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CENTRAL LIMIT THEOREMS FOR THE SPECTRA
OF CLASSES OF RANDOM FRACTALS

PHILIPPE H. A. CHARMOY, DAVID A. CROYDON, AND BEN M. HAMBLY

ABSTRACT. We discuss the spectral asymptotics of some open subsets of the
real line with random fractal boundary and of a random fractal, the continuum
random tree. In the case of open subsets with random fractal boundary we
establish the existence of the second order term in the asymptotics almost
surely and then determine when there will be a central limit theorem which
captures the fluctuations around this limit. We will show examples from a class
of random fractals generated from Dirichlet distributions as this is a relatively
simple setting in which there are sets where there will and will not be a central
limit theorem. The Brownian continuum random tree can also be viewed as
a random fractal generated by a Dirichlet distribution. The first order term
in the spectral asymptotics is known almost surely and here we show that
there is a central limit theorem describing the fluctuations about this, though
the positivity of the variance arising in the central limit theorem is left open.
In both cases these fractals can be described through a general Crump-Mode-
Jagers branching process and we exploit this connection to establish our central
limit theorems for the higher order terms in the spectral asymptotics. Our
main tool is a central limit theorem for such general branching processes which
we prove under conditions which are weaker than those previously known.

1. INTRODUCTION

Let D be a non-empty bounded open subset of R? for d > 1 and let A be the
Dirichlet Laplacian on D. Then the spectrum A of —A is discrete and forms a
positive increasing sequence

0< A <A<,

where the eigenvalues are repeated according to their multiplicity. Interest in the
geometric information about D encoded by A started a little over 100 years ago
and was crystallised by Kac in his paper [29] entitled “Can one hear the shape of
a drum?” Or more precisely, does A determine D up to isometry? The answer
to that question is “no” in general, as shown in [2I1[43]; see also [9] for a concise
presentation of a family of counterexamples.

However, some geometric information about D can be recovered. Weyl’s theorem
shows that the eigenvalue counting function N defined by

has asymptotic expansion

N(\) = e1(d)volg(D)AY2 + o(AV/?),
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as A — oo, for some constant ¢1(d) depending only on d, where vol; denotes the
d-dimensional Lebesgue measure. Aside from prompting Kac’s question this result
has led to a large body of work on the behaviour of the eigenvalue counting function
and we now give a very brief description of the results that have motivated the work
we will present here.

As a first extension it is natural to ask about the second order term in this
expansion. If 9D is smooth, then under some assumptions, that there are not too
many periodic geodesics, the expansion has a second order term

N(A) = e1(d)volg(D)AY? — ¢y (d)voly_1 (OD)AI=D/2 4 o(Ad=1)/2)

as A — oo, for some other constant co(d) depending only on d. The reader is referred
to [26134L[46,[47.[50] and references therein for more information. This means that,
under some regularity conditions, we can recover the size of the domain and that of
the boundary from the spectral asymptotics; in particular, using the isoperimetric
inequality, we can determine whether or not D is an open ball.

Interest in the second term of the expansion of N grew further when Berry
studied the spectral asymptotics of domains with a fractal boundary in [6,[7]. He
conjectured that the Hausdorff dimension of 9D should drive the second order term.
Brossard and Carmona in [8] studied the associated partition function, a smoothed
version of the eigenvalue counting function, and showed that the Minkowski dimen-
sion, dps, was the relevant notion of dimension for the second order term in the
short time expansion of this function. For the counting function itself a general re-
sult of Lapidus [35] shows that, if d—1 < djs < d, the second order term is of order
O(A%/2) provided the Minkowski content of the boundary is finite. In general it
is difficult to determine the precise order of growth for the second order term for
arbitrary boundaries, however, for one-dimensional domains [38] it was shown that
the Minkowski dimension captures the order of growth of the second term in the
asymptotics and the Minkowski content, the constant, when they exist.

The problem of determining the spectral asymptotics has also been considered
for sets which are themselves fractal. For some classes of fractal, such as the Sier-
pinski gasket or, more generally, p.c.f. self-similar sets [32] or generalised Sierpinski
carpets [4], a Laplacian can be defined and shown to have a discrete spectrum.
The exponent for the leading order growth rate in the eigenvalue counting func-
tion is called the spectral dimension and differs from the Hausdorff or Minkowski
dimension of the set. If the fractal has enough symmetry, such as for instance the
Sierpinski gasket, then a Weyl type theorem is no longer true [19], [5] in that the
rescaled limit of the eigenvalue counting function does not converge. However, the
Weyl limit does exist for “generic” deterministic p.c.f. self-similar sets [33] and also
for random Sierpinski gaskets [23] and it is natural to ask about the growth of the
second order term in these settings.

Our aim is to consider some random fractals where we anticipate more generic
behaviour of the counting function. We will consider both domains with fractal
boundaries and fractal sets here. First we will consider the case of open subsets
with fractal boundaries in the one-dimensional case of a so-called fractal string.
Our second case will be an example where the set itself is a fractal, the continuum
random tree. In both cases the first order terms in the spectral asymptotics due
to the fractal structure are understood and we will focus on the behaviour of the
second order terms.
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A fractal string is a set obtained as the complement of a Cantor set in the
unit interval, so can be thought of as a sequence of intervals of decreasing length
[37]. The Dirichlet Laplacian is then the union of the Dirichlet Laplacians on each
interval. Some discussion of the spectral asymptotics of random fractal strings can
be found in [24] where it is shown that for Cantor sets constructed via random
iterated function systems, the second order term due to the boundary exists almost
surely. We will consider a suitable subset of these random fractal strings and
determine when the order of the fluctuations about the boundary term is given by
a central limit theorem (CLT).

This turns out to be a subtle question and the existence of a CLT is determined
by the rate of convergence in an associated renewal theorem. We will give a precise
statement after introducing all the terminology in Theorem .3l We will then show
that when the fractal is generated using a Dirichlet distribution, the existence of a
central limit theorem depends on the particular Dirichlet distribution considered.

An example of what we are able to show is the following. Let S, ., for v €
(0,1),« € N, be the random fractal string obtained as the complement of the ran-
dom Cantor set generated by subdividing any interval of length ¢ into three, retain-
ing two intervals of size Tll/vf, T21/A’€, and removing one of length ¢(1— Tll/w - T21/7)7
where the pair (77,7%) is independent for each interval and distributed as
Dirichlet(a, ) (that is a Beta(c, ) distribution in this simple case) and 0 < vy < 1.
We write P for the probability law for the random fractal string and E for expec-
tation with respect to P. We note that v will be the Minkowski dimension of the
random Cantor set P-almost surely, that is, the dimension of the boundary of the
string. We write N, o(\) for the associated eigenvalue counting function.

Theorem 1.1. (i) For all « € N and v € (0,1) there is a strictly positive deter-
ministic constant C(y,a) such that as A — oo,

1
A—/2 (_)\1/2 _ N%a()\)> — C(v,a) P-almost surely.
T

(i) If o < 59, then there exists a strictly positive deterministic constant o(c)
such that as A — o0,

AY/4 <)\7/2 (l)\l/z - N%(y()\)) - C’(’y,a)) — Z, in distribution,
7

where Z is normally distributed with mean 0 and variance o(a)? € (0, 00).
(iii) There ezists an & > 80 and a vy € (0,1) such that: if 59 < a < &, then there
exists a not-identically-zero periodic function p o(x) such that
1
EN,o(A) = =A% = C(v,0)A/? + py o (log NAT/2 4 o( A1),
™

where n(a) = max{R(0y) € (—o0,1) : P(6y) = 0},

P(0) == ﬁ(a +6+14) - (20‘;)’
=0 :

and, for this range of o we have 1/2 < n(a) < 1. In particular

/4 (A—W (%)\1/2 - NW(A)) —C(y, a))

does not converge in distribution as A\ — 0o.
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Remark 1.2. (1) The first result gives the almost sure behaviour of the second
term in the counting function asymptotics and is true for random fractal strings
constructed using a wide class of distributions on the simplex.

(2) In part (iii) we conjecture that it is possible to take & = oo and any v € (0,1).
Indeed, towards proving the above result, we first provide conditions under which
a CLT holds (see Theorem B3] and Section [£.2]), and explain when one will not
(see Remark [4). This distinction is determined by the rate of convergence in
a related renewal theorem and depends on the values of the roots of P(6) = 0,
which we solve numerically (we can also solve this equation analytically for small
values of «). These computations demonstrate that we can take & to be at least
81. Furthermore, although we are not able to prove it rigorously, the monotonicity
of the results suggests that & can be taken arbitrarily large.

(3) We also conjecture that, in the case where there is no CLT, i.e., a > 59, the
size of the second order term is determined by 7n(«), in that, P-almost surely for
e>0,

1
Nya(A) = ;)\1/2 — Oy, )N/ + O(\(@)/2+e),

where 1/2 < n(a) < 1 and n(a) = 1 as o — oc.
(4) The proof of the above result shows that the period of p, . is given by
47 /+|3(0o)|, where 6y is one of the complex conjugate pair of roots whose real part

gives n(a).

Observe that, as « increases, the Beta(a, «) distribution becomes closer to the
distribution given by a delta measure at the point (1/2,1/2). If we take v =
In2/1n3, then we anticipate that our random fractal string should converge (in
a suitable sense) to the Cantor string (the string formed as the complement of
the classical ternary Cantor set) as « goes to infinity. It is known that for the
Cantor string there is a non-constant periodic function that appears in the second
order term in the counting function asymptotics [37]. Thus our result suggests that
there is a non-trivial transition in the parameter space from the case where there
is “enough randomness” for a CLT about the second order term, to the case where
there is not, up to the limit, even a strong law of large numbers for this term.

We will also consider the case of the Brownian continuum random tree, a random
self-similar fractal. It was shown in [I1] that there was a Weyl limit for the counting
function in this case. It was also shown that the second order term for this fractal
set was of order 1 in mean, which would be anticipated as the boundary of the
tree is just two points, a 0-dimensional set. In this paper we show that there is a
CLT about the almost sure asymptotics. However, at this point we have not shown
strict positivity of the variance due to the complexity of the correlation structure
in the variance of the limit of the rescaled counting function. We conjecture that
there will be a non-trivial CLT for this counting function. This will show that
the randomness in the construction means the second order term in the spectral
asymptotics is determined by the fluctuations about the leading order term, as
these are much greater than the effects due to the boundary of the set.

The main technical tool we develop is a central limit theorem for the general
Crump-Mode-Jagers branching process. In our setting the random fractal sets,
the random Cantor set boundary of the string, or the continuum random tree,
can be encoded as general branching processes. We are able to use a characteristic
associated with these processes to determine the behaviour of the counting function.
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In this case there may be dependence on the offspring of an individual and we obtain
a CLT in this more general setting, extending the work of [28]. We also remark
that the techniques used here can easily be applied to geometric counting functions
or other functions associated with heat flow, such as the partition function or heat
content of the set. We anticipate similar behaviour in the fluctuations of these
quantities about their almost sure limits.

The paper is organised as follows. In Section [2] we recall the definition of the
general branching process and some laws of large numbers for such processes. We
then prove our central limit theorem for the general branching process using a Taylor
expansion proof. In Section [B] we restrict ourselves to general branching processes
where a suitable function of the birth times is chosen to lie on an n-dimensional
simplex, which will ensure that the limit of the usual branching process martingale
is a constant. We will call such processes A,,-GBPs and discuss extensively how to
establish the conditions required for the central limit theorem in this setting as this
will allow us to illustrate when we do and do not have a central limit theorem for
the associated general branching process. In Section [ we define a family of open
subsets U of [0, 1] whose random boundary is a statistically self-similar Cantor set
built using scale factors on the simplex. We are then able to show our main result
which gives conditions for the existence of a central limit theorem. In Section 5
we consider some examples where the law of the A,-GBP is given by a Dirichlet
distribution. We show that, for some Dirichlet weights, the eigenvalue counting
function of the set U satisfies a central limit theorem. As a consequence we will
be able to establish Theorem [Tl In Section 6 we turn to the continuum random
tree. We recall that this tree can be viewed as a random self-similar set and how
to construct a Laplace operator on it. We then show that the conditions for the
general branching process central limit theorem hold and hence there is a CLT in
the spectral asymptotics.

Notation. For convenience, we will use the shorthand notation ¢; with i € N to
mean some positive constant whose value is fixed for the length of a proof or a
subsection.

2. A CENTRAL LIMIT THEOREM FOR GENERAL BRANCHING PROCESSES

2.1. General branching processes. In this subsection, we introduce the general
or C-M-J branching process. The presentation is inspired by [23/27,[45], to which
the reader is referred for further information.

In the general branching process, the typical individual z is born at time o,
has offspring whose birth times are determined by a point process &, on (0,00), a
lifetime modelled as a non-negative random variable L,, and a (possibly random)
cadlag function ¢, on R called a characteristic.

We index the individuals of the general branching process using the address space

(1) I'=|JN* where N°=0§.
k>0

The ancestor §) is born at time oy = 0, and individual = has £,(0,00) offspring
whose birth times o, ; satisfy

§a (00

)
fgc = Z 60%1—0,07
=1
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where ¢ is the Dirac measure and x, 4 is the concatenation of xz and i. The trace of
the underlying Galton-Watson process is a random subtree of I which we denote
by X. We write 0% for the set of infinite lines of descent in the process. For
xz,y € ¥ we also use the notation x < y if there exists a sequence (z1,...,2x)
with z; € Ny4 = 1,...,k with & € N such that y = (x,21,...,2;). Similarly,
for x € ¥, y € 0¥ we write x < y if there exists a sequence (z1, 22,...) with
z; € NJi=1,2,..., such that y = (z, 21, 22,...). A cut-set C of X is a collection of
2 € X such that x £ 2’ and 2’ £ x for all 2’ # x € C and for all y € 9% there is an
x € C such that x < y.

It is customary to assume that the triples (£;, Ly, ¢.), are i.i.d. but we allow ¢,
to depend on the progeny of z; we also do not make any assumptions on the joint
distribution of (&, L., ¢.). When discussing a generic individual, it is convenient
to drop the dependence on = and write (£, L, ¢). We will write P for the associated
probability law and E for its expectation.

We define

f(t) = 5((07 t])> V(dt) = Ef(dt), 57 (dt) = e_wf(dt), and Vv(dt) = Egv (dt),
for v € (0,00). Furthermore, we will always assume that the general branching
process has Malthusian growth, i.e., that there exists a Malthusian parameter v €
(0, 00) for which v, (00) = 1. This implies, in particular, that the general branching
process is super-critical.

We denote the moments of the probability measure v, by

@) = [ st as)

In all cases of interest to us, p1 will be finite. Note, however, that some convergence
results still hold when that is not the case, as explained in [45].

The presence of the characteristic ¢ in the population is captured using the
characteristic counting process Z¢ defined as

o (o0)
(3) Z0(t) =" ¢ult — o) = do(t) + > ZP(t—0y),
z€EX i=1

where the Zf are i.i.d. copies of Z?. An important example in the study of random
fractals is the characteristic ¢(t) = (§(00) — £(t))1[0,00)(t), whose corresponding
counting process Z?® has the property that Z¢(t) is the number of offspring born
after time ¢ to parents born up to time ¢t. Later, we will define characteristics that
count eigenvalues of the Dirichlet Laplacian.

There are two central elements in the study of the asymptotics of the counting
process. The first is that the functions

22(t) = e VEZ%(t) and u®(t) = e V'E(t),

satisfy the well-studied renewal equation

(4) z¢(t) = ud’(t) + /000 z¢(t — 8)vy(ds);

see [18] for a classic exposition and [271[830,41] for alternative results.
The second is the process defined by

— —YO0z
Mt = E € “,

rEAL
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where
AN={zxeX: z=(y,i) forsomey e X,i €N, and o, <t < 0,}

is the set of individuals born after time ¢ to parents born up to time ¢. The process
M is a non-negative cadlag Fi-martingale with unit expectation, where

Fi=0(Fp,0, <t) and Fp=0({(&,Ly): 0y <0z});

we call it the fundamental martingale of the general branching process.

The martingale convergence theorem shows that M; — M., as t — oo, almost
surely, for some random variable M.,. Furthermore, under an zlogx condition
standard in the theory of branching processes, M is uniformly integrable. More
precisely, in [I3L[14], Doney proved the following result.

Theorem 2.1 (Doney). The following are equivalent:

(i) E|g, (00)(log &, (50))+] < o0;

(i) EM > 0;

(iii) EMy = 1;

(iv) Mo > 0 almost surely on the set where there is no extinction;

(v) M is uniformly integrable.
Otherwise, My, = 0 almost surely.

For technical reasons, it is often easier to apply renewal theory under the as-

sumption that ¢ vanishes for negative times. When that is not the case, we can
set

§a(00)
(5) Xz (t) = ¢z () Li>0 + Z Zf,i(t —0i)lo<t<os
i—1
so that
g (0)
700,000 () = x0() + D>, ZL(t— )11 g,50-
i=1

This means that Z‘i’l[om) = ZX, the counting process of the characteristic y, and
we can then work with ZX instead of Z¢ because y vanishes for negative times and
ZX and Z? obviously have the same asymptotics as t — oo.

2.2. Application to statistically self-similar fractals. As discussed in [I7,[22]
42], the general branching process provides a natural way to encode statistically
self-similar sets. We outline this connection now.

To build a statistically self-similar set K, we start with the address space [
defined in () and a non-empty compact set Ky. To each x € I, we associate
a random collection (Ny, @y 1,..., P4 N, )uer, where N, is a natural number and
®, ; are contracting similitudes whose ratios we write R, ;. We assume that the
collection is i.i.d. in .

The random numbers (N,,z € I) generate a random subtree ¥ of I defined by

€ ¥ and
Y=Yy Yn €3 <= Y1,...,Yn—1 € X and y, < Ny

1s-3Yn—1"

For x = z1,...,2, € X, define

Kemto ot ()t K= () U Ko

n=1 \m|:n
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where |z| is the length of the word z. The set K has the intuitive property that it
can be written as scaled i.i.d. copies of itself, namely,

N
K =] ®i(K),
i=1

where K7,..., Ky are ii.d. copies of K.

Let us emphasise that the choice of Ky is not unique in general. However, for
technical reasons discussed in [I7], we make the following two assumptions. First,
we assume that the sets (int K,z € X) form a net, i.e.,

r <y = int K, Cint K,

and also
int K, Nint K, = () if neither < y nor y < z;

the analogue of the open set condition for self-similar sets. Second, we assume that
the construction of K is proper, i.e., that every cut-set C of 3 satisfies the condition:
for every x € C, there exists a point in K that does not lie in any other K, with
y €C.

The Hausdorff dimension of statistically self-similar sets is almost surely constant
on the event that it is not empty and was calculated in [I7,221[42]. It is given in
the following result by a formula, the random analogue of that due to Moran [44]
and Hutchinson [25] familiar from the deterministic setup.

Theorem 2.2. Let K be a statistically self-similar set. Write (N, R1,...,Rn) for
the number of similitudes and their ratios. Then, on the event that the set K is not

empty,
N
dim K = inf {s - E (ZR:) < 1} a.s.

i=1

To specify a general branching process corresponding to the random set K, we

set
NJJ
ga; = § 5—long,i7
i=1

and L, = sup; 0,; —0,. With this parametrisation, the set K in the construction
of K corresponds to an individual born at time o, and has size e ?=. Furthermore,

since
o N
E/ e5%¢(dx) = B (Z R;‘) :
0 i=1

the Malthusian parameter v is equal to the Hausdorff dimension of K by definition.

2.3. Laws of large numbers. Before we can prove our central limit theorem for
the general branching process, we state Nerman’s laws of large numbers, proved in
[45]. They are proved for non-negative characteristics with progeny dependence.
In applications, if this is not the case, it suffices to write the characteristic as the
difference of its positive and negative parts.

We start with the weak law of large numbers. Recall that a measure is said to
be lattice if its support is contained in a discrete subgroup of R and non-lattice
otherwise.



CENTRAL LIMIT THEOREMS FOR THE SPECTRA OF RANDOM FRACTALS 8975

Theorem 2.3. Let (§;, L., $.). be a general branching process with Malthusian
parameter vy, where ¢ > 0 and ¢(t) = 0 for t < 0. Assume that u® is directly
Riemann integrable and that v., is non-lattice. Assume further that, for every t,

E [Sup (b(u)] < 0.

u<t

Then,
(0 = (00 =i [t
where py is defined in (@), and '
e "Z%(t) = 2%(00) Mo, in probability,

as t — oo, where My, is the almost sure limit of the fundamental martingale of
the general branching process. Furthermore, if M is uniformly integrable, then the
convergence also takes place in L.

The strong law of large numbers requires the following additional regularity
condition.

Condition 2.4. There exist non-increasing bounded positive integrable cadlag
functions g and h on [0, c0) such that

E {7(00) - g'y(t)

sup

e o(t)
up 9@ ] <oo and E [sup

>0 h(t)

This first part of the condition is satisfied if there exists a non-increasing bounded
positive function g such that v,(1/g) is finite, because then

E(00) ~ &) _ [ 1<
sl 6l s/t g(s)w)s/o Sy Eras)

which has finite expectation. As such, this can be thought of as a moment condition
that is weaker than imposing that v, have a finite second moment; take g(t) =
2N

In particular, if the expected number of offspring is finite, this part of the con-
dition is satisfied since, with the latter choice of g,

E/Oog(t)_le_"’tf(dt) < sup{(1V #*)e "} E(o0) < 0.
0 >0

| <.

We can now state the strong law of large numbers.

Theorem 2.5. Let (§;, Ly, ). be a general branching process with Malthusian
parameter vy, where ¢ > 0 and ¢(t) = 0 for t < 0. Assume that v., is non-lattice.
Assume further that Condition 24 is satisfied. Then,

2(t) = 2%(c0) = i / u?(s)ds,
0
where py is defined at @), and

e MZ%(t) = 2%(00) My, a.s.,

as t — 0o, where My, is the almost sure limit of the fundamental martingale of
the general branching process. Furthermore, if M is uniformly integrable, then the
convergence also takes place in L.
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Similar results have been proved by Gatzouras in the lattice case. We will not
use them here and refer the reader to [20].

2.4. The central limit theorem. In [28], Jagers and Nerman proved a central
limit theorem for the general branching process under the assumptions that the
characteristics are i.i.d. We now give a Taylor expansion proof of a similar result,
but continue to allow ¢, to depend on the progeny of . We start by introducing
some additional notation.

Consider the general branching process (&, Ly, (). with Malthusian parameter
7. We assume that ¢ is such that

Z(t) == Z5(t)
has zero expectation. In applications, ¢ is typically a suitably centered version of
some characteristic ¢; we will discuss examples in Section [3
We will use the rescaled version Z of Z defined by
R - B £(o0) R
(6) Z(t)=e "PZt) = G(t) + > e 12 Zi(t — oy),
i=1
where {(t) = e~ "/2((t).
Finally, to have a proxy for the variance, we define
£(o0)

(7) V(t) = Z(t)? —i—ZVt—al

where
&(o0) (o)
polt) = Co(t)* +2Gy(t ZZ (t—0)+2> Y Zi(t—0i)Zi(t — o).
=1 j<t

As V satisfies an equation of the form (3] which leads to the renewal equation
@), the functions v and r defined by

(8) v(t)=e ""EV(t) and r(t)=e "'Ep(t)

satisfy the renewal equation

(9) v(t) =r(t) + /000 v(t — s)v,(ds).

Our central limit theorem requires two technical conditions which we discuss
now.

Condition 2.6. There exists € € (0,1/2) such that
e t? Z Co(t — 0,) — 0, in probability,

o, <et

ast — o0.

This is a regularity condition on . In applications, we typically expect ¢ to
satisfy a weak law of large numbers. Therefore, the sum should grow like ¢7¢* and
we can expect that the condition is satisfied.

Condition 2.7. There exists k € (0,00) such that
sup E{|Z(t)|***} < oc.
teR
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This is a moment condition. In applications, it is convenient to check it for the
third moment, i.e., when x = 1, because that can be done using renewal arguments.

Theorem 2.8. Let_(ﬁw,Lm,(;)w be a general branching process with Malthusian
parameter 7, where  is such that EZ(t) = 0 for every t. Assume that v is bounded
and that

v(t) = v(00),

some finite constant, as t — co. Assume further that Conditions and 2710 hold.
Then,

Z(t) = Zso, in distribution,

as t — oo, where the distribution of Zoo is characterised by
E [eiGZW:| - |:e—%92v(oo)Moo:| )

In the proof, we will use that if zq,..., 2, and wy, ..., w, are complex numbers
whose modulus is bounded by C, then

n n n
HZi—Hwi Scnil E |zl—wl
i=1 i=1 i=1

A proof of this may be found in [16, Lemma 3.4.3].

(10)

Proof. For € € (0,1/2), iterating from (@), the definition of Z, we get
(11) Z(t) = Z 6770‘1/2(;(!‘, —0oz) + Z 67”‘7“/221@ —0g)-
o, <et €At
The first sum appearing in () can be rewritten as

e 2N Gt — o)
o, <et

which, by Condition 2.6, converges to 0 in probability as t — oo if we choose €
appropriately small. For the rest of the proof, we fix such a choice of e.

We now consider the other sum appearing in ([[Il), and show that it converges
in distribution to Zs, as t — co. The result will then follow from Slutsky’s lemma.
In other words, for 6§ € R, we want to show that

(12) B [ Xeen 7200 _ omd0eo] Ly
as t — 0o. To do this, write, for an xo € (0,1) that will be chosen below,

Aot = { sup |0e=77=/2 Z(t — 0,)| < :co} ,
TENAt

and split (I2)) as
(13) E |:ei9 ZwEAd e*“f"I/QZx(t—Ul.) _ 67%921)(00)]\4oc : Ai,t:|

(14) +E [eie ZIEAet e 122, (t=0u) — 67%921)(00) ZIEAet e 5 Ae t:|

(15) ] e T s L L W

We will show that each of these terms converge to 0 as t — oco.
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Fix 0 € R and § € (0,1). Let zo = z0(d) € (0,1) be such that

2

e =1 — 2] <dlz] and ez—l—z—% <8z,

whenever z € C satisfies |2| < zg, and let 7 = 7(4,6) € (0,00) be such that for
t>T,

xa(2+m) ‘9|2+n Slé% E{‘Z(u)|2+n}e—'yent/2 <3,

0*[[v]loce ™" < 2o
and
[v(o0) —v(t/2)] <6,

where  is given by Condition 27
Let us start by dealing with ([I3]). For t > 7,

P(AZ,) =P ( sup |0e 7 /2Z (t — 0,)|?F" > x?ﬁ”)
€N

=" ( D o Hre O 21— o) P 2 xﬁ“) ,
TEA

which, by Markov’s inequality, is bounded by

TEA et

x07(2+n) |9|2+nef'yent/2E

< xa(z‘f‘“) |0|2+l~ceffyent/2E

S e B Z(t - ax>|2+ﬂ|f€t}]

TEA
< ag NP sup B{|Z (w) [P ye
u€eR
S 63
where we have used that o, € F, that Zx is independent of F; and that EM. = 1.

(This is where we need to control the moment of order 2 + « for some x € (0,00).)
Therefore, ([I3)) is dominated by

2P(Ag ;) < 26.
Since ¢ is arbitrary, it follows that

i - /127 (t— 192
E |:610226A6t e V27 (t—02) 6750 v(oo)]VIoo;Ag)t:| =0

)

as t — 00, as required.
To deal with (I3]), recall that

E e 19t = My — My, a.s.,
TEA

as t — oo. Therefore, dominated convergence implies that

1p2 —Yor 2

Y

as t — oo, as required.



CENTRAL LIMIT THEOREMS FOR THE SPECTRA OF RANDOM FRACTALS 8979

We will spend the rest of the proof dealing with ([I4]), which we rewrite as

TEN TEAt
using the conditional independence built into the branching structure, where

Ay = {|0e=772/2 Z,(t — 0)| < w0}

By (I0), the term inside the expectation satisfies

(17)
11 E{ o0 2a 71, } II E{ —30%v(c0)e 17" 1az, ]:et}
TEA TEA
xEAst

A Taylor expansion and the second order exponential estimate yield that

‘E{eweﬂ”w“zz(t—aw)l“

| Fa}

_ 1 _
—E { (1 + i96_7““/2Zw(t —0z) — 5926_7"’”Zm(t — Ug;)Q) 1az,

]:et}‘

< 5030 soe” 7"

Furthermore,

- 1 =
B (14007 20— 02) = 02 - 02 L,

B8]

<o { (000,

-Fet}

_1p2 —voz
_ E{e 507 v(oc0)e ]-Af

)l

1 fd 1 —Yogx

]:et} ’

Now, since

E|Z(t-0.)

-Fet:| =0,
reasoning as in ([I6) shows that
’E { (i@efwz/QZx(t — O'x)) 1az, ]'—et}‘

= [B{ (e 722, - 0.)) 1o,

Fal]

< wo {5 0le 772 Zo(t - o)Lz | )
< 2oE { $5(2+n)|9|2+ne*’wz(1+f€/2) ‘Zx (t — Ux)|2+NIQ\Af.t -Fet}
< e 9=,

for t > 7; and, since for z € A we have

[o(00)8% 17 /2] < 6[[v]sce ™" < o,
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a Taylor expansion and the first moment exponential estimate yield that
1 ~ —vom

1
]'—et}‘ + 5592|’U(OO)|67’Y01

1 ~ 1
< ‘E { —59267701 Zo(t — 0,)% + 592’0(00)67701

< 0%{|v(t — 0,) — v(00)| + 6]|v]|oc Je 775
Notice that, for t > 7,

S 2 {Jut — 04) — v(00)| + 8][v]l e e

TEN

< 2 —Y0. 2 —Y0y
(1) <60® ) S0+ vlle)eT 407 > (24 6)|v]le
TENt\ Ay /2 TEAtNAy /2

<O (L+ olloo) My +0° 2+ O)0lloc D e
TEANAy 2

Together, (I7) to ([I8) show that (4] is dominated by

(19)  E[5[1+60°(1+2/v]oc)]Met] + E [0°2+0)[v]o Y e
xeAetﬁAt/Q

Fix ¢ € (0,00) large. For t large enough, by Lemma 3.5 of [45],

E Z e 7| <E Z e 7| — ,uil/ (1 —v,(s))ds,

TEANAs /> TEActNMActqe

ast — oo. The limiting expression can be made arbitrarily small by choosing c large
enough. Therefore, the second term in (I3 converges to 0. Since EM,.; = 1, the
first term can also be made arbitrarily small by adjusting §. The result follows. [

2.5. A word on the lattice case. The statement of Theorem [2.§ requires us to
show that v(¢) — v(c0). This is typically done using renewal theory. Recall that if
v, is lattice, supported on bZ, say, then this convergence does not occur. Instead
we typically get that, for every y,

v(y +bn) — g(y),

as n — oo, where g(y) is a b-periodic function. In this case, the proof presented
above shows that, for every y,

Z(y +bn) — Zo(y), in distribution,

as n — 0o, where the distribution of Z(y) is characterised by

E [ewzww)} - E {ef%o%(y)Mm .

3. THE CENTRAL LIMIT THEOREM FOR An—GENERAL BRANCHING PROCESSES

In this section, we discuss applications of the central limit theorem to the gen-
eral branching process under the assumption that the number of offspring £(oc0) is
constant and equal to n, say, and that the birth times oq,...,0, are distributed
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such that, for some fixed constant v € (0,00), we have (e= 791 ... e~ 7") is a
distribution on the simplex A, in R"”, i.e.,

n
E e 19 =1.
i=1

The latter assumption ensures that the fundamental martingale M = 1. We call
a branching process with offspring distribution defined on the simplex in this way
a A,-general branching process. For simplicity, we also suppose throughout this
section that v, is non-lattice, though as discussed in Section 2.5, we expect subse-
quential versions of the results below to hold if this is not the case. A basic example
that we will return to is the case where the distribution of (e777t,... e 77") i
Dirichlet(ayq, . .., ap).

In this case our general branching process (£, Ly, ¢ ), with Malthusian param-
eter v, will satisfy a weak law of large numbers, i.e.,

e M Z(t) — 2%(c0), in probability,

as t — oco. We wish to describe the random fluctuations around the limit. To do
this, we study the expression

(20) /2 [e7Z9(t) — 2%(00)] = e 2 [Z9(t) — €20 (1) ] 4722 (1) — 2% (0)].

Our aim is to apply Theorem to the first part of this expression. We will
see that conditions making this possible ensure that the second term converges to
0. This will then produce a result on the fluctuations of Z?(¢) thanks to Slutsky’s
lemma.

An outline of this section is that we begin by centering our characteristic in
order to apply the central limit theorem of Section 2. We then show that in order
to control the centered characteristic we need to control the rate of convergence in
the associated renewal theorem.

3.1. Centering the process. To start, notice that, in the notation of Section [2]
Z9(t) — etz (t) = Z(t) = Z°(t)

is a centered characteristic counting process, if we define ¢ by

Golt) = o(t) + D ez (t —0;) — 7720 (1)
(21) —
= do(t) + Y _ T2t —ay) — (1)),

i=1
where we have used that e77* +-.-+e777» = 1. This representation can be used
to get the following control on ¢ under an assumption on |[2?(t — ;) — 2%(t)|.
Lemma 3.1. Let (&, Ly, ¢r)r be a Ay -general branching process. Assume that

122 (t) — 2%(00)| < c1e™ P A ¢y,

for some positive constants c¢1,co and By € [0,7]. Then,

SO < 6(8)] +2n (10— A cge)
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Proof. Notice that

Co()] < |g(t)] + Y 7|29t = 03) = 2% (00)| + |29 (1) — 2% (00) [}

i=1

< |po(t)] + Z (Cle(v—ﬁl)(t_m) A CQeV(t—(n)) +n (cle”_ﬂl)t A CQevt>
i=1

<o) + (Cl Z e =A(E=00) A ¢, Z eW(t”i)> +n (cle(vfﬁl)t A 6267t> )

i=1 i=1
The result follows upon noticing that

n n
Ze(’Yfﬁl)(t*Ui) = (y=Bu)t Ze*(’Y*ﬁl)Ui < ne(’Y*ﬁl)t7

i=1 i=1
and proceeding similarly for the other sum. (]
This lemma and the decomposition in (20) show that understanding the rate of

convergence of 2%(t) to its limit in the renewal theorem is helpful for estimating
the fluctuations of Z¢.

3.2. Convergence rate in the renewal theorem. Consider the renewal equa-
tion

(22) z(t) = u(t) + /000 2(t — s)F(ds),

where F' is a non-lattice distribution function on [0,00). The key to solving the
renewal equation is the renewal measure

H = i 1_;wn7
n=0

where F*" denotes the n-fold convolution of F' with itself, because z is typically
given by

2(t) = / T ult - ) H(dy):

see [I8[30] among others. The renewal theorem of [18] states that if F' has a finite
mean p1, then

(23) H(t) ~ ',

where f(z) ~ g(z) means that f(z)/g(x) = 1 as * — oo. Under some regularity
conditions on u, e.g., if u is directly Riemann integrable, this can be used to show
that

z(t) = z(o0) = ! /00 u(s)ds,

mJ

as t — oo; see [18].
The error in the linear approximation of the renewal function

(24) G(t) = H(t) — iy 't
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has been studied extensively. When F' has a finite second moment s,
H2

25 Gt) = —=

(25) 0= 35

as t — oo.

The rate of convergence of G(t) to its limit in this case can be studied using the
Fourier transform f of F' defined by

flw) = /OO e’ F(ds), weC.

We refer the reader to [18,/40,48|[49] and references therein for proofs; see also

Appendix B of [32] for a discussion of the lattice case. In particular, Stone proved
the following theorem in [4§].

Theorem 3.2 (Stone). Suppose that there exists r1 € (0,00) such that f(w) is
analytic and # 1 when Rw € (0,71). Then, for every r € (0,r1),

. K2 _ —rt
G(t) = 5z =0,
as t — oo.

Since we aim to apply Lemma [3.I] we will be particularly interested in exponen-
tial rates of convergence of z(t) to its limit. This rate of convergence is connected
to that in Theorem B2 by the following lemma adapted from [I2] which we include
for convenience.

Lemma 3.3. Let z, u and F satisfy the renewal equation [22). Suppose that

0= [ Tutt=Hy >t [
ast — oco. Then,
Zoo—z:_1 Oou —Oou— .
(00) — 2(t) = i / (t+y)dy / (t - )C(dy)

Proof. 1t suffices to notice that

2(00) — 2(t) = py ! /OOO u(t +y)dy + py /O u(t —y)dy — /OOO u(t — y)H (dy),

and use the definition of G. O

oo

3.3. Checking the conditions of the central limit theorem. Discussing the
conditions of the central limit theorem involves finding growth estimates for ¢ which
can be verified using Lemma[3.Il To be compatible with the framework of Nerman’s
law of large numbers, we will focus on the situation where the characteristic vanishes
for negative times; extensions will be discussed where needed. We start by looking
at Condition

Lemma 3.4. Let (&4, Ly, ¢2)e be a Ap-general branching process and let ¢ be de-
fined as in 2I). Assume that ¢(t) = 0 for t < 0 and that there exists a constant
c1 > 0 such that

C(O)] < ere™,
for some B1 € (0,7/2). Then, Condition is satisfied.
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Proof. Let € € (0,7/2 — f1). Then, for ¢t > 0,

e 12 Z C(t—oy)| < ePrte=/2)t g—et Z ci.

o, <et o, <et

By Theorem 23]

1 [ 1
e ¢t Z 1— —/ e "'dt = —— in probability,
o <et H1 Jo T
as t — 0. So the result follows since 81 + € < 7y/2. O

Coupled with Lemma [3.1] this result hints that we should not expect to have a
central limit theorem when 2% (t) — 2#(00) does not decay at least as fast as e~ 7%/2,
which is the threshold for the second term in the right-hand side of (20)) to converge
to 0. We will explain more precisely why this is sharp in Remark .4l

Let us now discuss the moment condition for the central limit theorem. The
next lemmas discuss a set of sufficient assumptions for Condition 2.7 to be satisfied
for the A,,-GBP. We introduce the function

Y(O) =EY e,
=1

and note that (1) = 1 and that (0) is strictly decreasing in 6.

Lemma 3.5. Let (&, Ly, $z)z be a Ay -general branching process. Then, we have

e 3t
k=0

E

TEX

and the sum is finite if y € (1, 00).

Proof. By monotone convergence,

Ze—y'wz] — iE Z e~ Y0z

rEX k=0 |z|=k

E

Further, conditioning on the birth times, we get that

E Ze—yww -E Z ie—ywwe—yv(%,i—aw) =(y)E Z e~ YV0x

|z|=k |z|=k—1 i=1 |z|=k—1
Iterating this and summing over k proves the equality with the infinite sum. Noting
that ¥(y) < 1 for y € (1, 00) completes the proof. |

Relying on this, we can produce the following estimate on the third moment of
the scaled process Z.

Lemma 3.6. Let (&, Ly, dz). be a Ay -general branching process. Assume that
d(t) =0 fort <0, that

IC(t)| < cre?? fort >0
and that v is bounded. Then,

supE|Z(t)]® < oc.
>0
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Proof. Notice that

(26) 20 = Walt) + 3 Zit — o),
=1

where
n

Wo(t) =Co(t) + 3¢p(t) Z 1) + 3Gy (t) Z (t—0)Z;(t — o)

3
+ Y Zi(t—0)Zi(t — 07) Zk(t — o).

i,4,k=1
not all equal

Therefore, it is clear that |Z(t)|® is bounded by
(27) DGt = o)l

€Y
(28) +3Z|§m(t_0m Z‘Z it — 00l
reX i=1
(29) +3Z |Ga(t — 02)] Z |Zx,i(t_ar,i)| |Zm,j(t_‘7x,j)|
reEX i,j=

(30) + Z Z |Zm,i(t—0i)||21’j(t—0j)‘ |Zx’k(t—0'k)|,

zeX  1,5,k=1
not all equal

—3vt/2

To prove the lemma, it is sufficient to check that e times the expectation of

each of these terms is bounded, which we do now.
To deal with (27)), note that

IPEN Gt - 0n)P < GBS e i1 —CSZw 3/2)"

T€EX z€EX

thanks to Lemma
Notice that our assumption on the boundedness of v implies that

EZ(t)* < cpe.

Therefore, we can control the term corresponding to (28] using that

737t/2EZ Kw t—oy | Z|Zx1 — Oz |

zEX
Z 6W(tigw) Z E[Zmﬂ‘(t — 0'1’1')2‘]:;@]1/2
=1

TEY

< c%ef?”t/QE

n

E e—’YUz'E e_'YUz,'i/Q

reX i=1

< ncter S w3/

k=1
using that o, ; > 0, and Lemma B3]

< C%CQE
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To deal with [29]), we proceed similarly to get that

¢PEY Gt = 00)l Y 1 Zei(t = 00)l | Zoy(t — 00 g)]

€Y i,j=1
<ne”VPEY Gt = 0u)| D 1 Zealt = 0ua)|?
zEX i=1
< n?cicy Zw(3/2)k.
k=0

A similar argument needed to bound the term corresponding to (B0) relies on
the observation that, if 7, j and k£ are not all equal, then, assuming without loss of
generality that i is different, we have

E{|Zi(t — 03)| 1 Z;(t — 0;)| | Zk(t — ow)l| Fo}
= E{[Zi(t — 0))[|Fo}E{|Z; (t — 05)[ | Zx(t — o%)[| Fo}
< (BIZi(t — 00)*|Fo)) /2 (BIZ; (¢ — 0)*|Fo)) /> (BIZe (t — 0x)?|Fo]) /2.
Using this and reasoning as above then shows that
ePEY N N Zeilt = 001 Zeg(t = 00 )| | Zek(t = 0 k)]

zeX  i,5,k=1
not all equal

<nler Y P(3/2)F.
k=0
The proof is complete. O

These results are easily combined to produce a version of the CLT for the case
with weights on the simplex.

Theorem 3.7. Let (&, L, ¢s)z be a Ay, -general branching process such that ¢(t) =
0 fort < 0. Assume that

|22(t) — 2%(c0)| < cre™ ™
for some B1 € (v/2,00), that
|6(t)] < coe!

for some By € (0,7/2), and that v is bounded with v(t) — v(c0) as t — oo. Then
the CLT holds in that

e‘”t/225(t) — Zao, in distribution,
ast — oo, where the distribution of Zs, is normal with mean 0 and variance v(co).

Proof. Tt follows from Lemmas B B4] and that Conditions and 27 are
satisfied. This, with our other assumptions, gives the required conditions for The-
orem 2.8 O
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FIGURE 1. First 4 iterations of the construction of K with the
distribution Dir(1,1,1) and v = 0.6.

4. SPECTRUM OF RANDOM SELF-SIMILAR CANTOR STRINGS

In this section, we discuss the spectral asymptotics of a family of open subsets
of [0,1] whose boundary is a random self-similar Cantor set generated using a
distribution on the simplex, called A,,-random Cantor strings. Spectral asymptotics
for a variety of Cantor strings have been studied extensively in [241[36,[38,39] and
references therein. We specialise the discussion to A,-random Cantor strings here
so that we can study the fluctuations of the spectrum using the results of the
previous section.

4.1. Construction. Choose v € (0,1), n > 2 and consider the random vector
(Ty,...,T,) with a probability law on the simplex. Start with the unit interval
Ky = [0,1] and replace it by n equally spaced intervals of length Tll/v, e ,Tﬁ/v.
Replace each of these intervals by n intervals created independently with the same
procedure. Iterating indefinitely, we obtain a decreasing sequence of compact sets
(Kj,j =2 0), and K = (), Kj is a statistically self-similar Cantor set. Indeed, in the
notation of Subsection 2.2 it suffices to set

(N,Ry,...,Ry) = (n, TV, ... T},

the maps (®1,...,Px) can easily be deduced from this. The corresponding general
branching process (£, L) (no characteristic just yet) is obtained as described in
Subsection By construction this is a A,-general branching process and its
Malthusian parameter is v. Figure[lldepicts the first 4 iterations in the construction
of the set K with the distribution Dir(1,1,1).

The set in which we are interested in this chapter is U = [0,1] \ K, whose
boundary is K by construction. Thanks to the Lindelof property, U is a countable
union of intervals. As such, U is a random string in the sense of [36,[38,39] and
references therein.

4.2. Fractal dimension. Consider the set U defined above and recall that the
Hausdorff dimension of U = K is 7. Using Theorem 2.5 we now show that the
Minkowski dimension of QU exists and is also equal to v almost surely.

Theorem 4.1. The Minkowski dimension of the A, -random Cantor string K is
almost surely equal to .

Proof. Consider the characteristic function defined by

o(t) = £(o0) = &(1)-
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The corresponding counting process Z¢ counts the number of offspring born after
time ¢ to parents born up to time t. As such, Z¢(t) is an upper bound for the
covering number N(e™!, K) of K with balls of radius e~*.

By the strong law of large numbers, we have

1 oo
e MZ0(t) — —/ Ee "®¢(s)ds € (0,00), a.s.,
H1 Jo

as t — 0o. This is easily used to check that dimy, K < + almost surely. The result
follows since dim K = v almost surely. (Il

4.3. Spectrum of the Dirichlet Laplacian. Recall that the eigenvalue counting
function for a domain D (or a countable union of domains) of R is defined by

Np(A\) = #{eigenvalues of — A < A}.
Following [41], we define
- 1
Np(\) = =voly (D)AY2 — Np ().
7r

The function Np has the property that if D; and D, are disjoint, then

(31) ND1UD2 (>‘) = NDl (A) + NDQ (A)
Furthermore, for r € (0,00), a change of variables shows that
(32) NTD()\) = ND(TQ/\).

In our applications of the central limit theorem, we will rely on the following
assumption, which was discussed in the previous section.
Assumption 4.2. The rate of convergence in the renewal theorem satisfies
12+ o2
202

G(t) - —Put

< cie

for large t, for some B1 € (v/2,00).
We may now use the general branching process to study Ny .

Theorem 4.3. Let K be a A, -random Cantor string with dimension vy and consider
the string U = [0,1] \ K. Then,

AT2NG(A) = N, a.s. and in LY,

as X — 0o, for some strictly positive constant .
Furthermore, if Assumption holds, then

MN/ANT2NG(N) = N) — Z in distribution,

as A = oo, where Z has a normal distributions with mean 0 and variance o for
some strictly positive constant o.

Proof. Define the random variable S by
S=1-Ry—--—Rp)/(n—1).
By construction and the properties in [BIl) and ([32), we have
Nu(A) = (n — 1)Nspo,1 (A +ZNRU = (n—1)Np1(S*N) +ZNU (R2N),

i=1
where U; are i.i.d. copies of U.
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Now recall that the eigenvalues of —A for the unit interval [0,1] are (nm)2.
Therefore,
Nio1y(A) = TN T2

which is bounded by 1 A (7~1A1/2).
To use the general branching process, set

o(t) = (n— 1)N[0)1] (S2€2t) and Z¢(t) = ]\_TU(ezt)
so that

Z°(t) = ¢y(t) + Z Z8(t — ay),

where Zf are i.i.d. copies of Z? and Z¢ is the counting process of the characteristic
¢. Furthermore, notice that

(33) 0<p(t) < (n—1)e'lico + 11> and  Z%(t) 1o < caellicg,

for some positive constants ¢; and cs.
To establish the first statement of the theorem, we use (Bl and set

X(t) =6t Liz0+ Y ZL(t — 09)lo<ico,
i=1
which is bounded thanks to ([33]).
Thanks to Theorem [2.5] this implies that
e MZX(t) = pupt /00 e *Ex(s)ds € (0,00), a.s. and in L',
as t — oo. By definition, this Sneans that

ATT2NG(N) — ,ul_l/ e 7*Ex(s)ds, a.s. and in L,
0

as A — 00, as required.
~ Let us now prove the second part of the theorem under AssumptionL2l Consider
¢? and X defined as in (2I)) using ¢ and . Notice that

7%= 7% and Z%:= 2% (1)
are equal for ¢ > 0. In particular, the corresponding variance functions vX(t) and
v®(t) are equal for ¢ > 0. Furthermore, applying the fact that ((?), is i.i.d. together
with the bounds from Lemma [3.1], it follows that there are positive constants ¢, 7 =
(281 — y) Ay such that
rP(t) = e EICP()]? < eI,

These observations and the renewal theorem of [41] imply that

(34) lim vX(t) = lim v?(t) = ul_l/ e E(?(s)%ds = v(o0) € (0, 00),
t—o0 t—o0 0
say.
Since x is bounded and
(35) |2X(t) — 2X(00)| < cpe™ Pt

by Assumption and Lemma 3.3 the conditions of Theorem 2.8 are satisfied.
This implies that

eVt /2 (e ZX (1) — M) — N(0,v(0)), in distribution,
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as t — oo. Using the definition of ZX, the decomposition in 20), (35]) and Slutsky’s
lemma completes the proof. (Il

Remark 4.4. The arguments in the proof can be used to show that there cannot be
a central limit theorem when the rate of convergence in the renewal theorem is not
fast enough. Suppose that

z¢(t) — z¢(oo) = cie Pt 4 o(e_ﬁlt)7

as t — oo, for some real constant ¢;. Then notice that the centering ¢? introduced
in ([2I)) and used in the proof of Theorem [.3] satisfies

G (6) = do(t) + D I2(t — 03) — 2%(00) + 2% (00) — (1))
i=1

n

= p(t) + creV AV (Z e~ (Ao e”"i> + o(eOrBIY)

i=1
= dg(t) + c1eTPVIR 4 oV PIY),
say, as t — oo (where the remainder is deterministic). Notice that R is a strictly

positive random variable. In particular, for some € € (0, 00), we have P(R > ¢j) >
0. Therefore, there exists tg such that, for t > tg,

_ _ 1 _
GO > 16 (O Lrze > eiege’ ™ Tpze,.
This implies that, for ¢ > tq,
- 1
ré(t) = e EIGG 07 > S P(R > «).

If 81 € (0,v/2], then, by renewal theory, we cannot have a finite limiting variance
in (34)) and, in particular, no central limit theorem.

5. DIRICHLET DISTRIBUTIONS

We now consider the case where the distribution on the simplex is the Dirichlet
distribution and perform some explicit calculations to show the range of behaviour
that is possible in our set up. In this set up the birth times are distributed as

(e777, . ..,e7 7)) ~ Dir(ay,...,an),

where Dir denotes the Dirichlet distribution. We will describe this situation by say-
ing that the A,-general branching process has Dirichlet weights o = (a1, ..., )
and write

Qg =0 + -+ Qp,

as usual.

5.1. Explicit calculations with Dirichlet weights. In general, it is difficult to
determine the solutions to f(w) = 1 needed to use Theorem In some cases
with Dirichlet weights which we discuss now, however, we can use the properties
of the Gamma function to study f and deduce convergence rates for the renewal
theorem.

Let X ~ Dir(a) be a random vector in R™. It is well-known that, for every ¢,

X; ~ Beta(a;, ap — ),



CENTRAL LIMIT THEOREMS FOR THE SPECTRA OF RANDOM FRACTALS 8991

where Beta denotes the Beta distribution. Recall that if Y ~ Beta(f;, 82), then

B(0 + B1, B2)
EY’=—"—_"2>2/
B(ﬁla 52)
where B is the Beta function, i.e.,
I'(x)I'(y)
B(z,y) =
(z,y) T t1)

Therefore, we get that

(36)

=1

Ozo) " F(al + 9)
E Xe = E 9
] Oéo + 9) F(Ozi)
where the equation defines 7,/1. For the general branching process with Dirichlet

weights defined above, it follows that
(37)

f(w):/ ewsz/,y(ds):/ elv=")s Ze voi(l-w/7)

If op — a; € Z for every 4, we can use that F(w + 1) = wl'(w) to reduce the
function % to a rational function which may be simpler to analyse. Notice that this
assumption implies in particular that there exist some a € R and ¢; € Z such that,
for every i, we have a; = a + ¢;. Therefore,

Y1 —w/).

avw=a+by=a1+ -+ao,=na+l+- -+,

from which it follows that (n — 1)a € Z.
By definition of G in (24)) and writing F' = v, we have

G*F(t)y=HxF(t)— ' /Ooo(t — s)F(ds)

= H(t) — 1450 — py 't + 1

= G(t) + Lico.
Denoting by g the Fourier transform of G and f that of F' = v, we thus get that
1
g(w)=——, weC.
)= T w)

Applying B8) and [B7), for the general branching process with Dirichlet weights a
satisfying ag — a; € Z for every 4, the function f can be written

Fw) = $(1 —w/y) = Z P

where P; is a polynomial of degree ag — ;. It follows that
g(w) = o Llim Pi0)
[Lio Piw) = 320, Hj;éi Pj(w)
i Hj;éi Pj(w)
H?=1 Pi(w) — Z?=1 Hj;éi Pj(w)
R(w)

T Qwy
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say. It is easy to see that
deg R < (n — 1)ayg = deg Q.
Now, decompose ¢ into partial fractions and write
Qi(w
=1+
Z @)

where (p;,7 < ¢) are the roots of @ with corresponding multiplicities m; and Q;
are polynomials with deg @; < m; for every 4; in particular,

mi+---+mg=(n—1)a.

Recall that, for k € Z, and R(\ —r) < 0,

> Atyk —rt > k, (A=r)t k!
‘/_Ooe the 1t20dt:/(; the dtzm
and therefore that
e d* EINE
38 At the ™) dt = ——————.
(38) /0 ik ( ) (r — A)FHL

Using this, it is easy to check that
G(dt) = do(t)dt + Z Qi(t)e "1 <odt + Z Qi(t)e " 1y>odt,

Rp; <0 Rp; >0

where the Q; are polynomials determined using (B8) and satisfying degQ; < m;.
Of course, since F' is supported on [0,00), so is H and therefore, by definition of
G, we have

G(t)lico = —p7 'tlico.
Putting this together shows that
(39) G(dt) = do(t)dt — py " Lpcodt + > Qi(t)e " 1iodt,
Rp; >0
which we can integrate to study the asymptotics of G. A particular example which

will guide us below is given in the following lemma.

Lemma 5.1. Assume that all the roots of Q are sz'mple. Then,

1> + Z —e P15,

G(t) = —py "ot + 22
Rp; >0 pi

2,u2
where ¢; = Res(g; p;), the residue of g at p;.

Since in this case none of the singularities can be removed and all have order
one, all the ¢; are non-zero. Furthermore, since if p; is a root with residue ¢;, then
pi is a root with residue ¢; as g(w) = g(w), roots with the same real part cannot
cancel out. In particular, in this case, the result of Theorem is sharp.

Proof. Since all the roots of @) are simple, we have

_1+Z

_pz
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where we must have ¢; = Res(g; p;). Integrating (89) then shows that
- ¢ ci _,
G(t) = Lizo — iy "Licot — Y —Lizo+ > —e 5.
Rp; >0 pi Rp; >0 pi

Since F' has a second moment, the result now follows from (23] after letting ¢t —
00. O

5.2. Examples. Let us first discuss how the observations above enable us to es-
tablish the desired rate of convergence for some simple cases of Dirichlet weights.

Example 1.

Lemma 5.2. Consider the general branching processes with Dirichlet weights o
described above. Assume that

k
n—1’
Then the Fourier transform f(w) of v, is analytic and # 1 when Rw € (0,7]. In
particular,

ke{l1,2,3,4}, n>2.

alz...:an:

H2 —~t
G(t)— == =0(e™ ),
()= 5 = 0™
ast — o00.

Proof. Letting a = k/(n — 1) a direct calculation gives

k .
v() S ftati-1 b>~a.

There is always a solution to ¢(0) = 1 at = 1 and all we require is that the other
solutions are less than 0 to establish, via @31), that f(w) is analytic and # 1 on
Rw € (0, (1 + a)y).

For k = 1, the only solution to ¢(f) =11is 6 = 1.

For k = 2, the other solution to ¥ (f) = 1 is given by 6§ = —2(a + 1).

For k = 3, the other solutions to ¥ (f) =1 are

Ja+4 1 3
— :|:5 —3a? — 12a0 — 8,

and k = 4 has solutions to ¢(f) =1 at

9:

3 1
9:—2a—4,———ai§¢—4a2—20a—15.

2
Thus the real parts of all the solutions are less than zero and we have the required
analyticity.
The rest of the statement follows from Theorem a

Analytic solutions for the solutions to the equation 1(6) = 1 do not appear to
be available for larger values of k.

Example 2. Here we discuss the general branching process derived from the class
of examples mentioned in the Introduction in which the Dirichlet weights are of the
form a = (@, ) with o € N. We will establish the theorem from the Introduction.

Thanks to Lemma (2] we know that if @ < 4, as n = 2, then the Fourier
transform f of v, defined in (B7) can be used to show that the rate of convergence
in the renewal theorem is sufficiently fast for the requirements of Theorem [Z.8
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FIGURE 2. Phase plots of 1 — f(yw) for « = 1, 2, 3, 10, 30 and 60.
The black line indicates the set {z € C : Rz = 1/2}. The regions
of the plot are {z € C: Rz and Sz € [—s, s]} for s =5, 10, 10, 40,
50 and 50.

In other words, the applicability of Theorem depends on the regularity of the
characteristic ¢.
More generally we need to solve the equation

I'(2a)T (o + 0)
1-— = =——+~=1.
FO(L=0) = 060) = TG0t
As a € N this is a polynomial equation and hence we seek roots of
a—1
N 2(2a—1)!

By letting w = 1 — 0 the rate of convergence in the renewal theorem is given by
the root of 1 — f(~yw) with smallest strictly positive real part. We have computed
these values numerically.

The numerical evidence shows that when « increases, some roots of 1 — f(yw)
get close to the imaginary axis. This phenomenon is illustrated in Figure 2] which
contains phase plots of 1 — f(yw) for different values of «; we rescaled for conve-
nience. To highlight this more clearly, Figure ] contains some close-ups of phase
plots showing the absence or presence of such roots of 1 — f(~yw) for different values
of a. In particular, when o = 30, the two non-zero roots of 1 — f(yw) closest to
the imaginary axis are

p+ =~ 0.9951 £ 9.10741;

when a = 60, they are
p+ =~ 0.4962 £ 9.10274;
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FIGURE 3. Phase plots of 1 — f(yw) for o = 30, 60,80. The black
line indicates the set {z € C : Rz = 1/2}. The region of the plot
is {ze C: Rz €10,2] and Iz € [8,10]}.

3
2.5«
@
“
21 o+
%
@
<+
L3
1.5q °
“
*
3
k3
®
*
+
%
1 0%
o%o
o%%
e, o0
4,

os] g, o0, 000

. Q“”om

NONO“ "
10 20 30 40 50 60 70

FIGURE 4. Plot of the real part of the root of 1 — f(yw) in Rz > 0
closest to the imaginary axis against a.

and when o = 80, they are
p+ =~ 0.3718 + 9.0963:.

We have in fact computed the real part of the relevant root for all values of o from
1 to 80; these are plotted in Figure @l Numerically, this establishes that « = 60 is
the smallest integer value for which 1 — f(vyw) has roots with real part < 1/2.

Our computations also show that for 1 < a < 80 the roots of 1 — f(yw) are all
simple and occur as complex conjugate pairs except for the root at 0.

To summarise, this numerical evidence shows that the general branching process
with Dirichlet weights (o, ) admits a central limit theorem of the type described
when o < 59, but not when 60 < o < 80. Moreover, the monotonicity of the plot
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in Figure M suggests that the range for which there is not a central limit theorem
extends to all a > 60.

We note that we see similar results in the asymmetric case with Dirichlet weights
(a1, @2), a1, a9 € Nwith as < a7 —1. In this case the polynomial equation becomes

<H<a1+9+i>—(al(+ff)!”!> 11 (%—FG—H’):%,

i=0 i=0
Here is a table showing for a given as the values of a; below which we are in the
central limit theorem regime.

g | 1|23 ]4 5|67 |ax—1
o1 | 26323945 |51 (57|64 60

5.3. Applications to random self-similar strings. For the range of examples
considered in Example 1 of Section 3, thanks to Lemma £.2] we know that the
Cantor set in Figure [[l satisfies Assumption and so, by Theorem [£.3] the corre-
sponding Cantor string satisfies a spectral central limit theorem.

We now return to the second example of Section 3, which was also discussed in
the Introduction. Figure Dl contains some pictures of statistically self-similar Cantor
sets with Dirichlet weights («, ) discussed in Subsection[5.2l The figure illustrates
the fact that the geometry of the Cantor set becomes more rigid as a increases,
because the corresponding Dirichlet distribution becomes more concentrated.

FIGURE 5. Statistically self-similar Cantor strings for the distri-
bution Dir(a, a), with aw = 1, 30 and 80 and v = 0.6.

Proof of Theorem [IL.Il The numerical evidence discussed in Subsection shows
that Assumption is satisfied for integers o < 59. Thus, by Theorem (.3 we
have established parts (i) and (ii) of the theorem.

For (iii), we start by noting if S := 1—-T"7 —(1—T)"7, where T is a [0, 1]-valued
random variable with density

$a71(1 _ x)afl’

and S := S/7, then the explicit form of ¢(t) yields the following distributional
equality:

p(t) = Set — | Set].
This is clearly bounded above by 1 for all ¢ € R and, moreover, we recall from (B3]

that ¢(t) < et for ¢ < 0. Taking expectations, the same is true of E¢(t). Such
an observation, together with the asymptotic behaviour of the renewal function
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(as stated at (23)), readily allows us to apply the double-sided renewal theorem of
[30, Theorem 5] to deduce that

o0

(1) = / Tt - y)H(dy) > i |ty = =),

Thus we can apply Lemma [3.3] to obtain that
o0 1 o0
20 =200 = [ wlt-n6ldy) ~ o [T ut(er )y
0 1Jo

Using the bounds from (33)) again, it is straightforward to see that the second term
is of order e™7*. We now examine the first term. Using (39), we see

/oo u?(t —y)G(dy) = / e VBt — y)G(dy)
0 0

t
> [ e B - Qe

Rp; >0

Define 31 := 7! ming,,~0 Rp;, which by our numerical study in Example 2 of
Section 5.2l we know satisfies 81 € (0,1/2) (for 60 < o < 80). Then

t
[ e Bt - iy
0

Rp;>p1
t
< Z (1_'_tmrl)€*'vt/ e('vfiﬁm)ydy
Rpi>p1 0
< ¢y Z 1+ t7ni_1)€_7t (1 + e('y—%pi)t)
Rpi>p1
= o(e P1t).

Without loss of generality we label the remaining pair of terms with p1 = (81 +
i), and we have that, as all the roots are simple and come in conjugate pairs
(again, for 60 < o < 80), by the remarks after Lemma 51} Q. (y) = ce® for some
¢, ¢ with ¢ > 0. Hence

> /te_y(t_y)Eqb(t —y)Qi(y)e dy

Rpi=61 70

t
_ Z Ceiz‘aewt/ ew(lfpi)yE(b(t —y)dy
T 0

t
:Zceiié(;ﬂit/ e*W(I*Pi)yEdj(y)dy_
T 0

As 1— ;1 > 0 and ¢(y) is a bounded function, the integrals in the above expression
converge, as t — oo, to complex constants Re® := [ e 71=r£)VE¢(y)dy. It
follows that

2%(t) — 2%(00) = 2Recos(yfat — 0 — &)e VPt 4 o(e 71,

Now, if we suppose that R > 0, then the reasoning in Remark 4] indicates that
the Cantor string does not satisfy a spectral central limit theorem for values of
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a € {60,...,80} (recall that we have checked numerically that 5; < /2 and also
¢ > 0 for « in this range). Moreover, splitting the process as in (20) but without
scaling, then taking expectations, we can write

EZ?(t) = €""2%(c0) + e (2°(t) — 2%())
= "2%(00) + 2Rccos(yfat — )T It 4 p(e7 (=AY,
Rewriting in terms of the counting function we have the result for the mean counting

function with n(a) = 1 — B; the required root of the polynomial appearing in the

Theorem.
Thus to complete the proof of (iii) it remains to check that R > 0. We will do this

numerically for « € {60,...,80}. First, observe that for ¢ € C with Ra € (0, 1),

I = /Oo e “Eo(t)dt

—o0
= E/ e (S’et - LS’etJ) dt
00 In((n+1)/5) _
= E / i et (Set — n) dt
—o/In(n/S)

_ qa 1 — l1—a (1+n71)17a (1_‘_”71)70, 1
= BS (1—a+nzln ( 1—a + a _a(l—a))>

= ES° (i an> ,
n=0

where ag := (1 —a)~! and, for n > 1,

ap, = ﬂ (A+n ) *(14+an™") —1)
" a(l—a) '
Some elementary complex analysis yields
1
‘(1+n1)a— 1+an™ ! — @nﬂ < 16Mn~3, Vn > 4,
where
M := max [(1+2z)7"| < 9Ragsldal,
lz|=3
Hence, if n > 4, then
n—l—%a
Gn — 5
ni=Ra ala+1) a(l —a)
< — (la-an '+ 2 ) Qpan ) -1 - Y
= |a(1—a)|<( an”+ = —n )1 +an") 2n?
+ 16Mn 3|1 + an1|)
nl=Ra a*(a+1)
= 16Mn 31 -1
oty (|| toatn i +an)

A
3
;i
2
S
=
&
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where

1 2 1 x
f(a) — ((1 (a2+ )| +24+9§aegja||1+a|>.

Now,

e’} 0 0
/ e "E¢(t)dt = I — / e "Ep(t)dt =T — / e""ESetdt = I — agES.
0

— 00 —0o0

So, setting a = (1 — p), we obtain that for N > 3,

Re*i0 ES“(Z% 2C1+a——z 1+a>>—a0(E§a—E§)

< Esfﬁa Z Ay — n ‘ < ESma Z n7279‘{af(a)
n=N+1 n=N+1
N Nflfi)%af(a)
< ESMe 17
- 1+%Ra

where ((z) = Y77, n~ " is the usual zeta function. In particular, the above in-
equality allows us to compute an estimate for Re** whose error is no greater than
the upper bound. For values of o € {60,...,80} and v = —, our computations
establish that R > 0, as desired. For example with this choice of 7, we find that if
a = 60, then R ~ 0.09703, and if o = 80, then R ~ 0.1056. Note that values of p4
and R for all values of a € {60, ...,80} are presented in the Appendix below. [

6. SPECTRAL CENTRAL LIMIT THEOREM FOR THE BROWNIAN CRT

6.1. Brownian CRT definition and main result. Building on the investiga-
tions into the spectrum of the Brownian continuum random tree (CRT) undertaken
n [I1,12], in this section we apply Theorem to deduce a central limit theorem
for the Brownian CRT’s eigenvalue counting function. The starting point for doing
this is the characterisation of the Brownian CRT as a random self-similar fractal
tree with Dir(1/2,1/2,1/2) weights. (This was shown in [I1] using a decomposition
first derived in [3].)

To introduce the Brownian CRT precisely, it will be most convenient to use
the now well-known connection between real trees and excursions. In particular, a
function f is said to be an excursion of length ¢ € (0, c0) if it belongs to C(R4,R4)
and also satisfies f(x) > 0 if and only if z € (0,¢). Given such a function, define a
distance on [0, ¢] by setting d¢(z,y) == f(z) + f(y) — 2inf{f(r) : v € [z Ay, x V yl},
and let ~¢ be the equivalence relation arrived at by supposing x ~ y if and only if
df(x,y) = 0. Subsequently, if T; := [0,£]/ ~; and d7; is the corresponding quotient
metric, it is possible to check that (7, dr; ) is a real tree (see [I5, Definition 2.1] for
the definition of a real tree, [I5, Theorem 2.1] for a proof of this fact, and Figure
for a pictorial example). Applying this construction, one may define the Brownian
CRT to be the random real tree T = (T,d7) := (Tz¢, dr;, ), where e is simply the
Brownian excursion normalised to have unit length (see [2, Corollary 22]).

For P-a.e. realisation of T, it is possible to define naturally an associated measure
and Dirichlet form as follows. First, the canonical measure on 7, which will be
denoted by p7, is obtained by pushing forward Lebesgue measure on [0, 1] by the
quotient map onto 7. This procedure yields a non-atomic Borel probability measure
of full support, P-a.s. Second, as a consequence of [31, Theorem 5.4], it is possible
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FIGURE 6. An excursion and associated real tree.

to build a local, regular, conservative Dirichlet form (€7, F7) on L?(T, ur), which
is related to the metric dr through, for every x £y € T,

dr(z,y)~" =f{Er(f, ) : feFr, fl2)=0, f(y) =1}
The eigenvalues of the triple (£7, Fr, uy) are defined to be the numbers A which
satisfy

Er(f,9) = A/ngdufr, Vg € Fr,

for some eigenfunction f € F7. The corresponding eigenvalue counting function,
N7, is obtained by setting

N7 (A) := #{eigenvalues of (£, Fr, pr) < A},

and it is this function that will be of interest here. We note that it was checked in
[11l Section 6] that N is well-defined and finite for any A € R, P-a.s. Moreover,
from [II, Theorem 2] and [12, Theorem 1.1 and Remark 1.2], we know that there
exists a deterministic constant Cy € (0, 00) such that, as A — oo,

(40) ENr(\) = CoA?? +0(1),
and also, P-a.s.,
(41) A2 Nz (N = Co.

These establish second order mean behaviour, and first order almost sure behaviour
of the eigenvalue counting function. Here, we further investigate the second order
distributional behaviour, applying our central limit theorem to prove the following
result in particular.

Theorem 6.1. There exist constants Cy € (0,00) and Cy € [0,00) such that, as
A — 00,
N7 (A\) — CoA?/3
T — N(O, 01),
in distribution.

Remark 6.2. Unfortunately we are not able to establish that the asymptotic vari-
ance (1 is strictly positive, as we were in the corresponding result for fractal strings
(Theorem [.3]). This is due to the more complicated correlation structure of the
relevant characteristics, for which we could not find suitable tools to analyse.
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e

FIGURE 7. Self-similar decomposition of the continuum random tree.

6.2. Self-similarity of the Brownian CRT. As noted above, the key tool in
studying the spectrum of the Brownian CRT in [111[12] was a self-similar decom-
position. We again take this recursion as our starting point, and proceed in this
section to describe this in more detail. We also make the connection with the
branching process framework of Section [2

Let p € T be the ~.-equivalence class of T and ("), 2(?) be two yr-random ver-
tices of 7. Since T is a real tree, there exists a unique branch-point b7 (p, W), x(2))
€ T of these three vertices. To be more precise, this is the sole element in the set
([, M N [z, 2@ N [[2P), p]], where [[x,y]] is the unique injective path from
to y in 7. Now, by the non-atomicity of p7, the vertices p, (), z(?) are distinct
almost surely, and therefore lie in different components of 7\b7 (p, z(M), 2()). We
will label by 77, T2 and 73 the components containing p, (") and z(?), respectively.
Moreover, for i = 1,2,3, we define a metric d7; and probability measure p7; on
Ti by setting dy, == A ?dr |77, pr () == A7 u(- N T;), where A; = pr(T;).
Note that, since p7 has full support,( )Az is almost surely non-zero. We also fix
1

)

p1=pa=p3=0b" (p, M 2P set x;’ = p,xM 2@ for i = 1,2,3, respectively,
and choose x§2) to be a p;-random vertex of T; for each i = 1,2, 3. (See Figure[7)
A minor adaptation of [2, Theorem 2] using the invariance under rerooting of the
Brownian CRT (see [1, Section 2.7], for example) then yields the following.
Lemma 6.3. The collections (ﬂ,dﬂ,uﬂ,pi,xz@),x?)), 1 = 1,2,3, are indepen-
dent copies of (T, dT,/.LT,p,l‘(l),l‘(Q)), and moreover, the entire family of random
variables is independent of (A;)3_,, which has a Dir(%, %, %) distribution.

We will label the objects generated by applying this procedure repeatedly using a
subset of the address space of sequences I introduced in Section 2l In particular,
for n > 0, let ,, := {1,2,3}" (using the convention that {1,2,3}° = {0}), and
define ¥ := J,,,5o Xm- For i € ¥,,,j € ¥,,, we continue to write the convolution
ij =i1...imj1--.jn. For k € ¥, we denote by |k| the unique integer n such that
k € X,. We will also write for i € ¥,,,, |, =41 ...1, for any n < m.

(1) a:(2)), where i €

R R )

Returning to our inductive procedure, given (7;, dr;, i7:, pis @

1 .2

¥, we define (Tij, d7;;, u1;;, pij> © ) and A, 7 =1,2,3, from (7;,d7;, urs, pi,

ij Vg
:rl(l), xl@) using the same method as that by which 7 was decomposed above. If
the o-algebra generated by the random variables (A;)1<|s<y is denoted by 7, for
each n € N, then Lemma readily yields the following corollary. As in [I1] and

[12], it is this result that facilitates all that follows.
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Corollary 6.4. For eachn € N, {(T;,dr;, i7:, pis $§1)’ xz@))}iegn is an independent
collection of copies of (T, dr, pr, p,zV, 22, independent of F,,.

To prove Theorem[6.1] we will work with the Dirichlet eigenvalues of (E, Fr, 7).
These are defined to be the eigenvalues of the triple (€ JQ ,]-'3?, ), where 57’? =
5|;$X}-$ and FP = {f € Fr: f(p) = f(zV) = 0}. Since the corresponding
eigenvalue counting function (N2 (X)) cr satisfies

(42) NP(A) < Nr(A\) < NP(A\)+2,  VAeR

(see [II, Lemma 19]), the asymptotics of N2 are indistinguishable from those of
N7 at the level at which we are working.

We now make the connection between the eigenvalue counting function N%’ onT
and a general branching process. Suppose that, starting from the single individual
(), each individual ¢ has three offspring, born at times —% InAyj, j =1,2,3, after ¢
was born (so that the entire population can be indexed by the set ¥). In particular,
this implies that an individual i € ¥ has birth time o; = —% In D;, where Dy :=1
and D; = Ajj1Q)2... Ay for i € X\{0}. For our purposes, we do not need
to define lifetimes of individuals explicitly. We do, however, define characteristics
(¢i)ies, via the formula

3
(43) NP(e') = ¢it) + ) NJ(e'a%?),

j=1

where NP is the Dirichlet eigenvalue counting function on (7;, d7;, u7; ). Note that
[I1, Lemma 19] implies that ¢;(t) € [0, 6] for every ¢ € R, P-a.s. Note also that
the random function ¢; only depends on the progeny of ¢ (including the birth times
of the offspring of 7). Thus, we have a general branching process in the sense of
Section 2.1} and, in the sense of Section [ it has Dirichlet weights. It is easy to
check that this process has Malthusian parameter equal to v = 2/3. Moreover,
iterating ([43)) (and checking that the remainder term converges to 0) allows one to
deduce that the corresponding characteristic counting process

(44) Z(t) = Z¢i(t_0i)

=
satisfies Z%(t) = NP (e') (see the proof of [12, Lemma 3.5]). As before, the rescaled
means of Z? and ¢ will be written 2?(t) := e "' E(Z%(t)), u®(t) := e "'E(¢(t)),
where we omit the index from ¢ in the expectation since this is unimportant. Both
of the above functions are well-defined and finite for all ¢ € R (see [II]). In fact,
(45) M := sup 2%(t)

teR

is a finite constant (see [L1], Lemma 20]). Moreover, it was proved as [11l Proposition
21] that z?(t) — 2%(c0) := [70_u?(t)dt € (0,00). (The proof that 2¢(co) € (0, 00)
was actually not included there, but this is a simple consequence of [10, Proposition
1.7] and [I1, Corollary 4].) We also have that, P-a.s., e 7' Z%(t) — 2%(00) (see
[I1, Proposition 22]) as in the fractal strings with Dirichlet weights example, the
fundamental martingale is identically equal to one, and so the limit is deterministic.
Note that a simple reparameterisation of the two previous results yields the first

order parts of (@0) and [I]).
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To prove Theorem [6.1] we introduce a rescaled centred version of the character-
istic counting process. Specifically, as before, we set

Z(t) = Z5(t) = Z%(t) — e'2%(t),  Z(t) = e 2 2Z(1),

where ( is defined as at (ZI). Just as ([@3) was fundamental to demonstrating the
first order asymptotic behaviour of N7 (t) in the arguments of [I1], the recursions
at (@) and () are central to our efforts to derive the corresponding second order
behaviour via the branching process result of Theorem We note that the use
of an analogous recursion formula for providing second order bounds was already
noticed in [I2]. However, that paper was mainly focused on the infinite variance
a-stable tree case, and did not obtain the type of detailed results that we do here
for the Brownian CRT.

6.3. Variance convergence. In this section, we use the renewal equation of (@)
to show that the rescaled variance v(t) := e "E(Z(t)?) = E(Z(t)?) converges as
t — oo to a finite constant. To do this, we are required to check that v, r and v,
are suitably well-behaved, where r is defined at (§) and v, (dt) := S8 e P(o; €

i=1
dt)—this is the content of the next three lemmas. In the proof of the following
result, we recall the function ¢(x) = 3/(1 + 2z) for x > —1/2, as introduced in

(36).
Lemma 6.5. The function v is bounded and measurable, and v(t) = 0 ast = —oo.

Proof. We start by checking that v is bounded for ¢ > 0. Similarly to the proof
of [I2, Lemma 5.3], by appealing to [12, Lemma 5.2], it is possible to deduce that
v(t) < 27 (I; + I + I3), where

L = Y E(e"Dieilt—o0i) — B(i(t — 03)| D))

i€

12 = ZE D2 ZA”Z O'ij)—E(AijZ¢(t—O'ij)‘Di) 5

€D
3
Is = Y E|e ™' Digi(t —0:) Y Zij(t — o))
i€s j=1
Since ¢(t) € [0,6], I; can be bounded as follows:
(46) I, <6e 'E (Z bi(t — ai)> = 6e 2 E(Z%(t)) = 6e 7 2%(t) < 6Me ",
iex

where the first equality is a consequence of [@l), and M is defined as at [{@3]).
For I, first observe that

3 3
(47) Z A2 (t — ayj) Z 20t — 04j),
j=1 i=1
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where 2%(t) := 2?(t) — 2?(c0), and the equality holds because Z?:l Aj; =1. Now,
by results of [12, Section 3], we have that |2¢(¢)| < Ce™"* for t € R. Thus

3

Di ZA1JZ¢(t — Uij) - E(A1JZ¢(t - O'”)|Dl) S CeJ’t
j=1
for some deterministic constant C. In particular, we have proved that
3
12 < Ceifyt ZE Di Z Aijz“b(t - O'ij) - E(Aij2¢(t - 0'”)|D1)
€T j=1

Our next step is to show that the above sum is bounded. Writing 2¢(s,t) =
29(s) — 2%(t), we can proceed similarly to ([@T) to deduce that

3
E Y Dijz"(t —0y) — B(Dijz"(t — 055)| Di)
j=1

3
S 2E ZDijZ¢(t — 044, t— 0'1')
j=1

From [I2, Section 3], we have for any s < t that 2%(s,t) = u®(s) — u?(t) —
f: u®(w)dw, and hence

3
Y E|D Dijz0(t - 045) — B(Dy;2°(t — 1) Dy)
iex  |j=1

3
(48) < 2) E[D> Dyul(t—oy)
j=1

iex
3
(49) +2) E | ) Dijjul(t— o)
iex j=1
3 t—o;
(50) +2 Z E Z D;; / u® (w)dw
iex j=1 t—oij

To bound these expressions, we will apply the following characterisation of 2¢(t):

(51) () =e "E(Z2°(t) =" ZE(qﬁi(t —0;)) = ZE(Diu¢(t —0i)).

i€ i€

Specifically, the term at (@8] satisfies

3
23 E DY Diju?(t—o:) | =2) E(Diu?(t - 0;)) = 22°(t) < 2M.
1€EX j=1 €Y
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Similarly, the term at ([49) is also bounded above by 2M. Furthermore, the term
at (B0) can be rewritten as

0

3
QZE ZDiA;/ u®(t +w — o;)dw | |

ies =1 ~y—1 lnA;

where (A%)3_, is a copy of (A;)3_,, independent of all the other random variables

of the discussion. Applying (&II), this can be evaluated as

3 0 3
2E ZA;/ 22(t +w)dw | <3ME ZA;—HnAH < 0.
j=1 vy~ tnAl

j=1
Putting these pieces together, we obtain that
(52) I, < Ce

for some finite constant C.
Finally, note that I3 satisfies

I3 < e 'Y N "E(Digi(t — 03)ij(t — 045))

iex jex

(cf. the proof of [12] Lemma 5.3]). Again applying {4)), the boundedness of ¢ and
Lemma 3.5 it follows that

I, < 66_2WZE(DZ-Zf’(t—ai))
€D
= Ge*wZE(sz(ﬁ(t—ai))
1€EX
< 6Me Y p(2)"
k=0
(53) = Ce ',

where again M := sup,cg 2°(t), and C := 6M /(1 — 1)(2)) is a finite constant.
Summing (@6), (B2) and (B3), we obtain that v is bounded for ¢t > 0. We now

check that v(t) is bounded for ¢ < 0 and converges to 0 as ¢ — —oo. For this, we

use the bound E(Z%(t)?) < Ce®7*9) for t € R (cf. [I2, Lemma 4.4]), which implies

1) < €7 (B (29(0)%) + 22(0) < O (e 1),

Clearly this yields the desired properties of v(t). Finally, to confirm that v is
measurable is elementary using the fact that Z?(t) is monotone cadlag, P-a.s. O

Lemma 6.6. The function r, as defined at &), is in L'(R) and r(t) — 0 as
[t] — oo.
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Proof. It follows from the definition of r that, similarly to the proof of Lemma [6.5]
we have |r(t)| < 2e7*(J; + Jo + J3), where

Jio= e Var(g(t)),

3
> A (t—0y) |,
j=1

Jo

3
.]3 = e_zfytE (b(t)ZZj(t—O'j) s

and we will proceed by showing that the statements of the lemma hold for e?*.J;,
1 =1,2,3. As in the previous proof, checking the measurability of the functions is
elementary, and so we will restrict ourselves to finding suitable bounds for them.
First, we have

eIy < e E (4(1)?) < 6e TE (4(t) = 6u’(2).

That u? € L'(R) and u?(t) — 0 as |[t| — oo was established in [T1, Lemma 20], and
so the corresponding result for ¢¢J; also holds. For e¢”t.J,, we consider the cases
t < 0 and t > 0 separately. In particular, we have e¥'J, < e¥*M?, which clearly
demonstrates that e?'Jy € L!((—00,0]) and €7'Jy — 0 as t — —oco. Furthermore,
defining 2%(t) := 2?(t) — 2%(c0) as in the previous result and recalling once again
that |29 ()| < Ce™7*, we are able to deduce that

3
e’ Jy = e'Var Z A2t —ay) | <€t (30677)5)2 =Ce ",
j=1
which confirms that €7.Jy € L1([0,00)) and €?*.Jy — 0 as t — co. Finally, for e7*.J3
we proceed as follows:

5 1/2
eIy < 32t ZZ t—aj
3 1/2
< Ce 2 E(@)E | Y Aju(t
< Cut(t)'?,

where for the final inequality we use the fact that v is bounded (Lemma [6.5]). Now,
from the proof of [IT, Lemma 20], it can be seen that (u®)'/2 € L'(R) (and we
have already noted that u®(t) — 0 as |[t| — 00). Consequently, we have the desired
result for €7*.J3. The lemma follows. O

Lemma 6.7. The measure vy is a non-atomic Borel probability measure on [0, c0)
and also [ tv,(dt) = 1.

Proof. The proof of this lemma is straightforward and omitted. O

In view of the preceding three lemmas, the following result is an immediate
application of the double-sided renewal theorem of [30, Theorem 5].
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Proposition 6.8. The function v converges as t — oo to the finite constant
v(o0) := [T r(t)dt.

6.4. Verification of Conditions and [2.7]1 It now only remains for us to
check Conditions 2.6l and 2.7 before we can apply Theorem 2.8to deduce the desired
central limit theorem for the eigenvalue counting function of the Brownian CRT.
We start by working towards an estimate for the third moment of Z, which will
confirm Condition 227] and, to this end, we use another recursion argument. This
is similar to the proof of Lemma[3.6] but more involved due to the lack of a uniform
bound for {. Specifically, iterating (26), we deduce that for any k € N

Z(t)° = Z Wit —oi) + Z Zi(t — 03)*.
li|<k ieny

The following lemma establishes that the expectation of the remainder term here
converges to 0 as k — oo.

Lemma 6.9. For eacht € R,

klin;OE <Z |Zi(t - ai)’3> =0.

1€EX

Proof. By Cauchy-Schwarz and Lemma [6.5]

E(]20)]")

IN

E (}Z(t)| (Z¢(t)2 + 62%24’(15)2))

1/2

AN

(54) Cet/? ((E(Z¢(t)4)) + eWMQ) .

Applying the characterisation of Z%(t) at (@), we have that
E(Z°(t)") = > E(¢i(t —0i)e;(t — 0;)bn(t — ox)du(t — 01)).
i,4.k €S
Since
(55) $i(t) < 61515,y < 671577,

where ¢; is defined to be the diameter of the metric space (75, d7; ), which is a random
variable with a finite positive moments of all orders (see proof of [I1, Lemma 20]),
it follows that, for any 6, ¢ > 0,

E(Z°(0)") < ce™ Y B(DIDIDLDIs 6] 8 6")
i,7,k,l€X

1/(1+e€)
(56) :

IN

Ot Z E (Df(lJrE)D?(lJFE)DZ(lJFE)Df(lJFE))
i,5,k,l€X

Now, suppose X is viewed as a graph tree with edges between i[|;_; and i for
each i € X\{(}, and the subtree of ¥ spanning 1, j, k,! (and the root () has shape
as shown in Figure 8 where we assume that a,bq,bs,1,J, k,[ are distinct. It is
then straightforward to check from the independence structure of (D;);ex that
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FIGURE 8. A possible configuration of i, j, k, .

E(Df(HE)D?(HE)DZ(HE)Df(HE)) is bounded above by

20(1+€) 20(1+€)

E (D*0+9\ g Dy, E Dy,
a D29(1+e) D2s(1+F)
b1ljal+1 b2lja|+1

0(1+¢) 0(1+¢) 0(1+4¢€) 0(1+¢)
<E | 2 E| > E| 2 E| 2
D9(1+5) D6(1+s) D6(1+s) D9(1+e) 9
by |41 by 141 Ellby|+1 Uibg |+1

which is equal to

(57) (W) <w>bll+lmzmu

Y

3

where we again recall (x) = 3/(1+2z) for x > —1/2. Since 1(0) < 1 for any 6 > 1
and 3F9)(0(1 + €)Y+ — 4(h) as € — 0, if we are given any 6 > 1, then
it is possible to choose ¢ > 0 such that 3(y((1 + ¢))/3)Y/'*¢ < 1. By summing
7)) over all suitable a, by, bs, 4, j, k, | for such a choice of 6 and e, it follows that the
terms of the form considered contribute at most the finite amount

o (o r gy

2 4
1 3 3
1— 375 p(40(1 + €))7 ) \ 1 — 375 4p(20(1 + €)) TH 1— 375 (O(1 + ¢)) THe
to the sum at (B6). For other configurations of i, j, k,[, it is possible to proceed
similarly, and consequently prove that, for any € > 0, E(Z?(t)%) < C’e(‘w‘t‘)t.
Returning to (54)), the bound of the previous paragraph implies E(|Z(t)[3) <
CeP1t2(1V et), and so

E (Z | Z;(t — ai)|3> < CM2(1V eE (Z Df/2> < Cy(5/2)"

1€ 1€
which converges to 0 as k — oo. (]

The first main result of this section is the following, which establishes that Con-
dition 27 holds in the present setting.

Proposition 6.10. We have that sup,cg E(|Z(t)]?) < occ.
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Proof. As a result of the previous lemma, we have that Z(t)3 = 3, 5 W;(t — 0y).
Hence, from the definition of W, we deduce that E(|Z(¢)|®) < E(K;) + E(K2) +
E(K3) + E(Ky), where Ky, Ko, K3, K4 are defined to be the terms appearing in
equations (27) to (B0), respectively, and it will be our goal to show that e 'E(K;)
is bounded for ¢ = 1,2, 3, 4.

Applying the bound for ¢ at (55 and the estimate |2 (¢)| = |29(t) — 2?(c0)| <
Ce™ " (as well as recalling that z? is a bounded function), it is straightforward
to deduce the existence of a deterministic constant C' such that, P-a.s., |(;(t)] <
C(1A(e"(1+467))). This bound implies

GO = GOIMGO? < (1 +6]7),
and so e 'E(K;) is bounded above by

OetE<Zet”"'(1+5> OZE( 3/2) (1+6;) = kszb(:s/z)’“,
=0

i€X 1EX

which is finite, because ¥(3/2) < 1.
Second, we proceed similarly to obtain that

3
e 'E(Ky) < Ce'E Y eI(144]) Z —0ij)|
€D J=1
< Ce'PE|D D; ZE (146} + 0% + 67 Zij (t — 04| Fjij 1)
€D j=1
3
< Ce'E ZDiZE(Zz‘j(t—aij)2w|+1)l/2
€D j=1
3
< Ce~ 3R ZDiZE(e(t_U“)/g)
€D j=1

< CY w3/

where the third inequality is a conditional Cauchy-Schwarz estimate (we also apply
the fact that the moments of §; are finite), and to deduce the fourth we use Lemma
0.0l

For the third term, we start by observing that, similarly to (54)), E(|Z(t)|?) is
bounded above by

E (|Z(t)‘7/4 (Z¢(t)5/4 + 65“/15/4z¢(t)5/4)>
< 0T (B2 () ).

By making the obvious extensions to the argument applied in the proof of Lemma
6.9l it is possible to check that, for any ¢ > 0, E(Z?(t)'°) < Ce(1©7+9% and hence
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(| Z(t)]3) < Ce'™12(et v 1). For any a € [0,1], we also have that |{;(t)| =
IGi(t)]~ < Cell =7t (1 + 551_a)'y). Putting these bounds together yields

3
eT'E(K3) < Ce B | Y 0T t=e) 1 4 50N N Z4(t - 04) Zan(t — o)
1ED 7,k=1

3
< Ce~(-(-amtg ZDil*a Z E (|Z”(t — Uij)‘3|~/_'.|i\+1)l/3

ies jk=1

E (|sz (t — O'ik)|3|]:|i+1)1/3>

< 067(17(%711)7)%6')/@ V. 1)E (Z Dilg _a>

€3

N|N

k
_ e (=Bt 1) Zw (@ _ a) ,

where the second inequality is an application of Holder (and we bound the §; term

similarly to how this was controlled when estimating Ky above). If a = E, then

for t < 0 we obtain from this that e "K3 < C'> ;2 ¥(3/2)F < co. If a = 1, then
it is possible to choose € small enough so that the above bound implies, for ¢t > 0,
e Ky < O Y5 w(17/12)"

Finally, we can proceed as in the proof of Lemmal[3.5 to deduce that e 'E(K,) <
C >0 o 1(3/2)*. The additional input needed to do this is provided by Lemma[G.H]
again. This completes the proof of the proposition. O

From the proof of the previous result, we have that |(;(t)| < C for some deter-
ministic constant C. Hence we can deduce Condition by applying the same
argument as that used to establish Lemma [34 We simply state the conclusion.

Proposition 6.11. For every e € (0,1/2),
67Wt/2 Z C_z(t — Ui) — O,
o;<et
in probability as t — oo.
To complete the proof of Theorem [6.1] note that, by definition and (2],
N7(A) —EN7(})
A\1/3

Hence Propositions [6.8] [6.10] and [6.11] allow us to apply Theorem 2.8 to deduce the
result with

Co = 2%(c0) = /00 u®(t)dt € (0,00), Cy :=v(o0) = /00 z(t)dt € [0, 00).

— 00 — 00

— Z(In\)| < 2473,

APPENDIX

The following table contains the approximate values of p+ and R for different
values of o with v = %, as required in the proof of Theorem [
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o] ps B |
59 | 0.495347 £+ 9.103067 | 0.0964835
60 | 0.503788 £9.1027:% | 0.0970307
61 | 0.511952 4+ 9.10235¢ | 0.0975642
62 | 0.519852 4 9.10199: | 0.0980839
63 | 0.527501 £+ 9.10164% | 0.0985906
64 | 0.534909 £9.1013¢ | 0.0990848
65 | 0.54209 £ 9.10096¢ | 0.0995668
66 | 0.549052 4 9.10062¢ | 0.100037
67 | 0.555805 £ 9.10028: | 0.100496
68 | 0.56236 £ 9.099957 | 0.100945
69 | 0.568724 +£9.09963: | 0.101382
70 | 0.574906 £9.09931¢ | 0.10181

71 1 0.580913 £9.09899¢ | 0.102228
72 1 0.586753 £9.09867¢ | 0.102636
73 1 0.592432 £ 9.09836¢ | 0.103034
74 1 0.597958 £ 9.09806¢ | 0.103425
75 | 0.603335 £ 9.09776¢ | 0.103806
76 | 0.608571 £9.097462 | 0.10418

77 1 0.613671 £9.09717¢ | 0.104545
78 1 0.618639 £ 9.09688¢ | 0.104902
79 | 0.623482 £ 9.09659¢ | 0.105252
80 | 0.628203 £ 9.09631: | 0.105594
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