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KOHNEN’S FORMULA
AND A CONJECTURE OF DARMON AND TORNARIA

MATTEO LONGO AND ZHENGYU MAO

ABSTRACT. We generalize a result of W. Kohnen (1985) to explicit Wald-
spurger lifts constructed by E. M. Baruch and Z. Mao (2007). As an applica-
tion, we prove a conjecture formulated by H. Darmon and G. Tornaria (2008).

1. INTRODUCTION

The aim of this note is to extend a result of Kohnen [I3] Thm. 3] to Waldspurger
lifts of elliptic modular forms constructed in [I] and use this formula to prove a
conjecture of H. Darmon and G. Tornarfa in [7].

Let us first explain the generalization of Kohnen’s formula in which we are inter-
ested. Suppose that f =) ., a,q¢" is a modular form of weight 2k for I'o(M), the
usual congruence subgroup of level M in SLy (Z), where M > 1 is a square free odd
integer. Thanks to the work of Baruch and Mao [I] one attaches to f and a divisor
M'| M aformg=73" -, cyq" of weight k+1/2 and with respect to the congruence
group I'; (4MM’). Let so be the cardinality of the set Sy of primes dividing M’.
Let D(f,So) be the set of fundamental discriminants D such that (£) = —wy if
¢ | M and (L) = 4wy if £ | M/M', where wy is the sign of the Atkin-Lehner
involution acting on f. We are interested in fundamental discriminants satisfying
the following condition:

(%) D eD(f,S) and (—1)*°"* =sgn(D).

Suppose Dy and D, are fundamental discriminants satisfying (). Kohnen’s formula
relates the product c|p,| - ¢p,| to certain linear combinations of explicit Shintani
integrals, namely, integrals of the differential form f(z)dz along geodesic cycles in
the upper half plane. In [I3] one assumes, apart from a natural parity condition
on Dy and D, that (%) = (%) = 4wy for all £ | M; therefore, in our setting,
this corresponds to the case Sy = 0. Our first task is to generalize Kohnen'’s result
to a discriminant satisfying the more general condition (@) above. However, the
proof of this result is not a direct generalization of the proof of loc. cit., which has
a more combinatoric flavour. Instead, our proof is based on methods from [I] and
[19], working in the context of automorphic forms. Finally, let us point out that
the above result is proved in the more general setting of automorphic forms over
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totally real number fields (in Proposition 2.9 below), although for the application
to the Darmon-Tornaria conjecture we only need the case of rational numbers.
As a general observation, it might be helpful to recall that the interest of [13]
Thm. 3] that we generalize arises from the fact that, as a corollary, Kohnen obtains
a formula in [13, Cor. 1] relating |cp|?* with the special value L(f, xp,k), where
D is a fundamental discriminant and xp is the associated quadratic character.
Special values formulas analogue to [I3], Cor. 1] have already been generalized in our
setting in [I] and by Prasanna in [25] in the context of modular forms on quaternion
algebras, using the approach of Waldspurger [35], [34], [33], [36]; however, for the
arithmetic applications to the Darmon-Tornaria conjecture we need a more refined
formula analogue to [I3, Thm. 3].

We now briefly explain the application to elliptic curves, and the content of the
Darmon-Tornarfa conjecture. Let E/Q be an elliptic curve of conductor N = Mp,
where M > 1 is an odd square free positive integer and p{2M is a prime number.
Fix as above a divisor M’ | M and let g be the generalized Kohnen-Waldspurger lift
in [I] of the modular form f attached to E. This is a modular form of weight 3/2 for
I'1 (4N M') with Fourier expansion »_, -, ¢,q". This expansion is only well-defined
up to (non-zero) scalar, and therefore we may form the quotients &, := ¢,/cn,,
where ¢,, # 0 (the existence of such an integer ng follows from the main result
of Baruch-Mao, combined with standard non-vanishing results for L-series [5]).
We show that these coefficients can be seen as the value at 1 of rigid analytic
functions &, (k), defined on a neighborhood U of 1 in a suitable weight space, which
incorporate similarly defined quotients of Fourier coefficients of the generalized
Kohnen-Waldspurger lifts of classical even weight modular forms in the Hida family
passing through f. We fix a fundamental discriminant D satisfying the following
particular case of (@) (in the case k = 1) in which we place a further condition at
p (recall that, as above, wy for £ | N is the sign of the Atkin-Lehner involution on
E and that s is the cardinality of the fixed set Sp):

(i) (2)=-un

It turns out that (ff) implies ¢p(1) = 0 ([I, Thm. 1.1]), although the function
¢p(k) is not a priori identically zero in U; note that D satisfies () with respect
to all the newforms of level I'o(M) appearing in the Hida family (actually in the
Hida family the associated p-stabilized forms of level I'g(N) appear) and therefore
these coefficients are not forced to be zero by sign considerations. Our main result
(Theorem below, a consequence of Theorem A5]) is the following: There exists
a family of points Pp € F(Q) ®z Q, one for each D as above, which is non-zero if
and only if L'(E, xp,1) # 0, and such that

d .
) oxs(Po) = (o) -

Further, if D < 0, then we may take Pp € E(v/D) ®z Q. Here logy is the formal
group logarithm on F (see §41] for a precise definition). Further, the point Pp
arises from Darmon’s theory of his eponymous points, also known as Stark-Heegner
points, introduced in [6] and developed by several authors (see for example [3], [4],
[10], [21], [27], [16], [17]). With S = @, Theorem L5 corresponds to [7, Thm. 1.5].

We finally use this result to prove Theorem L7 a conjecture of Darmon and
Tornarfa ([7, Conj. 5.3]). To discuss this conjecture, let D be a fundamental
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discriminant satisfying the following particular case of (@), in which we put the
following condition at p:

(h (2) =+un

So () is the opposite of ({{]) above; in the following, those discriminants satisfying
(@ (resp. (f1)) are called of type I (resp. type II), following a similar terminol-
ogy in [7]. One considers certain p-adic analogues of Shintani integrals, which are
denoted ¥(f, D, D’) in 411 whose definition depends on the choice of an auxil-
iary fundamental discriminant D’ satisfying ({f). In the particular setting of [7]
in which S = ), one can prove that these p-adic numbers ¥(f, D, D’) are propor-
tional to the Fourier coefficients of a modular form of weight 3/2, and that the
coefficient of proportionality, which of course depends on the choice of D’, is non-
zero if and only if L'(E, xps, 1) # 0; we refer the reader to [7, Thm 5.1] for more
details. However, p-adic Shintani integrals J(f, D, D’) can be defined in the more
general situation in which S # @), and therefore the natural conjecture [7, Conj.
5.3] by Darmon-Tornarfa predicts the existence of a modular form of weight 3/2
whose Fourier coefficients are proportional to ¥(f, D1, D2); further, the coefficient
of proportionality is required to be non-zero if and only if L'(E, xp,1) # 0. We
prove this conjecture showing that the modular form of weight 3/2 whose exis-
tence is predicted in [7, Conj. 5.3] is the complex conjugate g* of the generalized
Kohnen-Waldspurger lift g of the newform f attached to E.

2. KOHNEN’S FORMULA

2.1. Generalized Kohnen-Shintani correspondence. Let f =) ., a,g" be
a newform of even integral weight 2k, square-free odd level M and trivial character.
We let S be a set of primes dividing M, whose cardinality we denote s = |S|. Fix a
subset Sy C S, write M’ for the product of the primes in Sy, and let sqg = | Sp| be the
cardinality of Sy. Let D(f, Sp) be the set of fundamental discriminants D defined in
the Introduction. We also denote by xp the quadratic character a — (%) attached
to the fundamental discriminant D. Fix a Dirichlet character x’ of (Z/(4M))* such
that x, =1if £ | (M/M’), x;(—=1) = —1if £ | M’ and x'(—1) = 1. We can consider
X' as a character of (Z/(4MM'))*. Attached to f and the choice of the auxiliary
character x’, we may consider the explicit Waldspurger’s lift of Baruch-Mao relative
to Sp ([1}7 [33}7 [36]7 [34})7

9= nq" € Spy1/2(Lo(AMM’ X))
n>1
which satisfies the following properties (see [I, Thm. 1.1]):

(a) g is a Shimura lift of f.
(b) g belongs to the Kohnen’s plus space: ¢, = 0 if (=1)*"*n =23 mod 4.
(c) ¢p| =0if (=1)***D >0 and D & D(f, S).
(d) If D satisfies (@) in the Introduction, then

|C|D|‘2 _ L(f7XD7k) 2‘5‘ |D|k71/2(k_1)' ¢

<gag> <f,f> wk (+1

Otherwise, if D € D(f, Sp) and (—1)%** £ sen(D), then L(f, xp,k) = 0.

(2)
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2.2. Kohnen’s formula. Let K = Q(v/A) be a real quadratic field of fundamental
discriminant A such that all primes dividing M are split in K.
Fix 7 = (7 "2 ) with integer entries such that 78 + 7273 = A and 2M | 72, 2 | 73.
Let Fa denote the set of binary integral primitive quadratic forms
Q(z,y) = Az® + Bay + Cy®

of discriminant A satisfying the following properties: (1) M | A and (2) B =7y
modulo M. The group T'o(M) acts on Fa from the right via

(@)(z,y) := Qax + by, cx + dy)
fory=(2%).

Recall that canonical projection induces a bijection between Fa /T'g(M) and the
group of SLgy(Z)-equivalence classes of integral primitive binary quadratic forms
of discriminant A equipped with Gaussian composition law. This is identified, by
class field theory, with the Galois group G = Gal(H};/K) of the strict Hilbert
class field H}; of K.

Let 7+5v/A be a fundamental unit of norm 1 in Oa = Z[(A++v/A) /2] normalized
with » > 0 and s > 0 and define g := (T_'gig f_c;fg), an element in I'o(M). Define
Shintani integrals attached to f and @ € Fa as

7@ (20)
3) r(f.Q) = / F(2)Q(z 1)F 1z

Z0
(one can check that this is independent on the choice of zy € H and only depends on
the I'g(M)-equivalence class of Q). Fix a genus character xp, p, of K, attached to
the pair of Dirichlet characters (xp,, xp,), where A = Dy - Do, and (D;, D3) = 1.
Set as in [23]

r(f; D1, Dg;7) = > X0 r(f, Q)
[QIE€FA/To(M)

Definition 2.1. Let x be the character of (Z/M’)* such that x, = x}, when ¢ | M".
The normalized complex period attached to f, x, D1 and D5 is the complex number:
rx(f; D1, D2) := x(71) - 7(f; D1, D2; 7).

Remark 2.2. The value of (r(f; D1, D2;7))? does not depend on the choice of 7.

Also, ry(f; D1, D2) is independent of the choice of 7.

Remark 2.3. When D1 = Dy and 7 = (Dl 7D1), we denote r(f; Dy, Da;T) by
r(f; D1, D1).

Theorem 2.4. Suppose A = Dy - Dy is a fundamental discriminant with D1, Do
satisfying (@) above and Dy odd. Then

CD2(CD1] _ ok olS] . -1, ¢ ry(f; D2, D)

Moreover 1y (f; D2, D1) = ry(f; D1, D2).

Remark 2.5. The difference in constant (a factor of 2/°1) between the above theorem
and [I3, Theorem 3] lies in the difference of 7, (f; D2, D1) (which is defined through
a sum of oriented optimal embeddings in [23]) and r n(f; D1, D2) in [I3] (which
is a sum over non-oriented optimal embeddings)

LA similar factor should also appear in [7, Theorem 2.1].
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Remark 2.6. A combination of (), 3l Eq. (28)] and [3, Eq. (29)] already shows, at
least in the cases of weight 2k > 2 which will be relevant for the following sections,
that the square norm of the above formula is true.

The proof of the theorem is based on results in [I] and [I9]. Before proving
the theorem, we first give a generalization of Kohnen’s formula in the setting of
automorphic forms over a totally real number field.

2.3. Theta correspondence. Let F' be a totally real number field, A its adele
ring. Fix an additive character ¢ on A/F which is non-trivial. We will recall now
the theta correspondence (Shimura correspondence) studied by Waldspurger [33].
Let M be the space of 2 x 2 matrices, and M® be the subspace consisting of
matrices with trace 0. Let ® be in S(M°(A)) the space of Schwartz functions on

M(A). Let wy be the Weil representation of PGLy xSLy associated to v, (see for
example [I] for a definition). We can construct a theta function @g on PGL3 xSLs:

04(g.h) = > wylg.h)®(x), g€ PGLy(A), h € SLy(A).
z€MO(F)

Then for any cusp form ¢ on PGLy and ® € S(MY(A)) define

05 (0)(h) = 0% (g, h)e(g) dg.

/1>GL2(F)\ PGLy(A)

For irreducible cuspidal representations m of PGLs, the space
{05(p) 1 p e, ® € S(MO(A))}

is an irreducible cuspidal representation 7 (which could be trivial). We denote
7 = 6¥(7) and call it the theta correspondence of 7.

2.4. Transition of periods. Let 7 € GLy(F) such that 72 = (P ), D € F*.
Let T be the centralizer of 7 in PGL,.

Define
P-(p) :/ o(t) dt, p €m,
T-(F)\T+(A)

WP (5) = vol(F\A)~! / H((11))(~Dx) dz, § € 7.
F\A

and

Here and in the following we use a convention that g € SLy denotes also the element
(9,1) in SLy. This will not cause confusion as the few multiplications between

elements in SLy in this section always satisfy (g1,1)(g2,1) = (9192, 1).
The following lemma is the analogue of [I9, Proposition 2.1], we will skip the
proof as it is identical to the proof given in ibid.

Lemma 2.7. If ¢ = Hg(cp), then
(4) WP(@) = Pr(far %)

where fo r s a function on PGLy satisfying

(5) /T |, Jurlie) dt=2(g ™)
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and

forxp= / fa,(9)p(-g) dg.
PGLy(A)

Of course fp . is not uniquely determined; the discussion below applies to any
choice of fg .. For the special case 7 = (1 _1), we write fo = fo,, T :=1T;
and P := P.. We will also use the notation fs . * ¢ in the local setting for the
corresponding local integral.

2.5. A generalization of Kohnen’s formula. Let 7 be such that L(m, 3) # 0.
Then it is well known that # = 6% () # 0.
For ¢ € m, define the corresponding Whittaker function

Wo(g) = vol(F\A) ! / o((14) ) (~x) da.

F\A

Let W(p) = W,(e). By uniqueness of the Whittaker model, if

Y = ®@v®‘pv,07

veX vgX

where ¢, o is a fixed unramified vector in 7,, we can write for g € Fs = @y, Fo,
We(9) = [1,ex Wo(g) for a compatible choice of functions W, in the local Whit-
taker spaces of m,,.

On the other hand, from [36] we get locally the space of T}, invariant forms on
7y is of dimension at most one. Any such invariant form (on the Whittaker space
of m,) is a scalar multiple of

P.(W)) ::/T W/ (t) dt.

(The above integral converges as 7, is a unitary representation.) Thus there is a
constant ¢, s; depending on 7 and ¥ (and not on ¢) such that

(6) Pr(p) =crx H Pr(Wy).
vEL

Remark 2.8. The following discussion holds if we let the set of bad places ¥ to
be large enough, and fix the local measures on 7, and T, for v € X so that
vol(T-»(Ry)) = vol(T,(R,)) = 1. The global measures are taken to be the products
of local measures.

By [19, Lemma 3.1], if ®, and 7, are unramified, in the sense that ®, is the
characteristic function of MO(RU) where R, is the ring of integers in F, and 7, €
GL2(R,), we can let fg r., = fo. the characteristic function of PGLy(R,). Thus
when W, is also unramified,

Jorw* Wy = fo, % W, =vol(PGLy(R,))W,.

We have for 3 large enough

(7) WP(05(0)) = crx [[ vol(PGL2(R)) [ Pr(forw * Wo).

VgD vEX
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We can apply the discussion to the special case 7 = ( v ) Using ¢!  to denote
the constant in (@], we have

(8) W(03(9) = crs ] vol(PGLa(R,)) [T P(fa,0 % W2).
VEY veY

Let ¢ = L‘)g(go) be such that W (@) # 0, and @' = 0%, (¢), we get from (Z) and
[@®) that (for X large enough)
WD(SZ/) _ Crz HUEZ PT(fd)’,'nv * W)
W(SZ) c}r,z HUEE P(f¢,v * W'u)
Recall the (special case of) main formula in [I:
W@)P _ WP
121> el

(9)

(10) L(ﬂ—v%) HEU(QOU,@M’L/J),

vEY
where E, (., Pv, ) are local constants defined in [I]; ||]|? and [|¢||? are Peterson

norm with respect to a pair of compatible measures on SLy and PGLa, fixed in [I].
It follows from the well-known Hecke theory for GLy (see [8, Theorem 11]) that
for v € ¥ with W, unramified,

1
SWa(e)

and thus cLy, = L¥(m, 1) the value at 3 of the partial L-function L¥(7,s) =

(11) P(W,) = L(m,,

2
[[gs L(my, 8). Multiplying equations (@) and (I0) and using (@), we get:

Proposition 2.9. Let ® = @ ®, and & = @ ¥, in SIM°(A)), p = R, € 7
and ¢ = 9$(<p) be such that W(@) # 0. Let 3 = 0%,(¢). Let X be large enough so
that for v € 3, Py, ©y, Pu, @by o, P are unramified and 7, € GLa(R,). Assume
W = [Lyex Wo (over Fx) be such that P-(W,) # 0. Then:

(12)

T D (=N (5 2 P , } 1
w (QO )W((p) :PT( )‘W(@N H( 7'(f<1> ,T,U*W'l) L(Tl’v,

HE elr U\ 5 am e, <) 5)&%%@) .

VEX

In the special case where ® = @', the above equation gives a relation between
the product of distinct Whittaker functionals of ¢ and the period P, of ¢, up to
some local factors. We can consider it as a generalization of Kohnen’s formula in
[13, Theorem 3], which is a formula for product of distinct Fourier coefficients of a
half integral weight form.

2.6. Specification of the formula (I2Z). Now consider the case F' = Q. Let M
be a square free odd number. Let 7’ be the irreducible cuspidal representation of
PGL, associated to a newform f of weight 2k and level M. Let 7 be as in §2.2
In particular (A, M) = 1 and ¢ splits in Q(v/A) for all primes ¢ | M. Write the
positive fundamental discriminant A as DiD, where D; is odd and satisfies the
condition (); then Do is coprime to D; and also satisfies ().

Let 7 = 7 ® xp,. (We use as above y, to denote the quadratic character of
A* attached to a € Q*.) Let ¥(x) = (| D1|z) where ¢o(z) is fixed as follows:
You(z) = > if v is finite and e 2™ if v = co. We assume L(f,xp,,1) # 0;
then @ = 6¥(r) # 0. Moreover with our restrictions on D; (that it satisfies the
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condition (@)), the representation 7 is independent of our choice of parameter Dy,
(see [36], summarized in [, Theorem 3.2]).

In principle we can derive Theorem [Z4] from (2] by explicitly computing the
local factors appearing in (I2)). However in [I] the local constants E,(¢y, @y, %)
are already computed, and the equation (I0]) is explicated into the form (2)). Thus
our strategy is to explicate the equation (@), and then multiply it with ) to get
Theorem 24l This amounts to computing over local places v € X:

PT(f<I>’,T,v * W'u)
P(f‘i’ﬂf * W,U)

We take ¢’ = Q) ¢!, to be the vector in " such that ¢/ is the new vector at all
finite places v and ¢/ is the lowest weight vector. Let v(g) = ¢’(g9) - xp, (det g) be
a vector in . Then we can take the set of places X to be Xy := {00, 2}U{l : {|DM},
provided that ®, = ®’, are characteristic functions of M°(Z,) when v ¢ ¥, (see
Proposition 2.9 for the condition on ). Note that the place 2 is never an unramified

(13) C(Wy, ®,,®) :=

place when considering representations of SLs.

We will compute C(W,, @, ®!) with v € ¥y for some specific choice of @, P!,
(note that with our ¢ being fixed, W, is determined up to a scalar multiple). We
choose ®,, so that ¢ would be a vector corresponding to ¢g(z) in Theorem [Z4l This
means ¢; is unramified for ! not a divisor of M or 2 and oo; when [ | M, ¢, is the
vector of lowest level; ¢y is the Kohnen vector ([Tl (9.4)]); @oo is the lowest weight
vector. These conditions determine ¢ uniquely up to scalar multiple. For @/, we
choose it for the convenience of computation, and in many cases &, = ®,,.

With our specific choices of ®/, we will check in most cases
(14) f<I>’,‘r,v * W, = (X;}WU
for some non-zero constant o/ ; thus
o P (W)

C(W,, ®,,P,) : PlfansWo)'

If we also have

(15) fop*x Wy = a, W,
then the above local factor is just

o, P (W,)
a,P(W,) "

It is convenient to use the following notation: for a € PGLa, axW(g) := W(ga);
for & € SLy, axW(g) = W(ga) and &* ® = wy(a)®; a = (“ ,-1). Recall the local
theta correspondence defines a map from 7, @ S(M°(Q,)) to 7, we denote it by
Pu = 0(py, Py, 1y) € Ty, (thisis only defined up to a scalar multiple). Sometimes we

also denote the absolute value |D;| € QT by Dg, to distinguish from |D;|,. We need
the following formula for Weil representation action (see for example [19] (2.3)]):

(17) ax* (X) = @(aX)|a|* 7y (a)
where v, (a) is a root of unity.

There are six distinct cases to consider for the places in ¥y: the infinite place,
the place 2, the odd place [ which is a divisor of Dy, of D5, the odd place [ € S,

or [ € S\Sp. Below we discuss the calculation of the local constant for each case in
a separate subsection. In each case, we first describe the choice of ®;, ®;, then we

(16) C(W,,2,,0,) =
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check that @; is the type of vector we specified above so that ¢ is corresponding to
g(z). Finally we calculate C(W,,, ®,,®").

2.7. Specification of measures. The local factor C(W,,, ®,, ®)) is not dependent
on any choice of local measure. Indeed both numerator and denominator in (I3]) are
only dependent on measures on PGLs and the quotient is independent of measure.
However for convenience we fix measure on T, over a local place Q, (with v € ¥)
as follows. Let K, = Q,(7) be a quadratic algebra over Q,, take the measure on F,
to be self dual with respect to 1)g,,, the measure on K, to be self dual with respect
to Yo, 0tr K, /@, , and on K to be (g, (1)%, on Q to be C@v(l)ﬁ. (Here
(o, and (g, are the L-functions associated to Q, and K, when v is finite place,
and set to 1 when v is infinite place). The measure on T, is just the quotient
measure on Q\K . The choice of local measure on PGLs is not important for
the discussion below.

We note that if we fix the measures over v € 3¢ in the same way, then the
condition on local measure set in Remark 2.8] is satisfied.

2.8. 1| Dy is odd. In this case m; is unramified and W; is the unramified vector. We
take ®; = @] to be the characteristic function of MY (Z;). Then ¢; is an unramified
vector in .
As 7 = k71 (, )k for an element k € PGLy(Z;), by [19, Lemma 3.1], we
_1
can take ftb,l = 1PGL2(ZL) and fq>/,7—7l = |A|l 21PGL2(ZZ)~ Thus (M) holds with

1

a; = |A]; 2 vol(PGL2(Z;)) and (IH) holds with a; = vol(PGL2(%Z;)). The local
constant is

A0

(18) C(Wlaq)laq);) P(Wl)

2.9. 1| Dy. Since D; is odd this implies [ is odd. In this case 7’ is unramified
and W/ is the unramified vector, however = and W; = W/xp, (det-) is no longer
unramified.

We take @] to be as chosen in [19, Lemma 3.2]. Namely ®]((2 °,)) is 0 if one of
a, b, c is not integral, or both b and ¢ are prime in Z;, or a4+ bc is in Z) . Otherwise,
we set ®((22,)) = xp,(c) if c € Z) or xp, (=b) if b € Z;. In [24] Proposition 3.4]
it is shown that 6(yp;, ®},v]) where )(z) := e2miz/D} s unramified. This easily
implies that 9(30;,D§ * @), 1)) is unramified. We let ®; = D§ % ®). Thus the
corresponding @; is unramified. . o

By [19) Lemma 3.2], for -1 = lpcr,z)|D1l, 2 xp, (det-). (Note that L(xp,1) =
1 in [I9, Lemma 3.2].) Thus

_1
for 1 Wi(g) = / W) (gk)xp, (det gk)|D1], * xp, (det k) dk.
PGL,(Z))

Since xp, is quadratic and W/ (gk) = W/(g), we get (I4]) holds with
af = vol(PGLy(Z,))| Dy, 2.

3

On the other hand by (7)) we have ®;(X) = @;(DQX)|D1\Z"’9 where g is a root
of unity; explicitly g is equal to [~ times the Gaussian sum associated to the
quadratic character on the finite field Fj.
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1 D!
1-Df

for=g|Di|2(1 - I par,@) (07) xp, (det 7).

To prove this fact we just need to show () (local version) in the setting where 7 is
replaced by (1 ,1). By the support condition of fg;, the integral le fo,(tg) dt is

non-zero only when
~1(1 _ -1 D}
g7 ("a)g=nh ((Dﬁ)* )

for some h = hy € PGLy(Z;). From the comments before [I9, Lemma 3.2], we see
(gt (1 1 ) g) # 0 only when g satisfies the same condition. Moreover assuming
the condition is satisfied for some hy, € PGLy(Z;), then

3
(g~ (* 1) 9) = xp, (det hy)| D17 g.

Meanwhile under the same assumption

:
Let n = ( ) It satisfies n ((D”)*l b1 ) nt=('_,). We can take
1

fou(tg) dt = g|D:|> (1 — I=")xp, (det hy) vol(T) N PGLa(Z)n~").
T,

The volume in the above expression is (I —1)~1, thus we verified the identity (local
version of) ().
From the description of fs; we get

Fou* Wi() = a|D1|? (1 — 17 1) vol(PGLa(Zy) )Wy (-n).

Using the Iwasawa decomposition n = (§ 1) (D§ 1) ((1) 72D§ ), we get

PO (S5 )0 = [ o ((71,))

It is clear that Wi ((* 1)) = 0 if @ € [7'Z;. Thus we can restrict the above integra-
tion to [t|; < 12. On the other hand over the domain |t|, = ¢ where ¢ <[ is fixed,
we have ;(t) = 1 and the integrand is a constant multiple of xp, (¢t). Thus the
integration over [t|; = ¢ <1 is 0. We are left with

PW( (1 _DD%))) = /|t » 1/Jl(t)Wz((th 1)) dt

= (=) wi((PDT It
In conclusion the local factor is
3 P(W)

Wl(((D?)*1 1))'

2.10. 1 € S\Sp. Here I | M and [ ¢ Sp. In this case with our assumption on D,
e(m,3) = 1. Take ®; = @] to be the characteristic function of {(2 %, )} where
¢ €1Z; and a,b € Z;. Then ¢ = ¢ is the vector in 7; of the lowest level, i.e., a
multiple of the vector ¢ appearing in [I, Lemma 8.3]; the representation 7; is a
special representation.

Let Ko :={(%}) 1 a,d € Z),b € Zy,c € 1Zi}, w; == (;*). We claim that we
can take fo/ r1 = fo,1 = 1K, 0w K,,- This amounts to check (&) (local version).

We first check the identity for fe:1. When g € T;(Ko; U wiKoy), it is clear
D" (" 1) 9) =1, and [} fa(tg) dt = vol(T; N PGLy(Z;)) = 1. On the other

(19) Cler, 1, ®1) = [ D1
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hand if g is not in T;(Ko,; Uw;Ko,;) (as an element of PGL2(Q;)), then it is easy to
see both the integral [} fo1(tg) dt and ®,(g~" (' _1) g) equal 0. Thus the equation
) holds when we consider (1 _1) in place of .

To check the identity (Bl) for for ., we recall with our assumption in §2.2 7 €
Ko,;. Thus there is an element n € Ky ; such that mon (1 ,1) n~! =71. Here 1y € Z}
with 78 = A. Thus

/ forri(tg) dt = f@ffl(ﬁtﬁ Yg)dt = [ fou(ty') dt

T

where ¢’ = n71gn; here we use the fact for,; = fo, is both left and right Ko
invariant. Similarly ®}(g~'7g) = ®i((¢')"* (' _1)¢') since ®; is invariant both
under conjugation of Ky; and under multiplication by Z;. Thus the identity (5]
in this case follows from the case of ( 1)

Now we verify the properties (I:IZI) and (IH). The vector W, being of lowest
level is fixed by Kpy;. Since e(m, 2) = 1, we have also 7(w;)W; = W;. Thus
for sy *x Wy = fo, % W, = 2vol(Ky,;)W;. From (18]

P.(W))
P(W;)

(20) Clpr, @1, @) =

2.11. 1 € Sy. In this case with our assumption on D1, €(my, %) = —1. Take ®; = @}
whose value at {(2 %)} is zero unless a € Z;, b € Z; and ¢ € 1Z;. Otherwise it
is x;(a) where x; is an odd character on Z; /(1 +1Z;). Then ¢ = @' is the vector
described by [I, Proposition 8.5]. It is still the vector of lowest level in the space of
77, this time however 7; is a supercuspidal representation.

We can let for 1 = (1x,, — lu ko, )xi(11) and fou = 1k,, — lu,k,,- As in the
previous case the identity (Bl for case 7 follows from the case (1 _1). The only
difference is that now ®; is no longer invariant under multiplication by an element
in Z;, but rather equivariant with the character x;. We have

®)(g " rg) = Pu(rolg") " (* 1) d) = xu(r)@ul(¢) " (* 1) 9

Since 7§ = A, we have x;(79) = £x;(m1); we can check from the definition of 79
that indeed x;(70) = xi(71), thus we adjust fo r; to be foxi(71).

We now check (B in case ( toy ) . Asin the case of | € S\Sy, by support condition
if g is not in T;(Ko; U wKo,;) (as an element of PGL2(Q;)), both the integral
le fo,u(tg) dt and ®;(g~* (' _1) g) equal 0. Consider the case g € T} (Ko Uw Ko, );
when g € T1 Ko, ®;(g7! (1 _1) g)=1and le fou(tg) dt = 1; when g € Thw Ko,
both expressions equal —1. Thus (&) holds.

Next we verify the properties (I4) and ([I5]). Again the vector W; being of lowest
level is fixed by Ko,. Since e(m, %) = —1 now, we have in this case m(w;)W; = —W/.
Thus fg,; * W; = 2vol(Ky,;)W; and

f<1>/,~r,l * Wl = 2V01(K071)Xl(7'1)Wl.
We get

Xl(Tl)PT(VVZ).

(21) C(‘)Olaq)la(b;) = P(Wl)
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2.12. | = 2. Take ®; = @] whose value at {(2 % )} is zero unless a € Z; and

c —a
b,c € 2Z;. Then ¢ = @' is the Kohnen vector described by [I], (9.4)]. Note that we
assumed M and D; are odd, so mws is unramified and Wy is an unramified vector.
However A can be even for our discussionl.
By [19, Lemma 34], fqyﬂ—yg = |A|2 2 1PGL2(Zz) and f<1>72 = 1PGL2(Z2)- We

1

get the relations ([I4) and (I5) hold with o/ = |A|; 2 vol(PGL2(Z2)) and o =
vol(PGL2(Zz)). It follows from (I6) that

AL P (W)
P(W3)

2.13. v = oo. Take &, to be the function in [24, p. 544]. It follows from [31],
Remark 2.1] that @ is the lowest weight vector in 7.
Recall A > 0. Then there exists an element v € PGLy(R) such that

(23) 7 iy =vVA (1 _)) € GLy(R).
Let {a 00 = (“Z ﬁ,l) € SLy(R).
Lemma 2.10. Let &, = t&loo * Oo. Then

_3
PT(f@’,T,oo * Woo) - |A|OO4PT(/Y * (f@,oo * Woo))

Proof. First observe

(22) C(p2, 2, P3)

Pf(f@,‘r,oo * WOO) = / / fé’,T,OO(g)WOO(tg) dg dt
Ty oo JPGLy(R)

- / / Jor o0 (t9)Wo(g) dg .
Tr oo JPGL2(R)

Using the local version of (B we get the above is:
[ e W) ds
PGL2(R)

Now from (23) this is:
/ L (g VA (T )7 g We(g) dyg
PGL2(R)
— [ @ VA ) Walg) do
PGL2(R)

From ([IT), ta,co ¥ DL (X) = |A|§o<1>go(\/ZX) (we use the fact that over R the
constant v, (a) =1 when a > 0). The above becomes

|A|? /PGL . Doo(g (M 11) 9Waolrg) dg

_3
—a [ et Wealog) d dg
PGLy(R) JTo
Making a change of variable g — ¢t~ 'g we get that the above is:

‘A‘;’Z / Jo,00 * WOO('Ytil) dt = |A|‘;°Z / Jo,00 * WOO(t’Y) dt
Too Tr,oo
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where the last identity comes from the fact that the Jacobian for the change of
variable t — vyt~ 1y is 1. ([l

It follows from the proof of |24, Proposition 3.5] that fe oo * Wee = oo Weo for
a non-zero scalar oo,. Then from Lemma 2.10]
P‘r(f'iI)’,T,oo*Woo) |A|__P (’Y*Woo)

Note (for some non-zero 8) W ((* 1)) = Bake=27Pie when a > 0 and 0 other-
wise. Thus

25) POWx) =5 [ " akermle P gty trcr)

_ (k;kl)!z_kezﬂwl ((@o ).

2.14. Summary. We can apply (@) with ¥ = ¥, taken to be the union of oo, 2

and the prime divisors of MA. From (I8), (I9), @0), @I), @2), @4) and @), we

get:

(24) C(Woo, P, @) =

WA 4 1 Cr.2
) S o Aiph ) 52

PT('7 * Woo) HleEo\oo PT(VVI)
- ] f- '
() ‘w20 [Lp, Wl(((Dl) 1 1>) [iexo o, POV)

Here x is an odd character on (Z/[];cg,1)* associated to {x; : I € So}. The

identity holds for ¢ = 9$(gp), and ¢’ = 0%, (p) with ® and @ described as above.
We note that with our choices, ¢ is the vector corresponding to the half integral
weight form in Sy 1 (4M [lies, s x) defined in [I, Theorem 10.1]. In particular

W (@) # 0 since we assumed L(f,xp,,k) # 0, (note W (@) corresponds to the
Dﬁ—th Fourier coefficient of the half integral weight form).

Use 4 to denote the element in GL2(A) whose infinite component is v and all
other local components are identity. Then from (B) we have

(27) Cr 5o Pr(y* W H P, (W) = P (% ).
leXp\oo

Next note that for any finite place I t Dy:

P(W;) = L(m, = )Wl( ) = L(m, 5 )Wl (((Dg)il 1)) '

The first equation is well known (see [8]-in the unramified setting it is just (II))),
the second follows from the fact that W, is Ky, invariant. When !|D;, 7 is not
unramified and L(7, s) = 1 (again see [§]). Thus

gy—1
(28) 0711',20 H Wl(((Dl) 1)) H P(W))
1| Dy 1€X0,14D1
1 D) By—1

w07 )/ (D7),
Here L>°(m,s) is the partial L—function Hwﬁoo (7, 5). From (28), @7), 2]) and
@8) we get

WA =/ N k PT . X
(29) (@) _ A= DEy(m) kw ok (¥ w)ﬁ S

e ()

= L
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We also need to interpret the Whittaker functional WA(Q/ ) in terms of the
Whittaker functional of ¢. Let § be an element in A* whose infinite component is

,/% and all other components are 1.
2

Lemma 2.11. )

o n < A/D? A

WA(@) = x(DHWS P2 (3).
Proof. First recall the relation between our choices of ®; and ®: if [ | Dy, & =
’o; at all other places ®; = ®;. Denote

Dg « ®}; at infinite place, oy = ta 00 * Pl;
by & € A* such that its infinite component is v/A, component at a place I | D;
is Dg and at all other places its component is 1. Then ® = §’ * &', which implies
¢ =¢'(-0).

From [34] p. 386], given the fact ¢ is the vector corresponding to the half integral
weight form in Sy, 1 (4M [];cg, I, X), we have

&= @(-0")x(D})™!
where §” € A* is such that its infinite component and component at a place [ | Dq
is 1 and at all other places its component is Dg.
Since §'6"” = D} ()1, we get ¢/ = X(Dg)@(-D_g_lﬁ). Thus

WA =x(DD) [ #(C 1) DE Bu(-A0) do
Q\A

_ f Spt Tt 922\ 8o
=) [ E (1) Bu-aa) d

-1
Now use the fact D_ﬁ is a rational element thus @(D_& ) = ¢(+). Making a

change of variable z — z(D?)~2 we get the lemma. O

2.15. Proof of Theorem [2.4l We connect the notions in ([29) to concepts in
modular forms language.

We associate to f the automorphic form ¢’ of PGLy using the dictionary of
[T, Section 9], and let ¢ = ¢’y p, (det-). Then P, (¥ * ) is the integral £(p) defined
in [23, (6.1.2)]. (It is easy to check that xp, o det when restricted to T is a genus
character on T.) From [23, (6.1.7)]:

(30) PT(’A)/*QO):Aigiikr(f;DQ,Dl;T).

(Note the measure chosen by [23] differs from our choice in §7 by a factor of Az;
see [23, p. 830].) We observe here xp, o det = xp, o det on T, thus the relation:
r(f; D2, Dy;7) = r(f; Dy, Da; 7).

Moreover we have

(31) W, (((Df)*l 1)) — WY Pie) = e,

here the first equation follows from the similar calculation done in Lemma [Z11] the
second is in [T, §9.1] (note ¥ (z) = tho(Diz) and recall D! = |Dy|).

Next let g(z) = 3,51 cn€*™™* be the half integral weight form corresponding
to ¢ by the recipe of [34] (recalled in [T} §9.2]). By [34, Lemme 3], we have

WE(va) = atie2meeDile(e| Dy)).
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Here & is an element in GL3(A) whose infinity component is = and all other com-
ponents are identity. Thus (with a =& =1)

(32) W(g) = e ?1Ple(|Dy]),

and from Lemma [2.17]

- D
(33) WA(@) = x(Dhe *"PH(Fh) F (| Da).

2
Finally note that L>(r, 1) = L(f,Xp,,k). Using @0), @I), @2) and B3), the
equation (29) becomes:

Dy

c(|D2|) T1 " 2kT(f;D27D1;T)
Dy

&J’_l _1_k —k
27171 =A"172|Dqlz
) T NI IR AT VS

(

Now we apply (@), and get:

e LU xpisk) ez B=D! g 7 €
T R e | e

leSy

Our theorem (with the assumption L(f, xp,,k) # 0) follows from multiplying the
above two equations. When L(f, xp,,k) = 0, by the above equation ¢|p,| = 0.
Meanwhile it is known (see [23]) the norm square of r(f; D2, D1;7) is a multiple of
L(f, xp,, k) thus equals 0. So the theorem holds also in this case.

3. FAMILIES OF MODULAR FORMS

We keep from now on the following notation: f is a weight 2 newform of level
N, square free and odd, trivial character and rational Fourier coefficients, corre-
sponding to an elliptic curve E. Fix a prime number p | N and put M := N/p.

Choose an embedding Q — @p. We will then identify algebraic numbers with
p-adic numbers by means of this embedding without making this explicit in the
following.

3.1. Hida families. Let f, be the Hida family passing through f, the weight
2 modular form attached to E by Taylor-Wiles’s modularity theorem. More pre-
cisely, and to fix notation, there exists a compact open neighborhood U/ of 1 in Z,,
contained in the residue class of 1 modulo p — 1, and a formal series expansion

foolk) = an(k)q"

n>1

where ay,, (k) are Cp-valued rigid analytic functions on ¢ (and C,, is the completion
of a fixed algebraic closure of Q,), such that:

(1) For any integer k > 1 in U, fr := foo(k) is the g-expansion of a p-ordinary
cusp form of weight 2k, level T'g(IN) and trivial character, which is an
eigenform for all Hecke operators;

(2) A=TF.

For integers k > 1 in U, f; is not p-new, and we let f,g =D > af (k)g™ be the
weight 2k cusp form of level 'y (M) and trivial character whose p-stabilization is fy.
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3.2. Analytic continuation of generalized Kohnen’s lift. Fix a set of divisors
Sp of M and let M’ be the product of the prime numbers in Sy. Let g = Zn21 cnq"
and g,ﬁc = Zn>1 ¢t (k)q™ be the lifts of f and f,g, respectively, relative to this choice
of Sy and the choice of an auxiliary character x’ as in 211 Recall that sq is the
cardinality of Sy and y is a character of (Z/M’)* determined by x’.

Definition 3.1. Let D be a fundamental discriminant of a quadratic field such
that p4 D and the following conditions are satisfied:

1) (—) =weif £ | (M/M');

2) (&) =—weif¢| M

3) (=1)** =sgn(D).

We say that D is of type I or type II if

1) (2) = w
) (2) = —w,

Remark 3.2. Conditions (1), (2) and (3) above correspond to () of the Introduction;
discriminants of type I (resp. type II) are those satisfying (f) (resp. (ff)) of the
Introduction.

(
(
(

Note that L(f,xp,1) = 0 and ¢jp| = 0 for all D of type II, while non-vanishing
results for L-functions show that there are infinitely many fundamental discriminant
Dy of type I such that L(f,xp,,1) # 0 (cf. [20, Cor. 2], for example), and
consequently we also have ¢;p,|(1) # 0. We fix such a choice of Dy from now on.

Lemma 3.3. There exists a neighborhood U of 1 in Z, such that the coefficients
C?DO‘(k) do not vanish for all k € U.

Proof. By (@), this is equivalent to showing that the same is true for the values

L(f]gaXD07k)'
We begin by fixing for each integer k£ > 1 in U, Shimura periods qu satisfying
k

the additional property that

[2 i (2)P(2)dz £ [7 fi(2)P(2)d2
207,

IE(fE Py, s) =

belongs to the field K £ generated over Q by the Fourier coefficients of f,g, for
k

all polynomials P of degree at most k — 2 and all r,s € P1(Q), where ¢ +— £ is
complex conjugation. Define the algebraic part of the special values of the relevant
L-functions to be

L (fk?XDO’k) T (_27_‘_2-)]@_1 Qwuoc L(fk7XDoak)7

and, in weight 2,

* T
L (faXDovl) ::%'L(f,XDml)v
f

where 7(xp,) is the Gauss sum ([3, §3.1], for example). These are algebraic num-
bers, which we can see as p-adic numbers by the fixed embedding Q — Q,. Then,
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one can equivalently show that the values L*( f,g, XDy, k) do not vanish in a neigh-
borhood of 1.

Recall the Mazur-Kitagawa p-adic L-function Lg/IK( foos XDo» ks 8), In two vari-
ables k and s for which we use the notation in [3, Sec. 3] (except that here the
weight variable is 2k instead of k in loc. cit.; to avoid confusion, we require that, for
afixed k = kg € ZNU, kg > 1, the function LyK(foo, XDy Ko, ) is the cyclotomic
p-adic L-function of fay, instead of fi, as in [3]). Its definition requires the choice
of a sign at infinity ws, corresponding to the choice of the w,, eigencomponent
for the action of ((1) fl) on modular symbols, and the choice of the corresponding
Shimura period Q;fg“ and QF> (cf. [3| §1.1]). We make the choice of we so that

(note k is odd)
XDO(_]') = (_1)]6711”00 = Woeo-
Then, by [3l Theorem 3.1] we have
(34) Li\)/IK(fOO7 XDy > 1a 1) = (1 — XDy (p)ap_l) ' L*(fv XDy > 1)
and, by [3, Corollary 2.3], we have

L™ (foos XDos K k) = A(R) - (1= Xy (D), (R)P* )% - L*(f£, XDy )

The Q,-valued function A — A(k) is non-zero in a neighborhood of 1, by [2, Propo-
sition 1.7]. The choice of Dy implies that xp,(p) = wp, and since a, = —w,, we
see that 1 —xp, (p)a;l # 0. Thus, since also L(f, xp,,1) # 0, the Mazur-Kitagawa
p-adic L-function does not vanish at (1, 1); since it is p-adic analytic in a neigh-
borhood of (1,1), it follows then that there exists a neighborhood of 1 where it is
non-zero, which proves the non-vanishing of the algebraic parts of the L-functions
of f,g in a neighborhood of 1. |

Fix U as in Lemma [3.3] Define for each k e UNZ, k > 1, and D a fundamental
discriminant, the normalized Fourier coefficients
1-— PPl as (k) (k)
(35) 5ID|(k) — XD(P) pk—l pfl( ) ) n|D| '
1- XD,y (p) P Tap (k) C\Do\ (k)

Let Q(x) be the subfield of Q generated by the values of x. Via our fixed
embedding, we will also view Q(x) as a subfield of Q,.

Proposition 3.4. Let D be a fundamental discriminant of type 1 or 1I. After
replacing U by a smaller neighborhood of 1 in Z,, we can ensure that the normalized

coefficients ¢|p|(k) extend to a p-adic analytic function on U, whose value at 1 is
~ ‘D]
¢ip|(1) = —.
- €Dy
Finally, ¢p|(1) belongs to Q(x).

Proof. Fix a neighborhood as in Lemma [33] to start with. Note that
o) _ piw) - ou (*)
choy (k) lefpy (W)
Assume first that (D, D) = 1. Combining (2)) and Theorem [24] we find:
o) = 1-xp(p) -p’“*j'ag_ll(k) . (—27Ti)k x(D)" (D Do)
1—xp,(p) - PF~1-ap (k) [Dol*=1/2- (k= 1) L(ff, xpy, k)
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Using the expression in the proof of the lemma above for L( f,g, XDy, k) in terms of
the Mazur-Kitagawa p-adic L-function, we find

. - o) - x(|ID))~* 1 1
st = AR Dy (x0T )

A(k) - (2mi) - (£, D, Do)

(1= xpo(p) - p* ' -a, () - 0o

Here, as in the proof of the above lemma, we make the choice of woo = xp,(—1).
Suppose that D is of type II and (D, Dy) = 1. Since Dy and D are of different
types, we have

(1=xp() - p""-a, (k) - (1= xpo(p) - P* 7 - 0, ' (K)) =1 —a, > (k)p™ 2.
One observes now that

; ﬁ
01—y )LD D0
i

= ['I]?D(foo/(@( V D- DO)’XD7D07]€)

where the RHS is (up to a constant multiple) the p-adic L-function defined by
Bertolini and Darmon in [3| Definition 3.4, (1)] (note that the prime p is inert in
Q(v/D - Dy), and all primes dividing M are split; also note the usual shift of notation
in the weight, so actually, and more precisely, by ,CED(fOO/Q(\/D - D), XD,Dy+ k)
we mean the function £,(fs/Q(vD - Do), XD,D,,2k) in loc. cit.). Therefore, we
can express ¢|p|(k) as a product of factors, each of them extending to a p-adic
analytic function in a neighborhood of 1, and therefore the extension of normalized
coefficients follows. Further, LEP(fo/Q(v/D - Do), XD,Dy: 1) = 0 (cf. [3, Sec. 4])
and, since ¢|p| = 0, we have the claimed equality

_ aol

6|D|(1) = C|D| = C|D |
0

Suppose now that D is of type I and (D, Dy) = 1. Then all primes dividing
N = Mp are split in Q(v/D - Dy). Since Dy and D are of the same type, we have

(L=xp(p) P " a, (k) - (1= xpy(p) - p* " - a, ' (K))
= (1 = xp,(p)a (k)" 1)

In this case, we have

AE) - (1= xpy (P)az (k)pF)* - (2mi) ré(w{,g D, Dy)
1

= Ezsjh(foo/(@( \% D- DO)?XD7D0’ k)

where the RHS is the p-adic analytic function (up to a constant multiple) defined
in S. Shahabi’s thesis [30, §. 3.2], and the above formula is [30, Prop. 3.3.1], except
for the usual shift of weight. The extension of the normalized coefficients follows.
Its value at 1 is given by

—7(xpo) - X(ID) ! L3 (foo/QVD - Do), X1,Dy5 1)
‘D0|1/2 L;\)/IK(fOO7XDo71a1) .
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By [9, Prop. 5.5], or [I8, Prop. 4.24], we have
2mi) -\ (f, D, D
Eih(fW/Q(VD'DO)7XD,D051):2. ( ) ;2(11(100 0)
f

and, by (34),

T(XDO)
Qf°°

L};/[K(fooaXDoala]-)ZQ' 'L(faXDovl)

and therefore the value ¢p|(1) is given by

—2mi - x(ID))"! (S, D, Do)
|D0‘1/2 L(faXDovl)

This is equal to ¢|p|/c|p,| again by a combination of (2)) and Theorem 2.4 and the
statement follows.

The rationality of ¢|p|/c|p,| follows from results on the rationality of the factors
appearing in the above factorizations. More precisely, one may choose Shimura

periods €y satisfying % € Q(x) because f has integer Fourier co-
F

efficients (see [32], for example), and then, with this choice of Shimura periods,
T(XDg ) L(fxDg,1)
ot

We finally deal with the remaining case of (D, Dg) # 1. One chooses an auxiliary
discriminant D{, prime to both D and Dy, satisfying the same conditions of Dy
(this is possible by [20]). Then, express ¢|p|(k) as the product

( 1—xp(p)-p* ' -a, " (k) . C?Dl(k) ) . (1 —xpy(p) - PF 1 - a, (k) . C?D6|(k)>
Ty P () ey (k)) \T= o) # a9 (8]

and repeat the above argument to each of the two factors in parenthesis appearing
above, using the previously proved cases. This concludes the proof. (I

belongs to Q(x) (see [20], for example).

Thus, for Dy of type I and D5 of type II, we have ¢p, (1) = 0 even if the function
k — ¢p,(k) is not a priori identically zero on the neighborhood U of 1 where it
is defined (this follows because LJP(foo /Q(v/D1 - D2), XD, ,D,, k) is not necessarily
zero). It is naturally of interest to investigate then the value at 1 of its p-adic

derivative, (d%éDz(k'))‘k:y

Remark 3.5. It might be interesting to prove Proposition 3.4] directly, in a way
similar to [7, Prop. 1.3], using arguments borrowed from the proof of [32, Thm.
5.5] (and its sequels [22], [14], [I5]). Formally, our proof makes a systematic recourse
to p-adic L-functions instead; however, note that the principle of our proof (i.e.,
the construction of p-adic L-functions) and the proof of [32] Thm. 5.5] share the
same fundamental tool, namely, the p-adic interpolation of complex integrals (which
are Shintani integrals for p-adic L-functions over real quadratic extensions), and
originated from the seminal paper [I1].

We finally need to understand the action of complex conjugation on these nor-
malized coefficients. Let

i:Q(x) —Q—Q,
be obtained by composition with the fixed embedding Q — Qp. Let ¢ € Gal(Q/Q)
be a fixed complex conjugation. The composition of ¢ on Q(x), viewed as a subfield
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of Q, with i gives rise to a second embedding
i*i=ioc:Q(x) — Q—Q,

(use that Q(x) is Galois over Q). For each integer k € U, and each fundamental
discriminant D prime to Dy, we thus have p-adic numbers

¢p(k) == i* (&p(k)) .

The map i(Q(x)) — i*(Q(x)) defined by i(a) — i*(a) clearly extends on the p-adic
completions, and we denote the resulting map with the symbol x — Z. Thus, from
Proposition 3.4] the function k — ¢ p|(k) extends to a p-adic analytic function on

ClD|

U, denoted by the same symbol, whose value at 1 is ¢p|(1) = e which belongs
_ 0
to *(Q(x)) € Qp-

4. DARMON-TORNARIA CONJECTURE

We keep the notation of §& f is a weight 2 newform of level N, square free and
odd, trivial character and rational Fourier coefficients, corresponding to an elliptic
curve F; p | N is a prime and put M := N/p.

4.1. Rational points on elliptic curves. Let K = Q(\/Z) be a quadratic imag-

inary field where all primes dividing M are split and the prime p is inert. Fix

Shimura’s periods Qﬁ as in Lemma [3.3] for each integer ¥ > 1 in U. Recall the
k

definition of Shintani integrals r( f,g, Q) in @) attached to flg and the quadratic form
Q € Fa, and put

P ) (r(fi: Q) £ (/- Q)

o L _
Tk Q) = (1 ap (k)2 QQE

—B+VA
24

Then these values belong to K - Similarly, let ¢ := , where recall that
k

Q(z,y) = Az? + Bay + Cy?, and define

2k—2

Ii(k,Q) = (1 — cfp(—k)Q) Ii(flg7 (z — TQ)k_Q,Zo,’}/QZO)

which belong again to K T (this is independent on the choice of zy and only depends
k

on the I'g(M)-equivalence class of Q).
Fix an embedding Q@ — Q,. Then 7, as well as elements in Kfn, can be
k

alternatively viewed in Q or @p. We collect here the relevant facts about these
integrals (see [T, Sec. 3] for proofs):

(a) The functions k — r*(k,Q) and k — I*(k,Q), defined for integers k > 1
in U, extend to p-adic analytic functions on U, taking values in Q,, which
we denote by the same symbols 7*(k, Q) and I*(k, Q).

(b) We have I*(1,Q) = 0.

(c) If we denote by & — ¢(§) the non-trivial automorphism of the quadratic
unramified extension Q> of Q,, and we define

P(,Q) = (%Ii(k, Q)) ,

[k=1
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then 9% (f, Q) belongs to Q2 and

(36) PE(£,Q) + (05(£,Q)) =2 (if*(k, Q))
dk =1
Let xp,,p, be the genus character associated to a factorization A = Dy - Dy
of the discriminant of K, as in §21 Recall that xp, p, is associated with the pair
of Dirichlet characters (xp,, Xp,), With associated quadratic fields K; = Q(v/D;),
i = 1,2. Let ¢ = +1 if the K;’s are both real and ¢ = —1 if the K;’s are both
imaginary. Following the terminology in [3, Def. 3.4], the character xp, p, is said
to be even in the first case, and odd in the second. Since xp, - xp, = Xk, which
is the quadratic character associated with K, then xp,(¢) = xp,(£) for all £ | M,
while xp, (p) = —xp.(p)-
Define the following p-adic number (in Q,2):

9(f, D1, D7) = Y XD, (QV(f.Q)
[QIEFA/To(M)
and let Hp, p, be the quadratic extension of K determined by xp, p,. Also, denote
by
logp : E(Q,) — Q,
the p-adic formal logarithm defined by log i (P) := log, (® Too(P)), where g is Tate’s
period of E at p, log, is the branch of the p-adic logarithm satisfying log,(q) = 0

and ®Prupe is Tate’s uniformization of the elliptic curve. The following result is
[, Thm. 4.3].

Theorem 4.1 (Bertolini-Darmon). Suppose that (xp,, XD,) satisfies
XDu(—M) = X (- M) = ~wpr,  XDa() = —xD, () = —0p.

There exists a point

Pp,.p, € (E(HD1,D2) Xz Q)XDI’D%
in the subspace of E(Hp, p,)®zQ where the Galois group Gal(Hp, p,/K) acts via
the character xXp, p,, such that:

(1) IOgE(PD17D2) = 19(.]0’ Dy, Ds; T);
(2) Pp,,p, is non-zero if and only if L'(E, xp,,1) # 0.

4.2. Darmon points and generalized Kohnen lifts. We fix the sign € as in
§4.1] taking € = 1 for xp, p, even and € = —1 for xp, p, odd.
Recall the choice of the periods Qi made in fland the fundamental discriminant

Dy of type I chosen in §21 By [7] Lemma 3.3], these periods can be chosen so that,
after replacing U by a smaller neighborhood, the following equality holds:
k—1

2
(37) Q= (1 _wpfp(k)) r(f£, Do, Do)

We will assume to have done this choice from now on.
Recall that g is the generalized Kohnen-Waldspurger lift in [I] and ¢ p(k) are
the normalized coefficients introduced in (35]).

Definition 4.2. The normalized p-adic period attached to f, x, D1 and Ds is the
p-adic number:

Uy (f, D1, D2) := x(11) - 9(f, D1, D2; 7).
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Remark 4.3. As in Remark[2.2] note that 9, (f, D1, D2) is independent of the choice
of 7, justifying the notation.

Proposition 4.4. Let Dy (resp. Dy) be of type 1 (resp. type 11). Then

D)o (0 (f0a0) = (D1 D)

k=1

Proof. Notice that, for all integers k > 1 in U, we have
2k—2 uf ﬁ
(1~ ) el (W), (8

k—1 2 ﬁ
(1= wp 255 lelpy ()12

¢py (k) - €py (k) =

By Theorem [24] we have then

2k—2
(1 - W) ry(ff, D1, Ds)

3 .
k—1
(1—’11};0%) T(f]gaDOMDO)

¢py|(k) - €Dy (k) = X(ID1)) ™"

Therefore, using (31,

p%_z Tx(f£7D1,D2)
ap(k)? Q, '
Ir

With the above choice of €, we have r(f,g,Q) = 7(k,Q) (cf. [BL eq. (27)], or
[9, Lemma 3.4}, [18, §4.3]). Combining (36l and [7, eq. (16)] we get

3 Fo( a8 = x(Da) - (1

(39) Ox(f, D1, D2) = x(|D1]) c;ik (G101 ®) .é‘DQ‘(k))\k::I ‘

Differentiating (B8]), using that ¢p, (1) = 0 because D5 is of type II, and substituting
B9) we get the result. O

We now apply Theorem [ Tlin this situation. Before doing this, we observe that,
for fundamental discriminants Dy and Ds of type I and II respectively, the condition

XD» (p) = —XD; (p) = —Wp
is (I) and (IT) in Definition B respectively, while the condition
XDy (=M) = xp,(=M) = —wy
is equivalent to
XDI(_l) = XDz(_l) = (_1)SO+17

where recall that sg is the cardinality of the set Sy and M’ is the product of the
primes in Sp: this is because xp, () = xp,({) = wy for all primes ¢ | (M/M’)
(by (1) in Definition B1l) and xp, (¢) = xp,({) = —w, for all primes dividing M’
(by (2) in Definition B)). Thus, Q(y/D1) and Q(v/Ds) are both real or imaginary,
accordingly with the parity of so: odd in the first case, even in the second, and
this is precisely condition (3) in Definition Bl (which, of course, agrees with ()
required in the Introduction of the paper).
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Theorem 4.5. Let Dy be of type I and Do of type 11. Also assume that ¢|p,| # 0.
There exists a point
P € (E(Hp,,p,) ®z Q(x))*" 172
such that:
(1) logu(P) = (10, (h)) _y:
(2) P is non-zero if and only if L'(E, xp,,1) # 0.

Proof. Combining Proposition 4] and Theorem B.1] we see that, for P = Pp, p,
as in Theorem [A.T]

logp(P) = x (lj—f') o, (1) - (%5D2(k))lk_l~

Since ¢p,|(1) belongs to Q(x), assertion (1) follows with

oro (o () 7).

Finally, PropositionB.4lshows that ¢ p,|(1) # 0 if and only if ¢|p,| # 0, so the second
part of Theorem . T]shows that this point is non-zero if and only if L'(E, x p,, 1) # 0,
thus showing assertion (2) and finishing the proof. O

We close this section with another application, which establishes equation ([I) of
the Introduction.

Theorem 4.6. Let D be a fundamental discriminant of type 11. There exists a

point Pp € E(Q) ®z Q(x), which is non-zero if and only if L'(E, xp,1) # 0, such
that

IOgE(PD) = <%E|D|(k})> et .

Further, if D < 0, then we may take Pp € E(v/D) @z Q(x).

Proof. Put Dy := D. Fix a discriminant Dy of type I such that (Dy, D2) = 1 and
¢|p,|- Let A := Dy - Dy be the discriminant of the totally real field K = Q(WVA).
Then one can apply Theorem (7] and obtain the first part of the statement for
Pp = P. The second part follows from the proof of [3, Theorem 4.3] because
if D < 0, then the point Pp actually belongs to the imaginary quadratic field

Q(VD). O

4.3. Generating series and a conjecture of Darmon-Tornaria. Based on the
work accomplished thus far, we are in position to address the conjecture of Darmon
and Tornarfa in [7, Conj. 5.3, Case 1]. Let D; (resp. Ds) be of type I (resp. type
IT), coprime to each other with D; and Ds both positive (resp. negative) if sq is
odd (resp. even). Put

1 (f: D1, D2) := X" (|D1]) - Ox(f, D1, D2)
for Dy of type I and Dy of type II. Let g be given as in §2ZTland g* := )" ¢,q¢" be
the form obtained from g = )", ¢,q¢" by applying the complex conjugation.

Theorem 4.7. The coefficients 1, (f, D1,D2) for D1 of type I are proportional
to the |D1|-th coefficient of g*, and they do not vanish identically if and only if

LI(Eu XDy 1) 7& 0.
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Proof. Combining Proposition 4] and Proposition B.4] and using that cp, # 0, we

have
X(1D1]) - (%EIDQ\(k))\kﬂ

€ Do|

0X(f>D17D2): C|D1|'

(%E‘D2|(k))\k:1 .

Theorem [£.5] shows that the coefficient of proportionality e is non-zero
0

if and only if L'(E, xp,,1) # 0. O

Remark 4.8. We can remove the dependence on the character x in the above theo-

rem. Fix a congruence class m in Z/M'Z and let g, :== >, c,(zm)q" where c%m) =cn

ifn=m e Z/M'Z and ™ = 0ifn #m € Z/M'Z. Then g,, is a half integral
weight form with respect to the congruence group I'y(4MM’). We get from the
above theorem that J(f, Dy, Da,7) is proportional to the |Dq|-th coefficient of ¢,
whenever Dy is of type I and |D1| = m € Z/M'Z. They do not vanish identically
if and only if L'(E, xp,,1) # 0.

The above theorem gives a positive answer to [7, Conj. 5.3]. This conjecture says
that the coefficients b(D) := J(f, D, D2) (notation as in [7]; here Dy is of type IT and
D; of type I as above) are proportional to the D-th coefficient of a modular form of
level I'g(4N?) and weight 3/2; in our notation, J(f, D, Dy) is 9(f, D1, D2; 7). Note
that Darmon and Tornarfa also observe that these coefficients are really only defined
up to sign, since they depend on the choice of a square root (as our notation makes
explicit) and that, therefore, [7, Conj. 5.3] only makes sense up to sign (|7, §6.2]).
Seen in this perspective, our result suggests a way to treat this sign with ambiguity,
by introducing the above coefficients ¥, (f, D1, D2) and 0, (f, D1, D2), which do
not depend on the choices made, and proves that 1, (f, D1,D2) are the Fourier
coefficients of a modular form, in the spirit of [7, Conj. 5.3].

Remark 4.9. The generalization of the main results of Darmon-Tornarfa in [7] to
higher weight modular forms has been obtained in the Ph.D. thesis of G. Harikumar
[12]. In this work one starts with a modular form f of level I'o(N) and even weight
2k > 2 and considers the Coleman family passing though f. As in [7] and in this
paper, one may define p-adic families of Fourier coefficients of Shimura-Shintani
lifts of classical forms in the Coleman family. Replacing Darmon points in [7] and
in this paper with Darmon cycles introduced in [29], [28], [26], [9], and using results
of [9] in combination with Kohnen’s formula [I3], one proves a relation between the
Bloch-Kato logarithm of Darmon cycles and p-adic derivatives of these families of
Fourier coefficients of half integral weight modular forms. We refer to [I2] for more
details. It is clear that all results of this paper can be generalized to higher weight
modular forms following the approach of [I2], since the automorphic calculations
in §2 and the p-adic techniques of [9] hold without any change. The interested
reader will easily state and prove the analogue of the main results of [12] in the
more general setting of this paper.
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