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DIMENSION MAXIMIZING MEASURES
FOR SELF-AFFINE SYSTEMS

BALAZS BARANY AND MICHAL RAMS

ABSTRACT. In this paper we study the dimension theory of planar self-affine
sets satisfying dominated splitting in the linear parts and the strong separa-
tion condition. The main result of this paper is the existence of dimension
maximizing Gibbs measures (Kédenméki measures). To prove this phenomena,
we show that the Ledrappier-Young formula holds for Gibbs measures and we
introduce a transversality type condition for the strong-stable directions on
the projective space.

1. INTRODUCTION AND STATEMENTS

Let A := (Ay,As,...,Ay) be a finite set of contracting, non-singular 2 x 2
matrices, and let ® :={f; : x — A;jxz + L—}f;l be an iterated function system (IFS)
on the plane with affine mappings, where ||4;|| < 1 and t; € R? for i = 1,..., N.
It is a well-known fact that there exists a unique non-empty compact subset A of
R? such that

N
A= £

We call the set A the attractor of ® or self-affine set.

Let us denote the Hausdorff dimension of a set X by dimyg X. Moreover, denote
by dimp X and by dimpX the lower and upper box dimension. If the upper and
lower box dimensions coincide, then we call the common value the box dimension
and denote it by dimpg X. For the definitions and basic properties, we refer to
Falconer [7].

The image of the unit ball under the affine mapping f(z) = Az +¢ is an ellipse.
The length of the longer and shorter axes of the ellipse depends only on the matrix
A, and we call these values the singular values of A. We denote the ith singular
value of A by «;(A). More precisely, «;(A) is the positive square root of the ith
eigenvalue of AA*, where A* is the transpose of A. We note that in this case,
ai(A) = ||A]| and ag(A) = ||[A7Y||7L, where ||.|| is the usual matrix norm induced
by the Euclidean norm on R%. Moreover, a;(A)az(A) = |det A|.

The natural cover of these ellipses plays an important role in the calculation of
the dimension of self-affine sets. The image of the unit ball under an affine mapping
can be covered by 1 ball with radius a;(A) or can be covered by approximately
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a1(A)/as(A) balls with radius ag(A). This leads us to the definition of singular
value function. For s > 0 define the singular value function ¢° as follows:

a1 (A)?, 0<s<1,
(L.1) ¢*(A) =< ar(Aaz(A)!, 1<s<2,
(a1(A)az(A)?,  s>2.

Falconer [0] introduced the subadditive pressure

N
1 s
(1.2) Pa(s) := lim —log > (A A

i1, in =1

The function P4 : [0,00) — R is continuous, strictly monotone decreasing on [0, c0);
moreover P4(0) = log N and lims_,oc Pa(s) = —oo. Falconer [6] showed that for the
unique root sg := so(.A) of the subadditive pressure function dimpA < min {2, so}
and if | 4;]| < 1/3 for every i = 1,..., N, then

dimg A = dimp A = min {2, sy} for Lebesgue-almost every t = (¢;,...,ty) €R?*.

The condition was later weakened to ||4;]] < 1/2 by Solomyak; see [I7]. We call
the value sq the affinity dimension of ®. Kdenmaéki [I1] showed that for Lebesgue-
almost every t = (¢;,...,ty) € R?Y there exists an invariant measure v supported
on A such that dimg v® = dimyg A = min{2,s0}. Under our assumptions, SSC
(see below) and dominated splitting (see below, Definition 2I), this measure is
the image of a Gibbs measure (Definition 26]), but in general not the image of a
Bernoulli measure.

Other types of “almost surely” results were unknown previously. The main
advantage of this paper is to give an almost everywhere condition on the set of
matrices instead of on the set of translation vectors.

In this paper we consider IFSs of affinities which satisfy the strong separation
condition (SSC), i.e.

fi(A) N f;(A) =0 for every i # j.

We note that the strong separation condition implies sg < 2.

Falconer [8] proved that if ® satisfies a separation condition (milder than SSC)
and the projection of A in every direction contains an interval, then the box dimen-
sion of a self-affine set is equal to the affinity dimension. Hueter and Lalley [10]
gave conditions which ensure that the Hausdorff and box dimension of a self-affine
set equal the affinity dimension.

In the recent paper of Bérany [2], the result of Hueter and Lalley [10] was gen-
eralized for self-affine measures. That is, under the same conditions of Hueter and
Lalley [10] the Hausdorff dimension of any self-affine measure is equal to its Lya-
punov dimension. In particular, in [2] the author proved that under slightly more
general conditions any self-affine measure is exact dimensional and gave a formula
which connects entropy, Lyapunov exponents and the projection of the measure
(Ledrappier-Young formula).

Recently, Falconer and Kempton [9] used methods from ergodic theory along with
properties of the Furstenberg measure to obtain conditions under which certain
classes of plane self-affine sets have Hausdorff and box dimension equal to the
affinity dimension. By adapting the conditions of Falconer and Kempton [9] and
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Bérany [2] we prove that for “typical” linear parts ({Al}zl\il) if the SSC holds, then
the dimension of self-affine sets is equal to the affinity dimension. Precisely, let
|det A] 1

< - and ||A4] < 1},
Afz 2

(1.3) M = {AeRi“uRQ_“:o<

where

. b
JIAJl = min {Ja] + [pl,]¢| + |d]} for A= [i d] :

Let us define the sets
(14) Ne={AeM: A |A|* <1} and Oy = {A € MY : 50(A) > 5/3},
for every N > 2.

Theorem 1.1. Let N >2. For Lyn-almost every AENMN UON, ift = (¢,...,tx)
€ RN s chosen such that if ® = {f; 12— Aig—i—g}i]\;l satisfies the SSC, then
there exists a measure v supported on the attractor A of ® such that

dimH VK = dimH A= dimB A= So(A).

We call the measure v the Kdenmdki measure.

The authors were recently informed of the result of Rapaport [I4] and Morris
and Shmerkin [I3]. By applying the main theorem of Rapaport [I4], one can extend
the bound 5/3 to 3/2 in (L4). Morris and Shmerkin [I3] proved a statement similar
to Theorem [Tl under significantly different conditions on the matrices.

To prove Theorem [T, we will need a more detailed study of the dimension of
invariant measures. More precisely, we extend the results of [2] for the natural
projections of Gibbs measures. Theorem [[L1]is studied in higher generality.

Structure of the paper. After the preliminaries (section ) we introduce the
main technical result of the paper, the Ledrappier-Young formula generalized for
Gibbs measures (section [B). In section ] we introduce the strong-stable transver-
sality condition (Definition F1]) and show that under this condition there exists a
dimension maximizing Gibbs measure (K&enméki measure) almost surely. In the
last section we show Theorem [[.T] as a consequence of the previous studies.

2. PRELIMINARIES

Let ¥ =1{1,..., N}Z be the symbolic space of a two-sided infinite sequence: let
>t ={1..., N}N be the right-side set and X~ = {1,..., N}T the left-side set of
infinite words. Denote the left shift operator on ¥ and ¥ by ¢ and denote the
right shift operator on ¥ and ¥~ by o_. Thus, ¢ and o_ are invertible on ¥ and
o l=0_. Foranyie€X (orje€ %),

[im]::{jEE(orjEEi):ik:jkformgkgn}.

For an i = (...9_9i_1igi1...) € X, denote by i} = (igiy ...) the right-hand side
and by i_ = (...i_9i_1) the left-hand side of i. To avoid confusion, we also write
ipifip e¥tandi_ifi_ e X7,

For any i;,j; € X7 let iy Ajy = min{n >0:4, # j,}. We define i_ Aj_ =
min{n—1>0:4i_, # j_,} similarly.

Let us denote the set of finite length words by ¥* = [J;~,{1,...,N}", and for
every 7= (iy,...i,) € X* denote the reversed word by 7 = (i, . ..,i1). Sometimes,
we may also write (X7)* for finite length words to emphasize the negative indexes.
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If & := {fi(z) =Az+ Q}zN:l is an iterated function system on R? with affine

mappings such that ||4;|| < 1 for i =1,..., N, we define the natural projection m_
from X~ to A in a natural way:
(2.1) 7 (vigi_1)= lim f;_,o---0of;_(0).

n—oo

Let A := {Ay,As,..., Ax} be a finite set of non-singular 2 x 2 real matrices.
Define a map from ¥ to A in a natural way, i.e. A(i) := A;. Let A™(i) :=
A(o™ 1Y)  A(i) for i € ¥ and n > 1.

Definition 2.1. We say that aset A = {Ai}z]‘\]:l of matrices satisfies the dominated
splitting if there are constants C,5 > 0 such that for every n > 1 and every
10y -50n_1 € {1,...,N},
al(Aio T Ainfl)
(A -+ Aq, )

Let Cy == {(=,y) € R2\{(0,0)} : y > 0} be the standard positive cone. A cone
is an image of C; under a linear isomorphism, and a multicone is a disjoint union
of finitely many cones. We say that a multicone M is backward invariant w.r.t. A
if Ugeq A~H(M) C M°, where M° denotes the interior of M.

For a 2 x 2 matrix A and a subspace 6 of R? we introduce the notation || A6,
which is the norm of A restricted to the subspace 6, i.e. ||A|f|| = sup,cq ||Av]|/||2]l-
Since 6 is one-dimensional, we get that for any v # 0 € 0, ||A|9]] = ||Av|//|v],
which is not true in higher dimensions.

> Ce™P.

Lemma 2.2 ([1], [B], [, [19]). The set A of matrices satisfies the dominated
splitting. Then for every i € X there are two one-dimensional subspaces e**(i), e®(i)
of R? such that

(1) A;e?(i) = €’ (ai) for everyie€ X and j = s, ss,

(2) there is a constant C' > 0 such that for everyn >1 and i€ X,
CHAM [B)e* ()] < ar(A™ (@) < A (@)]e* ()] and
CTHAM ()e™ ()| < az(A™ (i) < CA™ ()le> W),

(3) there is a backward-invariant multicone M such that

(i) = () Ai_, -+~ Ai,(M°) and e**(i) = [| A, -~ AL (M),
n=1 n=1

where M¢ denotes the closure of the complement of M,
(4) the angle between €°(i) and e**(i) is uniformly bounded below.

We call the family of subspaces e®(i) stable directions and e®*(i) strong-stable di-
rections.

Let us observe that e®(i) depends only on i_ and e**(iy) depends only on i,
so e* can be considered as a natural projection from £t to P!, where P! denotes
the projective space. In particular, | A (i)|e*(i)|| and ||A"™ (i)|e**(i)|| describe the
local growth in the stable/strong-stable directions and can be considered as finite
time approximations of the corresponding Lyapunov exponent.

For x,y € P! denote by <(z,y) the usual metric on P!, that is, the angle
between the subspaces corresponding to x and y. Thus, Lemma 22J@) can be
formalized as follows: there exists a constant C' > 0 such that for every i_ € 3~
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and j;+ € X, <«(e*5(j4+),e%(i-)) > C. In the later analysis, the dimension of
strong-stable directions in P! plays an important role.
For any v, w € R? denote by Area(v,w) the area of a parallelogram formed by
v, W.
Lemma 2.3. For every z,y € P!,
Area(v, w) 2Area(v, w)

< <x,y) <
vl (|2l

)

|22l

where v, w € R? are arbitrary non-zero vectors from the subspaces corresponding to
x and y.

The proof of the lemma is straightforward.

Lemma 2.4. There exists a constant C' > 0 such that for every i,j € X,
a(e**(i), e*(j)) < Ce PU+NH) and <(e®(i), e2(j)) < Ce™PU-N-)

where 8 is the domination exponent in Definition 21l Thus, the maps i, € ¥ —
e*5(iy) and i € ¥~ — log||4;_,|e*(o—i_)|| are Hélder continuous.

Proof. We prove only the inequality for e®*; for e® the argument is similar. Fix
i,j € ¥ with iy Aj; =n. Let v € e**(0™iy) and w € e°*(0™j) be arbitrary such
that ||v|| = ||lw|| = 1. Then by Lemma [Z3]
-1 -1 -1 -1
Area(A; " A; " v, A AT w)
A" AL Jess(omip )I[1AL - AT L less (o™ )|

Jldet(A; T A7 )|
- ||A;01 o ATT 2

In—1

<(e(1),e™(j)) <2

Area(v, w) < 2C%eP".

]

Let ¢ : ¥7 — R be a Holder continuous potential function. Then there exist
constants C' > 0 and P € R and o_-invariant Borel probability measures p_ and
pon X~ and ¥ such that

s -1
(2.2) ol < _n/;;git;fz]a)ki ) < C, foreveryi_ € ¥,
(& k=0 -
-1
(2.3) c < #lfil=n]) < C, for every i € ¥.

T PRI elet) T
We call the measures p— and p the Gibbs measures of the potential ¢ on ¥~ and
3. Moreover, p_ and p are ergodic; see [, Chapter 1]. Let v = (77 ).u—, where
7~ is defined in ([ZT). Let us denote the projection from X to X+ by p, : ¥+ 3T
and, similarly, the projection from ¥ to ¥~ by p_ : ¥+ X7 It is easy to see that

(P— )kt = p—.
Lemma 2.5. The measure pi := (py)«ft i a o-invariant, ergodic quasi-Bernoulli
measure on X with entropy hy,, =h, =h,_ =P — [i)du(i).

We call a measure m on 1 quasi-Bernoulli if there exists a uniform constant
C > 0 such that for every 7,7 € ¥*,

Cr(E)v(fa]) < v([)) < Cr(E)v(f)),

where 7j is the concatenation of 7 and J.
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Proof. First, we prove invariance. Let A C X1 be a measurable set. Then by using
that p is o-invariant we get

N N
py (o A) =y <U iA) =u (E < J iA) = u(S7 x A) = py(A).
i=1 i=1
Let A C % be an arbitrary o-invariant subset of ¥*. Then 07 !X~ x A = ¥~ x
(Ufil iA) =¥~ x0 'A=3%" x A Therefore, u(X~ x A) =0 or 1, which implies
the ergodicity of p .

Finally, let (ig,...,intm+1) € (X7)* be arbitrary and let j € X~ be such that
J=1 = lntm41,-- -5 J—(nt+m+2) = to. Then by 2.3)

/L+([i0, R Z.n+m+1]) = ,U,(27 X [i()a ce in—&-m-&-lD
n+m+1 ks
= u([§I~ (n+m+2D < Ce™ (n+m+2)P+Z i)
_ e+ P+ 0(0k ) ~(m+1)P+ 30 p(ak (077)))
< CPu(Bl = {p ) Do 51 )
= C3u(E7 X [igy -y in D(ET X [ingts ey inemi1])
= Cpy(fio -+ in)) it (fint 1y -+ inmesn])-

The inequality iy ([io, - - - intm+1]) > C g ([io, - - s in] )it ([ins1s - - s inmra])
can be proven similarly. By using the definition of entropy (see [I8, Theorem 4.10,
Theorem 4.18]),

= Jim 157 (i) log g (1) < P~ lim + 37 e (i)e((7)

1ES™ 1ES™
=P lim S e (el) = P - [ et
7ES™

]

By Oseledec’s multiplicative ergodic theorem, there are constants 0 < Xp < X0
such that
. 1
lim ——logay(A;, - -4; _,) = X}, and

n—oo n

1
lim —— log an(Aiy -+ Ai, ) = X3 for prae. i€ X (or py-aeip € XF).

n—oo
We call the values X;, the stable and x;° the strong-stable Lyapunov exponent of pu.
We define the Lyapunov exponents for f— similarly.
Now we define the Holder continuous potential function and the corresponding
Gibbs measure motivated by the singular value function. This measure is our
candidate to be the dimension maximizing measure.

Definition 2.6. Let A = {41, As,..., Ay} be a finite set of contracting, non-
singular 2 x 2 matrices such that A satisfies the dominated splitting. Moreover,
let so = so(A) be the unique root of the subadditive pressure (L2]). We define
@ : X7 — R to be the Holder continuous potential function as follows:

. log ||4;_,|e®(o_i_)||*° if0<sg <1,
(24) i) = { log (| det A;_, [~ 1[|4;_ [e*(o_i_)[2~%) if 1 < s < 2.
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Then we call the Gibbs measure p* with potential ¢ the Kienmiki measure on
7. In particular, there exists a constant C' > 0 such that

_ T ()
S %o (Ai_, - Ai_)

where ¢*° is the singular value function (LT

< C, foreveryi_ € X7,

Observe that exp(zz;é p(o™i_)) is essentially ¢®*0(A;_,---A;_,) (defined in
(1)), where sg is the unique root of the subadditive pressure function (2.
That is, by Lemma it s < 1, then for every n > 1, ¢*(A;_,---Ai ) =
JA;_, - Ai_ |e*(o™i )] = exp(zz;é @(o™i_)). On the other hand, if 1 < sg <
2, then

PP (Ai, - A ) = oa(Ai - A ao((Ai, -~ A )%t
= (on(Ai_, - A Daa((Aiy A ) an (A, - A )2
n—1
A det(Ai_, - A ) AL - A e (0™ |PT0 = exp(D p(o™in).
k=0

The Holder continuity of potential ¢ in [24]) follows by Lemma 24l Basically, the
dominated splitting condition (Definition 1]) allows us to show that the potential
¢ is Holder; hence the measure € is Gibbs. Without dominated splitting the map
i log|lA;_,|e*(o_1)|| is in general only measurable (by Oseledec’s Theorem).

3. LEDRAPPIER-Y OUNG FORMULA FOR (GIBBS MEASURES

In this section, we extend the result [2] Theorem 2.7] for Gibbs measures. For
every f € P! we denote the orthogonal projection in the direction of 6 by proj,. Let
us define the transversal measure for every i, € X1 by ViT+ =vo (projess(i+))_1.

That is, Vi:: denotes the orthogonal projection of the measure v along the line
e®(iy).

Theorem 3.1. Let A = {A;, As,..., An} be a finite set of contracting, non-
singular 2 x 2 matrices, and let ® = {f;(z) = Az + Q}ﬁil be an iterated function
system on the plane with affine mappings. Let u_ be a right-shift invariant and

ergodic Gibbs measure on X~ defined in (Z2), and v = (77 ). pu— be the push-down
measure of p_. If

(1) A satisfies the dominated splitting, and
(2) ® satisfies the strong separation condition,

then v is exact dimensional and

h S
dimgv = —g + <1 — X;;) dimgy I/i::_ for py -almost every iy € T,
Xy I

During the proof of Theorem B.I] we follow the proof of [2, Theorem 2.7]. The
proof of |2l Theorem 2.7] is decomposed into four propositions [2, Proposition 3.1,
Proposition 3.3, Proposition 3.8 and Proposition 3.9]. However, [2, Proposition 3.1]
and [2, Proposition 3.9] hold for general ergodic measures. On the other hand,
[2, Proposition 3.8] follows from [2, Proposition 3.3] exactly in the same way for
Gibbs measures as for Bernoulli measures. So, in the rest of the section we extend
[2l Proposition 3.3] for Gibbs measures.



560 BALAZS BARANY AND MICHAL RAMS
Let F be the dynamical system defined in [2, section 3] acting on O x X*.

Namely,
F(£5 i) = (fzo (z)v Ui)a

where O is an open and bounded set such that
N
U £:(0) € 0 and f,(0) 1 £;(0) = 0 for i # j.

Since F is a hyperbolic map acting on O x X1, its unique non-empty and compact
F-invariant set is (), , F"(O x ©1) = A x ©F. It is easy to see that F' is conjugate
to o by the projection 7 : ¥ +— A x X7 where (i) := (7~ (i_),iy). That is,
moo = F om. Denote the measure m,u by U. Then 7 is an F-invariant ergodic
measure.

Since e** depends only on i, it defines a foliation on O for every i, € ¥+. Hence,
it defines a foliation £°* on A x ¥F. Namely, for ay = (z,iy) € AxXT let ly(y) be
the line through z parallel to es (it ) on R? x {i, }. Let the partition element £*(y)
be the intersection of the line ls,(y) with A x {i; }. Denote by F¢** the image of
the partition £** under F, i.e. for every y, (F£*)(y) = F(£*(F~!(y))). It is easy
to see that F'€** is a refinement of £°°, that is, for every y, (F§*°)(y) C £**(y)-

We decompose the measure 7 on A x Y taccording to two different partitions.
First, we construct a family of measures supported on A, more precisely, supported
on A x {iy} for py-a.e. ip. So, applying Rokhlin’s Theorem [I5], for p-a.e.
i, € X7 there exists a uniquely defined system of conditional measures p;, up to
a set of zero measure, supported on £~ x {i;} and

p(A) = [ i (A i),

By defining 7, := (77 ). pi, , we get

Dz/ﬂ¢h#h)

In the focus of our study stand the geometric measure theoretical properties of
the family of measures 7, along the strong-stable directions. Therefore, first we
define the transversal measure; i.e. for u,-a.e. iy € X7, let Z/T be the orthogonal
projection of 7, along the subspace e**(iy). That is,

’//\i::_ 1= (Projess (i, )iy -

On the other hand, we need the conditional measures of 7, along the subspace

e**(iy). Applying Rokhlin’s Theorem [I5] again, there exists a canonical system of
conditional measures; i.e. for v-a.e. y € Ax ¥+ there exists a measure u 5 supported

on £*°(y) such that the measures are uniquely defined up to a zero measure set of Yy
and for every measurable set A the function y ~ v5°(A) is measurable. Moreover,

(3.1) v(A) = /AQS(A)du(X)

By the uniqueness of the conditional measures, we get that the measure ﬁ;s is a

conditional measure of 7;, , namely,

5. . ~T . +
Vi, = /V@s’i”duu (z) for py-a.e. iy € 7.
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Let us define the conditional entropy of F&°° with respect to £°° in the usual
way:

H(FEe) i= — [ 1o (PE) (1)) (y).

One of the main goals of this paper is to show that there is a dimension maxi-
mizing Gibbs measure for self-affine sets. However, our method allows us only to
handle the dimension of the conditional measures ;. . The next lemma is devoted
to showing that p;, is not necessarily equal to but equivalent with a Gibbs measure
on X~.

Lemma 3.2. There exists a constant C > 0 such that C ™ u_ x uy < pu < Cu_ x
. In particular,

(3.2) C - <piy, <Cpu— for py-ace. iy € 7.

Proof. Tt is enough to show that there exists a C' > 0 such that for every i € ¥ and
n,m > 0,

C i (B =R (15 < (f7]) < Cre (BIZ0]) e (D).
Indeed, every set A in the o-algebra can be approximated by cylinder sets. By the
definition of Gibbs measure g,

B(I7]) = w0 I g)]) S Cem (D PESISG elon o™
= Ce—nP+ZZ;§ %U’iie—(m+1)P+E’;€":0 ‘P(UEU""Jrli)
< O (IR0 )
= C?u_ ([ D) ul[il6']) = CPp— (FIZ 0D s ([HE])-

The other inequality can be proven similarly. The relation ([3.2) follows by the fact
that the conditional measures are uniquely defined up to a set of zero measure. [

By Lemma B2 the measures 75, and v are equivalent for pi-a.e. iy € YT,

Similarly, the measures f/\a and 1/5r are equivalent for y -a.e. i, € X7,
For the examination of the local dimension of the projected measure, instead of
looking at balls on lines we introduce the transversal stable balls associated to the

projection. Let Bl(z,1i) be a transversal stable ball with radius r, i.e.

Bl(z,i) = {(g,j) 1= & dist(lss(z, 1), Les(y,§)) < 27‘},
where I[g5(z,1) denotes the line through x parallel to ess(i). Here, dist(.,.) is the
usual Euclidean distance between parallel lines.

For technical reasons, we also have to introduce the modified transversal stable
ball. Since the IFS & satisfies the SSC, for an y = (z,i) € A x T we can define the
stable direction e,(y) of y by es(y) := es(x) .= e4(i_), where 7_(i_) = 2. Denote
by dist._(y) the natural Euclidean distance on the subspace e;(y).

Then for an (x,i) € A x 1, we define the modified transversal stable ball with
radius § by

Bj (2,1) = {(y.d) € Ax TF 1= & diste, (g.1) (s (2, 1), Lsa(9,3)) < 6},
where dist,, (,.1) (Iss(2, 1), [ss(y,j)) means the distance of the intersections of the lines

lss(z,1),1ss(y,j) with the subspace e (z,1) with respect to the distance dist,,(gj)-
Since there exists a constant a > 0 such that

<(es(io),ess(iy)) > a >0, foreveryi_ € ¥~ and i} € T,



562 BALAZS BARANY AND MICHAL RAMS

there exists a constant ¢ > 0 that for every y € A x ¥+t and r > 0,
(3.3) BL.,(z,1) € By(z,i) C Bl (z,1).
We are going to prove the following proposition.

Proposition 3.3. For y,-a.e. i, € X% the measure 1/5

¢ hu— HFESIE™)

dimg vi, = w
m

is exact dimensional and

In particular,

BT O h, — H(F&ss|gss
lim v(B, (1+)) =-£ (Ferie™) for v-a.e. (z,iy).
=0+ log X5,

Let P be the natural partition, i.e. P = {f;(A) x E*}g\il. Denote the kth
refinement of P by PY, i.e. for every y € A x T, Pf(y) = (\/i;l FZ(P)) (y) =
Ply)NF(P(F'(y)))N---NF*P(F~*(y))). In other words, P} is the standard
partition into k-level cylinders.

Let us define almost everywhere the measurable functions gi(y) := 75*(Pf(y))
and a

4 o B (BT N PE)
k)= 5 BTy

By definition, g5 (y) is the § approximation of the measure of Pf(y) according to
the conditional measure. By Rokhlin’s Theorem, g5 — gx as 6 — 0+ for U almost
everywhere and, since 0 < g5 < 1, BJ)) implies g5 x — gx in L*(7) as § — 0+.

Lemma 3.4. The function sups.o{—1loggsx} is in L* (D) for every k > 1.
The proof of Lemma B4 coincides with [2] Lemma 3.6].

Lemma 3.5. For everyz =7n"(i_1,i_2,...) €A, iy €XT, §>0and k> 1,

F* (BT (F(y)) % [i_y - i1]) = (BﬁA_l_,.Ai_k‘eS(F,k(XW(X) mpf@) « 3,
where 'y = (z,iy).

By using the fact that v = (77 )spu— = (77 )« (p—)+pt, we have

v(By (y) NPr) =7 (B5 (y) NPY x E*)
v (FF(Bf (y)nPf x =T))
(BﬁﬂAiflmAi_k\eS(F*k(X))Hfl(S(F_k(X)) X [ick, . 7@?1]) ,

where in the last equation we used Lemma By Lemma B2

<)

(3.4)

V(Bg(z) N ,Pf( )) (BHAz 1"-Ai_,c|65(F”"(X))H’16(F_k(z)) X [i,k, - 7i71])

Ov (Bl a L esrsignra(F ) e i)

| /\
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and

v(B; (y) NP (y))
>0y (B{AM.--A,%|eS(ka(X))\|—15(F7k(z))) peg ([iies - i-1])

for every § >0, k> 1, and y € A x X7,

(3.5)

Proof of Proposition B3l By the definition of the transversal measure, the state-
ment of the proposition is equivalent to

L Togw(Bi(,4y) _ by — H(FE™|E™)

im

= for v X py-a.e (z,iy).
5—0+ log & X, He (@ 14)

Hence, by ([83) and by Lemma 2.2] it is enough to show that if y = (z,iy) €
AxYT withz =m_(i_1,i_2,...), then

T
log v (BHAz‘,l“'Ai_pk\es(F_pk(X))H(X)> B h, — H(ngs‘gss)

li = f X [y-a.ey.
poo logay(Ai_, -+ Ai ) X rvribeasy
By Oseledec’s Theorem, we have
1 s .
(3.6) plgl()lo ’ logan(Ai_, -+ Ai_,) = —kxj, for p-aei_.

By applying (34), (33) and Lemma B2 we get
T
v (BHAMWALM e ))

T —(-1)k
v <B|Ai(ll)k1-~»Aipk|es<F—pk(z>>|| (7 <X))>

=v (BT (F") [
=1

T —lk
(BnAl o Ailea(Err )| (F (X)))
< CPv (BY (F~*"))
L U(B{Az (—yh_1 A k\es(F*Pk'(y))”(Fi(lil)k(x))>:u'+([i—(l—l)k—lv-wi—lk])
L v
=1 v By, e ~A1‘,,pk\eS(F—Pk@)H(Ff(lfl)k(x))m)fUW(H)IQ(X))

< C*v (B (F~7F))

p
]:[ BT F—-(-1k APk(F—01—1k
=1 Vp—(-1k(y) \\Ai,(l,l)k,l“*‘i,pk\65<F‘p’“<z>>ll( (¥)NPr( ¥))

Vp—t- Uk(y)( 1A, e (m—k ) F =Dk (y )))M—([Z (U=1)k—=15+-50—1k])

LA
i (l-1)k—1 i_pk

Similarly,
T
v (Bl artetrro )
> C %y (B] (F~7F))

~ -k
ﬁVF (- 1>k(y>< 143 _1yp_1 --Ai_pk\es(F*P’“(zw(F 2 > e

T -1 k: k -1k
=1 Vp-(-Dk | By e (ppk () (F TR NP )(y))>

. LA
—(1-1)k—1 t—pk
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By taking the logarithm and dividing by p we get

1 _ 1L
ElogV(BlT(F pk)) —310g0—5210gg|m
=1

Ailea Pk (T (¥))

ilk—1""

1< _ , 1
+ , ZIOgM-i-([Zf(lfl)kflv cosioqg]) < ];logu (BﬁAi_l~-~Ai7pk|es(F*Pk(z))|| (X))
=1
and

1 1 .
p o8 (BfAi,l-~~Ai_pk|es<F7Pk<z>>u(X)) < plosv (BI (F7"%)) +3log C

1 % —lk
) > log 9NAi_ s Aiylec(F-rr )k (F T (Y)
=1

1< _ .
+ ; > log g ([i——1ye—1s - - i-1x))-
=1

By Lemma [3:4] we may apply the result of Maker’s Ergodic Theorem [12, Theo-
rem 1], so we get

N _
lim == loggja, , a je.mrriyn i E ()

pP—o0 p =1

—~ [ ogau(x)doly) = hE(FE(E)
for v-a.e. y. Applying Birkhoff’s Ergodic Theorem and (3.6]) we get

~3log C — kH(FE*|€*) = reor 4 (1)) log o (1)

S d}/.T (@) S EV.T (2)
kxs, it i
o 3log O — kH(FE?(E™) — 5 resn i+ (1) log 1+ ([1)
= kXZ

for v-a.e. y and every k > 1. By taking the limit & — oo, we get that

d,r (z) =d,r (z) = hy, = HFET|E™) for D-a.e. y.
1+

L s
; Y
+ X5

Since 7 is equivalent to v X py, the statement follows. O

Proof of Theorem Bl Since the proofs of [2, Proposition 3.1, Proposition 3.8 and
Proposition 3.9] do not use that the examined measure is Bernoulli, one can modify
them to show that for v-a.e. y € A x YT the measure vy? is exact dimensional and

H(Fg*|€*)

dimg v’ = ————— =,
Yy X,ZS
Moreover,
Ai Br HFss 88 h_HFss 88 .
1iminfy+( () > (FEe )—l- L (Fele )for v-ae. (z,it),

r—oo  logr T X5 X,
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and by using that v = (p_).V, we get
v(Bi(z))  HFET|E”) | hy — HEFET|E™)

lim sup < for v-a.e. z.
rooo  logr X’ X
Since the measure v is equivalent to 7y, for py-a.e. iy, the statement follows by
Proposition [3.31 a

As a corollary of Theorem B.Il we are able to give two conditions which ensure
that the dimension of a Gibbs measure is equal to its Lyapunov dimension. The
second part of condition () in the next theorem appears in [9] as well for the
Gibbs measure generated by the subadditive pressure.

Theorem 3.6. Let A = {Ak}szl be a family of 2 x 2 real non-singular matrices
and ® = {Akg—i—tk}]kv:l be an IF'S of affinities on the plane. Moreover, let y_ be a
o_-invariant ergodic Gibbs measures on Y., let p be its unique extension to ¥ and
let py be the quasi-Bernoulli measure defined in Lemma 2B Assume that

(i) the IFS ® satisfies the strong separation condition,
(ii) A satisfies the dominated splitting condition, and
(ili) edtherdimp (€®®),puq > min {1, dimpyap p—} or dimpg (€*®), pq+dimp (7)) p—
> 2.
Then

h hy — x5,
dimpg (77 )up = min{—“, 1+ "7)(/‘} .
Xp Xp
By Theorem [B] the proof is similar to the proofs of [2, Theorem 2.8 and The-
orem 2.9].

4. DIMENSION OF GIBBS MEASURES AND TRANSVERSALITY CONDITION
OF STRONG-STABLE DIRECTIONS

In this section and the rest of the paper, we are going to study the dimension
of Gibbs measures. To be able to calculate the dimension of Gibbs measures, we
have to handle the dimension of strong-stable directions; see (il) of Theorem
In the case when the matrices satisfy the backward non-overlapping condition, i.e.
there exists a backward invariant multicone M such that A; Y(M°) € M° and
AN (M) N Aj_l(MO) = () for every i # j, it is possible to calculate the dimension
of strong-stable directions. Namely, by [2, Lemma 4.2], for every o-invariant ergodic
measure y on LT, .

: ss _ H
dimp (e”*).pt X
where h,, denotes the entropy of f.

In general a set of matrices does not satisfy this phenomena. In this section
we introduce a condition, which makes us able to handle the problem of overlaps.
Namely, we consider a parametrized family of matrices A(X) with the corresponding
map of stable and strong-stable directions e3 and e3’.

Definition 4.1. Let U C R? be open and bounded. We say that a parametrized
family of matrices A(A) = {Ai(A)}f\Ll satisfies the strong-stable transversality on
U if
e the parametrization A — A;(A) is continuous for every ¢ = 1,..., N on an
open neighborhood of U,
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e for every A € U the set A(X) satisfies the dominated splitting,
e there exists a constant C' > 0 that for every i,j € ¥+ with iy # jo,

La{AeU:<(ei(i),ex(§)) <r} < Cr for every r > 0.

The definition of strong-stable transversality is a natural generalization of the
transversality condition for iterated function systems; see [16] (2.9)].

Theorem 4.2. Let U C R? be an open and bounded set and let A(X) = {Ak()\)}ivzl
be a parametrized family of 2 x 2 real matrices and ®(X) = {Ak(/\)g—l—ﬁk(/\)}]kvzl
be a parametrized family of affine IFSs on the real plane such that

(i) for every X € U the IFS ®() satisfies the strong separation condition,

(ii) A(X) satisfies the strong-stable transversality on U.
Let {ix} ey be a parametrized family of o_-invariant ergodic Gibbs measures on
¥~ such that the family of the corresponding Holder continuous potential functions
{Ox}acy is uniformly continuously parametrized; moreover,

(iii) either

hMA : { hux }
> min 4 1,
X5 (A) = x5, (A) Xia (A)

or N N
[ 22
+2 > 2.
X5 () = x5, () s (A
Then
— h h‘lb\ - Xs (A)
dimz (7 */uzmin{ Ex__ 1+ KA } for Lg-a.e. A€ U.
() TNy Y

The proof of Theorem is based on the combination of Theorem and the
following theorem.

Theorem 4.3. Let U C R? be an open and bounded set and let A(X) = {Ak()\)}gzl
be a parametrized family of 2 X 2 real matrices such that A(X) satisfies the strong-
stable transversality on U. Moreover, let {jix} ey be a family of o-invariant quasi-
Bernoulli ergodic measures on X1 such that X — hy,, is continuous and for every
Xo € U and € > 0 there exists a 6 = §(g, Xo) > 0 such that for every i € X, every
n > 1 and every ||A — Xol| < 9,

(4.1) e~En < /’D\([i.g__ll]) < €N
1 ([ilo 1)
Then
hyis
X/ (A) - Xix
The proof uses the standard transversality method, but for completeness we
present it here. First, we give an upper bound for the dimension.

dimp (57 ) i = min{ N 1} for Lg-a.e A€ U.

Lemma 4.4. Let A= {Ai}ivzl be a set of matrices satisfying the dominated split-
ting and let €% : Xt — P! be the map to strong-stable directions. Then for every
o-invariant ergodic measure p on LT,

h
dimpg (e®*) s < min {1, giﬂ} .
X' = Xu
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Proof of Lemma 4l For any z € P! let B(x) := {y e Pl:«(x,y) < r}. It is
enough to show that

S8 < S5(3
g OBE ) HBEE (@)
r—0+ logr XiE = X

A

for p-a.e. i € ¥,

By Lemma 2.3 and Lemma 2Z2/[2)), if i,j € X such that iy, = ji for k =0,...,n
then

Area(/r1 AT, A*1 ~~A;n1w)

in

<(e™(i), e (j)) <

TAG AT e (o) 1A t S A7 Hess (o) |
| det(Az" - A7)
-1 -1 ;
A, A
where v € €% (0™ 1) and w € e**(0™*1j) such that ||v|| = |w|| = 1. Let n(r,i) € N

be the smallest number such that
-1 -1
|det(Ai0 B 'Ain )l
[ Ai_ol AT

< C 7y,
2
in

Hence, (e5%),.u(BX(e*5(1))) > p([i \"(T 91). Therefore,
log(e**). pu(B (e**()))

logr

(4.2) n(r, I)D

< logu([ lo
= I — -1 -1 :
log C +log|det(A4; ~---A; )| —2log||A;~ - Aj I

In(r,i)—1 Tn(r,i)—1

By ergodicity and Lemma [Z2I[2]),

lim ——logu([ lo]) =y,

n— oo

lim ——10g|det(A 1 A;{1)| ==X)> = X5

n—oo
lim —log\|A;1~ ; ||—x for p-a.e. ie .
n—oo N 0 n—1
Putting these limits into (£2]) completes the proof. a

Lemma 4.5. Let U C R? be open and bounded and let A(X) = {Ai()\)}ilil be a
parametrized family of matrices such that the map X — A;(A) is continuous for
any i = 1,...,N in an open neighborhood of U and A(N) satisfies the dominated
splitting on U. Then the map X — e33(i) is uniformly continuous for every i € X+.
That is, for every Ao € U and every € > 0 there exists a 6 = 6(Xg,€) > 0 such that

A=l <6 = <(exl(i), ex (1)) < e for every ie XT.

Proof. Let A9 € U and € > 0 be arbitrary but fixed. Let M be the backward
invariant multicone of A(Ag). By definition of backward invariant multicone, there
exists a &' = §'(Ag) > 0 such that for every A with ||A— Xg|| < &', M is a backward
invariant multicone for A(X). Hence, the angles between the directions of the
dominated splitting are uniformly bounded from below. Thus, by Lemma 22\2])
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and Lemma 23] there exists a constant C' = C(Ag) > 0 such that for every m > 0
integer we have

ey (@), e (1)
< (AL o) AL A0)eR) (07, AL (M) -+ A7 (Aa)ek (07 1)
(AL A0) - AL A0)eR (™), AL (A) - AL (e (07 1))

o [det(A; 1 (Ao) -+ A7 T (X))
< O 2T ) A ()2

ss( _m-+1s ss m—+1s
(e (o i),ex: (o i)
2 2
S 1A )AL (N x AL (X0)- A (Xo)a [ 30 AL TN AL (N )u, x A (Ro) AL (Ko)ug |
i=1 i=1

A lAiq (A)-- Aip, (M7 Aig (Ro) -+ Adyyy (R0 171

where u;, u, is the standard basis of R2. Since A(X) satisfies the dominated splitting
on U, there exists an integer m = m(Xg) > 0 such that

ool det(A; (Xo) -+ AT (o))
O T ) A ()2

for every io,...,im € {1,..., N}. Let f(X, Ao) := supjex+ <(e5’(i), €3 (1)). Then

{ S AT AT N < A (Xo) - A (X))

<1
97

tm

[[Aig (A) - - A (M7 H A (M) - - As (Ro) 17

|02 A ) AT N x At (Xo) - A (Ao)us |
[As () - Ag (][ Asg (Ro) -+ As,, (Ao) |

_|_

Since the maps A — A;(A) are continuous, there exists a 6 = (Ao, &) > 0 such that
the right-hand side is less that € > 0 for every A with [|A — Xo|| < 4. O

Lemma 4.6. Let U C R? be open and bounded and let {txtacy be a family of
o-invariant quasi-Bernoulli ergodic measures on X% such that (@) holds. Then
the map X w— px is continuous in weak*-topology. Moreover, if A(X) = {Ai()\)}fil
is a parametrized family of matrices such that the map A — A;(X) is continuous for
any i =1,...,N in an open neighborhood of U, and for every A € U the set A(X)
satisfies the dominated splitting, then the maps A — x35 (A) and X = x;,, (A) are
continuous.

Proof. To prove the first assertion of the lemma it is enough to show that for every
O C X7T open set and every A\g € U,

(43) liminf 12 (0) > pix, (0).
A=A

Since the cylinder sets form a base of open sets we get O = |J;—, [ix[;%*]. Since for
every cylinder [ix|77*] = U=, [Fo™*ik]g"*] without loss of generality we may write
O = U=, lix]g*]. On the other hand, for every pair of cylinder sets of the form

[ik\g”“] either they are disjoint or one contains the other; thus, we may assume that
[iclo™] N [L]g"] = 0 if k # [. Hence,

HXo (O) = nhan;o Z /Lko(m)'
ico
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Therefore, by (@) for every n > 1,

. . > y .
h}\rglﬁf ux(0) hm 1nf ||z: pa([ lZ tixo ([2])
[jco lico

Since n > 1 was arbitrary we get ([4.3)).
To prove the second assertion, by Lemma 2.2(2)) and the multiplicative ergodic
theorem,

i) = / log [ A7 ()58 (o) | dpa (0)
and
GO+ X ) = [ log] det (A7 (X)) ldua )

By Lemma [H the map A — log ||Ai;1()\)|e§f(ai)|| is continuous. Thus by the
weak*-continuity of A — ux, the map A = x;°(A) is continuous. The continuity
of A = xj,(A) follows by the continuity of A — pux, A = x;5(A) and A —

log | det(A;. " (N))]. O

Proposition 4.7. Assume that the assumptions of Theorem 3] hold. Then for
every Ao € U and € > 0 there exists a § > 0 such that

h
dimg (e5®)spux > min< 1, 2o — ¢ for Lg-a.e. X € Bs(X\g).
a7 (eX’)«pix { i (o) — Xfuo()‘o)} Jor Ly 5(Xo)

Before we prove Proposition 7], we prove that for every A € U the map i —
e3’(i) is Holder continuous.

Lemma 4.8. For every Ag € U there exists a 6 = 6(Xg) > 0 and for every
r > 0 there exists a positive integer N = N(Xg,r) such that for every X € U with
[IA = Xoll <& and for every i,j € T with ig # jo,

I{<(ex (1), e (1) < r} < T{<(e’(15' D), ex’(ilo 1)) < 2r}

where 1=(1,1,...)€XT and1 denotes the indicator function. Precisely, N(Xo,r)=
f_zé?ig) + ¢(Xo)], where B(Xo) is the domination exponent in Definition Bl and
¢(Ao) is some constant depending only on Xg.

Proof. Fix A9 € U. Then by Lemma 2.3 for every N and every i,j € ¥ with
io 7 Jo,
[<0(ex (i), ex° (1)) — <(ex’(ilo 1), ex’ (319 1))
< <a(ex’(1),e3°(15 D)) +<i(€is( ), ex (o 1))

| det(A (N)-A; L (A)]
AT A Tl <N+1>||||A AT ] UX @

ex* (0™ ), ex (1))

IN

o), e (1))

| det(A7 ) (X)- A7 (V)]

* 2HA;D](A)NA};(A)Ieif(dN“J)HHA FA) AT (N)ext (D]
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Since A — A;(A) is continuous, by Lemma 5] there exists a 6 = §(Ag) > 0 such
that

| det(A5 (A) - A7 1 (V)]

GO - AT T DY - ATV D
_aay et (45" (M) - 41 (Ao))
BRI e PP R v (Ao>|ess<oN+1>||||A o) A3 o)les; (D]

for every j € . Thus, by Lemma 2.2/2),
<03 (1), ex (1)) — <w(e3* (119 T), ex* (515 1))
0 det o)+ ATHA
< 271'65()2\ )NC()\O)Q ‘max | det(4; ( 0) - A ( 02))| )
AT o) A ()]

By Definition 1] there exists an N = N(Xg, ) such that the right-hand side of
the inequality is less than r; thus the statement follows. O

Proof of Proposition 1. Let A9 € U and ¢ > 0 be arbitrary but fixed. Let 6 =
0(Xo,€) > 0 be chosen according to Lemma 5 Lemma A8 and (£1)). By the
Shannon-McMillan-Breiman Theorem and (1), for every A € Bs(Xo),

huy, —e< hmlnf——log,uA([ < hmsup——log,uA([ n=1)

Hxo n—00

< hyy, € for px-ae. i€ »t.

Moreover, by the ergodic theorem and weak*-continuity of X — px,
S8 S M 1 -
X3 (o) X, (o) — € < lim ~log | det(A7 () -+ A7, ()
< Xjing (Xo) + Xjing (Ao) + ¢,

In—1

ss . 1 —_ SSs ns SS
X5, (o) = < Tim —log [ A (A) -+ A7, (N [ex (0™l < 35, (o) + 2

for px-a.e. i € 7. By Egorov’s theorem for every A € Bs(Ag) there exists a set
Qx C X7 such that u(2x) > 1 — ¢ and there exists a constant C'(A) > 1 such that
for every i € 1 and every n,m > 1,

C) ™ palfils ™ Daa(lo™i5 )

(i)

<p
< CN)palils ™ Deallo™ils =),
and for every i € Q0 and every n > 1,
(4.4) C)The M0 P2 < (il ) < O e e ),
-1 -1

C(A) 16Ok (R0) =X, (Ro)409) [ det(A;;"(A)--- A, 7 (V)]
(4.5) AR A 1( I
< C()\)ein(x‘”*o( 0)— Xuko()\o)*ﬁa)-

By Lusin’s theorem for every & > 0 there exists a set Js(Ag) € Bs(Ag) such
that L4(Bs(Xo)/Js(Xo)) < €’ and there exists a C' > 1 such that C(A) < C for
every A € J5(XAo). Denote the measure jix := plg, and for a finite length word
k= (ko,...,kn_1) denote the set

Y= {(i,j)62+:im:jm:km forsz,...,n—landin;éjn}.
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Then for every s > 0 by Lemma [£.5] the continuity of A — A;(\) and (@3],

/ // (1) *dpix (i) dfix (5)dX
JO(AO)
/ // ") daa(i)dpa(§)dA
n= Ok n ¥ Js(Xo) Sk
|d€t(A;01(>\) .. Alznl,l()‘))l -5
<Z”“Z/ ) //2 < 2 A (V) AL (VIR )
(5P (0™), €5 (0™5)) " dia (1) dfia (§) dA

< 3 e o) o) +62)

n=0
;/kw //Zf(e?(”"i% e (075)) " djia(1)dia () dX.

By Lemma 4§ for any k with |k| = n,

(4.6)
T = / . /I (R 7). () A (i )i
e [ [ s o) < g i
2<m+1> /

Js(Xo)

//E { (o"ilg AT, 2 (0"ly 2 T)) < Zlm}dﬁA(i)dﬁ)\(j)d)\

) (m+1)s

IN

IN
ﬁMEﬁ u

plqg

3
]
o

/Ja(Ao) //kl]x kh) { X (kD). e (1)) < 2%} dipx (1) dpx(j)dA.

By applying (4], the quasi-Bernoulli property of uy,, (ZI) and the continuity of
A= h,,, we get

IL|= N(A sm)
|R|=N (Xo,m)

| rfateam e wn) < g i () [ x

J5(Xo)
<ot [ {0 ) < g i) in )in ()0
< g (K] (g (] 220N oy 2

Ly <>\ € Js(Xo) : <€(e3i(hl), esl(11)) < 2%) .



572 BALAZS BARANY AND MICHAL RAMS

Hence, by ([4.6) and the strong-stable transversality

C

T < una([k ZW““ D g ([aag (e N o), =29 22
|LI=N(Xo,m)
|h|=N (Xo,m)

,n(hMO —4e) Z 2m(571)+26N(A0,m)/ log2

m=0

=", ([E])e

Since N(Xg,m)/log2 < mz5—~ ( 7+ ¢(Ao),

o0 oo
T <Y MO 000 by, +108) § gm(s—Ttesrisy)

n=0 m=0

By —11 . .
Hence, by choosing s < min {1 ()\0) X“(A:g = (EA )} the right-hand side of the

inequality is finite. By Frostman’s Lemma [7] Theorem 4.13],

5 hHAO —1le
o)’ X35 (Ao) — x5 (o)

dimg (€3’)«x > min {1 — 56( } for Lg-a.e. A € J5(Xo).

But for every A € Bs(Ag), dimpg(es®).puan > dimg(e’)«fa and, moreover,
L4(Bs(Ao)/Js(Xo)) can be chosen arbitrarily small; thus, the statement follows. O

Proof of Theorem 3. By Lemma 4] we have

h
dimp (e5°)«pa < min {1, Ex } for every A € U.

X (A) = x5, (A)

So it is enough to establish the lower bound. Let us argue by contradiction. Assume
that there exists a set U’ C U with L£4(U’) > 0 such that

h
£ }—5 for L4-a.e. X € U’ for some € > 0.

dim g (e3’)spx < min {1,
A X5 () = x5 (A)

Let Ag € U’ be a Lebesgue density point. Thus, there exists a dg > 0 such that for
every dp > > 0,

h
Lq ()\ € Bs(Ao) : dimpg (e3’)spx < min {1, Ex } — 5) > 0.
A Xin(A) = x5, (V)

By using the continuity of entropy and Lyapunov exponents we have for sufficiently
small § > 0,

ht 3
Ly A€ Bs(Ag) : dimg (e5)spux <min< 1, 2o ——=1>0,
d( o) dima (X1 = { 500 sz(Ao)} 2)

but this contradicts Proposition E1 O
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Proof of Theorem 42l By [Bl, section 1], a family of Gibbs measures for a uniformly
continuously parametrized family of Holder continuous potentials is weakly contin-
uous. Hence, {px} ¢y satisfy equation (AI). Then by Theorem B3] we have

h#x }
,1p for Lg-ae A eU.
X ) = x5 ) ‘

On the other hand, by Theorem [B.6] if
h/u 3 { hltx }
> min 15,
Xi5(A) = X5 (A) Xjia (A)
then the statement holds. Thus, we may assume that
h

dim g (e3’)«ptx = min {

h, h

£x <1, x3(A) > 2x%_ (X) and 2 +2—F 59
) - ) X 2 and e ) T ™)
By [2, Lemma 4.12], we get that dimpg(7y )spx > 25 “(A Ve and the statement
follows by Theorem * O

5. PrROOF OoF THEOREM [L.]]

Finally, in this section we prove Theorem [[.1] as an application of Theorem
For a matrix A € RZ*? UR?*? let

lalz + |e|(1 — ) a b
(5.1) S(x, A) := ,  where A = .
(lal + b))z + (e| + [d)(1 — 2) c d
Simple calculations show that the maps S; € C?[0, 1]. Moreover,
det A
(5-2) sup |S'(z, A)] = max {|5(0, 4)[,|9'(1, A)|} = % and
v€[0,1] Al
det A
i 15"z, )] = min {15'(0, 4|51, )} = T | det 4]
z€[0 00
where ||Al|oo = max {|a| + |b], |c| + |d|} the usual co-norm of matrices.
Lemma 5.1. Let A = {A;,...,An} be a set of non-singular matrices with ei-

ther strictly positive or strictly negative elements such that Ilﬁiﬁ;‘ < 1. Let ¢ =

{S:(.) := S(.,Ai)}f\il be IFS on [0,1] and let I : X — [0,1] be the natural projec-
tion of ¢. Then for every iy € £ the vector (I(iy) — 1,1(i4))" € e¥(iy).

Proof. Let A = {A1,...,Ax} and the IFS ¢ = {S1,...,Sn} be as required. It is
easy to see that the cone M = {(z,y) € R?/{(0,0)} : 2y < 0} is backward invari-

ant. So, by [3, Theorem B], A satisfies the dominated splitting.

For an iy € X7 let e%(iy) be the invariant strong-stable direction defined in
(5.1). By the definition of IT : X — [0, 1],

(—biOH(Ui+) —di,(1— H(Ui+)))
(n( ) - 1> _ ai,11(0iy) + 3, (1 — 11(0))
(i) (laio| + bz NI(oit) + (leig | + |dip (1 — T(oiy))
_ det A4;, 41 (H(aiJr.) — 1) .
(laio| + [bsy NTT(oiy) + (\le +1di, ) (1 = T(oig)) "0\ H(oiy)
Thus, by Lemma[Z2land uniqueness, the one-dimensional subspace e®**(i;.) contains
(I(iy) — 1,T0(iy) " O
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Lemma 5.2. Let A = {A1,...,An} be arbitrary such that A; € M, where M is
defined in (L3)). Moreover, let A(t) = {A1 +t1B1,..., Ax +tnByn}, wheret € RN
and

(a b - (ai+b; —(a;+by)
(5.3) A= (Ci di) and B; = (Ci +d;i —(¢i+ dz)) ’

Then there exists a § = 6(A) > 0 such that the IFS ¢, ={SX(.) := S(., Ai+1t;B;)}Y,
satisfies the transversality condition on (—6§,8)N.
In particular, A(t) satisfies the strong-stable transversality condition on (=4, 8.

Proof. Since MY is open, there exists an ¢ = ¢(A) > 0 such that A(t) € MY for
every t € (—e,e)N. Let ¢ = {S1,...,Sn} be the IFS for A and ¢; = {S%, ey va}
be the IFS for A(t). Simple calculations show that S(z) = S;(x) + t; for every
i = 1,...,N. By the definition of 9, by (B2) and by [I6, Corollary 7.3] there
exists 6 = §(A) > 0 such that § < € and ¢, satisfies the transversality condition.
By Lemma and Definition ] it follows that A(t) satisfies the strong-stable
transversality on (-6, ). O

Lemma 5.3. Let us define for every A € MY,

P(A) =m0 (] A®),

teRN
where A(t) is defined in Lemma[5.2l. Then P defines a measurable partition of MY .

Proof. By the definition of P it is enough to show that if A # A’, then either
P(A)=P(A") or P(A)NP(A") = 0.

Let us fix A # A’ and suppose that P(A) N P(A’) # 0. Then there exist
t1,...,tn € Rand t),...,t%y € R such that A; + t;B; = A, + t,B. for every
i =1,...,N, where B; and B} are defined in (53). Thus a; + b; = a; + b} and
¢i +d; = ¢, +d. Hence, P(A) = P(A’). The measurability is straightforward. O

Proof of Theorem [[L1l. First we show that if A € MY U Oy, where MY and Oy
are defined in (IL4)), then condition () of Theorem holds for the Kéenmaéki
measure p¢ of A, defined in Definition

h h
Indeed, if A € MV, then . ur — > 5K , and on the other hand, if 4 € Oy,
Xux = XK XK
then
hx hux  Xpw + (50 = D)Xk Lo X (s0 = D)Xk
X = Xok X0k X0k — X X5
X; 1 5 X;
=3+ 24+ ———|so+2° > o + 27 o,
K Xix 3 XK XK
1— -4 W 3 (1 — Zul ) "
X“K X#K

Now, let V¢ MY U Oy € MY be a compact set such that Vo = V. Let us
define for an A € V,

Q(A) := V N P(A).
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Thus, Upep(a) {U;e(—é(B),é(B))N B(;)} defines an open cover of Q(A). Since Q(A)

is compact there is a finite set {By, ..., B, } such that |J_, {Uze(—é(Bi),é(Bi))N B; (1)}

is a cover for Q(A). But by Lemma B2 for every ¢ = 1,...,n the parametrized
family of matrices B;(t) satisfies the strong-stable transversality condition on
(—0(B;),6(B;))N. Thus, by Theorem 2 for every i = 1,...,n,

dimH uf = dimH Ai = dimB AE = 50(1) for LN—a.e te (—5(31), 5(31))1\[,

where HLK is the Kdenméki measure of the system B;(t) and so(t) is the affinity
dimension. In particular, for every A € V,

dimpy p® = dimy A = dimp A = s54(B) for Ly-a.e B € Q(A).
By Lemma 53] Q is a measurable foliation of V'; thus, by Rokhlin’s Theorem
dimpy p® = dimy A = dimp A = s5(A) for Lyn-a.e. A€V,

Since V' was arbitrary, the statement follows. ]
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