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THE DOLBEAULT DGA OF A FORMAL NEIGHBORHOOD

SHILIN YU

Abstract. Inspired by a work of Kapranov (1999), we define the notion of
a Dolbeault complex of the formal neighborhood of a closed embedding of
complex manifolds. This construction allows us to study coherent sheaves
over the formal neighborhood via a complex analytic approach, as in the case
of usual complex manifolds and their Dolbeault complexes. Moreover, the
Dolbeault complex as a differential graded algebra can be associated with a
dg-category according to Block (2010). We show that this dg-category is a dg-
enhancement of the bounded derived category over the formal neighborhood
under the assumption that the submanifold is compact. This generalizes a
similar result of Block in the case of usual complex manifolds.
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1. Introduction

The goal of this paper is to construct the analogue of the Dolbeault complex
for the formal neighborhood of a closed complex submanifold inside a complex
manifold. The main result below (Theorem 3.16) describes the derived category of
coherent sheaves on a formal neighborhood and its dg-enhancement using the Dol-
beault complex we construct. This is in line with the recent work of Block [Blo10].
Our construction gives a new perspective on a fundamental work of Kapranov on
the formal neighborhood of a diagonal embedding [Kap99].

Recall that the usual Dolbeault complex of a complex manifold X is the data
(A0,•(X), ∂), where A0,•(X) = Γ(X,∧•Ω0,1

X ) is the graded vector space of smooth

(0, •)-forms overX and ∂ is the (0, 1)-component of the de Rham differential. More-
over, (A0,•(X), ∂) is naturally a (graded commutative) differential graded algebra
(dga) with wedge product as the multiplication, which we will call the Dolbeault dga
throughout the paper. The corresponding sheaf of dgas, i.e., the sheaf of smooth
(0, •)-forms with the differential ∂, provides a soft resolution of the sheaf of holo-
morphic functions OX . Thus the Dolbeault dga encodes the holomorphic structure
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of the complex manifold. For example, it is a basic fact that a holomorphic vector
bundle can be thought of as a dg-module over the Dolbeault dga with additional
projectiveness.

Moreover, coherent analytic sheaves can also be realized as certain modules over
the Dolbeault dga. In [Blo10], Block constructs a dg-category PA for any given
dga A = (A•, d), which he calls the perfect category of cohesive modules over A.
In the case of the Dolbeault dga A = (A0,•(X), ∂) of a compact complex manifold
X, he has shown that the homotopy category of PA is equivalent to Db

coh(X), the
bounded derived category of complexes of OX -modules with coherent cohomology
(Theorem 3.10). In other words, PA provides a dg-enhancement of Db

coh(X).
In this paper, we will generalize these results to the case of formal neighborhoods.

Recall that, for a closed embedding of complex manifolds i : X ↪→ Y , the formal
neighborhood Ŷ is the ringed space with X being the underlying topological space
and the structure sheaf of rings

OŶ := lim←−
r

OX/I r+1,

where I is the ideal sheaf of holomorphic functions vanishing on X. We will define
the notion of the Dolbeault dga (A•(Ŷ ), ∂) of Ŷ and prove the following analogue
of Block’s theorem (see Theorem 3.16):

Main Theorem. Suppose X ↪→ Y is a closed embedding of complex manifolds
and X is compact. Let A = (A•(Ŷ ), ∂) be the Dolbeault dga of the formal neighbor-

hood Ŷ . Then the homotopy category HoPA of the dg-category PA is equivalent to
Db

coh(Ŷ ), the bounded derived category of complexes of sheaves of OŶ -modules with
coherent cohomology.

Our definition of Dolbeault dga for formal neighborhoods is inspired by the
work of Kapranov [Kap99], in which he considers the formal neighborhood of the
diagonal embedding Δ : X ↪→ X×X. The Dolbeault dga in this case is isomorphic
to the Dolbeault resolution (A0,•

X (J∞
X ), ∂) of the jet bundle J∞

X of X. Kapranov
shows that this dga is the Chevalley-Eilenberg complex of an L∞-algebra structure,
unique up to homotopy equivanlence, on the shifted tangent bundle TX[−1] (or

more precisely, on the Dolbeault complex (A0,•−1
X (TX), ∂)). In [Yua], [Yub] and

subsequent work, we will generalize this result for an arbitrary embedding i : X ↪→
Y , in which case we will have an L∞-algebra structure on the shifted normal bundle
N [−1]. However, here we discover an interesting phenomenon which is absent in
the special case of a diagonal embedding: N [−1] is not merely an L∞-algebra but
an L∞-algebroid with an ∞-anchor map N [−1] → TX, which is an L∞-morphism

from the L∞-algebra (A0,•−1
X (N), ∂) to the dg-Lie algebra (A0,•

X (TX), ∂) equipped
with the usual Lie bracket of tangent vector fields.

The L∞-structure on N [−1] has various interesting applications. For instance,
it will be shown elsewhere that N [−1] as an L∞-algebra governs the infinitesimal
deformations of the embedding i : X ↪→ Y . The study of such a deformation
problem from the viewpoint of Lie theory has been an active topic recently (e.g.,
[Man07], [FM07], [Ran08]), yet no explict formulae for the underlying Lie structures
have been presented as far as we know.

Moreover, the L∞-algebroid N [−1] has a close relation to the Ext algebra

(1.1) Ext•Y (OX ,OX).
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The key observation is that (1.1) together with its algebra structure only depends
on the infinitesimal behavior of the embedding, i.e., there is a natural isomorphism
of algebras

Ext•Y (OX ,OX) � Ext•
Ŷ
(OX ,OX).

In order to compute the Ext algebra (1.1), we will need to work in Block’s category

and find an explicit cohesive module over (A•(Ŷ ), ∂) which corresponds to OX

as a sheaf of OŶ -modules. This requires a full description of our Dolbeault dga

(A•(Ŷ ), ∂) in terms of the geometry of the embedding, which will be studied in
[Yua] and [Yub]. The Ext algebra (1.1) or its sheafy version can then be regarded as
a universal enveloping algebra of the L∞-algebroid N [−1], whose precise definition
in such generality has yet to be explored. According to this philosophy, it is hence
natural and tempting to ask whether some type of Duflo-Kontsevich isomorphism
exists in this general setting.

It should be mentioned that, during the same time when this work was done,
Calaque, Căldăraru and Tu ([CCT14]) established similar results in the algebraic
setting, focusing on the Lie theoretic side of the story. We are grateful to them for
numerous inspiring discussions.

The paper is organized as follows. In §2.1 we give the definition of the Dolbeault
dga (A•(Ŷ ), ∂) of Ŷ and show that the corresponding sheaf (A •(Ŷ ), ∂) of Dol-
beault dgas provides a soft resolution of OŶ . In the rest of §2, we discuss Dolbeault
resolutions of vector bundles and, more generally, coherent analytic sheaves over
formal neighborhoods. Namely, tensoring any coherent sheaf F on Ŷ with (A •

Ŷ
, ∂)

produces a soft resolution of F as an OŶ -module (Theorem 2.13). However, the
proof is technical and not directly related to other parts of the paper, so we post-
pone it until Appendix A. In §3, we first review the main ingredients of Block’s
dg-category PA of cohesive modules [Blo10] and descent result of PA from [BB]
(Theorem 3.14). Then we prove the analogue of Block’s theorem aforementioned

for the formal neighborhood Ŷ in Theorem 2.13, under the assumption that the
submanifold X is compact.

2. The Dolbeault dga of a formal neighborhood

2.1. Definitions and basic properties. Let Y be a complex manifold and X
a closed complex submanifold of X via the embedding i : X ↪→ Y . We denote
by I ⊂ OY the ideal sheaf of germs of holomorphic functions vanishing over X.
For each r ≥ 0, we can define the r-th formal neighborhood (Ŷ (r),OŶ (r)) with X
as the underlying topological space and OŶ (r) = OY /I r+1 as the structure sheaf.
All these sheaves form an inverse system in an obvious way, and by passing to the
inverse limit we get the (complete) formal neighborhood Ŷ = Ŷ (∞) with structure
sheaf

OŶ = lim←−
r

OŶ (r) = lim←−
r

OX/I r+1.

Later we will also use X(∞)

Y and X (r)

Y instead of Ŷ and Ŷ (r) to emphasize the
submanifolds in question.

Roughly, the sheaf OX/I r+1 records jets of holomorphic functions on Y defined
around X up to r-th order. We adopt the same idea for smooth functions and
differential forms. Denote by (A0,•(Y ), ∂) = (

∧• Ω0,1
Y , ∂) the Dolbeault complex of
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Y , with the differential

∂ : A0,•(Y ) → A0,•+1(Y )

being the (0, 1)-part of the de Rham differential. In fact, it is a differential graded
algebra (dga) with multiplication being the wedge product of differential forms (for
the official definition of a dga, see Definition 3.1). Moreover, it admits a natural
Fréchet algebra structure, with respect to which ∂ is continuous. We call such dga
a Fréchet dga. For each natural number r, we define
(2.1)

a
k
r = a

k
r (X/Y ) :=

{
ω ∈ A0,k(Y )

∣∣∣∣ i∗(LV1
LV2

· · · LVl
ω) = 0, ∀ Vj ∈ C∞(T 1,0Y ),

∀ 0 ≤ l ≤ r, ∀ 1 ≤ j ≤ l,

}

as a subset of each A0,k(Y ), k ∈ N, where T 1,0Y is the (1, 0)-component of the
complexified tangent bundle of Y and LV denotes the usual Lie derivative of forms.

Proposition 2.1. a•r is a dg-ideal of (A0,•(Y ), ∂), i.e., it is a graded ideal invariant
under the action of ∂. Moreover, it is closed under the Fréchet topology.

Before proving the proposition, we need some preliminaries on a dg-version of
the Cartan calculus in our context. First notice that if V is a (1, 0)-vector field and
ω is a differential form of type (0, •) over Y , then the Lie derivative LV ω is still a
(0, •)-form. Moreover, this operation is C∞(Y )-linear with respect to V , i.e.,

(2.2) LgV ω = g · LV ω, ∀ g ∈ C∞(Y ).

Indeed, by Cartan’s formula,

LV ω = ιV dω + dιV ω.

But ιV ω = 0 since we are contracting a (1, 0)-vector field with a (0, •)-form. So we
have

LV ω = ιV dω = ιV (∂ω + ∂ω) = ιV ∂ω,

which is C∞(Y )-linear in V . Thus we can extend the Lie derivative into an operator

L(·)(·) : A0,k(T 1,0Y )×A0,l(Y ) → A0,k+l(Y ), ∀ k, l ≥ 0,

by defining

Lη⊗V ζ = ιη⊗V ∂ζ = η ∧ LV ζ

for any η, ζ ∈ A0,•(Y ) and V ∈ C∞(T 1,0Y ). The discussion above can be packaged
into the following lemma:

Lemma 2.2. There is a homomorphism of dg-Lie algebras

θ : A0,•(T 1,0Y ) → Der•C(A0,•(Y ),A0,•(Y ))

given by

θ(η ⊗ V ) = Lη⊗V ,

which is A0,•(Y )-linear. In particular, we have

(2.3) L∂V ω = ∂(LV ω)− LV (∂ω)

for any (1, 0)-vector field V and (0, •)-form ω over Y .
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Proof of Proposition 2.1. The fact that a•r is an ideal is immediate from the defi-
nition of a•r , so we only need to prove its invariance under ∂. Observe that, due to
the linearity of L (2.2), replacing in the definition (2.1) of a•r those Lie derivatives

LVi
by LVi

for any Vi ∈ A0,•
Y (T 1,0Y ) would not affect the definition of a•r . By (2.3),

the commutator

[∂,LV1
· · · LVl

] =
l∑

i=1

LV1
· · · L∂Vi

· · · LVl

is still a differential operator on A0,•
Y of order ≤ l. Thus if ω ∈ a•r , then

i∗LV1
· · · LVl

∂ω = ∂i∗LV1
· · · LVl

ω −
l∑

i=1

i∗LV1
· · · L∂Vi

· · · LVl
ω = 0,

for any 0 ≤ l ≤ r, which means that ∂ω also lies in a•r . Hence a•r is a dg-ideal. �

Definition 2.3. The Dolbeault dga of the r-th order formal neighborhood of X in
Y (or Dolbeault dga of Ŷ (r)) is the quotient dga

A•(Ŷ (r)) := A0,•(Y )/a•r .

Note that A•(Ŷ (0)) = A0,•(X). Moreover, we have a descending filtration of
A0,•(Y ) by dg-ideals

a
•
0 ⊃ a

•
1 ⊃ a

•
2 ⊃ · · ·

which induces an inverse system of dgas

A0,•(X) = A•(Ŷ (0)) ← A•(Ŷ (1)) ← A•(Ŷ (2)) ← · · · .
We can then define the Dolbeault dga of the complete formal neighborhood of X in
Y (or Dolbeault dga of Ŷ ) as the inverse limit

A•(Ŷ ) = A•(Ŷ (∞)) := lim←−
r

A•(Ŷ (r)).

We endow A•(Ŷ ) with the initial topology which makes it into a Fréchet dga.

Remark 2.4. Since we are in the C∞-situation, the natural map

A0,•(Y )
/ ⋂

r∈N

a•r → A•(Ŷ )

is in fact an isomorphism of dgas. This is a corollary of a result by E. Borel [Bor95],
which essentially states that any formal power series (not necessarily convergent)
is the Taylor expansion of some C∞-function.

Suppose there are two closed embeddings of complex manifolds X ↪→ Y and
X ′ ↪→ Y ′, together with a holomorphic map f : Y → Y ′ which maps X into X ′.
Then it is clear that the pullback morphism f∗ : A0,•(Y ′) → A0,•(Y ) maps the
dg-ideal a•r(X

′/Y ′) into a•r(X/Y ) and therefore induces homomorphisms between
dgas

f∗ : A•(X ′(r)
Y ′ ) → A•(X (r)

Y )

for r ∈ N and r = ∞. Moreover, if X ′′ ↪→ Y ′′ is a third embedding and g : Y ′ → Y ′′

maps X ′ into X ′′, then

f∗ ◦ g∗ = (g ◦ f)∗ : A•(X ′′(r)
Y ′′ ) → A•(X (r)

Y ).
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In other words, for each value of r the association of Dolbeault dgas gives a functor
from the category of closed embeddings of complex manifolds to the category of
(Fréchet) dgas.

There is a sheafy version of the construction above. Denote by A 0,•
Y the sheaf of

dgas of (0, •)-forms on Y with the Dolbeault differential ∂, i.e., for any open subset
U ⊂ Y ,

Γ(U,A 0,•
Y ) = A0,•(U).

The complex of sheaves (A 0,•
Y , ∂) is a soft resolution of OY . Inside A 0,•

Y there is

a subsheaf ã•r = ã•X/Y,r of dg-ideals of A 0,•
Y , whose sections over any open subset

U ⊂ Y are given by

Γ(U, ã•r) = a•r(X ∩ U/U).

ã•r are also soft sheaves, and the space of global sections over Y is just a•r .

Definition 2.5. The sheaf of Dolbeault dgas of Ŷ (r) is defined as the quotient sheaf
of dgas

A •
Ŷ (r) = A 0,•

Y /ã•r

with the differential ∂ inherited from that of A 0,•
Y .

Since the stalks of (ã•r)x of ã•r satisfy (ã•r)x = A 0,•
Y,x for x �∈ X, the sheaf A •

Ŷ (r)
is

in fact supported on X, and so we can think of A •
Ŷ (r)

as a sheaf over X. Then for

any open subset V ⊂ X, we have

Γ(V,A •
Ŷ (r)) = Γ(U,A 0,•

Y )/Γ(U, ã•X/Y,r) = A0,•(U)/a•r(V/U) = A•(V
(r)
U ),

where U is an arbitrary open subset of Y such that U ∩X = V and A•(V
(r)
U ) does

not depend on the choice of U . We have an inverse system of sheaves of dgas,

A 0,•
X = A •

Ŷ (0) ← A •
Ŷ (1) ← A •

Ŷ (2) ← · · · .

Definition 2.6. The sheaf of Dolbeault dgas of Ŷ is defined as

A •
Ŷ
= A •

Ŷ (∞) := lim←−
r

A •
Ŷ (r) .

In particular, the space of global sections of A •
Ŷ (r)

over X is just the Dolbeault

dga A•(Ŷ (r)) we have defined, for r ∈ N and r = ∞.
For r ∈ N, there are natural inclusions of sheaves I r+1 ↪→ ã0r which give a

cochain complex of sheaves

0 → I r+1 → ã
0
r

∂−→ ã
1
r

∂−→ · · · ∂−→ ã
n
r → 0,

which is a subcomplex of

0 → OY → A 0,0
Y

∂−→ A 0,1
Y

∂−→ · · · ∂−→ A 0,n
Y → 0

where n = dimC Y . The quotient complex is

(2.4) 0 → OŶ (r) → A 0
Ŷ (r)

∂−→ A 1
Ŷ (r)

∂−→ · · · ∂−→ A n
Ŷ (r) → 0.

In fact, it is clear from definition (2.1) that akr = A0,k(Y ) for k > m where m =
dimC X, and hence the complex (2.4) actually terminates at degree m. The same
is true for r = ∞.
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Example 2.7. Let Y = Cn+m = Cn × Cm with linear coordinates (z1, . . . , zn+m)
and X = 0×Cm be the linear subspace of Y defined by equations z1 = · · · = zn = 0.
As usual i : X ↪→ Y denotes the embedding. Let

F (r)
n = C[z1, . . . , zn]/(z1, . . . , zn)

r+1.

We have a homomorphism of dgas

(2.5)

Tr : (A0,•(Y ), ∂) → (A0,•(X)⊗C F (r)
n , ∂ ⊗ 1),

ω �→
∑
|α|≤r

1

α!
i∗(∂αω)⊗ zα,

where α = (α1, . . . , αn) are multi-indices of nonnegative integers and ∂α = ∂α1
1 ∂α2

2

· · · ∂αn
n with ∂j = L∂/∂zj and zα = zα1

1 zα2
2 · · · zαn

n . It is clear that Tr is surjective.
Moreover, the kernel of T is exactly a•r . To see this, we observe that in the defini-
tion (2.1) of a•r , the test vector fields Vi can be taken as (1,0)-vector fields in the
transversal direction to X = 0× Cm, and moreover in this paticular case they can
be taken just as constant vector fields ∂/∂zj with 1 ≤ j ≤ n. Thus we have an
isomorphism of dgas

(2.6) T̃r : A•(Ŷ (r))
�−→ A0,•(X)⊗C F (r)

n .

Take inverse limits of the domains and codomains of T̃r and note that T̃r are com-
patible with the two inverse systems. We therefore obtain an isomorphism between
Fréchet dgas,

T̃∞ : A•(Ŷ )
�−→ A0,•(X)�z1, . . . , zn�.

Here A0,•(X)�z1, . . . , zn� is the algebra of a formal power series in the variables
z1, . . . , zn with coefficients in A0,•(X) and is endowed with the initial Fréchet alge-
bra structure induced by the inverse limit. In particular, we see that the Dolbeault
dgas actually have nonzero components only up to degree m = dimC X. In other
words, akr = A0,k(Y ) for k > m.

More explicitly, we write for any form ω ∈ A0,•(Y )

ω =
∑

I⊂{1,...,n+m}
fIdzI =

∑
I⊂{1,...,n}

fIdzI +
∑

I⊂{n+1,...,n+m}
fIdzI ,

where for any set I = {i1 < i2 < · · · < ik} of integers, dzI = dzi1 ∧ · · · ∧ dzik ,
and fI ∈ C∞(Y ). Note that the second term on the right hand side of the equality
already lies in a•r . Then

Tr(ω) =
∑

I⊂{1,...,n}

∑
|α|≤r

1

α!
(∂αfI)|X · dzI ⊗ zα,

where |α| = |(α1, . . . , αn)| =
∑n

i=1 αi and α! = α1!α2! · · ·αn!. A smooth function
f ∈ A0,0(Y ) belongs to a0r if and only if it is of the form

f =
∑

|α|=r+1

zαgα +

n∑
i=1

zihi

for some gα, hi ∈ C∞(Y ). In general, ω ∈ a•r if and only if

ω ≡
∑

I⊂{1,...,n}
fIdzI (mod dzn+1, . . . , dzm),
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where fI ∈ a0r. In other words, for k ≥ 1,

akr =
∑

I⊂{1,...,n}
|I|=k

a0r · dzI +
m∑

i=n+1

dzi ∧A0,k−1(Y ).

Note that all the arguments above work if we substitute Y by any open sub-
set U ⊂ C

n+m and X by the intersection of U with 0 × C
m. So there are also

isomorphisms on the level of sheaves,

A •
Ŷ (r) � A 0,•

X ⊗C F (r)
n

and

A •
Ŷ
� A 0,•

X �z1, . . . , zn�,

where Y = U ⊂ C
n+m and X = U ∩ (0× C

m). Moreover, there is also an isomor-
phism

OŶ (r)

�−→ OX ⊗C F (r)
n

defined in exactly the same way as that of T̃r, which fits into an isomorphism
between two complexes of sheaves,

(2.7) 0 → OŶ (r) → A 0
Ŷ (r)

∂−→ A 1
Ŷ (r)

∂−→ · · · ∂−→ A m
Ŷ (r) → 0

and

0 → OX ⊗F (r)
n → A 0,0

X ⊗F (r)
n

∂⊗1−−−→ A 0,1
X ⊗F (r)

n
∂⊗1−−−→ · · · ∂⊗1−−−→ A 0,m

X ⊗F (r)
n → 0.

The latter is exact by the Dolbeault-Grothendieck Lemma; thus we also have exact-
ness of the first complex. Since exactness is a local property, we have the following
proposition.

Proposition 2.8. For any closed embedding i : X ↪→ Y of complex manifolds, the
complex of sheaves (A •

Ŷ (r)
, ∂) is a soft resolution of OŶ (r) over X, where r ∈ N or

r = ∞.

Proof. The case when r is finite was already taken care of by Example 2.7. For
r = ∞, it suffices to show that, for any local chart U of Y and V = U ∩X such that
the pair (V, U) is biholomorphic to a pair of polydiscs (D′, D) where D ⊂ Cd+m

and D′ = D ∩ (0× Cm), the complex of sections of (2.7) over V ,

0 → Γ(V,OŶ ) → Γ(V,A 0
Ŷ
)

∂−→ Γ(V,A 1
Ŷ
)

∂−→ · · · ∂−→ Γ(V,A m
Ŷ
) → 0,

is exact, or equivalently, the sequence

(2.8) 0 → Γ(D′,O
D′(∞)

D

) → A0(D′(∞)

D )
∂−→ A1(D′(∞)

D )
∂−→ · · · ∂−→ Am(D′(∞)

D ) → 0

is exact. Note that for any nonnegative integer s, the sequence

(2.9) 0 → Γ(D′,O
D

′(s)
D

) → A0(D
′(s)
D )

∂−→ A1(D
′(s)
D )

∂−→ · · · ∂−→ Am(D
′(s)
D ) → 0

is isomorphic to

0 → Γ(D′,OD′)⊗F (s)
n → A0,0(D′)⊗F (s)

n
∂⊗1−−−→ · · · ∂⊗1−−−→ A0,m(D′)⊗F (s)

n → 0

by Example 2.7. The latter is exact by a stronger version of the Dolbeault-
Grothendieck Lemma (see, e.g., p. 25, [GH78]) or Cartan’s Theorem B, hence so
is (2.9). Let s vary and we obtain an inverse system of exact sequences. Since
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all the connecting homomorphisms are surjective, the inverse system satisfies the
Mittag-Leffler condition and hence its inverse limit (2.8) is exact. The softness of

A•
Ŷ

follows from Remark 2.4 and the softness of A 0,•
Y . �

Corollary 2.9. For any nonnegative integer r, the sheaf of dg-ideals (ã•r , ∂) over
Y is a soft resolution of I r+1.

From now on, we will often write A(X) = A0,0(X) and A(Ŷ (r)) = A0(Ŷ (r)) as
abbreviations. The same applies for the corresponding sheaves of dgas.

2.2. Dolbeault resolutions of coherent sheaves. In this section, we develop
analogues of Dolbeault resolutions for coherent analytic sheaves over formal neigh-
borhoods of all orders. Our argument relies on the following fundamental result
due to Malgrange [Mal67].

Theorem 2.10. The ring of germs of complex differentiable functions at a point of
a complex manifold is faithfully flat over the ring of germs of holomorphic functions
at the same point. In our notation, this means that the stalk AX,x is faithfully flat
over OX,x for any point x of a complex manifold X.

We first state and prove the analogues for formal neighborhoods of finite orders,
whose proofs are straightforward.

Proposition 2.11. For any Ŷ (r) with finite r and any point x ∈ X, the stalks
A k

Ŷ (r),x
are faithfully flat OŶ (r),x-modules for all k ≥ 0.

Proof. It is immediate from Example 2.7 that we have an isomorphism of dgas

A •
Ŷ (r),x

� A 0,•
X,x ⊗C F (r)

n

together with an isomorphism

OŶ (r),x � OX,x ⊗C F (r)
n

which are compatible with the canonical inclusion OŶ (r),x ↪→ AŶ (r),x. Here F (r)
n =

C[z1, . . . , zn]/(z1, . . . , zn)
r+1, where n is the codimension of X. The faithful flatness

of AX,x over OX,x immediately implies the faithful flatness of AŶ (r),x over OŶ (r),x,
since

AŶ (r),x � AX,x ⊗C F (r)
n = AX,x ⊗OX,x

(OX,x ⊗C F (r)
n ) � AX,x ⊗OX,x

OŶ (r),x.

The case of A k
Ŷ (r),x

when k > 0 follows from the fact that A k
Ŷ (r),x

is free over

A 0
Ŷ (r),x

. �

Proposition 2.12. Suppose F is any sheaf of OŶ (r)-modules. Then tensoring it

with (A •
Ŷ (r)

, ∂) gives an exact sequence of OŶ (r)-modules,

0 → F → F ⊗O
Ŷ (r)

A 0
Ŷ (r) → F ⊗O

Ŷ (r)
A 1

Ŷ (r) → · · · → F ⊗O
Ŷ (r)

A m
Ŷ (r) → 0,

where m = dimX.

Proof. This is immediate by the exactness of the complex of stalks OŶ (r),x ↪→
(A •

Ŷ (r),x
, ∂) (Proposition 2.8) and the flatness of A •

Ŷ (r),x
over OŶ (r),x. �
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We now state analogues of the results above for the complete formal neighbor-
hood. The crucial difference here is that we can only obtain exactness of the functor
– ⊗OŶ

A •
Ŷ

for coherent OŶ -modules, which nevertheless is enough for our applica-

tions. Also the proofs are much more involved than in the case of finite order. To
prevent the reader from distraction, we put the proofs in Appendix A (see Theorem
A.21 and Theorem A.23).

Theorem 2.13. Let F be a coherent OŶ -module. Then F is quasi-isomorphic to

the complex F ⊗OŶ
A •

Ŷ
with the differential 1 ⊗ ∂. Moreover, F �→ F ⊗OŶ

A •
Ŷ

gives an exact functor from the abelian category Coh(Ŷ ) of coherent sheaves over

Ŷ to the abelian category of sheaves of dg-modules over (A •
Ŷ
, ∂).

In other words, every coherent analytic sheaf F over Ŷ can be resolved by a
soft sheaf F ⊗OŶ

A •
Ŷ

of dg-A •
Ŷ
-modules. On the other hand, any soft sheaf is

characterized by its global sections. Therefore we can characterize F by the dg-
A•(Ŷ )-module (Γ(X,F ⊗OŶ

A •
Ŷ
), 1⊗∂), which together with its sheafy version we

call the Dolbeault resolution of F ∈ Coh(Ŷ ).

2.3. Holomorphic vector bundles over a formal neighborhood. In this sec-
tion we study holomorphic vector bundles over the formal neighborhood Ŷ . It was
shown by Koszul and Malgrange [KM58] that a holomorphic vector bundle E over
a usual complex manifold X is the same as a C∞-vector bundle E∞ with a flat
∂-connection, i.e., an operator

∂E : Γ(X, E∞) → A0,1(X)⊗A(X) Γ(X, E∞)

such that ∂E (fs) = ∂(f)s + f∂E (s) for f ∈ A(X), s ∈ Γ(X, E∞) and satisfying
the flatness condition ∂E ◦ ∂E = 0. Here Γ(X, E∞) denotes the global C∞-sections
of the vector bundle. If E is understood as a locally free sheaf of OX -modules of
finite type, then we have E∞ = AX ⊗OX

E and ∂E = ∂ ⊗ 1. The flatness condition
of ∂E can be shown to be equivalent to the integrability of ∂E , i.e., for any point
x ∈ X there exists a neighborhood U of x over which there is a trivialization

τ : E∞|U �−→ (AX)d, d = rank E∞, such that τ ∂E τ
−1 coincides with the product

∂-connection on vector-valued functions. See, for instance, Theorem 2.1.53, Section
2.1.5, p. 45 of [DK90].

We now generalize this result to the case of the formal neighborhood Ŷ . By a
holomorphic vector bundle E over Ŷ , we mean a locally free OŶ -module of finite
type. Set E∞ = AŶ ⊗OŶ

E , which is regarded as the sheaf of “C∞-sections” of E
or the underlying “C∞-vector bundle” of E , while AŶ is considered as the sheaf of

“smooth functions” over Ŷ . By Theorem A.23, we have a flat ∂-connection

∂E : E∞ → A 1
Ŷ
⊗AŶ

E∞

satisfying ∂E ◦ ∂E = 0 such that its kernel is isomorphic to E as an OŶ -module.
E∞ is a locally free AŶ -module of finite type.

We want to prove the inverse, that is, for any flat connection ∂E : E∞ → A 1
Ŷ
⊗AŶ

E∞ of a locally free AŶ -module E∞ of finite type, its flat sections form a subsheaf of
E∞ which is locally free over OŶ and of finite type, and therefore gives a holomorphic

vector bundle. It is enough to show that ∂E is integrable as defined similarly in
the usual case; i.e., for any point x ∈ X there exists a neighborhood U of x over
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which there is a trivialization τ : E∞|U �−→ (AŶ )
d, which is an isomorphism of

AŶ -modules, such that τ ∂E τ
−1 = ∂.

Theorem 2.14. A ∂-connection ∂E on a locally free AŶ -module E∞ of finite rank

is integrable if and only if ∂E is flat, i.e., ∂E ◦ ∂E = 0.

Proof. The definition of integrability automatically implies flatness of the connec-
tion. Thus we only need to show that every flat connection is integrable. We follow
the argument in Section 2.2.2, p. 50, [DK90] with appropriate adjustments. Since
the problem is local, by Example 2.7 we can assume that the submanifold X is a
polydisc D = {|wi| < 1} ⊂ Cm over which

OŶ = OX�z1, . . . , zn�, A •
Ŷ
= A •

X�z1, . . . , zn�,

and a trivialization of E∞ is fixed, so that the connection ∂E is in the form ∂ + α
for a matrix α of formal (0, 1)-forms valued in formal power series over D, i.e.,

α ∈ M(d,A1(D)�z1, . . . , zn�),

where d = rankE∞. The flatness condition now reads as

(2.10) ∂α+ α ∧ α = 0.

We want to show that there is a smaller polydisc Dr = {|wi| < r} and a gauge
transformation

g ∈ GL(d,A(Dr)�z1, . . . , zn�)

such that

(2.11) g(∂ + α)g−1 = ∂ or ∂g = gα.

We first begin with the special case when the complex dimension of X is one. Then
the flatness condition is automatically satisfied. We have a single coordinate on X
which we denote as w, and we write α = ρdw. So ρ is a formal power series in
z1, . . . , zn with coefficients being a smooth function over D valued in d×d complex
matrices. We want to solve the equation

(2.12)
∂g

∂w
− gρ = 0

with g invertible, and any solution in any open neighborhood of the origin would
fulfill our goal. We have decompositions

ρ(w) =
∑
|I|≥0

ρI(w)zI = ρ0(w) +

n∑
i=1

ρi(w)zi +
∑

1≤i≤j≤n

ρij(w)zizj + · · ·

and

g(w) =
∑
|J|≥0

gJ (w)zJ = g0(w) +

n∑
i=1

gi(w)zi +
∑

1≤i≤j≤n

gij(w)zizj + · · · ,

where I, J are multi-indices and the coefficients ρI , gI are smooth functions over
D with values in M(d,C). Note that g is invertible if and only if g0 is invertible
as a matrix-valued function. Therefore solving equation (2.12) amounts to solving
countably many differential equations

(2.13)
∂gI
∂w

= gIρ0 +
∑

I=J+K
|K|>0

gJρK .
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We will solve these equations by induction on the sum |I| of the multi-indices I.
We first deal with the case when |I| = 0, i.e., the equation

(2.14)
∂g0
∂w

= g0ρ0

where g0 is required to be invertible. In fact, finding such solutions is equivalent
to proving the integrability theorem for the pullback vector bundle î∗E∞ where
î : X ↪→ Ŷ is the embedding of X into the formal neighborhood Ŷ . This situation
has already been taken care of by the classical version of the theorem. We sketch
the proof from §2.2.2 of [DK90]. By rescaling and multiplying by a cut-off function,
we can assume that the matrix function ρ0 is defined over the entire C, is smooth
and is supported in the unit ball. We can do this since we are only looking for local
solutions. Moreover, we can suppose that

N = sup |ρ0(w)| = ‖ρ0‖∞
is as small as we want. If we write g0 = 1 + f , then the equation (2.14) becomes

(2.15)
∂f

∂w
= (1 + f)ρ0.

Define the operator L by

(2.16) (Lθ)(w) = − 1

π

∫∫
C

θ(ξ)

ξ − w
dμξ =

1

2πi

∫∫
C

θ(ξ)

ξ − w
dξ ∧ dξ,

where θ is any compactly supported matrix-valued function on C and μξ is the
Lebesgue measure on C. Then if f is a solution to the integral equation

(2.17) f = L(ρ0 + fρ0),

it will also satisfy the differential equation (2.15). The regularity of the elliptic
operator ∂ guarantees that any bounded solution f of the integral equation is
smooth, thus we change the problem to solving the integral equation (2.17) in the
Banach space L∞(C) consisting of bounded matrix-valued functions. By elementary
estimation, we have

(2.18) ‖L(h · ρ0)‖∞ ≤ N‖h‖∞, ∀ h ∈ L∞(C).

Thus, when N < 1, the map T0 : L∞(C) → L∞(C) defined by T0(φ) = L(ρ0+φρ0)
is a contraction map. Thus T0 has a unique fixed point f , which yields a solution to
equation (2.15). The norm of f is bounded by

∑
i≥0 N

i‖L(ρ0)‖∞, and so g0 = 1+f
can be made invertible if we choose N small enough.

Now suppose gI are solutions to those equations in (2.13) on some disc about
0, with multi-indices I such that |I| ≤ k. We then want to solve for any given
multi-indices I with |I| = k + 1 the equation

(2.19)
∂gI
∂w

= gIρ0 +
∑

I=J+K
1≤|J|<|I|

gJρK .

As before, we define TI : L∞ → L∞ by TI(φ) = L(φρ0 + A), where A is the
summation on the right hand side of equation (2.19). Note that A is determined
by solutions with lower multi-indices obtained in previous steps. Moreover, the
contraction ratio of TI is independent of A and only depends on ρ0 in the same
way as in (2.18), thus still bounded by the same N . We then apply the contraction
mapping principle again to get the solution. The key observation is that we do not
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need to shrink the disc at each step and that all solutions gI live on a common disc
with radius determined by the constant N fixed at the very beginning. Of course,
the upper bounds of the solutions gI cannot be controlled since they depend on
solutions from previous steps, but we do not care about the invertibility of gI except
for g0. So the proof of the one-dimensional case is completed. A higher-dimensional
case can be proved by exactly the same induction argument as in [DK90]. We leave
the details to the reader. �

3. DG-categories and cohesive modules

3.1. DGAs and dg-categories. Throughout this section, we use k to denote a
fixed field of characteristic 0. For the purpose of the paper, the reader can always
take k = C. We recall the definitions from [Blo10]:

Definition 3.1. A differential graded algebra (dg-algebra or dga) is a pair

A = (A•, d)

where A• is a (nonnegatively) graded algebra over k, with a derivation

d : A• → A•+1

which satisfies d2 = 0 and the graded Leibniz rule

d(a · b) = d(a) · b+ (−1)|a|a · d(b).

Usually we write A for A0, the degree zero part of A•, which can be considered as
the “function algebra” of A.

Remark 3.2. Almost all the constructions of this section are also available for the
more general notion of curved dgas. See [Blo10] for details. We will only need to
study the case of (uncurved) dgas.

Recall the definition of dg-categories ([Kel94], [Kel06], [Blo10]):

Definition 3.3. A differential graded category (dg-category) over k is a category
whose morphisms are Z-graded complexes (over k) with differentials of degree +1.
That is, for any two objects x and y in a dg-category C, the hom set C(x, y) forms
a Z-graded complex of k-vector spaces, which we write as (C(x, y), d). In addition,
the composition map for x, y, z ∈ Ob C,

C(x, y)⊗k C(y, z) → C(x, z),

is a morphism of complexes.

Definition 3.4. Given a dg-category C, one can form the homotopy category Ho C
of C which has the same objects as C, and the morphism set between two objects
x and y is the 0-th cohomology of C(x, y),

Ho C(x, y) := H0(C(x, y)).

A degree zero closed morphism between objects x and y in a dg-category C is said
to be a homotopy equivalence if it gives an isomorphism in the homotopy category.
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3.2. The dg-category PA of a dga.

3.2.1. The perfect category PA.

Definition 3.5 ([Blo10]). For a dga A = (A•, d), the associated perfect category
PA is a dg-category defined as follows:

(1) An object E = (E•,E) in PA is called a cohesive module over A, which
consists of two pieces of data: E• is a bounded Z-graded right module E•

over A which is finitely generated and projective, and there is a k-linear
Z-connection

E : E• ⊗A A• → E• ⊗A A•

which is of total degree one and satisfies the Leibniz condition

E(e · ω) = E(e⊗ 1)ω + (−1)|e|e · dω

and the integrability condition

E ◦ E = 0.

Note that such a connection is determined by its value on E•. Thus we can
write E = E0 + E1 + E2 + · · · , where Ek : E• → E•−k+1 ⊗A Ak is the k-th
component of E. Then E1 satisfies the Leibniz rule on each En while Ek is
A-linear for k �= 1.

(2) The morphism set P•
A(E1, E2) between two cohesive modules E1 = (E•

1 ,E1)
and E2 = (E•

2 ,E2) is a complex of which the k-th component Pk
A(E1, E2)

is defined to be

{φ : E•
1 ⊗A A• → E•

2 ⊗A A•| deg φ = k and φ(e · a) = φ(e)a, ∀a ∈ A•}.

The differential d : P•
A(E1, E2) → P•+1

A (E1, E2) is defined by

d(φ)(e) = E2(φ(e))− (−1)|φ|φ(E1(e)).

Similarly, a morphism φ ∈ Pk
A(E1, E2) is determined by its restriction to

E•
1 , and we denote the components of φ by

φj : E•
1 → E•+k−j

2 ⊗A Aj ,

which are all A-linear. The composition map

Pi
A(E2, E3)⊗k Pj

A(E1, E2) → Pi+j
A (E1, E3)

is defined just by componentwise compositions of φ’s.

Proposition 3.6 ([Blo10]). For a dga A = (A•, d), the category PA is a dg-
category.

Remark 3.7. In the case when A = (A0,•(X), ∂) is the Dolbeault dga of a complex
manifold X, a cohesive module (E•,E) ∈ PA can be thought of as a complex
of smooth vector bundles (E•,E0) with a “twisted holomorphic structure”. If the
components Ek vanish for all k ≥ 2, what we get is simply a complex of holomorphic
vector bundles with flat ∂-connections up to signs (since we have right modules
here).
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3.2.2. The triangulated structure. We define a shift functor on the category PA.
For E = (E•,E) set E[1] = (E[1]•,E[1]) where E[1]• = E•+1 and E[1] = −E. Then
E[1] ∈ PA. For E,F ∈ PA and φ ∈ P0

A(E,F ) a closed morphism of degree 0, define
the cone of φ, Cone(φ) = (Cone(φ)•,Cφ), by

Cone(φ)• =

⎛
⎝ F •

⊕
E[1]•

⎞
⎠

and

Cφ =

(
F φ
0 E[1]

)
.

We then have a triangle of degree 0 closed morphisms

(3.1) E
φ−→ F → Cone(φ) → E[1].

Proposition 3.8 (Prop. 2.7, [Blo10]). Let A be a dga. The dg-category PA is
pretriangulated in the sense of Bondal and Kapranov, [BK91]. In particular, the
homotopy category HoPA is triangulated and its triangulated structure is given by
distinguished triangles which are isomorphic to those of the form (3.1).

3.2.3. Homotopy equivalences. As defined in the case of general dg-categories, a
closed morphism φ of degree 0 between cohesive modules Ei = (E•

i ,Ei), i = 1, 2,
over A is a homotopy equivalence if it induces an isomorphism in HoPA. We have
the following simple criterion for φ to be a homotpy equivalence:

Proposition 3.9 (Prop. 2.9, [Blo10]). Let φ ∈ P0
A(E1, E2) be a closed morphism

of degree zero. Then φ is a homotopy equivalence if and only if φ0 : (E•
1 ,E

0
1) →

(E•
2 ,E

0
2) is a quasi-isomorphism of complexes of A-modules.

3.3. The case of complex manifolds. Let X be a smooth compact complex
manifold with the structure sheaf OX of holomorphic functions on X. Analogous
to the study of algebraic geometry, we want to consider the derived category of
OX-modules. However, here is a subtlety about the definition of derived category
in the world of analytical geometry. Of course, one can define as usual the bounded
derived category Db(CohX) of complexes of coherent sheaves of OX -modules. On
the other hand, there is the bounded derived category Db

coh(X) of complexes of
sheaves of OX-modules with coherent cohomology. In the case of a noetherian
scheme, there two categories are equivalent. For a complex analytic space it is not
known if they are equivalent or not. For our purpose, the category Db

coh(X) is more
flexible to work with, thus we will only use this version of derived category from
now on.

Let A = (A0,•(X), ∂) be the Dolbeault dga of X. The following theorem of
Block (Theorem 4.3, [Blo10]) states that the perfect category PA associated to the
Dolbeault dga provides a dg-enhancement of the derived category Db

coh(X).

Theorem 3.10. Let X be a compact complex manifold and A = (A0,•(X), ∂)
its Dolbeault dga. Then the homotopy category HoPA of the dg-category PA is
equivalent to Db

coh(X), the bounded derived category of complexes of sheaves of
OX-modules with coherent cohomology.
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We will postpone the proof to §3.5, where we shall prove a similar result for
the Dolbeault dga of a formal neighborhood, which covers the present theorem
as a special case. The strategy of the proof is almost the same as that in §4,
[Blo10], except for the subtlety that the proof in [Blo10] makes use of the fact that
the sheaf of Dolbeault dga on a usual complex manifold is flat over the sheaf of
holomorphic functions (Theorem 2.10), while such a conclusion in the case of a
formal neighborhood is not known to us and more sophisticated results from §2.2
are needed.

3.4. Descent of PA. We briefly recall the main results in [BB] concerning the
gluing of dg-categories of the form PA.

3.4.1. Inverse image functor. We define the inverse image functor between cate-
gories of the form PA. Given two dgas Ai = (A•

i , di), i = 1, 2, and a homomorphism
f : A•

1 → A•
2, we define a dg functor

f∗ : PA1
→ PA2

as follows. Given E = (E•,E) a cohesive module over A1, set f∗(E) to be the
cohesive module over A2,

(E• ⊗A1
A2,E2),

where the connection E2 is defined by

E2(e⊗ b) = E(e)b+ (−1)|e|e⊗ d2b

for e ∈ E• and b ∈ A2. Then E2 is still a Z-connection and satisfies (E2)
2 = 0.

Given E = (E•,E) and F = (F •,F) in PA1
and a morphism φ ∈ P•

A1
(E,F ), the

morphism f∗φ ∈ P•
A1

(f∗E, f∗F ) is determined by the composition of maps

E• φ−−→ F • ⊗A1
A•

1
1⊗f−−−→ F • ⊗A1

A•
2.

The functor defined above takes objects in PA1
to objects in PA2

. Given two
homomorphisms f : A1 → A2 and g : A2 → A3, there are natural equivalences
(g ◦ f)∗ =⇒ g∗ ◦ f∗ which satisfy the obvious coherence relation.

Remark 3.11. An analogue of the direct image functor is in general not defined for
PA but for larger dg-categories. For details and more general construction of func-
tors between perfect categories and their cousins (such as quasi-perfect categories),
we refer the reader to [Blo10] and [BB]. We will not need them explicitly in the
statements of the results below from [BB].

3.4.2. Homotopy fiber products of dg-categories. We recall the notion of homotopy
fiber products of dg-categories from §4, [BB]. Let B, C and D be dg-categories,
together with dg-functors L : C → D and G : B → D. We then have the homotopy
cartesian square of dg-categories

B ×h
D C

pB ��

pC

��

B

G

��

C
L �� D.
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The homotopy fiber product B ×h
D C is a dg-category whose objects are triples

(M,N, φ), where M ∈ B, N ∈ C and φ ∈ D0(G(M), L(N)), such that φ is closed
and becomes invertible in HoD, i.e., a homotopy equivalence between G(M) and
L(N). The morphisms are given by the complex

(B ×h
D C)•((M1, N1, φ1), (M2, N2, φ2))

:= B•(M1,M2)⊕ C•(N1, N2)⊕D•−1(G(M1), L(N2))

with the differential given by

d(μ, ν, γ) = (dμ, dν, dγ + φ2G(μ)− (−1)iL(ν)φ1),

where i = degμ = deg ν. The composition

(B ×h
D C)•((M2, N2, φ2), (M3, N3, φ3))⊗ (B ×h

D C)•((M1, N1, φ1), (M2, N2, φ2))

→ (B ×h
D C)•((M1, N1, φ1), (M3, N3, φ3))

is given by

(μ′, ν′, γ′) ◦ (μ, ν, γ) = (μ′μ, ν′ν, γ′G(μ) + L(ν′)γ).

Lemma 3.12 (Lemma 4.1, [BB]). A closed morphism

(μ, ν, γ) ∈ (B ×h
D C)0((M1, N1, φ1), (M2, N2, φ2))

is a homotopy equivalence if and only if μ and ν are homotopy equivalences in B
and C respectively.

3.4.3. Descent. Let A = (A•, dA), B = (B•, dB), C = (C•, dC), and D = (D•, dD)
be dgas with homomorphisms of dgas forming a commutative diagram

A
f

��

k
��

B

g

��

C
l �� D.

We will be interested in the homotopy fiber product of dg-categories PB ×h
PD

PC

corresponding to the diagram

PB

g∗

��

PC
l∗ �� PD.

There is a dg-functor

(3.2) R : PA → PB ×h
PD

PC

defined by

(3.3) R(S) = (f∗S, k∗S, κ),

where κ is the canonical isomorphism g∗f∗S → l∗k∗S. R is called the restriction
functor.

Before stating the main theorem (Theorem 3.14), we state the assumptions re-
quired by the theorem.
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Assumption 3.13. (1) the degree 0 components f0, g0, k0, l0 form a fiber
product:

A0 � B0 ×D0 C0;

(2) l0 : C0 → D0 is surjective;
(3) A• is flat over A0;
(4) the natural maps induced by f , g, k, l induce isomorphisms

B0 ⊗A0 A• → B•, C0 ⊗A0 A• → C•, D0 ⊗B0 B• → D•, D0 ⊗C0 C• → D•.

Theorem 3.14 (Theorem 6.7, [BB]). Let A, B, C, D be dgas with homomorphisms
as in diagram (3.4.3) satisfying Assumption 3.13. Then the restriction functor R
is a dg-quasi-equivalence between the dg-categories PA and PB ×h

PD
PC .

3.4.4. The case of formal neighborhoods. Here we apply Theorem 3.14 to the Dol-
beault dgas of formal neighborhoods as defined in §2. Let Y be a complex manifold
and X ⊂ Y be a closed complex submanifold of Y . We have the Dolbeault dga
A = (A•(Ŷ ), ∂) and its sheafy version A •

Ŷ
as a sheaf of dgas over X. For any closed

subset Z ⊆ X, we define the dga A(Z) = (A•(Z), ∂) by

A•(Z) = lim−→
V

Γ(V,A •
Ŷ
) = Γ(Z,A •

Ŷ
|Z),

where the direct limit is taken over all open subsets V of X containing Z and A •
Ŷ
|Z

is the inverse image sheaf over Z

A •
Ŷ
|Z = i−1

Z A •
Ŷ
,

where iZ : Z ↪→ X is the inclusion. For an inclusion of closed subsets Z1 ⊆ Z2,
there is a natural homomorphism of dgas A(Z2) → A(Z1). The corresponding
inverse image functor PA(Z2) → PA(Z1) as constructed in §3.4.1 will be denoted by
E �→ E|Z1

.

Theorem 3.15. Let Y be a complex manifold and X be a closed complex sub-
manifold of Y . Suppose Z1 and Z2 are two closed subsets of X. Then the natural
restriction functor

PA(Z1∪Z2) → PA(Z1) ×h
PA(Z1∩Z2)

PA(Z2)

is a dg-quasi-equivalence.

Proof. We need to check that Assumption 3.13 is satisfied. The proof follows from
the softness of A •

Ŷ
and the same argument in the proof of Theorem 7.4, (a), [BB].

�
3.5. Cohesive modules over a formal neighborhood. We will prove in this
section that the category PA associated to the Dolbeault dga A = (A•(Ŷ ), ∂) of a

formal neighborhood is a dg-enhancement of the derived category Db
coh(Ŷ ), under

the assumption that the submanifold X is compact.
Let X be a compact complex submanifold of a complex manifold Y . Recall that

we have constructed the Dolbeault dga A = (A•(Ŷ ), ∂) of the formal neighborhood

Ŷ of X inside Y . We also have the bounded derived category Db
coh(Ŷ ) of com-

plexes of sheaves of OŶ -modules with coherent cohomology. Since we are in the

smooth situation, Db
coh(Ŷ ) is equivalent to the derived category Dperf (Ŷ ) of perfect

complexes of OŶ -modules. We will prove in this section the following analogue of

Theorem 3.10 for Ŷ .
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Theorem 3.16. Suppose X ↪→ Y is a closed embedding of complex manifolds and
X is compact. Let A = (A•(Ŷ ), ∂) be the Dolbeault dga of the formal neighbor-

hood Ŷ . Then the homotopy category HoPA of the dg-category PA is equivalent to
Db

coh(Ŷ ), the bounded derived category of complexes of sheaves of OŶ -modules with
coherent cohomology.

The proof is broken up into several steps. First we construct a functor

α : HoPA → Db
coh(Ŷ )

as follows. Recall that A •
Ŷ

is the soft sheaf of Dolbeault dgas such that its global

sections are Γ(X,A •
Ŷ
) = A•(Ŷ ). Then a module M over A(Ŷ ) naturally localizes

to a sheaf M of a A (Ŷ )-module over X, such that the sections over an open subset
U are

M (U) = M ⊗A(Ŷ ) AŶ (U).

For an object E = (E•,E) of PA, define the sheaves E p,q by

E p,q(U) = Ep ⊗A(Ŷ ) AŶ (U).

We define a complex of sheaves by (E •,E) = (
∑

p+q=• E p,q,E). This a complex of

soft sheaves of OŶ -modules, since E is a ∂-connection.

Lemma 3.17. The complex (E •,E) defined above has coherent cohomology. More-
over,

E = (E•,E) �→ α(E) = (E •,E)

defines a fully faithful functor α : HoPA → Db
coh(Ŷ ).

Proof. The proof is exactly the same as that of Lemma 4.5, [Blo10]. The main
ingredient of the proof is to show that, for any point x ∈ X, there exits a polydisc

U containing x and a gauge transformation g : E •|V �−→ E •|V of degree zero such
that g ◦ E ◦ g−1 = F0 + ∂. In other words, we want to show that E •|V is gauge
equivalent to the Dolbeault resolution of a complex of holomorphic vector bundles
and hence quasi-isomorphic to a complex of locally free OŶ -modules as discussed in
§2.3, which therefore has coherent cohomology. The proof of the existence of such
gauge transformations for general E = (E•,E) is essentially the same as for the case
of a single vector bundle as established by Theorem 2.14, following the inductive
argument used in [Blo10]. The details are left to the reader. The assertion that α
is fully faithful follows from the fact that A •

Ŷ
is soft and from the definition of the

derived functor Ext. �

Remark 3.18. Note that Lemma 3.17 does not require the compactness of the
submanifold X.

The following proposition establishes the essential surjectivity of the funcor α
and hence completes the proof of Theorem 3.16.

Proposition 3.19. With the notation above and the assumption that X is com-
pact, to any complex of sheaves of OŶ -modules (M •, d) on X with coherent coho-
mology there corresponds a cohesive module E = (E•,E) over the Dolbeault dga

A = (A•(Ŷ ), ∂), unique up to quasi-isomorphism in PA, such that α(E) is isomor-

phic to (M •, dM ) in Db
coh(Ŷ ). In other words, the functor α : HoPA → Db

coh(Ŷ )
is essentially surjective.
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This is an analogue to Lemma 4.6, [Blo10]. However, the proof of our version
is more complicated, since the original proof in [Blo10] relies on the flatness of

the sheaf of Dolbeault dgas A 0,•
X over OX of a complex manifold (Theorem 2.10).

However, we do not have the flatness of AŶ over OŶ as mentioned in §2.2. Moreover,

even given the exactness of the functor – ⊗OŶ
A •

Ŷ
on Coh(Ŷ ) (Theorem 2.13),

we cannot directly tensor a given complex M • ∈ Db
coh(Ŷ ) with A •

Ŷ
, since the

components of a complex M • are not necessarily coherent OŶ -modules on the nose
and we do not know if every M • is quasi-isomorphic to a complex of coherent
OŶ -modules in the analytic setting (see the discussion at the beginning of §3.3).

To circumvent these issues, we notice that one can always find for M • quasi-
isomorphic complexes of sheaves of free OŶ -modules locally (say, over Stein sub-
sets). By tensoring them with the Dolbeault dga, we obtain cohesive modules de-
fined locally and then glue them together to get a cohesive module globally defined
using the descent results from §3.3.

The precise argument goes as follows. For any closed subset Z ⊆ X, we define the
dg-category Cpe(Z) whose objects are perfect complexes of sheaves of OŶ |Z-modules
over Z with morphisms being OŶ |Z-linear maps between complexes. Here OŶ |Z =

i−1
Z OŶ , with iZ : Z ↪→ X being the inclusion. Then we have natural restriction
functors Cpe(Z1) → Cpe(Z2) for Z2 ⊆ Z1. Moreover, adopting the notation from
§3.4.4, there is a natural functor αZ : PA(Z) → Cpe(Z) defined for any closed subset
Z by the same localizing procedure as above, such that the diagram of dg-functors

PA(Z1)
��

αZ1

��

PA(Z2)

αZ2

��

Cpe(Z1) �� Cpe(Z2)

commutes (up to natural equivalence) for any Z2 ⊆ Z1. Note that αZ sends ho-
motopy equivalences in PA(Z) to quasi-isomorphisms of complexes of sheaves in
Cpe(Z).

Given two closed subsets Z1, Z2 ⊆ X, denote the natural inclusions of closed sets
by

Z1 ∪ Z2 Z1
i1��

Z2

i2

��

Z1 ∩ Z2.

j1

��

j2��

Then we can define the restriction functor

Cpe(Z1 ∪ Z2)
R−−→ Cpe(Z1)×h

Cpe(Z1∩Z2)
Cpe(Z2)

by formula similar to (3.3):

R(F •) = (i−1
1 F •, i−1

2 F •, κ) = (F •|Z1
,F •|Z2

, κ),

where κ : j−1
1 i−1

1 F • → j−1
2 i−1

2 F • is the canonical isomorphism.
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Lemma 3.20. We have the commutative diagram (up to natural equivalences)

PA(Z1∪Z2)
R ��

αZ1∪Z2

��

PA(Z1) ×h
PA(Z1∩Z2)

PA(Z2)

αZ1
×αZ2

��

Cpe(Z1 ∪ Z2)
R �� Cpe(Z1)×h

Cpe(Z1∩Z2)
Cpe(Z2).

There is also a right adjoint functor of R,

Cpe(Z1 ∪ Z2)
A←−− Cpe(Z1)×h

Cpe(Z1∩Z2)
Cpe(Z2),

which is defined as follows: given (M •,N •, φ) ∈ Cpe(Z1) ×h
Cpe(Z1∩Z2)

Cpe(Z2),

consider the closed morphism

(3.4) λ ∈ Cpe(Z1 ∪ Z2)
0(i1∗M

• ⊕ i2∗N
•, i1∗j1∗j

−1
2 N •)

defined as the difference of the composite map

i1∗M
• → i1∗j1∗j

−1
1 M • i1∗j1∗φ−−−−−→ i1∗j1∗j

−1
2 N •

and

(3.5) i2∗N
• → i2∗j2∗j

−1
2 N • = i1∗j1∗j

−1
2 N •,

where the maps i1∗M • → i1∗j1∗j
−1
1 M • and i2∗N • → i2∗j2∗j

−1
2 N • are induced

by the adjunction between the pushforward and pullback functors associated to j1
and j2 respectively. We then define the dg-functor

A : Cpe(Z1)×h
Cpe(Z1∩Z2)

Cpe(Z2) → Cpe(Z1 ∪ Z2)

by

A(M •,N •, φ) = Cone(λ)[−1].

To define the maps of hom complexes, for any morphism (μ, ν, γ) in Cpe(Z1)
×h

Cpe(Z1∩Z2)
Cpe(Z2) from (M •

1 ,N
•
1 , φ1) to (M •

2 ,N
•
2 , φ2), we need to define a corre-

sponding morphism in Cpe(Z1∪Z2)(F •
1 ,F

•
2 ) where F •

p = A(M •
p ,N

•
p , φp), p = 1, 2.

Using the representations

F •
p =

⎛
⎝ i1∗j1∗j

−1
2 N •−1

p

⊕
i1∗M •

p ⊕ i2∗N •
p

⎞
⎠ ,

we can express the corresponding map as(
i1∗j1∗j

−1
2 ν ε

0 i1∗(μ)⊕ i2∗(ν)

)
: F •

1 → F •
2 ,

where ε is the composition

i1∗M
•
1 ⊕ i2∗N

•
1 → i1∗M

•
1 → i1∗j1∗j

−1
1 M •

1
i1∗j1∗γ−−−−−→ i1∗j1∗j

−1
2 N •−1

2 .

The construction of the functor A here is in fact a counterpart of the one for quasi-
perfect categories in Definition 6.2, [BB]. Moreover, by the same argument there
one can show that there is a natural isomorphism of complexes

(Cpe(Z1)×h
Cpe(Z1∩Z2)

Cpe(Z2))
•(R(F •), (M •,N •, φ))

� Cpe(Z1 ∪ Z2)
•(F •, A(M •,N •, φ))
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which is natural in both variables F • and (M •,N •, φ). Thus A is a right adjoint
to R.

Lemma 3.21. The natural adjunction

IdCpe(Z1∪Z2) =⇒ A ◦R
gives a quasi-isomorphism for each object in Cpe(Z1 ∪ Z2).

Proof. For any inclusion of closed subset i : Z ↪→ Z1 ∪ Z2 and any sheaf F over
Z1 ∪ Z2, we set

FZ = i∗i
−1F .

Given any F • ∈ Cpe(Z1 ∪ Z2), we need to show that the natural map

F • → A ◦R(F •) = A(F •|Z1
,F •|Z2

, κ)

is a quasi-isomorphism of complexes of sheaves. Note that the map

λ : i1∗i
−1
1 F • ⊕ i2∗i

−1
2 F • → i1∗j1∗j

−1
2 i−1

2 F •

or
λ : F •

Z1
⊕ F •

Z2
→ F •

Z1∩Z2

is surjective, thus A ◦R(F •) is quasi-isomorphic to Kerλ. On the other hand, we
have Kerλ � F • = F •

Z1∪Z2
due to the short exact sequence

0 → F •
Z1∪Z2

α−→ F •
Z1

⊕ F •
Z2

λ−→ F •
Z1∩Z2

→ 0,

where α = (α1, α2) is induced by the natural morphisms αp : FZ1∪Z2
→ FZp

,
p = 1, 2 (Prop. 2.3.6, (vi), p. 94, [KS90]). �
Lemma 3.22. Let

(μ, ν, γ) ∈ (Cpe(Z1)×h
Cpe(Z1∩Z2)

Cpe(Z2))
0((M •

1 ,N
•
1 , φ1), (M

•
2 ,N

•
2 , φ2))

be a degree 0 closed morphism, such that μ : M •
1 → M •

2 and ν : N •
1 → N •

2

are quasi-isomorphisms of complexes of sheaves over Z1 and Z2 respectively. Then
the functor A sends (μ, ν, γ) to a quasi-isomorphism of complexes of sheaves in
Cpe(Z1 ∪ Z2).

Proof. This can be deduced from the short exact sequences of complexes of sheaves

0 → i1∗j1∗j
−1
2 N •

p [−1] → Cone(λp)[−1] → i1∗M
•
p ⊕ i2∗N

•
p → 0

(p = 1, 2) and the associated long exact sequences of cohomology sheaves, where

λp ∈ Cpe(Z1 ∪ Z2)
0(i1∗M

•
p ⊕ i2∗N

•
p , i1∗j1∗j

−1
2 N •

p ), p = 1, 2,

are as defined above. �
Proof of Proposition 3.19. Since X is compact, we can cover it by a finite collection
of Stein compacts (see Definition A.6) {Ki}ri=1. Let

Ws =
s⋃

j=1

Kj , 1 ≤ s ≤ r,

so that Wr = X. We prove by induction that, given any perfect complex of OŶ -
modules (M •, dM ) ∈ Cpe(X), for each s there exists Es = (E•

s ,Es) ∈ PA(Ws) such
that αWs

(Es) is isomorphic to M •|Ws
in Dpe(Ws), where Dpe(Ws) denotes the

bounded derived category of perfect complexes of sheaves of OŶ |Ws
-modules over

Ws. In particular, this implies the proposition for Dpe(Wr) � Db
coh(Ŷ ).
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We first check the assertion for W1 = K1. Since K1 is Stein compact and
(M •, dM ) is a perfect complex, we can find a bounded complex of free OŶ |K1

-
modules of finite type (E •, dE ) and a quasi-isomorphism of complexes of sheaves of
OŶ |K1

-modules

(E •, dE ) → (M •|K1
, dM ).

In particular, (E •, dE ) is a complex of coherent OŶ |K1
-modules. Thus by Theorem

A.23 the natural inclusion

(E •, dE ) ↪→ (E • ⊗OŶ |K1
A •

Ŷ
|K1

, dE ⊗ 1 + 1⊗ ∂)

is a quasi-isomorphism of complexes of OŶ |K1
-modules. Taking global sections of

the latter gives a cohesive module

E1 = (E•
1 ,E1) = (E •(K1)⊗OŶ (K1) AŶ (K1), dE ⊗ 1 + 1⊗ ∂)

over A(K1) = A(W1), which satisfies the desired property.
Suppose now the assertion has been proven for some given s; we need to show

that it is also true for s + 1. By the inductive assumption, there exists Es =
(E•

s ,Es) ∈ PA(Ws) such that αWs
(Es) is isomorphic to M •|Ws

in Dpe(Ws), which
means that there is a complex N • ∈ Cpe(Ws) and quasi-isomorphisms of complexes
of sheaves

M •|Ws

ν←− N • σ−→ αWs
(Es).

As in the case when s = 1, we can always find over the Stein compact Ks+1

a bounded complex of free OŶ |Ks+1
-modules of finite type (E •, dE ) and a quasi-

isomorphism of complexes of sheaves of OŶ |Ks+1
-modules

μ : (E •, dE ) → (M •|Ks+1
, dM ).

By tensoring E • with AŶ and taking the global sections as before, we obtain a
cohesive module E = (E•,E) ∈ PA(Ks+1) and a natural inclusion map ρ : E • ↪→
αKs+1

(E).
Set Z = Ks+1 ∩ Ws. Then again thanks to the freeness of E •, there exists a

degree 0 closed morphism φ ∈ Cpe(Z)0(E •|Z ,N •|Z) which completes

E •|Z
∃ φ

�����

μ

��
��

��
��

��
��

��
��

N •|Z

ν

��

M •|Z

into a diagram that commutes up to a homotopy γ ∈ Cpe(Z)−1(E •|Z ,M •|Z), i.e.,
dγ + μ− νφ = 0.

In other words, (μ, ν, γ) forms a closed morphism of degree 0 from (E •,N •, φ) to
R(M •|Ws+1

) = (M •|Ks+1
,M •|Ws

, κ) in Cpe(Ks+1)×h
Cpe(Z) Cpe(Ws).

On the other hand, there is a unique way to extend the composition of quasi-
isomorphisms σ ◦ φ : (E •|Z , dE ) → αWs

(Es)|Z of complexes of sheaves of OŶ |Z -

modules to a quasi-isomorphism (by Theorem A.21, iii))

ψ : αKs+1
(E)|Z → αWs

(Es)|Z
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of sheaves of A •
Ŷ
|Z-modules, such that there is a commutative diagram

E •|Z
φ

��

ρ

��

N •|Z
σ

��

αKs+1
(E)|Z

ψ
�� αWs

(Es)|Z .

We use the same notation for the corresponding morphism between cohesive mod-
ules,

ψ : E|Z → Es|Z in PA(Z).

It is a quasi-isomorphism between the total complexes and hence a homotopy equiv-
alence between cohesive modules by Proposition 3.9. Thus

(E,Es, ψ) ∈ PA(Ks+1) ×h
PA(Z)

PA(Ws).

Moreover, (ρ, σ, 0) forms a closed morphism of degree zero,

(ρ, σ, 0) : (E •,N •, φ) → αKs+1
× αWs

(E,Es, ψ) = (αKs+1
(E), αWs

(Es), ψ)

in Cpe(Ks+1)×h
Cpe(Z) Cpe(Ws).

By Theorem 3.15, there exists Es+1 = (E•
s+1,Es+1) ∈ PA(Ws+1) such that

R(Es+1) is homotopy equivalent to (E,Es, ψ) in PA(Ks+1) ×h
PA(Z)

PA(Ws). Con-

sider the following diagram (Lemma 3.20):

PA(Ws+1)
R ��

αWs+1

��

PA(Ks+1) ×h
PA(Z)

PA(Ws)

αKs+1
×αWs

��

Cpe(Ws+1)
R �� Cpe(Ks+1)×h

Cpe(Z) Cpe(Ws).
A

��

By Lemma 3.22, A ◦ (αKs+1
× αWs

) ◦ R(Es+1) and A ◦ (αKs+1
× αWs

)(E,Es, ψ)
are quasi-isomorphic. But by the discussion above we also have morphisms in
Cpe(Ks+1)×h

Cpe(Z) Cpe(Ws),

(3.6) R(M •|Ws+1
)

(μ,ν,γ)←−−−− (E •,N •, φ)
(ρ,σ,0)−−−−→ αKs+1

× αWs
(E,Es, ψ),

with μ, ν, ρ, σ all being quasi-isomorphisms of complexes of sheaves over Ks+1 or
Ws. By applying the functor A on both morphisms in (3.6) and again by Lemma
3.22, we obtain an isomorphism in Dpe(Ws+1),

(3.7) A ◦R(M •|Ws+1
) � A ◦ (αKs+1

× αWs
)(E,Es, ψ),

and hence also

(3.8) A ◦ (αKs+1
× αWs

) ◦R(Es+1) � A ◦R(M •|Ws+1
)

in Dpe(Ws+1). Now applying Lemma 3.22 once again and Lemma 3.21, we have
isomorphisms in Dpe(Ws+1),

(3.9) A ◦ (αKs+1
× αWs

) ◦R(E) � A ◦R ◦ αWs+1
(E) � αWs+1

(E)

and

(3.10) M •|Ws+1
� A ◦R(M •|Ws+1

).
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Finally, by combining (3.8), (3.9) and (3.9) we conclude that

M •|Ws+1
� αWs+1

(E)

in Dpe(Ws+1). The assertion for the s+ 1 case is therefore verified. �

Appendix A. Flatness of A •
Ŷ

over OŶ

A.1. Preliminaries on completions.

A.1.1. Completions of modules and sheaves. We first recall basics of adic topology
and its completion, with main reference to [AM69]. Throughout this section, by a
ring we mean a unital commutative ring. Let A be any ring and J an ideal of A.
The filtration of ideals A = J0 ⊇ J1 ⊇ J2 ⊇ · · · defines the J-adic topology on A,
and the completion Â of A is the topological ring Â = lim←−n

A/Jn. Suppose M is

an topological A-module whose topology is determined by a descending filtration
(Mn) : M = M0 ⊇ M1 ⊇ M2 ⊇ · · · , with Mn being open submodules of M . Its

completion is M̂ = lim←−n
M/Mn. (Mn) is a J-filtration if JMn ⊆ Mn+1 for all n,

and then M̂ is naturally an Â-module. A J-filtration (Mn) is a stable J-filtration
if JMn = Mn+1 for sufficiently large n. It is a fact that topology defined by any
stable J-filtration of M coincides with the J-adic topology on M defined by the
J-filtration (JnM). The following lemma is standard.

Lemma A.1. i) For any ring A, if M is a finitely generated A-module, then

Â⊗A M → M̂ is surjective, where M̂ is the completion of M with respect
to its J-adic topology. In particular, M̂ is a finitely generated Â-module.

ii) If J is a finitely generated ideal of A, then Ĵ = ÂJ and (Jn)̂ = Ĵn for any
n ≥ 0.

Proof. For i), see Prop. 10.13, p. 108, [AM69]. ii) is immediate from i) by setting
M = J and Jn. �

From now on, in any situation when there is an A-module M with topology
determined by submodules (Mn) and a submodule M ′ of M , by M̂ ′ we always
mean the completion of M ′ with respect to the topology induced from M , i.e., that
induced by (M ′ ∩Mn). The following results can be found in [AM69] and [Mat80].

Lemma A.2. Let M be a topological A-module whose topology is determined by
open submodules (Mn). Let M ′ be submodule of M .

i) M̂ ′ can be identified with the closure ρ(M ′) of ρ(M ′) in M̂ , where ρ : M →
M̂ is the canonical A-module homomorphism.

ii) If moreover M ′ is an open submodule, then M̂/M̂ ′ � M/M ′.

iii) The topology of M̂ is determined by the filtration of submodules (M̂n) =

(ρ(Mn)).

We can define formal completions of coherent analytic sheaves over Y along
the submanifold X in a similar manner. To every OY -sheaf F we associate the
OŶ -sheaf

F̂ := lim←−
r

F/I rF ,

which is called the restriction of F to the formal neighborhood Ŷ . Note that we

have Ô = (OY )̂ = OŶ .
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Moreover, every OY -morphism ϕ : F → G determines an OŶ -morphism ϕ̂ :

F̂ → Ĝ . Thus we have a functor from the category of OY -modules to the category of
OŶ -modules by completion. In order to study properties of this functor, especially

exactness, we need to find a way to compute stalks F̂x of F̂ . In general, OŶ ,x �=
(OY,x)̂ for x ∈ X, where (OY,x)̂ is the completion of OY,x with respect to the
ideal Ix ⊂ OY,x.

We recall basic properties of completions of coherent sheaves, of which the proof
can be found in [BS76], Chap. VI.

Theorem A.3. i) The sheaf OŶ is a coherent sheaf of rings.

ii) If F is OY -coherent, then F̂ is OŶ -coherent and F̂ � F ⊗OY
OŶ .

iii) The functor F �→ F̂ is exact on coherent sheaves.

iv) For every OŶ -coherent sheaf F we have F = F̂ = lim←−r
F/I rF .

A.1.2. Completed tensor products. We recall the notion of complete tensor products
of modules with adic topologies from [Gro60]. Let A be any ring and J an ideal of
A. Let M and N be two A-modules with J-filtrations (Mn) and (Nn) respectively.
Then we can endow the algebraic tensor M ⊗A N with a J-filtration

(A.1) Fn(M ⊗A N) = Mn ⊗A N +M ⊗A Nn, n ≥ 0.

The completion of M ⊗A N with respect to this filtration is

M⊗̂AN = (M ⊗A N)̂= lim←−
n

M ⊗A N/(Mn ⊗A N +M ⊗A Nn)

= lim←−
n

(M/Mn)⊗A/Jn (N/Nn)
(A.2)

and is called the complete tensor product of M and N . Note that if one of the
modules is endowed with the J-adic topology, e.g., N with Nn = JnN , then the
filtration on the tensor becomes

Fn(M ⊗A N) = Mn ⊗A N

since M ⊗A JnN = JnM ⊗A N ⊆ Mn ⊗A N .
Note that even when A, M and N are all complete under their topologies, it is

not guaranteed that the algebraic tensor M ⊗A N is complete with respect to the
filtration (A.1). Nevertheless we still have canonical isomorphisms

(A.3) M⊗̂AN � M̂⊗̂AN � M̂⊗̂ÂN̂ ,

since M/Mn can be naturally identified with M̂/M̂n and the same for N . From
now on, all the completions are with respect to the adic-topologies unless otherwise
mentioned.

Similarly we can define complete tensor products of sheaves with filtrations. For

convenience, we will sometimes write Ô for OŶ . Suppose F , G are two OŶ -modules

with descending Î -filtrations of OŶ -submodules (Fn) and (Gn) respectively, i.e.,

Î Fn ⊆ Fn+1, Î Gn ⊆ Gn+1 for all n ≥ 0. The completed tensor product F ⊗̂ÔG
of F and G is the completion of the usual tensor F ⊗Ô G with respect to the

Î -filtration of subsheaves (Fn ⊗Ô G + F ⊗Ô Gn), i.e.,

F ⊗̂ÔG := lim←−
n

F ⊗Ô G /(Fn ⊗Ô G + F ⊗Ô Gn) = lim←−
r

(F/Fr+1)⊗O
Ŷ (r)

(G /Gr+1).
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If one of the sheaves, say G , is carrying the Î -adic filtration, i.e., (Gn) = (Î nG ),
then as in the case of rings and modules we have

(Fn ⊗Ô G + F ⊗Ô Gn) = (Fn ⊗Ô G )

and hence

F ⊗̂ÔG = lim←−
n

F ⊗Ô G /(Fn ⊗Ô G ) = lim←−
r

(F/Fr+1)⊗O
Ŷ (r)

G (r),

where G (r) = G /Î r+1G , r ≥ 0. Note that if both F and G are coherent OŶ -

modules with Î -adic filtrations, then the algebraic tensor F ⊗Ô G is also coherent

and thus complete with respect to the Î -filtration by Theorem A.3, iv). Hence we
have an isomorphism F ⊗Ô G � F ⊗̂ÔG .

A.1.3. Two useful lemmas. We prove a slightly generalized version of the Artin-
Rees lemma with weakened conditions, which will be used in §A.3.

Lemma A.4. Let A be a ring and J a finitely generated ideal of A, such that
the J-adic completion Â of A is a noetherian ring. Let M be a finitely generated
A-module and M ′ a submodule of M . Then:

i) The two Ĵ-filtrations (ĴnM̂ ′) and ((M ′ ∩ JnM)̂ ) define the same topology

on M̂ ′; i.e., the Ĵ-adic topology on M̂ ′ coincides with its submodule topology
in M̂ .

ii) Moreover, we have ĴnM̂ ′ = (JnM ′)̂ . Thus the completions of M ′ with
respect to the two J-filtrations (JnM ′) and (M ′ ∩ JnM) coincide.

iii) More generally, if N is an A-module with the J-adic topology, then the
completed tensor products of M ′ and N with respect to the two filtrations
(JnM ′) and (M ′ ∩ JnM) of M ′ coincide, i.e.,

lim←−
n

M ′ ⊗A N/(JnM ′ ⊗A N) � lim←−
n

M ′ ⊗A N/((M ′ ∩ J
nM)⊗A N).

Proof. M̂ is a finitely generated Â-module by Lemma A.1. Observe that the topol-

ogy of M̂ is determined by the Ĵ-filtration ((JnM)̂) = (ĴnM̂), i.e., it is the Ĵ-adic

topology. Indeed, by Lemma A.1 we have (JnM)̂= Â · ρ(JnM) = ĴnM̂ .

Now since Â is noetherian and M̂ is finitely generated, (M̂ ′ ∩ (JnM)̂ ) =

(M̂ ′ ∩ ĴnM̂) is a stable Ĵ-filtration of M̂ ′ by the Artin-Rees lemma, but it also

defines the topology of M̂ ′ as a submodule of M̂ . Hence any stable Ĵ-filtration of

M̂ ′, in particular (ĴnM̂ ′), also determines its topology. On the other hand, the

topology on M̂ ′ is determined by the filtration ((M ′ ∩ JnM)̂ ) by Lemma A.2,

iii). Thus i) is proved. Since M̂ is finitely generated and Â is noetherian, the

submodules ĴnM̂ ′ are also finitely generated and hence are complete and closed in

M̂ ′. Consider the inclusions ρ(JnM ′) ⊆ ĴnM̂ ′ ⊆ (JnM ′)̂ and take closures. We

deduce that ĴnM̂ ′ = (JnM ′)̂ and hence

M̂ ′ = lim←−
n

M̂ ′/ĴnM̂ ′ = lim←−
n

M̂ ′/(JnM ′)̂= lim←−
n

M ′/JnM ′

(the last equality is by Lemma A.2, ii)), which verifies ii).
For iii), observe that when M ′ is endowed with the topology induced from

(M ′ ∩ JnM), the completed tensor product M ′⊗̂AN is isomorphic to the com-

pletion of M̂ ′ ⊗A N with respect to the topology determined by the filtration
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((M ′ ∩ JnM)̂ ⊗A N), which, by i) and ii), is the same as the topology induced by
the filtration ((JnM ′)̂ ⊗A N). The latter gives rise to the other completion:

lim←−
n

M̂ ′ ⊗A N/((JnM ′)̂ ⊗A N)

= lim←−
n

(M̂ ′/(JnM ′)̂)⊗A N � lim←−
n

(M ′/JnM ′)⊗A N =

= lim←−
n

M ′ ⊗A N/(JnM ′ ⊗A N).

�
The following lemma can be regarded as a version of Nakayama’s lemma without

assuming that the module M is finitely generated in advance. It is Exercise 7.4
from Chap. 7, [Eis95]. A proof can be obtained by applying Prop. 10.24, Chap.
10, [AM69].

Lemma A.5. Let A be a ring that is complete with respect to an ideal J and M a
module over A. Suppose M is separated, i.e.,

⋂
k J

kM = 0, and that the images of
m1, . . . ,mn ∈ M generate M/JM . Then m1, . . . ,mn generate M .

A.2. Some Stein theory. We will show that coherent analytic sheaves on the for-
mal neighborhood Ŷ have various nice behaviors over Stein compacts. We will also
prove analogues of Cartan’s Theorems A and B (see Theorem A.13 and Theorem

A.11) for Ŷ . The proofs we provide here are similar to the arguments in Chap. VI,

[BS76], with appropriate changes. Also Theorems A and B for Ŷ might already be
well known and of no surprise to experts. We write the details because we cannot
find them in the existing literature.

A.2.1. Semi-analytic subsets. We need the notion of semi-analytic Stein compacts.
We recall briefly the definitions and basic properties from [Loj64] and [Fri67].

Definition A.6. A Stein compact (subset) of a complex analytic manifold (or
space) (X,OX) is a compact subset of X which admits a fundamental system of
Stein open neighborhoods.

Definition A.7. Let M be a real analytic manifold. A subset A of M is said to be
semi-analytic if and only if for any point y ∈ M there exists an open neighborhood
U of y, such that

A ∩ U =

p⋃
i=1

q⋂
j=1

Aij ,

where each Aij is of the form {fij(x) = 0} or {fij(x) > 0}, with fij(x) a real
analytic function defined over U .

The class of semi-analytic subsets of M is closed under finite union, finite inter-
section and complement. In particular, intersection of a semi-analytic subset with
a closed submanifold N of M is still semi-analytic in M . Moreover, a subset of N
is semi-analytic in N if and only if it is semi-analytic in M . A finite product of
semi-analytic sets is semi-analytic.

Example A.8. Any closed polydisc in Cn of the form {(z1, . . . , zn)||zi| ≤ ri, ri > 0}
is a semi-analytic Stein compact. Thus any point in a complex analytic manifold
(or space) admits a fundamental system of neighborhoods which are semi-analytic
Stein compacts.
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The proof of the main results in this section relies on the following important
result about semi-analytic Stein compacts. See [Fri67] and [Siu69].

Theorem A.9. Let K be a Stein compact in a complex space (X,OX). Then the
ring Γ(K,OX) is noetherian if and only if for every set A analytic in a neighborhood
of K the set A ∩K has only finitely many connected components.

In particular, for every semi-analytic Stein compact K in X the ring Γ(K,OX)
is noetherian.

A.2.2. Cartan’s Theorems A and B for Ŷ . We first recall the following proposition
concerning commutativity between the project limit functor and the cohomology
functor from Prop. 1.9, Chap. VI, §1, [BS76]. Also see Prop. 13.3.1, [Gro61], for
a more general version.

Proposition A.10 ([BS76]). Let (Fn)n≥0 be a projective system of sheaves of
abelian groups over a topological space X. Suppose the following conditions are
fulfilled:

i) There is a base B for the topology of X such that for any U ∈ B, Hq(U,Fn)
= 0 for all q ≥ 1, n ≥ 0.

ii) For any U ∈ B, the morphisms Γ(U,Fn+1) → Γ(U,Fn), n ≥ 0, are
surjective.

Under these assumptions, the canonical morphism

hm : Hm(X, lim←−
n

Fn) → lim←−
n

Hm(X,Fn)

is surjective for any m ≥ 0. If in addition for some m the projective system
(Hm−1(X,Fn))n≥0 satisfies the Mittag-Leffler (ML) condition, then hm is bijective.

Theorem A.11 (Theorem B for Ŷ ). Let U ⊆ Y be a Stein open subset. Then for

any F ∈ Coh(Ŷ ), the cohomology groups Hq(U,F ) vanish for q ≥ 1.

Proof. By Theorem A.3, iv), F = lim←−n
Fn, where Fn = F (n) = F/Î n+1F , n ≥

0, are coherent OY -modules. All the Stein open subsets of U form a base B for the
topology of U . Thus by Cartan’s Theorem B for Stein spaces, for the inverse system
(Fn)n≥0 and any V ∈ B the conditions i) and ii) of Proposition A.10 are satisfied.
Moreover, since U is itself Stein, again by Theorem B we have Hq(U,Fn) = 0
for q ≥ 1 and the connecting maps in the projective system (H0(U,Fn))n≥0 are
all surjective. Hence the system (Hq(U,Fn))n≥0 satisfies the ML condition for all
q ≥ 0. Thus Proposition A.10 applies and we get

Hq(U,F ) = Hq(U, lim←−
n≥0

Fn) � lim←−
n≥0

Hq(U,Fn) = 0

for q ≥ 1. �

Corollary A.12. Let K ⊆ Y be a Stein compact. Then for any F ∈ Coh(Ŷ ), the
cohomology groups Hq(K,F ) vanish for q ≥ 1.

Proof. Since K is compact, we have the canonical isomorphisms

lim−→
U

Hq(U,F ) � Hq(K,F ), ∀ q ≥ 0,

where U runs over all Stein open neighborhoods of K in Y (see Prop. 2.5.1 and
Remark 2.6.9, [KS90]). Then apply Theorem A.11. �
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Theorem A.13 (Theorem A for Ŷ ). Let F ∈ Coh(Ŷ ) and U be any Stein open
subset of Y (or X). Then the sections of F over U generate the stalk Fx as an

Ôx-module for each x ∈ U .

Proof. The theorem can be deduced from Theorem A.11 in the same way as the
ordinary Theorem A being deduced from the ordinary Theorem B (see, e.g., §3.2,
Chap. III, [GPR94]). �

Corollary A.14. Let F ∈ Coh(Ŷ ) and K be a Stein compact in Y . Then there

exists an exact sequence of the form Ôp → Ôq → F → 0 over (some Stein open

neighborhood of) K. In particular, Γ(K,F ) is a finitely generated Γ(K, Ô)-module.

Remark A.15. By Corollary A.14, we can omit the condition in Lemma A.17, i),
that F admits a free resolution over K and the result is still true. Yet we want to
point out that, for sake of proving Theorem A.21, Theorem A for Ŷ is not necessary
since we can always choose K to be small enough so that free resolutions of F exist
over K.

We now recall Lemma 1.2, Chap. VI, [BS76], and then prove its analogue for

OŶ -modules. The statement and proof for the case of Ŷ are almost the same as
that in [BS76] with only minor adjustments.

Lemma A.16 ([BS76]). Let K be a Stein compact in Y . Then:

i) For any F ,G ∈ Coh(Y ), the canonical morphism

Γ(K,F )⊗Γ(K,O) Γ(K,G ) → Γ(K,F ⊗O G )

is an isomorphism.
ii) For any F ∈ Coh(Y ) and whenever J is coherent ideal sheaf of OY ,

Γ(K,J F ) = Γ(K,J ) · Γ(K,F ).

Lemma A.17. Let K be either a Stein compact or a relatively compact Stein open
subset in Y . Then:

i) For any F ∈ Coh(Ŷ ) admitting an exact sequence of the form Ôp →
Ôq → F → 0 on (some neighborhood of) K, and any OŶ -module G which
is either coherent or fine, the canonical morphism

Γ(K,F )⊗Γ(K,Ô) Γ(K,G ) → Γ(K,F ⊗Ô G )

is an isomorphism.
ii) For any OŶ -module F which is either coherent or fine,

Γ(K, Î F ) = Γ(K, Î ) · Γ(K,F ).

Proof. i) By our assumptions F ⊗Ô G is either coherent or fine. Thus
H1(K,F ⊗Ô G ) = 0. We then have the following exact commutative
diagram:

Γ(K, Ôp)⊗
Γ(K,Ô)

Γ(K,G ) ��

��

Γ(K, Ôq)⊗
Γ(K,Ô)

Γ(K,G ) ��

��

Γ(K,F )⊗
Γ(K,Ô)

Γ(K,G ) ��

��

0

Γ(K, Ôp ⊗Ô G ) �� Γ(K, Ôq ⊗Ô G ) �� Γ(K,F ⊗Ô G ) �� 0

with the first two vertical arrows being isomorphisms. The claim then
follows from the five lemma.
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ii) Since I is a coherent ideal sheaf of OY , there exists an exact sequence
Op

Y → Oq
Y → I → 0 of OY -modules over (some Stein open neighborhood

of) K by applying Cartan’s Theorem B. Then by passing to completion we

have an exact sequence Ôp → Ôq → Î → 0. Apply i) and note that Î F

is the image of the morphism Î ⊗Ô F → F . �

Lemma A.18. Let F ∈ Coh(Ŷ ).

i) For any Stein compact K, the Γ(K, Ô)-module lim←−r
Γ(K,F (r)) is canoni-

cally isomorphic to the completion Γ(K,F )̂ of the Γ(K, Ô)-module

Γ(K,F ) with respect to the Γ(K, Î )-adic topology.
ii) For any point x ∈ K there is a canonical isomorphism

Fx � lim−→
K

Γ(K,F )̂ ,
where K is any Stein semianalytic compact which contains x as an interior
point.

Proof. i) From Corollary A.12 and Lemma A.17, ii), we derive the isomor-
phisms

lim←−
r

Γ(K,F (r)) = lim←−
r

Γ(K,F/Î r+1F ) � lim←−
r

(Γ(K,F )/Γ(K, Î r+1F ))

� lim←−
r

(Γ(K,F )/Γ(K, Î )r+1Γ(K,F )) = Γ(K,F ) .̂

ii) Fx = lim−→
U

Γ(U, lim←−
r

F (r)) = lim−→
U

lim←−
r

Γ(U,F (r)) = lim−→
K

lim←−
r

Γ(K,F (r))

� lim−→K
Γ(K,F )̂ , where U runs over all neighborhoods of x and K is as

in the statement of the lemma. �

The main reason for working on Stein semianalytic compacts instead of Stein
open subsets is due to the following lemma:

Lemma A.19. Let K be a Stein compact in Y . Then:

i) Γ(K, Î ) is a finitely generated ideal of the ring Γ(K,OŶ ).

ii) If in addition K is semianalytic, then the Γ(K, Î )-adic completion of
Γ(K,OŶ ) is a noetherian ring.

Proof. i) There exists an exact sequence of coherent OY -modules of the form
0 → G → Op

Y → I → 0 over some Stein open neighborhood of K. By
taking completion we get an exact sequence of coherent OŶ -modules 0 →
Ĝ → Ôp → Î → 0. Thus by Corollary A.12 the morphism Γ(K, Ôp) →
Γ(K, Î ) is surjective.

ii) By Lemma A.17, ii), we have

Γ(K, Ô)̂ = lim←−
n

Γ(K, Ô)/Γ(K, Î )n = lim←−
n

Γ(K, Ô/Î n) � lim←−
n

Γ(K,OY /I
n)

= lim←−
n

Γ(K,OY )/Γ(K,I )n = Γ(K,OY )̂ ,
where Γ(K,OY )̂ is the Γ(K,I )-adic completion of Γ(K,OY ). But by

Theorem A.9, Γ(K,OY ) is a noetherian ring and hence so is Γ(K, Ô)̂. �
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A.3. Proof of the main results. We first prove a version of the Artin-Rees lemma
for coherent OŶ -modules by applying results from previous sections.

Lemma A.20. Let F ∈ Coh(Ŷ ) and F ′ be a coherent subsheaf of F . If G is a

fine OŶ -module with the Î -adic filtration, then the completed tensor products of F ′

and G with respect to the two filtrations (Î nF ′) and (F ′ ∩ Î nF ) of F ′ coincide,
i.e.,

lim←−
n

F ′ ⊗Ô G /(Î nF ′ ⊗Ô G ) � lim←−
n

F ′ ⊗Ô G /((F ′ ∩ Î nF )⊗Ô G ).

Proof. As in the proof of Lemma A.18, ii), if there is a projective system of sheaves
(Fn)n≥0 over Y , then for any point x ∈ Y there are canonical isomorphisms

(lim←−
n

Fn)x = lim−→
U

Γ(U, lim←−
n

Fn) = lim−→
U

lim←−
n

Γ(U,Fn) = lim−→
K

lim←−
n

Γ(K,Fn),

where U runs over all open neighborhoods of x and K runs over all Stein semian-
alytic compacts that contain x as an interior point. Thus we only need to show
that

lim←−
n

Γ(K, (F ′/(F ′ ∩ Î nF ))⊗Ô G ) � lim←−
n

Γ(K, (F ′/Î nF ′)⊗Ô G )

for any such K.
Indeed, we derive from Lemma A.17 the isomorphisms

lim←−
n

Γ(K, (F ′/(F ′ ∩ Î nF ))⊗Ô G )

= lim←−
n

(Γ(K,F ′)/(Γ(K,F ′) ∩ Γ(K, Î )nΓ(K,F )))⊗Γ(K,Ô) Γ(K,G )

= Γ(K,F ′)⊗̂Γ(K,Ô)Γ(K,G ),

where the completed tensor product is with respect to the subspace topology of

Γ(K,F ′) ⊆ Γ(K,F ) and the Γ(K, Î )-adic topology of Γ(K,G ). Γ(K, Ô)̂ is noe-

therian by Lemma A.19, ii). By Lemma A.19, i), Γ(K, Î ) is a finitely generated

ideal of the ring Γ(K, Ô). Moreover, Γ(K,F ) is a finitely generated Γ(K, Ô)-
module by Corollary A.14. So we can apply Lemma A.4, iii) to deduce that
the completed tensor above is isomorphic to the one with Γ(K,F ′) carrying the

Γ(K, Î )-adic topology. Hence

lim←−
n

Γ(K, (F ′/(F ′ ∩ Î nF ))⊗Ô G )

� lim←−
n

Γ(K,F ′)⊗Γ(K,Ô) Γ(K,G )/(Γ(K, Î )nΓ(K,F ′)⊗Γ(K,Ô) Γ(K,G ))

= lim←−
n

Γ(K, (F ′/Î nF ′)⊗Ô G ).

�

Theorem A.21. i) The functor F �→ F ⊗̂ÔAŶ is exact on coherent sheaves

of OŶ -modules, where all the sheaves involved are endowed with Î -adic
filtrations.

ii) Moreover, for any F ∈ Coh(Ŷ ) the canonical morphism F ⊗Ô AŶ →
F ⊗̂ÔAŶ is an isomorphism.
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iii) F �→ (F ⊗Ô A •
Ŷ
, 1⊗∂) gives an exact functor from Coh(Ŷ ) to the abelian

category of sheaves of dg-modules over (A •
Ŷ
, ∂).

Proof. i) Let 0 → F ′ → F → F ′′ → 0 be an exact sequence in Coh(Ŷ ). By
Lemma A.20, there are isomorphisms

F ′⊗̂ÔAŶ = lim←−
r

(
F ′/Î r+1F ′

)
⊗Ô AŶ

� lim←−
r

(
F ′/(F ′ ∩ Î r+1F )

)
⊗Ô AŶ

= lim←−
r

(
F ′/(F ′ ∩ Î r+1F )

)
⊗Ô/Î r+1 (AŶ /Î

r+1AŶ )

= lim←−
r

(
F ′/(F ′ ∩ Î r+1F )

)
⊗O

Ŷ (r)
AŶ (r) .

We have a projective system of exact sequences of sheaves,

0 → F ′/(F ′ ∩ Î r+1F ) → F/Î r+1F → F ′′/Î r+1F ′′ → 0.

Tensoring with AŶ (r) and by the flatness of AŶ (r) over OŶ (r) (Proposition
2.11) we again get a projective system of exact sequences of fine sheaves,

0 → (F ′/(F ′ ∩ Î r+1F ))⊗O
Ŷ (r)

AŶ (r) →(F/Î r+1F )⊗O
Ŷ (r)

AŶ (r)

→ (F ′′/Î r+1F ′′)⊗O
Ŷ (r)

AŶ (r) → 0,

such that the corresponding projective system of exact sequences of sections
over any open subset U ⊆ Y satisfies the ML condition, since all connecting
morphisms are surjective by the fineness of AŶ (r) . Thus the projective limit

0 → F ′⊗̂ÔAŶ → F ⊗̂ÔAŶ → F ′′⊗̂ÔAŶ → 0

is still an exact sequence.
ii) Since F ∈ Coh(Ŷ ), locally there is always an exact sequence of the form

Ôp → Ôq → F → 0. The conclusion follows routinely from the exact
commutative diagrams

Ôp ⊗Ô AŶ
��

��

Ôq ⊗Ô AŶ
��

��

F ⊗Ô AŶ
��

��

0

Ôp⊗̂ÔAŶ
�� Ôq⊗̂ÔAŶ

�� F ⊗̂ÔAŶ
�� 0

and the fact that AŶ is itself Î -adic complete.
iii) This follows immediately from i), ii) and the fact that A •

Ŷ
is locally free

over AŶ . �

Proposition A.22. Suppose F is a coherent OŶ -module. Then its completed

tensor with (A •
Ŷ
, ∂) gives an exact sequence of OŶ -modules,

0 → F → F ⊗̂ÔA 0
Ŷ

1⊗∂−−−→ F ⊗̂ÔA 1
Ŷ
→ · · · 1⊗∂−−−→ F ⊗̂ÔA m

Ŷ
→ 0,

where m = dimX.
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Proof. By Proposition 2.12, for any r ≥ 0 we have an exact sequences of sheaves,

0 → F (r) → F (r) ⊗O
Ŷ (r)

A 0
Ŷ (r) → F (r) ⊗O

Ŷ (r)
A 1

Ŷ (r)

→ · · · → F (r) ⊗O
Ŷ (r)

A m
Ŷ (r) → 0.

Thus over any Stein open subset U ⊆ Y , we have a projective system of exact
sequences of abelian groups

0 → Γ(U,F (r)) → Γ(U,F (r) ⊗O
Ŷ (r)

A 0
Ŷ (r)) → · · · → Γ(U,F (r) ⊗O

Ŷ (r)
A m

Ŷ (r)) → 0,

where all the connecting morphisms are surjective due to the coherence of F (r) and
the fineness of the rest. Hence the ML condition is satisfied, and by passing to the
projective limit we get an exact sequence

0 → Γ(U,F ) → Γ(U,F ⊗̂ÔA 0
Ŷ
) → · · · → Γ(U,F ⊗̂ÔA m

Ŷ
) → 0,

for each Stein open subset U . The claimed result then follows. �
Combining Proposition A.22 with Theorem A.21, ii), immediately yields:

Theorem A.23. Suppose F is a coherent OŶ -module. Then its (algebraic) tensor

with (A •
Ŷ
, ∂) gives an exact sequence of OŶ -modules,

0 → F → F ⊗Ô A 0
Ŷ

1⊗∂−−−→ F ⊗Ô A 1
Ŷ
→ · · · 1⊗∂−−−→ F ⊗Ô A m

Ŷ
→ 0,

where m = dimX.

Finally, Theorem A.21 and Theorem A.23 together imply Theorem 2.13.
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