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ITERATED MATCHED PRODUCTS
OF FINITE BRACES AND SIMPLICITY; NEW SOLUTIONS
OF THE YANG-BAXTER EQUATION

D. BACHILLER, F. CEDO, E. JESPERS, AND J. OKNINSKI

ABSTRACT. Braces were introduced by Rump as a promising tool in the study
of the set-theoretic solutions of the Yang-Baxter equation. It has been recently
proved that, given a left brace B, one can construct explicitly all the non-
degenerate involutive set-theoretic solutions of the Yang-Baxter equation such
that the associated permutation group is isomorphic, as a left brace, to B.
It is hence of fundamental importance to describe all simple objects in the
class of finite left braces. In this paper we focus on the matched product
decompositions of an arbitrary finite left brace. This is used to construct new
families of finite simple left braces.

1. INTRODUCTION

Braces were introduced by Rump [31] to study a class of solutions of the Yang-
Baxter equation, a fundamental equation in mathematical physics that has become,
since its origin in a paper of Yang [40], a key ingredient in quantum groups and Hopf
algebras [27]. The primary aim of this paper is to present new general constructions
of finite braces, with the main focus on constructing finite simple braces. The latter
is the key step in the challenging problem of a classification of finite simple braces.
Our approach is based on the notion of iterated matched product of braces, which
turns out to be an indispensable tool in this context.

Recall that a solution of the quantum Yang-Baxter equation is a linear map
R: VeV — V&V, for a vector space V, such that

(1) Ri12R13R23 = RozRi13R12,

where R;; denotes the map VVe@V — VRV ®V acting as R on the (i, j) tensor
factor and as the identity on the remaining factor. A central and difficult open
problem is to construct new families of solutions of this equation. An equivalent
problem is to find solutions of the Yang-Baxter equation

(2) RiaRa3R12 = Ra3RiaRa3.
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In fact, if 7: V@ V — V ® V is the linear map such that 7(u ® v) = v ® u for
all u,v € V, then it is easy to check that R: V®V — V ® V is a solution of the
quantum Yang-Baxter equation () if and only if R = 7 o R is a solution of the
Yang-Baxter equation (2). In the context of quantum groups and Hopf algebras
such solutions are often referred to as R-matrices (see for example [7}27]). Drinfeld
in [16] initiated the investigations of the set-theoretic solutions of the Yang-Baxter
equation; these are the maps r: X x X — X x X such that

(3) T12T23T12 = T'23712723,

where r;; denotes the map X x X x X — X x X x X acting as r on the (4, j)
components and as the identity on the remaining component. Note that if X
is a basis of the vector space V, then every such solution r induces a solution
R:V®V — VRV of the Yang-Baxter equation (2)).

Gateva-Ivanova and Van den Bergh [21] and Etingof, Schedler, and Soloviev [17]
introduced a subclass of the set-theoretic of solutions, the nondegenerate involutive
solutions. Recall that a set-theoretic solution r: X x X — X x X of the Yang-
Baxter equation (B), written in the form r(z,y) = (f2(y), gy(x)) for z,y € X, is
involutive if 72 = idx2, and it is nondegenerate if f, and g, are bijective maps
from X to X, for all € X. This class of solutions has received a lot of attention
in recent years; see for example [8 0L 12-14,[17H2T] 2526, 29,[3T,[39]. Braces were
introduced to study this type of solution. Recall that a left brace is a set B with
two operations, + and -, such that (B, +) is an abelian group, (B, -) is a group, and

(4) a-(b+c)+a=a-b+a-c

for all a,b,c € B. A right brace is defined similarly but replacing property (@) by
(b+c)-a+a = b-a+c-a. If B is both a left and a right brace (for the same operations),
then one says that B is a two-sided brace. Rump initiated the study of this new
algebraic structure, though, using another but equivalent definition [30H36]. In
particular, he noted that the structure group G(X, r) of a nondegenerate, involutive
set-theoretic solution (X,r) of the Yang-Baxter equation (solution of the YBE for
short) admits a natural structure of left brace, such that its additive group is the
free abelian group with basis X and zy —x = f,(y) for all x,y € X. The structure
group G(X,r) was introduced and studied in [I7L2T] and it is defined as the group
with the following presentation:

G(X,r)= (X |2y = fo(y)gy(x) for all z,y € X).

Another important group associated to a solution (X, r) of the YBE is its per-
mutation group G(X,r), which is the subgroup of the symmetric group Symy on
X generated by {f; | z € X}. The map = — f, extends to a group epimorphism
¢: G(X,r) — G(X,r) with kernel Ker(¢) = {a € G(X,r) | ab = a + b for all
b€ G(X,r)}. The group G(X,r) inherits a natural left brace structure so that ¢
becomes a homomorphism of left braces.

Some important open problems have been solved in [13] using braces. Several
aspects of the theory of braces and their applications in the context of the Yang-
Baxter equation have been recently considered in [22/37] and [II]. It is known
that every finite left brace is isomorphic to G(X,r) (as left braces) for some finite
solution (X,r) of the YBE ([I3, Theorem 2]). Thus, by [I7, Theorem 2.15], the
multiplicative group of every finite left brace is solvable. But not all finite solvable
groups are isomorphic to the multiplicative group of a left brace [2]. In fact, there
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exist finite p-groups that are not isomorphic to the multiplicative group of any left
brace. Given a left brace B, in [4] a method is given to construct explicitly all the
solutions (X,r) of the YBE such that G(X,r) = B as left braces. Therefore, the
problem of constructing all the solutions of the YBE is reduced to describing all
left braces. The challenging problem of classifying all finite left braces naturally
splits into two parts:

(a) Classify the simple objects in the class of finite left braces.
(b) Develop an appropriate theory of extensions of left braces.

Note that by [I5] Corollary I1.6.12], a version of the Jordan-Holder theorem holds
for finite left braces, emphasizing the importance of simple left braces.

Recall that an ideal of a left brace B is a normal subgroup I of its multiplicative
group such that A\y(a) € I for all a € I and b € B, where )\ is the automorphism
of (B,+) defined by M\y(c) = be — b, for all b,c € B. For example, the socle
Soc(B) = {b € B| A\, =id} is an ideal of B. A left brace B is said to be simple
if it is nonzero and {0} and B are the only ideals of B. Recall that a left brace
is said to be trivial if its multiplication coincides with its addition. The socle of
an arbitrary left brace B is a trivial brace. It is known that every simple left
brace of prime power order p™ is a trivial brace of cardinality p [31 Corollary on
page 166]. Until recently, these were the only known examples of finite simple
left braces. The first finite nontrivial simple left braces have been constructed in
[B, Theorem 6.3 and Section 7], the additive groups of which are isomorphic to
7/(p1) x (Z/(p2))*P1=D+1 where py,po are primes such that py | p1 — 1 and &
is a positive integer. We shall give a much larger class of examples based on the
construction of matched products of braces, which is introduced in [3] as a natural
extension of the matched product (or bicrossed product) of groups [27]. Note that
matched products of groups also appear in the context of solutions of the YBE; see
for example the survey of Takeuchi [38] and [22].

Every left brace B admits a left action \: (B,-) — Aut(B,+) defined by A\(b) =
Ap for all b € B (see [I3| Lemma 1]). It is called the lambda map of the left brace
B. Recall that, given the lambda map of a left brace B, each of the structures
(B,-) and (B, +) determines the other one uniquely.

Lambda maps are used to define the matched products of left braces.

Definition 1.1. Let G and H be two left braces. Let o : (H,-) — Aut(G,+) and

B:(G,") — Aut(H,+) be group homomorphisms. One says that (G, H, a, §) is a
matched pair of left braces if the following conditions hold:

(MPI) )\((11) o Qp = Oé,@a(b) 9] )\(1)

—1
g, (@)

(MP2) >‘I()2) © Ba = Bab(a) © A,Ef—)l ()’
ap(a)

where a(b) = o, and B(a) = B, for all @ € G and b € H, with A(!) and \(?)
denoting the lambda maps of the left braces G and H, respectively.

Let (G, H, o, ) be a matched pair of left braces. Then by [3, Theorem 4.2] G x H
is a left brace with addition

(a,b) + (a', b)) =(a+a, b+ 1)
and with lambda map given by

ron 1 / () !
/\(a,b) (a’ 7b ) - (ab)\atjl(a) (a )7 ﬁa)\ﬁgl(b) (b )) ’
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Definition 1.2. Let (G, H, a, ) be a matched pair of left braces. The left brace
defined as above is called the matched product of G and H. We simply denote it
by G H.

Note that if 3 is trivial, then we get a semidirect product G x H of left braces,
considered in [34] and [13, Section 6], and then G is an ideal of G > H; and if
additionally « is trivial, then we get the direct product G x H of left braces.

Of course, if (G, H, a, 8) is a matched pair of left braces, then so is (H, G, 8, «).
Furthermore, it easily is verified that the map G < H — H < G defined by
(a,b) — (b,a) is an isomorphism of left braces.

Recall that a left ideal of a left brace B is a subgroup S of its multiplicative
group such that A,(a) € S for all @ € S and all b € B. Note that for every
ba € S we have b — a = A\,(a~'b). Thus, in particular, S is a left subbrace of
B. If G > H is a matched product of left braces, then G x {0} and {0} x H
are left ideals of G >t H. Conversely, it is not difficult to see (use for example
Lemma 2 in [13] to verify conditions (MP1) and (MP2)) that if B is a left brace
and Bi, By are two left ideals of B such that (B,+) is the inner direct sum of
(B1,+) and (Ba,+), then (Bi, Ba,a, ) is a matched pair of left braces, where
ap(a) = ba — b and B,(b) = ab — a, for all a € By and b € By. Furthermore, the
map 7 : By 1 Bo — B defined by n(a,b) =a+b, for all a € By and b € By, is an
isomorphism of left braces.

Our main starting point is the following observation, contained implicitly in
[3l Section 4].

Remark 1.3. Let B be a finite nonzero left brace. Then there exist distinct prime
numbers p1,...,p; and left braces Hy,..., Hy, with & > 1, such that |H;| = p;*
and B is an iterated matched product B = (...(H; <1 Ha) < ...) 1 Hy of left
braces. Moreover, each H; is a left ideal of B.

Essentially, the key argument used in the proof is that the Sylow subgroups of
(B,+) are left ideals of B. In Section 2l we give a proof of a more general result,
Theorem 241

Remark [[L3] explains why one can construct finite left braces using matched
products, with braces of prime power order as the building blocks. In particular,
all finite simple left braces can be constructed in this way. It is the aim of this paper
to construct a large class of simple braces via this method. So we focus on part (a)
of the classification problem. Some partial results on the classification of “small”
left braces can be found in [1,23182]. Concerning part (b), i.e., developing a theory
of extensions of left braces, some preliminary results can be found in [3[56]28].
But a general theory is missing.

In Section 2] we study iterated matched products of left braces corresponding
to an inner direct sum of left ideals. First we characterize the iterated matched
products of left braces that are of this form. Next, we give necessary and sufficient
conditions for such a matched product to be simple provided the left ideals are
simple left braces.

In Section [] we first generalize an intriguing construction of Hegedfis [24], de-
veloped in the context of regular subgroups of the affine group, which has been
recently considered also in [3] and [9]. Next, within this class, we construct iterated
matched products of left braces and we give necessary and sufficient conditions on
the actions corresponding to these matched products for their simplicity.
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In Section Ml we construct concrete examples of simple left braces of the type
described in Section Bl We also show how to construct more examples of finite
simple left braces using the results of Section 2] and thus indicating that this may
be a very rich area to explore. In this context, as mentioned before, it is shown in
[4, Theorem 3.1] how to describe for a given left brace B all solutions of the YBE
with associated permutation group isomorphic to B (as a left brace). So the new
examples constructed in Section F] provide new families of solutions of the YBE.

Finally, in Section[B] we state two problems that are fundamental for the program
of the classification of finite (simple) left braces and thus a description of all finite
solutions of the YBE. The first problem is concerned with the automorphism group
of a finite left brace of prime power order. The second problem deals with simplicity
of left braces of orders of the form p™¢™, for two primes p,q. In this context,
Smoktunowicz in [37] recently proved the following property.

If |B| = q"k with q prime, (q,k) =1, k# 1, and B is a simple left brace, then

there exists a prime p such that q|(p* — 1) for some 1 <t and p'|k.
So, if B is a simple left brace of order p™¢™ (with p and ¢ different prime numbers
and n,m positive integers), then p|(¢* — 1) and ¢|(p® — 1) for some 0 < ¢ < m and
0 < s < n. We observe that these conditions are not sufficient for simplicity of B.

2. FINITE BRACES AS ITERATED MATCHED PRODUCTS OF LEFT IDEALS
AND SIMPLICITY

In the first part of this section, motivated by Remark [[L3] we characterize left
braces that are iterated matched products of subbraces that are left ideals. In the
second part, we prove a simplicity result that is later used to construct several new
families of simple left braces.

Let B be a left brace. Suppose that there exist left ideals B,..., B, of B such
that n > 2 and the additive group of B is the direct sum of the additive groups of
the left ideals B;. Denote by A the lambda map corresponding to B;, which is the
restriction to B; of the lambda map X of B. For 1 < j < n, denote by A"+ the
lambda map corresponding to By + - - -+ Bj, which is the restriction to B1+-- -+ B;
of the lambda map of B. Since By + --- + B; and Bj; are left ideals of B, the
maps

QU+ L)) (Bjt1,-) — Awt(B1 +--- + Bj, +)
defined by a((-3)i+1)(z) = ag(g(l""’j)’jﬂ), aUth-D)(y) = O‘(yjH?(L'“J))’

aé(l"“’j)’jﬂ)(y) =y —x, and a?(,jﬂ’(l’”"j))(x) =yr—y,forallz € By +---+ B
and y € Bj11, are homomorphisms of groups. Since A, o )\)\;1@) = \p0 )\)\b—l(a) (see
[13, Lemma 2]), we have that

: i+1 1,..9),7+1 1,e9),5+1 j+1

) AT 0alyiIth) =l DT a0t and
11 (17'-'a‘+1) (‘+17(1a"'7l)) — (‘+1)(17"'a‘)) (1)"'7""'1)

(i) s oa(i&(l ,,,,, j>,jj+1>),1(y)—ayj ! OA(O(;J'JrJL(l ,,,,, DY=1 ()"

Therefore (By +- - -+ B;, Bj1, 0T h (i) q((1e3)341) i a matched pair of left
braces, and, by [3, Theorem 4.2], the map

m,...j+1° (Bl + e+ B]) X BjJrl — Bl + -4 BjJrl,

defined by n1,... j+1(z,y) = & + v, is an isomorphism of left braces.
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We define the maps g>(1) = o(2(M) = g((1).2) = (((1):2) "and, for 1 < j < n,

i)t ) By s x B; — Aut(Bj4+1,+) and

ﬂ(jJrl’(l""’j))Z Bj+1 g Aut(31 X e X Bj, +)

by B DIt (ay,.. . a) = B BUL Q) (a5 4) = T,
B I (a50) = o5 D (ag0), and
ﬂéﬁi}’(l""’j))(al,... ) _T}] ((l]:;}( ))nj(alv""a‘j)v

where n: By XX B — B1+- -+ By is defined by ng (a1, ...,ax) = a1+ -+ag,
for 1 <k <n.

Proposition 2.1. With the above notation,
((-..(Bia Ba) p<...) 1 By, Bjyq, BUTH L) g((1end)o 1)

is a matched pair of left braces, and the map nj11: (...(B1 > By) > ...) X
Bjy1 — B1+ -+ Bjq1 is an isomorphism of left braces, for all 1 < j < n.

Proof. We will prove the result by induction on j. For j = 1, the result fol-
lows because S2(1) = (M) and (12 = ((1):2) " Suppose that j > 1 and
the result is true for j — 1. By the induction hypothesis, n; is an isomorphism
of left braces. Thus, since a((t7)3+1) and @+1(1-3) are homomorphisms
of groups, we have that B((1-3)7+1) and gU+L1:7)) are homomorphisms of
groups. Let A(17) be the lambda map of the left brace (...(B1 ™ Bg)x...)
Bj corresponding to the matched pair of left braces ((...(B1 b Ba) b4 ...)
Bj_1, Bj,ﬂ(j’(l’“"jfl)), B3 =1):9)) - Since 7; is an isomorphism of left braces,

)\ A0y

al, 7aJ)_ ay+-- +a]77]

To show that (... (Br 54 By) o< ...) 0 By, Byyy, BUHL(Leud)) BLe) 4D s o
matched pair of left braces, we should check the following equalities:

A Y1) (G+1,(1,...,9)) G+L1,0d)) o §(Lensd)

B Al aﬂoﬁ(ﬁ“l';j:;””“) gy P04 N B Aoy
(j+1) (1, ,J)J+1) ((1,.. J)J'H) (J+1)

()Aaﬁl ﬂ ((12111(1 """ My=Lay,...,a;) 6((“ A(ﬁ(ill’;f_fil)ﬁl)) Hajq1)

We first prove equality (i):

1(1,..0.9) (G+1,(1,..,9))
A(al’m’aj) 5 Ez(zllﬁ,'.‘,'.’,])]ﬂ)) Haj41)

(Lesg) 5 L UFL(L00))

= . O )\ (07 N on;
artte (aé(f;‘“’it””)*%am) K
- o+, ;
- 773‘ aJ+1 © )\ (J+1 (1 ----- 9))) 1(ay4-4a;) ©1j
= BUFL.s) o 3o J) )
ajq1 (B(ﬂrl (1, J))) (ay,...,a;)
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Now we prove equality (ii):

AUFD 4 5((1,4.-,j)7j+1)
(

aj41 ﬁ((lJJ‘:—ll»(l ~~~~~ j)))—l(al 11111 aj)
j 1,..,5),+1)
— A(J""l)oa(( ; .
G ey ) T e ayg)
((1,05),3+1) (4 (G+D)
= Qi e oA (G
a1t C AR (RS
_ gt G
(a1,...,a;) (5((5111,)......,:7(3;.7)+1))71(aj+l)

Hence ((...(By > By) > ...) >4 By, By, BUTHML00)) g((1L-3).04 1)) ig a matched
pair of left braces. Now 741 = mi,_. j+1 © (n; x id). Since clearly 7,41 is an
isomorphism of the additive groups and 7, . j41 is an isomorphism of left braces,
it is enough to prove that

(n % id) AT EY (b, b)) = ALY by by b))

(a1,.-,a;541) (a1+-+aj,ajq1)
where A((1:7):7+1) is the lambda map of the left brace (By + --- + B;) 1 Bj 1.
We have that
(ny < )AL (b, b))

1y~~7aj+1)

= (g xid)(BY DR (b, b)),

B 1 (an,ag)

((L,ee)5d+1)  (G+1) ‘
ﬁ(al""’“i) /\(ﬂéélly, ''''''' ?2;§+1))71(aj+1)(b]+1))
: -1_(j end 1,.0g
= O X T N ) sy 00 o)
((153)55+1) y (G+1)
Har+-+ay) (O‘Efxlﬁff.jig;r)l))*l(Gj+1)(ijrl))
j )y (Lyeesd
B (a((ljji‘fv(l,u-J)))\EaEIj:il?(l ,,,,, j)))’l(alJr-“Jra]‘)(bl 4+ 4+ bj),
((1,00,5).3+1) y (5+1) ,
'+ ") Aallt 0y gy P541)

A((seeesg) i+ 1) (by+ - +bj,bjr1)

(ar1+-+a;,a541)

Therefore the result follows. O

Note that with the above notation
{0} x -+ x {0} x B; x {0} x --- x {0}

is a left ideal of (... (Bj > Bg) < ...) 1 B,,. This motivates the following defini-
tion.

Definition 2.2. Let By,..., B, be left braces. We say that an iterated matched
product of left braces (... (By > Bg) <1...) I B, is an iterated matched product
of left ideals if each {0} x -+ x {0} x B; x {0} x --- x {0} is a left ideal of it.

Note that if B = (...(By >t Bg) X ...) X B, is an iterated matched product
of left ideals and o € Sym,,, by Proposition 2.1l we know that B is isomorphic to
(. (Coy > Copay) ... ) 4 Oy, where C; = {0} x- - -x {0} x By x{0} x- - -x{0} is
a left ideal of B. Hence, in an iterated matched product (... (B > Bg) < ...) 1 B,
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of left ideals the order of the factors is irrelevant, and this allows us to write it simply
as By <1 By xi... < B,,.

As mentioned before, if By <1 By is a matched product of two left braces By
and Bs, then it easily is verified that both factors are left ideals. However, the
following example shows that a factor of an arbitrary iterated matched product is
not necessarily a left ideal of the left brace. It shows, in particular, that not every
iterated matched product of left braces is a matched product with the defining
factors as left ideals.

Example 2.3. Let A = Z/(p), where p is a prime. Then A is a trivial brace.
Consider the trivial brace A x A and the maps a: (A,+) — Aut(4A x A, +),
defined by a(a) = a, and aq(b,c) = (b + ac,c¢) (here ac is the multiplication in
the field Z/(p)). Clearly « is a homomorphism of groups. The semidirect product
(A x A) x A with respect to « is a left brace with the sum defined componentwise.
This is a particular case of matched product of left braces. The direct product
A x A is also a particular case of matched product of left braces. But {0} x A x {0}
is not a left ideal of (A x A) x A; in fact A,,1)(0,1,0) = (a1(0,1),0) = (1,1,0).

We often will use the following useful formula, valid in any left brace B:
bi+-dby = (b4 +be)N g, ()
== (bl + te + bS_Q))\b_ﬁF"'+bsf2 (bs_l))\b_li"“Fbsfl (bs)

(5) = A (02N g, (B) - A, (B),
forany s>1land b€ B,i=1,...,s.

Theorem 2.4. Let By,..., B, be left braces with n > 2. An iterated matched
product B = (...(By > Ba) X ...) 1 By, of left braces is an iterated matched
product of left ideals if and only if there exist homomorphisms of groups

ol (B;,-) — Aut(B;, +)

satisfying the following conditions:

(1v1) A((k) jaﬁi’?ﬁ;mw B O‘f(’jyz), ; Aigg(-:’;-lw wnd
(IM2) ae o a(iik’j))*l(b) = Oéb-]’ Oa(a;()j’k))’l(c)’

foralla€ B;,be Bj, c€ By, i,j,k € {1,2,...,n}, j #1i, k#1i, and k # j, where
N9 is the lambda map of the left brace B; and o) (a) = aEZ’)j), and furthermore
(...(B1 ™ Bg)...) > Bjiq is the matched product corresponding to the matched
pair of left braces

((...(By > By) d...) < Bj, Bj1, QUL (L)) o ((Led)od 1)y

where
((Lye0)5d+1) _ (1,541), (2,5+1) NN RS
(6) Uariag) T YT THG0D) o (gy) T K@l a0y 1 g,
ay,..., aj_1
(7) az(z];_tll(l’myj))(alv s ’aj) = (at(z];—_tll71)(a1)’ LR az(z];_tlld)(a’j))'
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Proof. Denote the lambda map of B; by A(® and the lambda map of (...(B; >
By) <t ...) < Bjpp by A9+ for all 1 < j < n. Suppose first that there exist
homomorphisms of groups a9 : (B;,-) — Aut(B;, +) satisfying all the conditions
in the statement. We shall prove that {0} x -+ x {0} x By x {0} x --- x {0} is a
left ideal of B by induction on n. For n = 2, the result follows by [3, Theorem 4.2].
Suppose that n > 2 and that {0} x --- x {0} x B; x {0} x --- x {0} is a left ideal of
(...(Bi=xBa)x...)x B,y foralli =1,...,n—1. Let (a1,...,a,), (b1,...,bn) €
By x --- x B,,. We have that
AlLm) 0,...,0,b,) = (0,.. .,07a((1""’"71)’n))\(n2(1 Dom) (bn))

(a1,..san) (a1,an-1) “(a
and for i < n,

A (0,...,0,b;,0,...,0)

(ar,..an

= (afm@m=1) \ (=) (0,...,0,b;,0,...,0),0).

an (aly TN T an—)

By the induction hypothesis, there exists ¢; € B; such that
Al:n—1) (0,...,0,b;,0,...,0) = (0,...,0,¢;,0,...,0).

(afy ") " ar, e an )

Hence
(1,...,n)
A(ah._’an)(o, ...,0,b;,0,...,0)

= (al™@m=D)(0,...,0,¢;,0,...,0),0)

n

= ((0,...,0,a{™(c;),0,...,0),0) (by (@)

Thus {0} x -+ - x {0} x B, x {0} x---x {0} is a left ideal of B for every k =1,...,n.
Therefore B = (... (By 1 Bg) < ...) 1 B, is an iterated matched product of left
ideals.

Suppose now that B = (...(By < Bg) X ...) > B, is an iterated matched
product of left ideals. Let m; be the natural projection mp: By X - -+ X B, — By.
We define

affj’”(ai) = 71'1‘)\207”.,0?%70,.”70) 0,...,0,a;,0,...,0),
for all a; € B;, a; € By, 1,5 € {1,2,...,n}, and ¢ # j. Note that since {0} x --- x
{0} x B; x {0} x --- x {0} is a left ideal of B, we have that

1,....,n )
Ao 00 (0,004,0,05,0,..,0) = (0,....,0,a(a;),0,....,0).

Now it is clear that ag’i) € Aut(B;,+) and
i3)\ — 1,..., _
(%)M ai) = m(AG 0 o) (00102, 0,a5,0,..,0).
We shall prove by induction on n that

AE;;;;;’Q_V)%OWO) (0,...,0,0;,0,...,0) = (0,...,0,A%(5,),0,...,0),

for all a;,b; € B;, and i = 1,...,n. For n = 2, this follows easily by the definition
of A\(2) Suppose that n > 2 and that

Ao b0 (05-,0,b3,0,...,0) = (0,...,0, A0 (by), 0, ..., 0),
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for all a;,b; € B; and i =1,...,n — 1. Suppose that ¢ < n. In this case

1,....,n
AEQ O{lm 0(0,...,0,0:,0,...,0)

o (1,...,n—1)

= N0 00050, 0,b5,0,...,0),0)
= ((0,...,0,A%(5:),0,...,0),0).

For 1 = n we have

Ao (05, 0,b,) = (0, 0,8 (b)),

Note that
0,...,0,a;:,0,...,0)(0,...,0,b;,0,...,0)

= (0,...,0,a:,0,..., )+/\E OLMO’ 0(0,...,0,b:,0,...,0)

= (0,...,0,a; + \)(b:),0,...,0)
(O,...,O,aibl—,O,...,O).

Hence
(1,...,n) (1,.. (1,...,n)
A0 0.a,b,.0,..,0) = Ao, OaJ,o, 0)N0110.b;.0,...,0)°
Therefore we get that a((zjbz = a((ljjl)a,()j ) Hence the map a(J’i): (Bj,) —

Aut(B;,+), defined by aU(a;) = agj Z), is a homomorphism of groups. Now
we shall check condition (IM1). Note that

0,...,0, )\(z) (Ji/v)" bi).0.... .0
( a; (Sz:fn)’l( )( ) )
_ (1,...,m) (4,%)
= Ao.0.ai.0,. 0)(0 0 a(jm)) 1(a )(b) 0,...,0)
— (1,...,n) (1,...,n) ‘
= A 0 M ) a0y (O 20820, 0)
= Al y
A 0y (00,(al7)71(a5),0,...,0)
(1,...,n) -
)\(A(l(’i""nzz) (i,9) )’1(07»--70>ai,07»--,0)(0’ ,0,;,0 ,0)
A(UZ:U:O,ai,0,,.,,0)(0 **** 0,(aq; )~ 1(a;),0,...,0)
= )\(1 ----- n) )\(1 .n) 0..0.0.5:.0. .0
(00:05,0--0) g8 o 0))_1(O,...,O,ai,O,‘..,O)( )
_ (1,..., n) (1,...,n) ‘
= 00000 L0,(a )1 a0y 0 083,055 0)
= (0,. Oaﬂl ,\(Z) (b:),0,...,0),

(@)1 (as)

i) (1) —
“H )1y
and (IM1) is proved. Similarly one can check that condition

where in the third equality [I3] Lemma 2] is used. Hence )\g
(3,%) 5 (8)

%" Aty 1 (a0
(IM2) is satisfied. Before proving (@) we claim that

1ejit1 1,e0k) k1

)\Eal,..‘j,ak,)o,.‘.,O) (Oa ceey Oa Ak+1, Oa ceey O) = (Oa cee Oa O‘E((ll’m’a)k) )(akJrl), 07 s ,O)a
forall 1 < k < j < n. We will prove the claim by induction on j. For j = 1, we
have

A2 (0,02) = (0,082 (a2)),
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by the definition of A(1:?). Suppose that j > 1 and that the claim is true for j — 1.
For k = j we have that

_ 1,.00),5+1
A(l(;hj_falwo) (0,...,0,aj41) = (0,.. "O’O‘Eil,..fcf,§+ Naj1)),

by the definition of A(1++1) For k < j we have

AL 1) 00+ +,0,ak41,0,...,0)

(at,e.r,a,0,...,

1,...,9
— (A§a17_4?721k707.__70) (0,...,0,a541,0,...,0),0)

= (0,...,0,a!tBEED (0 0, 0),

> (atyan)

where the first equality is by the definition of A(*:»~i+1) and the second is by the
induction hypothesis. Hence the claim follows. Now we will prove condition (@]).
We have

0,...,0 Oz((l""’j)’j+1)(aj+1))

? (ar,..,a4)

1,.,j+1
= AL 0,,0,051)

(a1,...,a;
- AEiZ;&ftéi()\Ei’l';(')’ftlo)))*1(0,a2,0,..‘,0)---)\5111’1';_'.’_":;)71’070))*1(O,...,o,aj,o)(O’ 5 0,a541)
B AErlzy{,lbljjj)))<<o,a531“‘>>ﬂ<a2>,o,..‘,o>---<o,..‘,txa§£31 ''''''''' (a0 (©,--,0,a541)
= NN ) ) Nl 00 0 0O 0r54)
,,,,, i
e

where the first equality is by the definition of A(*7+1)  the second follows from

@), the third follows by the claim, the fourth is because of the properties of the
lambda maps, and the last follows because /\E(l)ézl)o O)(O, ...,0,a;,0,...,0) =
(0,...,0, ozgfi’k)(ak), 0,...,0) for all 4 # k. Therefore (@) follows. To prove (@), note
that

(Oé(jJrl,(l,.uyj))(al7 . ,aj)’ 0)

aj+1
_ \@eg+D)
= /\(07.__767%“)((11, ...,a;,0)
J

— (1,e05+1)
= ZA(OM{WH)(O,...,o,ai,o,...,o)

i=1
= ) (0,...,0,a7 ) (a;),0,...,0)

i=1
= (a¥T (@), af 11 (a2),. .., a1 (a)),0).

Hence (7)) follows. This finishes the proof of the theorem. O

Using the notation of Theorem 2.4] for an iterated matched product of left ideals
B =(...(By > By) X ...) X By, it can be checked that the i-th component of
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AL )(b1, ..., by) is of the form

(1,3) . (2,%) (i—1,9) (1)
« «Q i e i—2),i— A i)
@ Tl Y) "1 (az) (a2 ) 1 ag) (a1 a))
+1,4) (n,3)
8 'a(z i), QY n—1),n i) -
®) O R L TCITES B (Y anl_q)/))*l(an)( i)

Note that one can interpret By,..., B, as left ideals of B such that the additive
group of B is the direct sum of the additive groups of the left ideals B;. Then
(al, . 7an) corresponds to aj +- - -+a,, the maps a correspond to some restrictions
of the lambda map of B, and formula (§]) follows from (&l).

In the remainder of this section we focus on simplicity of left braces that are
iterated matched products of left ideals.

We will use the following easy but useful result.

Lemma 2.5. If I is an ideal of a left brace B, then (A, —id)(a) € I, for alla € B
and b e I.

Proof. Let a € B and b € I. Then (\, —id)(a) =ba —b—a = A,(a"1ba) — b € I,
so the assertion follows. O

Let B be an iterated matched product of its left ideals By, ..., B, of relatively
prime orders. Consider the oriented graph I'(B) = (V, E), defined as follows. The
set of vertices V.= {1,...,s} and (i,j) € F is an edge if the corresponding map
al®d) : B; — Aut(Bj,+) is nontrivial. We call I'(B) the graph of (nontrivial)
actions of B.

Theorem 2.6. With the above notation and assumptions, assume that every B; is
a simple left brace. Then the left brace B is simple if and only if T' = T'(B) contains
a full (oriented) cycle, i.e., a cycle that contains all vertices.

Proof. Suppose I' contains a full cycle. Let I be a nonzero ideal of B. Choose a
nonzero element by +---+b, € I, with b; € B;. Since B is a direct sum of its additive
subgroups B; of relatively prime orders, it is easy to see that 0 # b; € I N B; for
some . Let j € V be such that (¢, j) € E. Hence there exists an element a; € B;
such that algj’])(aj) # a;. Recall that affi’])(aj) = aja; — a; = Aq,(a;). So, by
Lemma 25 0 # aéi’ﬂ)(aj) —a; € I NB;. It follows that B; C I because B; is a
simple left brace. Since I' contains a full cycle, this easily implies that By C I for
every k, and consequently I = B.

Conversely, assume that I' contains no full cycle. Then there exists ¢ such that
W = {k € V : there exists a path in I from i to k} # V. Let I = > .y Bj.
Clearly, I is a left ideal of B. Hence I is M-invariant. We will check that I is an
ideal of B. Then the result follows. Let b € B. Write b = by +- - -+ by, with b; € B;.
From (f) we know that b = ¢; - - - ¢5 for some ¢; € B;. Let a € B, for j € W, so that
a € I. Since A\.(c"tac) = A\y(c) — ¢+ a, we get that ¢ lac = A\ (Aa(c) — c+a). If
¢ € By, for some k ¢ W, then \,(c) = ¢, so that ¢c"tac = A;'(a) € I. On the other
hand, if ¢ € By, for some k € W, then ¢,a € I and thus also ¢ tac € I.

We know that a = ZjeW a;, with a; € Bj,j € W. Therefore, again by (&), we
also have a = aj, - - -a;,, where ji,...,jx € W. Now ¢ tac = ¢ laj,cc taj,c- -
¢ taj,c €I for every ¢ € B; and any 4. Since b= ¢; -+ - c5, we get that b~lab € I.
Hence, I is an ideal of B and the result follows. O
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Notice that the proof of the necessity in the above theorem does not require the
hypothesis that B; are simple left braces. Hence, the existence of a full oriented
cycle in T'(B) is a necessary condition for B to be simple.

We shall see in Example [£.3] that the following result provides an effective way
for constructing matched products of left braces.

Proposition 2.7. Let By, ..., B, be left braces. Assume that (™9 : (B;,.) —
Aut(Bj,+,-) are group homomorphisms, for all i,j € {1,...,s}, i # j. Assume
also that

(1) aat(lk,i)(a‘)

(i) af Db — ofb o,

foralli,j, k€ {1,...,s} withi # j and i # k, where a, € By, for every m. Then
the maps o'»9) satisfy conditions (IM1) and (IM2), and defining aU+H(9) and
L0+ g5 in @) and (), we get an iterated matched product of left ideals
By > ...~ Bs.

Proof. Tt is enough to verify conditions (IM1) and (IM2) stated in Theorem [24

Dol ) ) = ADalO(b)

alaffj’l)(bl) — Q;
ol (@)~ (@b — () (a)

_ s (4)
= ( )o)\( G, 1)) (al)(bi),

for a;,b; € B; and a; € Bj, where A is the lambda map of B;. Thus (IM1)
follows. Now we verify condition (IM2):

(ki) o o35

Y™ Xk 1(a))
= o) 00l = ali) oot = ol ”oaik&)m) o
for a; € B;, a; € B;, and ay, € By,. Thus the result follows. O

3. CONSTRUCTIONS OF SIMPLE BRACES

In this section, we first present a family of left braces with trivial socle that
generalizes the family presented by Hegediis [24] and Catino and Rizzo in [I0].
Then we use it to construct a broad family of simple left braces.

Let p be a prime number, and let r,n be positive integers. Assume @ is a
quadratic form over (Z/(p"))™ (considered as a free module over the ring Z/(p"))
and suppose f is an element in the orthogonal group of @ (that is, an element
f € Aut((Z/(p"))™) such that Q(f(v)) = Q(v) for any v € (Z/(p"))™). Assume
that f has order p”"/ for some 0 < 7/ < r. Consider the additive abelian group
A = (Z/(p"))"*L. The elements of A will be written in the form (&, u), with
7€ (Z/(p"))" and p € Z/(p"). Consider the maps Az ,): A — A defined by

(9) A (1) = (PG, '+ b(E, [1E (7)),

for (&, p), (¢, u') € A, where ¢(Z, u) := p—Q(Z), and b is the bilinear form b(Z, ) :=
QT + 9) — Q(¥) — Q(7) associated to ). Note that Az, is well-defined since ¢
takes values in Z/(p") and f is of order p”’, for some 0 < 1/ < r.
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Recall that @ is nondegenerate if and only if the matrix of b in the standard
basis of (Z/(p"))™ is invertible.

Theorem 3.1. The abelian group A has a structure of a left brace with lambda
map defined in @) and with multiplication given by a -b = a + Ao (b). Moreover, if
Q is nondegenerate, then the socle of this left brace is

Soc(A) = {(0, ) | p € p" Z/(p")}-

In particular, if v’ = r, then the socle of this left brace is zero.

Proof. Since f is bijective, it is clear that Az, is bijective. By the definition of
A(#,u)» it also is clear that it is an automorphism of the abelian group A.
To prove the first part of the result, by [3, Lemma 2.6], it is enough to check
that /\(f’u)/\(g#/) = A(f’H)J’,)\(iYM)(yﬁy‘u/). On one side,
A@m A (%) 77)
= Az (ST (2),n + b(F, f1T)(2)))
(10) (fq(:c,u)+q(y; )(g) + (7. fq(yu )(g)) + b(Z, fq(o?,u)+q(z7,u/)(g))),
Note that
a((Z, ) + Az (7. 1))
= q(@ + PO () 4 1+ b(E qu )
— !+ BE FIER () — QE + F1E ()
— 4 B(E P () - Q) — <fq () — b(@, F1E) ()
=p+p = Q@) - QW)
=q(Z, p) +q(g, 1)
Hence
(11) a(Z, 1) + Nz (. 1) = a(Z, 1) + a(F, 1)
On the other side we have
A )2 o @.00) (Z1)
= (fI@ETAE T (2) p 4 b(Z + 1T (), FUEDTAGW T0) (7))
(fq(x ) +a(Fu’ )( 7),n + b(Z + fa@ u)( 7), fa@m+a@p )(5))) (by (D)
(fq(x ) +a(G,u’ )( 7), 77—|—b(f‘1(“”’”)( 7). fq(x w)+a(F.u’ )( 7)) + b(&, f1 (&) +q(Fu’ )( 7))
= (JOERHATI (3, 1 b(F, FUT0(E) 4 b(7, fIE0 T (29))

Therefore, by ([@Q), Az, Ag,u) = A(E’H)Jr)\(iyﬂ)(g,ux), as desired.

To prove the second part of the statement, assume that @ is nondegenerate.
Let (Z, 1) be an element of the socle of the left brace A. Then f9@) = id and
b(7, fA@#)(F)) = 0 for all 7. Since Q is nondegenerate, ¥ = 0. On the other hand,
since f4@#) =id and f has order p”’, we have = p— Q(Z) = q(Z, 1) € p" Z/(p").
Therefore, the result follows. |

Notation. The left brace described in Theorem [B1lis denoted by H(p",n, Q, f).
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Let R be a ring. For any matrix A over R, we denote by A’ the transpose of
A. Sometimes we identify R™ with the row matrices of length n over R. So, for
x € R™, 2 is the column transpose of the row x.

Now we shall construct iterated matched products of left braces of the form
H(p",n,Q, f) and, as a consequence, we will give some new constructions of finite
simple left braces. To do so we will make use of the existence of elements C' of order
p" in GL,(Z/(q®)) for two different primes p and ¢q. Note that the natural image of C
in GL,,(Z/(q)) also has order p” and therefore p” has to divide (¢"—1) - - - (¢"—q"~1).
In particular, p | ¢t — 1 for some 1 < t < n. In light of the necessary condition
for the existence of finite simple left braces mentioned in the introduction this is a
natural assumption which will implicitly show up throughout the paper.

We will fix some notation. Let s be an integer greater than 1 and let p1, pa, ..., ps
be different prime numbers. Assume that pi,ps,...,ps—1 are odd. For 1 < i < s,
assume that finite left braces H; = H(p;',n;, Q;, fi) are constructed as in Theo-
rem 1] with additive groups (Z/(p?))™** (r; and n; are positive integers) and
with the corresponding lambda map defined by

(12) AL @il = (SR (G, i+ 053, £ (37))),
where

- Q; is a nondegenerate quadratic form over (Z/(p;*))™,

- f; is an element of order p:; in the orthogonal group determined by @Q;, for
some 0 < 7} <y,
- ¢i(Tis i) = pi — Qi(T3) (with p; € Z/(p;)),
- 0i(%5, 03) = Qi(Ti + §i) — Qi(T3) — Qi(%i)-
For 1 < i < s, suppose ¢; is an element of order pfrf in the orthogonal group
determined by @;, ¢s is an element of order pi* of Aut((Z/(p%<))"), and vy €
(Z/(pL))™=, such that

(13) Qs(cs(7)) = Qu() + vsT"
and
fici = cifi,

for 1 <i<s. For1l<1i,j<s, define the maps

QD (Hy, ) — Aut(Hy, +) : (%5, 1) — al:?)

(Tj:15)°
with
k+1.k - Tt -
aéfk-}—l::kﬁ-l)(xk?u’k) = (CZHI( o MHI)(mk)vﬂk)v for 1 <k <s,
a&‘i)m)(fsa M) = (031(51#1)(5&)7 s + ”8((id +es+ -+ Cgl(fl7ul)_1)(58))t)v
and o2 = idg, otherwise. It is easy to check that

(@,15)
bs(cs(fs)y cs(gs)) = bs(fsu :'js)

Thus, if ps # 2, then v, = 0. Note that agg:l’k;kﬂ) is well-defined since g1 takes

values in Z/(p,"') and the ¢y are of order p,i''. Similarly a%’j)m) is well-defined

since ¢q; takes values in Z/(p}*) and ¢, is of order pi*. Note also that

i (Hi,) — (Z/(p}*), +)
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is a homomorphism of groups, because
(Zv) - (Bv) = (Fv) + 22, (V)
and by (1))
ai((Z,v) + 22 (EV) = ai(Zv) + q:(L V).
Therefore, each a%) is a group homomorphism.
Lemma 3.2. With the above notation, for 1 <1i,5 <s, and (&;, ;) € H;,
Qi(agé’;?w)(fhﬂi)) = ¢;(Zi, 113).
Proof. Let (Z,ux) € Hg, for k=1,...,s. Fori=1,...,s— 1, we have

(i+1,1)

qi(a(fiJrlaHiJrl)(fh Ki)) = %(C?‘“(w‘“’/‘tﬂ)( ) 1)
Mi — Qi(CgiJrl(fi*l’“iJrl)(fi))
= p — Qi(%)
= qi(f’ia ,u‘z)

On the other hand,
gu(alz®) (@s 11s)
= qo(P T (F,), s + vs (i o5 4 -+ + TR (F )
= ps +os((id+es 4+ Cgl(fl’ul) 1)(53)))5 — Qs (qu(ml M)(f )
= us—Qs(@)  (by @)
= qs(Ts, prs)
Therefore, the result follows. O

(3,9)
(Z,15)
the element (Z;, 1t;) but just on the value g;(Z;, ;). Therefore Lemma B.2leads to

the following consequence.

It follows from the definitions that the map « does not depend directly on

Lemma 3.3. With the above notation, we have

a((j(’}?j) - agg?w)'
Lemma 3.4. With the above notation, we have that ag ) ) € Aut(H;, +,-).
Proof. Since a(] %) o€ Aut(H;,+), to prove the result it is enough to show that
(14) ol NG @ 1) = /\(zi)i o (mi’ui)aﬁé’j"?ﬂj)(yﬁ,ué)~

For 1 <i < s we have that

(i+1,%) ()
a(fi+1,#q‘,+1))\(z1 ) (i :U'z)

= A UF T @G, w4 i@ T ()

( 1+1>NL+1)

= (ngJrl( i1l ffi(m“#i)(g’i%ug+bi(fi7fi% Im#i)(g’i)))



ITERATED MATCHED PRODUCTS OF FINITE BRACES AND SIMPLICITY 4897

and
() (i+1,7) I
1 o (¥ )
(i+1,2) = . T i 1y g
a(fi-%—lv“i-f—l)(x“/l‘l) ( i+1 Hz+1)
(4) qz+1(mz+17#7+1)(
(i41,%) (%5,1) c
(Fipropiqpr) 00"
L (i41,0)
= (ffh(a(fﬂrl*“iﬂ)
1

i)s 1)

(Zi,m4)) q+1(ZL+1,/Jzz+1)( ),

1

qi(a ‘Q’l WD (@) )
+bi(c] gi+1(Ziv1, “1+1)(f,) fz @ ipmip) ng+1(mz+17#z+1)(%)))

_ (Cq7+1(17+1 St 1 fqz(wz i) (jj)
by (&, £ (7)) (by Lemma [3:2] and because fic; = c¢; fi).
Hence

(i+1,7) (2) - ()
a(fi+1,m+1))‘(fi,m)(yi’ ,U,;) - Aa(Hl'i)

(Tig1mit1

(i41,7)

-
) (Eispi) (fi+17m+1)(yi’ui)'

Because fscs = ¢, fs and since f; is orthogonal with respect to Qs, using (I3]) one

easily verifies that v fs(7") = vsy'. Hence, we also have that

(1,s) (s) R ,
a(fl,ﬂl)A(i’s,Ms) (ysa /145)

= A T EI (o), 1+ b, f2E 1) (1))
— (cgl(fl’m)fgs(a?s,us)(ﬂ) 1 + by (fs7qu(fsuus (7))
0 (i e 4 - BT (£ Footts) (7))
(D ) ) i+ b )
+os((d+es + -+ 4 TR (GO0 (by ([3))

)\(S()l,s) - 04(1 ?) (2787/1’5)

x £
a(f1,u1)(m5”u5) (@1,01)

= A0 (@) (),

(Z1,11)
Fog((id e + - 4 T (7))

a:(aly”, ) (Fns))

= (fs

(Zs,ps)

Q1($17M1)( ):U's
0, ((id +es + - -+ B Fr) =1y ()

ql(fl,ul)(gs)))

+b, (cm(mlm)( ) f %%1 o (Footts)

— (Cgl(rl,m qu s )( AN
+os((id e +--- + 031(51’“1)71)(%))’5)
+bs(Zs, fIo ””5”‘5)(375))) (by Lemma B.2] and because fscs = ¢sfs).

Hence

IS I PING Ls) -
(wl Ml))\(is,ﬂs)(ys’MS) - )\agéi)“l)(is’us)a(wl Ml)(ysaus)

and the result follows. O
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Lemma 3.5. With the above notation, we have that
(ki) (3,9 (4,) (ki)
X&) © a(wmlh) = Y@n) © V@)
foralli,j ke {1,2,...,s8}, j#1i, k#i, and k # j.
Proof. This follows from the definition of the maps a9 (recall that ag’j)ﬂj) = idg,
if (j,)) {0+ LD [1=1,....,s =1} U{(s,1)}). O

By Lemmas [3.3] B4 and the maps o) satisfy the hypothesis of Proposi-
tion 221 Therefore the maps a¥?), with 1 < i,j < s, define an iterated matched
product Hy < ...p>x Hy of left ideals.

Theorem 3.6. With the above notation, the left brace Hy > ... <1 Hy is simple if
and only if ¢; —id is an automorphism for all 1 <17 < s.

Proof. Let I be a nonzero ideal of Hy < ... < Hs. Let (&1, p1,...,%s, 1s) € I be
a nonzero element. Suppose that &; # 0 for some i. Since the orders of the left
braces H; are pairwise coprime, we may assume that 7y = 0 and ur = 0 for each
k # i and &; # 0. Note that for (7;,Q;(7;)) € H; we have that ¢;(7;, Q;(%;)) = 0,
for every j. Hence, by ([I2))

A2 o1y oo ) = (&, s + bi(Fi, 7))

So, (0,0,...,0,b(7, ), ...,0,0) € I (where b;(i;, Z;) is in position 2i). Since Q; is
nondegenerate and #; # 0, there exists 7; such that b;(i;, Z;) # 0. We may assume
that b;(y;, ;) = pi*, for some 0 < s; < 1;.

On the other hand, if Zy =0 for all k =1,...,s, then p; # 0 for some 7. In this

case, we also get that (6, 0,...,0, pi .., 0, 0) € I (where p;* is in position 2i), for
some 0 < s5; < 1;.
Thus, without loss of generality, we may assume that ; =0, for all [ = 1,...,s,

and there exists ¢ such that p; = p;* and py = 0 for each k # i. By Lemma [2.5] if
i =1, then
()‘(fl,ul,...,fs,ps) - ld)(gjlu /1'/17 ey :'jsa /’Lls)
1 . — = ~ 1,s . —
- ((AE;I oy — 1@ 1), 0,0,...,0,0, (a2 —id)(F, 1))
= ((ff" —id)(#1).0,0,0,...,0,0, (c** —id)(¥),
vs((id +cs + —i—c”1 Y@ )b e,
for all (g1, ph, ..., Usyptl) € Hix .. Hg. If 1 < 4 < s, then
()\(51,;/&1, 755,/145) - ld)(g17ull7 ey gsvlu/s)
1) e g >
= (0,0,....( %; id) (71 #h1)s N2y = 1) (@, 5h), -+, 0,0)
= (0,0,..., (") =1d)(§i-1),0, (f" = id)(#),0,...,0,0) € I.
Note that if 1 < i < s, then the endomorphism of (Z/(p;— 1))" -1 induced by

cf‘ 1 — id is nonzero and thus there exists ¢;_; such that (cf‘ 1 —id)(%im1) ¢

(10Z 1Z)(p; i)t If i = 1, then the endomorphism of (Z/(ps))™ induced by

ot ' _id is nonzero and thus there exists #/s such that (c5* —id) (¥s) & (psZ/(phe))"=
Hence we may assume that

— —

(0,07...,2k,Vk,...,0,0) el,
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for some 2, € (Z/(p*))™ \ (pxZ/(p)}))™ and some v, € Z/(p,*). As above, we
get that

(6,0,...,6,bk(gk,§k),...,6,0) el
(where by (¥, 21 ) is in position 2k). Since @y, is nondegenerate and 2j, € (Z/(p;*))™*\

(PeZ/(pyr))™*, there exists ¥ € (Z/(p*))™ \ (pxZ/(py*))™ such that by (¥, Zx) is
an invertible element in Z/(p;*). Hence

wy = (0,0,...,0,1,...,0,0) e I

(where 1 is in position 2k). We get by the above argument that

wy = (0,1,0,0,...,0,0),...,ws = (0,0,...,0,0,0,1) € I.
Now it is easy to see that the ideal generated by {ws, ..., ws} is equal to

{(Zi,vn,..., Zs,vs) | i € L) (D)), Z; € Vi},

where

Vi= (e = @) | ansaf € Z, 5 € (Z)(07)™)+
for 1 < ¢ < s. Note that f; and ¢; are elements of relative prime order in the

group Aut((Z/(p;"))™). Hence the subgroup generated by f; and ¢; is (fic;), for
1 <4 < s. Therefore

‘/i = Im(fici - 1d)7
for 1 <7 < s. Note that

(fiei —id)Pi" = fl ¢ —id+pih

= & —id+ph;

= (e —id)" +pihi,

for some h;, h; € End((Z/(p;*))™). Clearly, p;h} is in the Jacobson radical of the
ring End((Z/(p;*))™). Hence fic; — id is an automorphism if and only if ¢; —id is
an automorphism. Thus the result follows. |

4. REALIZATIONS OF CONSTRUCTIONS OF SIMPLE BRACES

In this section concrete examples of finite simple left braces constructed as in
Theorem are given. Using Proposition 2.7 and Theorem 2.6 we then also
construct more examples of simple left braces.

First, we need some computations for matrices over Z, which we will later reduce
to Z/(p"). Consider the companion matrix of the polynomial 2"~ ! + 2772 4 ... +
z+1,

0 0 - 0 -1
1 0 - 0 -1

D=0 . . : | eGL,(2),
e 0 -1
0 - 0 1 -1

that has multiplicative order n. Let E € M,,_1(Z) be the matrix given by

E=-(1d+D'D+ (D?)!D* 4 ... + (D" H!D" ).

1
2
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By a straightforward computation, one can check that
n—1 -1 ... -1
-1
: .o —1
-1 - -1 n-1
Since D™ = 1d, it follows that D'!ED = E. It is an easy exercise to check that

det(E) = n" 2.
Consider the quadratic form @ over Z defined as

Q) = Z Tix;

1<i<j<n—1

for # = (z1,22,...,2,_1) € Z"*. One can check that

(15) QD@) = Q<f>+(”‘1)xi_1—<n—1)zxixn1.

2
Let s be an integer greater than 1. Let p1,po, ..., ps be different prime numbers
and let rq,72,...,75 be positive integers. Assume that pq,...,ps_1 are odd. If

ps = 2, then we also assume that ¢ = 1. Consider the following matrices:
D;=D (modp;), E;=FE (modp;")

with D;, E; € GLp:_ﬁ171(Z/(p:1))7 for 1 <i<s,and Dy, Es € GLpglil(Z/(pgg))
Recall that det(E;) = n?"’&, where n; = p:ff, for 1 < i< s, and ny = p'. The
order of D; is nj;, and D;Eij = E;. Hence, D; is an element of order n; in the
orthogonal group determined by the nonsingular quadratic form corresponding to
E; on the free module (Z/(p;)™)™~1 if p; is odd. Moreover D; — Id is invertible
(because 1 is not an eigenvalue of D; modulo (p;)).

If p, =2, then we consider the quadratic form Q, on the vector space (Z/(2))P1' —1
defined by Qs (1, ... ’qulnlfl) = Zlgiq‘gp’{l—l x;x;. In this case, let v, = (0,...,0,

(%) € (2/(2))7 1. By () we have that

Q0. = Q)+ () ey = @)+

Let 0 < 7} < r;. Consider in M (Z/(p;*)) the block diagonal matrices
P’

(n;—1)
with p: blocks of degree n; — 1:

D, 0 - 0 E; 0 - 0
0 D, . |0 E :



ITERATED MATCHED PRODUCTS OF FINITE BRACES AND SIMPLICITY 4901

Consider the following block permutation matrix:

0 0 - 0 J;
Ji 0 0
Fi=1o s,
: Ji 0 0
0 0 J; 0

where J; € M,,,_1(Z/(p?)) is the identity matrix. Notice that F! = F; ' and

F!B,F;
o J;, --- 0 0 E 0 - - 0 o 0 -~ 0 J
o 0 . 0 0o E . : J, 0
= O .
: .0 0 J; : E, 0 Ji 0 0
J, - 0 0 0 0 0 E; 0 0 J; 0
= B,.

Therefore, F; is an element of order p:;? in the orthogonal group determined by
the nonsir}gular quadratic form corresponding to B; on the free module
(Z/(py)P (=Y if p; s odd.

For p, = 2, if v, = 0, then Fj is the identity matrix. If 7, = 1, then we
consider the quadratic form @, on the vector space (Z/(2))2™=1 defined by
QL(x1,- - Tan,—1)) = Qs(w1,...,n, 1) + Qs(Tn,, ..., Ton,—1)) and the element
vl = (vs,vs) € (Z/(2))?™==1). In this case Fy is an element of order 2 in the or-

S
thogonal group determined by the nonsingular quadratic form Q.. We also have

that Q}(Cs(%)) = Q4(Z) + vy @".

Moreover, we have F[lCiFi = (C;, so that C; F; = F;C;, and C; —Id is invertible
because D; — Id is invertible.

By Theorem [B:6] we can construct a simple left brace with additive group

(2 (7 )P 07 D (2 ()P 0 DR (2 ()R D, st
take the quadratic form @; corresponding to the matrix B; if p; is odd and f; cor-
responding to the matrices F;. Further, take ¢; corresponding to the matrix C; for
1< <s.

Note that simplicity follows from Theorem because ¢; — id is invertible for
1=1,2,...,s.

One can also construct concrete examples of simple left braces using Theorem [2.6]
For this we will need the following lemma.

Lemma 4.1. With the notation of Section[3, consider the left brace Hy < ... 1 H,
of Theorem 3.6l Then the map

wi: (Hi™...<H,,-) —  Z/(p])
(flaulw"afsa,u‘s) = Qz(fuﬂz)

is a homomorphism of groups.
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Proof. Let (Z1, 1, Tsypis), (J1, s -3 s, pts) € Hy < ... > H,. Using the
formula (§) of the lambda map, we get

@i((fluu’la .. 5f8’us) : (?jlvl’('llv' .. 7?7&/1;))
= @i((flvﬂlv s 7587/1'5) + )‘(51,,u1 g)(ylullflu s 7:1787/'/5))

- @i((flvl’blw"vjsv/’('s) + (A(I*) Ef? L )(yl /J/l) ey

(@1.11) Y
(s—1) (s,8—1) (1,s) -
(Fo1opto l)a(ms HS)(yS 1,/~Ls 1) (IS’HS Oé(xl Hl)(ysa,us)))
(

- 7 1+1,2
{ qz((xzuﬂz) ()\Ew) " )a 11++17ub+1 y“:u’z))) if 1 < 1 < S,
- s 1,s .
oG + O ol )i = .

Now we have that

- 3 41,2 -
0 (@i, i) + A ale @i h))

- i+1,4 N
= (@ m) +ailele ) @) (by @D)

= (%, i) + @ (¥i, ;) (by Lemma [3.2)

and
R 1, ~
0o (Ter 1) + N 0l (s, 1))
= (@ 1) + 0: (05, (T, 1l))  (by (@)
= qs(s, ps) + qs(Fs, p15)  (by Lemma [5.2).
Therefore, the result follows. O
Lemma 4.2. With the notation of Section Bl, assume that for some i € {1,...,s}

there exists a divisor m of n; such that

fi(@) = (f(@in), oo, f(@im)), and  ci(@) = (e(Tin), -, c(Tim)),

where Z; = (Zi1,. .., Tim); Tij € (Z/(p; ))"7, Q is a nonsingular quadratic form
over (Z/(p:‘))%1 ; f is an element in the orthogonal group determined by Q; if i # s,
then c also is an element in the orthogonal group determined by Q; and if i = s, then
c is an automorphism of (Z/(p%*)) =, vs = (v,...,v), for some v € (Z/(p)) =
and Q(c(Z)) = Q(Z) + v@'. Let o € Sym,,. Then the map

)

Vo: Hi > ...0d Hy — Hy ... Hy,
defined by
wd(fh/'l'lw-wfsuﬂs)
= (T, 01, Tim 1, i1 Tio (1) - -+ Tisor(m) s Bis Ti 1y Hig 1y - - Ty Hs)s

18 an automorphism of the left brace Hy > ... H, of Theorem [3.6l
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Proof. Let (1, i1, -, Tsy tos)y (Y1, s -+, sy pi) € Hy > ... 1 Hg. Clearly, ¢, is
an automorphism of the additive group of the left brace Hy > ... > H,. Thus, to
prove the result, it is enough to show that

wd()‘(fl,ul,“.,fs,us)(gla ,uflla oo ags’ //s))
(16) = Ay @i apn) Yo (G0 115 s f13)-

Note that if 1 <@ < s, then the component i of Az, ...z, u.) (J1, U1, - -+, U, 1) 18
\@ (i+14) /=

A
(&i,p04) fi+17ﬂi+l( 27/1*1)'

S S . 1,8) /o
The component s of Az, u0) (J1, s - -5 Ts, 1) 18 /\ég)s)us)a;hﬁl (T 11%)-

Since q;(i, i) = pi — 250 Q@) and bi(7,2) = 37 b(Ti 5, Zi,5), where
b(Z;j,%i5) = Q@s; + Zij) — Q(&i;) — Q(Z;), the reader easily can check (I8])
using the form of f;, ¢; (and v, in the case where i = s). O

Because of Proposition [2.7] and Theorem 2.6} we are now in a position to con-
struct more concrete examples of simple left braces that are iterated matched prod-
ucts of left ideals.

Example 4.3. Let py, po, p3, ps be different prime numbers. For simplicity, assume
that all are odd. We can construct as above two simple left braces H; <t Hy and
Hs 1 Hy, where

Hl = H(plap4(p2 - l)anaid)a H2 = H(anpl - 17@27id)7

HS = H(p37p2(p4 - 1)7@37id)7 H4 = H(p47p3 - 17Q4>id)7
for some nonsingular quadratic forms @); where

pa—1

QT Tpy(pr—1)) = Z Qll(xlﬂprl)j’ e Tpy— 14 (pa—1)5)
=0
p2—1

Qs(y1,- - ,ypg(p4—1)) = Z Qé(y1+(p4—l)kv e ,yp4—1+(p4—1)k)a
k=0

Q) is a nonsingular quadratic form over (Z/(p1))P2~ !, Q2 is a nonsingular quadratic
form over (Z/(p2))P* 1, Q4 is a nonsingular quadratic form over (Z/(p3))P4~!, and
Q4 is a nonsingular quadratic form over (Z/(ps))?*~!. Let ¢, be an element of
order p, in the orthogonal group determined by @, let d; be an element of order
p1 in the orthogonal group determined by Q2, let ¢4, be an element of order py
in the orthogonal group determined by Q%, and let d2 be an element of order
p3 in the orthogonal group determined by (4. Assume that the endomorphisms
¢y —id, dy —id, ¢ —id, and dy — id are invertible. Note that the maps ¢; €
Aut((Z/(p1))P+P2=1) and ¢y € Aut((Z/(p3))P>P+=1) defined by

Cl(fla s afp4) = (C/l(fl)v .- wcll(fIM))
and

02(51, cee 75}72) = (Cé(g1)7 .- ~;Cé(gp4>)7

for Z; € (Z/(p1))P*~! and § € (Z/(p3))P+~!, are elements in the orthogonal
groups determined by )7 and @3 respectively. The actions of the matched pairs
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(Hy, Hy,a®Y o2 and (Hs, Hy, o) oY) are defined by a9 (2, u') = ag’i)

)
and

aZ) @ = (@), ),

12) o Z) )

Ef,p,))( 7MI) = (dflh( #)(2)7/“’/)7

4,3 — a,v") -

W @) = (@@,

3,4) (- 3(F,V) / —

O‘Eg‘,y))( : /) _ (dgs(y )( )7]//)

Let o1 and o9 be the cyclic permutations o9 = (1,2,...,p2) and o9 = (1,2,...,p4).
By Lemma [£2] the maps ¢, : Hs >t Hy — Hjz <1 Hy, defined by
wﬂl (2717 cee ,gpwl/a ’l_[a V/) = (gol(l), B Zja'l(pz)v v, ﬁ’ V/)v

and 1/}021 H1 > H2 — H1 > HQ, defined by

w0'2 (fla .. 7fp4uu’7 Za :U’/) = (‘fO'g(l)7 s 750'2(;04)7/’(" Zv /’(‘l)a
are automorphisms of left braces. We define a: (Hs <t Hy,-) — Aut(H; >
Hy, +, ) and (: (H1 1 Ho, ) — Aut(H3 <1 Hy, +, ) by

a(f,v,@,v) =B and  B(T, p, 2, p)) = p22E0,

By Lemma Bl o and 8 are homomorphisms of groups. Denote a(v1,v,@,v’) by
A (g, v,y and denote B(&1, p, 2, 1) by Bz, .z, Note that

I = B} = (@) — o
QB 2wy Gy y’) = albg?(%“’)(g’,,,g’,,/) = wUz Q(G,v,i,v")
and
.o = _ — o pa2(Zn) Lo
ﬂa(g’uﬁi,,/)(ac,u,z,u/) - ﬁil)g‘é(u”y/)(fﬂvzvﬂ/) - You ’ - 5(%,,{1,,,2,“')'

Hence, by Proposition 27 (Hy <t Ho, Hy <1 Hy, o, §) is a matched pair of left
braces, and the matched product (Hy <t Hy) <t (Hg 1 Hy) is a simple left brace.

Remark 4.4. Clearly Example [£3] can be generalized to matched products of arbi-
trary two simple braces of coprime orders constructed as in Theorem namely,
by replacing H; > Hs and Hs <t Hy by any braces as in Theorem Even
more, we can construct simple braces as iterated matched product of left ideals
By ... B, where every B; is a simple left brace as in Theorem

5. COMMENTS AND QUESTIONS

In view of Remark [[.3] and the comment following Theorem [Z8] the following
seems to be a crucial step in the general program of describing all finite simple left
braces.

Problem 5.1. Describe the structure of all left braces of order p™ for a prime p
and describe the group Aut(B, +,-) of automorphisms for all such left braces.

Given two distinct primes p and g, in the previous sections we constructed many
simple left braces of order p®¢® with some natural restrictions on the positive
integers o and . As mentioned in the introduction, these natural restrictions
come from a recent result of Smoktunowicz that yields a necessary condition for a
left brace of order p®¢® to be simple. Namely, ¢ | (p° —1) and p | (¢7 — 1), for some
1<i<aandl<j<g. Hence, the following seems to be an interesting problem.
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Problem 5.2. Determine for which prime numbers p, ¢ and positive integers «, 3,
there exists a simple left brace of cardinality p®q¢”®.

An easy observation shows that not all such orders can occur.

Remark 5.3. Let G be a group of order p™q, where n is the multiplicative order
of pin (Z/(¢g))* and p and ¢ are distinct prime numbers. Because of the Sylow
theorems, it is easy to see that either a Sylow p-subgroup or a Sylow g-subgroup of
G is a normal subgroup. By Proposition 6.1 in [3], every normal Sylow subgroup
of the multiplicative group of a left brace B is an ideal of B. Therefore, G does not
admit a structure of a simple left brace. For instance, any group of order 23 - 7 has
a normal Sylow 2-subgroup or a normal Sylow 7-subgroup, so there is no simple
left brace of order 23 - 7.
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