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EXPLICIT DESCENT FOR JACOBIANS OF PRIME POWER
CYCLIC COVERS OF THE PROJECTIVE LINE

EDWARD F. SCHAEFER

ABSTRACT. The Jacobian of a cyclic cover of the projective line is isogenous
to a product of abelian subvarieties, one for each positive divisor of the degree
of the cover. In this article, we show how to compute a Selmer group that
bounds the Mordell-Weil rank for each abelian subvariety corresponding to a
non-trivial prime power divisor of the degree. In the case that the Chabauty
condition holds for that abelian subvariety, we show how to bound the number
of rational points on the curve.

1. INTRODUCTION

A classical Thue equation has the form g(x,w) = h where h is an integer and
g(z,w) is an irreducible, homogeneous polynomial of degree n > 3, with integral
coefficients. In [LT], Lorenzini and Tucker associate to that Thue equation the
curve given by hv"™ = g(x,1). They point out that the Jacobian of the curve is
isogenous to a product of abelian subvarieties over QQ, one for each positive divisor
of n. They then prove beautiful results using the method of Chabauty-Coleman.
Some results depend on the Mordell-Weil rank of the Jacobian of the curve over Q.
This leads to the question of determining that rank, which is the sum of the ranks
of the abelian subvarieties. The abelian subvariety of the Jacobian of hv™ = g(x,1),
corresponding to a positive divisor d|n, is isogenous over Q to an abelian subvariety
of the Jacobian of the curve hy? = g(x,1).

A Selmer group for an endomorphism, a power of which is an associate of an
integer greater than 1, can be used to give an upper bound on the Mordell-Weil
rank. In fortunate cases, we can then provably determine the Mordell-Weil rank.
The curve hy? = g(z,1) has an automorphism 7 given by 7(x,y) = (z, (sy), where
(q is a primitive d-th root of unity. We often denote a map and a map it induces
with the same notation. We shall see that 7 induces an automorphism of the abelian
subvariety and in its endomorphism ring, 7 acts like (4. A method for computing
the (1 — 7)-Selmer group in the case that d is a prime is described in [PS] (in that
case, the abelian subvariety corresponding to d is the entire Jacobian). A power of
1 — (4 is an associate of an integer greater than 1 if and only if d = p” where p is
a prime and r > 1. So the endomorphism 1 — 7 appears to be useful for bounding
the Mordell-Weil rank in only this case. In this article, we describe a method for
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computing the (1 — 7)-Selmer group for the abelian subvariety, mentioned above,
of the Jacobian of the curve hy?" = g(x,1) with 7 > 1.

Typically when 7 > 1, the genus of hy?’ = g(x,1) is greater than 1. So by
Faltings” Theorem, there is a finite number of rational points. Let us assume that
the Chabauty condition, i.e., that the Mordell-Weil rank is less than the dimension,
holds for the abelian subvariety mentioned above. For such a case we outline a
method of doing a Chabauty computation to give an upper bound on the number
of rational points on the curve hy?” = g(x,1). With luck, this will equal the number
of known rational points on the curve. As a corollary, this would give us the integer
solutions to the Thue equation. Since most of the results in this article involve
computing a Selmer group, we use a slightly different model for the curve, namely
y?" = f(z), in order to agree with the notation used in similar articles. Though
the article of Lorenzini and Tucker [LT] is the inspiration for this work, we will no
longer address Thue equations and instead will present our results in the context
of rational points on cyclic covers of the projective line.

In Section P we define the abelian subvariety mentioned above, which we’ll
denote B, of the Jacobian .J of the curve y? = f(z) and set the rest of the notation
to be used throughout the article. In Section Bl we study the structures of and the
relationship between the kernels of the isogenies 1 —7 on J and on B. In Section M}
we prove, under an assumption, that the (1 — 7)-Selmer group for B is isomorphic
to a Selmer group for an isogeny to J. As described in [Sc2] and [BPSI16], the
computation of the latter kind of Selmer group can be practical. Since a convenient
spanning set for the kernel of the isogeny to J leads to a fake descent setup (as
described in [BPS16, §6]), we show in Section Bl how to get the Selmer group for
the isogeny to J from the fake Selmer group. In Section [6] assuming we can find
enough rational divisors whose images generate the fake Selmer group, we show
how to determine the Mordell-Weil rank of B. In Section [, we discuss conditions
which imply part of the assumption made in Section [

In Section B, we describe how to bound the number of rational points on y? =
f(z) if the Chabauty condition holds for B. We give an example in Section [ of the
use of the techniques of the article to show that for y* = 224423 +1 we have B(Q) =
Z and that the set of points with coordinates in Q is {(0,1),(0,—1),(—=1/2,1),
(—=1/2,-1)}. In Appendix A, we prove the above claim that the subvarieties associ-
ated to d, as defined in the proof of [LT}, Prop. 3.12], of the Jacobians of v" = f(x)
and y? = f(x) are isogenous and the corresponding Mordell-Weil ranks are the
same. We show in Appendix B that if p divides the multiplicity of a root of f, then
the geometry can be more complicated, which is why we assume that p does not
divide the multiplicity of any root of f.

2. NOTATION

Let p be a prime, let K be a field of characteristic different from p, and let K
denote a separable closure. For an object Y over K, we use Y to denote its base
extension to K. Let X be the curve over K (smooth, projective, and geometrically
integral) with an affine model y*" = f(x) for some 7 > 1, where f is a polynomial
defined over K, of degree n. We assume K is sufficiently large so that we can
assume that n is divisible by p". Let f(z) = a, [[*,(z — a;)™, where the «; are
distinct elements of K. For simplicity, we add the restriction that p not divide
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any n;; otherwise the geometry becomes more complicated (see Section [[2]). Let
fo(z) =TI~ (x — a;) € K[z] be the radical of f.

Let Gal(K) := Gal(Ks/K) denote the absolute Galois group of K. For any
place q of K, let K denote the completion. Let (4 denote a primitive d-th root of
unity and K’ := K((,~). We let J := Albx be the Jacobian of X. We can identify
Pic’(X,) with J,(K,). Where it will not lead to confusion, we also use X and .J to
denote the curve and its Jacobian over extension fields, e.g., X xx K'. We let K
(respectively K') denote an arbitrary extension of K (respectively K'), for example
when we want to prove a result for both K and K.

The curve X has an automorphism 7 induced by 7(z,y) = (x, (pry) over K'. We
also use 7 to denote the automorphism it induces on J. For a degree 0 divisor D on
X, we use [D] to denote its divisor class in J,(K). Let ®(u) := (u?" —1)/(u—1) and
U(u) := ®(u)/P®pyr (u), where @, denotes the ¢-th cyclotomic polynomial. Note that
U(u) = [Lopr e1,pr Pe(u). When we replace u by 7, we can evaluate any of these
on divisors and, by extension, on Js(Ks). Let End(J) denote the endomorphism
ring of the abelian variety J. We let T := ¥(7) € End(J) and note that T maps
surjectively to an abelian subvariety that we denote B. That B is defined over
K follows from the argument in the proof of [LT) Prop. 3.12]. We have that T is
the composition of a surjective morphism T, : J—B over K’ with the embedding
t: B < Jover K. Let X,-—1 denote the curve given by P = f(x) and Jpr—1
denote its Jacobian. It follows from the results in Section [II] that J is isogenous
over K to J,—1 @ B. We can identify «(B;(Kj)) with the image of T on Pic”(X).
Since 7 and T commute in End(J), we note that 7 induces an automorphism of B,
which we also denote by 7, except when adding a subscript will add clarity.

We denote the divisor on X that is the formal sum of the distinct points at
infinity (with respect to the given affine model) by co. We use A to denote the
Gal(K)-subset of X that is {(«;,0)}.

For a homomorphism of abelian varieties ¢ : A;— Ao, let §: Ao—A; denote the
dual homomorphism between dual abelian varieties. Let A : J —J be the canonical
principal polarization of J coming from its being the Jacobian of X. For any
homomorphism h : A3— A, of abelian varieties or of groups, let Az[h] denote its
kernel. For any Gal(K)-module M, we use H'(K, M) to denote H'(Gal(K), M),
the first Gal(K')-cohomology group of M. If g (defined above) is an isogeny defined
over K, we let 0, : Ao(K)—H'(K, Ai[g]) denote the connecting homomorphism of
cohomology. If G is a group, S is a G-set, and M is a G-module, let M*° denote
the G-module of maps from S to M.

For a vector space V' over I, we let dim V' denote its dimension. In the case
that W is an algebraic variety, we use dim W to denote its dimension. For a finitely
generated Z-module M, let rank M denote its free Z-rank.

For the remainder of this section, let K be a number field. We recall the definition
of the Selmer group for an isogeny of abelian varieties € : A;— Ay over K. For any
place q of K, we denote the restriction map r1 q : H'(K, A1[e])=H"' (K, Ai[€]). The
Selmer group, denoted S¢(A;, K), is defined to be {y € H' (K, A1[e]) | r14(7) €
b.(Aa(Ky) feAr(Ky), Va).

We recall the definition of the Shafarevich-Tate group for an abelian variety A
over K. For any place q of K we denote the restriction map

Toq  HY (K, A1)—=H (K4, A).
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The Shafarevich-Tate group, denoted III(A;, K), is defined to be the kernel of
(2.1) HY (K, Ay) 13 T] H (Kq, A1),

where the products are taken over all places q of K. We have the classic short exact
sequence

(2.2) 0 Ayp(K)/eAr (K)—S(Ay, K)—1II(Ay, K)[e] —0.

3. THE ISOGENIES 1 — 7 ON J AND ON B

In this section, we want to describe J[1 — 7] and B[l — 7]. Let X, be the curve
with an affine model w? = f(z) and J, be its Jacobian, which over K, we associate
to PiCO(vas). Let m : X—X, be the covering given by 7(z,y) = (x,ypr_l); it
induces 7* : J,—J (see [Si, Remark 3.7]). We define an automorphism induced by
Tp(z, w) = (x,(ﬁ: 1w) of X,,.

From the proof of [Sc2, Prop. 3.2], which was suggested by Michael Stoll, we have
Js(Ks)1 — 7] = ([(¢j,0) — (,0)]) (here each (ay,0) € X (K;)) and
Ip.s(Ks)[1 — 1p) = ([(e;,0) — (04,0)]) (here each (ax,0) € X, s(K5)).

Lemma 3.1. We have dim Jp s(K)[1 — 1] =m — 2.
Proof. This follows from [PS| Lem. 6.1]. O

Proposition 3.2. The map ©* induces an isomorphism from Jp s(K)[1 — 1] to
p (K1 — 7]

Proof. That the image of J, (Ks)[1 — 7] is exactly p"~1Js(K)[1 — 7] follows from
the definition of 7* (see [Si, p. 33]). Assume Y ", £;p"~!(a;,0) = div(h) for some
h € Ks(X;) where each ¢; € Z and each («;,0) € X (K). To prove that 7* induces
an injection on J, s(K,)[1 — 7], we need to prove that h € 7* K (X, ).

We can consider 77 to be a generator of Gal(K(X,)/m*K (X, )). Note that
div(h) = 7P(div(h)) = div(7Ph). Thus there is a k € K such that 77h = kh. We
expand both sides of the equation 7Ph = kh on a power basis generated by y for
the extension K(X,)/m*K(X, ). Then an easy exercise equating scalars shows
that k = 1 and thus h € 7*K,(X, ) or h = gy’ for some g € 7*K,(X, 5)* and
jEeZ.

In the latter case it suffices to prove that ¢/ € 7*K(X, s). Since the supports
of div(h) and div(y’) are contained in A, the same is true of div(g). Since g €
7 K(X,s)*, the definition of 7* implies that div(g) = Y-, £p"~*(a;,0), where
each ¢, € Z. Therefore div(y’) is of this form as well. So j = p"~!d for some d € Z
and ¢/ = 7*(w?). O

Corollary 3.3. We have dim p" 1 J,(K,)[1l — 7] =m — 2.
Proof. This follows from Lemma 3.1l and Proposition |

We will no longer consider X,,. The following lemma is a straightforward com-
putation.

Lemma 3.4. The p" closed points at infinity for the affine model y** = f(z) of X,
are given by (u, z) = (0, C;T v /an) for 0 <i < p", where a,, is the leading coefficient
of f, u:=1/x, and z := y/(x™/?").
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Over K, the divisor we denote oo is the formal sum of the p" points listed in
the above lemma.

Proposition 3.5. We have J[1 — 7] = (Z/p"Z)™ 2.

Proof. From above we know that J,(K;)[1 — 7] = ([(e;,0) — (c,0)]) = ([(c,0) —
(@1,0)]). Using Lemma [3.4] we can show that div(y) = >, n;(ay,0) — ro0 and
div(z—a;) = p" (e, 0)—o0. A straightforward computation using the above and the
fact that ged(ny,,p") = 1 shows that [(am, 0)—(a1,0)] € ([(e,0)—(a1,0)] |2 <3 <
m —1). Since J[1 — 7] can be generated by m — 2 elements and dim p"~*.J,(K)[1 —
T] = m — 2, the result follows. O

Lemma 3.6. Considering 7 as an automorphism of B the map 7% — C;r induces
an isomorphism of the Gal(K')-modules (1) and -

Proof. We know that J,(K) is generated by divisor classes of the kind [@Q— R] where
@, R are closed points of X and @, R are not points at infinity. Note that the image
of the divisor Q@ — R under ®(7) is the divisor of the function (x—zq)/(z—zg). Thus
O(7) = O,r (7)Y =0o0n J and @,-(7) = 0on B = Y, J. Clearly the Gal(K)-actions
are the same. ]

The following lemma comes from [LT, Lem. 3.13].

Lemma 3.7. The dimension of B is ¢(p")(m — 2)/2, where ¢ denotes the Euler
totient function.

Proposition 3.8. The endomorphism 1 — 7 on B is an isogeny, defined over K’,
whose kernel B[1 — 7] is an Fy-vector space of dimension m — 2.

Proof. Since «B[1 — 7| C J[1 — 7], Proposition tells us that the endomorphism
1—7 of B is an isogeny. From Lemma[3:6 7 acts like ¢, on B. Since (1—(,-)?®") is
an associate of p, the kernel of 1 —7 on B is contained in B[p]. Since the dimension
of B is ¢(p")(m — 2)/2 (from Lemma [B.7), we have dim Blp] = ¢(p")(m — 2) and
dim B[1 — 7] = m — 2 as F,-vector spaces. O

Lemma 3.9. We have tB[1 — 7] = p" 1 J[1 — 7] = J[1 — 7][p].

Proof. Since 1B C J we have tB[1—7] C J[1—7]. From Proposition B8 :B[1—7] C
J[p]. So tB[1 — 7] C J[1 — 7][p]. From Proposition B35l J[1 — 7][p] = p"~1J[1 — 7].
From Corollary [3.3] and Proposition B8 dim p"~'J[1 — 7] = dim ¢B[1 — 7]. O

Proposition 3.10. The map T, induces a surjection from J[1 — 7] to B[1 — 7].
When composed with the map induced by 1 we get the p"~! map on J[1 — 7].

Proof. Since 7 acts trivially on J[1 — 7], we see that T = ®(1)/®,-(1) = p"~! on
J[1 — 7]. The result then follows from Lemma 30 O

4. AN ISOMORPHISM OF SELMER GROUPS

For K a number field, we want to find a homomorphism on B(K')/(1—7)B(K’)
to use for descent. However, the usual methods for explicitly computing a Selmer
group ([Sc2], improved by [BPS16]) are for an isogeny from some abelian variety to a
Jacobian. In this section, we describe (under a certain assumption) an isomorphism
from the Selmer group associated to (1 — 7)p over K’ to the Selmer group for an
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isogeny from an abelian variety to J over K’. We begin this section by letting K
be a field of characteristic different from p.

Recall that A := {(a;,0)}. In the notation and nomenclature of [BPS16, §6],
we have that (p, A,p" ' Api.g) is a fake descent setup for X over K’. Note that
in the third coordinate, Apjae is the diagonal embedding of A in X x A, and we
give the divisor on X x A representing the line bundle that should be in the third
coordinate. To be a fake descent setup means that there is a divisor D € Div(X),
defined over K’ (in our case D = o), such that p(p" ! Apjag) — (D x A) is principal,
i.e., the divisor of some h € K'(X x A)*. In our case, at K'(X x («;,0)), we have
h=z— .

Let E := (Z/pZ)dAegO be the Gal(K’)-module of maps from A to Z/pZ with
the property that the sum of the images is 0. There is a homomorphism & :
E—J.(K,)[p] induced by the divisor p"~'Ap;.e. Specifically, if e € E and e((ay, 0))
=m;, then a(e) = A[>_i-, m;p"*(a;,0)], where the m; are integers summing to 0
and each m; reduces mod p to m;. From Lemma [3:9] we have &(E) = \(B[1 —7]).
Define ¢ : J—A, where A := j/éc(E) Then ¢ : A—J is an isogeny, defined over
K’, whose kernel has dimension m —2 (from Proposition B.8]). We proceed to clarify
the relation between ¢ and (1 — 7).

Proposition 4.1. We have A(J[1 —7]) = J[1 = 7).
Proof. By the definition of the Rosati involution, diagram (E.1]) commutes:

_t
(4.1) g

!
g

Since 7 is an automorphism of X it induces an automorphism of the pair (J, ).

From the proof of [Mill Prop. 17.5] we have 71 = 771. So (1 —7)f =1 771 =

—771(1 — 7), which is an associate of 1 — 7. O

Corollary 4.2. We have J[¢] = \(B[1 —7]) = (J[1 = 7])[p].

Proof. This follows from Lemma [3.9] and Proposition E11 O

From Corollary @2 there is an isogeny 7), over K’ such that f¢ = (1 = 7) ;. Thus
there is an isogeny 7, over K', such that ¢n = (1 — 7).
Lemma 4.3. We have J[n] = p(J[1 —7]).

Proof. This follows from Proposition and Corollary |

As T and 1 — 7 commute in End(J), diagram (£2) commutes:

(4.2) JaaA 2ty

J

B—— B
Proposition 4.4. We have J[n] C J[Y].

Proof. Since 7 acts trivially on J[n] C J[1 — 7], we see that YT acts as p"~* on J[7]
from Proposition B 10 From Lemma B3] we have Y (J (K,)[n]) = (p"[(ai,0) —
(a1,0)]) = 0. O

1
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Recall that J[Y] = J[Y,] and n : J—A is surjective. So from Proposition [£.4]
the map Y/ := YT,n~! is a well-defined homomorphism of abelian varieties from A
to B over K'.

Corollary 4.5. Diagram (3] commutes:

(4.3) A2y

T;l l’ro
1—

B—5B
Proposition 4.6. The homomorphism of abelian varieties Y. : A—B induces an

isomorphism of groups Y : Alp|—B[1 — 7] over K'.

Proof. Let g : J[1 — 7]—=J[1 — 7]/pJ[1 — 7] be the quotient map. By Lemma (3]
there is an isomorphism v : A[¢]—J[1 — 7|/pJ[1 — 7] over K’ making the upper-
right parallelogram of diagram (£.4]) commute. From Proposition[3.10, the lower-left
parallelogram of diagram ([4]) commutes:

(4.4) I 7] —1 s Al

l\\

B[l - 7] ] —L 5 J[1 = 7)/pJ[1 — 7]
pr I = 7]

From Proposition3.5, p"~*(q) =t : J[1—7]/pJ[1—7]—=p"~LJ[1—7] is an isomorphism
over K', as are ¢ (see Lemmal[39) and v. Thus T/, = Y,n~! : A[¢]—B[1—7] induces
an isomorphism over K'. ([l

Corollary 4.7. The isomorphism Y. : Al¢p]—B[l — 7] induces an isomorphism
! HY(K', Alg]) — HY(K', B[1 —1]).

From Corollary A5l and Proposition 0] diagram (1) is a commutative diagram
of Gal(K’)-modules:

¢

(4.5) 0 Ald] A(KY) J(KY) 0
T;l Til TOJ
0—— B[l — 7] —— B(K',) —= B(K") 0

Taking Gal(K')-invariants gives us the following.

Lemma 4.8. Diagram (@8] commutes:

(4.6) J(K) JA(K!) ——— BV (K, Alg)])
T, T,
| |

B(K"/(1 - 7)B(K') ——— HY(K', B[1 — 7))
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Proposition 4.9. The map Y, : J(K')/pAK)=B(K')/(1 — 7)B(K') is an injec-
tion.

Proof. This follows from Corollary 7] and Lemma [£8 and the fact that 6, is an
injection. (Il

For the remainder of this article, K is a number field. Let S be any finite set of
finite places of K’, which includes the places of bad reduction of J and places lying
over p. If ¢ is a finite place of K’, not lying over p, at which the coefficients of f
are integral and q does not divide the discriminant of f or the leading coefficient
of f, then J has good reduction at g.

Assumption 1. For all places q € S, the map
T, J(KL) JA(K,)—BK,) /(1 - 1) B(K))
s a surjection.
We are unaware of whether there is a counterexample to Assumption [I1
Proposition 4.10. Under Assumption [, the map
T, : J(KG) [6A(K,)—BUK,) /(1 - 7)B(KY)
induces an isomorphism for all finite places q of K'.

Proof. From Proposition 9] the map is always injective. The result follows for
places in S from Assumption[Il From [Scll, Lem. 3.8], for finite places outside S, we
have #.J(K/)/6A(K]) = #A(K!)[¢] and #B(K})/(1—1)B(K!) = #B(K,)[1- 7).
From Proposition B8] we have #A(Kg)[¢] = #B(Kg)[1 — 7]. O

Theorem 4.11. Under Assumption [, the map Y. induces an isomorphism of
S?(A,K') and S*~7(B, K').

Proof. Consider diagram (@1):

(4.7) HY(K', Alg))
J«Tl,q X
JKD) JGA(K!) —2—s HY(K!, Alg]) H(K', B[ -1])

T1,q9
6177‘

B(K[)/(1 —7)B(Ky) —— H'(K{, B[1 —])

That the upper parallelogram commutes is trivial. That the lower parallelogram
commutes is Lemma L8 From Corollary 7, the two maps induced by Y, are
isomorphisms. Since K’ contains (,~ and p” > 4, the completion of K’ with re-
spect to any infinite place is isomorphic to C. So for infinite places, the groups
J(Ky)/9A(Ky) and B(K;)/(1 — 7)B(K}) are trivial, hence isomorphic. From
Proposition [L10, the map induced by Y, on J(Kj)/¢A(Ky) is an isomorphism
for all finite places. Since all maps in the commutative diagram induced by T, and
Y’ are isomorphisms, the result follows. O
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5. THE FAKE SELMER GROUP

Let us describe an explicit way to compute S?(A4,K’); we primarily follow
[BPS16] and [Sc2]. Though K denotes a number field, the results of this section up
to and including Proposition hold for any field of characteristic different from
p.

Now A, considered as a finite étale K'-scheme, is equal to Spec Ly for the algebra
Ly :== K'[T]/(fo(T)). We can identify L s with []\, K., where the image of T'
corresponds to (o, ..., ). If €= (f1,...,4y) € Li 5, we define N : L/ ;—K,
by N(¢) =TI/~, ;. Note that N is a Gal(K')-equivariant map.

The function h € K'(X x A), described in the second paragraph of Section M is
then o —T. We define a divisor of X to be good if it has degree 0, is K'-rational, and
its support does not intersect the supports of the divisors of the functions x — «;.
Over K/, we can write a good divisor as a sum of closed points D’ := > npP, with
np € Z. We define (x — T)(D') = [[(z(P) — T)"" € Lg,. Let J(K')/pA(K')o
denote the subgroup of J(K')/¢A(K') that is represented by good divisors.

Proposition 5.1. The map v — T induces a well-defined homomorphism from
J(K')/$A(K")o to the kernel of the morm N : LY, /(LEPK™*) — K% JKC<P.

Proof. That x — T factors through principal divisors and through ¢ A(K') is proven
in [BPSI16l Cor. 6.6 and Cor. 6.15]. The proof that the image is in the kernel of
N LS J(LEPK'™) — K/ /K'*P is essentially the same as the proof in [PS] §5 and
Prop. 12.1]. O

Now let us give a cohomological interpretation of the x — T map. Recall AthAe
notation in the third paragraph of Section @l Dualizing & : (Z/pZ)ngO%AM]
gives a : A[d)]—)upA /tp. We have a short exact sequence of Gal(K’)-modules,
1—>up—>u§—>u§/up—>l, which leads to the long exact sequence of Gal(K’)-cohomol-
ogy, part of which is K'*/K'™*P — LY, /L{? —H'(K', u2/pp). This induces an
injection k : LY, /(LPK'™™) — HY (K, i/ ).

Proposition 5.2. Diagram (&) commutes:
(5.1) JIK)SAK o ——"— L /(LFK™)
0 k
HY (K, Alg]) ———— H' (K", 15/ 11p)
Proof. This follows from Proposition [l and [BPS16, Prop. 6.10]. |

To use diagram (B5.1I), we need to understand the kernel of the  — T map. The
proof of the following proposition can be adapted mutatis mutandis from the proof
of [PS| Thm. 11.3].

Proposition 5.3. Assume that X has a K'-rational divisor class D of degree 1.
Then the kernel of the x — T map on J(K')/pA(K')o is generated by (1 — 7)(D).
This kernel has order 1 if A has a Gal(K')-orbit of size relatively prime to p or
p =2, m = 2(mod4), and A is the disjoint union of two sets, each of size m/2,
which, as a pair, are Gal(K')-stable. This kernel has order p otherwise.
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Let HY(K', Al¢]; S) denote the finite subgroup of H'(K’, A[¢]), unramified at
places outside S. From the proof of Theorem .11} the completion of K’ with
respect to an infinite place is isomorphic to C and H!(C, A[¢]) = 0. So we need
not consider infinite places. We have

SP(A,K') = {y e HY(K',A[¢]; S) | r1,q(7) € 64T (K})/$A(K}), Vg € S}

(see [Mi3| p. 92]). We now make a standard assumption for descent using divisors
and functions on a curve.

Assumption 2. The curve X has a Ka -rational divisor class of degree 1 for each
ges.

For discussions of Assumption 2] see [BPS16, Lem. 10.2] and [Sc2 Prop. 2.7].
Note that if X(K') is non-empty, then Assumption 2 holds. From [La, Lem. 3,
p. 166] (and see [PS| Prop. 32]), it follows from Assumption 2] that every ele-
ment of J(Ky)/pA(Ky) is represented by a good divisor with respect to K (i.e.,
J(Kq)/9A(Kq)o = J(Kq)/dA(KY)).

Let £ denote the subgroup of the kernel of N : L%, /(LK *)—K > /K %P that
is unramified outside S, as described in [BPSI6, §7]. For an algorithm for determin-
ing generators of £, see [PS], §12]. Let rq : E%LIX(&/(LIX(? K;X) denote the “restric-
tion” map that comes from the canonical embeddings of number fields into their
g)falizations. Define S™¢(A, K') := {f € £ | rq(¢) € (z—T)(J(K})/PA(K})), Vq €

In practice, if Assumption 2] holds, then to compute (z — T')(J(K})/dA(Ky)),
we usually search for divisors on X, good with respect to K (’1, and compute their
images in LY, /(LiV K, ;X), where it is easiest to determine whether they are in-
dependent. Lgt us (iiscuss the issue of finding enough independent good divisors.
There are two ways, which have been described in the literature, for determining
the size of J(Kg)/pA(Ky), and neither is especially practical. The first is the for-
mula #J(K3)/pA(Ky) = ci#A(Ky)[¢]I/ca, where c; and ca are the Tamagawa
numbers of J and A over K{ and I is essentially the index of the image of ¢ on
formal groups. For a more precise formulation of I and a proof see [Scll, Lem. 3.8].
The second is the algorithm described in [BPS16) §11], which also finds generators.

However, with luck, our naive search will succeed at both determining
(x —T)(J(Ky)/pA(Ky)) and also verifying that Assumption [l holds. First we use
Proposition 5.3 to determine the dimension dxer,q of the kernel of the  — T map on
J(Kg)/pA(Ky). Second, we use Propositions5.4land .5l below to determine dp 4 =
dim B(Ky)/(1 —7)B(K}). Recall that T, : J(Ky)/dA(Ky)—B(Kg)/(1—7)B(Ky)
is injective from Proposition B9l So if for each place q € S we can find dp,q — dier,q
good divisors with independent images under the x — T map, then Assumption [II
holds and we have generators for each (z —T)(J(Kg)/pA(KY)). If our naive search
does not succeed, we can start the algorithm of [BPS16, §11] and quit when we
find enough generators. Otherwise we finish the algorithm without finding enough
generators and thus prove that Assumption [I] does not hold.

In the previous paragraph, we saw that we need dimB(Ky)/(1 — 7)B(Kj) for
each q € S.

Proposition 5.4. Let K be a finite extension of Qq, t := ordy(q), and let d
be the dimension of B. As an Fy-vector space we have dim B(Ky)/(1 — 1) B(Kj)
= dt[K : Qf] + dim B(K)[1 — 7].
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Proof. This proof can be adapted mutatis mutandis from that for [Sc2l Cor. 3.6].
O

The proof of the following can be adapted mutatis mutandis from that for [PS,
Lem. 12.9].

Proposition 5.5. Let ¢ denote the number of distinct irreducible factors of fo(x)
over K'.  Suppose that one of these factors has degree prime to p. We have
dim A(K')[¢] = dim B(K')[1 — 7] =¢ — 2.

If all factors of f(z) have degree divisible by p, then it is usually a straightforward
computation using the Galois action on A to determine dim B(K')[1 — 7].

Now that we can determine the group S™k¢(A, K’) (under the two assumptions),
we want to understand its relation to S?(A, K’). The proof of the following propo-
sition can be adapted mutatis mutandis from the proof of [PS| Thm. 13.2]. Note
that k induces an injection from S™k(A, K') to H(K', p5 / jip).

Proposition 5.6. Under Assumption 2, o maps S?(A, K') onto k(S (A, K')).
The kernel has order 1 if A has a Gal(K')-orbit of size relatively prime to p or
p =2, m = 2(mod4), and A is the disjoint union of two sets, each of size m/2,
which as a pair are Gal(K')-stable. This kernel has order p otherwise.

Thus, given the two assumptions and Theorem [L.T]], if we can compute the size
of Sfake(A K') and the Gal(K’)-action on A, then we can compute the sizes of
S?(A,K') and S1=7(B, K').

6. DETERMINING THE RANK OF B(K)

The following proposition tells us what follows if we can find good divisors, with
respect to K’, whose images under the  — T map generate S™k¢(A4, K').

Proposition 6.1. Assume that X has a K'-rational degree 1 divisor class. Assume
that x — T is a surjective map from J(K') to Sk (A, K'). Then under Assump-
tion [, we have dim B(K')/(1 —7)B(K') = dim S?(A, K') and dim I1I(A, K')[¢] =
dim (B, K’')[1 — 7] = 0.

Proof. Using Propositions and (and see diagram (GI))), we know that
8y + J(K')/pA(K') —S?(A, K') is a surjection. So from equation (Z2)), we have
II(A, K')[¢] = 0 and d, is an isomorphism. From Lemma and Theorem [£.1T]
diagram (@) commutes, and the map induced by Y/ on Selmer groups is an iso-
morphism:

(6.1) T(K)JSAK") —2 1 §9(A, K

.| |-

01—+
B(K")/(1-7)B(K') ——— S'""(B, K’)
We know that §;_, is injective and from Proposition 9] that the map induced
by T, is injective. So all four maps in diagram (61 are isomorphisms; the result
follows. 0

Regardless of whether z — T : J(K')/¢pA(K")—S™k(A, K') is a surjective map,
let us assume that we have somehow managed to determine dim S'~7(B, K’) and
dim II(B, K')[1 — 7], and thus dim B(K")/(1 — 7)B(K’) (see equation (Z2])). The
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proofs of the next two propositions can be adapted, mutatis mutandis, from the
proofs of [Sc2, Cor. 3.7] and [PS| Lem. 13.4], respectively (the second was suggested
independently by Armand Brumer and Michael Stoll).

Proposition 6.2. We have
rank B(K") = o(p")(dim B(K")/(1 — 7)B(K') — dim B(K")[1 — 7]).
Proposition 6.3. We have rank B(K) = (rank B(K"))/[K' : K].

7. CONDITIONS IMPLYING ASSUMPTION [I]

In the case that the place q € S does not lie over p, we present two conditions
implying that the map Y, : J(Ky)/¢A(Kg)—B(Kg)/(1 — 7)B(K}) is a surjection.

Proposition 7.1. Assume that q € S and does not lie over p. Let cj and cp
be the Tamagawa numbers of J and A over Ka If ¢j > ca, then the map Y, :
J(Ky)/9A(Ky)—B(Ky) /(1 — 7)B(Ky) is a surjection.

Proof. From Proposition 5.4l we have #B(Ky)/(1—7)B(Kg) = #B(Kg)[1—7]. We
have #B(K{)[1 — 7] = #A(K})[¢] from Proposition 6l From [Scll, Lem. 3.8] we
have #J(Kq)/pA(Ky) = ci(#A(Kg)[¢])/ca. So since c¢; > c4 we have

#J(Kq)/pA(Ky) > B(K,)/(1 - 7)B(Ky).

Since Y, : J(Ky)/9pA(Ky)—B(K)/(1 — 7)B(Ky) is an injection from Proposi-
tion [£9] the result follows. O

Note that if ¢ € S does not lie over p, then from [Scll Lem. 3.8] we have that
the finite groups J(K3)/(1 — 7)J(Kg) and J(K)[1 — 7] have the same size.

Proposition 7.2. Assume that q € S and does not lie over p. If J(Kg)/(1 —
7)J(Kg) = J(Kg)[1 — 7], then the map Y, : J(Ky)/pA(Ky)—B(Ky)/(1—7)B(Ky)
18 a surjection.

Proof. We first want to show that n(J(Ky)[1 —7]) = A(K})[#]. Let
w = dimB(Kg)[1 - 7].

Note that w is determined by the Gal(Kj)-action on A. Clearly n(J(Kg)[1 —
7)) = J(Ky)[L — 7]/J(Kq)[n]. We then see from Proposition 3.3 Lemma B9 and
the definition of 7 in Section Ml that J(K)[1 — 7] = (Z/p"Z)" and J(K)[n] =
pJ (K[l — 7] = (pZ/p"Z)". Thus dimn(J(Kq)[l — 7]) = w. From Proposition .0l
we have dim A(Kj)[¢] = w.

From [Scll, Prop. 2.6] we have the following exact sequence:

APl AU o I K
nJ (K —7]  nJ(Kg) — (1=7)J(Kg) — PA(KY)
From the previous paragraph we see that A(Kj)[¢]/nJ(Ky)[1 — 7] = 0. Since
A(K})/nJ(K}) has exponent p"~' and injects into J(Kg)/(1 — 7)J(K}), which
is isomorphic to (Z/p"Z)", we see that #A(Ky)/nJ(Kg) < p?(r=1). From [Scil,

Lem. 3.8] we have #A(Ky)/nJ(Ky) = ca(#J(Ky)[n))/cs = p?(""Vey /ey Thus
ca < ¢y, and the result follows from Proposition [Z.1] O

— 0.

(7.1) 0—
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8. CHABAUTY COMPUTATIONS

Assume that X has a K-rational degree 1 divisor, namely D;. If rank J(K) <
dim J, then we can do a straightforward Chabauty computation (described in [PSS|
§12.2] and [MP]), possibly combined with a Mordell-Weil sieve (described in [BE]
and [ES], and more fully in [PSS, §12.1]). With luck, the upper bound it gives
on #X(K) is realized by known rational points. It is possible that rank J(K) >
dim(J), but rank B(K) < dim(B). In this section, we assume that rank B(K) <
dim B. We would like to adapt a Chabauty argument to this situation. We describe
only what differs from standard Chabauty computations.

Proposition 8.1. The curve X has genus %(p" — 1)(m — 2). A basis for the

holomorphic differentials is U := {% | 1<j<p—1,0<i< ZL—Tj —2}. A basis
for the set of holomorphic differentials in the kernel of ®,r(7)*, and in the image

of T*, is Up := {I;‘fx eU| ptj}. A basis for the set of holomorphic differentials

in the kernel of Y*, and in the image of ®,r(7)*, is {“’f eU| plj}-

Proof. Straightforward computations show that div(dz) = (3%, (p" — 1)(aw,0)) —
200, div(z) = D’ — oo (for an effective divisor D’ of degree p") and div(y) =
(>orey e, 0)) — r00. The genus can be computed from the degree of the canon-
ical divisor div(dx). The basis for the holomorphic differentials can be computed
from the three divisors above using techniques found in [Si, §I1.4] (these are not
original results). A straightforward computation with roots of unity and cyclotomic
polynomials gives the results for the images and kernels of ®,-(7)* and T*. ]

To do a Chabauty computation, we would like a map from X to B over K.
Define tp, : X < J by P +— [P — D;]. We can compose this with T,, but T, is
not, in general, defined over K. Michael Stoll suggested that we use B := J/(J[Y])
instead. Since the image of Y is defined over K, so is its kernel. Thus B is defined
over K (it is a twist of B).

Proposition 8.2. We have rank B(K) = rank B(K).

Proof. Since both B/K and B /K, when base extended to K’, are isomorphic to
B/K’, the proof of Proposition shows that both B(K) and B(K) have rank
equal to (rank B(K"))/[K': K]. O

Let T, : J—B be the quotient map. We note that tp, and T, are both defined
over K. Their composition gives a map Yot D, X — B that is defined over K. In
addition, if the Chabauty condition holds for B, then it also does for B, as shown
in Proposition So Tobpl can be used for a Chabauty computation.

Now let us explain which differentials should be used for the Chabauty compu-
tation. Note that ®,-(7) € (End(J))(K).

Lemma 8.3. The abelian variety ®,r(7)J has finite index in J[Y].

Proof. From the proof of LemmaB.6, we have that Y®,-(7) = 0on J, so ®,-(7)J C
J[Y]. From Proposition ] we have dim ®,-(7).J = dim J[Y]. O

For a variety W, let Q'(W) denote the space of holomorphic differentials on W.

Proposition 8.4. The vector space QI(B) is isomorphic under the induced map
Y: to the kernel of the map ®,(7)* on QY(J) over K.



3500 EDWARD F. SCHAEFER

Proof. From Lemma B3] the image of ®,-(7) : J—J has finite index in the kernel
of the quotient map T, : J—B. Both of these maps are defined over K, and
so are the maps they induce on differentials. Thus we have an exact sequence

001 (B) 22 01(J) 277 91(J) of Gal(K)-modules. O

The injection tp, : X—J induces an isomorphism ¢}, : Q'(J)=Q'(X) (see
[Mi2, Prop. 2.2]).

Corollary 8.5. The differentials in Ug (described in Proposition BIl) form a basis
Jor o5, T5QN(B).

So to do a Chabauty computation, we need a subgroup of finite index in any
subgroup of J(K) that maps onto B(K) and use only the differentials in Ug. From
there, we can use the techniques described in [PSS| §12] and [MP]. We do an example
at the end of Section

9. EXAMPLE

All computations were done with Magma (see [BCP]) and GP-PARI. In this
section we use 7 to denote a choice of v/—1.

Proposition 9.1. Let X/Q be the curve with an affine model y* = 2x* + 23 + 1.
Let J be its Jacobian and let B be the 2-dimensional abelian variety (1+7)J where
7 is induced by (z,y) — (z,iy). We have B(Q) = Z, J(Q) = Z3, and

X(Q) = {(07 _1)7 (07 1)7 (_1/27 _1)7 (_1/27 1)}

These results could probably be determined by combining the Chabauty com-
putation with the techniques found in [BPS16, §12] as well (though our result is
unconditional). This is just an example, however, and it is clear that our techniques
would be much simpler than those found in [BPST6] for most prime power cyclic
covers of the projective line.

Proof. The curve X is a double cover of the genus 1 curve E given by v? = 22* +
23 4+ 1. With the base point (x,v) = (0,1), we see that F is an elliptic curve, and
Magma shows that E(Q) = Z?. From Lemma [.7] B has dimension 2. From the
results in Section [Tl we have that .J is isogenous over Q to E & B.

We have Q' = Q(¢). Since X (Q(4)) is not empty, Assumption 2l holds and X has
a degree 1 divisor class defined over Q(i). We have L(= Lq;)) = Q(i)[T]/(2T* +
T3 + 1), which is isomorphic to a degree 8 number field over Q. The discriminant
of 2z + 2% + 1 is 43 - 47; both places 43 and 47 are inert in Q(i), so we take
S = {1+414,43,47}. We need to find a basis for £, the subgroup of the kernel of
N @ L*/(L*2Q(i)*)—Q(i)*/Q(i)*? that is unramified outside S. We let t be a
generator of L with minimal polynomial 28 + 424 + 22 + 4 over Q.

The field L has class number 1 and unit group isomorphic to (Z/4Z) & Z3,
generated by i = —%t7—t3— %t, ug = t04+12 1, ug = —t7 +10+1° —* - 3134312 -3,
and uy = —%t7 — 25 — 5 4 — 33 — 512 — %t, and their norms in Q(¢) are 1, 4, 1,
and 1, respectively.

The prime ideal (1 + @) of Z[i] splits into three prime ideals of L with (e, f) =
(1,1), (1,1) and (1,2) (this is the standard notation from algebraic number theory
and abuses our earlier notation f). They are generated by as; = —t5 — 2t — 1,
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g0 = %t7 +3 4+ %t +1,and ag3 = %t7 — O+ttt — %t + 2, and their norms in
Q(4) are —1+14, —1 — i, and 2, respectively.

The prime ideal (43) of Z[i] splits into three prime ideals of L with (e, f) = (1,1),
(1,1) and (2,1). They are generated by ass 1 = —%t7 — % = %t, Quzp = —t% +2t4
—t2+3, and a3 3 = —%t7 i %t, respectively. All three have norm 43 in Q(7).

The prime ideal (47) of Z[i] splits into three prime ideals of L with (e, f) = (1,1),
(1,1) and (2,1). They are generated by cur; = —5t" + 5 —t* — 13 +¢2 + 3t — 4,
oure = 517+ 5t, and aury = 57 — 5+ ¢ + 11+ 3 — 2t + 3¢ 4 4, and their norms
in Q(4) are —47i, 47, and 47, respectively.

By factoring 1 + 4, 43, and 47 over L, we note that the subgroup of the kernel
of N : L*/L*2—Q(i)*/Q(i)*?, represented by elements in Q(i)*, is generated
by i, ap 10220923, uzou3 10432, and upusoyr10ur. SO £ = (usz, us, U022,

43,10043,3, Qq7,20047 3>
By Propositions B4 and B35 we have dim B(Qz())/(1 — 7)B(Q2(i)) = 3,

dim B(Qu3(2))/(1 — 7)B(Qas(i)) = 1, and dim B(@47( )/ (1= 7)B(Qar(i)) =
For q = 2, 43, and 47, let L, (= Lq,@)) = Qq(i)[T]/(2T* + T? +1). There
are points in X (Qx(4)) with x—coordinates o1 =4, 29 1= 2i — 6, and 33 =

—148988195836032¢ 4 83872897906219911831284694293. The images of [(x2 j,y2,;)
—(0,1)] for 1 < j < 3 by the map = — T are independent in L /(LS*Qq(i)*).
From Proposition 53] the kernel of x — T on J(Q2(2))/dA(Q2(4)) is trivial. Since
dim B(Q2(2))/(1 — 7)B(Q2(i)) = 3, the part of Assumption [I] for the place over 2
holds (see the discussion before Proposition [5.4)).

Similarly for each place ¢ € {43, 47}, the kernel of x—T on J(Qq(2))/pA(Qq(4)) is
trivial. Since dim B(Qq(2))/(1—7)B(Qq(¢)) = 1in both cases, from Proposition .10l
we need to find single generators for each J(Q,(7))/®A(Qq(¢)). There is a point in

X (Qu3(i)) with z-coordinate 18i + 34. The image of [(18i + 34, y43) — (0,1)] by the
map x — T is non-trivial in L) /(L;2Qu3(7)*). There is a point in X (Qq7(4)) with
a-coordinate 25. The image of [(25, y47) (0,1)] by the map x — T is non-trivial in
L /(L32Qur(i)*). Thus Assumption [ holds, and we have found the local images
of x — T for all relevant places.

A computation shows that only the trivial element of £ restricts to the image of
J(Qq(1))/pA(Qq(i)) by z—T for all three places. So we have dim S™k¢( A, Q(i)) = 0,
and from Proposition and Theorem [Z.11] we have

dim S?(A,Q(i)) = dim S*~7(B,Q(i)) = 1.

In addition, from Proposition [61], dim II(B, Q(i))[1 — 7] = dim ITI(A, Q(#))[¢] = 0
and dim B(Q(¢))/(1 — 7)B(Q(i)) = 1. We have dim B(Q(%))[1 — 7] = 0, so from
Proposition 6.2 the rank of B(Q(4)) is 2. From Proposition [6:3] the rank of B(Q)
is 1.

We have #J(F5) = 7-37 and #J(Fy;) = 2° - 3%, so the torsion subgroups of
J(Q) and of B(Q) are trivial. Thus B(Q) = Z and J(Q) = Z3.

Let X(Q)g :={(0,1),(0,-1),(-1/2,1),(—1/2,—1)} be the set of known rational
points on X. We cannot determine the set X(Q) from E(Q), since E(Q) is not
finite, nor from a Chabauty argument using J(Q) alone, with no consideration of
its factors, since J(Q) has rank 3 and J has dimension 3. We can do Chabauty
computations using the fact that the rank of B(Q) is 1 (from Proposition B2) and
the dimension of B is 2. We have four known points in X (Q), and the Chabauty
computation using Qs shows that #X(Q) < 6. So we try another local field.
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It turns out that a Mordell-Weil sieve computation combined with a Chabauty
computation using Q7 proves that #X(Q) < 4. We outline these computations.

Let J(Q)x denote the subgroup of J(Q) generated by points in X(Q)z. We
do a Mordell-Weil sieve construction to prove that 5 does not divide the index of
YO(J (Q)k) in B (Q). For readability, for any abelian group G and positive integer
m, we denote G/mG by G/m.

For any appropriate field F, there is an isomorphism § over F’' = F(i) making
diagram ([@.1]) commute:

9.1) 0 J[7] J B 0
T
0 J[Y] J-XuB 0
Now 5 ) #J(F13), so 5f #B(F3), and thus B(Q(i))[5] = ( )I5] = 0. So

(i
B(Q)[5] = 0. Since B(Q) has rank 1, we see that B(Q)/5 is 1-dimensional as
an Fs-vector space.
We have J(Fg) = Z/40 x Z/40. The image of

TO[(O, _1) - (07 1)] = (1 + T)[(Ov _1) - (07 1)]

in J(Fy)/5, and hence in B(Fy)/5, is non-trivial. From diagram (@), the image of

To([(0, —1) = (0,1)]) is non-trivial in B(Fg)/5, and hence in B(F3)/5. We have ho-

momorphisms Yo(J(Q)z)/5 =B(Q)/5 —B(Fs)/5, which are induced by inclusion

and reduction, respectively. From the above, the image of To([(O, —1) = (0,1)]) is

then non-trivial in To(J(Q)x)/5 and B(Q)/5. Since B(Q)/5 is 1-dimensional as an

Fs-vector space, we see that 5 does not divide the index of To(J(Q)z) in B(Q).
The following is a commutative diagram:

Lo,1)

92)  X(Q"“3 7@ 2% BQ) — BOQ>) 5 BQG) L x o — L

f)) 5 l J T

oy ) Yo 7)—> B(]F4g) i> B(F49) ;) J(]F4g)

X (Fr) 2 J(Fr) =S B
where all arrows pointing down are reduction maps, the maps on B(Q) and B(F7)
are the obvious inclusion maps, the map on J(F49) is an isomorphism that Magma
chose, and the map on Z/600 x Z/200 is a surjective homomorphism that we chose.
Note that all arrows in diagram (@.2)) are homomorphisms except for the leftmost
three. The four points in X (Q); reduce to four distinct points in X (F7), which
we denote X (Fr7)r. We use X (F7), to denote the other eight points in X (F7). A
computation shows, in diagram (@.2), that the image of the subset X (F7)x of X (Fr)
in Z/5 is 0. Therefore the image of the subgroup J(Q)x of J(Q) in Z/5 is 0. Since 5
does not divide the index of To(J(Q)) in B(Q), the image of B(Q), and therefore
of X(Q), is also 0. The image of the subset X (F7), of X(F7) in Z/5 does not
contain 0. Thus, any point R € X (Q) reduces, modulo 7, to a point in X (F7).

From Proposmlon Bl and Corollary BH the set { e, “’yd“’} is a basis for

tlo 1)T Q'(B). We integrated each differential from (0, —1) to (0,1) over Q; and
found that the differential MO(ZM kills the Mordell-Weil group B(Q). Using
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this differential, we were able to show that there is at most one x-coordinate for a
point of X(Q) in the modulo 7 residue class of each of the four known points in

X(Q). O
10. DIRECTIONS FOR FUTURE WORK

(1) Generalize the results of this article to curves of the form y?" = f(x), where
p divides the multiplicity of some roots of f. See Section [[2] for a discussion.

(2) Adapt the results of [SvL] to the curves in this article so that functions on the
curve can be used to determine the entire Selmer group, not just the fake Selmer

group.
11. APPENDIX A - ISOGENOUS SUBABELIAN VARIETIES

In this section, we consider more than one curve, so we make the notation more
specific. Assume d, e, n are positive integers with d|e and e|n. Let K be a field of
characteristic not dividing e. Define X./K as y¢ = f(z) where f is a polynomial
over K of degree n. Assume f(z) = a, [[;~,(x — o;)™ with ged(e,n;) = 1 for each
i. Let J. be the Jacobian of X.. Let 7o(z,y) = (z,{cy), Ted = Hé|e,é¢1,d Dy(Te),
and B. g4 = Y¢qJc. By replacing e by d everywhere we can define Xg4, Jy, 74
(where we choose (4 = {5/(1), Y44, and By 4. (For improved notation, we could use
a different variable instead of y in the equation for X;.) In this appendix, we show
that B, q and By 4 are isogenous over K.

Let 7 : X.—X,4 by n(z,y) = (x,9%/%), which induces 7, : J.—.J; and 7*
Ja—Je.

Lemma 11.1. The map 7 has finite kernel.

Proof. Let D be a degree 0 divisor on X4 with the property that 7*([D]) = 0. Thus

e ([D]) = §[D] = 0 and [D] € J4[§]. (This is not an original result.) O

Lemma 11.2. We have 7*(Bg,q) € Be q.

Proof. We first consider how 7* acts on a divisor. Let D be a divisor on X,;. Let
771(D) denote a divisor on X, such that m,7~ (D) = D. Define y := (1+73+7294
o+ 771, We note that 7*(D) = yn (D). Clearly y(1+7.+...+7¢71) = (1+
Te+...+757h), de., Y oaeer @e(re) = e o1 e(re). Thus v = [ ga Pe(7e).
Next we consider how 7* acts on divisors in the image of T4 4. Let E be a
degree 0 divisor on X4. Make a choice for 7T_1(E). Since m.Te = TqT, We can
then take 7717, 4(E) to be (ILoaez1,a ®y(7.))m 1(E) (recall that w7~ (D) = D).

Therefore 7*Yg,4(E) = vy~ ' Taa(E) = (TLeje epa ®e(e)) (T Lo 1,01, Oy (7e))m~H(E)
:(Hae,e#Ld(Te))W YE) = Yeam™ Y(E). U

Lemma 11.3. We have dim By q = dim B, 4 = W.
Proof. See [LT], Lem. 3.13]. O

Theorem 11.4. The map 7 : Bqq—Be,q induces an isogeny of abelian varieties
over K.

Proof. This follows from Lemmas IT.1] [T.2] IT.3] and the fact that 7 is defined
over K. (]

Corollary 11.5. The ranks of Baqq(K) and Be 4(K) are the same.
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Consider the curve X+ for some integer ¢ > 1. From the proof of [LT) Prop.
3.12], we have that J, is isogenous over K to @3:1 Byt ,r. From Theorem [IT.4] we
see that J,: is isogenous over K to @3:1 By pr. So the rank of J,:(K) is the sum
of the ranks of the By ,(K), which, with this article, we now have some hope of
determining.

12. APPENDIX B - ROOTS OF f(x) OF MULTIPLICITY A MULTIPLE OF p

If p divides the multiplicity of a root of f(z) it can lead to significant geometric
differences. For example, the curve X/Q given by 3® = 2* + x + 1 is isomorphic to
the curve v® = u® +u” + u*, where the right hand side has a root of multiplicity 4.
Magma shows that J[1 — 7] 2 Z/2Z © Z /87 & 7./8Z, and not (Z/8Z)>.
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