural complex structure and it is real-
ized as a contractible bounded domain in C3g−3+n. The Teichmüller space T (X0)
also has a complete distance dT called the Teichmüller distance defined by

dT ([X, f ], [X ′, f ′]) = inf
g
logK(g),

where the infimum is taken over all quasiconformal mappings g homotopic to f ′◦f−1

and K(g) is the maximal dilatation of g. It is known that the Teichmüller distance
coincides with the Kobayashi distance with respect to the complex structure of
T (X0). Moreover, in the Teichmüller space T (X0), the Carathéodory pseudo dis-
tance cT (X0) is a distance and it is complete ([3], [26]).

The Teichmüller distance between [X, f ] and [X ′, f ′] is actually achieved by a
quasiconformal mapping fX,X′ fromX toX ′ called the Teichmüller mapping, whose
Beltrami coefficient is k|q|/q, where k ∈ [0, 1) is given by an equation

dT ([X, f ], [X ′, f ′]) = log
1 + k

1− k
,

and q is an integrable holomorphic quadratic differential on X with
∫
X
|q| = 1.

Moreover, those q and k are uniquely determined by [X ′, f ′].
Let Mod(X0) be the group of homotopy classes [ω] of quasiconformal self-maps ω

of X0, which is called the mapping class group. The mapping class group Mod(X0)
acts on T (X0) by

[ω]([X, f ]) = [X, f ◦ ω−1] ([ω] ∈ Mod(X0)).

It is easily seen that the action of Mod(X0) on T (X0) is isometric with respect to
the Teichmüller distance dT .
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Teichmüller disks. Let q be a holomorphic quadratic differential on X0 with∫
X0

|q| = 1. We consider a holomorphic map from Δ to the space of Beltrami

coefficients by

(2.2) Δ � t �→ t
|q|
q
.

Since the Beltrami coefficient t|q|/q determines a point in T (X0), the map yields a
holomorphic map Φq from Δ to T (X0). Furthermore, the map Φq is isometric with
respect to the hyperbolic distance on Δ and the Teichmüller distance on T (X0)
and the image D[q] := Φq(Δ) in T (X0) is totally geodesic. The image D[q] is called
a Teichmüller disk.

Jenkins-Strebel differentials. Let q be an integrable holomorphic quadratic dif-
ferential on X0. Then a holomorphic germ

X0 � z �→
∫ z √

q ∈ C

gives a flat structure on X0 except for zeros of q. A horizontal line of the flat struc-
ture is called a horizontal trajectory of q. If an integrable holomorphic quadratic
differential q has a horizontal trajectory which is a simple closed curve on X0 and
the set of simple closed horizontal trajectories is dense in X0, then the holomorphic
quadratic differential q is called a Jenkins-Strebel differential. A Jenkins-Strebel
differential q is called single if any two closed trajectory of q is homotopic to each
other. It is known that for any non-trivial and non-peripheral simple closed curve
α in X0 there exists a single Jenkins-Strebel differential whose simple closed tra-
jectories are homotopic to α.

Let q be a single Jenkins-Strebel differential. Then, the union of closed trajec-
tories makes an annulus Aq in X0 and the core curve αq of Aq is homotopic to a
closed trajectory of q. We consider the right Dehn twist τq ∈ Mod(X0) about αq.
Then the following theorem is known:

Theorem 2.1 (Marden-Masur [19]). Let q be a single Jenkins-Strebel differential of
X0 and Aq, αq be the same ones as above. Then, the right Dehn twist τq ∈ Mod(X0)
preserves the Teichmüller disk D[q] given by q. Furthermore, Φ−1

q ◦ τq ◦Φq : Δ → Δ
is a parabolic Möbius transformation on Δ.

2.3. Kleinian groups. For a Kleinian group G, the closure of the set of fixed
points of elements of G with infinite order is called the limit set of G and it is
denoted by Λ(G). If the limit set Λ(G) contains infinitely many points, then the
Kleinian group G is called non-elementary. Throughout this paper, we assume that
every Kleinian group is non-elementary.

The complement of the limit set Λ(G) in Ĉ is called the region of discontinuity

of G and it is denoted by Ω(G). By the definition, Ω(G) is an open set in Ĉ but
it may be empty. A connected component of Ω(G) is called a component of G.
It is known that Ω(G) is the maximal open set where the action of G is properly
discontinuous. Hence, the quotient space Ω(G)/G consists of Riemann surfaces (or
orbifolds) if Ω(G) is not empty. Furthermore, we have the following:

Theorem 2.2 (Ahlfors’ finiteness theorem; cf. [22]). Suppose that G is a finitely
generated Kleinian group with non-empty region of discontinuity. Then Ω(G)/G is
a finite union of hyperbolic Riemann surfaces of finite type.
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A Riemann surface is called of finite type if it is obtained by removing at most
finitely many points from a compact Riemann surface.

Every element g of PSL(2,C) can be extended to the upper half space H3 =
{(x, y, t) | x, y ∈ R, t ∈ R+} as a hyperbolic isometry. Hence, a Kleinian group
G acts on the hyperbolic 3-space H3. Moreover, the action is properly discontin-
uous and we obtain a hyperbolic 3-manifold (or orbifold) M(G) = H3/G and the
boundary ∂M(G) of M(G) is Ω(G)/G. While there are many aspects and results
on hyperbolic 3-manifolds and Kleinian groups, we present the following theorem
which is used later in this paper.

Theorem 2.3 (The loop theorem; cf. [20]). Let M be a 3-manifold with boundary
and B be a connected component of the boundary of M . Suppose that there exists a
non-trivial loop α in B which is trivial in M . Then there exists a non-trivial simple
loop β in B which is trivial in M .

2.4. The deformation space of Kleinian groups. LetG0 be a finitely generated
non-elementary Kleinian group. The deformation space D(G0) of G0 is the space

of θ ∈ H̃om(G0,PSL(2,C)) given by normalized quasiconformal mappings on Ĉ.

Namely, θ ∈ H̃om(G0,PSL(2,C)) belongs to D(G0) if and only if there exists a

quasiconformal self-map w of Ĉ fixing 0, 1 and ∞ such that θ is represented by an
isomorphism of G0 to PSL(2,C) given by

G0 � g �→ wgw−1 ∈ PSL(2,C).

In [16] and [21], it is shown that D(G0) is a complex manifold and it is holomorphi-
cally convex. Recently, Earle and Marden [5] discuss the deformation spaces with
holomorphic families of Riemann surfaces.

On the space D(G0), we may define the Teichmüller distance d
D(G0)
T :

d
D(G0)
T (θ1, θ2) = inf

w1,w2

logK(w2 ◦ w−1
1 ) (θ1, θ2 ∈ D(G0)),

where wi (i = 1, 2) are taken over all quasiconformal self-maps of Ĉ giving θi. A
standard argument of quasiconformal mappings shows that the Teichmüller distance

d
D(G0)
T is complete in D(G0).
Let X0 be a hyperbolic Riemann surface of finite type and Γ0 be a Fuchsian

group acting on H with X0 = H/Γ0. We denote by QF(Γ0) the set of all conjugacy
classes of isomorphisms of Γ0 to PSL(2,C) given by a normalized quasiconformal

mapping of Ĉ. The space QF(Γ0) is called the space of quasi-Fuchsian groups
for Γ0. It is actually the deformation space D(Γ0) and it is regarded as a subset

of H̃om(Γ0,PSL(2,C)), the space of representations of the Fuchsian group Γ0 to
PSL(2,C).

The simultaneous uniformization theorem by Bers ([11]) implies that QF(Γ0)
can be identified with T (X0)×T (X0), the product space of the Teichmüller spaces,
where X0 is the complex conjugate of the Riemann surface X0. Moreover, it has
a natural complex structure. Under the complex structure, McMullen ([23]) shows
the following disk convexity:

Theorem 2.4. Let ϕ be a holomorphic map from Δ to H̃om(Γ0,PSL(2,C)) so that
ϕ(z)(γ) is parabolic for every parabolic element γ ∈ Γ0. Suppose that ϕ(∂Δ) ⊂
QF(Γ0). Then, ϕ(Δ) ⊂ QF(Γ0).
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3. Holomorphic motions

In this section, we shall give some fundamental facts on holomorphic motions
used in this paper.

Let E be a subset of Ĉ containing at least three points and V be a connected

complex manifold with a base point x0. A map φ : V ×E → Ĉ is called a holomor-
phic motion of E over V if it satisfies the following conditions:

(1) φ(x0, ·) is the identity on E;
(2) for each x ∈ V , φ(x, ·) is injective on E;
(3) for each z ∈ E, φ(·, z) is a holomorphic function on V .

A holomorphic motion φ : V × E → Ĉ is called normalized if E contains 0, 1
and ∞ and φ(x, ·) fixes 0, 1 and ∞ for any x ∈ V . From now on, we assume
that a holomorphic motion is always normalized since every holomorphic motion is
conjugate to a normalized one by Möbius transformations.

A striking theorem on holomorphic motions is the following theorem by Slod-
kowski [27]:

Theorem 3.1 (Slodkowski). Let E be a subset of Ĉ containing at least three points.
Then every holomorphic motion of E over the unit disk Δ in C can be extended to
a holomorphic motion of Ĉ over Δ.

Furthermore, Earle, Kra and Krushkal′ ([4]) showed that Theorem 3.1 is still
true for holomorphic motions which are Möbius group equivariant as follows;

Theorem 3.2. Let G be a group of Möbius transformations and E ⊂ Ĉ a closed
set invariant for G. Suppose that a holomorphic motion φ : Δ × E → Ĉ is G-
equivariant on E, that is, there exists an isomorphism ρλ : G → PSL(2,C) for each
λ ∈ Δ such that

φ(λ, g(z)) = ρλ(g)(φ(λ, z)) (z ∈ E).

Then φ extends a holomorphic motion φ̃ : Δ×Ĉ of Ĉ over Δ which is G-equivariant
on Ĉ.

On the other hand, it is known that then there exist a simply connected complex
manifold V with dim V ≥ 2 and a holomorphic motion of a finite set over V
such that it cannot be extended to a holomorphic motion of Ĉ over V which is a
consequence of a theorem by Hubbard ([9]). See also [12] for an easier example.

We consider conditions for holomorphic motions of E over V to be extended to
holomorphic motions of Ĉ over V when dim V = 1 and V is not simply connected.
In particular, we consider V = ΔK := Δ \K for an AB-removable compact subset
K of Δ as in our main theorems. We say that a compact subset K of Δ is AB-
removable if any bounded holomorphic function in ΔK is extended to a holomorphic
function in Δ. Obviously, K is nowhere dense and ΔK is connected.

The concept of “monodromy” of a holomorphic motion was studied in [1]; see
Section 2.4 of that paper. For the reader’s convenience, we include here a brief
discussion.

We assume that E is a finite set and it contains n(> 3) points including 0, 1

and ∞. Let φ : V × E → Ĉ be a holomorphic motion. Consider a holomorphic

universal covering π : Ṽ → V with the cover transformation group GV and take a

point x̃0 ∈ Ṽ so that π(x̃0) = x0. Then Φ = π∗(φ) : Ṽ × E → Ĉ is a holomorphic
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motion of E over Ṽ with x̃0 as the base point. Then, there exists a base point

preserving continuous map f : Ṽ → M(C) such that

(3.1) Φ(x, z) = wf(x)(z) for each x ∈ Ṽ and each z ∈ E,

where M(C) is the space of Beltrami coefficients on C,

wf◦g(x̃0)(z) = Φ(g(x̃0), z) = φ(π ◦ g(x̃0), z) = φ(x0, z) = z.

Therefore, wf◦g(x̃0) keeps every point of E fixed.
It is not hard to see that the homotopy class for wf◦g(x̃0) relative to E is well

defined, that is, it does not depend on the choice of continuous mappings f . The
map wf◦g(x̃0) is a quasiconformal self-map of the Riemann surface XE := Ĉ \ E.
Therefore, it represents a mapping class of XE , and by Lemma 2.12 in [1], we have
a homomorphism σφ : π1(V, x0) → Mod(0, n) given by

(3.2) σφ(c) = [wf◦gc(x̃0)]

where Mod(0, n) is the mapping class group of the n-times punctured sphere, gc ∈
GV is an element corresponding to c ∈ π1(V, x0), and [w] denotes the mapping class
of XE for w. We call the homomorphism σφ the monodromy of the holomorphic
motion φ of the finite set E. The monodromy is called trivial if it maps every
element of π1(V, x0) to the identity of Mod(0, n).

If φ extends to a holomorphic motion of Ĉ, then it represents a holomorphic
family of quasiconformal mappings with the parameter space V . This gives us the
following (cf. [1])

Proposition 3.1. Let φ : V × E → Ĉ be a holomorphic motion of a finite set E.
If φ can be extended to a holomorphic motion of Ĉ over V , then the monodromy
σφ is trivial.

If V = ΔK := Δ \K for an AB-removable compact subset K of Δ, we can say
more ([1]).

Proposition 3.2. Let φ : ΔK × E → Ĉ be a holomorphic motion of E over ΔK .
Then, the holomorphic motion φ can be extended to a holomorphic motion of Ĉ if
and only if the monodromy of φ|E′ is trivial for any finite subset E′ of E, where
φ|E′ is a holomorphic motion of E′ over ΔK defined by φ|E′(x, z) = φ(x, z) for
(x, z) ∈ ΔK × E′.

By using the above proposition, we can show the following:

Proposition 3.3 ([1]). Let K be an AB-removable compact subset of Δ and E be
a closed set containing 0, 1 and ∞.

(1) If every connected component of the complement of E is either simply con-
nected or conformally equivalent to the punctured disk, then every holomor-
phic motion of E over ΔK can be extended to a holomorphic motion of Ĉ
over ΔK .

(2) Suppose that E consists of more than five points. If some component of the
complement of E is neither simply connected nor conformally equivalent to
the punctured disk, then there exists a holomorphic motion of E over ΔK

such that it cannot be extended to a holomorphic motion of Ĉ over ΔK .



DEFORMATION SPACES OF KLEINIAN GROUPS 6635

Proof. While the proof is given in [1], we will show a sketch of the proof of (2) since
it shows the difficulty of the proof of Theorem II.

Let K be an AB-removable compact subset of Δ. We may assume that K
contains the origin. Let E be a closed set satisfying the conditions of (2) and Ω
a connected component of Ec which is neither simply connected not conformally
equivalent to the punctured disk. Since E contains at least five points, there exists
a simply connected domain D such that ∂D ⊂ Ω, D contains at least two points of
E, say z1, z2, and Dc ∩ E contains at least three points. We may assume that 0, 1
and ∞ are not in D. We take z0 in D \ E.

Let h : Δ → D be a Riemann map with h(0) = z0. Then, there exists a positive
number r < 1 such that h({r < |x| < 1}) ∩ E = ∅. We construct a holomorphic
motion φ0 of E over Δ∗ as follows for x ∈ Δ∗:

(3.3) φ0(x, z) =

{
z, z ∈ E \D,

h(xh−1(z)/r), z ∈ E ∩D.

Then, we can see that the monodromy of φ0 about the origin is not trivial. Hence,
it follows from Proposition 3.2 that φ0 cannot be extended to a holomorphic motion
of Ĉ over ΔK . �

4. Proof of Theorem I

Let G = (G0,ΔK , {θx}x∈ΔK
) be an order preserving holomorphic family of G0

over ΔK . First, we show that the family is a holomorphic family of isomorphisms.
Indeed, if there exists x ∈ ΔK such that θx is not an isomorphism, then the kernel

Γ0 of θx is a non-trivial normal subgroup of G0. Since G0 is non-elementary, Γ0

contains a loxodromic element g. Noting that the trace function f(z) := Tr2θz(g)
(z ∈ ΔK) is invariant for the conjugation of PSL(2,C) and θx0

= id , we see that f
is holomorphic and f(x) = 4 but f(x0) �= 4. Thus, f is a non-constant holomorphic
function on ΔK . Hence it is an open map and we see that there exists y ∈ ΔK near
x such that θy(g) is an elliptic element of finite order. It is a contradiction. Thus,
the family is a holomorphic family of isomorphisms.

By the same argument, we see that every θx (x ∈ ΔK) is type preserving, that is,
θx(g) is parabolic if and only if g ∈ G0 is parabolic. Indeed, if θx(g) is parabolic for
some loxodromic element g ∈ G0, then we verify that there exists a point y ∈ ΔK

such that θy(g) is an elliptic element of finite order. It is absurd because θy is order
preserving (and isomorphic).

Therefore, from the Sullivan-Riley theorem ([25], [28]) we see that every Gx :=
θx(G0) is discrete (x ∈ ΔK). By Theorem 1.1, we see that the family {Gx}x∈ΔK

has the following property: for a simply connected neighbourhood U of a point x
in ΔK , there exists a quasiconformal mapping wy for each y ∈ U such that θy ◦ θ−1

x

is conjugate to the isomorphism:

G0 � g �→ wy ◦ g ◦ w−1
y ∈ PSL(2,C).

Consider two loxodromic elements γ1, γ2 ∈ G0. We may assume that the attract-
ing fixed point of γ1 is 0, the repelling fixed point of γ1 is 1 and the attracting fixed
point of γ2 is ∞. For x ∈ ΔK , we take a simply connected domain U in ΔK con-
taining x and the base point x0. Since U is conformally equivalent to Δ, it follows
from Theorem 1.1 that there exists a normalized quasiconformal map wU

x for each
x ∈ U such that it gives the conjugacy class of θx. The normalized quasiconformal
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map wU
x does not depend only on x ∈ ΔK . However, we may show that wU

x |Λ(G0)

depends only on x.

Lemma 4.1. The map wU
x |Λ(G0) does not depend on the choice of U . It depends

only on x ∈ ΔK .

Proof. We consider another simply connected domain V in ΔK containing x and x0.
Then, we may also take a normalized quasiconformal map wV

x giving the conjugacy
class of θx. Hence, there exists A ∈ PSL(2,C) such that wU

x and A ◦wV
x define the

same isomorphism of G0. In particular, we have

wU
x ◦ γi ◦ (wU

x )
−1 = A ◦ wV

x ◦ γi ◦ (wV
x )−1 ◦A−1 (i = 1, 2).

Because of the normalization of fixed points of γ1 and γ2 as above, we see that A
must fix the three points, 0, 1 and ∞ and A is the identity. So, wV

x defines the same
isomorphism ρx of G0 as wU

x . Therefore, we have

wU
x |Λ(G0) = wV

x |Λ(G0). �

Thus, φ(x, z) := wU
x (z) is independent of the choice of U and it is well defined

on ΔK ×Λ(G0). Obviously, φ(x, ·) = wU
x (·) is injective on Λ(G0) and φ(x0, ·) = id.

Let L0 be the set of loxodromic fixed points of G0. For a loxodromic Möbius
transformation g, we denote by α(g) the attractive fixed point of g. Since the
quasiconformal map wU

x sends the attractive fixed point of γ ∈ G0 to that of
γx := wU

x ◦ γ ◦ (wU
x )

−1, we verify that for each loxodromic transformation γ ∈ G0,
φ(x, α(γ)) = wU

x (α(γ)) is holomorphic on ΔK and φ(·, ·) is a holomorphic motion
of L0 over ΔK .

It is known that L0 = Λ(G0). Thus, the holomorphic motion φ of L0 can be
extended to a holomorphic motion of Λ(G0) over ΔK (cf. [18]). We use the same
letter φ for the extended holomorphic motion of Λ(G0). We also see that the
holomorphic motion φ is G0-equivariant, namely

φ(x, g(z)) = ρx(g)(φ(x, z))

holds for every g ∈ G0 and for every z ∈ Λ(G0). Indeed, if z = α(γ) ∈ L0 for some
γ ∈ G0, then g(z) = α(gγg−1) for g ∈ G0. Thus, we obtain

φ(x, g(z)) = α(ρx(gγg
−1)) = ρx(g)(α(ρx(γ))) = ρx(g)(φ(x, z)),

for z ∈ L0. Since L0 is dense in Λ(G0), the holomorphic motion φ is G0-equivariant
on Λ(G0) because of the continuity of φ. Thus, it follows from Proposition 3.3 (1)

and Theorem 2 in [24] that φ can be extended to a holomorphic motion φ̃ of Ĉ over

Δ. We show that φ̃ is still a G0-equivariant holomorphic motion of Λ(G0) over Δ.

Let x be a point in K. It suffices to show that φ̃(x, ·) is G0-equivariant on
Λ(G0). Since an AB-removable set is nowhere dense, we may take a sequence
{xn}∞n=1 ⊂ ΔK converging to x. Taking a subsequence if necessary, we see that
there exist normalized quasiconformal maps wn and w such that

(1) wn and w−1
n uniformly converges to w and w−1 as n → ∞ on Ĉ, respec-

tively;
(2) φ̃(xn, z) = wn(z) and φ̃(x, z) = w(z).

From (2), we have

wn(g(z)) = φ̃(xn, g(z)) = ρxn
(g)(φ̃(xn, z)) = ρwn

(g)(wn(z)),
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for every z ∈ Λ(G0). Then, we see that ρwn
(g) = wn ◦ g ◦ w−1

n converges to a
homeomorphism on Λ(G0) by (1). Since ρwn

(g) ∈ PSL(2,C) and Λ(G0) contains
more than three points, the limit ρ(g) = w ◦ g ◦w−1 also belongs to PSL(2,C) (cf.
[17] §2.2–2.3). Obviously, ρ is an isomorphism of G0 and we have

(4.1) φ̃(x, g(z)) = ρ(g)(φ̃(x, z)),

for every g ∈ G0 and z ∈ Λ(G0). Because of (4.1), the map ρ(g) does not depend

on {xn}. Thus, φ̃(x, ·) is G0-equivariant on Λ(G0) for x ∈ K.

Since φ̃ is a G0-equivariant holomorphic motion of Λ(G0) over Δ, we obtain a

G0-equivariant holomorphic motion of Ĉ over Δ from Theorem 3.2 and the proof
is completed.

Remark 4.1. It is known that Teichmüller space T (X) of a compact Riemann sur-
face X of genus g > 1 is regarded as a bounded domain containing the origin in
C3g−3. Thus, we may take an annulus A ⊂ Δ ↪→ T (X) ⊂ C3g−3. Since T (X) is
a subset of QF(Γ) for a Fuchsian group Γ which represents X, it is easy to see
that there exists a holomorphic map ϕ : A ∪ ∂A → T (X) ⊂ QF(Γ) such that it
cannot be extended to a holomorphic map from Δ to QF(Γ). For example, for
A = {1 < |z| < 2}, we take ε > 0 so small that ϕ(z) = (εz−1, 0, . . . , 0) ∈ C3g−3

belongs to T (X) for any z ∈ A∪∂A. Every ϕ(z) ∈ T (X) induces a type preserving
isomorphism. However, since T (X) is a bounded domain, the map ϕ cannot be
extended to a holomorphic map on Δ.

5. Proof of Theorem II

Let Ω be a non-simply connected component of Ω(G0) of a finitely generated
Kleinian group G0. As in the argument in the proof of Proposition 3.3, we may
construct a holomorphic motion of Λ(G0) over Δ

∗ which cannot be extended to a

holomorphic motion of Ĉ. However, it is not G0-equivariant at all. The difficulty
is to make a G0-equivariant holomorphic motion.

For the universal covering π : Δ → Ω, we consider

ΓΩ := {γ ∈ PSL(2,C) | π ◦ γ = g ◦ π, for some g ∈ G0}.

The group ΓΩ is called the Fuchsian equivalent of G0 on Ω and it is seen that

Δ/ΓΩ = Ω/GΩ
0 =: XΩ,

where GΩ
0 is the set of g ∈ G0 which fix Ω. Since G0 is of finitely generated, XΩ is

a Riemann surface of finite type (Theorem 2.2). The main idea of the proof is to
construct a holomorphic family of the Kleinian group G0 parametrized by Δ with
invariance under the action of some parabolic cyclic group. In fact, the parabolic
cyclic group is determined by a Dehn twist on XΩ.

Since π is the universal covering map of Ω, for a non-trivial simple closed geodesic
c in Ω we obtain an element gc ∈ ΓΩ \ {id} which represents c. The transformation
gc ∈ ΓΩ defines a non-trivial closed curve αc in XΩ. On the other hand, the curve
c is not represented by any non-trivial element in G0 since it is a closed curve
in Ω. Hence, the closed curve αc in XΩ is trivial in the hyperbolic 3-manifold
M := (H3 ∪ Ω(G0))/G0. Thus, from Theorem 2.3 we have a non-trivial simple
closed curve β in XΩ which is trivial in M .
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We denote by β̃ a connected component of the lift of β in Ω. Since β is trivial
in M , there exists an annular neighbourhood Aβ̃ of β̃ such that the canonical
projection πΩ : Ω → XΩ is injective on Aβ̃ .

Now, we consider the right Dehn twist τβ about β. We may assume that τβ is
the identity on XΩ \ πΩ(Aβ̃). Therefore, we can lift this to a self-map τβ̃ of Ω.

Actually, τβ̃ is the product of the right Dehn twists about π−1
Ω (β)(=

⋃
g∈G0

g(β̃)).
Moreover, we see that

g ◦ τβ̃(z) = τβ̃ ◦ g(z)
for any z ∈ Ω and any g ∈ GΩ

0 .
Let qβ be a single Jenkins-Strebel differential on XΩ whose closed trajectories

are homotopic to β. We denote by Φβ : Δ → D[qβ ] the holomorphic map induced
by the map

Δ � t �→ t
|qβ |
qβ

.

It follows from Theorem 2.1 that the Teichmüller disk D[qβ] in T (XΩ) given by qβ
is preserved by the action of the Dehn twist τβ about β and a parabolic Möbius
transformation γ on Δ(� D[qβ ]) gives the action of τβ. More precisely, for every
z ∈ Δ

(5.1) Φβ(γ(z)) = [τβ ](Φβ(z))

holds, where [ω] means the mapping class of a quasiconformal self-map ω of XΩ.
Let fβ : XΩ → XΩ be a quasiconformal map by a Beltrami coefficient γ(0)|qβ |/qβ.

Since the map represents the right Dehn twist about β, it is lifted to a quasicon-
formal map f̃β : Ω → Ω with

f̃β ◦ g = g ◦ f̃β
for every g ∈ GΩ

0 .

The quasiconformal map f̃β on Ω is extended to a quasiconformal map on Ω(G0)

to itself defined by g ◦ f̃β ◦ g−1 on g(Ω) for g ∈ G0 and the identity on Ω(G0) \⋃
g∈G0

g(Ω). We use the same letter f̃β for the extended map. Then, we have

f̃β ◦ g = g ◦ f̃β for any g ∈ G0 on Ω(G0). From Maskit’s self-map theorem ([21]),

we conclude that f̃β is extended to a quasiconformal map on Ĉ which commutes

with any g ∈ G0. We also use the same letter f̃β for the extended map and denote

by μ the Beltrami coefficient of f̃β. Obviously, the extended map f̃β also satisfies

(5.2) f̃β ◦ g = g ◦ f̃β
for every g ∈ G0. Therefore, the Beltrami coefficient μ is G0-compatible. Namely,
the Beltrami coefficient μ satisfies

μ(g(z))g′(z)g′(z)−1 = μ(z) a.e.

for every g ∈ G0. Therefore, a holomorphic map

Δ � t �→ tμ

defines a holomorphic family of Beltrami coefficients which are G0-compatible.
From this family, we construct a holomorphic family of normalized quasicon-

formal mappings wt on Ĉ (t ∈ Δ). The holomorphic family {wt}t∈Δ induces a
holomorphic family {θt}t∈Δ of isomorphisms of G0 over Δ defined by

θt(g) = wtgw
−1
t (g ∈ G0).
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We may take w0 = id and wγ(0) = f̃β . Then, we have θ0 = θγ(0) because of (5.2).
By the same reason, we conclude that

θt = θγ(t)

for every t ∈ Δ. Therefore, the holomorphic family G := (G0,Δ, {θt}t∈Δ) of G0

over Δ is projected to a holomorphic family Ĝ of G0 over the punctured disk
Δ∗ = Δ/〈γ〉 = {0 < |z| < 1}.

The holomorphic family Ĝ of G0 over Δ∗ cannot be extended to a holomorphic
family of G0 over Δ. Indeed, if it can be extended to a holomorphic family Ĝ0 of
G0 over Δ, then it consists of quasiconformal deformations of G0. However, if we
take x ∈ (0, 1) so that x → 0, θx(G0) gives a squeezing deformation of XΩ about
β. Thus, the hyperbolic lengths of the geodesics homotopic to β tends to zero
as x → 0 (see [19]). Thus, the maximal dilatations of quasiconformal mappings
which give isomorphisms from G0 to θx(G0) (0 < x < 1/2) are unbounded. It is a
contradiction. �

6. The holomorphic convexity of deformation spaces

of Kleinian groups

In this section, we shall prove Theorem III.
Let G0 be a finitely generated Kleinian group. We give a proof of the first

statement of the theorem. We show that in D(G0), the Carathéodory pseudo
distance cD(G0) is a distance. Namely, we show that cD(G0)(x, y) > 0 if x �= y.

For each γ ∈ G0, we consider a function fγ(z) = (Tr ρz(γ))
2, where (Tr (α))2

stands for the square of the trace of α ∈ PSL(2,C) and ρz is the isomorphism given
by z ∈ D(G0). The function fγ is holomorphic on D(G0) and if γ is loxodromic,
then the range is in C \ [0, 4] because the isomorphisms ρz are type preserving for
z ∈ D(G0). Thus, Fγ := ϕ ◦ fγ is a bounded holomorphic function for a conformal
map ϕ from C \ [0, 4] into Δ.

Take any two distinct points x, y in D(G0). Then the two points x and y give two
different isomorphisms ρx and ρy of Hom(G0,PSL(2,C)), respectively. Moreover,
the isomorphisms ρx, ρy are not conjugate to each other since they are distinct
points in D(G0). Hence, we may find a loxodromic element γ ∈ G0 such that
Fγ(x) �= Fγ(y) and we verify that cD(G0)(x, y) > 0. So, the first statement of the
theorem is proved.

Next, we show that the Carathédory distance on D(G0) is complete if every
component of G0 is simply connected.

Let X0 be a hyperbolic Riemann surface of type (g, n). Bers showed that the
Teichmüller space T (X0) of X0 is biholomorphically equivalent to a bounded do-
main in C3g−3+n (cf. [17], [11]). Since the Carathéodory distance in T (X0) is
complete (cf. [3], [26]), the Teichmüller space T (X0) is H∞-convex. In fact, it is
polynomial convex ([26]).

Suppose that every component ofG0 is simply connected. It follows from Ahlfors’
finiteness theorem(Theorem 2.2) that there are finitely many non-equivalent com-
ponents, say Ω1, . . . ,Ωn, of G0 and Xj := Ωj/G0,j is a Riemann surface of finite
type, where G0,j is a stabilized subgroup of Ωj (j = 1, . . . , n). Since every Ωj is sim-
ply connected, D(G0) is biholomorphically equivalent to the product of Teichmüller
spaces T (X1)× . . .× T (Xn), from a theorem of Kra and Maskit ([16]).
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Now, we consider the Carathéodory distance. Generally, in the product manifold
M = M1 × . . .×Mn of complex manifolds M1, . . . ,Mn, the Carathéodory distance
cM satisfies

cM (a, b) ≥ max
j=1,...,n

{cMj
(aj , bj)}

for a = (a1, . . . , an), b = (b1, . . . , bn) ∈ M . Actually, it is a direct consequence of
the decreasing property of the Carathéodory pseudo distance (cf. [13]). Therefore,
if the Carathéodory distances cMj

are complete, so is the Carathéodory distance
cM and M is H∞-convex.

Applying the above arguments for D(G0) which is biholomorphically equiva-
lent to the product of Teichmüller spaces T (X1), . . . , T (Xn), we conclude that the
Carathéodory distance cD(G0) is complete and we obtain the second statement of
the theorem.

Finally, we show that the last statement of the theorem, that is, D(G0) is not
H∞-convex and the Carathéodory distance is not complete if G0 has a non-simply
connected component.

Suppose that G0 has a non-simply connected component. Then, from Theorem
II we may construct a holomorphic family of G0 over the punctured disk Δ∗ but the
holomorphic family cannot be extended to a holomorphic family of G0 over Δ. In
fact, we construct a holomorphic map F : Δ∗ → D(G0) which cannot be extended
to a holomorphic map on Δ.

Put K = F ({|t| = 1/2}). Then K is a compact subset of D(G0). For every
bounded holomorphic function f onD(G0), f◦F is a bounded holomorphic function
on Δ∗. Therefore, it can be extended to a holomorphic function on Δ. From the
maximum principle, we have

|f ◦ F (t)| ≤ max
|t|=1/2

|f ◦ F (t)|

for all t with 0 < |t| ≤ 1/2. Hence, F ({0 < |t| ≤ 1/2}) is contained in H∞-
convex hull of K. Since F cannot be extended to a holomorphic map on Δ,
F ({0 < |t| ≤ 1/2}) is not a compact subset of D(G0). Therefore, D(G0) is not
H∞-convex and the Carathéodory distance is not complete.

Remark 6.1. As for the complex structure of D(G0), Kra and Maskit [16] showed
that D(G0) is biholomorphically equivalent to a domain in Cn and the domain is
holomorphically convex. We have seen in Theorem III that if every component of
G0 is simply connected, then D(G0) is H∞-convex, which is a stronger property
than the holomorphic convexity. On the other hand, we show that the situation is
completely different when G0 has a non-simply connected component.

7. Proof of Theorem IV

We show that the Teichmüller distance d
D(G0)
T of D(G0) coincides with the

Kobayashi distance as the Teichmüller distance dT of the Teichmüller space. The
proof is done by using the same argument as in Earle-Kra-Krushkal′ ([4]) for
Teichmüller spaces.

Let M(G0) be the space of G0-compatible Beltrami coefficients on Ĉ. For
ρ1, ρ2 ∈ D(G0), we may take an extremal quasiconformal map w1,2 for the
Teichmüller distance. Thus, we have

d
D(g)
T (ρ1, ρ2) = logK(w1,2) = log

1 + ‖μ1,2‖∞
1− ‖μ1,2‖∞

,
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where μ1,2 is the Beltrami coefficient of w1,2. We consider a holomorphic map
Φ : Δ → D(G0) defined by

Φ(t) =

[
t
μ1,2

‖μ1,2‖

]
,

where [μ] (μ ∈ M(G0)) is an element of D(G0) given by a quasiconformal map
whose Beltrami coefficient is μ. Then, from the definition of the Kobayashi distance,
we have

(7.1) d
D(g)
K (ρ1, ρ2) ≤ ρΔ(0, ‖μ‖∞) = d

D(G0)
T (ρ1, ρ2).

For every holomorphic map f : Δ → D(G) with f(0) = ρ1 and f(t0) = ρ2, we
have a holomorphic map g : Δ → M(G0) such that

f = Φ ◦ g.
It is a consequence of Theorem 3.2. Hence, we have

ρΔ(0, t0) ≥ dM(G0)(g(0), g(t0)),

where dM(G0) is the Kobayashi distance of M(G0). On the other hand, it is shown
that it is the same as the Teichmüller distance of M(G0) by using the same ar-
gument as in [4] Proposition 1. Therefore, by taking the infimum of the left-hand
side over all holomorphic maps f , we have the opposite inequality of (7.1). This
completes the proof of the theorem.

Remark 7.1. As we have stated in the previous section, the deformation space
D(G0) is biholomorphically equivalent to a product of Teichmüller spaces if every
component is simply connected. In this case, the coincidence of the two distances
is known. In fact, they are the same distance on product Teichmüller spaces with
an arbitrary index set ([7]). Indeed, the method in the proof of Proposition 7.28 in
[7] also shows that the the infinitesimal Teichmülller metric and the infinitesimal
Kobayashi metric are equal on D(G0), which was suggested by the referee.
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Sup. (4) 16 (1983), no. 2, 193–217. MR732343 (85j:58089)

[19] Albert Marden and Howard Masur, A foliation of Teichmüller space by twist invariant disks,
Math. Scand. 36 (1975), no. 2, 211–228. MR0393584 (52 #14393)

[20] Bernard Maskit, A theorem on planar covering surfaces with applications to 3-manifolds,
Ann. of Math. (2) 81 (1965), 341–355. MR0172252 (30 #2472)

[21] Bernard Maskit, Self-maps on Kleinian groups, Amer. J. Math. 93 (1971), 840–856.
MR0291453 (45 #544)

[22] Katsuhiko Matsuzaki and Masahiko Taniguchi, Hyperbolic manifolds and Kleinian groups,

Oxford Mathematical Monographs, The Clarendon Press, Oxford University Press, New York,
1998. Oxford Science Publications. MR1638795 (99g:30055)

[23] Curtis T. McMullen, Complex earthquakes and Teichmüller theory, J. Amer. Math. Soc. 11
(1998), no. 2, 283–320, DOI 10.1090/S0894-0347-98-00259-8. MR1478844 (98i:32030)

[24] Sudeb Mitra and Hiroshige Shiga, Extensions of holomorphic motions and holomorphic fami-
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