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AMBIENT OBSTRUCTION FLOW

CHRISTOPHER LOPEZ

ABSTRACT. We establish fundamental results for a parabolic flow of Riemann-
ian metrics introduced by Bahuaud—Helliwell which is based on the Fefferman—
Graham ambient obstruction tensor. First, we obtain local L2 smoothing es-
timates for the curvature tensor and use them to prove pointwise smoothing
estimates for the curvature tensor. We use the pointwise smoothing estimates
to show that the curvature must blow up for a finite time singular solution. We
also use the pointwise smoothing estimates to prove a compactness theorem
for a sequence of solutions with bounded CO curvature norm and injectivity
radius bounded from below at one point. Finally, we use the compactness
theorem to obtain a singularity model from a finite time singular solution and
to characterize the behavior at infinity of a nonsingular solution.

1. INTRODUCTION

1.1. Introduction. The uniformization theorem ensures that for a compact two-
dimensional Riemannian manifold (M, g), there is a metric g conformal to g for
which (M, g) has constant sectional curvature equal to K. Moreover, the sign of K
can be determined via the Gauss-Bonnet theorem. In higher dimensions, curvature
functionals have been used with great success to define and locate optimal metrics
in higher dimensions; see [29]. One conformally invariant curvature functional for
a 4-dimensional Riemannian manifold (M, g) is given by

fﬁ/(g) = /M |Wg‘2dvga

where Wjjp; is the Weyl tensor. The negative gradient of .7-'{}1, is the Bach tensor
Bi;; defined as

Bij = =V"V'"Wiiji — RN Wiij.

The study of critical metrics for Fii,, i.e., Bach-flat metrics, has been fruitful. The
class of Bach-flat metrics contains, as shown in [5], familiar metrics such as locally
conformally Einstein metrics and scalar flat (anti) self-dual metrics.

Another conformally invariant functional for a 4-dimensional Riemannian man-
ifold (M, g) is given by

Fig) = /M Qo) v,
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where Q(g) is a scalar quantity introduced by Branson in [7] called the @ curvature.
Via the Chern-Gauss-Bonnet theorem, this functional is related to Fj;, by Fg =
8m2x(M) — LF}\,. The Bach tensor is also the gradient of ]—"é. Unlike the Weyl
tensor, the @ curvature is not pointwise conformally covariant.

One can generalize the @) curvature to a scalar quantity defined on n-dimensional
Riemannian manifolds (M, g), where n is even. Consider the functionals defined
for n even by

Fa(g) = /M Qg) V).

These functionals are conformally invariant. The gradient of F¢ is a symmetric
2-tensor O, introduced by Fefferman and Graham in [16], called the ambient ob-
struction tensor. This tensor arises in physics: for example, Anderson and Chrusciel
use O in [I] to construct global solutions of the vacuum Einstein equation in even
dimensions. In dimension 4, O is just the Bach tensor. The ambient obstruction
tensor is conformally covariant in n dimensions. This is in contrast to the n-
dimensional generalization of the Bach tensor, which is only conformally covariant
in dimension 4. This fact follows from a result in Graham-Hirachi [19] stating that
in even dimensions 6 and greater, the only conformally covariant tensors are essen-
tially W and O. Extending the 4-dimensional case, Fefferman and Graham showed
in [I7] that O vanishes for Einstein metrics for all even dimensions. However, there
also exist nonconformally Einstein metrics for which O = 0, as shown by Gover and
Leitner in [I8]. The conformal covariance of O and the fact that obstruction flat
metrics generalize conformally Einstein metrics suggest that studying the critical
points of F¢) via its gradient flow may aid in the study of optimal metrics on M.
Our main goal is to establish fundamental results for this gradient flow.

1.2. Main results. We will continue the study of a variant of the gradient flow of
F§, that was introduced by Bahuaud and Helliwell in [3], establishing fundamental
results. This flow, which we will refer to as the ambient obstruction flow (AOF),
is defined for a family of metrics g(t) on a smooth manifold M by

= {2 =20 iy (417,
9(0) = h.

The conformal term involving the scalar curvature was added in order to counteract
the invariance of O under the action of the conformal group on the space of metrics
on M. In the papers [3[4] they proved the short time existence and uniqueness,
respectively, of solutions to AOF given by ([T) when M is compact. Mantegazza
and Martinazzi provided an existence proof for parabolic quasilinear PDE on com-
pact manifolds in [32]. Kotschwar has given in [27] an alternate uniqueness proof
via a classical energy argument without using the DeTurck trick.

Gradient flows have been studied extensively since Hamilton in [2IH23] and Perel-
man in [34H30] (expositions are given in [926[33]) used the Ricci flow to study the
geometry of 3-manifolds. In the past fifteen years, these have begun to include
higher order flows. Mantegazza studied a family of higher order mean curvature
flows in [31], Kuwert—Schétzle studied the gradient flow of the Willmore functional
in [28], Streets studied the gradient flow of [, [Rm[? in [39], Chen-He studied the
Calabi flow in [T1L12], and Kigisel-Sarioglu-Tekin studied the Cotton flow in [25].
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Bour studied the gradient flows of certain quadratic curvature functionals in [6],
including some variants of fM W2

Our first result gives pointwise smoothing estimates for the C° norms of the
derivatives of the curvature. Since the AOF PDE (L)) is of order n, the maximum
principle cannot be used to obtain these estimates. Instead, we first use interpo-
lation inequalities derived by Kuwert and Schétzle in [28] in order to derive local
integral Bernstein—Bando—Shi-type smoothing estimates. Then, we use a blowup
argument adapted from Streets [40] in order to convert the integral smoothing esti-
mates to pointwise smoothing estimates, as stated in the following theorem. During
the proof, we use the local integral smoothing estimates to take a local subsequential
limit of renormalized metrics.

Theorem 1.1. Let m > 0 and let n > 4. There ezists a constant C' = C(m,n) so
that if (M™,g(t)) is a complete solution to AOF on [0,T] satisfying

max (1, sup |Rm|| <K,
M x[0,T]

then for all t € (0,T],

2 14 2
sup [V™Rm|y) < C (K—i—t_ﬁ) .
M

We obtain from the pointwise smoothing estimates two additional theorems. The
first theorem gives an obstruction to the long-time existence of the flow. Since the
pointwise smoothing estimates do not require that the Sobolev constant be bounded
on [0,T), we rule out that the manifold collapses with bounded curvature.

Theorem 1.2. Let g(t) be a solution to the AOF on a compact manifold M that
exists on a mazimal time interval [0,T) with 0 < T < oco. If T < oo, then we must
have
limsTup [Rm||cog)) = 00.
¢

The second theorem allows us to extract convergent subsequences from a se-
quence of solutions to AOF with uniform C° curvature bound and uniform injec-
tivity radius lower bound. We prove this in section [7 by using the Cheeger—Gromov
compactness theorem to obtain subsequential convergence of solutions at one time.
Then, after extending estimates on the covariant derivatives of the metrics from
one time to the entire time interval, we obtain subsequential convergence over the
entire time interval.

Theorem 1.3. Let {(M}}, gi(t), Or)}ken be a sequence of complete pointed solu-
tions to AOF fort € (a,w), with ty € (o, w), such that
(1) |Rm(gx)lg, < Co on My x (o,w) for some constant Cy < oo independent
of k,
(2) injg, (19)(Ok) = to for some constant 1y > 0.
Then there exists a subsequence {j tren such that {(Mj,, g;. (t), Oj.) tken converges
in the sense of families of pointed Riemannian manifolds to a complete pointed

solution to AOF (M2, g (t), Oxo) defined fort € (o,w) as k — oo.

We use this compactness theorem to prove two corollaries. For a compact Rie-
mannian manifold (M, g), let Cs(M, g) denote the L? Sobolev constant of (M, g),
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defined as the smallest constant Cs such that
_z2
1712 2, < Cs(IV AR+ V3 1713),

where V' = vol(M, g), for all f € C*(M). The following result states that if the
Sobolev constant and the integral of @) curvature are bounded along the flow, there
exists a sequence of renormalized solutions to AOF that converge to a singularity
model.

Theorem 1.4. Let (M™,g(t)), n > 4, be a compact solution to AOF that exists
on a mazximal time interval [0,T) with T < oco. Suppose that sup{Cs(M,g(t)) :
t €[0,T)} < oo. Let {(w;,t;)}ien C© M x [0,T) be a sequence of points satisfy-
ing t; = T, [Rm(z;,t;)| = sup{|Rm(x,t)| : (z,t) € M x [0,t]}, and \; — oo,
where \; = |Rm(z;,t;)|. Then the sequence of pointed solutions to AOF given by
{(M, gi(t), z;) bien, with
gi(t) = Nig(ti + 2, 2t), te [FAFt,0),

subsequentially converges in the sense of families of pointed Riemannian manifolds

to a nonflat, noncompact complete pointed solution (Moo, goo(t), Too) to AOF de-
fined for t € (—o0,0]. Moreover, if n =4 or

sup /M Qa()) AV, < o0,

t€[0,T)
then O(goo(t)) =0 for allt € (—o0,0].

n
2

The next result states that if a nonsingular solution to AOF does not collapse
at time oo and the integral of @ curvature is bounded along the flow, there exists
a sequence of times ¢; — oo for which g(¢;) converges to an obstruction flat metric.
We note that in cases (2) and (3), the boundedness of the integral of the @) curvature
along the flow implies that g () is obstruction flat. However, this does not imply
that 0;goc = 0. Rather, 9,900 = (=1)"/2C(n)(A% 'R)gso, i.c., the metric is still
flowing by the conformal term of AOF within the conformal class of g, (0).

Theorem 1.5. Let (M, g(t)) be a compact solution to AOF on [0,00) such that

sup HRmHCO(g(t)) < 00.
te[0,00)

Then exactly one of the following is true:

(1) M collapses when t = o0, i.e.,

Jim inf injy () (z) = 0.

(2) There exists a sequence {(x;,t;) bien C M % [0,00) such that the sequence
of pointed solutions to AOF given by {(M, ¢;(t), x;) }ien, with
g9i(t) = g(ti +1), te[~t;00),
subsequentially converges in the sense of pointed Riemannian manifolds to

a complete noncompact finite volume pointed solution (Myo, goo(t), Zoo) to
AOF defined fort € (—o0,00). If n =4 or

sup )/M Q(g(t)) dVy) < o0,

te[0,00

then goo(t) is obstruction flat for all t € (—o0,00).



AMBIENT OBSTRUCTION FLOW 4115

(3) There exists a sequence {(z;,t;)}ien C M % [0,00) such that the sequence
of pointed solutions to AOF given by {(M, ¢;(t), x;) }ien, with

gi(t) = g(t; +1t), te[~t;00),

subsequentially converges in the sense of pointed Riemannian manifolds
to a compact pointed solution (M, goo(t), Too) to AOF defined for t €
(—00,00), where My, is diffeomorphic to M. If n =4 or

sup [ QUalt) avy < .
te[0,00) J M

then goo(t) is obstruction flat for all t € (—oo,00) and there exists a family
of metrics Goo(t) conformal to goo(t) for all t € (—00,00), with joo(t) =
Goo(0) for all t € (—00,00), such that Goo(0) is obstruction flat and has
constant scalar curvature.

2. BACKGROUND

2.1. Q curvature. Here we recall a description of () curvature given by Chang
et al. in [I0]. The @ curvature was introduced in 4 dimensions by Riegert in [38]
and Branson-Orsted in [§] and in even dimensions by Branson in [7]. It is a scalar
quantity defined on an even-dimensional Riemannian manifold (M™,g). If n = 2,
we define @) to be Q = —%R = —K, where K is the Gaussian curvature of M. The
Gauss—Bonnet theorem gives [QdV = —2mwx(M). The @ curvature of a metric
g = e*f g is given by le@ = Q+ Zf, where the Paneitz operator & introduced by
Graham—Jenne-Mason—Sparling in [20] is given by Zf = Af. If n = 4, we define
Q to be
Q=—-L1AR—iR™R, + iR

The Chern—Gauss—Bonnet theorem gives
/de = 81y (M) — i/|W|2dV.

In particular, if M is conformally flat, then [ @QdV = 8w2x(M). The Q curvature
of a metric § = /g is given by e*/Q = Q + Zf, where the Paneitz operator & is
given by

Pf=V,[V'V’ +2R™ — ZRg™"|V, f.

In general when n is even, we are only able to write down the highest order terms

of @ and £2:
Q= _mA%’1R+ lots, 2f =A% f+lots.

Nonetheless, @ still has nice conformal properties. Under a conformal change of
metric § = e2/g, we have e”f@ = Q + Zf. The integral of @ is conformally
invariant. In particular, if M is locally conformally flat, we have an analogue of the
Gauss—Bonnet theorem:

[@av = (-1 - piz et
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2.2. Ambient obstruction tensor. Fefferman and Graham proposed in [16] a
method to determine the conformal invariants of a manifold from the pseudo-
Riemannian invariants of an ambient space in which it is embedded. They in-
troduced the ambient obstruction tensor O as an obstruction to such an em-
bedding. They subsequently provided a detailed description of the properties of O
in their monograph [17].

We define several tensors that we will use to express O. The Schouten tensor A,
Cotton tensor C, and Bach tensor B are defined as

Aij = 5 (Rij— ﬁﬁ’«gij), Cijk = ViAjj — VA, By = VFCij— A" Wi
We obtain via the identity VZV’“WMJ-I =(3- n)VkCijk that

Bij = 52 V'V" Wi + 555 R Wi,
We define the notation P;"(A) for a tensor A by

PMA) = ) V'Ax---xV*A

i1+ t+ig=m

The following result describes O. The form of the lower order terms is implied by
the proofs.

Theorem 2.1 (Fefferman—-Graham [I7], Theorem 3.8; Graham-Hirachi [19], The-
orem 2.1). Let n > 4 be even. The obstruction tensor O;; of g is independent of
the choice of ambient metric g and has the following properties:

(1) O is a natural tensor invariant of the metric g; i.e., in local coordinates the
components of O are given by universal polynomials in the components of
g, g~ 1, and the curvature tensor of g and its covariant derivatives, and can
be written just in terms of the Ricci curvature and its covariant derivatives.
The expression for O;; takes the form

n/2
0ij = A2 72(AA;; = V,;ViALK) + Y PP *F(Rm)
k=2
1 n/2

= ATV + Y P (Rm),
k=2

where A = V'V;.

(2) One has O;' =0 and V/O;; = 0.

(3) Oy is conformally invariant of weight 2 —n; i.e., if 0 < Q € C°(M) and
gij = Q2gij, then (;)ij = Q2_n0ij.

(4) If gij is conformal to an Einstein metric, then O;; = 0.

C. R. Graham and K. Hirachi express the gradient of Q) in terms of O.

Theorem 2.2 ([19], Theorem 1.1). If g(t) is a one-parameter family of metrics on
a compact manifold M of even dimension n > 4 and h = O¢|1—¢ g(t), then

0

ot Qg(t)) dVyy = (_1)%11_2

t=0J M 2

/ <O(g(0)), h> dVg(O).
M
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Define the adjusted ambient obstruction tensor O to be

. (—1)%

We rewrite O in terms of the Ricci and scalar curvatures.

Proposition 2.3. If (M, g) is a Riemannian manifold, then

n/2
n 1 n ;
_AS-1p L —2y2 n—2j
(2.2) O=A"A— 7 e I)A V2R + ?:2: P (Rm)
(-1 (-1)#-! S e
D — As-1 A% —2y2 pr2i )
@) — RC+2(’H—1) VRJFj:2 "7 (Rm)

Proof. First, we re-express O:

A = e {gijkj - ﬁjokgkj}

= ﬁ {R - 2(nn—1)R}
= 2(n171)R
and
n/2
Oij = AT (AA;; = V; VALK + ) P2 (Rm)
j=2
, 1 /2 0
= AfilAij - mA572VjviR + ZP;7 7(Rm).
j=2
Next, we re-express O using 22):
A 2 (-1* 21
0= ()20 + g e s (A R)g
n o n_q (—1)%71 n_9w—9 2 n—2j
= (-1)2AT A+ mm VR+Y P! *(Rm)
j=2

2(n—1)(n —2)
(1% \21 (==t n_q (D2 n 5y
= A2 Az LT A%
e T Ty LTy R
( 1)3 n/2
—1)2 A%71 Pflfzj
D=2 R)g+; i (Rm)
n n_ n/2
_ (=12 21 (-1F~! 222 n—2j
= A Rc+2(n_1)A VZR+ Y P! (Rm).

=2
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3. SHORT TIME EXISTENCE AND UNIQUENESS

In this section, we derive the evolution equations for the covariant derivatives of
the curvature tensor. We then give a theorem asserting the short time existence
and uniqueness of solutions to AOF.

3.1. Preliminaries. We collect some facts about Riemannian manifolds that will
be used to derive the evolution equations.

Lemma 3.1 (Hamilton [2I], Lemma 7.2). On any Riemannian manifold, the fol-
lowing identity holds:

ARjk:lm = Vijle — Vjlemk + Vklemj — Vkale + Rm*2.

The following proposition can be proved by adapting the proof of Proposition
13.22 in Chow et al. [14].
Proposition 3.2. If A is a tensor on a Riemannian manifold and k,1 > 1, then

2 +k—2 _ _
VkAlA — Alva + Z V2l+k7272Rm * VA
i=0

The following proposition can be proved by adapting the proof of Proposition

13.26 in Chow et al. [14].

Proposition 3.3. Let M be a manifold and let g(t) be a 1-parameter family of
metrics on M. If A is a tensor on M and k > 1, then
k—1
OVFA=VFO,A+ Y VI(Vog = V17T A).

§=0
3.2. Evolution equations. We derive the equations for 9, V*Rm for every k > 0.

Proposition 3.4. If (M, g(t)) is a solution to AOF, then

n/2+1

_ (—1)%“ n n—2j+2
ORm = 5y A¥Rm + > P (Rm).

j=2
Proof. Let §(t) be a one-parameter family of metrics on M and let h = 9;g. The
evolution of Rm is given by ([21], Theorem 7.1)
O Rijui = 5[ViVihji + VVihi, — ViVihj, = V;Vihi] + Rm o« h.
If h = A%~ 'Re, then, using Proposition in the second line and Lemma Bl in
the third line,
OiRijii = 5[ViVEAT 'Ry + V;ViIAT T Ry, — ViVIAT 'Ry, — V; VAT R,
+Rm* A% !Rec
= %A%_l[vikaﬂ + VleRik — ViVlek — Vjkail]
n—2
+ Z V" 27 'Rm * V'Rc + Py ?(Rm)
i=0
= 3A? ' [=AR;jp + Rm*?] + P} *(Rm)
= —1A%R;ju + Py %(Rm).
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If h = A2~2V2R, then, using Proposition in the second and fourth lines
HViVEAR 2V, V R+ V,; VA2 2V, VR — V, VA2 2V, VR

Ot Rijr1 =
~ V;VyA272V,V,R] + Rm * A2 2V?
IA2 2V, V,V;VIR+ V;VV; VR — V;V,V,;VR — V,;V,,V,V,R]

n—2
+3) V"2 Rm = V'V2R + Py *(Rm)
=0
A“Z[V ViV.VIR+ VleVinR - ViVZVijR — VijV VIR]

+ Py~ 2?(Rm)
A“Z[V ViV.VIR+ VleVinR - Vikajle — VleV ViR

+ VRm * VR + Rm * V2R] + Py ?(Rm)
= P} *(Rm).

If h = Y73 PP~ (Rm), then

n/2 n/2
O Rm = V? Z P;’_% (Rm) 4+ Rm * Z P} % (Rm)
j=2 j=2
n/2 n/2
B m) + Z ProY (Rm).

—_ i 2]+2
=P
Jj=2

Combining these results, we conclude that if h = O, then

8 R . (_1)%+1A% PTL—2 Pn—2
,Rm = =2 Rm + P} *(Rm) + Py~ *(Rm)
n/2

n/2
P2 (Rm)

+2Pn 2j+2 Rm +Z e

(~DEF o nm2j+2
j=2

Proposition 3.5. If (M, g(t)) is a solution to AOF, then

n/2+1

—1)3+
O VFRm = (2(1)7)A SVMRm + > PP (Rm).
n_
=2
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Proof. We compute:
k-1 ‘ k=1 [n/2 |
Z VI (VOig * Vk_l_JRm) = Z \VZ) Z Pl”*21+1(Rm) « VF1=IRm
J=0 j=0 1—2
k—1 n/2
=3V R )
k—1n/2
_ Z Zf)l?—l‘rlQH»k Rm
j=0 1=2
n/2

_ n—2l+k
= Z BT (Rm)

n/2+1
—20+k+2
= Y PR (Rm).
1=3
Then, using Proposition [3.3]in the first line, Proposition [3.4] in the second line, and
Proposition [3.2 in the third line, we get

k—1
9;V*Rm = V*0,Rm + Z VIi(Vd,g * VF~17IRm)
§=0
( 1)” n/2+1
_ \= k n—2j5+42
BT M CRA D R
n/2+1
+ Z Pln721+k:+2(Rm)
=3
(~1)3+! L
= MA VR zjkz+P2"+k Q(Rm) Z Pf_zﬁkﬂ(Rm)
Jj=2
n/2+1
+ Z Pln—2l+lc+2(Rm)
=3
ny n/2+1
_ (=pE

AT vk ’ij:l—"_ Z Pn 21+k+2(Rm)
=2

S 2(n-2)
O

3.3. Short time existence and uniqueness. The ambient obstruction flow is
a quasilinear flow of order n in the metric g. E. Bahuaud and D. Helliwell have
shown the following existence and uniqueness result for AOF.

Theorem 3.6 ([3], Theorem C; [], Theorem C). Let h be a smooth metric on a
compact manifold M of even dimensionn > 4. Then there is a unique smooth short
time solution to the following flow:

) {0 = s 0+ g (A1 R
9(0) =h
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where O is the ambient obstruction tensor on M and R is the scalar curvature of
M.

We will only briefly illustrate that applying the DeTurck trick to the system
(BI) results in a strongly parabolic system. Due to the diffeomorphism invariance
of M, the system (B.I)) is not strongly parabolic. We define the following vector
fields:

k _ _ijmk E
VE = g”(rz‘j —T'(h)3;)s

)

_nEr,
_( 1) Ag—lu

- 2(n—2)

_ (=D* n_
Y = 4(n—_1)(VA 2R)¥,
W=X+Y.

We show that the following system is strongly parabolic:

52) {atg =0+ Lwg,

9(0) = h.

We show this by computing the principal symbol ¢ of the linearization of O+ Lwg
at h. We know from Proposition [2.3] that

O = (=1)* A2 1Rc + Cn=— 1)%71A%*2V2R+ nz/an%(Rm)
Con-—2 2(n —1) s J '
We then rewrite the system ([B.2]) as follows:
(D% 3 (“DF o $= pr2
(33) g = — A Im+£xg+§T—ﬁ5A2 V?R+Lyg+ Y P! (Rm).
j=2

Let ¢ € T*M. The principal symbol of the first two terms of (B3] is given by
o [D(CLEAV2IRe 4 £
x9)| (C)(h)

_qyn/2-1 n/2—

= zi,l—z)awm 2-1)(¢) - o[ D(—2Re + Ly 9)|()(h)

_ (=t np

= Bmo2) I<I"h
We used the fact that the Ricci-DeTurck flow is strongly parabolic (Chow—Knopf
[15], Theorem 3.13). The highest order terms of the next two terms of (B3] cancel
each other out, and the remaining terms are of lower order. Therefore the principal
symbol of the system (B.2) is (2

2(n—2|C |"h, implying that this system is strongly
parabolic.

4. LOCAL INTEGRAL ESTIMATES

In this section, let (M™,g) be a Riemannian manifold that is a solution to the
AOF on a time interval [0,7). We give local L? estimates for V*Rm for all k € N.
We need to use local L? estimates since we can only locally convert L? estimates
to pointwise estimates. These local pointwise estimates are used in the proof of the
pointwise smoothing estimates given in Theorem [[LTl Specify the Laplace operator
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by A = —=V*V. Let ¢ € C*(M) be a cutoff function with constants A, A; > 0
such that

sup |Ve| <A, max sup |Vip| <A.
te[0,T) 0<i< %5 ¢e0,T)

Lemma 4.1. Suppose M, p satisfy the above hypotheses. Let A be any tensor and
letp>1,q>2. Then

/ PIATA, A) = / ZP‘H * VIAxVIA
M [p>0]

2q—2

/ D PV Rm x VI A % A
M i—o
Proof. We first claim that if ¢ > 2, then
2q—2
AIA = (—1)9(V*)IVIA+ Y V2 Rm* V'A.
i=0

If ¢ = 2, we get, using Proposition [3:2], that

A?A = —V*VAA
= —V"AVA + V*[VRm * A + Rm * VA]
= (V*)?V?A + V?Rm * A + VRm * VA + Rm * V24,

which agrees with the claim. Suppose the claim is true for every integer less than
q. First,

AYA = —V*VA?T 1A
2q—3
= _V*|ATIVA + Z V203~ iIRm % V' A
=0
2q—3
=-VAT'VA+ ) [V Rm« VA4 V3 Rm « V11 A]
1=0
2q—3 2q—2
= _V*AT VA + Z V20271 Rm % VA + Z V20 27IRm % V' A
1=0 =1
2q—2
= —V'AT'VA+ ) VP Rmx VA,
1=0
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Applying the last equation above and then the inductive hypothesis,

2q—2
AIA=—V*ATIVA+ Y VP Rmx VA
1=0
2q—4
= -V [(-1)TH(V)ITIVTIVA+ Y VT Rm « VIVA
1=0
2q—2
+ Z V2927 Rm x V' A
1=0
2qg—4 2q—4
= (—1)U(V*)IVIA+ Y VI Rm« VT A+ Y V2 Rm o« VI A
=0 1=0
2q—2
+ Z V2927 "Rm * V' A
1=0
2q—3 2q—2
= (-D)UV)IVIA+ Y VM2 Rm«VA+ > V2 Rm+V'A
=1 1=2
2q—2
+ ) VT Rmx VA
=0
2q—2
= (~1)U(V*)IVIA+ Y V2 Rmx VA
=0

This proves the claim. We compute

(17 [ VA VIprA) = (—1)7! / VA3 V() £ Vi
M

M i—0

1)t / Z Z VlA*VqA*HVMaj

[¢>0] =0 |a|=qg—1

q“/ ZP‘?1 ) VIA % VIA.
e

>010

Finally, applying the claim,

2q—2
/ ©P(AIA, A) :/ ¢p<(—1)q(v*)qvm+ > v2q2iRm*viA,A>
M M i—0
2q—2

/VQA*VG( PA) + / Zgapv?q 2 Rm « VA x A

q

- (_1)Q/[ , D P ()« VIAXVIA

#>01 =0
2q—2

/ Zwvzq 27 Rm + V'A% A. O
M=o
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Proposition 4.2. Suppose M, ¢ satisfy the above hypotheses. If p > 1,k > 0, then

(4.1)
2ik—1
0 D kR 2 _ 1 D ﬂ-l—kR 2 p2+ P2l R
i ), ¢ |V*Rm| =-S5 | IVETFRm> + [ P Y a ko 1y2(Rm)
M M =k
71 54
Z ©) * VFHRm x V*T 2 Rm.
-0

[p>0]
Proof. First, we have
0

— [ ¢?|V*Rm|*aV, = 2/ P { —V*Rm, V*Rm ) dV,
ot M ot

)
+ / o VFRm 22 qv,.
o ot

We can expand the first integral by substituting Proposition B3] which states that
for our flow,

P (cpEn i
Y ok l _ABVk pr—2itk+2 .
57V Rm = S AV R+ ?:2 ” (Rm)

Applying Lemma [£.1] to the first term of 8 V’“Rm gives that

=k / ©P (A% VF*Rm, VFRm)

n—2
M
%
=0t (P2 " (¢) * VF*Rm * V**+ 5 R
[e>0] =0
n—2 )
+/ V™27 Rm * V*'Rm x V¥Rm
M 1=0

=__1 90p|V%+kRm|2

Z P 7' () * VFHRm « VET ¥ Rm

[p>0] =0

+ / " Py 22 (Rm),
M
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Substituting the second term of 3 VkRm into the inner product gives that

2+1 312
/gpp <kam7 Z Pin_2i+k+2(Rm)> — /sop Z Pin—2i+2k)+4(Rm)
M =2 M =3

24k—1

/ Z P2 i o(Rm).

Since
99 _ A3-1Rc + AZ2V2R 4 i P % (Rm)
ot P g
= V" *Rm + V" *"Rm + > P *(Rm)
i=2
% .
= Z Pin_zl(Rm)7
i=1
we have

dg £l wy
Pk 279 _ V] k *2 P" 2%
| ool = [ (9 Rm) ; 7 (i)

Lpp Pln72i+2k+4(Rm)

J’_
Z P"+k 12(Rm).

Combining all of these results yields

0 1 n
PIV*Rm|? o PV E+tERm|2
5 [V R =~ [V R
M M

n_q

Z P7 () * VFRm « VA Rm

[p>0] *
24k—1
+ [orppamm [ S0 PEL ()
M M =k
npk—1
+/<Pp Z P§l+kfz+2(Rm)
i 1=k
1 n
=— /wp|V5+kRm\2
n—2

M

4125
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n_q
2 . ) N
+ / > B ()« VT Rm « VM Rm
[p>0] =0
Z4k—1

+/<Pp Z P§l+kfz+2(Rm)~
i 1=k

O

We estimate the last two terms of ([I]). First, we recall two corollaries from the
paper [28] of E. Kuwert and R. Schétzle.

Proposition 4.3 ([28], Corollary 5.2). Suppose M, ¢ satisfy the above hypotheses.
Let A be a tensor. If 2 < p < oco and s > p, then for every e > 0,

( / |VA|p<pS>pSe( / |v2A|P<pS+P)”+9< / |A%SP> ,
M M € [p>0]

where ¢ = ¢(n, p, s,\1).

Proposition 4.4 ([28], Corollary 5.5). Suppose M, ¢ satisfy the above hypotheses.
Let A be a tensor. Let 0 <iy,...,i. <k, i1+ -+, =2k, and s > 2k. Then

[eviavevial <dals? ([ IV + 1A .y,
M M

where ¢ = c(k,n,r, s, A1).

We estimate the last term of (1.

Lemma 4.5. Suppose M, ¢ satisfy the above hypotheses. If1 > 1,q > 0, then for
every € > 0,

(4.2) / <p2l+q|VlRm|2 §€/ (p2l+q+2|vl+1Rm|2+€l/ <pq|RIn|2,
M M € Jlp>0]
where C' = C(n,l, A1, q).
Proof. We prove the inequality ([{2]) by induction on I. If [ = 1, the inequality
[#2) follows immediately from Proposition 3l Assume that [ > 2 and (2 is true

for all integers at most I. Then, applying Proposition 3] in the first line and the
inductive hypothesis in the second line,

/ s025+2+qWlJrlRm‘zSf/ wzz+4+q|vz+sz|Q+Q/ <p21+q|lem|2
M 2 Ju € JMm

C
< %/ AT T2 R ¢ —i/ P2V Rm 2
M € 2C M

¢c
€ € Jipso

1
_ %/ @2l+4+q|vl+2Rm|2+§/ <p21+q+2|vl+1Rm|2
M M

c / ,
+ 0 ©?Rm|*.
et Jigso)

Collecting terms, we see that (2] is also true for [ 4 1. O

©?Rm|?
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Lemma 4.6. Suppose M, ¢ satisfy the above hypotheses. If ¢ > 0 and 0 <1 < g,
then for every e > 0,

/M <p21+r|lem|2 < qul /M @2q+r|qum|2 +Ceil/ @T‘Rm|27

[¢p>0]
where C = C(n,l,Aq,7).

Proof. Let m = g — . The desired inequality is equivalent to

We prove this inequality by induction on m. If m = 0 the inequality is true:

/ <p2q+T|Vqu\2§/ <p2q+T|Vqu|2+Ce_q/ ©"|Rm|%.
M M [¢>0]

Assume the inequality (@3] is true for every integer less than m. Then

/ @2q72m+r|vq7mRm|2 S E/ s021172m+r+2|Vq7m+11{1,n|2
M M
+cem*q/ ©"|Rm|?
[¢>0]

< eemfl/ %1t | VIRm|? +eC’em7q*1/ ©"|Rm|?
M [¢>0]

+ C’equ/ ©"|Rm?
[p>0]
= em/ <p2q+7"|Vqu|2 + Cem_q/ ¢T|Rm|2.
M [¢>0]
We applied Lemma, in the first line and the inductive hypothesis in the second
line. O

Lemma 4.7. Suppose M, ¢ satisfy the above hypotheses. Let 0 <1 < § — 1 and
p>n+2k. Then for every § > 0,

/ P27 (p) % VIt Rm « VE+HFRm < €6 / " |VE R ?
M M

—n—2i—4k

+Co / ©P~"2k | Rm|?,
[¢>0]

where C' = C(n, k,p, A, 7).

Proof. We apply the Cauchy—Schwarz inequality:

P77 () * VT Rm + VEFFRm < C(A) / |eP~ (27D « VITFRm « VETFRm|
M M

§Ce'8/ ©P|VETFRm|?
M

+ Cé_ﬁ / ()Op—n+2i|vi+kRm‘2-
[¢>0]
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The second term can be estimated using Lemma

/ L)0;0—n+2i|vi—i—k}{rn|2 _ / @2(i+k)+(p_n_2k)|Vi+kRm|2
[¢>0] [¢>0]

ge%-i/ |v%+kRm\2+ce—i-k/ P72k Rm %
M [¢>0]

Ifﬂ:%—i—ﬁ,then,@z%ﬂ. Ifwesetézen%%,thenezéﬁ and

) 2i—n _ —n—2i—4k
e B-i=k _ 6'”:121'( zz;nilfk) — §

Therefore
/ Pp%*i(w)*v”kRm*v%Mngceﬁ/ ©P|V 2 TFRm|?
M M

+Ce*ﬁ+%*i/ |VZ+T*Rm|?
M
+Cefﬁ7ifk/ (pp7n72k‘Rm|2
[p>0]
< 05/ @P|V2TFRm|?
M

—n—2i—4k

+ Co™ -2 / @p*"*Qk\RmF.
[p>0]

O
We estimate the penultimate term of (.T]).

Lemma 4.8. Suppose M, ¢ satisfy the above hypotheses. Let K = max{l, | Rm|| s}
Ifp>n+2kand k <1< 5 +k—1, then for every § satisfying 0 <0 <1,

[ PR atm) < 0o [ ik gt
M 2 M

L OK 8 th§m=t=m [Rmlf3 g,
where C = C(n, k,p, A1,1).

Proof. Since p > n + 2k > n + 2k — 2 = 2(5 + k — 1), Proposition {.4] implies
| PR < R £ ( o1+ ||Rm||§,[¢>m) .
Let € = K—1§w2t=2 . We have p— 21 > n+2k—(n+2k—1) = 1. Via Lemma [£0]
C”RmHO%OJrk*l/ SDp|szm|2 < CK%+k—l6%+k—l/ ¢n+2k+p—2l|v%+kRm‘2
M M

+C’K%+k_le_l/ ©P~ 2| Rm|?
[¢>0]

:C(;/ ap"+2k+p—2l\V%+kRm|2
M

—I-CK%H“(;%/ ©P~ 2 Rm|%.
[¢>0]
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Since k <[l < Z+4+k—-7land 0 < 6 < 1, we get 5217%% > 5 > 1 and
K3tk—l < K% Therefore

/ ¢P P 12 (Rm) < 05/ QTR 7S Rm|?
M M

2

+OK%+’“5%/ "2 Rm?
[p>0]

+ K2 Rm3 s
SC(;/ ¢p+n+2k—21‘vg+kRm|2
M

+ CKE TR §a=0=% [Rml 13, o).
Proposition 4.9. Suppose M, ¢ satisfy the above hypotheses. Let
K = max{l, |[Rm||oo }.
If p > n+ 2k, then for every § satisfying 0 < § <1,
aille® VFRm|3 < — 555551l ® VEHFRm|3 + CK 2R3 o),
where C' = C(n, k,p, ).

Proof. Applying the estimates from Lemmas .8 and .7 to equation (1) in Propo-
sition [£.2] we obtain
b P n
Ol VFRmf3 < — 15192 Vi Rm|3
24k—1

+ Y [CadligEt IV E R + € K T R
=k

sa>0]}

n
n_q
—n—2i—4k P_n

+y [025\|<p%v%+kRm||§ + 00w [lp2 2 Rm|3
i=0
where C1 = C1(n, k,p, A, 1) and Cy = Ca(n, k,p, A1,4). From the inequalities
2n+4k<_n+4k‘ 2—-—n-—2k n+ 2k 2

< _— <
n—2 — n 2 _1+21—n—2k_ n

<P>0]:| ’

1-n-2k<1-

we conclude
max({aﬁ E<I<DT4k—1}U{0TET L 0<i<
Therefore
ilp? VFRm|3 < — L5 [le* VE T Rm||3 + Cdl|? V2T Rm|[3
+ CK 228 R (o)

P n n
< — 5ty 92 VETFRm|3 + CE 2 Rm|3 g

W[3

—1}) =gt

where
5+k—1 51
C= Y Ci+Y 0y d=min{zpmsmC0" 1}
=k =0
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Proposition 4.10. Suppose M, ¢ satisfy the above hypotheses. Suppose
max{||Rm|s,1} < K
for allt € [0,aK~3]. Then

||80%(m+1)v%mRm||2 <Ct % sup ||Rm||L2(t) [p>0]>
te[0,aK ™ 2]

where C' = C(m,n,a, A), for all t € (0,aK~%].
Proof. Let By for 0 < k < m denote constants given by £, = (2n — 4)™ Fm!/k!.
Define

m—1

G(t) = t"p* " TOVERm|E + Y futl|o DV ERmIZ o).
k=0
Using Proposition [£.9]
dG

% < mim—1 ”(p’z—‘(m-i-l)vngmH%

N tm(_ syl MUV EHD R 2 4 cng%W“)HRmII%Wo])
—1
+ > Brkt" o2 TV E Rm|3

3

X
_

3

+ 3 Bt (= arigy e IV EE DR + Oy KD R )

ES
I
=3

n

< mt™ Y eEmVETRm||3 + ™ (Cngf (m D) | Rm||3 [¢>0])

m—2

+ 3 Beralk+ Dt [f FHOVE DR
k=0

m—1
+ Z Bktk(_ 2(n 5 H%’g k+1)V%(k+1)Rm||% _|_C%kK%(kJrl)||Rm‘|§,[¢>0])_
k=0

Choose tg € [0,k ~ 2] such that

IRmllz2(eo) >0 = sup - [[Rml[z2) 40
te[0,aK 5]

Our choice of the constants [ yields

dG R m
= <a"K 2"Cap, KEm+D) ||Rm||2 [>0]
m—1
+ Z BkakKigkCng%(kJrl)||Rm||g,[<p>0]
k=0
m
= Zﬂkcgka ]
k=0
=CK=> HRmHiz(to),[@o]-



AMBIENT OBSTRUCTION FLOW 4131

Therefore
t"|pE IV ET RS < G < Bo[RmlFa o) g0 + CK ¥ [Rm|Z2 ) osot
< (Bo + aC)||Rm|Z2 10 (550
= C||R‘m||%2(to),[ap>0]’
proving the proposition. (Il
Proposition 4.11. Let (M"™, g(t)) be a solution to the AOF for t € [0,T). Let
w € CX(M) be a cutoff function such that

max sup ||[Ve|coar, <A.
o225 S, IV Al rtsw

Suppose max{||Rm||co(ar,gt)), 1} < K for allt € [0,aK~2]. Then, for every | >0
and all t € (0,aK~ 3],

"3 V' Rm|| 2 (ar,gey) < CA+ 1 P/M2) sup Rm| 2 (supp(e).9(1))
te[0,aK ™ 2]
where C = C(l,n,a, A).

Proof. Let | = gm +r,1 <r < §. Then, applying Lemma and Proposition
10, we get

/ Qpn(m+1)+2r|vgm+rRm|2§/ go”(m“)w%(m“)Rm\z—kC’/ go”\Rm|2
M M [¢>0]

S t_(m+1)062 + C/(_)Q
o™ 3V Rm|| g2y < O(CL ™5 + ),
where

O = sup ||Rm||L2(t)7[<p>0].
te[0,a K~ 3]

5. POINTWISE SMOOTHING ESTIMATES

Let (M, g(t)) be a solution to AOF and let ¢ be a cutoff function on M. We
give estimates of |[Viy| gty for 1 <@ < 5 that depend on spacetime derivatives of

the metric and |Vig0|g(0) for 0 <@ < 5. We then give a proof of the pointwise
smoothing estimates given in Theorem [T

Lemma 5.1. Let M be a manifold and let g(t) be a one-parameter family of metrics
on M. For a function ¢ € C*(M) and i > 2,

i—1
OVip = Z V10,9 % Vip.
j=1
Proof. Apply Proposition with k=4 —1and A = Ve. O

Proposition 5.2. Let M be a manifold and let g(t) be a one-parameter family of
metrics on M. For a function p € C*(M) and i > 1,

8t|Vigo\§(t) = Zvi—jatg * Vg * Vip.

j=1
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Proof. We compute, using the preceding Lemma [5.1] in the second line:

On|Vip2 iy = 0ig * Vip™ + 0,V x Vi
1—1

j=1
= Z Vi1 9,g % VI x Vi,
j=1

O

Proposition 5.3. Let M be a Riemannian manifold with a one-parameter family
of metrics {g(t)}rep,r) and ¢ € CF(M). Fizi > 1. Suppose that, for each j
satisfying 0 < j < i — 1, there exists K; > 0 such that |Vj8tg(x,t)|g(t) < Kj on
supp ¢ x [0,T] and, for each j satisfying 1 < j < i, there exists C’]‘ > 0 such that
V0| g00) < C’ on supp . Then there evists a constant C; such that, for every
te€ 0,77,

|V (p|g(t <szcl(K(), z 1,01,.. C/ )
Proof. Let i = 1. Then Proposition gives
B:Vpl2 ) = Oig x V™ < CKo|Vel2
Solving the differential inequality, we get
‘leq(t) — ‘Vﬁplq(o)eCKOT = 0127

which proves the proposition for ¢ = 1.
Fix ¢ > 2 and suppose that the proposition is true for every j satisfying 1 < j <
i — 1. Let f(t) = [V'¢|? ;). Then, via Proposition .2}

d
d]; = ZW 10,9+ Vip x Vip
1—1
<Y IV 0|V el [ V| + |09l Vol
Jj=1

1—1
<3 CKi_;C;f% + CKof
j=1

< C(Ko,..., K;i1,C1,...,Ci_))(1+ f)
= O(Ko,...,Ki 1,0}, ...,Ci_, T)(1+ f).
Solving the differential inequality, we get

L+ f(t) < (14 £(0)e"
IVielaw < 1+ |V <P|g(o)
< (1+(C)HefT = 2.
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Proposition 5.4. Let (M™,g(t)) solve AOF on [0,T], where n > 4. Fizr > 0.
Suppose there exist x € M, r > 0, and K > 0 such that

(5.1)
3n/2-3 )
j itz
max |1, sup [[Rmcozrycr e.2n.00) | + Z; Sup IV Rl o, o .20, 0000) < B
, = D

Then for alll >0 and t € (0,77,

(5.2) [V'Rml12(5, 1 @r)gey) < C(1+t12/1/2) tS[lépT] [Rml| 2(B, 1) (2.2r),9(1))
€,

where C = C(n,l, K,T,r).
Proof. Let ¢ be a cutoff function that is equal to 1 on Bgr)(z,r) and supported on

By(ry(x,2r). The inequality (E.I) provides C” bounds for the first % — 1 covariant
derivatives of Rm so that

(5.3) Orgrbagx%

Vj@||co(M7g(T)) S C/(n, K, ’I").

The inequality (5.3]) provides bounds for the first & covariant derivatives of ¢ at time
T, and the inequality (5.) induces bounds on the first § — 1 covariant derivatives

of O. We therefore are able to, for each ¢ € [0,T] and j satisfying 0 < j < %, to
obtain via Proposition [£.3] bounds given by

HVjQOHcO(M,g(t)) < 6j(n7K,r,T).
Therefore, via Proposition E.11]
”VZRmHL"’ (Byory (,7),9(8) < H‘F’H AV Rm||L2(M g9(t))
<C(l+t [21/n1/2) tsuP IRm| £2 (supp (), 0())

)

= C(1+t" P72 sup |Rml| 25, 1 (220905
tel0,T

where C' = C(n,l, K,T,r). a

We are now able to prove the pointwise smoothing estimates given in Theorem

LT

Proof of Theorem [L1l. We adapt the proof of Theorem 1.3 in Streets [40]. We will
show that if this inequality fails, we can construct a blowup limit that is flat and
has nonzero curvature. Consider the function given by

noo 2
fm(@t,9) = VI Rm(g(x,1))] )]
j=1

It suffices to show that

(5.4) Jm(z,t,g) <C (K + 1 )

tn

since for every [ satisfying 1 <1 < m,

~
| M
\—/

IV Rm(g(s Z v Rana(o, D155 = ulientio) < € (K +



4134 CHRISTOPHER LOPEZ

and
142 m+42

1\ 2 1 2
|V1Rm(g(l‘,t))|g(t) < C <K + t_2> < C (K + —2)
Suppose that the inequality (54) fails. It suffices to take m > 37” — 3. Without
loss of generality, for each ¢ € N there exists a solution to AOF (M, g;(t)) and
(x4, ti) € M; x (0,T] such that
m(Ti, tiy Gi m(T,t, gi
i<—f (@ Qg): sup —f (2 92)<oo,
K+t " M;x (0,1 K+1t7w

and define a new sequence of blown up metrics by
gi(t) = Nigi(t; + )\z’_%t)v
where A\; = fi (x4, ti,9;). We will show in the proof of Theorem [[4] that these

metrics also solve AOF. These metrics, which are defined for ¢ € [—)\? t;,0], are
eventually defined on [—1, 0] since as i — oo,

 fm(@ati g) _ fm(@ints, 9i)
= ) 2 —2
£ K+t "

(3

2
tr

i — OQ.

N

Replace the sequence of AOF solutions {(M;, g;(t)) }ien with the tail subsequence
for which )\f t; > 1. The curvatures of these manifolds converge to 0 since as i — oo,

2
~ K K K+t "
(5.5) Rm(g:)|g; < - = < -
Ni fm(@istisgi) T fm(Tisti, 9i)
Furthermore, there is a uniform C™ estimate on the curvature given by

Fn(a,t.53) = Lm0l J/r\f/\i L)
(@t N
fm(@isti, 9i)
_K+ (ti—l—t)\i;%)‘%
K+t "

— 0.

n
2

7gi)

- ty—2
SK—Hi (1+2§) n
K+t

3o

(5.6) <2

for all i € N and (z,t) € M; x [—1,0].

Let B(0,1) be the open Euclidean ball in R™ centered at 0 with radius 1, let
@; : B(0,1) — M; be given by exp,. with respect to g;(0) for each i € N, and
let h;(t) = ¢7gi(t). The uniform C° bound on Rm(g;(t)) given by (5.6) induces a
uniform bound on (p;). (see Petersen [37]) which permits the uniform C™ estimate
E8) on Rm(g;(¢)) to lift to a uniform C™ estimate on Rm(h;(t)). Furthermore,
h;(t) solves AOF for all i since ¢; does not depend on t.

Since m > 37” — 3, we have uniform C° bounds on Vj@(h(t)) for0<j<%—1.
Via Proposition [5.4] we obtain uniform bounds on the L? (Bh,0(0, %))—norms of all
covariant derivatives of Rm(h;(0)). Since the metrics h;(0) are uniformly equivalent
to the Euclidean metric, the Sobolev constant of By, () (0, %) is uniformly bounded
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for all 4. Via the Kondrakov compactness theorem, we thus obtain uniform bounds
on the C°(By,(0)(0, 1))-norms of all covariant derivatives of Rm(h;(0)). The Taylor
expansion for h; in terms of geodesic coordinates about 0 with curvature coefficients
can then be used to obtain uniform bounds on the C°(By,(0)(0, 3))-norms of all
partial derivatives of h;(0). Finally, by the Arzela—Ascoli theorem, after taking
a subsequence, still named {h;(0)}ien, we get hi(0) — hoo in C°°(B(0, 1)) for
some Riemannian metric ho. We have already shown with inequality (B.5]) that
(B(0, 3), hoo) is flat. However, for all i € N,

m 2

<
Il
—

M-

itz g
()\i 2 |V‘7Rm($i7ti)|g(ti))

.
Il
—

. 2
AV Rm(z, )]

M-

.
Il
_

=\ =1

Also, fm(0,0,h;) = 1 for all i since (p;). is the identity map at 0 = ¢} *(z;).
Therefore f,,,(0,0, hoo) = 1. This is a contradiction, thereby proving the inequality

GA). 0

6. LONG TIME EXISTENCE

In this section, we prove that if a solution (M, g(t)) to the AOF only ex-
ists for a finite time 7', then |[Rml|co4()) becomes unbounded along a sequence
{(xn,tn)}52y € M x [0,T) with ¢, T T. We will prove this theorem by showing
that if actually
(6.1) sup [|[Rml|cog(r)) = K < oo,

te[0,T)
then the solution g(t) exists past the time 7. In order to show this, we show
that ([GI) and the pointwise smoothing estimates on [V*Rm|,(;) induce bounds on
|Vkg(t)|; with respect to some fixed background metric g and connection V. We
also show that (6I]) implies uniform convergence of ¢g(t) to some continuous metric
g(T). The bounds on |V¥g(t)|; imply that g(7T) is smooth so that we can extend
the solution g(t) past the time T via the short time existence Theorem

We first show that if (G.I]) holds, the metrics g(t) converge uniformly as t 1+ T
to a continuous metric g(7') equivalent to each g(t). The following lemma is from
Chow—Knopf [15].

Lemma 6.1. Let M be a closed manifold. For 0 < t < T < oo, let g(t) be a
one-parameter family of metrics on M depending smoothly on both space and time.
If there exists a constant C < oo such that

/

e “g(2,0) < g(z,t) < e“g(x,0)

x,t) dt < C

g(t)

ag(
for all x € M, then
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for allx € M and t € [0,T). Furthermore, as t T T, the metrics g(t) converge
uniformly to a continuous metric g(T) such that for all x € M,

e “g(z,0) < g(z,T) < e“g(x,0).

Lemma 6.2. Let M be a compact manifold and let (M, g(t)) be a solution to AOF
on [0,T) such that

sup [|[Rml|co(g(r)) = K < oo.
te[0,T)

Then g(t) converges uniformly as t T T to a continuous metric g(T') that is uni-
formly equivalent to g(t) for every t € [0,T).

Proof. Since Proposition states that

dg _ (=1)*% (1) ! A
_ ZAan-1 222 n— 2]
o = g A Rc+2(n_ )A VR+;2P (Rm),

in order to apply the preceding Lemma it suffices to show that |[V*Rml|y is
bounded on M x [0,T) for all k satisfying 0 < k < n — 2. Using the smoothing
estimate provided in Theorem [[T], we get

< Lz H
oI 20y VBl < Jpe, swp V¥Rl + OR + (5)75) %,

where €' = C(n) and K = max{K, 1}.
So % is bounded on M x [0,T) and the metrics g(t) converge uniformly as ¢ 1 T
to a continuous metric g(7T") uniformly equivalent to each g(t). O

Since M is a compact manifold, we can obtain bounds on [V¥g(t)|; by taking
the maximum of bounds taken on finitely many coordinate patches. On such a
coordinate patch, we can assume that the fixed metric is just the Euclidean one.
Thus we will only need to bound the partial derivatives of g and )

Lemma 6.3. Let M be a compact manifold and let (M, g(t)) be a solution to AOF

n [0,T). Let U be a coordinate patch on M. Fiz m > 0. Suppose that for
0<i<m+n-—1, there exist constants C; such that |V;(t)Rm(g(t))\g(t) < C; on
M x [0, T). Then for all (z,t) € U x [0,T),

|amg(xa t)‘g(t) < él (g(o)v COa vy Cm-}-n—l)a
|6m@(‘r7 t)‘g(t) < 52(9(0)7 007 R Cm+n71)~

Proof. We adapt the proof of Proposition 6.48 in Chow—Knopf [I5]. The given
estimates for VFRm imply CO(M x [0,T)) estimates on VO for all k. We first
estimate dg. We bound I' by integrating 9,I" = VO and estimate dg by integrating
8,09 =VO+T 0. Next, we estimate 9™g and 9™~ IT for m > 2 using induction.
It suffices to bound 8™ O since 0 0Mg = omO. We define P™(I") to be a polynomial
inT,...,0™ T, in which each term contains m partial derivatives of g:

P™(T) = > 9T x0T

kiy i =m
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We first bound 9™~ 'T in terms of V*O for k >0, 0% for 0 <k <m—1, and O°T
for 0 < k < m — 2 by using the inequality
m—1
0,010 < Y |9'VO 91|
i=0
and the equation

VO =VHO+ Y VIO« P,
j=1

It then follows from the equation

ImO=V"0+Y 90« PU(T)
i=1
that we can bound 9™g in terms of VO for k >0, 8’“9 for 0 <k <m—1, and
OFT for 0 < k < m — 2. This completes the induction. O

Proof of Theorem [[2. Suppose that equation (G.I]) holds. By Lemmal6.2] the met-
rics g(t) converge uniformly to a continuous metric g(7') as t T T. We show that
g(T) is C* on M. It suffices to show for each k € N that g(T) is C* on any
coordinate patch since we can take a maximum over finitely many of them to show
that g(T) is C*¥ on M. We have

g(t) = g(0) +/0 6(7’) dr.

Taking limits as ¢ T 7', we get

g(T) = g(0) + /0 O(r) dr.

This permits us to take the kth partial derivative:
T ~
ok g(T) = 0% ¢(0) —I—/ okO(7) dr.
0

The bounds on 9¥g and 9*O from Lemma therefore imply a bound on 9% ¢(T).
So g(T) is C*° on M. Furthermore, since

T
10(T) — 6*g(1)] < / 0*O(7)|dr < (T 1),

the metrics g(t) converge in C* to g(T). So g(t) is a C* solution to AOF on [0, T7.
Then the short time existence Theorem B.6] applied to g(t) with initial metric g(7T')
allows us to extend g(t) past T. This contradicts the assumption that 7" was the
maximal time for the solution (M, g(t)). O

7. COMPACTNESS OF SOLUTIONS

In this section, we give compactness results for an AOF similar to Hamilton’s
compactness theorem for solutions of the Ricci flow. We first prove a proposition
that states that for a sequence of metrics, uniform bounds on the spacetime deriva-
tives of curvature and the derivatives of the metric at one time extend to uniform
bounds on the spacetime derivatives of the metric. This is used to prove the com-
pactness Theorem [[3] for a sequence of complete pointed solutions of AOF. We
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then give the proofs of Theorem [[.4] which allow us to obtain a singularity model
from a singular solution, and Theorem [[.5, which describe the behavior at time oco
of a nonsingular solution.

The type of convergence of manifolds we will consider is the pointed C'>° Cheeger—
Gromov convergence.

Definition 7.1 (C*° Cheeger—Gromov convergence ([I3], Definition 3.5)). A se-
quence {(M}, g, Ox)}ren of complete pointed Riemannian manifolds converges
(in the Cheeger-Gromov topology) to a complete pointed Riemannian manifold
(M2, goo, Oco) if there exist
(1) an exhaustion {Uj}ren of My by open sets with O, € Uy,
(2) a sequence of diffeomorphisms @ : Uy — Vi = @, (Ug) C My with
®;(Ox) = Oy such that (U, @} [gk|v,]) converges in C™ to (Moo, goo)
uniformly on compact sets in M.

The following compactness result of Hamilton allows us to extract a convergent
subsequence of manifolds at a fixed time.

Theorem 7.2 (Cheeger-Gromov compactness theorem ([23], Theorem 2.3)). Let
{(M}', g, Or) }en be a sequence of complete pointed Riemannian manifolds that
satisfy
|V£Rmk|k S Cp on Mk
for allp > 0 and k, where C, < 00 is a sequence of constants independent of k and
inj,, (Ok) > o

for some constant vy > 0. Then there exists a subsequence {ji}ren such that
{M;,, gj.,Oj,) }ken converges to a complete pointed Riemannian manifold

(Mgo7gooa000)
as k — oo.

The following proposition allows us to extend bounds on the derivatives of a
sequence of metrics at one time to bounds that are uniform over an interval.

Proposition 7.3. Let (M,g) be a Riemannian manifold and let L be a compact
subset of M. Let {g;}ien be a collection of Riemannian metrics that are solutions
of AOF on neighborhoods containing L x [B,v]. Let to € [B,v] and fix k > n — 2.
Let unmarked objects such as V and | - | be taken with respect to g, and let objects
such as Vi and | - | be taken with respect to gi. Suppose that:
(1) The metrics g;(to) are uniformly equivalent to g for every i € N: for some
B() > 0, Bo_lg < gz(tO) < Bog
(2) For each 1 < p <k, there exists a uniform bound C, on L independent of
i such that |VPg;(to)] < Cp.
(3) For each 0 < p+q < k+n — 2, there exists a uniform bound C,, , on
L x [3,9] independent of i such that |0/ VE Rm(gi)ly, < C) -
Then:
(1) The metrics g (t) are uniformly equivalent to g for every i € N and t €
(B, 0]: for some B = B(t,ty) >0, B~'g < g;(t) < Bg.
(2) For every p,q satisfying 0 < p+ q < k, there is a uniform bound C~'p7q on
L x [8,4)] independent of i such that |07V g;(t)] < Cp.q.
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Proof. We adapt the proof of Lemma 3.11 in Chow et al. [13]. The uniform equiv-
alence of the g, and g on L x [$, ¢] follow from the given bounds for |[V# Rm(g;)
on L x [3,v)]. Define the bounds C; for j satisfying 0 < j < j —n + 2 by
R n—2+j .
VIO < ) a,CCl =0T}
p=J

Suppose that (p,q) = (1,0). Hamilton showed in Theorem 7.1 of [2I] that o, =
g 1% Vdig. Then

9gi

0T = T)|& < C|ViOxli, < CT1.
It follows that
Vg ()] < B(t, t0)**|V i (t)]
< B(t, B)*/2|Tk(t) — T
< B(, B)*/2(CT|¢ — 8|+ 3By/*Ch) = Cup.

Next, we prove the lemma for p satisfying p < k when ¢ = 0. We will show that
forp>1,

(7.1) [VPOugr| < CY Vgl + C . [VPgi| < Cho.
If p=1, then
VO gi(t)| (t,t0)*2|(V = Vi)Oeg + Vidrgnln

<B
< B(t,10)*/*C|T = Tkl Ougile + |V rOigrln
< B(t, t0)*?C|Vgi|Co + C1,

and we have already shown that |Vgi| < C 0.

Let N > 2 and assume that (1) is true for 0 < p < N — 1. The telescoping
identity

N
VNA-VYA=Y VN(V-V,V; 14
i=1

results in the following inequality:

N
VN Ouge| < VNNV = Vi)dugel + D IVN TV = Vi)V Ol + [V Oigil-
=2
Using the induction hypothesis and the given estimates for [V) Rm(g;)|,,, we esti-
mate the terms of the preceding inequality. Collecting terms yields

(VN Ogi| < CR VN gi| + CF.
Applying the preceding inequality, we get
0V gil* = 2(0:V " gr., VV gi.)
<0V gil? + VN gi |
< (L4 2(CR)OIVT gl +2(CF)*
After solving an ODE, we obtain

. 2 C/// 2 . _
TV gul2(t) < 0+ -t0) [ oy 4 _HCW) e _ 2N 00-0)] = 62,

1+2(CY,
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This completes the inductive proof of (1)) and the proof of the proposition when
q = 0. Since 9fVPg, = VPOlgy, a similar procedure may be used to prove the
proposition when ¢ > 0. (]

We are now able to prove the compactness Theorem [[3] for solutions of the
AQF via a modification of the proof given by Hamilton in [23] of the compactness
theorem for Ricci flow.

Proof of Theorem [I3 Since we are given a uniform bound on |[Rm(gg)lg,, the
pointwise smoothing estimates given by Theorem [[.1] furnish uniform bounds on
IV s o) B(gk (t0)) [ co(gi(t0)) for all m € N.  Therefore, since the (My,gx) are
complete, the Cheeger-Gromov compactness Theorem yields a subsequence of
{(Mk, g(t), O) }ken that converges to a complete pointed Riemannian manifold
(M2, h, Occ).

Theorem 1.1 provides uniform C° estimates for the covariant derivatives of cur-
vature on a closed interval. This enables us to apply Proposition in order to
obtain uniform estimates on closed time intervals of the spacetime derivatives of
the metrics in the subsequence that converges at time ¢y. Finally, an application of
the Arzela—Ascoli theorem provides the desired subsequence that converges on the
time interval (a,w). O

As our first corollary of the compactness Theorem [[L3] we show that under
suitable conditions, we can obtain a singularity model for the ambient obstruction
flow.

Proof of Theorem [L4. We first show that the g; are also solutions to AOF by show-
ing that if § = Ag and g satisfies AOF, given up to constants by

n/2
Oig = AR+ A2 V2R + ) PP (Rm),
j=2
then g satisfies
n/2
(7.2) 01§ =A% 'Re+ A2 2V2R+ > P!*(Rm).
j=2
We evaluate the first term of the right side of (7.2)):
A3 'Re= (A'g'v?) T T Re = A E A IRe.
Similarly, the second term is equal to A'"2 A% 'Rc. The remaining terms are
contractions of terms of the form
VIRm® - ® VYRm
with 2 < j < % and 41 +---+14; = n — 2j. In order to contract on all but two
indices of the above term, we need to contract %(11 +odij 43— -2)=5—1
pairs of indices. This implies that P;L_Zj (Rm) = Al’%Pj”_Qj (Rm). The left side of
([T2) is equal to A\!~%0,g. So § satisfies (T.2).

We have |Rm(g;)|y, < 1 on M x [—)\?/Qti, 0] for each i since the definition of \;
implies

|Rm(g;)

2 =7 Rm> <A77 =1
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Let £ € N. There exists i, such that if ¢ > 4z, then )\?/2151- > k. Then {g;}i>i,
is a sequence of complete pointed solutions to AOF on (—k,0]. Since the Sobolev
constant is scaling invariant, the uniform bound of Cg(M,g) on [0,T) implies a
uniform bound independent of i of Cs(M, g;) on [0,T). We conclude from Lemma
3.2 of Hebey [24] that there exists a uniform lower bound independent of i for
infzear vol(By, (z,1)). This and the bound |Rm(g;)|,, < 1 on M x [—)\"/Ztl,()] for
all ¢ give a uniform lower bound independent of 4 for inj gi(O)(‘Ti) via the Cheeger—
Gromov—Taylor theorem.

The proof of the compactness Theorem [[.3]is unchanged if we replace (o, w) with
(—k,0]. Thus, by Theorem [[.3] we obtain subsequential convergence of

{(M, gi(t), i) }izi,
to a complete pointed solution (Mo, goo(t), o) to AOF for t € (—k,0]. By taking a
further diagonal subsequence over k, we get that {(M, g;(t), z;) }:>1 subsequentially
converges to a complete pointed solution (Mo, goo(t), Too) to AOF for t € (—o0,0].
The limit (Moo, goo(t)) is not flat since

IR (goc (0)) (200 g (0) = 1

by the definition of g;(¢).

We show that M, is noncompact. Lemma 3.9 of Chow—Knopf [I5] states that
for a one-parameter family of Riemannian manifolds (M, g(t)), the volume element
evolves by 9;dV, = +¢”0,9;;. By applying the fact that O is traceless and the
divergence theorem,

gvol(M, g(t)) = 1 / gt 994 gy,
M

ot 2 ot 9w

l/ [(—1)2 g7 0y + C(n)(A% ' R)g” gi;] dVy(

2
= / AT TTRAVy,
=0.
Therefore the volume of (M, g(t)) is preserved along the flow. Since A\; — oo,
vol(Mao, goo(t)) = lim vol(M, g;(t)) = lim A}/ vol(M, g(t; + A?1)) =

for all t € (—00,0]. So the volume of (M, g (t)) is infinite for all ¢ € (—o0,0]. The
uniform volume lower bound for (M, g;) passes in the limit to a uniform volume
lower bound for (M, g). Therefore My, is noncompact by Lemma 8.1 of Bour [6].

Next, we show that the integral of the () curvature is nondecreasing along the
flow on M. Along the flow, the derivative of |’ o @ 1s given by

R e

<—1>%”‘2 /N (DEOF +Cln) /M<o, (AF1R)g)

where the third line holds since O is traceless. So the integral of the @) curvature
does not decrease along the flow.
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Suppose that
sup [ @o(t) dVy) < .
M

te[0,T)
This is always true when n = 4 since the Chern—-Gauss—Bonnet theorem gives that
for all t € [0,T),

/ Q = 8e2y(M) — ! / WP < 8x2x(M).
M M

So if the integral of the @ curvature is bounded along the flow,

T ) Ta
o]
/0 M| | 0o Ot MQ

iy /M Qg(t)) — /M Q(9(0))

T
< 00.

Let {(M, gi(t), z;) }i>1 be the convergent subsequence previously found in the proof.
Fix k € N. Since t; — T'and \; — 0o, we can choose a subsequence of times {#; }jen
as follows:

11 = inf {z Tt > %,)\i > (%)” }, ij = inf {z it > %(T—l—tij,l),)\i > (Tjk )”}

j—1

for j > 2. We relabel {t;, }jen as {t;}ien. Then

St t; T
S|y [er<[ [ lop<s,
i1 Jti—kX 2 JIM o JMm

2—n

implying that, using the scaling law O(\g) = A= O(g),

1—00 2

ti
0= 1im/ | 10w av, at
ti—kX, 2 JM ’

0 n
= 1im/ / AP1O(gi) 2. A 2 A 2 dVy, dt
—kJM |

1—00

0
—tim [ [ j0)E, av,, at.
i=oo J_p Jmr

Since O(g;) = O(goo) in C*° on compact subsets, this implies that O(gs) = 0 on
[—k,0]. So for each k € N, there exists a sequence of pointed solutions to AOF
that converge to an obstruction flat pointed solution to AOF on [—k,0]. By taking
a further diagonal subsequence over k, we obtain a sequence of pointed solutions
to AOF that converge to an obstruction flat complete pointed solution to AOF on
(—00,0]. O

Finally, we provide a corollary of the compactness Theorem [[.3] characterizing
limits of nonsingular solutions to AOF.

Proof of Theorem [LOl Suppose M does not collapse at co. Then there exists a
sequence { (7, t;) fien C M x [0,00) such that inf; inj, ) (2;) > 0. Let g;(t) = g(t +
t;) for t € [—t;,00). Let k € N. Then there exists iy, € N such that ¢; > k for all ¢ >
ik. Since supyep ) [|RM[loc < 00 and inf;injy, gy (z;) > 0, we apply Theorem [[J]
to obtain subsequential convergence in the sense of families of pointed Riemannian
manifolds of {(M, ¢;(t),z;)}i>i, to a complete pointed solution (Moo, goo(t), Zoo)
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to AOF on (—k,00). By taking a further diagonal subsequence over k, we get
that {(M, g;(t), z;)}i>1 subsequentially converges to a complete pointed solution
(Moo, Goo (t), Too) to AOF on (—o0, 00).

If My is compact, then by the definition of convergence of complete pointed
Riemannian manifolds, M, is diffeomorphic to M. Just as in the proof of Theorem
[L4] the volume of (M, g(t)) is preserved along the flow. So for all ¢t € (—o0, c0),

vol(Mso, §oo (t)) = lim vol(M, g;(¢)) = lim vol(M, g(t; + 1)) < oo.
1—> 00 71— 00

Suppose that

sup /Q(g(t))dVg(t)<oo.
yJI M

te[0,00

This is always true when n = 4 by the Chern—-Gauss—Bonnet theorem. Using the
same argument as in the proof of Theorem [[L4] we obtain

/ / 0P < .
0 M

Let {(M, gi(t), z;) }s>1 be the convergent subsequence previously found in the proof.
Since t; — 0o, we can choose a subsequence of times {tij }jen as follows:

11 = 1nf{z 1t > k}, 1; = Hlf{Z 1t > tij71 + 2](3}

for j > 2. We relabel {t;, }jen as{t;}icn. Then

e titk o0
Z/ / |(’)|2</ / |02 < 00
Sk I o Ju

implies that

itk k
0= lim / |0(g)|2 dVy dt = lim / / |0(g:)|2, dVy, dt.
=00 Jy K M =00 ) Sy
Since O(g;) = O(goo) in C*° on compact subsets, this implies that O(ge,) = 0 on
[—k,k]. So for each k € N, there exists a sequence of pointed solutions to AOF
that converge to an obstruction flat pointed solution to AOF on [k, k|. By taking
a further diagonal subsequence over k, we obtain a sequence of pointed solutions
to AOF that converge to an obstruction flat complete pointed solution to AOF on
(—00,00). Since gu solves the conformal flow d;gee = (—1)"/2C(n)(A3~'R)g, we
see that goo(t) is in the conformal class of g (0) for all ¢ € (—o0,00). If M is
compact, we can solve the Yamabe problem for (M, [go0(0)]); the Yamabe problem
was solved by Aubin, Trudinger, and Schoen (see [2,[30]). Due to the conformal
covariance of O, we obtain an obstruction flat, constant scalar curvature complete
pointed solution (Muo, oo (t)) to AOF with §oo(t) = §oo(0) for all t € (—o0,00). O

ACKNOWLEDGMENT

The author is indebted to the referee for invaluable comments which helped the
author improve this article.



4144

(1]

[10]
(11]

(12]

13]
[14]
[15]
[16]
(17]
(18]

(19]

20]

(21]

(22]

(23]

(24]

CHRISTOPHER LOPEZ

REFERENCES

Michael T. Anderson and Piotr T. Chrusciel, Asymptotically simple solutions of the vacuum
Einstein equations in even dimensions, Comm. Math. Phys. 260 (2005), no. 3, 557-577, DOI
10.1007/s00220-005-1424-4. MR2183957

Thierry Aubin, E’quations différentielles non linéaires et probléme de Yamabe concernant la
courbure scalaire, J. Math. Pures Appl. (9) 55 (1976), no. 3, 269-296. MR0431287

Eric Bahuaud and Dylan Helliwell, Short-time existence for some higher-order geomet-
ric flows, Comm. Partial Differential Equations 36 (2011), no. 12, 2189-2207, DOI
10.1080/03605302.2011.593015. MR 2852074

Eric Bahuaud and Dylan Helliwell, Uniqueness for some higher-order geometric flows, Bull.
Lond. Math. Soc. 47 (2015), no. 6, 980-995. MR3431578

Arthur L. Besse, Einstein manifolds, Classics in Mathematics, Springer-Verlag, Berlin, 2008.
Reprint of the 1987 edition. MR2371700

V. Bour, Fourth Order Curvature Flows and Geometric Applications, arXiv:1012.0342v1
Thomas P. Branson, The functional determinant, Lecture Notes Series, vol. 4, Seoul National
University, Research Institute of Mathematics, Global Analysis Research Center, Seoul, 1993.
MR1325463

Thomas P. Branson and Bent Orsted, Ezplicit functional determinants in four dimensions,
Proc. Amer. Math. Soc. 113 (1991), no. 3, 669682, DOI 10.2307/2048601. MR1050018
Huai-Dong Cao and Xi-Ping Zhu, A complete proof of the Poincaré and geometrization
conjectures—application of the Hamilton-Perelman theory of the Ricci flow, Asian J. Math.
10 (2006), no. 2, 165-492, DOI 10.4310/AJM.2006.v10.n2.a2. MR2233789

S.-Y. Alice Chang, Michael Eastwood, Bent Qrsted, and Paul C. Yang, What is Q-curvature?,
Acta Appl. Math. 102 (2008), no. 2-3, 119-125, DOI 10.1007/s10440-008-9229-z. MR2407525
X. X. Chen and W. Y. He, On the Calabi flow, Amer. J. Math. 130 (2008), no. 2, 539-570,
DOI 10.1353/ajm.2008.0018. MR2405167

Xiuxiong Chen and Weiyong He, The Calabi flow on Kdhler surfaces with bounded Sobolev
constant (I), Math. Ann. 354 (2012), no. 1, 227-261, DOI 10.1007/s00208-011-0723-7.
MR2957626

B. Chow et al., The Ricci flow: techniques and applications. Part I, Mathematical Surveys
and Monographs, 135, Amer. Math. Soc., Providence, RI, 2007. MR2302600 (2008f:53088)
B. Chow et al., The Ricci flow: techniques and applications. Part II, Mathematical Surveys
and Monographs, 144, Amer. Math. Soc., Providence, RI, 2008. MR2365237

B. Chow and D. Knopf, The Ricci flow: an introduction, Mathematical Surveys and Mono-
graphs, 110, Amer. Math. Soc., Providence, RI, 2004. MR2061425 (2005e:53101)

Charles Fefferman and C. Robin Graham, Conformal invariants, The mathematical heritage
of Elie Cartan (Lyon, 1984), Astérisque Numéro Hors Série (1985), 95-116. MR837196
Charles Fefferman and C. Robin Graham, The ambient metric, Annals of Mathematics Stud-
ies, vol. 178, Princeton University Press, Princeton, NJ, 2012. MR2858236

A. Rod Gover and F. Leitner, A sub-product construction of Poincaré-Einstein metrics, Inter-
nat. J. Math. 20 (2009), no. 10, 1263-1287, DOI 10.1142/S0129167X09005753. MR2574315
C. Robin Graham and Kengo Hirachi, The ambient obstruction tensor and Q-curvature,
AdS/CFT correspondence: Einstein metrics and their conformal boundaries, IRMA Lect.
Math. Theor. Phys., vol. 8, Eur. Math. Soc., Ziirich, 2005, pp. 59-71, DOI 10.4171/013-1/3.
MR2160867

C. Robin Graham, Ralph Jenne, Lionel J. Mason, and George A. J. Sparling, Conformally
invariant powers of the Laplacian. I. Existence, J. London Math. Soc. (2) 46 (1992), no. 3,
557-565, DOI 10.1112/jlms/s2-46.3.557. MR1190438

Richard S. Hamilton, Three-manifolds with positive Ricci curvature, J. Differential Geom. 17
(1982), no. 2, 255-306. MR664497

Richard S. Hamilton, The formation of singularities in the Ricci flow, in Surveys in differential
geometry, Vol. II (Cambridge, MA, 1993), 7-136, Int. Press, Cambridge, MA. MR1375255
(97e:53075)

Richard S. Hamilton, A compactness property for solutions of the Ricci flow, Amer. J. Math.
117 (1995), no. 3, 545-572, DOI 10.2307/2375080. MR 1333936

Emmanuel Hebey, Sobolev spaces on Riemannian manifolds, Lecture Notes in Mathematics,
vol. 1635, Springer-Verlag, Berlin, 1996. MR1481970


http://www.ams.org/mathscinet-getitem?mr=2183957
http://www.ams.org/mathscinet-getitem?mr=0431287
http://www.ams.org/mathscinet-getitem?mr=2852074
http://www.ams.org/mathscinet-getitem?mr=3431578
http://www.ams.org/mathscinet-getitem?mr=2371700
http://www.ams.org/mathscinet-getitem?mr=1325463
http://www.ams.org/mathscinet-getitem?mr=1050018
http://www.ams.org/mathscinet-getitem?mr=2233789
http://www.ams.org/mathscinet-getitem?mr=2407525
http://www.ams.org/mathscinet-getitem?mr=2405167
http://www.ams.org/mathscinet-getitem?mr=2957626
http://www.ams.org/mathscinet-getitem?mr=837196
http://www.ams.org/mathscinet-getitem?mr=2858236
http://www.ams.org/mathscinet-getitem?mr=2574315
http://www.ams.org/mathscinet-getitem?mr=2160867
http://www.ams.org/mathscinet-getitem?mr=1190438
http://www.ams.org/mathscinet-getitem?mr=664497
http://www.ams.org/mathscinet-getitem?mr=1333936
http://www.ams.org/mathscinet-getitem?mr=1481970

AMBIENT OBSTRUCTION FLOW 4145

[25] Ali Ulag Ozgiir Kisisel, Ozgiir Sarioglu, and Bayram Tekin, Cotton flow, Classical Quantum
Gravity 25 (2008), no. 16, 165019, 15, DOI 10.1088/0264-9381/25/16/165019. MR2429736

[26] Bruce Kleiner and John Lott, Notes on Perelman’s papers, Geom. Topol. 12 (2008), no. 5,
2587-2855, DOI 10.2140/gt.2008.12.2587. MR 2460872

[27] Brett Kotschwar, An energy approach to uniqueness for higher-order geometric flows, J.
Geom. Anal. 26 (2016), no. 4, 3344-3368, DOI 10.1007/s12220-015-9670-y. MR3544962

[28] Ernst Kuwert and Reiner Schétzle, Gradient flow for the Willmore functional, Comm. Anal.
Geom. 10 (2002), no. 2, 307-339, DOI 10.4310/CAG.2002.v10.n2.a4. MR1900754

[29] Claude LeBrun, Curvature functionals, optimal metrics, and the differential topology of 4-
manifolds, Different faces of geometry, Int. Math. Ser. (N. Y.), vol. 3, Kluwer/Plenum, New
York, 2004, pp. 199-256, DOI 10.1007/0-306-48658-X_5. MR2102997

[30] John M. Lee and Thomas H. Parker, The Yamabe problem, Bull. Amer. Math. Soc. (N.S.)
17 (1987), no. 1, 37-91, DOI 10.1090/S0273-0979-1987-15514-5. MR888880

[31] C. Mantegazza, Smooth geometric evolutions of hypersurfaces, Geom. Funct. Anal. 12 (2002),
no. 1, 138-182, DOI 10.1007/s00039-002-8241-0. MR1904561

[32] Carlo Mantegazza and Luca Martinazzi, A note on quasilinear parabolic equations on mani-
folds, Ann. Sc. Norm. Super. Pisa Cl. Sci. (5) 11 (2012), no. 4, 857-874. MR3060703

[33] John Morgan and Gang Tian, Ricci flow and the Poincaré conjecture, Clay Mathematics
Monographs, vol. 3, American Mathematical Society, Providence, RI; Clay Mathematics In-
stitute, Cambridge, MA, 2007. MR2334563

[34] G. Perelman, The entropy formula for the Ricci flow and its geometric applications,
arXiv:math/0211159

, Ricci flow with surgery on three-manifolds, arXiv:math/0303109

, Finite extinction time for the solutions to the Ricci flow on certain three-manifolds,
arXiv:math/0307245

[37] Peter Petersen, Riemannian geometry, 2nd ed., Graduate Texts in Mathematics, vol. 171,
Springer, New York, 2006. MR2243772

[38] Ronald J. Riegert, A nonlocal action for the trace anomaly, Phys. Lett. B 134 (1984), no. 1-2,
56-60, DOI 10.1016/0370-2693(84)90983-3. MR729802

[39] Jeffrey D. Streets, The gradient flow of fM |Rm|2, J. Geom. Anal. 18 (2008), no. 1, 249-271,
DOI 10.1007/s12220-007-9000-0. MR2365674

[40] Jeffrey Streets, The long time behavior of fourth order curvature flows, Calc. Var. Partial Dif-
ferential Equations 46 (2013), no. 1-2, 39-54, DOI 10.1007/s00526-011-0472-1. MR3016500

(35)
(36]

DEPARTMENT OF MATHEMATICS, 419 ROWLAND HALL, UNIVERSITY OF CALIFORNIA, IRVINE,
IRVINE, CALIFORNIA 92697-3875

Current address: Department of Mathematics, South Hall, Room 6502, University of Califor-
nia, Santa Barbara, Santa Barbara, California 93106-3080

Email address: clopez00@math.ucsb.edu


http://www.ams.org/mathscinet-getitem?mr=2429736
http://www.ams.org/mathscinet-getitem?mr=2460872
http://www.ams.org/mathscinet-getitem?mr=3544962
http://www.ams.org/mathscinet-getitem?mr=1900754
http://www.ams.org/mathscinet-getitem?mr=2102997
http://www.ams.org/mathscinet-getitem?mr=888880
http://www.ams.org/mathscinet-getitem?mr=1904561
http://www.ams.org/mathscinet-getitem?mr=3060703
http://www.ams.org/mathscinet-getitem?mr=2334563
http://www.ams.org/mathscinet-getitem?mr=2243772
http://www.ams.org/mathscinet-getitem?mr=729802
http://www.ams.org/mathscinet-getitem?mr=2365674
http://www.ams.org/mathscinet-getitem?mr=3016500

	1. Introduction
	1.1. Introduction
	1.2. Main results

	2. Background
	2.1. Q curvature
	2.2. Ambient obstruction tensor

	3. Short time existence and uniqueness
	3.1. Preliminaries
	3.2. Evolution equations
	3.3. Short time existence and uniqueness

	4. Local integral estimates
	5. Pointwise smoothing estimates
	6. Long time existence
	7. Compactness of solutions
	Acknowledgment
	References

