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ABSTRACT. In the last years, a number of authors have studied the algebraic
relations between the generating series of automatic sequences. It turns out
that these series are solutions of Mahler type equations. This paper is mainly
concerned with the difference Galois groups of Mahler type equations (these
groups reflect the algebraic relations between the solutions of the equations).
In particular, we study in detail the equations of order 2 and compute the
difference Galois groups of classical equations related to the Baum-Sweet and
to the Rudin-Shapiro automatic sequences.
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1. INTRODUCTION

A number of authors have studied the algebraic relations between the generating
series of certain p-automatic sequences. For instance, the generating series of the
so-called Baum-Sweet and Rudin-Shapiro sequences (see sections @] and @2)) were
studied by Nishioka and Nishioka in [NN12]: they are algebraically independent

over Q(z) It turns out that the generating series f(z) = Y., skz" of any p-

. =N .
automatic sequence (sx)r>0 € Q (and, actually, of any p-regular sequence) satisfies
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1For the relevance of the algebraic properties of the generating series coming from combina-
torics, we refer for instance to Bousquet-Mélou’s paper [BMOG6].
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a functional equation of the form

an(2)f (") + anor () F (P ) 4+ ap(2)f(2) = 0

with coefficients ag(z),...,an(2) € Q(2); see Becker’s paper [Bec94] and the ref-
erences therein, especially to the works of Dumas and Randé. Such a functional
equation is called a p-Mahler equation, in honor of the work of Mahler in [Mah30b|,
Mah30c,Mah30a]E So, the study of the algebraic relations between the generat-
ing series issued from p-automatic sequences is a special case of the study of the
algebraic relations between solutions of Mahler equations.

The principal aim of the present work is to study the algebraic relations between
the solutions of p-Mahler equations of order n = 2 via difference Galois theory.

We shall now describe more carefully the content of this paper. Section[Zcontains
general prerequisites and complements on difference Galois theory. In section [3]
we establish fundamental properties of the difference Galois groups of the Mahler
equations. In section [4 we study the factorization of the Mahler operators on the
field of Puiseux series, and we define and study the notion of local exponents at 0
and oo (this will be used several times in the rest of this paper: for the algorithmic
aspects studied in section [6] and also for the calculation of the difference Galois
groups of the Baum-Sweet and of the Rudin-Shapiro equations, and of their direct
sum, in section[)). Section[Hlis an aside on a special type of Mahler equation, called
regular singular, for which one can describe explicitly the universal Picard-Vessiot
ring over the field of Puiseux series. We then focus our attention on the Mahler
equations of order n = 2: in section[6] we give an algorithm to determine whether or
not the difference Galois group of a given Mahler equation of order 2 is irreducible,
and, in the irreducible case, whether or not it is imprimitive. This is inspired by
the analogue of Kovacic’s algorithm introduced by Hendricks in [Hen97,[Hen9§].
Note that in the irreducible and not imprimitive case, the Galois group, which can
be determined explicitly, contains SLy(Q). For instance, the Baum-Sweet and the
Rudin-Shapiro equations (see sections and [02]) are Mahler equations of order
2, and hence the algorithm applies in these cases. It would lead to the fact that
these Galois groups are pi4 SL2(Q) and GLo(Q) respectively, where py C CX is the
group of 4th roots of the unity. However, in section [0 we give a shorter way (which
could be of interest for other equations) to compute these groups. We also compute
the Galois group of the “direct sum” of the Baum-Sweet and of the Rudin-Shapiro
equations (via the Goursat-Kolchin-Ribet lemma), which turns out to be equal
to the direct product of the Galois groups of the Baum-Sweet and of the Rudin-
Shapiro equations. For instance, this gives a Galoisian proof of the following result
obtained by Nishioka and Nishioka in [NN12|: if we let f1(z) = f(z) (resp. g(z)) be
the generating series of the Rudin-Shapiro (resp. Baum-Sweet) sequence, then the
series f1(2) = f(2), f2(2) = f(—2), g(z) and g(2?) are algebraically independent
over Q(z).

2. DIFFERENCE GALOIS THEORY: REMINDERS AND COMPLEMENTS

2.1. Generalities on difference Galois theory. For details on what follows, we
refer to [vdPS97, Chapter 1].

2For an introduction to this aspect of Mahler’s work, we refer to Pellarin’s [Pel09] and to
Nishioka’s [Nis96]. We also point out the recent paper [Ph15| by Philippon (which uses difference
Galois theory).
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A difference ring is a couple (R, ¢) where R is a ring and ¢ is a ring automorphism
of R. An ideal of R stabilized by ¢ is called a difference ideal of (R, ¢). If R is a
field, then (R, ¢) is called a difference field.

The ring of constants R? of the difference ring (R, ¢) is defined by

R*={f e R| ()= f}.

Two difference rings (R, ¢) and (]Ai;, 5) are isomorphic if there exists a ring iso-
morphism ¢ : R — R such that <p0¢—$oso

A difference ring (R (;5) is a difference ring extension of a difference ring (R ?)
if Risa ring extension of R and (b‘R = ¢; in this case, we will often denote gb by ¢.
Two difference ring extensions (Rl, (;51) and (Rg, gbg) of a difference ring (R, ¢) are
isomorphic over (R, ¢) if there exists a ring isomorphism ¢ : ]A%;,l — RQ such that
or =1dr and o 1 = g2 0.

A difference ring (R, ¢) is a difference subring of a difference ring (R, gg) if (R, qg)
is a difference ring extension of (R, ¢).

We now let (k,¢) be a difference field. We assume that its field of constants
C = k? is algebraically closed and that the characteristic of k is 0.
In what follows, we will frequently denote the difference ring (R, $) by R.

Consider a difference system
(1) @Y = AY with A € GL, (k).

According to [vdPS97, §1.1], there exists a difference ring extension R of (k, ¢)
such that

1) there exists U € GL,(R) such that ¢(U) = AU (such a U is called a
fundamental matrix of solutions of (I));

2) R is generated, as a k-algebra, by the entries of U and det(U) ™!

3) the only difference ideals of R are {0} and R.

Such a difference ring R is called a Picard-Vessiot ring for () over (k,¢). It is
unique up to isomorphism of difference rings over (k,¢). It is worth mentioning
that R? = C; see [vdPS97, Lemma 1.8].

The corresponding difference Galois group G over (k,¢) of () is the group of
the k-linear ring automorphisms of R commuting with ¢ :

G:={o € Aut(R/k) | poo =00 ¢}.

The Picard-Vessiot ring R is not a domain in general. According to [vdPS97,
Corollary 1.16], we can decompose R as a direct product of rings

R = P R, with R, = Re,
zeX
where
X = Z/tZ for some integer t > 1,
for all x € X, e, is an idempotent element of R,

for all x € X, R, is a domain,
for all z € X, ¢(ey) = ez41, and, hence, p(R;) = Ryt -
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Let us consider the total quotient ring K of R, which can be described as

K:@Km

zeX

where K, is the field of fractions of R,. It is easily seen that ¢ admits a unique
extension into a ring automorphism of K. Therefore, K is a difference ring extension
of R, called the total Picard-Vessiot ring of () over (k,$). We have K¢ = C. The
action of G on R extends to K.

A straightforward computation shows that, for any ¢ € G, there exists a unique
C(o) € GL,(C) such that o(U) = UC(0). According to [vdPS97, Theorem 1.13],
one can identify G with an algebraic subgroup of GL,,(C) via the faithful represen-
tation

o€ G C(o) € GL,(C).

If we choose another fundamental system of solutions U, we find a conjugate rep-
resentation.

Remark 1. To the difference equation

(2) and"(y) + -+ a1¢(y) + agy = 0,
with ag,...,a, € k and aga,, # 0, we associate the difference system
0 1 0o - 0
0 0 1
(3) @Y = AY, with A = : o 0 € GL, (k).
0 o -~ 0 1
—& _a ., ., _Gn

By “Galois group of the difference equation ([2)” we will mean “Galois group of the
difference system (B])”.

The Galois correspondence [vdPS97, Theorem 1.29] reads as follows.

Theorem 2. Let F be the set of difference subrings F of K such that k C F' and
such that every non-zero divisor of F' is actually a unit of F. Let G be the set of
algebraic subgroups of G. Then:

o for any F € F, the set G(K/F) of elements of G which fiz F pointwise is
an algebraic subgroup of G;

e for any algebraic subgroup H of G, K := {x € K | Vo € H,o(x) = z}
belongs to F;

e the maps F = G, F v G(K/F) and G — F, H — K" are each other’s

mnuverses.

The Galois group G reflects the algebraic relations between the entries of any
fundamental matrix of solutions U € GL,(R) of (). The point is that Spec(R)
is a G-torsor over k; see [vdPS97, Theorem 1.13]. This implies that there exists a
finite extension &’ of k such that the Spec(k’)-schemes Gy := G Xgpec(c) Spec(k’)
and Spec(R) Xgpec(k) Spec(k’) are isomorphic, i.e. such that there is a &'-algebra
isomorphism

(4) Rk = C[G] &c K.
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Therefore, equation (@) holds true when &’ is replaced by an algebraic closure k of
k. Note that if G is connected and k is a Cl—ﬁeldEl then we can take k' = k; i.e.
there is a k-algebra isomorphism

R=C[G]®c k.

For instance, if n = 2, G = SLy(C) and k is a C!-field, then there is a k-algebra
isomorphism

R=E[X;; | 1<4,j <2]/(det(Xij)i<ij<2 = 1);

in other words, the ideal of polynomial relations with coefficients in k between the
entries of U is generated by det(X; ;)1<; j<2 = 1.

We shall now introduce a property relative to the base difference field (k, ¢)
which appeared in [vdPS97].

Definition 3. We say that the difference field (k, ¢) satisfies property (P) if the
following properties hold:

e the field & is a C!-field;
e if L is a finite field extension of k£ such that ¢ extends to a field endomor-
phism of L, then L = k.

The following result is due to van der Put and Singer. We recall that two
difference systems ¢Y = AY and ¢Y = BY with A, B € GL, (k) are isomorphic
over k if there exists T' € GL, (k) such that ¢(T)A = BT.

Theorem 4. Assume that (k, ) satisfies property (P). Let G C GL,(C) be the
difference Galois group over (k,®) of

(5) oY = AY, with A € GL, (k).

Then, the following properties hold:

e G/G° is cyclic, where G° is the identity component of G;
o there exists B € G(k) such that (Bl is isomorphic to ¢Y = BY over k.

Let G be an algebraic subgroup of GL,(C) such that A € é(k’) The following
properties hold:

e (G is conjugate to a subgroup of é;

e any minimal element in the set of algebraic subgroups H of G for which
there exists T € GLy (k) such that $(T)AT' € H(k) is conjugate to G;

e (G is conjugate to G if and only if, for any T € é(k) and for any proper
algebraic subgroup H of G, one has that ¢(T)AT ' ¢ H (k).

Proof. The proof of [vdPS97], Propositions 1.20 and 1.21] in the special case where
k := C(z) and ¢ is the shift ¢(f(2)) := f(z + h) with h € C* extends mutatis
mutandis to the present case. O

3Recall that k is a C'-field if every non-constant homogeneous polynomial P over k has a
non-trivial zero provided that the number of its variables is more than its degree. For instance,
the function field of any algebraic curve over an algebraically closed field is a C!-field by virtue of
Tsen’s theorem [Lan52].
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2.2. Base difference field extensions. Let (k’,¢) be a difference field extension
of (k,¢) such that (k')? = C. We shall first explain how one can see the differ-
ence Galois group G’ of the difference system () over (k/, ¢) as a subgroup of the
difference Galois group G of the difference system (1)) over (k, ¢).

Let R’ be a Picard-Vessiot ring over (k’,¢) for the difference system (). Let
U € GL,(R’) be a fundamental matrix of solutions of ({l). We consider the sub-k-
algebra R of R’ generated by the entires of U and by det(U)~!. It is clear that R
is a difference subring of R'.

Lemma 5. An element of R is a zero divisor of R if and only if it is a zero divisor

of R'.

Proof. 1t is obvious that if ¢ € R is a zero divisor of R, then it is a zero divisor of
R'. Conversely, let a € R be a zero divisor of R’. As recalled in section 2.1l we can
decompose R’ as follows:

R =R,

zeX
where
o X =7Z/tZ,
e for all z € X, R/ is a domain,
e for all € X, ¢ induces an isomorphism from R/, to R/, ;.

Consider the corresponding decomposition a = .y a,. The fact that a is a zero
divisor of R’ ensures that a, = 0 for some z € X. It follows that a¢(a) - - - ¢*~1(a) =
0. Therefore, there exists i € {0,...,t — 1} such that ¢(a) is a zero divisor of R.
Since ¢’ is a ring automorphism of R, we get that a is a zero divisor of R, as
expected. O

Thanks to Lemma [Bl, one can see the total quotient ring K of R as a difference
subring of the total quotient ring K’ of R’:

KcK'.

Proposition 6. The difference ring (R, @) is a Picard-Vessiot ring over (k, @) for
). Therefore, the difference ring (K, ¢) is a total Picard-Vessiot ring over (k, @)

for .

Proof. According to [vdPS97, Corollary 1.24], in order to prove that R is a Picard-
Vessiot ring over (k, ¢) for (), it is sufficient to prove that the following properties
hold true:

R has no nilpotent elements;

the ring of constants of K is C;

there is a fundamental matrix of solutions of (Il in GL, (R);

R is minimal with respect to the previous properties.

The first property follows from the facts that R C R’ and that R’ has no nilpotent
elements (recall that R’ is a direct product of domains). The second property follows
from the facts that K C K’ and that (K')? = C (because K’ is a total Picard-
Vessiot ring). The third property follows from the fact that U is a fundamental
matrix of solutions of (] in GL,,(R). The minimality property of R is obvious. O

Consider the Galois group G’ of () over (¥, ¢) given by
G ={oce Aut(R'/K') | poo=0c0¢}
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and the Galois group G of ([) over (k, ¢) given by
G={occ Aut(R/k) | poo =00 ¢}
Then, the restriction map o + g gives a closed immersion
G'c@G.

We shall now focus our attention on the case when &’ is an algebraic extension
of k.

Theorem 7. Assume that k' is an algebraic extension of k. Then, G' and G have
the same identity component.

Proof. As recalled in section 2T} the scheme G717 := G Xgpec(0) Spec(k’) is isomor-
phic to Spec(R) Xgpec(r) Spec(k’), and the scheme G;?, = G’ Xgpec(c) Spec(k’) is
isomorphic to Spec(R’) Xgpec(k) Spec(k’). Therefore, the dimension of G, which is
equal to the dimension of Gz, is equal to the dimension of Spec(R) X gpec(k) Spec(k'),
which is itself equal to the dimension of Spec(R). Similarly, the dimension of G’ is
equal to the dimension of Spec(R’). But the ring extension R C R’ is integral, so
Spec(R) and Spec(R’) have the same dimensions. Hence G and G’ have the same
dimensions. So, we have a closed immersion G C G of algebraic groups with the
same dimensions. It follows that G and G’ have the same identity component. [J

With the notation and hypotheses of Theorem [l one can ask the following
question: Is G’ a normal subgroup of G? Let us study this question in detail. Since
G’ is an algebraic subgroup of G, the Galois correspondence [vdPS97, Theorem
1.29] ensures that there exists a difference subring F' of K containing k such that
every non-zero divisor of F' is a unit of F' and such that

G ={oc e Awt(K/F) | poo =00}
By Galois correspondence again,
F=K% =(K)NnK=FkKnNK.
Using [vdPS97, Corollary 1.30], we obtain the following result.

Proposition 8 (Normality criterion). The algebraic group G’ is normal in G if
and only if the set of elements of k' N K which are fized by the natural action of the

group
{oc e Awt(K'NK/k) | poo=00¢}
is reduced to k.
We shall now give an example illustrating the fact that G’ is not a normal
subgroup of G in general, in contrast with the differential case [Kat87), Proposition

1.4.5].
We consider the difference field (I, ¢) which is given by

1= J Q) and 6 (£(z1/1) = f(24),
d>1
We consider the difference subfields k and k" of [ given by
,Z(j = U @(Zl/pWL)

m>0
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and
If/ ZI’ —1 U (@ zpm(r' 71)
m>0
Consider the difference system
oY = AY, A e GLa(k)

associated to the difference equation ¢?y = zy. A total Picard-Vessiot ring over
(k', ¢) for this system is given by the difference ring (K’, ¢) defined as follows:

e as aring, K’ = k' @ k' is the direct sum of two copies of k’;

e the action of ¢ on (a,b) € K’ is given by ¢(a,b) = (¢(b), #(a)).
Note that &’ is seen as a difference subfield of K’ via a € k' + (a,a) € K'. A total
Picard-Vessiot ring over (k, ¢) is given by K := K'. Therefore, we have ¥’ NK = k/,
and it is easily seen that

{c e Aut(K' N"K/k) | poo=0c0¢}={1d}.

The above normality criterion implies that G’ is not a normal subgroup of G.

2.3. Tterations. Let d > 1 be an integer and consider the iterated difference system
(6) ¢ = AqY with Ay = ¢4 (A)¢p?"2(A)--- A € GL, (k).

The aim of this section is to study the relations between the difference Galois groups
of this difference system and of the original difference system (l) and to generalize
van der Put and Singer’s [vdPS97, Corollary 1.17] (which is concerned with the
case d =t with the notation introduced below).

Let R be a Picard-Vessiot ring over (k,¢) for the difference system (). As
recalled in section 2] we can decompose R as a direct product of rings

R= EB R, with R, = Re,
zeX
where

X = Z/tZ for some integer t > 1,
for all x € X, e, is an idempotent element of R,
for all x € X, R, is a domain,
for all x € X, ¢(e,) = ez41, and, hence, p(R;) = Ryy1y-
We denote by Y the quotient of X by its ideal generated by dlx. For all y € Y,
we introduce the ring
Sy =P R..

TEY

We have
R= @ Sy and, for all y € Y, ¢(Sy) = Sy41, -
yeyY
In particular, if » = |Y| = ged(d, ), then, for all y € Y,
¢"(S,) = S, and, hence, $*(S,) = S,,.

Therefore, (S, ¢?) (resp. (Sy,#")) is a difference ring extension of (k, %) (resp.
(k,¢")), when k is identified with klg, .

Proposition 9. The difference ring (So, , %) is a Picard-Vessiot ring over (k, ¢%)
for the difference system ().
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Proof. Let U € GL,(R) be a fundamental matrix of solutions of (). We can
decompose U as follows:
U=> 1,

yey
where, for all y € Y, U, € GL,(S,). We have

= Z ¢4 (U,) and ¢ (U) = AqU = Z AqU,.
yey yey

Since ¢4(U,) € GL,(S,) and A4U, € GL,(S,), it follows that, for all y € Y,
¢d(Uy) = AqUy.

Since R is generated as a k-algebra by the entries of U and det U1, we get that,
for all y € Y, S, is generated as a k-algebra by the entries of Uy and det U, L

It remains to prove that (Sp, , #¢) is a simple difference ring. Let I be a minimal
non-zero difference ideal of (S, ,#?). Since ¢¢(I) is a non-zero difference ideal of
(Soy, ¢?) included in I, we get that ¢?(I) = I. Since Sy, = P R, we can
decompose I as follows:

I=PrL

€0y

€0y

where, for all z € 0y, I, is an ideal of R,. Since I is non-zero, there exists
r € Oy such that I, is non-zero. But ¢?(I) C I and, for all integer j > 0,
#YR,) C Rutjary, so ¢'41,) C Iptjaiy. Therefore, for any x € Oy, I, is non-
zero. Using the fact that, for all j € N, ¢" induces a permutation of { R, | x € Oy },

we see that
(1) = D L

€0y
where, for all integers 7 > 0 and = € Oy, I}, is a non-zero ideal of R,.
We now consider

d/r—1
Jo=[(¢"T= ) ¢ (I) C Soy,
jeN j=0
which is a difference ideal of (Sp,, ¢"). The decomposition
d/r—1
Jo=€D [ La:
z€0y j=0

together with the fact that a finite intersection of non-zero ideals of a domain is
non-zero, shows that .Jy is non-zero.

We set
r—1
J =P " (o) < P S,
k=0 yey
which is a non-zero difference ideal of (R, ¢). Therefore, J = R. So, Jy = Sy, and,
hence, I = Sp, as expected. |

We will also use the iterated difference system
(7) PY =AY with A, = ¢" 1 (A)¢g"2(A)--- A € GL, (k).

The following result is the particular case d = r of the previous proposition.
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Proposition 10. The difference ring (So,., @") is a Picard-Vessiot ring over (k, ")
for the difference system ().

Let K be the total quotient ring of R over (k,¢). So K = @, .y K, with
K, = Frac(R;). Then, (K,¢) is a total Picard-Vessiot ring for the difference
system (I). For any y € Y, we set L, = EBxey K, which is the total quotient
ring of S,. According to Proposition [ (resp. Proposition [0), (Lo, ,¢?) (resp.
(Lo, ,#")) is a total Picard-Vessiot ring for the difference system (@) over (k, )
(resp. (@) over (k,@")).

We consider the difference Galois group over (k, ¢) of the difference system ()
given by

G={occAut(K/k) | poo=0c0¢},
the difference Galois group over (k, ¢?) of the difference system (@) given by
G' = {o € Aut(Lo, /k) | ¢ 00 = 00 ¢%}
and the difference Galois group over (k, ¢") of the difference system () given by
G" ={o € Aut(Lo, /k) | ¢" 0o =00¢"}.
Proposition 11. We have G' = G”.

Proof. We have an obvious closed immersion of algebraic groups G” C G’ (because
r divides d). By Galois correspondence for the difference system ([7), we have
Lg; = k. By Galois correspondence again, but for the difference system (@), we get
that the inclusion of algebraic groups G C G’ is actually an equality. O

We consider the map a : G” — G defined as follows. For all 0 € G, a(o) :
K — K is the unique k-linear endomorphism of K such that, for all y = jly € Y,
a(o)L, = ¢’o¢™I. The map a(o) is well-defined because

e ¢’ induces a ring isomorphism between Lg, and Lj1, = Ly;
e if j,j/ € Z are such that y = jly = j'1y, then ¢'o¢p 7 = ¢7 5¢~7" (indeed,
in this case, we have j = j/ mod r and, hence, ¢/o¢7 = ¢/ 07" because
o commutes with ¢").
The fact that a(c) is an element of G is straightforward.

We consider the map 5 : G — Y defined as follows. It is easily seen that any o €
G induces a permutation of {e, | x € X}. More precisely, if o(eg, ) = €s1, then,
forall 2/ € X, o(ey) = exryo1y (indeed, if 2’ = jlx, then e, = ej1,, = ¢7(egy ), S0
o(ea) = (¢’ (eox)) = ¢’ (0(eox)) = ¢’ (en1x) = r1xtjix = €arrr1x). Therefore,
o induces a permutation of {1, = >7 . e, | y € Y}. We denote by S(o) the
unique element of Y such that a(lLoy) =11,,,- Note that, for any y € Y, we have
o(1r,) = 11,. 4.,- Equivalently, one can define 5(c) as the unique element of Y’
such that

O'(LOY) = Lg(g).
Moreover, for any o € G and y € Y, we have

o(Ly) = Lyip(o)-

It is easily seen that a and  are morphisms of algebraic groups.
Theorem 12. We have the following exact sequence of algebraic groups:

-G =6¢"%a vy o
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Proof. The fact that « is injective is obvious.

For any o € G”, we have a(0)(1z,,) = o(1z,, ) because 1r, € Lo,. And,
o(1r,, ) = 11, because o is a ring endomorphism of Lo, . Therefore, foa (o) = Oy .

Consider o € ker 3. Then, 0’ := 0 Loy leaves Ly, globally invariant and belongs
to G'. Tt is easily seen that o = a(o’) € im(a).

It remains to prove that § is surjective. Consider x = Zyeim(ﬂ) 1g,. For all
o € G, we have 0(x) = >, i) 1Ly 5y = @ (the last equality follows from the
fact that B(o) belongs to the group im(8)). According to Galois correspondence,
we have z € k. But z is idempotent, so x = O or 1x. Since x # O, we get
x = 1. Therefore, im(8) =Y. O

2.4. Systems, equations and modules. In linear algebra, it is usual to work
either with matrices with entries in a field k, with endomorphisms of a finite di-
mensional k-vector space or with k[X]-modules of finite type. This can be imitated
in the context of difference algebra, as we shall now explain.

One can rewrite the difference system

(8) @Y = AY with A € GL, (k)

as the fixed point equation @ 4(Y) =Y where &4 : k™ — k™ is defined by @4 (V) =
A71(Y) (here ¢ acts component-wise on the elements of k™, which are seen as
column vectors). The map ®4 is a ¢-linear automorphism of the k-vector space
E" de. PaA(X +AY) = PA(X) + ¢p(N)PA(Y) for all X,Y € k™ and A € k. This
leads to the following concept: a difference module is a pair (V,®) where V is a
finite dimensional k-vector space and ® : V' — V is a ¢-linear automorphism of V.
So, we have attached the difference module (k™, ®4) to the difference system (8.
Conversely, we can attach a difference system to any difference module (V, ®) by
choosing some basis of V.

Here is an alternate description of the difference modules. Consider the Ore
algebra Dy, = k[¢, 9] of non-commutative Laurent polynomials with coefficients
in k such that ¢a = ¢(a)¢ for all a € k. By “Di-module” we will mean “left Dy-
module of finite length” (it is equivalent to require that the k-vector space obtained
by restriction of scalars has finite dimension). There is a natural correspondence
between difference modules and Dj-modules. Indeed, we can attach to the difference
module (V, ®) the Di-module M whose underlying abelian group is the underlying
group of V and such that L = " a;¢' € Dy, acts on m € M as Lm = Y a;®*(m).
Conversely, we can attach to the Dy-module M the difference module (V, ®) where
V is the k-vector space obtained from M by restriction of scalars and where ®(v) =
¢v, for any v € V.

The following result, known as the cyclic vector lemma, ensures that any Dg-
module (and, hence, any difference system and difference module) “comes from”
an equation.

Proposition 13. Let M be a Di-module. There exists L € Dy such that M =
Dy./Di L.

The category of Dy-modules is a C-linear rigid tensor category. The dual of a
Di-module M will be denoted by MY and the tensor product by the usual symbol
®. For details, we refer to [vdPS97, §1.4].
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2.5. Tannakian duality. For details on what follows, see [vdPS97, §1.4]. For
tannakian categories in general, we refer to Deligne and Milne’s [DM82]. We let
(M) be the smallest full subcategory of the category of Dy-modules containing M
and closed under all constructions of linear algebra, namely direct sums, tensor
products, duals and subquotients. We let (R, ¢) be a Picard-Vessiot ring of M
over (k,¢) and we let G be the corresponding difference Galois group over (k, @).
There is a C-linear equivalence of categories between (M) and the category of
rational C-linear representations of the linear algebraic group G which is compatible
with all constructions of linear algebra (this is called tannakian duality). Such an
equivalence is given by a functor sending an object N of (M) to the representation

pn : G — GL(w(N))
g = (U®IdN)|w(N)
where
w(N)=ker(p®¢dp—1: Rp N - R®y N).
The difference Galois group of N over (k, ¢) can be identified with the image of py.
We now focus on a specific situation that we will encounter later in this paper.
If Ny and N are objects of (M), then the Galois group of Ny & Ny can be identified
with
(pN1 @ pNz) (G) C Gy % GQ’
where G (resp. () is the difference Galois group of Ny (resp. Nz) over (k,¢)
identified with py, (G) (resp. pn,(G)). We have the following result.

Proposition 14. Assume that:

e Ny and N> have rank 2,
o Gy (resp. Ga) contains SL(w(Ny)) (resp. SL(w(Nz))),
e for any object N of rank one of (N1 @ Na), Ny is isomorphic to neither
N ® Ny nor N @ Ny .
Then, the Galois group of N1 @ Na, seen in G1 X G, contains SL(w(Nyp)) X
SL(w(Na)).

Proof. Indeed, this is a direct consequence of Goursat-Kolchin-Ribet’s [Kat90)
Proposition 1.8.2] (applied to p; := pn, and ps := pn,) and tannkian duality. O

Note that if G; x G5 contains SL(w(N7)) X SL(w(Nz)), then
G ={(01,02) € GL(w(N1)) x GL(w(N3)) | (deto1,det o2) € H},
where H is the Galois group of det My & det Ms.
3. DIFFERENCE GALOIS THEORY: MORE SPECIFIC RESULTS
FOR MAHLER EQUATIONS
We consider the field of Puiseux series with coefficients in Q given by
K = | J K4 with Kq = Q((z"/)).
d>1

We will use the notation zg = 2*/4. We endow K with the field automorphism ¢,
defined by

by (F(11%) = £/,
This makes K a difference field with field of constants K¢» = Q.
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We also consider the difference subfield of K given by

K = | J K, with K; = Q(z'/%).
d>1

The corresponding Ore algebras Dg and Dg (see section 2.4) will be denoted

by D and D. An element of such an algebra will be called a Mahler operator. A
Mabhler equation, system or module is a difference equation, system or module over
one of the above difference fields.

The following result will be useful.

Proposition 15. The difference field (K, ¢,) satisfies property (P) (see Defini-
tion [)). Therefore, the conclusions of Theorem H are valid for (K, ¢p,).

The proof of this proposition, given below, will use the following geometric result.

Proposition 16. Let X be of smooth projective curve over Q with genus g > 2.
Then, the following properties hold:

(1) any non-constant endomorphism of X is an automorphism;
(2) the group of automorphisms of X is finite, of order at most 84(g — 1).

Proof. Let ¢ : X — X be a non-constant endomorphism of X. Hurwitz’s formula
(see [Har77 Corollary 2.4]) ensures that

2N =1)(g—1) =) (ep—1)
P

where N > 1 is the degree of ¢ and where the sum is taken over the ramification
points P of ¢ with ramification index ep > 1. The fact that the right hand side of
this equality is > 0 implies that N = 1, i.e. that ¢ has degree 1 and hence is an
automorphism.

The fact that the group of automorphisms of X is finite and has order at most
84(g — 1) is a classical result due to Hurwitz [Hur92]. O

Proof of Proposition 13l Since K = J,~, Ka is the increasing union of the fields
K, the fact that K is a C'-field follows from Tsen’s theorem [Lan52] (according
to which the function field of any algebraic curve over an algebraically closed field,
e.g. th is Cl).

Let L be a finite extension of K such that ¢, extends to a field endomorphism
of L; we have to prove that L. = K. The primitive element theorem ensures that
there exists u € L such that L = K(u). Let d € Z>; be such that

e v is algebraic over K,
o ¢,(u) € Kg(u).
Then, K (u) is a finite extension of K4, and ¢, induces an endomorphism of Kq(u).
Consider a morphism of smooth projective curves ¢ : X — P'(Q) whose induced
morphism of function fields “is” the inclusion Ky C Kg(u). Then ¢, induces an
endomorphism f of X such that the following diagram is commutative:

f

X——X

PHQ) — P'(@.

z—zP
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Observe that

e X has genus g = 0 or 1 (this follows from Proposition [[6]since f has infinite
order);

e f has degree p (take degrees in the above commutative diagram);

e f71(p710)) C »71(0) and f~ (¢! (00)) C ¢ 1(00) (immediate from the
above commutative diagram);

e f is totally ramified above any point of Z = ¢~ 1(0)Up 1 (00) (indeed, since
f is not constant, it is surjective and, for cardinality reasons, the inclusion
1 (p71(0)) € »71(0) implies that the fiber of f above any element of
©~1(0) has exactly one element).

Assume that g = 0, so that we can replace X by P'(Q). Hurwitz’s formula
(see [Har77), Corollary 2.4]) applied to f yields the equation

—2=-2p+ Y (ep—1)==2p+ > (p—tf Q@)+ > (p—1f1Q),

Qez QEZ

=4Z-(p—1)=2(p—1)

where the sum in the middle term is taken over the ramification points P of f with
ramification index ep > 1. This implies that §Z = 2, so ¢~ 1(0) = fip~(c0) = 1,
and that f is unramified above X \ Z. Let ¢ be an automorphism of P*(Q) such
that ¢(¢~1(0)) = 0 and c(p~1(c0)) = co. Then, cfe™! is totally ramified at 0 and
oo, unramified elsewhere, of degree p, and fixes 0 and oo, so cfc™1(z) = 2P. It
follows from the commutative diagram

I P ()

wc_ll J{wc_l

1D 1D

P'@ —P'@
that pc=1(z) = 2V for some N € Z>;y. That is, ¢ = ¢V and f(2) = c7!(c(2)?). It

follows that Kg(u) = @(zcll/N). In particular, u belongs to K and hence L = K.

Assume that g = 1, i.e. that X is an elliptic curve. Then f is unramified (as any
non-constant endomorphism of an elliptic curve) of degree p. Considering cardinals
in the inclusion f~1(¢71(0)) C ¢~1(0), we get that the degree of f is equal to 1,
so p = 1, which is excluded. O

We will mainly work with the base fields K and IA(; however, we will also use the
difference subfield of K given by

Ky~ = [J Q)

d>0

and its difference subfield given by

Kp= = U @(Zl/pd)-

d>0
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We will use the following result.

Proposition 17. Let L be a finite field extension of Ky such that ¢, extends to
an endomorphism of L. Then, there exists a« € L such that o™ = z for some integer
n>1, and L = Kpe ().

Proof. Same arguments as for the proof of Proposition O

4. FACTORIZATION, TRIANGULARIZATION AND LOCAL EXPONENTS

4.1. Factorization of Mahler operators. In order to avoid heavy notation, we
work in this section with

n

L= Z aiqﬁé) where n > 1, ag,...,a, € Q((2)) and apa,, # 0.
i=0

The extension of the results below to an arbitrary L € D is straightforward.

We shall now introduce some notation and terminology. Let a,r be elements of
some difference field extension of K such that ¢p(r) = ar. We will denote by LI
the operator defined by

n

L ==L = Z agp(a) - ¢;i0_1(a)ai¢f”’

i=0
so that LI"(f) = 0 if and only if L(rf) = 0. In particular:
e for any i € Q, we consider §,, such that ¢,(0,,) = 28, so that

n
0u] _ I4pt-4p'~t i
Lon — § L(1+p P )uamp’
i=0

e for any c € @X, we consider e, such that ¢,(e.) = ce. so that

Lleel = Z Ciaiﬁb;-
i=0
We define the Newton polygon N(L) of L as the convex hull in R? of

{(4,j) €eZxR | j>v.(an—i)}

where v, : K — QU {400} denotes the z-adic valuation. This polygon is delimited
by two vertical half lines and by k vectors (r1,dy),..., (rs, di) € N* X Q having
pairwise distinct slopes, called the Newton-slopes of L. For any i € {1,...,k}, r;
is called the multiplicity of the Newton-slope f—

Lemma 18. There exists a unique p1; € Q such that the greatest Newton-slope of
Ll s 0.

Proof. The fact that the greatest Newton-slope of L% is 0 means that, for all
ie{l,...,n},
v.(a;) + (L+p+-+p N > v.(ag)

and that this inequality is an equality for some ¢ € {1,...,n}. It is easily seen that
there exists a unique p € Q with these properties. (]
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Definition 19. The rational number p; given by Lemma [I8 will be called the first
theta-slope of L. Set L0l = Z?:o biqb;. The characteristic polynomial associ-

ated to the first theta-slope py of L is > (biZ_UZ(bO))lzzo Xt € Q[X]; this is a
polynomial of degree > 1 with non-zero constant coefficient.

Lemma 20. Let py be the first theta-slope of L and let c¢1 be a root of the corre-
sponding characteristic polynomial. Let di € Z>1 be a denominator of py. Then,

there exists f1 € 1+ zq,Q[[2q4,]] such that L(0,,e., f1) = 0.

Proof. We set = p1, ¢ = ¢; and d = dy. Note that the coefficients of L[]
belong to Q((za)). We set LIl = 377 [b;¢% with b; = >, bi;z5 € Q(za)-
Using the fact that the greatest Newton-slope of Ll is 0, we see that, up to left
multiplication by some element of Q((z4))*, we can assume that by, . .., b, € Q[[z4]]
and bp,o # 0. The characteristic polynomial attached to the first theta-slope p of

L is given, up to multiplication by some constant in @X, by Z?:o b;oXt. TFor
f= Zkzo frzk € 1+ 24Q][24]], we have
L ecf) =0 e Z bi,jcisz£+kpi =0
i,5,k>0
if and only if, for all £ € Zx,
(9) Z bz-?jcifk =0.

i,5,k>0
J+kpt=£

This equation is automatically satisfied for £ = 0 because
> bigcfs= (Z bi,00i> Jo
i,5,k>0 7

J+kpi=0

and >, b;oc’ = 0 because c is a root of the characteristic polynomial. For ¢ > 0,
equation (@) can be rewritten as

Z bijc' fr = —boofe
i,5,k>0
k<l,j+kpi=t
so that the coefficients of f are (uniquely) recursively determined. |
Lemma 21. Maintaining the notation of Lemma R0, we can factorize L as
L= Ly(¢p —2"er) f!
where Ly € D has coefficients in Q((z2/®"))) for some m € Z.

Proof. This follows by euclidean division of L by the operator (¢, — z"*c1)f !
which annihilates 6, e., fi. U

A repeated application of the previous lemma leads to the following result.
Theorem 22. The operator L admits a factorization of the form
L=andp(f1) - dp(fu)(dp — 2 ca) frt - (dp — 2 er) [T

where, for all i € {1,...,n}, ¢; € @X, wi € Q and f; € 1+ z4Q[[z4]] for some
integer d > 1.
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4.2. Triangularization and local exponents of the D-modules. We shall first
study the D-modules of rank one. For any a € IA{X, we denote by I, the D-module
of rank one defined by

I, =D/D(¢p — ).
In what follows, we will denote by cld(«) the coefficient of the term of lowest degree
of a € K*. Note that cld : KX — @X is a group morphism.

Proposition 23.

(i) For any a, B € K* , the D-modules I, and 1g are isomorphic if and only if
cld(a) = cld(p).

~

(ii) For any a € K*, the D-modules I, and Lia(a) are isomorphic.
(iii) For any D-module M of rank one, there exists a unique c € @X such that
M is isomorphic to I..
Proof. Tt is easily seen that the set of D-module morphisms from I, to I is given
by
Hom(I,, Ig) = {pu | u € K, au = ¢,(u)5}

where ¢, : I, — I is defined by ¢u(P) = Pu and that ¢, is an isomorphism if
and only if w € K*. Therefore, I, = I3 if and only if there exists u € K* such that
au = ¢, (u)B. But {¢,(u)/u | ue K*} =ker(cld : KX — Q). So I, = I if and
only if cld(a) = cld(8). This proves (i). The remaining assertions follow easily. O
Theorem 24. Let M be a D-module of rank n > 1.

(i) The D-module M is triangularizable; i.e. there exists a filtration
{O}ZM()CMlC"'CMn:M

by submodules of M such that, for all i € {0,...,n — 1}, the quotient D-
module M;11/M; has rank one.

(ii) For alli € {0,...,n—1}, we let c; € Q" be such that M4y /M; = I... The
list c1,. .., ¢, does not depend (up to permutation) on the chosen filtration.

Proof. According to the cyclic vector lemma (Proposition [[3]), there exists L € D
such that M = D/DL. Theorem 22| ensures that

L=c(bp—2"mca)f - (bp — 2" er) fi!

with ¢ € Q((zq)), ¢ € @X, pi € Q and f; € 1+ 24Q[[24]] for some d € Z>q1. We
deduce from this factorization a filtration

{O}ZM()CMlC"'CMn:M
such that, for all ¢ € {0,...,n — 1}, M;41/M; = L., = I., has rank one. This
proves (i).

By the Jordan-Holder theorem, if

{O}ZN()CNlC"'CNm:M

is another filtration of M such that, for all ¢ € {0,...,m — 1}, N;11/N; has rank

one and hence is isomorphic to Iy, for some d; € @X, then m = n and there exists
a permutation o of {1,...,n} such that My ;)41/My;) = Nip1/N;. Proposition 23]
ensures that c,(;) = d;, whence (ii). O
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Definition 25. The exponents at 0 of the D-module M are the non-zero complex
numbers c, ..., c, introduced in Theorem

It will be convenient to introduce the notion of exponents for Mahler operators.

Definition 26. The exponents at 0 of L € D are the exponents of the D-module
D/DL.

Note the following result.
Proposition 27. Let M be a D-module of rank n > 1. Assume that M = ﬁ/’ZSL
for some L € D such that L = ¢(¢pp — ) - - - (¢p — 1) for some ¢, a1, ..., 0 € K*.
Then, the exponents of L and of M at 0 are cld(ay),...,cld(ay,).

Proof. Indeed, the factorization L = ¢(¢, — ) - - - (¢ — 1) induces a filtration
{0} =MyCcM,C---CM,=M
of M such that, for all i € {0,...,n — 1}, M 1 /M; = 1o, = Ioq(a,)- |
4.3. Focus on the operators of order 2. We shall now collect some results
about the operators of order 2, which will be used later in the paper. Consider an
operator of order 2:
L=¢2+ag,+beDwith a € Q((2)) and b € Q((2))*.

The proof of Lemma [I8 shows that the first theta-slope uy of L is the unique
rational number such that

o (1+p)u = v:(b),

4 Uz(a) + H1 > Uz(b)a

e cither (1 + p)u1 = v,(b) or vy(a) + p1 = v, (b),

v:(b)
1+p,vz(b) — vz(a)} )

Let d; € Z>1 be a denominator of y1. Let ¢; € @X be a root of the characteristic
polynomial of L associated to its first theta-slope 1. Theorem 22] ensures that

(10) L= ¢p(f1)dp(f2)(9p — c22") f5 (& — 12" ) fi

for some f; € 1+ 24,Q[[z4,]], c2 €Q ", 12 € Q and fo € 1+ 24,Q[2a,]] (da € Z1).
Equating the terms of degree 0 in (I0), we get

a1 2eaz ¢n(f1)p(f2) fi M fa t =b.

Therefore, c¢1co = cld(b), p1 + p2 = v.(b) (so d; is also a denominator of ug) and

fa € 14 24,Q[24,]]-
The following result will be used later in this paper.

i.e.

M1 = max{

Proposition 28. Let f € K be such that L(f)=0. Then f € @((Zdllpj)) for some
JEZ, where d) = (p—1)d;.

We will give the proof after the following two lemmas.
Lemma 29. We can decompose L as follows:
(11) L = ¢5(91)8p(92)(dp — c2)g3 " (6p — c1)g1 '
for some g1,g2 € @((zdfl)).
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Proof. This follows from equation ({I0) by using the identity

By — iz = (2777 ) (b — i) (277T) L.
O

Lemma 30. Let f € K be such that (¢p — ) (f) € Q((2m)) for some m € Z>; and
c€Q". Then, there evists j € Z such that f € Q((zmps))-

Proof. Let f =35 fuzh € Q((2,)) be such that
(12) (6 =) =Y (Frp—chi)zn— D efuzh € Q(zm))-

kepZ kEZ\pZ
Consider k € Z such that p { k and k/n ¢ %pZZ. In particular, we have p 1 k
and k/n ¢ #Z. Equation (I2) ensures that fr = 0. Moreover, we have p | kp
and kp/n ¢ 7. Equation (I2) ensures that f; — cfr, = 0 and, hence, fi, = 0.
Repeating this argument, we obtain that fj,; = 0 for all integers j > 0. So, we
have proved that fr =0if k/n & %pZZ, whence the result. O

Proof of Proposition 28 Follows from the decomposition of L given by formula (IT])
and Lemma O

The following corollary will be essential for the algorithmic considerations of
section [6

Corollary 31. Let us consider u,v € K such that L = (op — v)(dp —u). Then
u,v € Q((241))-

Proof. Let ¢ = cld(u) and o = v, (u), so that u € c2*(1 + 2,Q[[2,]]) for some n €
Zs1. There exists f € 14 2,Q[[2,]] such that y = e.27°1 f satisfies (¢, — u)(y) = 0
0 z7-1 f is a solution of Ll¢]. Tt follows from Proposition 28] (applied to Ll¢l) that
Zpif € Q((24;ps)) for some j € Z>q. So a € (S,I;)Z = 75Z and f € Q((Zaypi))-

dypJ
Therefore, u = %T(y) € @((zdflpj)).

Now, a straightforward calculation shows that the equality L = (¢, —v)(¢p — u)
holds true if and only if wv = b and u(¢p(u) + a) = —b. So u = %(ﬁTl))-m c
Q(a,b,¢p(u)) C Q(2,¢p(u)). It follows that u € @((zdi)) and v = b/u € @((zdi))'

O

Note also the following result for further use.

Proposition 32. Let us consider u,v € K such that L = (¢p — v)(¢pp — ). Then,
up to permuting u and v, we have cld(u) = ¢; and cld(v) = co = cld(b)/cy.

Proof. This a particular case of Proposition O

5. THE REGULAR SINGULAR SYSTEMS
5.1. Definition.

Definition 33. We say that the system ¢,Y = AY with A € GLn(IA() is regular
singular at 0 if there exists F' € GL,(K) such that ¢,(F)A = ApF for some

Ao € GL, (Q) .
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If Ay exists, then it is unique up to conjugation by an element of GL, (Q), and
its list of eigenvalues, counted with multiplicities, coincides with the list of the
exponents of ¢,Y = AY at 0.

Proposition 34. If the z-adic valuations of the entries of A € GLn(K) are > 0
and if A(0) € GL,(Q), then ¢,Y = AY is regular singular at 0. Moreover, the
exponents of ¢pp,Y = AY are the eigenvalues of A(0).

Proof. We claim that there exists a unique F' € I, + 24 M, (Q[[24]]) such that

¢p(F)A = A(0)F, where d € Z> is such that A=}, A;2) € GL,(Q((24))). In-

deed, for any F = ZkZOszk € I, + zgM,(Q[[24]]), we have ¢,(F)A =
> >0 (E Sk>0 FkAj) 2, s0 ¢p(F)A = A(0)F if and only if, for all £ € Zx,
= ¢

kp+j=

Z FLA; = A(0)F,.
7.k>0
kp+j=¢

This equation is satisfied for £ = 0, and the coefficients Fy, £ > 1, are determined
inductively. Therefore, the system ¢,Y = AY is regular singular, and its exponents
are the eigenvalues of A(0). O

5.2. Universal Picard-Vessiot ring and Galois group. Let (X.), cgx and Y

be indeterminates over IA(, and consider the quotient ring

U = XK[(X.) g, Y/

of the polynomial ring K[(XC)CE@X , Y] by its ideal I generated by {X.Xg — Xcq |

c,de @X}U {X; —1}. Let e, (resp. ¢) be the image of X, (resp. Y) in %, so that

U =K|(ec) o7 )

We endow % with its ring automorphism ¢ such that qﬁ‘f( = ¢p,
Ve e C*, ¢(e.) = ce. and ¢p(¢) =€+ 1.
Hence, (%, ¢) is a difference ring extension of (K, Op)-

Theorem 35. The difference ring % is the universal Picard-Vessiot ring for the
regular singular Mahler systems over K, i.e.:

o % is a simple difference ring extension of I/i;

e the ring of constants % ® of U is Q;

o cvery reqular singular Mahler system with coefficients in K has a funda-
mental matriz of solutions with entries in U ;

e no proper difference subring of % has the above three properties.

We shall first prove a series of lemmas.
Lemma 36. We let B = K[(ec)ce@x] C % = B[{]. The following properties hold:

i) (ec) _=x is a basis of the K-vector space B;
ceQ
(ii) ¢ is transcendental over B.
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Proof. The relations e.eq = e.q and e; = 1 ensure that B is generated as a K-
vector space by (ec)CGQ Let (Ac )Ce@x e K@) be such that Dee g% Acee = 0.
This means that Z T A X € I. For all m € Z, taking the image of this relation

by the evaluation morphlsm K[( 0)06@x ,Y] = Q defined by X, + ¢™ and Y + 0,
we get Zce@x Aec™ = 0. It follows that, for all ¢ € @X, Ae = 0 and hence (e.)

is free over K. This proves (i).
The proof of claim (ii) is left to the reader. O

CE@X

Lemma 37. Consider c € Q" and A € K. If d(A) =ch and c # 1, then A = 0.

Proof. Up to replacing z by 2%, for a suitable integer d > 1, we can assume that
A=Yy ez’ € Q((2)). We have

d(A) —cA = —c Z apz® + Z (ap/p — cax)z k—o.

k>N, ptk kE>N,p|k

So ax = 0 if p t k. Moreover, for k # 0, p | k, we have ax, = ¢~ ak/p =

c_vp(k)ak/pyp(k) = 0, where v, denotes the p-adic valuation. Lastly, ag — cag = 0
and hence ag = 0. O
Lemma 38. Consider c € Q and A € K. If $(A\) = A+ ¢, then ¢ = 0.

Proof. Follows from the fact that the constant coefficient of ¢(A) — A is 0. g

Proof of Theorem B5l. We shall first prove that ¢ = Q. Let y = Y_}_,apl”
(ax € B) be a non-zero element of ¢ of minimal degree n in £. So, we have

(13) 0=y y_quak 0+ 1)k Zake’f

Identifying the coefficients of degree n in ¢, we obtain
¢(an) —a, =0.
Let ()\mc)ce@x € K@) be such that a, = ZCE@X An.c€c. We have

(b(an) —an = Z (¢(/\n,c)c - /\n,c)ec =0
ceQ”
80 ¢(An,c)c — Anc = 0. According to Lemma [B7] we must have A\, . = 0 for ¢ # 1
and we have A\, 1 € Q. So a, € @X. If n = 0, then we get y € @X, as expected.
We shall now prove that we necessarily have n = 0. Assume to the contrary that
n > 1. Equating the coefficients of degree n — 1 in ¢ in equation (I3]), we get

¢(an—1) — Qp—1 = —Nanp.

Let ()\n,l,c)ce@x € K@) be such that Ap_1 = ZCGQX An—1,c€c. We have

(b(an—l) —Qp-1 = Z (¢(>\n—1,c)c - /\n—l,c)ec = —Nanp = —Nan€1
CE@X
80 @(An—1,c)c—Ap—1,c =0 for ¢ # 1 and ¢(Ap—1,1) — An—1,1 = —na,. According to
Lemma [38] the last equation is impossible.
Note that ¢ induces a ring automorphism of B, so that (B, ¢) is a difference
ring (simply denoted by B). We shall now prove that B is a simple difference ring.
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Let J be a non-zero difference ideal of B. Let b=} _5x Acee ((Ac) cgx € K@ )
be a non-zero element of J such that the cardinality of the support of (A C)Ce@x
is minimal. Let ¢y € @X be such that A, # 0; up to replacing b by b/X., we
can assume that A\, = 1. Then, considering the cardinality of the support of
b—¢(b) € J, we get 0 = b— ¢(b) = Zce@x (Ae — d(Ae)c)ec. Therefore, for all

ce @X, Ao — co(Ae) = 0, so, according to LemmaB7 A\, = 0 for ¢ # 1 and \; € Q.
It follows that b = \; € * and hence J = B.

We shall now prove that % is a simple difference ring. Let J be a non-zero
difference ideal of %. Let n be the minimal degree in £ of the non-zero elements
of J. The set E made up of the coefficients of ¢ in the elements of J of degree
< n in £ is a non-zero difference ideal of B. Therefore, E = B. So, there exists a
non-zero element y = ™ + ZZ;& apl® € % = Bl{] (ay, € B) of degree n in ¢, which
is unitary in ¢. Considering the degree in ¢ of ¢(y) —y € J, we get ¢(y) —y = 0,
ie. ye %% =Q. As y # 0, we deduce that J = %, as expected.

In order to prove that any regular singular difference system ¢,Y = AY over K
has a fundamental matrix of solutions with entries in %/, it is clearly sufficient to
consider the case that A € GL,(Q). Using Dunford decomposition, we are reduced
to the cases n = 1 or A unipotent of maximal unipotent index. Here are explicit
constructions of fundamental systems of solutions in these two cases:

e for c € @X, ec is a fundamental solution in % of ¢,y = cy;
e for A=U € GL,(Q) unipotent,

ea = exp(Llog(U)) = Z (Ii) (U - 1,)F,

k=0
where I, € GL,(Q) is the identity matrix, is a fundamental matrix of
solutions in % of ¢,Y =UY.

The minimality property of % is easy to deduce from what precedes, and the
details are left to the reader. (]

We shall now describe the corresponding universal difference Galois group
G:={occAut(%/K) | poo=00g}

We have ¢(o(e.)) = o(d(e.)) = o(ce.) = co(e.). It follows that there exists
h(c) € Q" such that o(e,) = h(c)e. Since o(eeq) = oles)o(eq) = h(c)ech(d)eq =
h(c)h(d)ecq, we have h(cd) = h(c)h(d). In other words, h = Q — Q" is a group
morphism. Moreover, ¢(c(f)) = o(¢(¢)) = c({ + 1) = o(¢) + 1. Tt follows that
o(¢) = £ + a, for some a € Q.

It follows clearly that G is made up of the K-algebra morphism o : % — %

such that
Ve € @X, o(e.) =h(c)ec and o(f) =L +a

for some group morphism h = @X — @X and some a € Q.

6. DIFFERENCE GALOIS GROUPS OF THE MAHLER EQUATIONS OF ORDER 2:
ALGORITHMIC ASPECTS

Consider the Mahler equation
(14) $p(y) + agp(y) + by = 0 with a € Q(2) and b € Q(2)*
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and denote by

é,Y = AY with A = (_Ob fa) € QLo (Q(2))

the associated Mahler system.

Remark 39. We consider Mahler equations with coefficients in Q(z) (instead of K)
in order to avoid heavy notation. What follows can be easily extended to equations
with coefficients in K.

We let G C GL2(Q) be the difference Galois group over (K, ¢,) of equation (I4).
According to Proposition [[5} G is an algebraic subgroup of GLy(Q) such that the
quotient G/G° of G by its identity component G° is cyclic. A direct inspection of

the classification, up to conjugation, of the algebraic subgroups of GL2(Q) given in
[NvdPTO08| Theorem 4] shows that G satisfies one of the following properties:

e The group G is reducible (i.e. conjugate to some subgroup of the group of
upper-triangular matrices in GL2(Q)). If G is reducible, we distinguish the
following subcases:

— The group G is completely reducible (i.e. is conjugate to some sub-
group of the group of diagonal matrices in GL2(Q)).
— The group G is not completely reducible.

e The group G is irreducible (i.e. not reducible) and imprimitive (see section
[0 for the definition).

e The group G is irreducible and is not imprimitive, and, in this case, there
exists an algebraic subgroup p of Q" such that G = 1 SL2(Q). Therefore,
G = {M € GLy(Q) | det(M) € H} where H = det(G) C Q". In order to
determine H, one can use the fact that H = det(G) is the difference Galois
group of ¢,y = (det A)y = by (this follows for instance from tannakian

duality).

Our first task, undertaken in the present section, is to study the reducibility of
G. The imprimitivity of G will be considered in section [7l

6.1. Riccati equation and irreducibility. A straightforward calculation shows
that, for u € K, ¢, — u is a right factor of (;5]20 + a¢, + b if and only if

(15) u(y(w) +a) = —b.

This non-linear difference equation is called the Riccati equation associated to equa-

tion (I4).
Lemma 40. The following statements hold:

(1) If (@) has one and only one solution in K, then G is reducible but not
completely reducible.

(2) If @A) has ezactly two solutions in K, then G is completely reducible but
not an algebraic subgroup of @X 1.

(3) If (@A) has at least three solutions in K, then it has infinitely many solutions
in K and G is an algebraic subgroup of @XIQ.

(4) If none of the previous cases occur, then G is irreducible.
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Proof. The proof of this lemma is identical to that of [Hen98, Theorem 4.2]. How-
ever, we give a sketch of the proof here because some details will be used later in
this paper.

(1) We assume that (I3]) has one and only one solution u € K. A straightforward
calculation shows that

¢p(T)AT ™ = (g b;u) for T := (1__uu 1) € GLy(K).

We deduce from this and from Proposition [[H] that G is reducible.

Moreover, if G were completely reducible, then, according to Proposition [I5]
¢p(T) AT would be diagonal for some T := (t; j)1<; j<2 € GL2(K). Equating the
entries of the antidiagonal of ¢,(T)AT ! with 0, we find that —Z—;, —?T; e K
are solutions of the Riccati equation (IH). Since det(T) # 0, these solutions are
distinct, whence a contradiction.

(2) Assume that (I5]) has exactly two solutions uy,us € K. We have

¢p(T)AT ™" = (161 1?) for T := ! <_u2 }) € GLy(K).

2 U — Uz \—U1

We deduce from this and from Proposition [[3] that G is completely reducible.

Moreover, if G were an algebraic subgroup of @XIQ, then, according to Proposi-
tion I}, there would exist u € K and T = (t;,j)1<i,j<2 € GL2(K) such that

¢p(TYAT ™ = uls.

This equality implies that to; and to5 are non-zero and that, for all ¢,d € Q with
Ct272 + dt172 }é O,

_ cto1 + dtq11

Ctgg + dtlg

is a solution of ([IH). It is easily seen that we get in this way infinitely many solutions

of the Riccati equation. This is a contradiction.
(3) Assume that (I5]) has at least three solutions: us,us,us € K. The proof of
assertion (2) of the present lemma shows that ¢,Y = AY is isomorphic over K to
Uj

OpY = (O 1?) Y for all 1 <i < j < 3. Therefore, there exists T' € GLy(K) such

J
that

U1 0 _([w 0
Equating the second columns in this equality, we see that there exists f € K* such

that either u; = &ff’llg or ug = ot u9; up to renumbering, one can assume that
the former case holds true. It follows that ¢,Y = AY is isomorphic over K to

¢pY = (U1I2)Y

eK

and, according to Proposition [[5 G is an algebraic subgroup of @X I,. We have
shown during the proof of statement (2) that this implies that the Riccati equation
(@) has infinitely many solutions in K.

(4) Assume that G is reducible. According to Proposition [[3] there exists T =
(tij)1<ij<2 € GLo(K) such that ¢,(T)AT~! is upper triangular. Then too # 0
and —#L € K is a solution of Riccati equation (IH). This proves claim (4). O

22
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6.2. Irreducibility over K: An algorithm. We know that G is reducible if and
only if the Riccati equation

(16) u(pp(u) +a) = —b
has a solution in K. We shall now describe an algorithm that decides whether or
not equation ([I6) has a solution in K.

Let u € K be a hypothetic solution of equation (I6]).

Thanks to Corollary Bl we can find an explicit N € Z>; such that u € KN

Q((zn)) = Q(2n).
Let ¢ € Q" and let n,d be coprime non-zero monic elements of Q|zn] such that
u = cn/d. Let r be the greatest common divisofd of ¢, (n) and d in Q[znp] and
consider the coprime monic elements of Q[zy,] given by s = n/¢,(r) and t = d/r.
Then, we have
_ O(r) s

r t
with ged(s, ¢p(t)) = ged(dp(r)s, rt) = 1.
According to Proposition B2, we have ¢ = cld(u) € {c1,cld(b)/c1} where ¢; is a
root of the characteristic polynomial associated to the first theta-slope of L.
Let & be a number field such that a,b € k(2). Let p1,p2, p3 € k[z] be such that
a= P and b = ]2.
b3 b3
Then, the Riccati equation (I5) becomes

bpT S OpT S OpT S
p3c—r——¢p | e | +pic——— = —pa,
r t r t r t

ie.
(17) 02p3¢2(r)5¢p(3) + cp19p(r)sdy(t) = —partep(t).
Let l; be the field obtained from k by adjoining the splitting fields of p; and ¢, L(ps3)
seen as elements of k[znp]. Equation (I7)) shows that s and ¢ are divisors in [1 [zn7p)
of py and ¢, ' (ps) respectively.

So far, ¢, s and ¢ are fixed (among finitely many possible cases), and it remains
to decide whether or not equation (I7) has a solution r» € Q[zy,]. But, this is a
linear Mahler equation in r, which can be interpreted as a system of linear equations
with coefficients in [ = [1(c), whose unknowns are the coefficients of . Note that
this implies that if there is a solution 7 in @[ZN,,}, then there is also a solution in
![znp) and hence the Riccati equation has a solution in I(zx). In order to determine
whether or not such an r exists, it remains to have a bound on the degree of the
potential solutions r of (7)) (i.e. a bound on the number of unknowns of the system
of linear equations we are interested in). Rewriting equation (7)) as

2= _Cp1¢p(r)5¢p(t) + partdy(t)
P3¢y (r)sep(s)

and taking degrees, we get

0 < max{d; + pdegr,ds + degr} — (ds3 + p* degr)
where d; = degp; + degs + pdegt, do = degps + (p+ 1)degt and d3 = degps +
(p+ 1) degs. We deduce from this an explicit constant C' such that degr < C.

4By “greatest common divisor” we mean the “monic greatest common divisor”.
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If we are able to compute [, then what precedes gives an algorithm to decide
whether or not the Riccati equation has a solution in K and to compute such a
solution if there is one.

We shall now prove that it is actually sufficient to work (at worst) in the quadratic
extensions of k contained in .

Lemma 41. If the Riccati equation ([I08) has a solution in K, then it has a solution
inl'(zn) for some extension I’ of k of degree at most 2 contained in .

Proof. This proof is a straightforward modification of the proof of [Hen98, Theo-
rem 4.2]. We have seen above that if the Riccati equation (I8 has a solution in K,
then it has a solution in [(zy). We distinguish three cases.

(a) Assume that the Riccati equation ([IH]) has a unique solution w in I(zy). For
any o € Gal(l(zn)/k(2n)), o(u) € I(zn) is a solution of ([IH)), so o(u) = u. Since
I(zn) is a Galois extension of k(zy), we get u € k(zn).

(b) Assume that the Riccati equation (5l has exactly two solutions u,v in
I(zn). The kernel H of the natural group morphism Gal(l(zn)/k(zn)) = S({u,v}),
with values in the group of permutations &({u,v}) of {u,v}, has index < 2 in
Gal(l(zn)/k(zn)). Since u and v are fixed by H, they belong to I’(zy) for some
extension !’ of k of degree 2 contained in .

(c) Assume that the Riccati equation (I3 has at least three solutions in I(zy).
The proof of assertion (3) of Lemma M0l shows that there exist T' = (¢; ;)1<i j<2 €
GL2(I(2n)) and some solution u € I(zx) of the Riccati equation (5] such that

(18) bp(T)AT ™ = uls.
For any o € Gal(l(2n)/k(zn)), we have
¢p(a(T)Ac(T) ™" = o(u) .
Therefore, we have
¢p(S)u = o(u)S, with S :=o(T)T ™ € GLa(I(2n))-
It follows that there exists g, € I(zn)* (namely, one of the non-zero entries of S)
such that
o(u) = %u.

Note that g, is uniquely determined by this equation if we require that it is monic,
as we shall now assume. Then, the map ¢ — g, is a 1 cocycle for the action
of Gal(l(zn)/k(zn)) over I(zy). Hilbert’s 90 Theorem [Ser68, §10.1] ensures that
there exists m € l(zn)* such that, for all o € Gal(l(zn)/k(2n)),

A straightforward calculation shows that

m
is invariant under the action of Gal(l(zx)/k(zn)) and hence belongs to k(zy)*.
Moreover, we have

¢p (T") A(T ) = uly, with T" := mT.
Applying o € Gal(l(zn)/k(2n)) to this equality, we get
Gy (0(T) A(o(T)) " =y,



ON MAHLER FUNCTIONS 347

It follows that
Cyp:=T'o (T'") € GLy(I(2n))

satisfies ¢,(C,) = C, and hence that its entries belong to I. Identifying
Gal(l(zn)/k(zn)) with Gal(l/k), we can see that o — C, has a 1-cocyle for the
natural action of Gal(l/k) on GLz(l). Since ! is a Galois extension of k, Hilbert’s 90
Theorem [Ser68| §10.1] ensures that this cocycle is trivial, i.e. that there exists
C € GLy(l) such that, for all ¢ € Gal(l(2n)/k(zn)), Co = Co(C~1'). Then,
T" = C~'T", which is a priori an element of GLy(I(zy)), is invariant by the action
of Gal(l(zn)/k(zn)) and hence has entries in k(zy). Note that

dp (T"YA(T") ! =Tl

/

It follows that u; := tf,/“ and vy = _t,t,gl are solutions in k(zy) of the Riccati
12 22

equation ([I3) (this was already used in the proof of assertion (2) of Lemma [0).

Since det T" # 0, we get that u; and v; are distinct solutions in k(zy) of the Riccati

equation ([I3)). O

It is explained in [Hen97, after Theorem 14] how to find the (finitely many)
extensions of k of degree at most 2 and contained in [. Now, for any such extension
', a straightforward modification of the foregoing discussion gives an algorithm to
determine whether or not the Riccati equation (I8) has a solution in I’(zx), whence
an algorithm to determine whether or not the Riccati equation (I6) has a solution
in K.

7. IMPRIMITIVITY OF THE DIFFERENCE GALOIS GROUP

We want to determine whether G is imprimitive, that is, whether G is conjugate
to a subgroup of

(6 9 ool 3 e}

Theorem 42. Assume that G is irreducible and that a # 0. Then, G is imprimitive
if and only if there exists u € K such that

(19) (s + (4 ()~ + 22 )= 5002

a
Proof. Same proof as [Hen98, Theorem 4.6]. O
Remark 43. If a = 0, then G is imprimitive by virtue of Proposition

Note that the equation ([IJ) is a Riccati type equation, with respect to ¢12, =
¢p2 instead of ¢,. Therefore, using section [.2] one can determine algorithmically
whether or not the equation (I9) has a solution in K.

8. A CONNECTEDNESS CRITERION
Consider a Mahler equation
(20) andp(y) + -+ a1dp(y) + aoy = 0,
with ag, ..., a, € Q(z). We denote by
L=anpy+-+ar¢p +ao

the corresponding Mahler operator.
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8.1. Over K and K. We let R be a Picard-Vessiot ring for L over Kand RC R
be a Picard-Vessiot ring for L over K (see section 2:2). We denote by G and G the

corresponding difference Galois groups, and we see G as a subgroup of G (see section
22). The following result is inspired by Gabber and Katz’s [Kat87, Proposition
1.2.5] and van der Put and Singer’s [vdPS97, Proposition 12.1].

Proposition 44. The morphism G/(G)° — G/G® induced by the natural inclusion
G C G is surjective.

Proof. Let H be the subgroup of G generated, as an abstract group, by G° and G.
Note that H has finite index in G (because G° C H C G) and hence is an algebraic
subgroup of G. We have to prove that H = G. By Galois correspondence, it is

equivalent to prove that R¥ = K. We have R¥ ¢ RHE c RG = K. Moreover
RH ¢ RS and, according to [vdPS97, Corollary 1.31], RS is a finite dimension

vector space over K. So R K is a finite field extension of K, endowed with an
endomorphism ¢ such that ¢k = ¢,. Proposition [I3] ensures that RF =K. O

Corollary 45. If@ is connected, then G is connected.
Corollary 46. Let c1,...,c, be the exponents of L at 0. If the algebraic group

generated by diag(cy, ..., cn) in GL,(Q) is connected, then G is connected.

Proof. Up to renumbering the c;, there exist g1,...,9, € K such that, for all
ie{l,...,n}, cld(g;) = ¢; and

L=(¢p—9n) - (¢p— 1)
Let T, (resp. D,) be the group of upper-triangular (resp. diagonal) matrices in

GL,(Q). The above factorization of L allows us to see G as a subgroup of T, such
that the image G’ of the morphism
G — D,
(aij)i<ij<n > diag(ais,...,ann)

is the Galois group over K of ¢pY = diag(g1,...,gn)Y (follows from tannakian du-
ality for instance). The connectedness of G is equivalent to that of G’. But G is the
intersection of the kernels of the characters x : D,, — @X which are trivial on G’.
By tannakian duality, a character y : D, — Q ", given by x(diag(z1,...,z,)) =
x™t -z for some mq, ..., m, € Z, is trivial on G’ if and only if gi** --- g’ =
u/¢p(u) for some u € K. This is equivalent to ¢]™ --- ¢ = 1. So, G’ is the alge-
braic subgroup of D,, generated by diag(ci,...,c,) which is connected. Therefore
G is connected, and the result follows from Corollary |

8.2. Over IA{poo and K,~. We shall now give results analogous to those stated in
section 1] but with K replaced by IA{pao and K replaced by K, (these difference
fields are defined at the end of section [3)).

We let R be a Picard-Vessiot ring for L over IA(poo and R C R be a Picard-Vessiot
ring for L over K, (see section [Z2)). We denote by G and G the corresponding
difference Galois groups, and we see G asa subgroup of G (see section 2.2]).

Proposition 47. The morphism G/(G)° — G/G° induced by the natural inclusion
G C G is surjective.
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Proof. Same proof as Propositiond4] using Proposition[I7]instead of Proposition 5]
at the end of the proof. O
Corollary 48. If@ s connected, then G is connected.

Corollary 49. Assume that there exist g1,...,gn € Kpoc such that

L= (¢p_gn)"'(¢p_gl)-
Let I ={(mq,...,my) €Z" | g{"* -+ g' = u/dp(u) for some u € Kpac}. Assume

n

that {(x1,...,2,) € (@X )| &t - alt =1} ds connected. Then, G is connected.
Proof. Similar to the proof of Proposition |

9. EXAMPLES: THE BAUM-SWEET AND THE RUDIN-SHAPIRO SEQUENCES

9.1. The Baum-Sweet sequence. The Baum-Sweet sequence (ay,)n>0 is the au-
tomatic sequence defined by a, = 1 if the binary representation of n contains no
block of consecutive 0 of odd length, and a,, = 0 otherwise. It is characterized by
the following recursive equations:

ag = 17 a2n+1 = Qp, Q4n = Qn, a’4n+2 - O

Let g(2) = >_,,>¢ @n2™ be the corresponding generating series. The above recursive

equations show that Y (z) = (g(z) ) satisfies

9(2%)
0 1
(21) ¢2Y = AY where A = (1 —z>
and, hence,
1 -2
(22) ¢4Y = BY where B = ¢ (A) A = (_Z 14 23> .

We let G be the Galois group of ([ZI)) over K. We let G’ (resp. H) be the Galois
group of ZI)) (resp. [22))) over Ko (resp. Ky ).

Theorem 50. We have H = SL2(Q) and G = G’ = 114 SL3(Q), where pg C Q* is
the group of 4th roots of the unity.

This theorem will follow from a series of simple lemmas.
Lemma 51. The Galois group H is connected.

Proof. We have B(0) = I5. So, the system ([22) is equivalent to ¢4Y =Y over Ky,
and, hence, its Galois group over Ky~ is trivial. Corollary yields the desired
result. |

Lemma 52. The system 22)) is equivalent to the following equation:
(23) 63— (27 +2° + 1)a + 2.

Proof. We have
Bl — 1423 22
z 1)

The vectors
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form a Ky--basis of (K4 )? so that e is a cyclic vector for the system (22)). More-
over, we have

_ 22 211 4 28 4 22
®h(e) =B~ '¢u <1> _< 241 = (2" +2° + D@p(e) - 2.

Lemma 53. The Galois group H is irreducible.

Proof. This amounts to showing that the operator ([23) is irreducible over Ky,
that is, that the Riccati equation

(24) u(pa(u) — (22 4+ 28 +1)) = =2°

does not have any solution u € K4~. Assume to the contrary that it has a solution
— 6 =

u € Kyo. We have u € Q(z), because u = s—orern € Q2 ¢a(u)). Let st

be coprime elements of Q[z] such that u = s/t. We have

5(2) <s(z4) — (22 + 28+ 1)t(z4)> _ 6

t(z) t(z%)

t(2)

Using the fact that s is coprime to ¢, we see that

s(z) = s(2%) — (22 + 25 + 1)t(24)
D) € Q[z] and s

Since their product is a monomial, these polynomials are monomials. Moreover, it
is easily seen that they cannot both vanish at 0, so one of the following properties
holds:
4 9 6 4
(i) either ts(ii)) — 2% and s(zH)—(= t—(i-zz) +Dt(z%) _ ¢

- () _ (=)= (z"+2°41)i(z") _
(i) or 7z = c and ==—"5 ) =28

cz

for some constants c,c’ € @X.
If (i) holds, then
5(2) = c28t(2*) and s(2*) = (27 + 2% + 1)t(2?) + t(2).
So
- (27 + 25+ Dt(z?) + t(z) (224 28 + D)t(z*) + t(2)
N s(z%) N cz?4(219) '
Letting z — 0o, we get 1 = 0.
If (ii) holds, then

5(2) = ct(z?) and s(z?) = (2% 4+ 28 + D)t(z*) + ¢ 25¢(2).

So,
(25) ct(210) = (2% 4+ 28 + 1)t(2*) 4 ¢ 2%(2).

But deg (2% 4 2% + 1)t(2*)) = 9 + 4degt(z) and deg(2%t(z)) = 6 + deg(z), so the
degree of the right hand side of (23] is equal to 94 4 degt(z). Moreover, the degree
of the left hand side of (2H) is equal to 16 degt(z). So, we obtain the equality
9+ 4degt(z) = 16 degt(z), which is impossible.

In any case we get a contradiction. ([l
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Proof of Theorem B0l The fact that H is connected and irreducible implies that

H contains SL2(Q). Moreover, we have H C SL2(Q) because det B = 1. So

H = SL3(Q). Theorem [[2lensures that the Galois group over Kye of equation (ZI])
contains SLy(Q). Theorem [7] implies that G contains SLy (Q). But det A = —1, so
G' = {M € GL2(Q) | det M = £1} = 114 SL2(Q). Using Theorem [T, we see that

G = M4 SL2 (Q) O
For instance, we have the following consequence.
Corollary 54. The series g(z) and g(z?) are algebraically independent over K.

Proof. Let R be a Picard-Vessiot ring for the system (ZI)) over K containing g(z)
and g(2%). Let U = (u; ;)1<i,j<2 € GLa(R) be a corresponding fundamental matrix
of solutions whose first column is (g(z), g(2?))!. Let G"” C GL2(Q) be the corre-
sponding difference Galois group over K. Theorem [50] and Theorem [7] ensure that
G" = SLy(Q). Let X = (Xi,j)1<i,j<2 be a matrix of indeterminates over K. Let I
be the ideal of relations in K[X,det(X)~!] between the entries of U. According to
the results recalled in section 1] Spec(R) is a trivial G”-torsor over K. Therefore,
there exists d € K = such that I is the ideal generated by det((X; j)1<ij<2) —d. In

particular, we get I NK[X; 1, X21] = {0}, whence the result. O

9.2. The Rudin-Shapiro sequence. The Rudin-Shapiro sequence (ay,),>0 is the
automatic sequence defined by a, = (—1)’ where b, is the number of pairs of
consecutive 1 in the binary representation of n. It is characterized by the following
recurrence relations:

n
ag =1, asy, =an, a1 = (_1) Q-

We let f(2) = >_,5¢anz" be the corresponding generating function. We set
fi(z) = f(2) and fao(z) = f(—z). The recursive equations above show that the

vector
_ (i)
v = (40
satisfies the following Mahler system:

(26) @Y = AY where A = % (1 11) .

z z

We let G (resp. H) be the Galois group of ([28) over K (resp. over Ko ).
Theorem 55. We have G = H = GLy(Q).
This theorem will follow from a series of simple lemmas.

Lemma 56. The system (26]) is equivalent to the equation

(27) 03— (1 2)¢a — 2z

Proof. We have
-1 _ 1 z
A= (1 _Z> |
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€= <(1)) and ®4(e) = A7 ga(e) = G>

form a Kae-basis of (Kax)? so that e is a cyclic vector for (28]). Moreover, we have

The vectors

B2 (e) = Aoy G) _ (”Z) — (1—2)®a(e) + 2ze.

1—=z2

Lemma 57. The Galois group H is irreducible.

Proof. This amounts to showing that the operator ([21) is irreducible over Koo,
that is, that the Riccati equation

(28) u(pa(u) — (1 —2)) = -2z

does not have any solution u € Ka~. Assume to the contrary that it has a solution
u € Ko. We have 36 Q(z), because u = WQ(ZPZ) € Q(z,¢2(u)). Let s,t be
coprime elements of Q[z] such that u = s/t. We have

5(2) (s<z2> ~(1- Z>t(22>> _—y

t(z) t(22)

t(z)

Using the fact that s is coprime to ¢, we see that

S oSG (D) o
d t(z)

Since their product is a monomial, these polynomials are monomials. So, one of
the following properties holds:
(i) either ts((zi)) = cz and W =

2y~ —Zz 22
(if) or 28k = ¢ and WE=QAED — o,

for some constants ¢, ¢’ € @X.
If (i) holds, then

5(2) = czt(2?) and s(22) = (1 — 2)t(2?) + t(2).

So

5(22) cz2t(z*)

Letting z — oo, we get 1 = 0.
If (ii) holds, then

1= (1 —2)t(2?) +t(z) (1 —2)t(2?) + t(2)
2

So

(29) ct(zY) = (1 — 2)t(2%) + ¢ 2t(2).
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Let us first assume that deg¢(z) > 0. We have deg ((1 — 2)t(z?)) = 1+ 2degt(z)
and deg(zt(z)) = 1+degt(z), so the degree of the right-hand side of (25 is equal to
142 degt(z). Moreover, the degree of the left-hand side of (28] is equal to 4 deg¢(z).
So we obtain the equality 1+2degt(z) = 4degt(z), which is impossible. It remains

to consider the case that t(z) =t € @X and hence s(z) = s € @X. The second

— (2) _ s(z1)-(1-2)t(z*) _

equation in (ii) above entails that s =¢. So o =1 and = 6] Z, SO
s(z) (s(2%) = (1= 2)t(z%)
t(z?) t(2)

which is a contradiction.
In any case, we get a contradiction. (Il

)

Lemma 58. The Galois group G is connected.
Proof. The first theta-slope is 1 and we have

L0 = 2302 — (1 — 2)z¢ — 22.
So

L= (¢2—a)(¢2 — b) = ¢3 — (a+ ¢2(b))p2 + ab

with b € —2z(1 + 2Q][2]]). Since ab = —2z, we get a € 1 + 2Q[[2]].
Using Corollary 9] we get that G is connected. |

Proof of Theorem [B5l The fact that H is connected and irreducible implies that H
contains SL2(Q). Moreover, det A = —2z, so the Galois group of ¢oy = (det A)y is

Q. It follows that H = GLy(Q). Using Theorem [7 we get G = GLy(Q). O

For instance, we have the following consequence, whose proof is similar to the
proof of Corollary B4

Corollary 59. The series f1(z) and fa(z) are algebraically independent over K.

9.3. Galois group of Baum-Sweet @& Rudin-Shapiro. Let N; (resp. N3) be
the difference module over K corresponding to the Baum-Sweet equation (ZI]) (resp.
to the Rudin-Shapiro equation (26])). We use the notation of section for these
specific N1 and Ny. We have seen that the difference Galois group G (resp. Ga2)
of Ny (resp. Na) over K is pq SL(w(N7)) (resp. GL(w(N2))). Let G C Gy x G2 be
the difference Galois group of Ny & Ny over K. The Baum-Sweet equation (1) is
regular singular at 0, and its exponents at 0 are the eigenvalues of

(3 o)

i.e. £1. On the other hand, we have seen during the proof of Lemma that
the exponents at 0 of the Rudin-Shapiro equation (26) are 1 and —2. Let N be a
difference module of rank one over K, and denote by c its exponent at 0. Then,
the exponents of N ® Nj are ¢, —2¢, and the exponents of N @ Ny are ¢, —c/2. So
neither N ® Ny nor N ® Ny has the same exponents at 0 as N;. Therefore, N; is
isomorphic to neither N ® Ny nor N @ Ny. Proposition [[4] ensures that

G ={(01,02) € GL(w(Ny)) X GL(w(N2)) | (detoy,detog) € H},
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where H is the Galois group of det My @ det M. But det M; corresponds to the
equation ¢oy = —1 and det Ms to ¢y = —2z. Therefore, the Galois group of
det My & det My is po X @X. So,

G = 114 SL(w(N1)) x GL(w(N2)).

In particular, arguing as in the proof of Corollary 54l we see that the series
f1(2) = f(2), f2(2) = f(=2), g(2) and g(2?) are algebraically independent over

Q(z).
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