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BOUNDED ORBITS OF CERTAIN DIAGONALIZABLE FLOWS
ON SL,(R)/SLyn(Z)

LIFAN GUAN AND WEISHENG WU

ABSTRACT. We prove that the set of points that have bounded orbits un-
der certain diagonalizable flows is a hyperplane absolute winning subset of
SLn(R)/SLn(Z).

1. INTRODUCTION

1.1. Statement of main results. Let G be a connected Lie group, let I' be a
nonuniform lattice in G, and let F' = {g; : t € R} be a one-parameter subgroup of
G with noncompact closure. We are interested in the dynamical properties of the
action of F' on the homogeneous space G/I" by left translations. Specifically, we
will focus on the study of the set

E(F):={A € G/T: FA is bounded in G/T'}.

In certain important cases, it turns out that E(F) has zero Haar measure (for
example, when G is semisimple without compact factors and I' is irreducible, this
follows from Moore’s ergodicity theorem [I8]). If F' is Ad-unipotent, E(F) is even
smaller. In this case, by Ratner’s Theorems [20], E(F’) is contained in a countable
union of proper submanifolds, and hence has Hausdorff dimension < dim G. When
F' is Ad-semisimple, the situation is quite different. Motivated by the work of Dani
(cf. [9], [I0)), Margulis proposed a conjecture in his 1990s ICM report [16], which
was settled in a subsequent work of Kleinbock and Margulis [I4]. In that work, they
proved: if the flow (G/T, F') has the so-called property (Q), then the set E(F) is
thick, i.e., for any nonempty open subset V' of G/T" the set E(F)NV is of Hausdorff
dimension equal to the dimension of the underlying space G/I'. In particular, when
F is Ad-semisimple, the flow (G/T', F') always has property (Q).

Given countably many Ad-semisimple Fj,, it is natural to ask whether the set
of points A such that all the orbits F,,A are bounded is still thick. This is natural
from both the dynamical point of view and its relation to number theory. This is
proved to be true for G = SLy(R) and I" = SLy(Z) in [I5], and for G = SL3(R) and
I' = SL3(Z) in [3]. Note that this set is the intersection [, E(F,). A powerful tool
for studying intersection properties of different sets is a type of game introduced
by Schmidt in [21], which is called Schmidt’s (a, §)-game. The game can be played
on any metric space, and it defines a class of so-called a-winning sets (0 < a <
1). When the metric space is a Riemannian manifold, a-winning sets are thick
and stable with respect to countable intersections. In this paper, we will use a
variant of Schmidt’s («, 8)-game, i.e., the hyperplane absolute game introduced in
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[7] and [I5]. This game has the advantage that it can be naturally defined on a
differential manifold without picking a Riemannian metric, while the hyperplane
absolute winning (abbreviated as HAW) sets also enjoy the thickness and countable
intersection properties. See Section 2 for details. Note that, in both [I5] and [3],
the authors prove their results by showing that E(F') is HAW in the corresponding
case. In fact, the following conjecture is proposed in [3].

Conjecture 1.1 (|3l Conjecture 7.1]). Let G be a Lie group, let T be a lattice in
G, and let F be a one-parameter Ad-diagonalizable subgroup of G. Then the set
E(F) is HAW on G/T.

In this paper, we restrict ourselves to the cases
G =SL,(R), T =SLy(Z).

Our main theorem is the following, verifying the above conjecture for a certain class
of F.

Theorem 1.2. Let F be a one-parameter subgroup of G satisfying the following
property:
(1.1)

it is diagonalizable and the eigenvalues of g1 (denoted by A1,...,\,) satisfy
#{i || <1} =1 and #{i: |\| = max A} >n—2.
<j<n

Then the set E(F') is HAW on G/T.
We also prove the following theorem verifying [3, Conjecture 7.2] for F satisfying

@I.

Theorem 1.3. Let F be a one-parameter subgroup of G satisfying (1), and let
Ft={g, € F:t>0}. Let H(FT) denote the expanding horospherical subgroup of
FT which is defined as

(1.2) H(F) = {hEG:t_l)i+moog[1hgt:e}.
Then for any A € G/T, the set

{he H(Ft):hA € E(F')}
is HAW on H(F™).

1.2. Connection to number theory. To begin, let us define a d-weight r to
be a d-tuple r = (rq,...,7q4) € R such that each r; is positive and their sum
equals 1. Due to work of Dani [9] and Kleinbock [13], we know that for a d-
weight r there is a close relation between the set of r-badly approximable vectors
(abbreviated as Bad(r)) and bounded orbits of certain flow corresponding to r in
SLa+1(R)/SLg+1(Z). We will not present the explicit definition of Bad(r) here, but
we remark that they are natural generalizations of the classical badly approximable
numbers. Recently, there has been rapid progress on the study of intersection
properties of the sets Bad(r) for different weight r; for example, see [1112/56,12]
19]. Concerning the winning properties of such sets, Schmidt proved that Bady
(abbreviation for Bad(3, ..., %)) is winning for his game for any d € N. They are
also proved to be HAW in [7]. Recently, An [2] proved that Bad(r) are winning
sets for Schmidt’s game for any 2-weight r. The HAW property is also established
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for such sets by Nesharim and Simmons [19]. To this end, we want to highlight the
following theorem proved in [12], since it motivates the results of this paper.

Theorem 1.4 (cf. [I2, Theorem 1.4]). Let a d-weight r = (r1,--- ,rq) satisfy
d

(1.3) Zmzlandﬁ:...:rd,lzrdzo.
i=1

Then Bad(r) is HAW.

Remark 1.5. Whether Bad(r) is winning (a-winning or HAW) for general weight
r is a challenging open problem proposed by Kleinbock [13].

1.3. Structure of the paper. For the sake of convenience, from now on we will
assume

G = SLg41(R),T = SLy 1(R).

That is, the number n in the title of the paper is replaced by d + 1.

This paper is organized as follows. In Section 2 we recall some basics of certain
Schmidt games, namely the hyperplane absolute game and the hyperplane potential
game. In Section 3.1l we state Theorem Bl and then convert it to the Diophantine
setting using Lemma [B4l Note that Theorem Bl whose proof forms the most
technical part of this paper, can be regarded as a special case of Theorem [[.3l In
the rest of Section 3, we turn to the study of pairs (B, P), where B is a closed
ball in R??~! and P is a rational vector in Q?. We manage to attach a rational
hyperplane and a rational line in R? to the pair (B, P). Section 5 is the core of this
paper, in which Theorem Bl is proved using the information of the pairs (B, P)
and some subdivisions prepared in Sections 3 and 4. In the last section, Theorem
and Theorem [[3] are deduced from Theorem B.11

2. SCHMIDT GAMES

In this section, we will recall definitions of certain Schmidt games, namely, the
hyperplane absolute game and the hyperplane potential game. They are both
variants of the (a, §)-game introduced by Schmidt in [21]. Since we don’t make
direct use of the (a, 3)-game in this paper, we omit its definition here and refer
the interested reader to [2I122]. Instead, we list here some nice properties of the
a-winning sets:

(1) If the game is played on a Riemannian manifold, then any a-winning set is
thick.
(2) The intersection of countably many a-winning sets is a-winning.

2.1. Hyperplane absolute game. The hyperplane absolute game was introduced
in [7]. It is played on a Euclidean space R%. Given a hyperplane L C R? and a
§ > 0, we denote by L(®) the d-neighborhood of L, i.e.,

LO) = {x e R : dist(x, L) < d}.

For 5 € (0, %), the B-hyperplane absolute game is defined as follows. Bob starts by
choosing a closed ball By C R? of radius py. In the ith turn, Bob chooses a closed
ball B; with radius p;, and then Alice chooses a hyperplane neighborhood LEM with
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0; < Bp;. Then in the (i 4+ 1)th turn, Bob chooses a closed ball B;11 C B; \ LEM
of radius p;11 > Bp;. By this process there is a nested sequence of closed balls

Bo2B1 2By D -+

We say that a subset S C R? is 3-hyperplane absolute winning (3-HAW for short)
if no matter how Bob plays, Alice can ensure that

ﬂ B;NS +# @.
i=0
We say S is hyperplane absolute winning (HAW for short) if it is S-HAW for any
B € (0,3).
We have the following lemma collecting the basic properties of S-HAW subsets
and HAW subsets of R¢ ([7], [15], [12]).

Lemma 2.1.

(1) A HAW subset is always %-winning.

(2) Given B, € (0, %), if B> 0, then any B'-HAW set is S-HAW.

(3) A countable intersection of HAW sets is again HAW.

(4) Let o : R* — R? be a C! diffeomorphism. If S is a HAW set, then so is

o(S).

The notion of HAW was extended to subsets of C* manifolds in [I5]. This is
done in two steps. First, one defines the hyperplane absolute game on an open
subset W C RY. It is defined just as the hyperplane absolute game on R¢, except
for requiring that Bob’s first move By be contained in W. Now, let M be a d-
dimensional C'! manifold, and let {(Uy,, ¢ )} be a C! atlas on M. A subset S C M
is said to be HAW on M if for each a, ¢o(S NU,) is HAW on ¢o(Uy). The
definition is independent of the choice of atlas by property (4) listed above. We
have the following lemma that collects the basic properties of HAW subsets of a C'!
manifold (cf. [I5]).

Lemma 2.2.

(1) HAW subsets of a C* manifold are thick.

(2) A countable intersection of HAW subsets of a C* manifold is again HAW.

(3) Let ¢ : M — N be a diffeomorphism between C* manifolds, and let S C M
be a HAW subset of M. Then ¢(S) is a HAW subset of N.

(4) Let M be a C* manifold with an open cover {U,}. Then, a subset S C M
is HAW on M if and only if SN U, is HAW on U, for each .

(5) Let M, N be C* manifolds, and let S C M be a HAW subset of M. Then
S X N is a HAW subset of M x N.

2.2. Hyperplane potential game. Being introduced in [I1], the hyperplane po-
tential game also defines a class of subsets of R? called hyperplane potential winning
(HPW for short) sets. The following lemma allows one to prove the HAW property
of a set S C R? by showing that it is winning for the hyperplane potential game.
This is exactly the game we will use in this paper.

Lemma 2.3 (cf. [I1, Theorem C.8]). A subset S of R is HPW if and only if it is
HAW.
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The hyperplane potential game involves two parameters, 5 € (0,1) and v > 0.
Bob starts the game by choosing a closed ball By C R? of radius pg. In the ith
turn, Bob chooses a closed ball B; of radius pi, and then Alice chooses a countable

family of hyperplane neighborhoods {L k) e N} such that

Z%— (Bpi)”

Then in the (i41)th turn, Bob chooses a closed ball B;; C B; of radius p;+1 > 8p;.
By this process there is a nested sequence of closed balls

By2 B 2By D

We say a subset S C R? is (8,7)-hyperplane potential winning ((3,v)-HPW for
short) if no matter how Bob plays, Alice can ensure that

ﬂB m(SuzUOkLJlL ”“))

We say S is hyperplane potential winning (HPW for short) if it is (3, ~)-HPW for
any € (0,1) and v > 0.

3. CONVERTING TO THE DIOPHANTINE SETTING
Fix d > 2. Recall that we have assumed
G =SL4+1(R),T' = SL441(R).
Let
7 : G — G/T be the natural projection.

We will fix a d-weight r satisfying (L3]) until the last section. For simplicity, some-
times we also write A =7y =--- =rg4_1, 4 = rq. Both Theorem and Theorem
will be deduced from the following theorem.

Theorem 3.1. Let r be a weight satisfying (I1]). Denote

Fr::{gt dlag( Tlt T2t>"'7erdt76_t):t€]R}7 Fj::{gtEFr:tZO}u

and
Id z x
(3.1) U:= {uxw,z ‘x,ze R g€ R} ,  where ux y 5 = 1 y| €eqG.
1

Then the set U N7~ (E(F[F)) is HAW on U.

Remark 3.2. If r satisfies 1y > 74, then the expanding horospherical subgroup
H(F;) defined as in (L2)) coincides with the group U given in (J)). Thus in this
case, Theorem [B.1] can be regarded as special case of Theorem [[3] with A = Id - T.
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3.1. Diophantine characterization. For technical reasons, we will prove Theo-
rem [3.1] by applying the diffeomorphism R?¢~1 — U defined as

(x,9,2) — uy )

x,y,2°
Remark 3.3. In view of Lemma [Z2](3), if we can prove that the set
{(x,y,2) € R Ffu ! T is bounded in G/T'}

r Yxy.z

is HAW on R2??~1  then Theorem [B.1] will follow.

A rational vector P € Q¢ will always be written in the following reduced form:

P= (%, 5), with ¢>0 and p=(p1, ..., pa—1) satisfying ged(p1,...,pa—1,7,q) = 1.
Such a form is unique, thus we may write the denominator of P as a function ¢(P).
We need the following Diophantine characterization of the boundedness

of Fffug) ,I' in G/T. For e > 0 and a rational vector P = (%, 7)€ Q7 writ-

ten in its reduced form, we denote

€

Ac(P) ?Z{(x,y,z) eRI x Rx R ‘y_ Tl <

q‘ gitm’
€
< q1+)\ !

P T
x———(y——)z
q q o

where || - ||oo means the maximal norm on R?~!; that is, for x = (21,...,74_1),
IX|loc = max{|z1|,...,|zq|}. Then we set
Se(r) :=R**' | A(P)
PeQd
and

S(r) = [ Se(r).
>0
The following lemma allows us to convert our problem to the Diophantine setting.
For the proof, one can refer to [I3] (see also [3, Lemma 3.2]).

Lemma 3.4 (cf. [I3| Theorem 2.5]). The orbit Ftu ! ,T' is bounded if and only

r Uxyz
if (x,y,2) € S(r); that is, there is € = €(x,y,z) > 0 such that

pr
max {¢"|qy — 7|, ¢Mlgx —p— (qy — )z} 2 € VP = (E’ 5) € Q”.

3.2. Attaching hyperplanes. Let B denote the set of closed balls in R?¢~! with
radius smaller than 1/d. For any at : 2 x Q¢ — Z% one can define a linear function

on R? that depends on the pair of a closed ball B € Z and P = (%, 2) € Q%
(3.2) Fpp(w)=a"(B,P) - w—a"(B,P)- (g g) . weR

We also write for simplicity

(3.3) C(B,P)=a"(B,P)- (g g) .

Then we can define a hyperplane attached to the pair (B, P) to be
HB,P = {W S Rd : FBJ:J(W) = 0}
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Now we introduce a particular function at : # x Q% — Z¢ which we will use
throughout the paper. We shall need the following lemma.
Lemma 3.5. Letz € RYL. For any P = (%, g) € Q4, there exists (a,b) € Z¢ with
(a,b) # (0,0) such that a-p +br € ¢Z and ||a] < ¢*, b+ z-a| < g~

Proof. By Minkowski’s linear forms theorem (cf. [8, Chapter III, Theorem III}),
there exist a € Z4~!,b, ¢ € Z which are not all zero such that

la-p+br+cg <1, allw<g¢ [b+z-a]<g"

Since a - p + br + ¢q € Z, it must be 0 by the first inequality above. Assume that
a =0 and b = 0. Then it follows from a-p 4+ br + ¢c¢ = 0 and ¢ # 0 that ¢ = 0,
which is a contradiction. Thus (a,b) # (0,0). The lemma follows. O

Now let us consider the following set:
A p = {(a, b) € Z%: (a,b) # (0,0),a-p + br € ¢Z,
lalloe < ¢* |b+25-a] < ¢" +p(B)?},

where zp is the z-coordinate of the center of B and p(B) is the radius of B. It
follows from Lemma that o/p p # @. We choose and fix

a*(B,P) = (a(B,P),b(B,P)) € @ p
such that
§(B, P):= max {a(B, P)|lw, [b(B, P) + 25 -a(B, P)| }

(3.4)

min{max{”a”oo, |b+zp ~a|} :(a,b) € JZ{B)}D}.

This completes the definition of the function a™. Then we define the height of P
with respect to B:

Hp(P) := q(P)§(B, P).

Remark 3.6. From its definition, one can see that the height function Hp(P) is
not canonically defined, i.e., it may depend on a choice. But we have the following
lemma controlling the size of Hp(P).

Lemma 3.7. For any (B, P) € % x Q%, we have
(3.5) q(P) < Hp(P) < q(P)'.

Proof. Write ¢(P) simply as ¢; the first inequality is clear from the definition. By
Lemmal35 o7z p contains a vector (ag, by) with [|ag|«~ < ¢* and |by+2z5-ag| < ¢
Thus, it follows from (34]) that

max { a(B, P)|lw, [b(B, P) + 23 - a(B, P)| } < max { }ag|. b + 2 - 0] }
< max{g*, ¢"} = ¢
The second inequality follows. (Il

Remark 3.8. Tt follows from the definition of a™ (B, P) that C(B, P) € Z; thus the
coefficients of Fp p belong to Z.
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3.3. Attaching lines. We shall define another function,

vh: 2 x Q' — QY
in this subsection. The function v (x, P) takes values in the lattice Ap which is
defined as follows:

AP=Zd+Z(B,f), wherepz(g,f).
q g q 4q
The line attached to the pair (B, P) is defined to be
Lpp:= {W eRY:w— <B, t) =tvt(B,P), tc R} .
qa q

The definition of the function v is given in the following lemma.

Lemma 3.9. For any (B, P) € % x Q%, there exists a nonzero vector
V+(BvP) = (V(B,P)7U(B7P)) € AP
with v(B, P) € R4~ w(B, P) € R such that
(3.6) [[v(B,P) —u(B, P)zp|ls < 2dq(P)™*,  |u(B, P)| < 2d¢(B, P)q(P) ™"
Proof. Write q(P) simply as ¢q. It is easy to check that d(Ap) = 1/q, where
d(Ap) denotes the covolume of the lattice Ap. We will make use of the vector
at (B, P) constructed in the previous subsection. For simplicity, write a™ (B, P),
a(B, P),a;(B, P),b(B, P),£(B, P),zp as a1, a, a;,b, £, z, respectively.
We have the following two distinct cases:
(1) Case Jaglg™ = max(lalg™, .. ., |aa_1/g~, b+ 7 - al€g=>"), where 1 <
k < d—1. Then it is obvious that a; # 0. Consider the convex body
Y 1= {W = (wla"'7wd) € Rd : |wl - Ziwd| < q_)\ai 7é kadv
wa| <E¢TH; fat - w] < 1}
A direct computation shows that
27MVol(S) = Jar| g [ 0 = lawl Mg 207
ik,d
Hence there is a nonzero Ap-lattice point w = (@1, ...,wy) in Xg. By the
definition of at, we have a* - (%, g) = 0. Consequently, a™ -w € Z for all
w € Ap. Hence [a™ - w| < 1 implies a™ - w = 0, and therefore

g — 2] = |ak|_1‘ S ailiy — 280) + (b + 7 - a)wd\

i#k,d
<law 7 (X laill@s — 2l + b+ 2 al 2l )
i#k,d
< |ak|71( Z laillg™ +1b+z- a|§q7)‘7")
i#k,d
<(d-1)g™
(2) Case |b+z-al¢q " =max(jarlg ... [aa1lg™ b+ 2 algg™ ).

Then we consider the convex body

Y= {w=(w1,...,waq) € R": lw; — zywa| <2¢ i #d; |at -w|<1}.
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Since B € %, we have p(B) < 1/d. Thus [b+z-a| < ¢" + p(B)2 < ¢* + 1.
A direct computation shows that

27Wol(Zy) = b+z-a ' [[207 22 M@ +1) Mgt 2 g

i#d
Thus there is a nonzero Ap-lattice point w = (wy,...,wWy) in Y. Similarly
we have
il = b+ 28l 3 (i — )|
i#d
< |b+z.a|’1<Z|ai||u~)i —ziwd|)
i#d
<P+z-al (D 2aide)
i#d
<2(d—1)&g M
In each case above we set vt (B, P) = w, and this completes the proof . O

Remark 3.10. Let Il p denote the subset of R? defined by the inequalities given in
(3:6). Note that the volume of ITg p may be smaller than 1/g, so the above lemma
does not follow directly from Minkowski’s Theorem on linear forms.

4. SOME SUBDIVISIONS

As previously mentioned, we will use the hyperplane potential game in estab-
lishing Theorem [BIl This section is devoted to some preparations for playing a
hyperplane potential game on U defined in ([B.I]). Hence we will fix 8 € (0,1) and
v > 0, and a closed ball By € Z in this section. We are going to define subfamilies
%, (n>0) of % and decompositions of Q¢ with respect to given 3,7, and By.

Firstly, denote

k:= max max{||x|leo, |yl |Z]lcc} + 1.
(x,y,2)€Bo

Then choose a positive number R satisfying

2\ 7
(4.1) R > max{471,10*d%:*}, and (R" —1)7! < (%) ,
and set
(4.2) €= 10_3d_ﬁm_3R_20d2p0,

where pg = p(By).
Let By = {By}. For n > 1, let %,, be the subfamily of & defined by

By ={B C Bo:BR "po < p(B) <R "po}.

In view of (1)), the families %, are mutually disjoint.
Let n > 0, and fix a closed ball B € 4, in this paragraph. We define

Vp:={P¢€ Q?:H, < Hp(P) < 2H, 11},

where
H, = 2d%erpy 'R
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It follows from (B3] that if P € Vg, then
ﬁ% < q(P) < 2Hp41.
We shall also need the following subdivisions of Vp:
Vi = {P € Vs HI™ <q(P) < H?RW} ,
Vi = {P € Vg HﬁRmd%(%—zx)d <q(P) < Hﬁlwad%(zk—z)d} C k>2

One can show an important inequality here: for P € Vg, k > 2,
§(B,P)  Hg(P) 2H, 1
(P q(P)"X = H,ROFN(0d>+(2k—4)d)

Now we define a subfamily 2], of %,, inductively as follows. Let B = {By}. If
n > 1 and Z,,_; has been defined, we let

(43) < 2R78d272kd+1.

B, = {B € %, : B C B for some B' € #,_,, and BN U A (P) = @}.
PcVp

The following lemma plays an important role in the proof of Theorem 311

Lemma 4.1. Letn >0, and let B € #.,. Then for any P € Q% with q(P)'*t* <
2H,+1, we have A (P)NB = @.

Proof. Note that 2H; < 1, and hence we may assume that n > 1. We denote
B, = B, and let B,, C --- C By be such that By € %,. Assume to the contrary
that the conclusion of the lemma is not true. Then there exists P = (%, g) € Q?

with ¢**t* < 2H,, . such that A (P)N By # @ for every 1 < k < n. It then follows
from the definition of %, that P ¢ Vg, , that is,

(4.4) Hp, (P) ¢ [Hi,2Hp+1] V1<k<n.
Let 1 < ng < n be such that

(4.5) 2H,, < ¢""™ <2H, .

We claim that

(4.6) Hp, (P) < Hi, V1 <k <ny.

We prove the above claim inductively as follows. Since Hp,, (P) < ¢'*™* <2H,, 11,
it follows from ([£4) that (6] holds for k = ng. Suppose that 1 <k <mny—1 and
([#8) holds if k is replaced by k + 1. We prove that

(4.7) Hp, (P) <2Hp, ,(P).

Denote a™(B;, P) = (a;,b;),zp, = z;(1 = k,k + 1). We claim that
(4.8) at(By41, P) € o (B, P).

Since a* (B 1, P) € & (Byy1, P), it is clear that

(ap11,0k41) # (0,0), apy1 - P +bpp1r + crr1 =0, lars1lleo < ¢
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On the other hand, it follows from (3] and the induction hypothesis that
(4.9) br1 + 2k - Agr]

<|brt1 + Zrt1 - Appa| + (2 — Zrg1) - Ak

<|brkt1 + Zk+1 - 1| + dl|agt1 | cop(Br)

<" + p(By+1)? +dq ' Hp,,,(P)p(By)

_1
<"+ (BR)"*p(By)* + dHn," Hi1p(By)
1
<q" + §p(Bk)% +d(2d%ekR?)2p(By)?  (by @) and By € %y)

1
<¢"+p(Br)?  (by @2)).
This proves our claim ([L8]). It then follows from (L&) and (B4 that
Hp, (P) = qmax{l|ag|co, [bx + 2 - ar[}
< qmax{l|agi1lloo, [brt1 + 2k - Ap41l}
< qmax{|[ari1lloos [brr1 + Zrt1 - @] + dl|artaloop(Br) }

< 2qmax{[|ari1llcos [Okt+1 + Zhg1 - Art1]}
=2Hp, ., (P).

Thus [7) holds. It follows from (7)) and the induction hypothesis that Hpg, (P) <
2Hyy1. By (4), we have Hp, (P) < Hy. Thus claim (@8] follows. This means
that Hp, (P) < Hy < 1, a contradiction. This completes the proof. O

5. PROOF OoF THEOREM [B.1]

At first, we prove the following proposition which plays a key role in the proof
of Theorem 3]

Proposition 5.1. Fiz 8 € (0,1) and v > 0, and a closed ball By € A as in
Subsection [l Let R be a positive number satisfying (1) and e given by @2l). For
n>0, Be %, and k > 1, consider the set

%BJC,&:{(B’,P) € BxQ': B € Bpin, B CB, P Vg, and Ae(P)ﬂB;AQ}.

Then there exists an affine hyperplane Ey(B) C R24=1 such that for any (B', P) €
CB.k,c, we have
A(P)NB' C Ey(B)E e,

We shall need the following two lemmas.

Lemma 5.2. Let (By, Py), (B2, P2) € € k., and Fp, p, be the function defined in
B2). Then one has

(5.1) |F, p,(P1)| < 30d*k%eq; * RO+ THT2
with

10d%, k=1;
€ —
2d, k>1.
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Proof. Write P; = and let (x;,y;,2;) € A(P;)NB,j=1,2. Then
4 3rYi>Zj

q

pj < ’I”j ) € Tj €
xXj——=—|y— = ]zj|| <= Yj — = .
4 %) e gt 4Gl gt
The latter inequality implies that
Y < ly;] + 1+[L < K
j

J

One has

P11 P2 (7"1 7’2)
= _(=—-=2)zg
q1 q2 q1 q2

+ 2 —25,) + 2 (am, — ) + (2 — o)
q1 q2
SX1——1—<91—T—1>Z1 +X2—&—<y2—r—2)z2
q1 1 00 a2 q2 IS
T2
Fls = sl |2 2| 4] Zlam -2 s el
€ €
< 4 + 1 1+ 106p(B)
1 d2
and
T T2 1 T2 €
—1——2’—(3/1——)4-(?/2——)4‘(2/1—3/2) S gt +2p(B)
q1 q2 1 q2 1

As Fp, p,(P) = 0, it follows that
|F'B,.p, (F1)]

o (m) ()
q1 q2 q1 qz

T T T T
a - (&_&_ <_1__2) sz) (b + 2, - a3) (;__2)‘
q1 a2 a1 42 a1 Q2

€ €
< df|az]|« <ﬁ + 1+>\ + 10”#’(3)) + b2 + 2B, - a2 (T;L + 1+u + QP(B)>
aq q> q d2

< dgd ( € L _¢€ ) L 2gh € L _¢
S agy | Trx 2 T
e q%“ g

+ 12dkp(B) max{||a2\|oo, |bs + zp, - as|}

< deq; ! (q + I - -+ 2 + 2q2> +12dkR ™" pogy ' Hp, (Ps)

< 6deqy *R°* + 48d3m g5 'RFT? (by P, € Vp, ), and Py € Vg, )

< 30d*k> €q, I pesth+2,

Lemma 5.3. For any (B1, P1),(Ba, P2) € €5 k., we have Fp, p,(P1) =0
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Proof. For simplicity, we write the objects a™(Bj, P;), v (Bj, P}), &g, p;, FB,,p;,
Lp; p;, Hp,p, (j =1,2) as aj', v;-r, &, Fy, L, Hj, respectively. There are three
cases:
(1) Case k =1. Then by (&1]), we have
q1|Fa(Py)| < 30d*k%eReTFH2 < 1.

As q1|F»(Py)| € Z, we have Fy(P;) = 0.
(2) Case k > 2 and £, parallel to Hs, that is,

(5.2) aj -vi =0.

Assume to the contrary that Fo(Py) # 0. Write vf = (vi,u) = (v11,- -,
Vg—1,1,u1). We claim that

(53) ql|F2(P1)’Ui)1|, C]1|F2(P1)U1‘ € Zforeach1 <i<d-1.
Indeed, since vi € Ap, \ {0}, we can write
(5.4) vi=c (E, T—1> +c,
a1 q1
where ¢ € Z, ¢ € Z*. Combining (5.2) and (E.4), we get
(55) CFQ(Pl) € 7.
According to (54), ¢1v;,1, q1u1 € ¢Z+¢1Z. Then claim (53] follows directly
from (B.5).

Note that vi” # 0. It follows from (53] that

Q1’F2(P1)’( > Joial + |U1|> > 1.
1<i<d—1

However, according to (3.06]), [@3), and (5II), we have

al (PO 0 foial + )
1<i<d—1
<alBP)|( Y I -zl + (14 (d = Dlizslo)lul)
1<i<d—1

< | Fo(P)| (2d(d = Do+ 2Pag ") (by @)
< 120d°K°eRHTH2¢ g0 (by (B)

< 240d6H3ER2d+k+2R—8d2—2kd+1 (by @:{D)

<1,

which leads to a contradiction.
(3) Case k > 2 and L intersects Ha.
Assume to the contrary that Fy(P;) # 0. Let

J (Q 7”_0>
q0 qo 4o
be the intersection of £; and Hy. Write
. U

+ t()Vir.
q0 q1
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(5.6)

(5.7)

(5.8)

(5.9)

(5.10)
(5.11)

(5.12)
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4 T
Then (I;—g, to) is the solution of the linear equations

als —qvi™) (w\ _ (pi"
aj 0 t Cy )’
+T _+T

where v, p;’ means the transpose of vi", pj” and where Cy = C(Ba, P)
is defined in (3)). Let M be the matrix

als —qvi®T pf”
a; 0 Cg

and let M; (1 < i < d+ 2) be the matrix obtained by deleting the ith
column of M. In view of the fact that v’ € Ap,, a simple computation
immediately implies

det(M;) € ¢§™'Z (1<i<d+2).
By Cramer’s rule,

(ﬁ,to) - ( det(My) det(MdH)) .

qo det(Md+2) L det(Md+2)
Hence
o] = det(May1)| _ [Fa(P)]
det(My42) lag v

In view of (B6) and (&), we have
do < qr " det(May2)| = aifag - vl
According to (B4), (30) and (@3), we have
lag - vy|
< lag - (vi —wizp,)| + [ui(az - zp, + b2)| + |maz - (zp, — zB,)|

< > |£2-2dq1_A|+‘2d£1qfk”~(q5+1)
1<i<d—1

+ |2de1 gy MM &5 - 2dRT po (by B4) and (3.0))
< 4d(d —1)R* e g7 + 4dR €1q7 N + 4d%E1 g7 MR
< Ad°R+H16q7 M (14 2g5 ' RFT?)

< 12d°RHe1g7™  (by Py € Vg, 1)

< 24d2R78d27(2k72)d+2 (by @3)).

It follows that
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By combining the inequalities ({.3)), (5.9)), (5.I0) and the obvious estimate
A > 1/d, we have

6% <qMag v (by B3)
<P (12° R g )T (by (BID))
< 144d" R¥(&} 7 Hp, ()
< 288¢* ROIR~84-2kt1gR1  (by @3) and A > 1/d)
< 600d*R™24-k+2p,

(5.13) < H,.
Note that
P1  Po T To 2d|tg
BB (Do) = ol - 2l < 2
q1 q0 q1 q0 00 q1
and

2d|t
] B
a1 4o q1
We claim that
(5.14) A (P1)N B C A(P).

In view of Lemma @I and (B13), (5I4) will contradict the assumption that
B € #,,. It remains to prove (0.14). Indeed, for (x,y,z) € A(P1) N B, by

@3), 1), 3), 9), and (EI2) we have

To T1 T1 To
oM ly- =<y — |+ - —
qo q1 q0
1tp € 144 2d[t0|&1
<S4 "1t X
@ a; o
€ &1
<5+ 2dq1|F2(P1)\q7 (by B3), B3J), and (EI12))

1

< % 4 120d° k2 R24+k+3-8d*—2kd . (by @&3) and G1)

<
<e
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and
P T
g |l — = — (y——0>z
do do o
< gt X_&_(y_r_1>z b gt E_m_<ﬂ_@>z
q1 q1 00 q1 q0 q1 40 0o
€ 2d|t r r
R LR LI PR
1 a1
€
< gt o T 2dlg Fa(Pr)] - =
a1 51
%\ n n&
+ 2d|q1 Fao(Py)| - o 2R p0q1+u (by (E.8) and (.9))
1 1
A
€ e —
< S+ 2dlq Fo(Py)| Z—i (14 2R " Hp, () (by (BI2))
1
A
< g +60d°x? R2HF42c . D0 (1 L uqr RA2) by (B) and Py € Vi, )
ai
1
< 5+ 30047 K2 RATHH (242 RTECSRDE) T by @F) amd A > 1/d)

A

% + 7200d" K2R ~64+6—F ¢

€.

IN

Proof of Proposition [L1l. Choose (B, Py) € €B k. such that
qo = q(Py) = min {q(P) : 3 closed ball B’ with (B, P) € €5 .} -
Consider the attached hyperplane in R24-1
Hpyp = {(x,y,2) ER* ' rag - x+ by — C =0},
where af = (ag, by) and C' = C (B}, Py) are given in Subsection 32l We claim that
Hpy,p, is the Ej(B) that we need. In other words, for any (B’, P) € €p ..,

—(n+k)
A(PYNB CHy o)

Indeed, we have proved in Lemma [5.3] that P € Hpy p, for (B',P) € 6B . Hence
for any (x,y,2) € A(P)N B, we have

o (2)en o)

p T
<(d—1Dllaglleo [|x — = — y——)z
(d 1) a0l : ( d

A € €
S(d_l)QOW‘FquW

€
(Jo'

lag - x +boy — C| =

+|b0+z~a0|

oo

r
y— —
q

<(d+1)
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Denote the width of this thickened hyperplane as w. Then

(d+1)e
= gomax{||ag|[oc, [bo[}
< (d+1)e
~ (14 (d—1)k)"1go max{||ag||ec, |bo + z - ao|}
(d+ 1)1+ (d—1)k)e

<
Hn—i—k
< R-(HR) g,
which finishes the proof. O

Proof of Theorem 3.1l In view of Remark 3.3l Lemma 2.3 and Lemma[3.4] to prove
Theorem ] it suffices to show that the set S(r) is (8,~)-HPW for any 5 € (0,1),
v > 0. Fix 8 € (0,1) and v > 0 from now on. Bob starts the (3,~)-hyperplane
potential game on R?¢~1 with target set S(r) by choosing a closed ball By C R?4~1
of radius pg. As discussed in [3| Remark 2.4], without loss of generality we may
assume that Bob will play so that pg < 1/d and p; := p(B;) — 0, where B; is the
ball chosen by Bob at the ith turn. Now we have that 3, > 0, and By satisfy the
conditions of Proposition 5l Let R be a positive number satisfying (1)) and let
€ be the constant given by ([@2). Write i, to be the smallest nonnegative integer
with B;, € %,. Let N denote the set of all n € N with B; € %,,.

Let Alice play according to the strategy as follows. At the ith stage, if i = i,
for some n € N, then Alice chooses the family of hyperplane neighborhoods
{Ek(Bin)(3R7("+k)”0) : k € N}, where the hyperplane Ej(B;,) is given by Proposi-
tion Bl Otherwise, Alice makes an empty move. Since B; € 9, it follows that
pi, > BR™"py. Hence Alice’s move is legal as we have

S (R "M pg)T = (3R " po) (R — 1) < (Bpi, )"
k=1

by (@I). We claim that this is a winning strategy for Alice, that is, the point
') . .
Xoo = [Nj=o Bi lies in the set

o0
—(ntk)
U U U BBy, 000,

neN k=1

There are two cases.

(1) Case N =NU{0}. For any P € Q% there is n such that ¢'** < 2H, ;.
Since n € N, we have B;,, € 4,,. Then we have A (P)NB;, = @& by Lemma
L1l Thus it follows from the definition of S(r) that xo € Se(r) C S(r).
Hence Alice wins.

(2) Case N # NU{0}. Let n be the smallest integer with n ¢ A. Then we have
B;, ¢ B, and B;, , € B, _asn—1€N. By the definition of 4, there

tn—1
exists P € Vp, 1 with 1 <k <n and A(P)NB;, # J. By Propos1t10n

B we have A (P)N B;, C Ek(Bi7L7k)(R7nP0). In view of p;, < R "py, it
follows that x,, € B; C Ek(Binfk)(?’anpo). Hence Alice wins.

in

This completes the proof of Theorem 311 O
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6. PROOF OF THE MAIN THEOREMS

In this section, we deduce Theorem and Theorem from Theorem [B.11
Indeed, the argument presented here is similar to the argument presented in [3]
Section 6]. For the sake of completeness, we reproduce the proof in our setting
here.

Proof of Theorem [[.21 The proof is divided into three steps:

Step 1. We show that it suffices to prove that the set E(FT) is HAW on G/T.
Indeed, by applying the diffeomorphism

7:G/T = G/T,7(gT) = (¢7)~'T

to the set F(F1), we can see that the set F(F ™) is also HAW if E(F*) is, where
F~ denotes the subsemigroup {e} U (F ~ F*). Hence, in view of the intersection
stability of HAW sets, E(F) will be HAW if E(F7) is as well.

Step 2. We show that it suffices to prove the theorem for F* = F.f, which was
defined in Theorem Bl Indeed, by the real Jordan decomposition (cf. [I7, Propo-
sition 4.3.3]), for any one-parameter diagonalizable subsemigroup F'*, there are
one-parameter subsemigroups F;" = {gt(z) :t >0} (i = 1,2) such that F}" is R-

diagonalizable, FQ‘L has compact closure, and g; = gt(l)g,gz) with gt(l) commuting

with g,gz). It is obvious that E(FT) = E(F;"), and as the eigenvalues of gt(Q) are of
absolute 1, it follows that Fy" satisfies (ILT)) if £+ does. Hence we are reduced to
consider the case where F' satisfies (ILT]) and is R-diagonalizable, which is equivalent
to saying that there exists ¢’ € G and r satisfying (I3)) such that F* = ¢’ F.Fg'~L.
Note that in this case we have E(FT) = ¢'E(F.F). Hence our statement follows
from (3) of Lemma 2.2

Step 3. We prove the theorem for F,F. In view of Lemma 22, we have to prove
that for any A € G/T', there is an open neighborhood  of A in G/T" such that
QN E(F) is HAW on Q. Let

P—{geG:

g= (11\; 19,) , T € GL;—_1(R),N € ng(d_l)(R),T/ is lower triangular}.
It is not hard to check that for any g € P, the set {gtgg{1 : t > 0} is bounded in
G. Consider the Bruhat decomposition of G viewed as the R-point of an R-split
group [4, Theorem 21.15]. The set G — PU is Zariski closed] by [4, Theorem 21.26].
Hence the set PU is nonempty and Zariski open in G. Moreover, the multiplication
map P x U — PU is a diffeomorphism since it is an algebraic isomorphism.

According to the Borel density theorem, the set m=1(A) is Zariski dense in G.
Hence, 7=1(A) N PU # @; that is, there exists pgp € P and ug € U such that
A= poUQF.

Let Qp and Qy be open neighborhoods of pg and ug in P and U, respectively,
which are small enough such that the map ¢ : Qp x Qy — G/T', ¢(p,u) = pul is a

1Here, the Zariski topology means the topology induced from the Zariski topology of SLg+1(C).
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diffeomorphism onto an open subset Q in G/T". In view of Lemma [2.2(4), it suffices
to prove that the set

(6.1) o~ (B(F) Q) = {(p,u) € Rp x Qu s pul’ € B(FH)}

is HAW on Qp x Qp. By the definition of P, we have that pul’ € E(F.") if and
only if ul' € E(F,"). It follows that the set (6.I)) is equal to

Op X{UGQUUFGE(F:)}

Then it follows from Theorem BI] and (5) of Lemma that the set E(F,) is
HAW. O

Proof of Theorem [[L3. We will prove the theorem only for F* = F," with r satis-
fying (L3)) here, since the proof for general F'T satisfying (1)) follows along the
same lines as Step 2 of the proof of Theorem and will be omitted. There are
two cases:

(1) Case ry > rq. Then it is easy to check that H(FT) is equal to U. We need
to prove that for any A € G/I, the set u € U such that uA € E(F*) is
HAW on U. In view of Lemma 2.2} it suffices to prove that for any ug € U,
there is an open neighborhood 2 of up in U such that the set

(6.2) {fueQ:ul € BE(FT)}

is HAW on . Similar to the proof of Theorem [[.2] the Bruhat decom-
postion and the Borel density theorem imply that 7' (A) Nuy ' PU # @.
Choose gg € 7 1(A) N ualPU. Then A = goI" and uggg € PU. Let €y be
an open neighborhood of uy in U with 2199 C PU. Then there are smooth
maps ¢ : Q1 — P and ¥ : 3 — U such that

(6.3) ugo = d(w)p(u) Yu € Q4.
We claim that
(6.4) the tangent map (dv),, is a linear isomorphism.

It follows from claim (64]) that the set (6.2) is HAW. Indeed, assuming
([64), we can find a neighborhood Q C €; such that 1 is a diffeomorphism
when restricted on 2. Note that for u € €2, the set

Frul = Ffugol = F,F ¢(u)ip(u)T

is bounded if and only if F.F¢(u)A is bounded. Hence, in view of Theorem
BIland Lemma[22 we prove that the set ([62) is HAW modulo claim (G.4]).

Let’s turn to the proof of claim ([€4). Write p1 = ¢(u),u1 = ¥(u). Then
it follows from (6.3]) that

(65)  drgy(Y) = dru, © (d6)uy(Y) + dip, 0 (), (Y) WY € T, 0,
where r, (resp., l,,) denotes the map defined by multiplying v on the right
(resp., on the left) on G. If (di)),,(Y) = 0, then the left-hand side of (6.5
belongs to Ty, 4, (Uuogo) and right-hand side belongs to T, (Puogo); thus
Y = 0. This proves claim (6.4)).
(2) Case ry =1y = %. In this case, the expanding horospherical subgroup H
coincides with the subgroup Uy defined as

Up := {uy : x € R},  where uy = (Iod T) eqG.
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In view of the correspondence presented in [9, Theorem 2.20], the set
{x € R? : uxI' € E(FT)} coincides with the set of badly approximable
vectors Badg, which is proved to be HAW already in [7]. Then we omit
the remaining part of the proof here, since it is similar to the proof of the
above case 1 > 4. [l
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