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HYPERBOLICITY OF CYCLIC COVERS AND COMPLEMENTS

YUCHEN LIU

Abstract. We prove that a cyclic cover of a smooth complex projective vari-
ety is Brody hyperbolic if its branch divisor is a generic small deformation of a

large enough multiple of a Brody hyperbolic base-point-free ample divisor. We
also show the hyperbolicity of complements of those branch divisors. As an
application, we find new examples of Brody hyperbolic hypersurfaces in Pn+1

that are cyclic covers of Pn.

1. Introduction

A complex analytic space X is called Brody hyperbolic if there are no non-
constant holomorphic maps from C to X. Lang’s conjecture [Lan86] predicts that a
projective variety X is Brody hyperbolic if every subvariety of X is of general type.
More generally, the Green-Griffiths-Lang conjecture [GG80,Lan86] predicts that if
a projective variety X is of general type, then there exists a proper Zariski closed
subset Z � X such that any non-constant holomorphic map f : C → X satisfies
f(C) ⊂ Z. For hyperbolicity of hypersurfaces, Kobayashi [Kob70,Kob98] proposed
the following conjecture:

Conjecture 1 (Kobayashi). For n ≥ 3, a general hypersurface X ⊂ Pn of degree
≥ (2n− 1) is Brody hyperbolic.

It is easy to see that Lang’s conjecture follows from the Green-Griffiths-Lang
conjecture by a Noetherian induction argument. Based on results by Clemens
[Cle86], Ein [Ein88, Ein91], and Xu [Xu94], Voisin [Voi96] showed that a general
hypersurface X of degree ≥ (2n−1) in Pn with n ≥ 3 satisfies that every subvariety
of X is of general type. Therefore, Lang’s conjecture implies Conjecture 1 by
Voisin’s result.

A lot of work has been done toward Conjecture 1; see [McQ99,DEG00,Rou07b,
Pău08, DMR10, Siu15, Dem15, Bro16, Den16]. Examples of hyperbolic hypersur-
faces are constructed in [MN96,SY97,Fuj01,SZ02,CZ03,Duv04,ZS05,CZ13,Huy15,
Huy16].

In this paper, we first study the hyperbolicity of cyclic covers. For curves we
know that if the branch divisor has large degree, then the cyclic cover will be
Brody hyperbolic for a generic choice of the branch divisor. (See Section 3.1 for
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hyperbolicity of cyclic covers of P1.) Our first main result is a higher dimensional
generalization:

Theorem 2. Let X be a smooth projective variety with dimX = n. Let L be
a globally generated ample line bundle on X. Suppose that there exists a smooth
hypersurface H ∈ |L| that is Brody hyperbolic. Let m, d ≥ 2 be positive integers such
that m is a multiple of d. For a generic small deformation S of mH ∈ |L⊗m|, let
Y be the degree d cyclic cover of X branched along S. Then Y is Brody hyperbolic
if m ≥ d�n+2

d−1 �.
Here the assumption that H is Brody hyperbolic is crucial for our discussion. If

X \H is also Brody hyperbolic, we have slightly better lower bounds on m to settle
the hyperbolicity of Y :

Theorem 3. With the notation of Theorem 2, assume in addition that X \H is
Brody hyperbolic. Then Y is Brody hyperbolic if m ≥ d�n+1

d−1 �.
In fact, we prove stronger results from which Theorems 2 and 3 follow (see

Theorems 16 and 18).
The following theorem is an application of Theorem 2 which gives new examples

of Brody hyperbolic hypersurfaces in Pn+1. These hypersurfaces are cyclic covers
of Pn via linear projections.

Theorem 4. Suppose D is a smooth hypersurface of degree k in Pn that is Brody
hyperbolic. For d ≥ n + 3 and a generic small deformation S of dD in |OPn(dk)|,
let W be the degree dk cyclic cover of Pn branched along S. Then W is a Brody
hyperbolic hypersurface in Pn+1 of degree dk.

In [RR13], Roulleau-Rousseau showed that a double cover of P2 branched along
a very general curve of degree at least 10 is algebraically hyperbolic. Thus Green-
Griffiths-Lang conjecture predicts that these surfaces are also Brody hyperbolic.
As an application of Theorem 3, we give some evidence supporting this prediction:

Theorem 5. Let l ≥ 3, k ≥ 5 be two positive integers. Let D be a smooth plane
curve of degree k such that P2 \ D is Brody hyperbolic. (The existence of such D
was shown by Zaidenberg in [Zau88].) Let S be a generic small deformation of 2lD.
Then the double cover of P2 branched along S is Brody hyperbolic.

Note that the minimal degree of S is 30.
For hyperbolicity of complements, the logarithmic Kobayashi conjecture and

related problems have been studied in [Gre77, Zăı87, Zau88, SY96, SZ00, EG03,
Rou07a,Rou09, IT15].

The cyclic cover being Brody hyperbolic clearly implies that the complement of
the branch locus is also Brody hyperbolic. More precisely, with the notation of
Theorem 2 we have that X \ S is Brody hyperbolic if m ≥ d�n+2

d−1 �. In fact, we can
still reach the same conclusion with the slightly weaker condition m ≥ n+2, as the
following theorem states.

Theorem 6. Let X be a smooth projective variety with dimX = n. Let L be
a globally generated ample line bundle on X. Suppose that there exists a smooth
hypersurface H ∈ |L| that is Brody hyperbolic. Let m ≥ n+ 2 be a positive integer.
Then for a generic small deformation S of mH ∈ |L⊗m|, both S and X\S are Brody
hyperbolic. Moreover, X \ S is complete hyperbolic and hyperbolically embedded
in X.
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Recall that complete hyperbolicity is defined in [Kob98, p. 60] and hyperbolical
embeddedness is defined in [Kob98, p. 70].

Structure of the paper. The proofs of the theorems are mostly based on the
degeneration to the normal cone (Section 2.1) and deformation type theorems of
hyperbolicity (Theorems 15, 17 and 20).

In Section 2, we construct a family X → A1 with the general fiber Xt isomorphic
to X and the special fiber X0 being a projective cone over H. For technical reasons,

we first introduce a smooth model X̃ of X (Proposition 8). Then by taking a cyclic
cover of the total space X , we get a family of cyclic covers Yt of X which degenerates
to a cyclic cover Y0 of X0 (Proposition 11).

Most of the theorems are proved in Section 3. As a preparation, we study the
hyperbolicity of cyclic covers of P1 and A1 in Section 3.1. We give lower bounds
on the size of the reduced branch loci to get hyperbolicity of those cyclic covers
(Lemmas 12 and 13). Section 3.2 is devoted to proving Theorems 2, 3 and 6. By
dimension counting, we give a lower bound for the size of the reduced branch loci
among all generators of X0 (Lemma 14). When the branch locus has large degree,
we prove the hyperbolicity of the cyclic cover of each generator of X0, which gives
the hyperbolicity of Y0 since the base H is also Brody hyperbolic. Then Theorem
2 follows by applying a deformation type theorem (see Theorem 15). Theorems 3
and 6 are proved in similar ways with minor changes.

We first apply our methods to hypersurfaces in Pn in Section 4.1. We prove a
stronger result that essentially implies Theorem 4 (see Theorem 21). We give a
new proof to the main result in [Zăı09] by applying Mori’s degeneration method
(see Theorem 22). We also improve [Zai93, p. 147, Corollary of Theorem II.2]
(see Theorem 23). In Section 4.2, we apply our methods to surfaces. We prove
Theorem 5. We also obtain hyperbolicity of the complement of a smooth curve in
some polarized K3 surface of large degree (Example 26).

Notation. Throughout this paper, we work over the complex numbers C. We will
follow the terminology of [Kob98] for various notions of hyperbolicity.

2. Construction of families

2.1. Degeneration to the normal cone. From now on X will be a smooth
projective variety of dimension n. Let L be a globally generated ample line bundle
on X. Let H be a smooth hypersurface in |L|.

Let ρ : X̃ → X × A1 be the blowup of X × A1 along H × {0}, with exceptional
divisor E. Denote the two projections from X ×A1 by p1 and p2. The line bundle

L̃ on X̃ is defined by

L̃ := (p1 ◦ ρ)∗L⊗O
˜X (−E).

Let π̃ := p2 ◦ ρ be the composite of the projections X̃ → X × A1 → A1.

Proposition 7. With the above notation, the line bundle L̃ is globally generated.

Proof. Let I be the ideal sheaf of H ×{0} in X ×A1. Then O
˜X (−E) = ρ−1I ·O

˜X .
Therefore, it suffices to show that p∗1L · I is globally generated.

Let us choose a basis s1, · · · , sN of the vector space H0(X,L) with N :=
dimH0(X,L). Let sH ∈ H0(X,L) be a defining section of H, i.e., H = (sH = 0).
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We may define sections σ0, σ1, · · · , σN ∈ H0(X × A1, p∗1L) as follows:

σ0(x, t) = sH(x),

σi(x, t) = tsi(x) for any 1 ≤ i ≤ N.

Since s1, · · · , sN generate L, the sections σ0, · · · , σN generate the subsheaf p∗1L·I
of p∗1L. Hence we prove the proposition. �

Denote the lifting of σi to X̃ by σ̃i ∈ H0(X̃ , L̃). The proof above implies that

φ̃ := [σ̃0, · · · , σ̃N ] defines a morphism φ̃ : X̃ → PN , such that L̃ ∼= φ̃∗O(1).

Since L̃ is globally generated, it is also π̃-globally generated. By [Laz04, 2.1.27],

we may define the ample model X of (X̃ , L̃) over A1 by

X := ProjA1

⊕
i≥0

π̃∗(L̃⊗i),

where ψ : X̃ → X is an algebraic fiber space with X normal. Then L̃ descends to a

globally generated ample line bundle L on X , i.e., L̃ = ψ∗L. Since φ̃ is induced by

a base-point-free sublinear system of |L̃|, φ̃ descends to a morphism φ : X → PN ,

i.e., φ̃ = φ ◦ ψ.
Denote the fibers of π̃ : X̃ → A1 and π : X → A1 by X̃t and Xt, respectively.

Then as a Cartier divisor, X̃0 can be written as

X̃0 = X̂0 + E,

where X̂0 is the birational transform of X × {0} under ρ.

Proposition 8. With the above notation, we have the following properties.

(1) The Stein factorization of (φ̃, π̃) : X̃ → PN×A1 is given by the commutative
diagram

X̃ X

PN × A1

ψ

(φ̃,π̃)
(φ,π)

where ψ∗O ˜X = OX , and (φ, π) is finite.
(2) The morphism ψ is birational. More precisely, ψ is an isomorphism away

from X̂0, and it contracts X̂0 to a point v0 in X .
(3) Let ρE : E → H be the P1-bundle structure on E. Then φ̃ sends each fiber

of ρE isomorphically onto a line in PN .

Proof.
(1) It follows from the relative version of [Laz04, 2.1.28].

(2) Since ρ : X̃ \ X̃0 → X × (A1 \ {0}) is an isomorphism, the restriction L̃|
˜X\ ˜X0

is π̃-ample over A1 \ {0}. Hence ψ is an isomorphism away from X̃0, which implies
that ψ is birational.
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Let ρ̂0 := (p1 ◦ ρ)|X̂0
be the isomorphism from X̂0 to X. Recall that L̃ =

(p1 ◦ ρ)∗L⊗O
˜X (−E). Then

L̃|X̂0

∼= ρ̂∗0L⊗OX̂0
(−E|X̂0

)

∼= ρ̂∗0L⊗ ρ̂∗0OX(−H)

∼= ρ̂∗0(L⊗OX(−H))
∼= OX̂0

.

Hence L̃|X̂0
is trivial, which implies that ψ contracts X̂0 to a point v0 in X .

Since NH/X
∼= OX(H)|H ∼= L|H , we have E ∼= PH(L|∨H ⊕ OH). It is clear that

H0 := X̂0|E is the section of ρE corresponding to the first projection L|H ⊕OH →
L|H . Denote by H1 the other section of ρE corresponding to the second projection
L|H ⊕OH → OH . Then

L̃|E ∼= (p1 ◦ ρ)∗(L)|E ⊗O
˜X (−E)|E

∼= ρ∗E(L|H)⊗O
˜X (X̂0)|E ⊗O

˜X (X̃0)|E
∼= ρ∗E(L|H)⊗OE(H0)

∼= OE(H1).

Since L|H is ample, for sufficiently large k the linear system |L̃|⊗k
E | gives a birational

morphism E → Cp(H,L|H), where Cp(H,L|H) is the projective cone in the sense
of [Kol13, Section 3.1]. In particular, any curve contracted by ψ|E is contained in
H0. Thus ψ|E is an isomorphism away from H0, and we prove (2).

(3) As we have seen in the proof of (2), L̃|E ∼= OE(H1). Hence (φ̃∗O(1)·ρ−1
E (x)) =

(L̃ · ρ−1
E (x)) = 1 for any x ∈ H, and we prove (3).

�

Remark 9. By the proof of Proposition 8, the Stein factorization of ψ|E : E →
X0 is given by E → Cp(H,L|H) → X0. Thus Cp(H,L|H) is isomorphic to the
normalization Xν

0 of X0. In general, X0 is not necessarily normal. According to
[Kol13, 3.10], X0 is normal if and only if H1(X,L⊗k) = 0 for any k ≥ 0.

2.2. Constructing families of cyclic covers. Let m, d ≥ 2 be positive integers
such that m is a multiple of d. It is clear that the linear system φ∗(|OPN (m)|)
is base-point-free. Hence by Bertini’s theorem, the following property holds for a
general hypersurface T ∈ |OPN (m)|:

(∗) φ∗(T ) is smooth, does not contain v0, and intersects X0 transversally.

Fix a general hypersurface T ∈ |OPN (m)| satisfying property (∗). Let μ : Y → X
and μ̃ : Ỹ → X̃ be the degree d cyclic covers of X and X̃ branched along φ∗(T ) and

φ̃∗(T ), respectively. Let π
˜Y := π̃ ◦ μ̃ and πY := π ◦μ be the composition maps. Let

ψ1 : Ỹ → Y be the lifting of ψ : X̃ → X . Then Ỹ and Y are proper flat families

over A1. Denote the fibers of π
˜Y and πY by Ỹt and Yt, respectively.

For t �= 0 we notice that (p1 ◦ ρ)| ˜Xt
maps X̃t isomorphically onto X. Hence we

may define a family of maps ft : X → PN by ft := φ̃ ◦ (p1 ◦ ρ)|−1
˜Xt

for t �= 0. In

projective coordinates, we have

ft(x) = [sH(x), ts1(x), · · · , tsN (x)].
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Denote by St := f∗
t (T ) the pullback of T under ft. Then St ∈ |L⊗m| for all but

finitely many t. In projective coordinates, let F = F (z0, · · · , zN ) be a degree m
homogeneous polynomial such that T = (F = 0). Expanding F as a polynomial of
the single variable z0 yields

F (z0, z1, · · · , zN ) = F0z
m
0 + F1z

m−1
0 + · · ·+ Fm−1z0 + Fm,

where Fi is a homogeneous polynomial in z1, · · · , zN of degree i for 0 ≤ i ≤ m.
Then St is the zero locus of the following section in H0(X,L⊗m):

F (sH , ts1, · · · , tsN ) = F0s
m
H +

m∑
i=1

Fi(s1, · · · , sN )sm−i
H ti.

Since T does not contain φ(v0) = [1, 0, · · · , 0], we have that F0 �= 0. For simplic-
ity we may assume that F is a monic polynomial in z0, i.e., F0 = 1. Thus for any
t �= 0 we have

St =

(
smH +

m∑
i=1

Fi(s1, · · · , sN )sm−i
H ti = 0

)
.

Definition 10. With the above notation, we say that S ∈ |L⊗m| is a generic small
deformation of mH if S is the zero locus of the section

smH +

m∑
i=1

Fi(s1, · · · , sN )sm−i
H ti

for generic choices of degree i polynomials Fi and for some t ∈ A1 \{0} with |t| ≤ ε,
where ε = ε({Fi}) ∈ R>0 depends on the choice of {Fi}.

Notice that Definition 10 does not depend on the choice of the basis s1, · · · , sN .
From our constructions we see that St is automatically a generic small deforma-

tion of mH for |t| sufficiently small.

Proposition 11. With the above notation, we have the following properties.

(1) The variety Ỹ is smooth.

(2) The birational morphism ψ1 : Ỹ→Y is an isomorphism away from μ̃−1(X̂0),

where μ̃−1(X̂0) is a disjoint union of d isomorphic copies X̂0,1, · · · , X̂0,d

of X̂0. Besides, ψ1 contracts X̂0,i to a point qi in Y, with μ−1(v0) =
{q1, · · · , qd}.

(3) Let Y 0 := μ̃−1(E). Then ψ1|Y 0
: Y 0 → Y0 is birational. Besides, the

irreducible components of Ỹ0 are Y 0, X̂0,1, · · · , X̂0,d.

(4) For any t �= 0, the fibers Ỹt and Yt are both isomorphic to the degree d cyclic
cover of X branched along St, where St is a generic small deformation of
mH for |t| sufficiently small. Besides, St is smooth for t sufficiently small.

Proof.

(1) Since T satisfies (∗), φ̃∗(T ) is smooth. Hence Ỹ is smooth.
(2) It follows from Proposition 8, v0 �∈ φ∗(T ) and its equivalent form

φ̃∗(T ) ∩ X̂0 = ∅.
(3) It follows from (2).
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(4) From our constructions we see that (p1 ◦ ρ)|
˜Xt

maps (X̃t, φ̃
∗(T )|

˜Xt
) iso-

morphically onto (X,St); hence the first statement follows. Since T satisfies (∗),
φ∗(T ) intersects X0 transversally. In particular, φ∗(T )|X0

is smooth. Hence St
∼=

φ̃∗(T )|
˜Xt

∼= φ∗(T )|Xt
is smooth for all but finitely many t, in particular for |t|

sufficiently small. �

3. Proofs of the theorems

3.1. Hyperbolicity of cyclic covers of P1 and A1.
Firstly, let us look at the hyperbolicity of cyclic covers of P1.
Let m, d ≥ 2 be positive integers such that m is a multiple of d. Denote by

f : C → P1 the degree d cyclic cover of P1 branched along an effective divisor D of
degree m. We may write

D = a1p1 + · · ·+ alpl,

where p1, · · · , pl ∈ P1 are distinct closed points, and
∑

i ai = m.
Let fν : Cν → P1 be the normalization of f . By the Riemann-Hurwitz formula,

we have

χtop(C
ν) = d · χtop(P

1)−
l∑

i=1

(d−#(fν)−1(pi)),

where χtop(·) is the topological Euler number. It is clear that C is locally defined
by the equation yd = xai near pi, so #(fν)−1(pi) = gcd(ai, d). Hence

χtop(C
ν) = 2d−

l∑
i=1

(d− gcd(ai, d)).

It is easy to see that Cν is a disjoint union of gcd(d, a1, · · · , al) isomorphic copies
of an irreducible smooth projective curve. Therefore, C is Brody hyperbolic if and
only if χtop(C

ν) < 0.

Lemma 12. With the above notation, assume in addition that one of the following
holds:

- d is divisible by 2 or 3, and l ≥ m
d + 3;

- d is relatively prime to 6, and l ≥ m
d + 2.

Then χtop(C
ν) < 0; i.e., C is Brody hyperbolic.

Proof. Assume to the contrary that χtop(C
ν) ≥ 0. Define an index set J := {j |

1 ≤ j ≤ l, aj is not a multiple of d}. Notice that gcd(ai, d) ≤ d/2 if ai is not a
multiple of d. So we have χtop(C

ν) < 0 as soon as #J ≥ 5. Hence we only need to
consider cases when #J ≤ 4. For simplicity, we may assume that J = {1, · · · ,#J}.

After careful study we get Table 1, which illustrates all cases when χtop(C
ν) ≥ 0,

i.e., when C is not Brody hyperbolic, up to permutations of a1, · · · , al.
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Table 1. Cyclic covers of P1 that are not hyperbolic.

#J {a1/d} {a2/d} {a3/d} {a4/d} Cν
1 γ l ≤

0 0 0 0 0 P1 d m/d
2 p/q (q − p)/q 0 0 P1 d/q m/d+ 1
3 1/2 1/3 1/6 0 elliptic d/6 m/d+ 2
3 1/2 2/3 5/6 0 elliptic d/6 m/d+ 1
3 1/2 1/4 1/4 0 elliptic d/4 m/d+ 2
3 1/2 3/4 3/4 0 elliptic d/4 m/d+ 1
3 1/3 1/3 1/3 0 elliptic d/3 m/d+ 2
3 2/3 2/3 2/3 0 elliptic d/3 m/d+ 1
4 1/2 1/2 1/2 1/2 elliptic d/2 m/d+ 2

We use the following notation in Table 1. It is clear that #J ≤ 4 if χtop(C
ν) ≥ 0.

Let {x} be the fractional part of a real number x. Let p < q be two positive
integers that are relatively prime. Denote by Cν

1 a connected component of Cν .
Let γ := gcd(d, a1, · · · , al) be the number of connected components of Cν . The
fact that γ is always an integer gives certain divisibility conditions on d. �

Next, we will discuss the hyperbolicity of cyclic covers of A1.
Let us identify A1 with P1 \ {∞}. Denote C0 := f−1(A1). If D is supported

away from ∞, then C0 is the degree d cyclic cover of A1 branched along an effective
divisor D of degree m. Since ∞ ∈ D, we have #(fν)−1(∞) = d. Hence

χtop((C
0)ν) = χtop(C

ν)− d

= d−
l∑

i=1

(d− gcd(ai, d)).

It is easy to see that (C0)ν is a disjoint union of gcd(d, a1, · · · , al) isomorphic
copies of an irreducible smooth affine curve. Therefore, C0 is Brody hyperbolic if
and only if χtop((C

0)ν) < 0.

Lemma 13. With the above notation, assume in addition that D is supported away
from ∞. Moreover, assume that one of the following holds:

- d is even and l ≥ m
d + 2;

- d is odd and l ≥ m
d + 1.

Then χtop((C
0)ν) < 0; i.e., C0 is Brody hyperbolic.

Proof. Assume to the contrary that χtop((C
0)ν) ≥ 0. Define an index set J :=

{j | 1 ≤ j ≤ l, aj is not a multiple of d}. Notice that gcd(ai, d) ≤ d/2 if ai is
not a multiple of d. So we have χtop((C

0)ν) < 0 as soon as #J ≥ 3. Hence we
only need to consider cases when #J ≤ 2. For simplicity, we may assume that
J = {1, · · · ,#J}.

After careful study we get Table 2, which illustrates all cases when χtop((C
0)ν) ≥

0, i.e., when C0 is not Brody hyperbolic, up to permutations of a1, · · · , al.
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Table 2. Cyclic covers of A1 that are not hyperbolic.

#J {a1/d} {a2/d} (C0)ν1 γ l ≤
0 0 0 A1 d m/d
2 1/2 1/2 A1 \ {0} d/2 m/d+ 1

We use the following notation for Table 2. It is clear that #J ≤ 2 if χtop((C
0)ν) ≥

0. Denote by (C0)ν1 a connected component of (C0)ν . Let γ := gcd(d, a1, · · · , al)
be the number of connected components of (C0)ν . The fact that γ is always an
integer gives certain divisibility conditions on d. �

3.2. Proofs. To begin with, we will study the enumerative geometry problem of
counting the intersections of a generic hypersurface with the generators of the pro-
jective cone φ̃(E) (see also [Zăı09, 1.3]).

A map α : P1 → E is called a ruling if it parametrizes a fiber of the P1-bundle
projection ρE : E → H. We say that α corresponds to x ∈ H if α parametrizes
ρ−1
E (x).

Lemma 14. With the above notation, the following properties hold for a general
hypersurface T ∈ |OPN (m)|:

(1) φ(v0) is not contained in T .

(2) For any ruling α : P1 → E, (φ̃ ◦ α)∗(T ) is supported at > (m− n) points.

Proof. Define |OPN (m)|◦ := {T ∈ |OPN (m)| : φ(v0) is not contained in T}. Denote
by αx : P1 → E the ruling of E corresponding to x ∈ H.

We define an incidence variety Z as

Z := {(T, x) ∈ |OPN (m)|◦ ×H : (φ̃ ◦ αx)
∗(T ) is supported at ≤ (m− n) points}.

Denote the two projections from Z by pr1 and pr2. Let Zx be the fiber of pr2 :
Z → H over x. Then

Zx
∼= {T ∈ |OPN (m)|◦ : (φ̃ ◦ αx)

∗(T ) is supported at ≤ (m− n) points}.
By Proposition 8(3), (φ̃ ◦ αx) parametrizes a line in PN . Therefore, the rational
map

(φ̃ ◦ αx)
∗ : |OPN (m)| ��� |OP1(m)|

is a projection between projective spaces. In particular, (φ̃ ◦ αx)
∗ : |OPN (m)|◦ →

|OP1(m)| is a flat morphism for any x ∈ H.
Let Wk := {D ∈ |OP1(m)| : D is supported at ≤ k points}. Then dimWk = k.

It is clear that Zx = ((φ̃ ◦ αx)
∗)−1(Wm−n), so

dimZx = dim((φ̃ ◦ αx)
∗)−1(Wm−n)

= dim |OPN (m)|◦ − dim |OP1(m)|+ dimWm−n

= dim |OPN (m)|◦ − n.

Hence dimZ = dimZx+dimH = dim |OPN (m)|◦−1 for a general choice of x, which
implies that dim pr1(Z) ≤ dim |OPN (m)|◦ − 1. Thus the map pr1 is not surjective,
which means that a general hypersurface T ∈ |OPN (m)|◦ will satisfy property (2).
The lemma then follows automatically. �
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Since property (∗) holds for a general hypersurface T ∈ |OPN (m)|, Lemma 14
implies that the following property also holds for general T :

(∗∗) φ∗(T ) is smooth, does not contain v0, and intersects X0 transversally.

Besides, (φ̃◦αx)
∗(T ) is supported at ≥ (m−n+1) points for any x ∈ H.

From now on we always fix a general hypersurface T ∈ |OPN (m)|. Then we may
assume that T satisfies (∗∗).

The following theorem is the main tool to prove Theorem 2.

Theorem 15 ([Kob98, 3.11.1]). Let π : X → R be a proper family of connected
complex analytic spaces. If there is a point r0 ∈ R such that the fiber Xr0 is
Brody hyperbolic, then there exists an open neighborhood (in the Euclidean topology)
U ⊂ R of r0 such that for each r ∈ U , the fiber Xr is Brody hyperbolic.

We will prove the following theorem, a stronger result that implies Theorem 2.

Theorem 16. Let X be a smooth projective variety with dimX = n. Let L be
a globally generated ample line bundle on X. Suppose that there exists a smooth
hypersurface H ∈ |L| that is Brody hyperbolic. Let m, d ≥ 2 be positive integers such
that m is a multiple of d. For a generic small deformation S of mH ∈ |L⊗m|, let
Y be the degree d cyclic cover of X branched along S. Then Y is Brody hyperbolic
if one of the following holds:

- d is divisible by 2 or 3, and m ≥ d�n+2
d−1 �;

- d is relatively prime to 6, and m ≥ d�n+1
d−1 �.

Proof. We first show that Y0 is Brody hyperbolic.
Proposition 11 implies that the birational morphism ψ1|Y 0

: Y 0 → Y0 induces

an isomorphism between Y 0 \ (X̂0,1 ∪ · · · ∪ X̂0,d) and Y0 \ {q1, · · · , qd}. Therefore,
it suffices to show that Y 0 is Brody hyperbolic.

Define pY 0
: Y 0 → H to be the composition map Y 0 → E → H. Since H is

Brody hyperbolic, we only need to show that every fiber p−1

Y 0
(x) is Brody hyper-

bolic. It is clear that p−1

Y 0
(x) is the degree d cyclic cover of ρ−1

E (x) branched along

φ̃∗(T )|ρ−1
E (x). Applying the pullback of a ruling αx yields that p−1

Y 0
(x) ∼= Cx, where

Cx is the degree d cyclic cover of P1 branched along (φ̃ ◦ αx)
∗(T ).

Let lx := #Supp
(
(φ̃ ◦ αx)

∗(T )
)
. Since T satisfies (∗∗), lx ≥ m − n + 1 for

any x ∈ H. If d is divisible by 2 or 3, then m ≥ d�n+2
d−1 � ≥ d

d−1 (n + 2). Hence

lx ≥ m−n+1 ≥ m
d +3. If d is relatively prime to 6, then m ≥ d�n+1

d−1 � ≥
d

d−1 (n+1).
Hence lx ≥ m−n+1 ≥ m

d +2. Then Lemma 12 implies that Cx is Brody hyperbolic.

Summing up, we always have that p−1

Y 0
(x) ∼= Cx is Brody hyperbolic for any

x ∈ H. Therefore, Y0 is Brody hyperbolic.
We may apply Theorem 15 to the family Y → A1 with r0 = 0. Thus Yt is

Brody hyperbolic for |t| sufficiently small. By Proposition 11, Yt is isomorphic
to the degree d cyclic cover of X branched along St, where St is a generic small
deformation of mH for |t| sufficiently small. The theorem then follows. �

Next we give another deformation type theorem of hyperbolicity when the special
fiber has multiple irreducible components. It will be used to prove Theorem 3. Note
that some cases of Theorem 17 have already been used in [ZS05,Zăı09].
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Theorem 17. Let π : X → R be a proper family of connected complex analytic
spaces over a non-singular complex curve R. Let r0 ∈ R be a point. Denote the
irreducible components of the fiber Xr0 by Xr0,1, · · · , Xr0,k. Suppose these data
satisfy the following properties:

(1) Xr0,i is a Cartier divisor on X for each 1 ≤ i ≤ k.
(2) For any partition of indices I ∪ J = {1, · · · , k},

⋂
i∈I Xr0,i \

⋃
j∈J Xr0,j is

Brody hyperbolic.

Then there exists an open neighborhood (in the Euclidean topology) U ⊂ R of r0
such that for each r ∈ U \ {r0}, the fiber Xr is Brody hyperbolic.

Proof. Assume to the contrary that there exists a sequence of points {rn} con-
verging to r0 such that Xrn is not Brody hyperbolic for each n. Then there is a
complex line hn : C → Xrn . By taking a subsequence of {rn} if necessary, we may
assume that {hn} converges to a complex line h : C → Xr0 . Then by applying the
generalized Hurwitz theorem [Kob98, 3.6.11] to (X , Xr0), we have that

h(C) ⊂
⋂
i∈I

Xr0,i \
⋃
j∈J

Xr0,j ,

where I = {i : h(0) ∈ Xr0,i} and J = {j : h(0) �∈ Xr0,j}. However,
⋂

i∈I Xr0,i \⋃
j∈J Xr0,j is Brody hyperbolic, and we get a contradiction! �

The following theorem is a stronger result that implies Theorem 3.

Theorem 18. With the notation of Theorem 16, assume in addition that X \ H
is Brody hyperbolic. Then Y is Brody hyperbolic if one of the following holds:

- d is even and m ≥ d�n+1
d−1 �;

- d is odd and m ≥ d� n
d−1�.

Proof. We first prove that Y 0 \ (X̂0,1 ∪ · · · ∪ X̂0,d) is Brody hyperbolic.

Consider the restriction of pY 0
: Y 0 → H on the open subset Y 0 \ (X̂0,1 ∪ · · · ∪

X̂0,d). Since H is Brody hyperbolic, we only need to show that p−1

Y 0
(x) \ (X̂0,1 ∪

· · · ∪ X̂0,d) is Brody hyperbolic for any x ∈ H.

It is clear that Y 0 is the degree d cyclic cover of E branched along φ̃∗(T )|E , and
X̂0,1∪· · ·∪X̂0,d = μ̃−1(X̂0). Therefore, p

−1

Y 0
(x)\(X̂0,1∪· · ·∪X̂0,d) is the preimage of

ρ−1
E (x) \ X̂0 under the covering map p−1

Y 0
(x) → ρ−1

E (x). Applying the pullback of a

ruling αx with {αx(∞)} = ρ−1
E (x)∩ X̂0 yields that p−1

Y 0
(x)\ (X̂0,1∪· · ·∪ X̂0,d) ∼= C0

x

(with the notation of Lemma 13 and proof 3.2, because (φ̃ ◦ αx)
∗(T ) is supported

away from ∞).
Since T satisfies (∗∗), lx ≥ m − n + 1 for any x ∈ H. If d is even, then

m ≥ d�n+1
d−1 � ≥ d

d−1 (n + 1). Hence lx ≥ m − n + 1 ≥ m
d + 2. If d is odd, then

m ≥ d� n
d−1� ≥ d

d−1 · n. Hence lx ≥ m − n + 1 ≥ m
d + 1. Then Lemma 13 implies

that C0
x is Brody hyperbolic.

Summing up, we always have that p−1

Y 0
(x) \ (X̂0,1 ∪ · · · ∪ X̂0,d) ∼= C0

x is Brody

hyperbolic for any x ∈ H. Therefore, Y 0 \ (X̂0,1 ∪ · · · ∪ X̂0,d) is Brody hyperbolic.

On the other hand, X̂0,i \ Y 0 is isomorphic to X̂0 \E, which is again isomorphic

to X \H. Hence X̂0,i \ Y 0 is Brody hyperbolic for any 1 ≤ i ≤ d. We may apply

Theorem 17 to the family Ỹ → A1 with r0 = 0. Thus Yt is Brody hyperbolic for
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|t| sufficiently small. By Proposition 11, Yt is isomorphic to the degree d cyclic
cover of X branched along St, where St is a generic small deformation of mH for
|t| sufficiently small. The theorem then follows. �

Finally, we apply our arguments to hyperbolicity of the complements. We first
state a theorem which relates various notions of hyperbolicity of complements.

Theorem 19 (Green [Gre77]; Howard). Let X be a compact complex space. Let
S be an effective Cartier divisor on X. If both S and X \ S are Brody hyperbolic,
then X \ S is complete hyperbolic and hyperbolically embedded in X.

Next we give a deformation type theorem of hyperbolicity of complements of
Cartier divisors, which will be used to prove Theorem 6.

Theorem 20. Let π : X → R be a proper family of connected complex analytic
spaces. Let S be an effective Cartier divisor on X . Assume that there is a point
r0 ∈ R satisfying the following properties:

(1) Both Sr0 and Xr0 \ Sr0 are Brody hyperbolic.
(2) S does not contain any irreducible component of Xr0 .

Then there exists an open neighborhood (in the Euclidean topology) U ⊂ R of r0
such that for each r ∈ U , both Sr and Xr \ Sr are Brody hyperbolic.

Proof. Let Ur := Xr \ Sr. Since Sr0 is Brody hyperbolic, Theorem 15 implies that
Sr is Brody hyperbolic for r sufficiently close to r0. Therefore, it suffices to show
that Ur is Brody hyperbolic for r in a small neighborhood of r0.

Assume to the contrary that there exists a sequence of points {rn} converging to
r0 such that Urn is not Brody hyperbolic for each n. Hence Urn is not hyperbolically
embedded inXrn . Then there is a limit complex line hn : C → Xrn coming from Un.
By taking a subsequence of {rn} if necessary, we may assume that {hn} converges
to a complex line h : C → Xr0 . Then by applying the generalized Hurwitz theorem
[Kob98, 3.6.11] to (X ,S), h(C) is contained in either Sr0 or Ur0 . However, both
Sr0 and Ur0 are Brody hyperbolic, and we get a contradiction! �
Proof of Theorem 6. We first prove that X0 \ φ∗(T ) is Brody hyperbolic.

It is clear that the birational morphism ψ|E : E → X0 induces an isomorphism

between E \ X̂0 and X0 \ {v0}. Therefore, it suffices to show that E \ φ̃∗(T ) is
Brody hyperbolic.

Consider the restriction of ρE : E → H on the open subset E \ φ̃∗(T ). Since H

is Brody hyperbolic, we only need to show that ρ−1
E (x)\ φ̃∗(T ) is Brody hyperbolic.

Applying the pullback of a ruling αx yields that ρ−1
E (x)\ φ̃∗(T ) ∼= P1 \ (φ̃◦αx)

∗(T ).
Since T satisfies (∗∗), lx ≥ m − n + 1 for any x ∈ H. Then the assumption

m ≥ n+ 2 implies that lx ≥ 3. Hence P1 \ (φ̃ ◦ αx)
∗(T ) is Brody hyperbolic, which

means that ρ−1
E (x) \ φ̃∗(T ) is also Brody hyperbolic. Consequently, X0 \ φ∗(T ) is

Brody hyperbolic.
On the other hand, since φ̃∗(T ) is disjoint from X̂0, no fiber of ρE is contained

in φ̃∗(T )|E. Hence the restriction of ρE on φ̃∗(T )|E is a finite morphism onto H.

Then H being Brody hyperbolic implies that φ̃∗(T )|E is Brody hyperbolic. Recall

that φ∗(T )|X0
∼= φ̃∗(T )|E, so φ∗(T )|X0

is also Brody hyperbolic.
So far we have shown that both φ∗(T )|X0

and X0 \ φ∗(T ) are Brody hyperbolic.
Applying Theorem 20 to the family X → A1 with S = φ∗(T ) and r0 = 0 yields that
both φ∗(T )|Xt

and Xt \ φ∗(T ) are Brody hyperbolic for |t| sufficiently small. Since
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(Xt, φ
∗(T )|Xt

) is isomorphic to (X,St), both St and X \ St are Brody hyperbolic
for |t| sufficiently small. By Proposition 11, St is a generic small deformation of
mH for |t| sufficiently small. The first statement of the theorem then follows. The
last statement follows directly from Theorem 19. �

4. Applications and examples

4.1. Hypersurfaces in Pn.
Let us introduce some notation to describe the moduli spaces of hypersurfaces

in Pn with various hyperbolic conditions.

• Let Pn,δ be the projective space of dimension
(
n+δ
n

)
− 1 whose points pa-

rametrize hypersurfaces of degree δ in Pn.
• Let Hn,δ ⊂ Pn,δ be the subset corresponding to Brody hyperbolic hyper-
surfaces.

• Denote byHEn,δ the subset of Pn,δ consisting of the hypersurfaces of degree
δ in Pn with hyperbolically embedded complements.

The following theorem (which essentially implies Theorem 4) produces Brody
hyperbolic hypersurfaces that are cyclic covers of Pn.

Theorem 21. Let k, δ be positive integers such that δ is a multiple of k. Suppose
one of the following conditions holds.

(1) Hn,k is non-empty and δ ≥ (n+ 3)k.
(2) HEn,k ∩Hn,k is non-empty and δ ≥ (n+ 2)k.

Then there exists a Brody hyperbolic smooth hypersurface W of degree δ in Pn+1,
such that W is a cyclic cover of Pn under some linear projection.

Proof.
(1) Choose a smooth hypersurface D ∈ Hn,k. Let d := δ/k. For any d ≥ n+ 3,

applying Theorem 2 to (X,L,H, d,m) := (Pn,O(k), D, d, d) yields that there exists
a degree d cyclic cover Y of Pn branched along a smooth hypersurface S of degree
δ such that Y is Brody hyperbolic. Let W be the degree δ cyclic cover of Pn

branched along S. Then W → Y is a finite surjective morphism. Thus Y being
Brody hyperbolic implies that W is also Brody hyperbolic.

(2) Choose a smooth hypersurface D ∈ HEn,k ∩ Hn,k. Let d := δ/k. For any
d ≥ n + 2, apply Theorem 3 to (X,L,H, d,m) := (Pn,O(k), D, d, d). The rest of
the proof is the same as (1). �

Next, we give a new proof to [Zăı09, 1.1] using Mori’s degeneration method.

Theorem 22 (Zaidenberg [Zăı09]). Let X = (F (z0, · · · , zn) = 0) be a Brody hyper-
bolic hypersurface of degree k in Pn (n ≥ 2). We may realize Pn as the hyperplane
(zn+1 = 0) in Pn+1. Denote by C(X) := (F (z0, · · · , zn) = 0) ⊂ Pn+1 the projective
cone over X. Let dC(X) := (F d = 0) ⊂ Pn+1 be the d-th thickening of C(X)
where d ≥ 2 is a positive integer. Then a generic small deformation of dC(X)
(in the sense of [Zăı09]) is Brody hyperbolic. In particular, Hn,k �= ∅ implies that
Hn+1,dk �= ∅ for d ≥ 2.

Proof. Firstly, let us recall Mori’s degeneration method from [Mor75].
Let P(1n+2, k) be a weighted projective space of dimension (n+ 2) with coordi-

nates z0, · · · , zn+1, w. Let G be a general homogeneous polynomial of degree dk in
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z0, · · · , zn+1. Consider the family of complete intersections

Yt :=
(
tw − F (z0, · · · , zn) = wd −G(z0, · · · , zn+1) = 0

)
⊂ P(1n+2, k).

For t �= 0 we can eliminate w to obtain a degree dk smooth hypersurface

Yt
∼=

(
F d(z0, · · · , zn) = tdG(z0, · · · , zn+1)

)
⊂ Pn+1.

For t = 0 we see that OY0
(1) is not very ample but realizes Y0 as a degree d cyclic

cover

h : Y0 → C(X) = (F (z0, · · · , zn) = 0) ⊂ Pn+1

of C(X) branched along (F = G = 0).
Next, we will show that Y0 is Brody hyperbolic. Let us fix a general homogeneous

polynomial G from now on. By Lemma 14, a general hypersurface T := (G = 0)
satisfies that T does not contain the vertex [0, · · · , 0, 1] of C(X) and that

#(T ∩ �) ≥ dk − n

for any generator � of C(X). Applying Lemma 12 to (d,m, l) := (d, dk,#(T ∩ �))
yields that h−1(�) is Brody hyperbolic if #(T ∩ �) ≥ k + 3. Since X is a Brody
hyperbolic hypersurface of degree d in Pn with n ≥ 2, it is clear that k ≥ n + 3.
Hence

#(T ∩ �) ≥ dk − n ≥ k + 3.

Thus h−1(�) is Brody hyperbolic, which together with X being Brody hyperbolic
implies that Y0 is Brody hyperbolic.

Finally, Theorem 15 implies that Yt is Brody hyperbolic for |t| sufficiently small.
Hence we prove the theorem. �

The following theorem is an improvement of [Zai93, p. 147, Corollary of Theorem
II.2], where they assumed δ ≥ (2n + 1)k (without assuming δ being a multiple of
k).

Theorem 23. If Hn,k is non-empty, then HEn,δ∩Hn,δ is a non-empty open subset
of Pn,δ (in the Euclidean topology) for any δ ≥ (n+ 2)k with δ being a multiple of
k.

Proof. Let m = δ/k ≥ n + 2. Applying Theorem 6 to X = Pn, L = OPn(k),
H ∈ Hn,k yields that both S and Pn \ S are Brody hyperbolic for a generic small
deformation S of mH ∈ |OPn(δ)|. Theorem 19 implies that S ∈ HEn,δ ∩Hn,δ for
any generic small deformation S of mH; hence HEn,δ ∩ Hn,δ is non-empty. The
openness of HEn,δ ∩Hn,δ follows from Theorems 19 and 20. �

4.2. Surfaces.
The following theorem provides new examples of hyperbolic surfaces in P3 of

minimal degree 15.

Theorem 24. Let δ = d · k be the product of two positive integers d ≥ 3, k ≥ 5.
Then there exists a smooth Brody hyperbolic surface Xδ of degree δ in P3 that is a
cyclic cover of P2 under some linear projection.

Proof. According to [Zau88], for any k ≥ 5 there exists a smooth curve D in P2 of
degree k with P2 \ D being Brody hyperbolic. Then the proof is along the same
lines as for Theorem 21(2), except that we apply Theorem 18 instead of Theorem
3 when d = 3. �
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Next, we prove Theorem 5.

Theorem 25 (=Theorem 5). Let l ≥ 3, k ≥ 5 be two positive integers. Let D
be a smooth plane curve of degree k such that P2 \ D is Brody hyperbolic. (The
existence of such D was shown by Zaidenberg in [Zau88].) Let S be a generic
small deformation of 2lD. Then the double cover of P2 branched along S is Brody
hyperbolic.

Proof. Apply Theorem 3 to (X,L,H, d,m) := (P2,O(k), D, 2, 2l). �

Example 26. Let (X0, L0) be a primitively polarized K3 surface of degree 2l for
l ∈ Z>0. For any m ≥ 4, denote M0 := Lm

0 . Pick a general member H ∈ |L0|; then
H is smooth and g(H) ≥ 2. Let S0 be a generic small deformation of mH that is
smooth. Then Theorem 6 implies that S0 and X0 \ S0 are both Brody hyperbolic.

There exists a deformation (X ,M) of (X0,M0) over Δ such that (Xt,Mt) is a
primitively polarized K3 surface of degree 2lm2 for t ∈ Δ \ {0}. It is clear that
h0(Xt,Mt) does not depend on the choice of t in Δ. Hence Grauert’s theorem
implies that π∗M is a locally free sheaf on Δ, where π : X → Δ is the projection
map. In other words, {H0(Xt,Mt)}t∈Δ forms a holomorphic vector bundle over
Δ. Now we may deform S0 to a family of divisors St ∈ |Mt| for |t| sufficiently
small. By choosing a generic deformation, we may assume that St is smooth for |t|
sufficiently small. Hence Theorem 20 implies that both St and Xt \ St are Brody
hyperbolic for |t| sufficiently small. Moreover, Xt \St is completely hyperbolic and
hyperbolically embedded in Xt by Theorem 19.

As a consequence, for any l ≥ 1 and m ≥ 4 there exists a primitively polarized
K3 surface (X,M) of degree 2lm2 and a smooth curve S ∈ |M |, such that X \ S is
completely hyperbolic and hyperbolically embedded in X. Notice that the minimal
degree of (X,M) is 32.
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(1986), no. 4, 629–636. MR875091

[CZ03] Ciro Ciliberto and Mikhail Zaidenberg, 3-fold symmetric products of curves as hy-
perbolic hypersurfaces in P4, Internat. J. Math. 14 (2003), no. 4, 413–436, DOI
10.1142/S0129167X0300182X. MR1984661

[CZ13] C. Ciliberto and M. Zaidenberg, Scrolls and hyperbolicity, Internat. J. Math. 24 (2013),
no. 4, 1350026, 25, DOI 10.1142/S0129167X13500262. MR3062966

[DEG00] Jean-Pierre Demailly and Jawher El Goul, Hyperbolicity of generic surfaces of high
degree in projective 3-space, Amer. J. Math. 122 (2000), no. 3, 515–546. MR1759887

[Dem15] Jean-Pierre Demailly, Proof of the Kobayashi conjecture on the hyperbolicity of very
general hypersurfaces, preprint available at arXiv:1501.07625.

[Den16] Ya Deng, Effectivity in the hyperbolicity-related problems, preprint available at
arXiv:1606.03831.

http://www.ams.org/mathscinet-getitem?mr=875091
http://www.ams.org/mathscinet-getitem?mr=1984661
http://www.ams.org/mathscinet-getitem?mr=3062966
http://www.ams.org/mathscinet-getitem?mr=1759887


5356 YUCHEN LIU
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[Pău08] Mihai Păun, Vector fields on the total space of hypersurfaces in the projective space and
hyperbolicity, Math. Ann. 340 (2008), no. 4, 875–892, DOI 10.1007/s00208-007-0172-5.
MR2372741

[Rou07a] Erwan Rousseau,Weak analytic hyperbolicity of complements of generic surfaces of high
degree in projective 3-space, Osaka J. Math. 44 (2007), no. 4, 955–971. MR2383820

[Rou07b] Erwan Rousseau, Weak analytic hyperbolicity of generic hypersurfaces of high degree in
P4 (English, with English and French summaries), Ann. Fac. Sci. Toulouse Math. (6)
16 (2007), no. 2, 369–383. MR2331545

http://www.ams.org/mathscinet-getitem?mr=2593279
http://www.ams.org/mathscinet-getitem?mr=2099189
http://www.ams.org/mathscinet-getitem?mr=1988702
http://www.ams.org/mathscinet-getitem?mr=958594
http://www.ams.org/mathscinet-getitem?mr=1096182
http://www.ams.org/mathscinet-getitem?mr=1820928
http://www.ams.org/mathscinet-getitem?mr=609557
http://www.ams.org/mathscinet-getitem?mr=0457790
http://www.ams.org/mathscinet-getitem?mr=3567250
http://www.ams.org/mathscinet-getitem?mr=3530280
http://www.ams.org/mathscinet-getitem?mr=3449206
http://www.ams.org/mathscinet-getitem?mr=0277770
http://www.ams.org/mathscinet-getitem?mr=1635983
http://www.ams.org/mathscinet-getitem?mr=3057950
http://www.ams.org/mathscinet-getitem?mr=828820
http://www.ams.org/mathscinet-getitem?mr=2095471
http://www.ams.org/mathscinet-getitem?mr=1692470
http://www.ams.org/mathscinet-getitem?mr=1371771
http://www.ams.org/mathscinet-getitem?mr=0393054
http://www.ams.org/mathscinet-getitem?mr=2372741
http://www.ams.org/mathscinet-getitem?mr=2383820
http://www.ams.org/mathscinet-getitem?mr=2331545


HYPERBOLICITY OF CYCLIC COVERS AND COMPLEMENTS 5357

[Rou09] Erwan Rousseau, Logarithmic vector fields and hyperbolicity, Nagoya Math. J. 195
(2009), 21–40. MR2552951

[RR13] Xavier Roulleau and Erwan Rousseau, On the hyperbolicity of surfaces of gen-
eral type with small c21, J. Lond. Math. Soc. (2) 87 (2013), no. 2, 453–477, DOI
10.1112/jlms/jds053. MR3046280

[Siu15] Yum-Tong Siu, Hyperbolicity of generic high-degree hypersurfaces in complex projective
space, Invent. Math. 202 (2015), no. 3, 1069–1166, DOI 10.1007/s00222-015-0584-x.

MR3425387
[SY96] Yum-Tong Siu and Sai-kee Yeung, Hyperbolicity of the complement of a generic smooth

curve of high degree in the complex projective plane, Invent. Math. 124 (1996), no. 1-3,
573–618, DOI 10.1007/s002220050064. MR1369429

[SY97] Yum-Tong Siu and Sai-Kee Yeung, Defects for ample divisors of abelian varieties,
Schwarz lemma, and hyperbolic hypersurfaces of low degrees, Amer. J. Math. 119
(1997), no. 5, 1139–1172. MR1473072

[SZ00] Bernard Shiffman and Mikhail Zaidenberg, Two classes of hyperbolic surfaces in
P3, Internat. J. Math. 11 (2000), no. 1, 65–101, DOI 10.1142/S0129167X00000064.
MR1757892

[SZ02] Bernard Shiffman and Mikhail Zaidenberg, Hyperbolic hypersurfaces in Pn of Fermat-
Waring type, Proc. Amer. Math. Soc. 130 (2002), no. 7, 2031–2035, DOI 10.1090/S0002-
9939-01-06417-6. MR1896038

[Voi96] Claire Voisin, On a conjecture of Clemens on rational curves on hypersurfaces, J. Dif-
ferential Geom. 44 (1996), no. 1, 200–213. MR1420353

[Xu94] Geng Xu, Subvarieties of general hypersurfaces in projective space, J. Differential Geom.
39 (1994), no. 1, 139–172. MR1258918
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Sūrikaisekikenkyūsho Kōkyūroku 819 (1993), 136–156. MR1247074
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