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MAJORIZATION IN C*-ALGEBRAS

PING WONG NG, LEONEL ROBERT, AND PAUL SKOUFRANIS

ABSTRACT. We investigate the closed convex hull of unitary orbits of selfad-
joint elements in arbitrary unital C*-algebras. Using a notion of majorization
against unbounded traces, a characterization of these closed convex hulls is ob-
tained. Furthermore, for C*-algebras satisfying Blackadar’s strict comparison
of positive elements by traces or for collections of C*-algebras with a uniform
bound on their nuclear dimension, an upper bound for the number of unitary
conjugates in a convex combination required to approximate an element in
the closed convex hull within a given error is shown to exist. This property,
however, fails for certain “badly behaved” simple nuclear C*-algebras.

1. INTRODUCTION

The relation of majorization between selfadjoint matrices is an important and
well-studied relation (see [And94] and the references therein). It is thus natural
to pursue its study in the more general realm of operator algebras. This has been
done for von Neumann algebra factors ([Kam83,[HN91]) and for various classes of
simple C*-algebras ([Skol6L[NST6]). A basic result on matrix majorization due to
Uhlmann gives two equivalent ways of defining the majorization relation: Given
selfadjoint matrices a and b, the following conditions on a and b are equivalent:

(1) a belongs to the convex hull of the unitary conjugates of b,

(2) Tr(a) = Tr(b) and Tr((a —t)+) < Tr((b—t)4) for all t € R. Here (a —t)+
is the element obtained from a by functional calculus with the function
x+— (x —t)4 := max(z — ¢,0) and Tr is the trace.

When either of these conditions holds a is said to be majorized by b. We show
in this paper that the equivalence above has a natural generalization to arbitrary
C*-algebras. In order to formulate a suitable version of (2) we must now look
at possibly unbounded traces. Let A be a C*-algebra. We call a map 7: A, —
[0,00] a trace if it is linear (additive, R;-homogeneous, and maps 0 to 0) and
satisfies that 7(z*z) = 7(zz*) for all + € A. We will always assume that traces are
lower semicontinuous, i.e., such that 7(a) < liminf, 7(a,) if a, — a. We do not
assume, however, that traces are densely finite. We denote the cone of all lower
semicontinuous traces by T(A). We prove below the following theorem.

Theorem 1.1. Let A be a unital C*-algebra. Let a,b € A be selfadjoint elements.
The following are equivalent:
(i) a € co{ubu* |u € U(A)},
(i) 7((a—t)4) < 7((b—1t)4) and T((—a—t)4) < 7((=b—1t)4) for all T € T(A)
and all t € R.
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In this theorem co(-) denotes the convex hull of a set and U(A) the unitary group
of A. If (i) holds we say that a is majorized by b. If A is a simple C*-algebra with
at least one bounded trace, then condition (ii) of Theorem [[] takes the following
form, which is closer to the matrix case: 7((a —t)4) < 7((b—1t)4+) and 7(a) = 7(b)
for all bounded traces 7 and all t € R (Corollary [£6(i)). However, since we allow
for traces that are not densely finite, Theorem [I.1] covers the simple purely infinite
C*-algebras as well (Corollary .6](ii)); indeed, it covers all C*-algebras. A related
theorem, also valid for all C*-algebras, is [Rob09, Theorem 1.1], which shows that
the agreement of two positive elements on all traces in T(A) is equivalent to the
Cuntz—Pedersen relation.

A few words on the proof of Theorem [[.TT We use a well-known Hahn-Banach
argument going back to Day ([Day57]) to reduce the proof to the von Neumann
algebra A**. In the von Neumann algebra setting, we deal first with finite von
Neumann algebras using arguments inspired by the II; factor case and then extend
the proof to the general case. In the process we obtain a formula for the distance
from a to co{ubu* | u € U(A)} in terms of tracial inequalities (the zero distance
case of this formula is Theorem [[]).

In the context of majorization of matrices one encounters the following phe-
nomenon: For any given £ > 0 there exists N € N such that if a,b € M,,(C) are
selfadjoint matrices of norm at most 1 and a is majorized by b, then there exists a
convex combination of at most IV unitary conjugates of b which is within a distance
of € from a. Here the number N does not depend on a or b, as long as they are con-
tractions, or on the matrix size n (see [Skol6l Theorem 6.1] for an explicit formula).
We refer to this property as uniform majorization. (In the language of continuous
logic of C*-algebras, the fact that N depends solely on ¢ implies that the relation
of majorization is uniformly definable within the class of matrix C*-algebras; see
[FHL™16].) Uniform majorization does not hold for general C*-algebras and may
fail even in a single C*-algebra. We show below that the C*-algebra constructed
in [Rob15l Theorem 1.4] does not have uniform majorization (Example [5.7). This
C*-algebra, which is simple and nuclear, fails to have various regularity properties
of great significance in the classification of simple nuclear C*-algebras; to wit, it
has neither strict comparison of positive elements by traces nor finite nuclear di-
mension. We prove below that these very same regularity properties serve to ensure
uniform majorization.

Theorem 1.2. For every € > 0 there exists N € N such that if A is a unital
C*-algebra with strict comparison of positive elements by traces and a,b € A are
selfadjoint contractions such that a € co{ubu* | u € U(A)}, then

for some ug, ..., un € U(A).

A version of Theorem for C*-algebras with finite nuclear dimension is also
valid (Theorem [5.6]). We obtain the following interesting application of uniform
majorization: Let A be a unital C*-algebra with either strict comparison by traces
or finite nuclear dimension. Let B C A, be a separable C*-subalgebra of the
sequence algebra Ao = [[;o, A/ @;-, A. Then for every selfadjoint a € A, the

set co({uau* | u € U(Ax)}) has nonempty intersection with B’ N Ax.
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This paper is organized as follows: In Section [2] we define the majorization and
submajorization relations and prove some of their general properties which will be
needed later on. In Section [B] we prove Theorem [[LIl when A is a von Neumann
algebra (at this point we assume that a and b are positive contractions as a matter
of convenience). In Section ] we prove Theorem [[T] together with a more general
distance formula and we derive some corollaries of these theorems. In Section
we investigate the property of uniform majorization described above. The proof
of Theorem [[.2] unlike the more hands-on methods used in [Skol6], does not yield
and explicit formula for the number N in terms of ¢.

2. PRELIMINARIES ON MAJORIZATION AND SUBMAJORIZATION

Let A be a C*-algebra. Let us denote by Ay and Ag, the sets of positive and
selfadjoint elements of A, respectively. If A is unital, we let U(A) denote the unitary
group of A. If a € Ag, and ¢t € R we denote by (a —t)4 the element obtained from
a by functional calculus with the function z — (z — )4 := max(x —¢,0).

Given a,b € Ag, let us say that a is submajorized by b, and denote it by a <. b,
if

a € co({dbd" | [d] < 1}).

Suppose that A is unital. Let us say that a is majorized by b, and denote it by
a <y b, if

a € co({uau* | u € U(A)}).

It is possible to extend the relation of majorization to nonunital C*-algebras simply
by passing to the unitization. However, we will always assume that A is unital
when discussing majorization. Both submajorization and majorization are preorder
relations.

We use the following lemma quite frequently and without reference.

Lemma 2.1. Let ay,a0,by,by € Agy be such that ay <¢ by, as < ba, ajas =0 and
b1bs = 0. Then ai + as <. by + bs.

Proof. Let € > 0. Suppose that

N N
1 1 .
||(11 — N Zdi71b1d;1‘| < ¢ and HCLQ — N Zdi72b2di’2“ <eg,
i=1 =1
for some contractions d; 1,d; 2 € A. Multiplying by an approximate unit of |a;|A|a1|
1 1
;b1|b1|;
for large enough n we can assume that d;; € |a1]|A|b1| for all 4. Similarly, we
can assume that d; o € |ag|A|bz| for all i. Define d; = d;1 + d;2 for all i. A
straightforward calculation exploiting that a;as = b1bs = 0 shows that

on the left and on the right of the first equation and replacing by by |b;

N
1
H(a1 + ag) — N Z_Zle(bl + bg)d:” < 2e.
This proves the lemma. O
Lemma 2.2. Let a,b € Ag,.
(i) If a < b, then ay < by.
(ii) If la —b|| <7, then (a — 7)1 <c by.
(iii) If a <c b, then (a —t)4 <c (b—t)1 for allt € [0,00).
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Proof.

(i) Assume first that @ > 0 (so b > 0). Since a < b, a is in the hereditary C*-
subalgebra generated by b. Hence, brwabw — a, which shows that a <. b, as desired.
Suppose now that a € Ag,. Let € > 0. Let ¢ € C*(a) be a positive contraction such
that ca = (a — ). Multiplying by ¢!/? on the left and on the right of a < b we get

(a—e)+ < cbe? < c%b+c% <c by.
Since submajorization is transitive and we have already shown that the order on
positive elements is stronger than the submajorization relation, (a — €)4 <. b4 for
all € > 0. Letting ¢ — 0 we are done.

(ii) We have that a — r < b. So we can apply (i) to get that (a — r)4+ <. by.

(iii) Choose b’ = + Ziil d;bdf, with ||d;|| < 1 for all 4, such that |la — V|| < e.

77

From a — ¢t —e < b —t we get, by (i), that (a —t — &)y < (b —t)1. Also,
1 1
/ * *
V-t< ;:1 di(b— 0)d; < ;:1 di(b—t)4d?.

Hence, by (i), (' — t)4 is submajorized by 4 Zf\; d;(b — t)1df, which in turn is
submajorized by (b — t);. By the transitivity of submajorization, (a —t — €)4+ <.
(b —t)4 for all € > 0, from which the desired result follows. O

Proposition 2.3. Let a,b € As,. Then a <. b if and only if ay <. by and
a_ <cb_.

Proof. Suppose first that a <. b. Let a,, € Ag, be elements such that a, — a
and each a, is a finite convex combination of elements of the form dbd*. Since
(an)+ — a4 it suffices to show that (a,)y <. by for all n. Put differently, it
suffices to assume that a = % Zf\;l d;bd} for some ||d;|| < 1. In this case we have
that

LN
o< & ;dmd;.
By Lemma 2.2
ay <c (% i dzb_;,_d:()_;,_ = % idlb+d:
i=1 i=1

The rightmost side is clearly submajorized by b,. Thus, a4 <. by. Since —a <. —b

we also have that a_ = (—a)4 <. (b4) = b_. This proves one implication.
Suppose now that ay <. by and a— <. b_. By Lemma 2] we have that
a4 —a— <c by —b_, ie., a<.b, as desired. O

In light of the previous proposition we will largely focus on the study of the
submajorization relation among positive elements. It will be easy enough to extend
our main results to selfadjoint elements relying on this proposition.

We call trace on A a map 7: A, — [0,00] that is RT-linear, maps 0 to 0, and
satisfies that 7(z*x) = 7(az*) for all z € A. Notice that oo is in the range of
7 and that we do not assume that 7 is densely finite. We denote by T(A) the
cone of all lower semicontinuous traces on A. The reader is referred to [ERS11] for
basic facts on T(A). Observe that for each closed two-sided ideal I C A the map
71 Ay — [0, 00] defined as 77(a) =0 if a € Iy and 77(a) = oo otherwise is a lower
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semicontinuous trace. In particular, if we choose I = {0} we get a trace that is oo
everywhere except at 0.
Let a,b € A;. We say that a is tracially submajorized by b if

T((a—t)4) <7((b—1t)4) for all 7 € T(A) and all ¢ € [0, 00).

We denote this relation by a < b.
The following proposition clarifies the meaning of tracial submajorization in C*-
algebras with “very few” traces.

Proposition 2.4. Suppose that the C*-algebra A has no l.s.c. traces other than
the traces 11 associated to its closed two-sided ideals (e.g., A is purely infinite). Let
a,b € Ay. Then a <1 b if and only if ||mr(a)|| < ||7r(b)| for all quotient maps
- A— A/I

Proof. Let I be a closed two-sided ideal of A. Denote by 77: A — A/I the quotient
map. Let t € [0,00). Consider the inequality 77((a —t)+) < 77((b—1t)+). The right
side is oo for all ¢t < ||wr(b)]|. So in this case the inequality is trivially valid. On the
other hand, if ¢ > ||77(b)||, then the inequality is valid if and only if the left side is
0, ie., if (a—|7(b)||)+ € I. This is equivalent to ||7(a)| < |77 (b)|], as desired. O

We will show below that in any C*-algebra tracial submajorization is equiva-
lent to submajorization (for positive elements), but this will entail first elucidating
independently some of the properties of both relations.

Lemma 2.5. Let B C A be a hereditary C*-subalgebra. Let a,b € B, .

(i) If a <. b in A, then a <. b in B.
(ii) Ifa < b in A, then a <1 b in B.

Proof.
(i) Let (ex)x be an approximate unit of B consisting of contractions. Let € > 0.
Say dy,...,dy € A are contractions such that

1 N
Ha - ;dibd;* <e.

Call the left side of the above inequality & and choose &’ < &’ < . We have

N N
1 1
Ha -~ 2_1 eAdibd;‘e)\H < |la — exaey]| + HeA (a -~ 2_1 dibd;‘>eAH
< |la —exaey| + €.

Since eyaey — a, there exists \g such that the left side is less than & for all A > \g.
Moreover, since eybey — b, there exists A; such that

N
la — % ZeAdi(e,\beA)dz‘eAH <e
=1
for all A > A;. Notice that exd;ey € B for all 7. Thus, a <. b in B.
(ii) It suffices to show that every Ls.c. trace on B extends to A. Let us sketch the
proof of this known fact: Given positive elements e, f € A, let us write e Scp [ if
e= Zfil x;x; and Zfil x;x; < f for some z; € A, where the series are convergent
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in norm. This transitive relation is studied in [CP79] and [Rob09]. To define an
extension of a trace 7 on B to A we set

7(x) =sup{7(y) | y € B4, y Zcp =},

for all x € A;. Then 7 is an Ls.c. trace on A extending 7. The proof of this claim
may be found in the proof of [CP79, Lemma 4.6]. O

Let K denote the C*-algebra of compact operators on a separable, infinite-
dimensional, Hilbert space. We regard A embedded in A ® K in the usual manner,
i.e., by placing the elements of A in the upper-left corner of an infinite matrix whose
entries are 0 everywhere else.

Proposition 2.6. Let a,b € Ay. Then a <. b in A if and only if a <y b in
(A® K)™ (i.e., in the unitization of the stabilization of A).

Proof. Suppose that a <, bin (A® K)™~. Since A is a hereditary C*-subalgebra of
(A® K)™, we have a <. b in A by Lemma [Z5]i).

Let us prove the opposite implication. We consider first the case when a < b.
Let n € N. We have

al/?
b= (a1/2 o (b= a)1/2) :
(b _ a)1/2
and
al/?
: (a1/2 s (b= a)l/?)
(b _ a)1/2
a al/Q(b—a)l/Q
= z ; € M,(A),
(b—a)/?a'/? ... b—a

where the omitted entries are all zeros. By changing n and averaging we find that
for any € > 0 we can choose x1,...,xy € A® K such that

N

la — % ;xzxm < e and b= ajz; for all 7.
But for all z € A ® K the elements x*x and zz* are approximately unitarily
equivalent in (A ® K)~ ([BRTT12, Lemma 4.3.3]). This shows that a <, b in
(A® K)™, as desired.

Suppose now that a = dbd*, with ||d|| < 1. Let z = db'/?. Then a = zz*
and z*r < b. We have already shown that z*z <, b in (A ® K)~. But, as
remarked above, z*z and zz* are approximately unitarily equivalent in (A ® IC)™.
Soa=x*r <, xx* <, b.

Consider the general case. Suppose that a <. b. Then a is a limit of convex
combinations of elements of the form dbd*, with ||d|| < 1. We have already shown
that each of these elements is majorized by b in (A ® KC)~. It follows that a <, b
in (A® K)™, as desired. O
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Proposition 2.7. Let E: A — A be a positive contractive map that is also trace
decreasing, i.e., T(E(a)) < 7(a) for all T € T(A) and all a € A;. Then E(a) <1 a
foralla e Ay.

Proof. Let t € [0,00) and let 7 € T(A). Let € > 0. Since E is positive and
contractive we have that

E(a)—t-1<E(a—t-1) < E((a—1t)4).
Let ¢ € C*(E(a)) be a positive contraction such that (E(a) —t)c = (E(a) —t—¢)+.
Then . .
(E(a) =t =)+ < c?E((a—1)4)c?.
Evaluating both sides on 7 and using the fact that E is trace decreasing we get
that
T((E(a) =t —e)y) < T(E((a—1)4)) < 7((a—1t)4).

Letting € — 0 and using that 7 is lower semicontinuous we get the desired inequality.

|

Proposition 2.8. Let a,b€ Ay. If a <. b, then a <7 b.

Proof. First suppose that a is exactly a convex combination of elements of the form
dbd*, with ||d|| < 1. Say a = Y, t;d;bd;, where ||d;]| <1 for all i, 0 < ¢; <1 for
all i, and >0 ;t; = 1. Let E: A — A be defined as E(y) = >, t;d;yd} for all
y € A. Then F is positive, contractive, and trace decreasing. By Proposition Z.71]
a = E(b) < b, as desired.

Suppose now that a,b € A, are arbitrary elements such that a <. b. Let a,, — a,
where a,, is a finite convex combination of elements of the form dbd*, with ||d|| < 1.
Then a,, <1 b for all n by the previous case. Let 7 € T(A) and ¢ € [0,00). Then
T((an — t)4+) < 7((b —t)4) for all n and (a, — t);+ — (a —t);. By the lower
semicontinuity 7,

T((a = 1)) <lminfr((a, —t)4) <7((b = 1)+),

as desired. (What we have shown is that the set of elements tracially submajorized
by b is closed.) O

3. VON NEUMANN ALGEBRA CASE

In this section we work exclusively in the setting of von Neumann algebras. The
main results of this section, Propositions [3.13] and B0l characterize submajoriza-
tion and majorization in a von Neumann algebra in terms of tracial submajorization.
They are stepping stones towards proving the same results for all C*-algebras. (We
take up this task in the next section.)

Throughout this section M denotes a von Neumann algebra. We also fix the
following notation: The center of M is denoted by Z. Elements of Z are often
regarded as continuous functions on Z (the spectrum of Z). Given a € M we
denote by ¢, € Z the central carrier or central support projection of a.

Lemma 3.1. Let a,b € My be such that a <1t b. Let A € Z. The following are
true:
(i) Aa <1 Ab.
(i) (a— Ny <1 (b—A)s.
(iii) a+ A <7 b+ A
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Proof.

(i) Let 7 € T(M) and ¢ € [0,00). We must show that 7((Aa—t)+) < 7((Ab—1)4).
Suppose first that A = e is a central projection. Then 7((ea —t)1) = +
and since x — 7(e - x) is a trace in T(M), 7(e(a — t)+) < 7(e(b —t)4). So
T((ea —t)1) < 7((eb—1t)4), as desired.

Suppose now that A has finite spectrum. Then A = Z?:l a;e;, where e1,...,e,
are pairwise orthogonal central projections and where oy, ..., a, > 0 are positive
scalars. We have

NE

r((a=1)) =7((

—o(

Finally, suppose that \ is an arbitrary positive central element. Making use
of the Borel functional calculus on A, construct an increasing sequence of positive
central elements (), each with finite spectrum and such that A\, A in norm.
We have already proven that 7((A,a —t)+) < 7((Ab—1)4) for all n. Observe that
(Ma—1t)y S (Aa—t)4 and (A\b—t); 7 (Ab—t)4. So passing to the limit as
n — oo and using the fact that 7 is l.s.c. we get that 7((Aa —t)4+) < 7((Ab—1t)4),
as desired.

(ii) It suffices to show that 7((a — A)4+) < 7((b— \)4) for all 7 € T(M). Making
use of the Borel functional calculus on A, construct a decreasing sequence of positive
central elements (), with finite spectrum and such that A, \, A in norm. Then
(a=An)t S (a—XN)y and (b— M)+ 7 (b— A)4. So, arguing as in (i), the proof is
reduced to the case of A with finite spectrum.

Say A = Z?zl a,e;, where ey, ..., e, are pairwise orthogonal central projections
adding up to 1 and «; > 0 are scalars. Then

e;a — t) )
1 +
n

t
ofon=2) ) <o
;) + :

1 i=1

M: -

o (eib - ai)+) — (A= 1)4).

(3

T(ei(a = A)4) = 7(ei(a — i)y) < 7(ei(b — ai)y) = 7(ei(b = A)y),

for all 7. Adding over all i we get the result.

(iii) We can reduce the proof to the case of a A with finite spectrum by choosing
an increasing sequence (\,), such that A, ,* A in norm and arguing as in (i).
Passing to central cut-downs e; M, where ey, ..., e, are central projections adding
up to 1, we are further reduced to the case that A is a nonnegative scalar. So
assume that this is the case. Then (a + A —t); = a4+ (A —1¢) if t < X and
(a+X—1t); = (a— (t— )4 otherwise. This calculation shows that a <t b implies
that a + A <7 b+ A O

Proposition 3.2. Let a,b € M be positive elements with finite spectrum. Then

(3.1) a= iaipi; b= iﬂi@i
i=1 i=1
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for some (P;)T—, and (Q;)I—,, pairwise orthogonal projections in M adding up to
1 such that P; ~ Q; for all i, and some decreasing sequences of positive central
elements (o), and (8;)1_, such that ||oy|| < |lal| and ||B:]| < ||b]] for all i.

i=1

Proof. Since a and b have finite spectrum, we have decompositions

l m
(3.2) a= Z wilk;, b= Z v Fj,
i=1 j=1

where (E;)._, and (F. j)jL, are pairwise orthogonal projections adding up to 1, and
()i and (53;)7L; are nonnegative scalars. We further assume that both sequences
have been arranged in decreasing order.

We will prove the representation for a and b in (31)) by induction on [+ m. The
base case is [+m = 2, i.e., | = m = 1. In this case both a and b are scalar multiples
of the identity. The desired representation has already been achieved.

Suppose that the desired representation is true for all pairs a and b as in (B2
such that [+ m is less than a given number. Now suppose that [ +m is that given
number. Observe that if (ek)szl are central projections adding up to 1 and the
desired representation has been obtained for eya and exb in ex M for all k, then
adding up these representations—adding zero terms if necessary so that they have
the same number of terms—we get the desired representation for a and b. Now recall
that there is a central projection e such that eE; S eFy and (1 —e)Fy 3 (1 —e)Es
(IKR97, Theorem 6.2.7]). Hence, reducing the proof to eM and (1 — e)M, we can
assume that F; and F; are Murray—von Neumann comparable. By symmetry, it
suffices to assume that Fy; 2 Fj. Recall also that for any projection P € M there
exists a central projection e such that eP is a finite projection and (1 — e)P is
properly infinite ([KR97, Proposition 6.3.7]). Applying this to F; and reducing the
proof to each central cut-down, we can assume that F; is either finite or properly
infinite.

Case 1: E; is finite. Let us find F| < F) such that Ey ~ F]. Since F; is finite,
there exists a unitary u such that uEju* = F| ([KR97, Exercise 6.9.7]). Since it is
sufficient to obtain the desired representation for uau®™ and b, let us rename uau*
as a and assume that £y = Fy. Let

l m
o =Y wE;, V=u(F-F)+Y vF;
1=2

j=2

Notice that the total number of projections supporting a’ and b’ is now [ +m — 1.
We can thus apply the induction hypothesis in the von Neumann algebra (1 —
F)M(1— FY) to get

n n
d =) P, V=3 BiQ
i=1 i=1

We also have by induction that oy < ||a/| and 81 < ||b||. The map = — (1 — F{)x
is a surjective homomorphism from Z to the center of (1 — F{)M(1 — FY{) (by
[SSO8, Theorem 5.4.1]). Thus, the decreasing central elements («;)?; and (5;)1;
in (1 — F))M(1 — F}) can be lifted to central elements in Z. Moreover, as is
clear for any surjective map between abelian von Neumann algebras, the decreasing
order and the inequalities 1 < ||&|| and B; < ||b’|| can be maintained after this
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lifting. Let us continue to denote these central liftings by «; and S;. Notice that
1 = pe = ||d’|| = a; for all i and vy > ||b']| = B; for all i. So

a=mEi+Y P, b=wF+> BQ;
i=1 i=1

are the desired representations for a and b.

Case 2: E; is properly infinite. We can find a central projection e such that eF; =
e(l1—Fy) and (1—e)(1—E}) 3 (1 —e)FE;. By passing to the corresponding central
cut-down, we arrive at two cases.

Case 2(a): Ey 31— E;. Let us again find F] < Fy such that F; ~ F{. Let us
moreover choose FY such that F| X 1— F]. We can easily achieve this by exploiting
that Fj is properly infinite. We claim that 1 — F; ~ 1 ~ 1 — F|. Indeed, say
E] < 1— Fj is such that F; ~ Ej. Since we have assumed that F; is properly
infinite, Fy + E{ ~ F;. Hence
l1=(1-E1—-E)+E+E,~(1—FE,—E|)+E=1—E;.

We prove similarly that 1 ~ 1 — FY, thereby establishing our claim. From E; ~ F}
and 1 — Fy ~ 1 — F] we again deduce—as in the case where Ej is finite—that there

exists a unitary w such that uFju* = F|. We can now continue arguing as in the
case where F is finite to complete the induction step.

Case 2(b): 1 — Ey 3 Eq. Since Ej is properly infinite, F4 ~ 1. (Proof: We have

~

E;1 < 1. So, by Cantor—Bernstein, it suffices to show that 1 < E;. Indeed,
1=(1-FE1)+F SEi®FE ~Ey.)

Moreover, since E1 =3 Fj, we have I} ~ 1 as well. We can thus decompose FE;

and Fy as follows: Ey = E] + EY and Fy = F| + F/, where E}|, EY, F| F| are
projections such that F{ ~ F] ~ 1, Ef ~1— F;, and F}' ~ 1 — E;. Notice that
E{ ~ F| and that

1-E =(1-E)+E/ ~F'+(1-F)=1—F.

So there exists a unitary w such that uEju* = F|. It suffices to find the desired
representations for uau* and b. Let us relabel uau* as a and assume that E] = F}.
We have that

l
a=puF +wE + ZMiEia
i=2
while b has the form

m
b = I/1F1/ —+ I/1F1” —+ Z I/ij.
j=2
It is thus clear that it suffices to find the desired representations for

l m
a/:ﬂlEY“—ZﬂiEia blzlle{/—FZl/ij
i=2 j=2

in the von Neumann algebra (1 — F])M (1 — FY{) and then lift the central coefficients
to M (as in Case 1 above). Notice that the number of projections supporting a’ and
b is still I +m. However, repeating the arguments used above we will find ourselves
in either Case 1 or Case 2(a). More specifically, working in the von Neumann
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algebra (1 — F{)M(1 — FY}), we can find central projections ey, e, e3, e4 adding up
to the unit 1 — F| and such that
(1) either e;EY 3 e;F] or e;Fy Z e, E foralli=1,2,3,4,

~

(2) e;EY is either finite or properly infinite for all ¢ = 1,2, 3, 4.
Passing to the algebra e;(1— F])M (1 — FY), let us assume first that E{ 3 F{'. Then

E/2F'~1-E,=(1-E)—-E/=(01-F)-E].

So we can continue arguing as in Cases 1 and 2(a). Similarly, if F{’ 3 EY, then
F" 3 (1 - F])— F/, so again we can continue arguing as in Cases 1 and 2(a). This
completes the induction.

]

Lemma 3.3. Let a,b € M be positive elements with finite spectrum represented
as in BI) of Proposition B2l If a <1 b, then

k k
(3.3) Z ;P <t Z BiQi
i=1 i=1
fork=1....n

Proof. Since P; ~ @; for all i and both sets of projections add up to 1, there exists
a unitary u such that uQ;u* = P; for all i. Let us relabel ubu® as b and assume
that P; = Q; for all 7.

We prove the lemma by induction on k. Let us first prove that aicp, < Bicp,,
which clearly implies the case k = 1. Passing to the central cut-down cp, M if
necessary, we may assume that cp, = 1 (since a <7 b implies that acp, <1 bep,
in ¢p, M). Suppose for the sake of contradiction that ey £ 1. Then there exists
a projection e € Z and a scalar € > 0 such that aje > f1e 4+ ee. Since the central
coefficients (a;)"_, and (f3;)7, are decreasing, we deduce that ||ea| > ||eb||. But
this contradicts that ea <1 eb. Therefore, oy < .

Suppose that the lemma is true for k—1. To prove [B.3]) it suffices to do it on each
central cut-down e; M of a partition of unity by central projections ey, ..., exn. Since
Z is an abelian von Neumann algebra, given any two positive elements o, 5 € Z it
is possible to find a projection e € Z such that ea > ef and (1 —e)a < (1 —¢)B.
Thus, we can reduce the proof to two cases: ay > B or ap < Br. The second case
follows at once from the induction hypothesis. Let us assume that oy > 8. We
have that (a — Br+1)+ <1 (b — Br+1)+, by Lemma [B.II(ii). Hence

k n
Y (@ = Brs) P <Y (@i = Bria)+ P
i=1 i=1
k
= (= Br41)+ <1 (b= Bep1)t = Y _(Bi — Bey1) Ps
i=1

The above tracial submajorization holds in the hereditary subalgebra (P, + --- +
P)M(Py + -+ Py) (by Lemma 25(ii)). Since Sgi1(P1 + -+ + Py) is a central
element of this von Neumann algebra, we can add it on both sides by Lemma

BINiii). This yields (33). O

Lemma 3.4. Let a,b,c € My be such that a <y ¢ and b <, c. Then for any central
element 0 < A < 1 we have that Aa+ (1 — \)b <y ¢
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Proof. By a simple limiting argument it suffices to consider the case that A has
finite spectrum (see the proof of Lemma [B1]). Say A = Z?:l aje;, where eq, ..., e,
are pairwise orthogonal central projections adding up to 1 and «; € [0, 1] for all i. In
order to show that Aa+(1—M\)b <, ¢ it suffices to show that e;(c;a+(1—a;)b) <y e;c
in ;M for all i. But e;a,e;b <y e;c for all i and e;aya + e;(1 — ;)b is a scalar
convex combination of e;a and e;b. The lemma is thus proved. O

Lemma 3.5. Let P,QQ € M be orthogonal projections and let p,v € Z,. There
exists p € Z1 such that min(u,v) < p < max(u,v) and such that for any central
element 0 < XA < 1 we have

WP +1'Q <y uP +1Q,
where
= pA+ (1= Np,
vVi=vA+(1-Np.

Proof. By Dixmier’s approximation theorem ([KR97, Theorem 8.3.5]) applied in
the von Neumann algebra (P + Q)M (P + Q) we have that

pP + pQ <y puP +vQ,

for some min(u,v) < p < max(p,v) in the center of (P + Q)M (P + Q). We can
lift p to an element in the center of M satisfying the same inequalities. Let A € Z
be such that 0 < A < 1. Then, by the previous lemma,

(A4 p(1 = X)) P+ (vA + p(1 = A\)Q <u pP + vQ,
as desired. O

Remark 3.6. In the case that M is finite one can show that p = %ﬁg)@) where
E: M — Z is the center-valued trace.

In the following proposition we assume that M is a finite von Neumann algebra.
We denote by E: M — Z the center-valued trace of M.

Proposition 3.7. Suppose that M is a finite von Neumann algebra. Let a,b € M,
be positive elements of the form B in Proposition B2l If

(3.4) Z o E(P,

forallk=1,... n, then a <. b.

uMw

Proof. Conjugating b by a unitary we may assume that P; = @Q; for all . Passing
to central cut-downs e; M for suitable projections eq,...,enx € Z that partition the
unit, we may assume that cp, = 1 for all ¢. Assuming these simplifications, we prove
the proposition by induction on n. More specifically, we will show by induction on
n that if Py,..., P, are pairwise orthogonal projections in a finite von Neumann
algebra such that cp, = 1 for all 4, and («;)!; and (8;)I, are decreasing positive
central elements such that

k k
(3.5) Y aE(P) <> BE(P)forallk=1,.
=1 =1
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then a = >0, ;P <c Y.y Bi P, = b. We do not assume (mostly as a matter of
convenience) that the projections P; add up to 1.

Consider the case n = 1. From the inequality (33 we get that a1 F(P)
B1E(Py). Since cp, = 1 this implies that o3 < 1, which in turn implies that a <
By Lemma 2:2(i), a < b, as desired.

Suppose now, by induction, that the desired result is valid whenever the number
of projections is less than n. Consider the case of n projections. Let us apply
Lemma BBl to 51 Py + B2 P> with a suitable 0 < A < 1 (to be specified soon) so as to
obtain p € Z and S] P, + B P, majorized by 1Py + 2P5. Since 51 > 2 we have
b1 = p > P2 and ] = B5. Let us choose A such that the A (the spectrum of 2)
partitions into two clopen sets satisfying that

(C1) B4 = ay on the first set,
(C2) B1 = B5 > ay on the second set.

<
b.

To see that this is possible, notice that the inequality 8] > a1, put in terms of A,
has the form

KA 27,

for some k € Z, and some 7y € Zg, such that x > v (in fact, k = 1 — p € Z; and
Y= a1 —p € Zsa). Let us choose A = v, /k, where the fraction is defined to be

zero outside the set {z € Z | k(z) > 0}. (Recall that we regard elements of Z as

continuous functions on its spectrum Z.) The quotient v, /k is well defined in Z
since k > 4 and Z is an abelian von Neumann algebra. Observe that 0 < A < 1.

Let us partition Z into the sets {z € Z | M(z) > 0} and its complement. These sets
are clopen since Zis extremally disconnected. On the first set we have that kKA =,
which, put back in terms of ], implies that 8] = a;. Thus, we are in case (C1)
above. On the second set we have that A = 0. This implies that 5] = 8} > a1, i.e.,
we are in case (C2). Thus, X is as desired.

Let

b =BPi+B5Ps+ Y BiPi.
i>2
Then (3.3) continues to hold for a and b'. Indeed, for k = 1 because 8] > a1, and
for k > 1 because

BLE(Py) + ByE(P2) = B1E(Py) + B2 E(P).

Since b’ <, b, in order to prove the proposition it suffices to show that a <. b’. So
let us rename V' as b, 8] as 51, and 55 as fs.

We can restrict to the two clopen sets described above and prove the proposition
in each case. (In other words, if e1, e5 € Z are the central projections corresponding
to these sets, then eja and e;b continue to satisfy ([B5) in e; M (keep in mind that
the center valued trace of ey M is e1 E(+)) and similarly for esa and esb in es M.
Moreover, it suffices to show that e;a <. e;b in e;M for i = 1,2.) We claim that
after restricting to the first set we are done by induction. Indeed, from (B.3H]), and
keeping in mind that 8; = a; on this set, we obtain that the elements

a/ = ZOA,L'PZ‘ and b// = ZBZPZ
=2 =2
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satisfy the induction hypothesis. So a’ <. b”". By Lemma [2.5] this relation holds in
the hereditary subalgebra (Py + -+ -+ P,)M(Py + - - - + P,). Therefore,

a=o01P+d <. /P +b =0,

as desired.
Let us restrict to the second set where 51 = 82 > ;. Suppose more generally
that for some 1 < k < n we have that 3 = --- = 8, > «;. Assume first that

k < n. Let us apply Lemma to B1(Pr + -+ 4+ Pi) + Brr1Pry1, yielding the
element 31 (Py + -+ Py) + B}, Pry1 majorized by B1(Py+ -+ Py) + Brr1Pry1-
We choose 0 < A < 1 such that there exist two clopen sets such that

(C1’) Bi = a1 on the first set,

(C2) By = Byyq = cu, on the second set.

Such a choice is possible by the discussion above. Observe that the conditions in
B3) continue to hold for a and

O =Bi(Pi+--+P)+ B P+ ) BiPi
i—ht2

They hold for I < k because 3] > «; and for I > k + 1 because
BLE(Py+ -+ Py) + B 41 E(Pyy1) = BLE(Py 4 - + Py) + Bet1 E(Prga).

We have already shown how to deal with the set where 5] = «; by using the
induction hypothesis. It remains to consider the case when k =n, ie., f; =--- =
Bn = 1. But in this case we clearly have that a < b. So, by Lemma [22[i),
a < b. [l

Proposition 3.8. Suppose that M is a finite von Neumann algebra. Leta,b € M.
If a <1 b, then a < b.

Proof. We can reduce the proof to the case that a and b have finite spectrum. For
suppose |la — d'|] < € and ||b — V|| < € for some ¢ > 0 and some o', € M, of
finite spectrum (whose existence is guaranteed by the Borel functional calculus on
a and b). Then, relying on Lemma [Z2] we deduce that (o’ — 2¢)4 <. (a — €)1 and
(b—e)4+ <c b'. Hence (o' —2¢)4 <1 b'. Suppose we have shown that (a'—2¢)4 <. V.
Then, again using Lemma[2.2] we obtain that (a—4e); <. (a’'—3¢e)4+ <c (V' =€) 4 <¢
b. Since € > 0 can be arbitrarily small, we arrive at a <. b, as desired. So let us
assume that a and b have finite spectrum.
Express a and b as in (B8]) of Proposition

a:iaiPi, b:iﬁzpz
=1 =1

(We have conjugated b by a unitary so that the projections in a and b are the
same.) We can take central cut-downs and reduce to the case that c¢p, = 1 for all
i=1,...,n. From a <1 b we deduce from Lemma that

T(zk:aipi) < T(zk:ﬁipi)
i=1 i=1

for all 7 € T(M) and all k = 1,...,n. Letting 7 range through traces of the form
0, o E, where ¢, is a point evaluation on the center, we deduce that (3.4) from
Proposition [3.7 holds. The desired result now follows from Proposition B.71 O
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Recall that E: M — Z denotes the center-valued trace of M (whenever M is
assumed to be a finite von Neumann algebra).

Proposition 3.9. Suppose that M is a finite von Neumann algebra. Let a,b € M,
be positive contractions of the form @BI) in Proposition B2l Let r > 0. If
k

(a) Z(a- —r)+E(P, ZB’ i) forallk=1,.

i=1

() D (1 —ai =) B(P) <Y (1= B)E(Q:) forallk=1,....n
i=k i=k
then there exists V' € My such that b’ <, b and |la — V|| < 7.

Proof. Conjugating b by a unitary we may assume that P; = @Q; for all . Passing
to central cut-downs e; M, for suitable projections eq,...,exy € Z that partition
the unit, we may also assume that cp, = 1 for all i. We will proceed by induction
on n under the additional assumptions that P; = @; and c¢p, = 1 for all i.

If n =1, thena = a; -1 and b = {1 - 1 are multiples of the identity. From
condition (a) we deduce that (a3 — )4 < B1, whereas from (a’) we deduce that
(1 —a; —r); <1— ;. Together they imply that ||y — G| < r

Let us assume now by induction that the proposition is true when the number
of projections P; is less than a given n. Let a and b be as in the statement of
the lemma. From condition (a) with ¥ = 1 and from ¢p, = 1 we deduce that
b1 = (a1 — r)4. Just as we did before in the proof of Proposition B7) let us apply
Lemmal[3Hlin 51 Py + B2 P> with a suitable central element 0 < A < 1 (to be specified
soon) so as to obtain p € Z, and an element 3] Py + 35 P, majorized by 51 P, + B2 Ps.
We have that

BL=BL2p> P> B

and that
PLE(PL) + B2 E(P2) = BLE(P1) + BLE(P,).

Let

=BPL+ 8P+ > BiP;

i=3

Then for any A\ € Z such that 0 < A < 1 the inequalities in (a), applied now to a
and V', hold except possibly for k& = 1. The inequalities in (a’) also hold for a and
b', except possibly for k = 2. Let us choose A such that each point of the spectrum
of Z is either A = 0 or one of these two inequalities, k = 1 in (a) or k = 2 in (a’),
becomes an equality while the other one remains valid. More specifically, we choose

a central element 0 < A < 1 such that the center is partitioned into three clopen
sets satisfying the following conditions:

(C1) B1 = (a1 —7)4, B1 = B, and

> (A —ai—r)E(P) < (1-BYEP) + > (1-B)E(P)

i=2 i=3

on the first set,



5740 PING WONG NG, LEONEL ROBERT, AND PAUL SKOUFRANIS

(C2) B1 = (a1 —7)4, B1 > B3, and

(3.6) Y (1—ai=r)+E(P) = (1= B)E(P) + ) (1 - B)E(R)

=2 =3

on the second set,
(C?)) Bi > (al - T)+a 61 = Béa and

n

D (1= =)+ E(P) < (1-B)E(Py) + Y (1 - B)E(R)

i=2 i=3
on the third set.

To see that such a choice of )\ is possible, notice first that the inequalities

B> (a1 —7)y

and

n n

Y (1 —a; =) E(P) < (1-B5)E(P) + > (1-B)E(P),

=2 1=3

when put in terms of A, take the general form
k1A = 71 and Ko = 72

for some k1,ke € Z; and 1,72 € Zsq such that k1 > 11 and ke > 72 (ie., the
inequalities are valid for A = 1). (In fact, k1 = 51 — p, 1 = (1 — 1)+ — p,

Ro = (p — /BQ)E(PQ), and
Y=Y (I—a; =) E(P) =Y (1-B)E(P,) - (1- p)E(P).)

i>2 i>2

Let us choose

A = max((1)+ /K1, (12)+ /k2).

These fractions are well defined in Z because Z is an abelian von Neumann algebra
and k1 > (71)+ and ke > (72)+ Let us show that A is as desired. It is clear that
0 < A < 1. Exploiting that Z is extremally disconnected, let us partition 7 into
four clopen sets X7, Xo, X3, X4 such that vy < 0 and 72 < 0 on X7, 73 > 0 and
Y2 < 0on Xg,v1 <0and 792 > 0on X3, and 73 > 0 and 72 > 0 on Xy4. It is
straightforward to check that A = 0 on X;. Thus, on this set we find ourselves in
case (C3) above. It can also be checked that koA = 2 on X5 and k1A = 1 on Xs.
This value of A yields cases (Cl) and (C2) above, respectively. Finally, partition
X, into two clopen sets such that yyk9 > v2k; on one set and vk < 2K1 on the
second. On the first of these sets we have that ki A = 7; and on the other that
koA = 72 (again yielding cases (C1) and (C2) above).

Since b’ <y b, it suffices to prove that a <, b'. Equivalently, it suffices to prove
the proposition with & in place of b. So let us rename ] and 3% as §; and (o
and now assume that the conditions (C1)—-(C3) for the three clopen sets described
above hold for 51 and (5.
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Let us show that on the clopen sets satisfying (C1) and (C2) we can argue by
induction. Indeed, restricting to the first set (while retaining the same names for
our variables) we have that

k k
D (i =) E(P) <> BE(Q) forallk=2,....n
=2 =2
> (- =) EP) <> (1-B)E(Q) forallk=2,....n
i=k i=k

Thus

=> a;Pand V' = P
i=2 i=2

satisfy conditions (a) and (a’) in the algebra PM P, where P = Py +---+ P,,. (To
see this we use that the center-valued trace Ep: PMP — PZ can be computed
to be Ep(z) = E((;))P) Hence, by the induction hypothesis applied in PMP,
there exists b € PM P majorized by b and within r distance of a”’. The element
B1P; +b" is within r of a and 81 P; +b” <, b. This proves the induction step.

Suppose now that we are in the second set. Consider the elements

n
:Zl_ 1—0&1—7" za Z/Bzz

in PMP, where P = P, + ---+ P,,. From condition (a’) applied to a and b we get
that o’ and b” satisfy condition (a’) with » = 0. Moreover, from (B.6) we deduce
that the center-valued traces of these two elements agree, i.e., Ep(a”) = Ep(b”)
(recall that we have relabeled 5} as 82, so ([B.6]) is now valid with S in place of 35).
This in turn implies that o’ and b” satisfy condition (a) with = 0 as well. By the
induction hypothesis with » = 0 applied in the von Neumann algebra PM P we get
that a” <, b"” in PMP. Notice that

1—-(1—-a; —7)y =min(l,; + 7).

From this we easily deduce that a” is within a distance r of > , o; P;. Now, from
condition (a’) applied to a and b with k = 1, and keeping equality (B.6]) in mind,
we deduce that (ay; + r)E(Py) > B1E(Py). This implies that ay + 7 > B; (since

p, = 1, which implies that the subset of Z , where E(Py) is strictly positive is dense
in Z). Similarly, from condition (a) with k¥ = 1 we deduce that 8, > a1 —r. So
llar — B1]| < 7. Therefore, 51 Py +a” is within a distance r of a and 51 Py +a” <, b.
This again proves the induction step in this case.

Let us now examine the third set, where 51 = B2 while conditions (a) and (a’)
remain valid. Suppose more generally that for some k = 2,...,n we have that
B1 = --- = B while the conditions (a) and (a’) are valid. Suppose first that k < n.
Let us apply Lemma [l to the element 31 (P +- - -+ Px) + Br+1Pr+1 with a suitable
central element 0 < A < 1 (to be specified soon). Call 81 (P1+-- -+ Pr) + 1,41 Pet1
the resulting element. As before, we can choose A such that conditions (a) and (a’)
remain valid for a and

=B{(Pr+-+Po)+ B Prr + > BiP;
i>k+1
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and such that either one of the following three cases occurs after restricting to
suitable clopen sets that partition Z:

(C1) By = (a1 — 1)y,

(C2)
(3.7) Y (L—ai=r)E(P) = (1= B E(Pipa) + Y (1= B)E(R),
i=k+1 i=k+2

(03’) 51 = Bl/c+1'
Let us rename (7 and f;_, as #; and [y 1, respectively. We have already dealt

with the first of these three cases. The second is dealt with similarly as before: The

elements
n

a’ = Z (1-(1—a;—7)4)P; and b’ = Z BiP;
i=k+1 i=k+1
satisfy the induction hypotheses with » = 0 in the von Neumann algebra PM P,
where P = P41+ -+ P,. On the other hand, keeping in mind equality [B.1), we
deduce that

k k

" /11

a :E a;P;, b :E Bi P
i=1 i=1

satisfy conditions (a) and (a’) with the same r in the von Neumann algebra (1 —
P)M(1 — P). We can thus apply the induction hypothesis in both cases to get the
desired result.

The remaining case to be considered is when k = n, ie., f; = --- = 3,, and
conditions (a) and (a’) are valid. From condition (a) with k¥ = 1 we deduce that
B1 4+ r > a1, while from condition (a’) with k¥ = n we deduce that «,, +r > 8,
(here we use that cp, = 1 for all 4). This clearly implies that ||a; — 5;]] < r for all
i, implying that ||a’ — V'|| < r, as desired. O

Proposition 3.10. Suppose that M is a finite von Neumann algebra. Let r = 0.
If a,b € My are contractions such that (a — )y <7 b and (1 —a—1r); <7 1 —0b,
then a is within a distance r of co{ubu* | u € U(M)}.

Proof. Let € > 0. Let o/ and ¥’ be positive contractions of finite spectrum such
that |[ja —d'|| < /2 and ||b—¥'|| < £/2 (whose existence is guaranteed by the Borel
functional calculus on @ and b). Then, using Lemmal[22] we find that (a'—r—e); <7
b and (1 —a' —r —¢) <7 1 =V (see the proof of Proposition B8). Let us express
a’ and b’ in the form of (3] from Proposition

a = zn:aipu Vo= zn:ﬂiQi-
i=1 i=1

Conjugating o' by a unitary assume that Q; = P; for all . Cutting down the
center by central projections we assume that ¢p, = 1 for all 5. By Lemmal[3.3] from
(¢/ —7r —e); <7 b we deduce that
k k
(@) > (ai—r—e) E(P) <Y BE(P) forallk=1,...,n,
i=1

=1
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and from (1 —r —e—a')y <7 (1 — V') that

(a”) Z(l —a;—r—¢e)+E(P) < Z(l —B)E(P;) forallk=1,...,n.
i=k i=k
By Proposition [3.9] there exists b majorized by b’ and within r + ¢ distance of a’.
Since € can be arbitrarily small, this proves the proposition. O

We now proceed to extend Propositions 3.8 and [3.I0] to arbitrary von Neumann
algebras. This is accomplished in Propositions B.13] and B.I5] below.

Lemma 3.11. Let a,b € My be as follows:

a:zn:()éipi, b:iﬂipu
i=1 i=1

where (P;)1_, are orthogonal projections adding up to 1 and such that cp, = 1 for
all i and where (a;)?q and (B;)?_, are decreasing nonnegative scalar coefficients.
Suppose that a <1 b. Then:

(a) For all traces 7 € T(M) and all k =1,...,n we have

k k
T(;aipz) <T(;5ipi)~

(b) a1 < Bi.
(c) Foreachk=2,...,n, if ax > By, then P, oc ), ;. P;. (Here P o< Q means
that P <. Q®YN for some N.)

Proof. Conditions (a) and (b) follow at once from Lemma B3l Suppose now that
ay > B > 0 for some k. By Lemma [33] Zle o; P <7 Zle BiP;. Hence,
k—1

T(f]ai ~BP;) <7( X8 - BP)

i=1 i=1

for all 7 € T(M). Since we have assumed that oy — B > 0, this implies that
T(Py) S NT(PL+ -+ Py_1)

for all 7 € T(M) and some suitable positive integer N (e.g., N > fk;_g’; for all 7).
By [KR97, Theorem 8.4.3 (vii)], this implies that Py o< Py 4+« -+ + Pr_1.

We start with the submajorization result. First, a lemma.

Lemma 3.12. Let Pi,..., P, be pairwise orthogonal projections such that Py is
properly infinite and P; X Py for all i. Let aq,...,a, be central positive elements

~

such that a; < ay for all i. Then

n
Z a; P; <. aq Py.
1=1

Proof. Let us write P, = P{ + Q2 + -+ + Qn, where P/, Qo,...,Q, are pairwise
orthogonal projections such that P ~ P; and Q; ~ P; for all i > 2. Let v € M be
a partial isometry such that vPjv* = P; and vQ;v* = P; for ¢ > 2. Then

n
v(a P )v* = aqvPlv* + Z a1vQv* = Zalpi P

=2 i=1 )

OLZPZ
1

n n
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The result now follows from Lemma 2.2(i). O
Proposition 3.13. Ifa,b € M, are such that a <7 b, then a <. b.

Proof. Arguing as in the proof of Proposition B.8 we can reduce the proof to the
case that a and b have finite spectra. We then put them in the form @Bl from
Proposition assuming further that P, = Q; for all ¢ (conjugating b by a unitary
if necessary):

a:iaiPi, b:iﬁzpz
=1 =1

Again arguments as in the proof of Proposition B.§| allow us to assume that the
coefficients (o;)?_; and (8;)7_; have finite spectrum.

Notice that if e is a central projection, then the hypothesis of the theorem hold
for ea and eb in eM (by Lemma [B). On the other hand, if central projections
(ej)é.vzl partition the unit and we have proven the theorem for e;a and e;b in e; M
for all 7, then we conclude the same for a and b. This allows us to make the following
reductions:

(1) each P; is either finite or properly infinite for all ¢,

(2) the projections P; are pairwise orthogonal, pairwise Murray—von Neumann
comparable, and add up to 1,

(3) cp, =1 for all i.

Recall that we have assumed that the central coefficients (a;)7; and (5;)7,
have finite spectra. By passing to cut-downs of M by central projections we can
assume that these coefficients are scalars. Observe that the decreasing ordering of
(a;)"_; and (B;)"_, is maintained by doing this and that properties (1)—(3) above
are not destroyed in the process. Thus, we further assume that

(4) the coefficients (o), and (5;); are decreasing scalars.

We proceed by induction on the number of projections. If n = 1, then Lemma
BII(b) implies that ay < 1. Hence a < b.

Let us now consider the general case. The case when all the projections P; are
finite has already been dealt with in Proposition B8 So let us assume that one of
the projections is properly infinite. Let P, be a projection larger than the rest in
the Murray—von Neumann sense. By assumption, Py is properly infinite.

Case k < n. From a <1 b we know, by Lemma [3.3] that Ele o; Py <1 Zle B P;.
This relation also holds in the hereditary subalgebra (Py+-- -+ Py )M (Py+- - -+ Py)
(by Lemma 25]). By induction, Zle o; Py <. Zle B3;P;. Hence

k
ZaiPi + Zﬁzpl <¢ b.
=1

i>k
But Y1 i P <c o P+ >,- . Bi P;, by Lemma 312l Hence,

n k—1
a = Zaipz < Zasz + ap P + ZﬂlPZ <¢ b.
i=1 i=1 i>k
Case k = n. Suppose that P, is the largest projection in the Murray—von Neumann
sense (and it is properly infinite). If a,, > B,, then from condition (c) of Lemma
B.IT we get that P, o< @,_,, Pi. But we have assumed that the projections P; are
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pairwise Murray—von Neumann comparable. So P, x Py for some k' < n. The
projection Py is also properly infinite (since it cannot be finite). Hence, P, 3 Py .

We are then in a case previously dealt with, since Py is properly infinite and larger
than the other projections. So let us assume that a,, < 3,.

By Lemma [3:3] we have Z?;ll o; Py <. Z;:ll B3; P;, which also holds in the hered-
itary subalgebra (P + -4+ P—1)M(P1 + -+ P,—1) (by Lemma [2.5). Hence, by

induction,
n—1 n—1

Y aiPi = Y BiPi.
i=1 i=1

Since a;, < B, we get that a <. b, as desired. O

Lemma 3.14. Let P be a properly infinite projection such that P ~ 1. Let a,b €
(1 - P)M(1 — P) be positive contractions.
(i) If1=P)—a <. (1—P)—0b, then BP+a <y BP+b for any scalar B such
that a,b < 8 < 1.
(ii) If a <¢ b, then a + aP <, b+ aP for any scalar o = 0 such that a,b >
a(l — P).
Proof. (i) By Lemma [Z2]
(1= P)—a—t); < (1-P)—t—b),
for any ¢ € [0, 00). Choosing t = 1— /3 we obtain that 5(1—P)—a <. f(1—P)—bin
(1-=P)M(1—P). Since 1 — P 3 P and P is properly infinite, we can find countably
many orthogonal copies of 1 — P in PMP. So (1 — P)M(1 — P) ® K embeds in
M mapping (1 — P)M(1 — P) to itself. By Proposition 2.6 submajorization in a

C*-algebra is equivalent to majorization in the unitization of the stabilization of
that C*-algebra. Hence (1 — P) —a <y 8(1 — P) —bin M. So,
B—(BA—-P)—a)=pP+a

is majorized by SP + b in M, as desired.

(ii) By (i) applied toa’ = (1—P)—aand ¥ = (1 — P) — b with § =1 — a, we
get that

l-a)P+(1-P)—a=<y(l—a)P+(1—-P)—b.
Hence
1-(1-a)P+(1—P)—a)=a+aP

is majorized by b+ aP, as desired. ]
Proposition 3.15. Let r € [0,00). Let a,b € M, be contractions such that

(a—71)y <=r band (1 —a—7r)y <r 1 —b. Then a is within a distance r of
co{ubu* | u € U(M)}.

Proof. Let a,b € M, be as in the statement of the theorem. Let € > 0. Using the
Borel functional calculus on a and b, let us find contractions with finite spectrum
a’,b' € My such that ||a —d’|| < &/2 and ||b—V'|| < £/2. Express them in the form

a' = Zn:aipu b= iﬁin‘
i=1 i=1

as in (3 of Proposition From (a —r); < band (1—a—7)y <7 1—0 we
deduce that (a' —r —¢)y <7 b and (1 —a' —r — )4 <p 1 —b'. Having proven
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the theorem for a’ and ¥’ it is clear that, by letting ¢ — 0, we deduce the theorem
for a and b. So let us instead assume that a and b, as in the statement of the
theorem, have finite spectra. Conjugating b by a unitary, we may also assume that
P, = Q; for all i. We assume further that the central coefficients ()", and (5;)%,
have finite spectra, which can be attained by a small enough approximation when
moving from a, b to a’, b, respectively.

Notice that if e is a central projection, then the hypothesis of the theorem holds
for ea and eb in eM (by Lemma [3). On the other hand, if central projections
(ej)é-vzl partition the unit and we have proven the theorem for e;a and e;b in e; M
for all j, then we conclude the same for a and b. This allows us to make the following
reductions:

(1) each projection P; is either finite or properly infinite for all 4,

(2) the projections P; are pairwise orthogonal, pairwise Murray—von Neumann
comparable, and add up to 1,

(3) ¢p, =1 for all i.

In the case that all the projections Py, ..., P,, are finite, the unit 1 is finite, and
so the desired conclusion follows from Proposition B.J0l Thus, we can make the
following additional assumption:

(4) at least one of the projections P; is properly infinite.

Recall that we have assumed that the central coefficients (o) and ()7, have
finite spectra. Passing to cut-downs of M by central projections that partition the
unit, we can assume that these coefficients are scalars. Observe that the decreasing
ordering of the coeflicients («;)?_; and (3;); is maintained by doing this and that
properties (1)—(4) above are not destroyed in the process. Thus, we further assume
that

(5) the coefficients (o), and (5;); are decreasing scalars.

By Lemma BI1] (a — r)4+ <7 b implies the following conditions:

(a) 7(XF (ai — 7)1 P) < 7(XF, BiPy) for all 7 € T(M) and k= 1,...,n.

(b) B1Z a1 —r.

(c) If for some k > 2 we have that oy —r > S, then Py < Py for some k' < k.
That is, Px is Murray—von Neumann smaller than finitely many copies of
some Py with k' < k. (Indeed, by Lemma 31T P o< @, P;. But we
have assumed that the projections P; are pairwise Murray—von Neumann
comparable. So @, . P o« Py for some k' < k.)

Let us call the conditions stated above left-to-right conditions. One derives similar
conditions from (1 —a — )4 <7 1 —b. They take the form

(@) T(XCr (1 —a; —r)1P) < 7(37 (1 — B;)P;) for all 7 € T(M) and k =
1,...,n.

(b”) Bn < ap + .

(¢”) If for some k < n — 1 we have that ay +r < S, then Py is Murray—von
Neumann smaller than finitely many copies of some Py with k' > k.

We'll call the above right-to-left conditions.
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Let £k = 1,...,n be the least index such that Py is larger (in the Murray—von
Neumann sense) than the other projections. By assumption Py is also properly
infinite. Notice that by conditions (b) and (c) we cannot have that ay > 8 + 7.
So either |ay — Bi| < 7 or B > ax + r. We consider these two cases next:

Case oy, — PB| < r. Let us write P, = P} + P}/, where P, ~ P ~ P;'. Consider
the pair of elements

k—1
a —Zmax — 7, Bk) P + Bp PL, b/:Z@'Pr"ﬂkP;g
i=1
and the pair

n n
"= BB+ Y min(a; +1,86) P, V=8Pl + Y BiP;
i=k+1 i=k+1

We claim that o’ <, b’ in PM P, where P = Py +- - -+ P,_1+ P/, and that a” <, b”
n(l—P)M(1—P). Since b=V +b" and |ja — (¢’ + a”)|| < 7, the desired result
will follow from this claim.

Let us prove that a’ <, o' in PMP. If k = 1, this holds trivially, so assume that
k> 1. Let 1 <ip < k—1 be the largest index such that o; —r > [y and if there is
no such index set ip = 0. From (a — r)4 <7 b and Lemma [33] we get that

10

Z(Oéi =P <r Zo:ﬂipz
i=1

i=1

Furthermore, by Proposition [3.13] the above relation is in fact a submajorization.
On the other hand,

k—1 k—1
i=ip+1 1=19+1

Hence,

Zmax a; — 1, Br) P -<CZ& i

That a’ <, b’ now follows from Lemma [BT4(ii).

The proof that a” <, b"” in (1 — P)M(1 — P) is entirely analogous (recall that
we have written P = Py + - -+ + P,_1 + P/): By Lemma [BT4(i), it suffices to check
that

n

(1-P—PY)— Y min(a; +r,6)P;

i=k+1
is submajorized by

(1-P- Zﬁm

i=k+1
To check this, let ig > k + 1 be the largest index such that a; +r > Sx. Then

10 10

S (=8P < > (1-8)P,

i=k+1 i=k+1
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On the other hand, from (1 —a —r); <7 1 —b and Lemma B3 we get that
Z (1—0[2‘—7‘)Pi <7 Z (1_61)Pz
i=ig+1 i=ig+1
Moreover, by Proposition [3.13] this relation is of submajorization. Hence
> (1 —min(a; +7,8))P < Y (1= B)P,
i=k+1 i=k+1
as desired.

Case By, > ap+r. By condition (c¢’), there must exist an index k' > k such that Py
is also properly infinite and larger than every other projection. Let &’ be the largest
such index. Notice that we cannot have that 8y > ay + r by conditions (b’) and
(¢’) from the right-to-left conditions. So we must have that either |ap — /| < r
or that ay > Brs + r. The first of these two cases has already been dealt with. So
let us assume that ag > Gy + 7.

We claim that b majorizes

k—1 K’ n
a = Z(ai —7’)+Pi+zaipi+ Z (i +1)P;.
i=1 i=k i=k'+1

Since a’ is within a distance r of a, this is sufficient to complete the proof of this case.
Let us prove our claim. Notice first that, as argued in the previous paragraphs,
from Lemma [3T4(i) we obtain the majorization

n n
(3.8) BiPe+ Y (i +7)Pi<u BkPu+ Y BiPi
i=k/41 i=k/41
in (Py+Pyry1+- -+ Po)M(Py+ Prry1+- - -+ Pp). Similarly, from Lemma B.T4{(ii)
we obtain that

k1 k-1
(3.9) > (@i =7)Pi+ B P <u Y BiPi + B Py
i=1 i=1

in(Py+---+Py_1+ Py )M(P1L+ -+ Py_1 + Py). We will be done once we have

shown that
K’ K
> aiPi=u Y BiP;
i=k i=k

in (Py+-+ P )M(P; + -+ Py ). Let us show this. We have
K —1 K —1

> aiPi=e Y BiPi
i—k i—k

by Lemma [3.12] So
k-1 K

> P+ B P <u Y BiPi
i=k i=k

by Lemma [BT4(ii). Repeating the same argument, symmetrically,
K K -1

Z (I—ou)P; <c Z (1= )P+ (1= Br) Py

i=k+1 i=k+1
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by Lemma So

k' E'—1
> P =y > aiPi+ By Py
ik i—k

by Lemma B.T4i).

4. MAJORIZATION AND SUBMAJORIZATION IN C*-ALGEBRAS

Proposition 4.1. Let A be a C*-algebra. Let a,b € A.

(i) The distance from a to co{dbd* | d € A**, ||d|| < 1} is equal to the distance
from a to co{dbd* | d € A, ||d|| < 1}.

(ii) Suppose A is unital. Then the distance from a to co{ubu® | u € U(A*)}
is equal to the distance from a to co{fubu® | u € U(A)}.

Proof.

(i) It is clear that the distance from a to co{dbd* | d € A, ||d|| < 1} is greater
than or equal to the distance from a to co{dbd* | d € A**, ||d|| < 1}. Denote the
latter distance by r. Let € > 0. Suppose that

1 — .
Ha - ;dibdi

for some contractions di,...,d, € A**. For each i = 1,...,n let us find a net of
contractions (d; »)x in A such that d; x — d; in the ultrastrong® topology. Such a
net exists by Kaplansky’s density theorem. Then the ultrastrong® closure of the

set
1 n
— 2N b )\}
{a n ; AV X |

intersects the ball B,4.(0). By the Hahn-Banach theorem, the convex hull of this
set also intersects that ball. A convex combination of elements of this set again has
the form a — a’ with ¢’ a convex combination of elements of the form dbd* with
d € A a contraction.

(ii) It is clear that the distance from a to co{ubu® | u € U(A)} is greater than or
equal to the distance from a to co{ubu* | u € U(A**)}. Denote the latter distance
by r. Let € > 0. Suppose that

n
1
Ha— — E ubu}
n-
i=1

for some unitaries u; € A**. By Kaplansky’s density theorem for unitaries, there
exist nets of unitaries (u; x)x in A converging to u; in the ultrastrong® topology.
Then the ultrastrong® closure of the set

1 n
{a - ;ui,kbu;k | )\}

intersects the ball B,1.(0). This implies that the convex hull of this set also inter-
sects that ball. But a convex combination of elements of this set again has the form
a—a' with a’ a convex combination of elements of the form ubu* with v € U(4). O

<r+4e

<r-4e




5750 PING WONG NG, LEONEL ROBERT, AND PAUL SKOUFRANIS

Theorem 4.2. Let A be a C*-algebra. Let a,b € Asy. The distance from a to the
set co{dbd* | d € A, ||d|| < 1} is equal to the infimum r € [0,00) such that

(4.1) T((a—7—1t)1) < 7((b—1t)+) for allt € [0,00) and all T € T(A),
(4.2) T((—ma—r—1)1) <7((=b—1t)4) for allt € [0,00) and all T € T(A).

Moreover, if r is such infimum, then (a — )y — (a +7)— < b.

Proof. Let 7 € (0,00) be such that |[a—b'|| < 7 for some b’ < b. Then (a—7)4 <V,
by Lemma [22[(ii). Also, b’ <. b implies that (b')4 <. by by Proposition 23l Hence
(a — 7)4 <¢ by. Starting from ||(—a) — (=¥')|| < 7 and following the same line of
reasoning we obtain that (a + 7)_ <. b_. Since submajorization implies tracial
submajorization (Proposition Z8)), (a — 7)4 <1 b4 and (a + 7)— <t b_. These
relations translate at once into (1) and (£2) (for the number 7).

Assume now that [@I)-(Z2) hold for some r € [0,00). Let us show that (a —
r)4 — (a+7r)_ < b. Since the distance from a to (a — )+ — (a+r)_ is r, this will
complete the proof of the theorem. As remarked above, [@I)-([@2]) can be restated
as saying that (a — )4 <7 by and (a +7)- <1 b_. In view of Proposition 23]
it remains to show that (a — r); <. b4 and (a + r)_ <. b_. This boils down to
showing that if ¢,d € Ay are such that ¢ <7 d, then ¢ <. d. Let us prove this. It
is clear from ¢ <7 d in A that ¢ <7 d in the von Neumann algebra A** (indeed,
in any C*-algebra containing A), since traces in T(A**) restrict to traces in T(A).
Then, by Proposition B3] ¢ <. d in A**. Finally, by Proposition i), ¢ <. d in
A, as desired. a

Theorem 4.3. Let A be a unital C*-algebra. Let a,b € A be selfadjoint elements.
Then the distance from a to co{ubu® | v € U(A)} is equal to the infimum r € [0, 00)
such that

(4.3) T((a—r—1t)4) <7((b—1t)4) for allt € R and all T € T(A),
(4.4) T((—a—r—1t)y < 7((=b—1t)4) for allt € R and all T € T(A).

Proof. If we replace a by a+s-1 and b by b+ s-1 for some s € R, then neither the
infimum r satisfying ([@3)—(4) nor the distance from a to co{ubu* | u € U(A4)}
is changed. Thus, by choosing a sufficiently large s we may assume that a and b
are positive. A simple calculation also shows that if we replace a by a/s’ and b
by b/s’ for some s’ € (0,00), then both the infimum r satisfying ([@3)—-E4) and
the distance from a to co{ubu* | u € U(A)} get multiplied by a factor of 1/s'.
Thus, by choosing a sufficiently large s’ we may assume that a and b are positive
contractions. We do so henceforth.

Let r € (0,00) be any number satisfying ([A3))-(£4). From @3] we deduce that
(a — )4 <7 b, while from (£4) we deduce that (1 —a —r)y <1 1 —b. Thus,
by Proposition B.IH, a is within a distance r of co{ubu* | u € U(A**)}. Then, by
Proposition I(ii), a is within a distance r of co{ubu* | v € U(A)}. This proves
one inequality.

Let 7 € (0,00) be any number such that ||a — || < 7 for some b €
co{ubu* | u € U(A)}. By Lemma2.2(ii), (a—7)4 <. b’ <¢ b. Since submajorization
implies tracial submajorization (for positive elements) we have that (a — )4 <7 b.
That is,

T(la—7—=t)4) <7((b—1)4)
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for all ¢ € [0,00) and all 7 € T(A). Using that b is positive we can extend this
inequality to all ¢ < 0. Indeed, if ¢ < 0, then (¢ — 7 —¢)+ < (a — 7)4+ — ¢, and so

T((a=7—1t)4) <7((a—7)4) +7(-t)
<7(0) + (1)
=7((b—1)4),
for all 7 € T(A). Thus, (@3] holds for 7. Applying the same arguments starting

from ||(1 —a) — (1 = b')|| < 7 we deduce that 7(1 —a—7—¢); < 7((1—b—1)4)
for all 7 € T(A) and all ¢ € R. This is equivalent to (£4]). O

Proof of Theorem [l This is the case r = 0 of Theorem O

Remark 4.4. The following observation, whose verification is left to the reader, will
be useful below: if a,b € A are positive contractions the tracial inequalities in
Theorem [[I[(ii) are equivalent to the tracial submajorizations a <1 b and 1 —a <7
1-—0.

Let us explore some consequences of Theorem [[.1l
The following simple properties of the relation <, follow from Theorem [I]
(although they do not seem to follow directly from the definition of <y).

Corollary 4.5. Let a,b,c,d € Ag,. Let k € N.

(i) Ifa® 1 <y b® 1g in Mg(A) then a <, b in A.
(ii) Ifa<b<c a=<y,dandc=<,d, then b=, d.
(iii) Ifb<c<d, a<yband a <, d, then a <, c.

Proof.
(i) Let t € R and 7 € T(A). Then 7 extends to a lower semicontinuous trace on

My, (A) by setting 7((a; ;) = S2r_, 7(a;;). We have

(0@ 1 —t)) =7((b—1)4)-

Enl

r((a—1)) = rl(a® 1k~ 1)) <

We deduce similarly that 7((—a —t);) < 7((—=b—t)4+). By Theorem [Tl a <, b.
(ii) Let t € R and 7 € T(A). We have (b+t)4+ <c (¢4 t)+ by Lemma 22(i).
Hence, 7((b+t)+) < 7((c + t)4), and since ¢ <, d, 7((b+t)1) < 7((d + t)4).
Exploiting that a < b and a <, d we deduce similarly that 7((—=b + t);) <
r((—d+1)4).
(iii) The proof is very similar to (ii).

—~

O

Corollary 4.6. Let A be a simple unital C*-algebra. Let a,b € As,.

(i) If A has at least one non-zero bounded trace, then a <, b if and only if
T(a) = 7(b) and 7((a — t)+) < 7((b—t)4) for all t € R and all bounded
traces T on A.

(ii) If A has no bounded traces, then a <y b if and only if sp(a) C co(sp(b)).

Proof. The implications starting with a <, b in both (i) and (ii) are straightforward
from Theorem [[.Il To prove the converse we will show in both cases that the tracial
inequalities from Theorem [[.1] hold.
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(i) Let us suppose that A has at least one nonzero bounded trace. Since A is
simple and unital, T(A) consists of the bounded traces on A and the trace 7o (a) :=
oo for all @ # 0 and 7,(0) := 0. We have assumed that 7((a —t);) < 7((b—t)4)
for all bounded traces and all t € R. Let us show that

(4.5) Too((@ = 1)4) < Too((b— 1))

for all t € R. It suffices to show that the left side is zero for all ¢ > ||b4||. We have
that

T((a—=[1b4])+) < 7((0 = [[b4]))+) =0
for all bounded traces 7. Since A has at least one nonzero bounded trace—which is
necessarily faithful because A is simple—we get that (a — ||b4||)+ = 0. This implies
@),
Let us prove that 7((—a — t);) < 7((—=b—t)4) for all 7 € T(A) and all ¢ € R.
Let t € R. Let 7 be a bounded trace (which we assume defined on all A). Observe
that

(ce—t)y = (c+1)s — (c+1)
for any selfadjoint element c¢. Thus, as 7(a) = 7(b),
T((ma=t)4) =7((a+t)y) —7(a+1)
T(b+t)y) —7(b+1t) =7((-b—1t)4+).

To get that 7o ((—a—t) 1) < Too((—b—1) 4 ) we proceed as in the previous paragraph.
Exploiting the existence of a nonzero (faithful) bounded trace we deduce that (a +
b= = 0 (since (b + ||b—||)= = 0), from which the desired inequality readily
follows.

(ii) Suppose that A has no nonzero bounded traces. Then T(A) consists only
of 7o, and the zero trace. Since sp(a) C co(sb(b)), we have that ||ai| < ||b4|| and
la—|l < [|b—||. It is readily verified from this that 7o ((a —t)+) < 7o ((b — t)+) and
Too((—a —t)+) < Too((—b —t)4) for all t € R, as desired. O

Theorem 4.7. Let A be a unital C*-algebra. Let a be a selfadjoint element in A.
Then 0 € co{uau* | uw € U(A)} if and only if

(a) 7(a) =0 for all bounded traces T on A and
(b) in no nonzero quotient of A can the image of a be either invertible and
positive or invertible and negative.

Proof. The necessity of the conditions is relatively straightforward. Since all the el-
ements in the set co{uau* | u € U(A)} agree on bounded traces, we have (a). If a >

a-1 for some a € (0, 00), then the same holds for all elements in co{uau* | u€ U(A)},
which prevents 0 from belonging to this set. Similarly, we cannot have that
a < —al. Moreover, if 0 is in the closure of the convex hull of the unitary conjugates
of a, the same holds for the image of a on any quotient. So we have (b).

Suppose now that (a) and (b) hold. To prove the theorem we use Theorem [T
We must check that 7((0 —¢);+) < 7((a —t)4) for all t € R and all 7 € T(A). This
boils down to showing that 7(¢) < 7((a +t)4+) for all ¢ > 0 and all 7 € T(A). Let
t > 0. Suppose first that 7 is a bounded trace (so assume that it is defined on all
A). Evaluating 7 on (a+1t)4 > a+t we get 7((a+1t)4+) > 7(t), as desired. Suppose
now that 7 is unbounded. Since 7(¢) = co we must show that 7((a +¢)4) = oc.
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Equivalently, we must show that (a+t)4 is full, i.e., it generates A as a closed two-
sided ideal. But if this were not the case, then in the quotient by the closed two-
sided ideal generated by (a+1t) we would have that @+t < 0 (where @ denotes the
image of a in this quotient). This contradicts (2). Thus, (a +t)4 is full, as desired.
Since —a satisfies (1) and (2) too, we also arrive at 7((=0 —1)4) < 7((—a — t)4)
for all t € R and all 7 € T(A). By Theorem [T 0 <, a, as desired. O

5. UNIFORM MAJORIZATION

In this section we discuss the majorization relation in the context of regularity
properties of C*-algebras. We show that one has a uniform version of majorization
holding across all C*-algebras of either one of the following classes:

(1) C*-algebras satisfying Blackadar’s strict comparison of positive elements by
traces,
(2) C*-algebras having a uniform bound on their nuclear dimension.

In both cases we derive the uniform majorization from the preservation of the
relation of tracial submajorization under products of C*-algebras in the given class
(Propositions Bl and [B3]).

Let us recall some definitions. Let A be a C*-algebra. Let K denote the C*-
algebra of compact operators on a separable infinite-dimensional Hilbert space. Let
T € T(A). We can extend 7 to a trace on (A ® K)4 by setting

o0
((aiy)) = > (ais)
i=1
for all (a;;)i; € (A® K);. From 7 we obtain a “dimension function” d,: (4 ®
K)4+ — [0, 00] defined as
d-(a) = linLnT(a%)

for all a € (A® K)4. (Alternatively, d,(a) is the norm of the restriction of 7 to
a(A®K)a.)

Next, let us recall the definition of the Cuntz comparison relation among positive
elements: Given positive elements a,b € AR K, a is said to be Cuntz subequivalent
to b if there exist eq, es,... € A® K such that e,be} — a. We denote this relation
by a qu b.

The C*-algebra A is said to have the property of strict comparison of positive
elements by traces if for all a,b € (A® K)4+ and € > 0 we have that

(5.1) d-(a) < (1 —¢€)d,(b) for all T € T(A) implies that a Scy b.

(Note: A number of different variations on “strict comparison” exist in the litera-
ture; e.g., one may restrict 7 to be a bounded trace or allow it to be a 2-quasitrace;
one may restrict a,b to be in A, etc.)

We will make use of the topology on T(A) introduced in [ERSII]. Let us recall
it here: a net (7)) in T(A) converges to 7 if for all a € A1 and € > 0 we have

limsup 7 ((a —€)4) < 7(a) < 1im)\inf Tx(a).
A

It is shown in [ERS1I, Theorem 3.7] that T(A) is compact and Hausdorff under
this topology.

The following variation on the strict comparison property has been introduced in
[NR16]: Let K C T(A) be a compact set. Then A is said to have strict comparison
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of positive elements by traces in K if for all a,b € (A® K)4 and € > 0 it suffices to
let 7 range through K in (&) for this implication to hold.
The following proposition is essentially obtained in [NR16]:

Proposition 5.1. Let Ay, Ao, ... be C*-algebras with strict comparison of positive
elements by traces. Let a = (an)52; and b = (b,)22, be positive elements in
[1,2, Ay, such that a, <71 b, for alln. Then a <7 b in [~ A,

Proof. Let us regard T(A,,) embedded in T([] -, A,) via the map induced by the
projection from []>7, A, onto A,. Let K = J;—; T(4,) C T(I[,_, 4,). In the
course of the proof of [NRI6, Theorem 4.1] it is shown that the C*-algebra [])~ | A,
has strict comparison of positive elements by traces in K. The elements a and b
from the statement of the theorem satisfy that 7((a —t)1) < 7((b —t)4) for all
7 € Uy, T(A,) and t > 0 (this holds by assumption). Let us show that these
inequalities extend to all traces in K. Let 7 € K and choose a net 7, — 7 with
m € U, T(A,). From the definition of the topology in T(A) we get that

T((a—t—¢)y) <liminfra((a —t —€)4)
<liminfry((b—t —e)4)

<7((b—1)4)

forallt > 0 and € > 0. Thus, 7((a =t —¢)4) < 7((b — t)+). Letting ¢ — 0 and
using the lower semicontinuity of 7 we get that 7((a — t)4+) < 7((b — t)4) for all
7 € K and all ¢ > 0. Now, [NRI6 Lemma 3.4] asserts that if a C*-algebra A
has strict comparison by traces in a compact set K, then for any given ¢,d € A4,
if 7(¢) < 7(d) for all 7 € K, then 7(c) < 7(d) for all 7 € T(A). Applied in
A =TI, A, with K as above, this lemma implies that a <7 b, as desired. a

Proof of Theorem [L2. Let € > 0. Suppose for the sake of contradiction that no
N as in the statement of the theorem exists. Then there exist unital C*-algebras
Aq, Ag, ... with strict comparison by traces and selfadjoint contractions a,,, b, € A,
such that a,, <, b, for all n but

1 n
lan — = uibnui|| > €
n i=1
bn+1.

for all n-tuples of unitaries uq,...,u, € A,. Let a, = “TH and b, = >3
Observe that these are positive contractions such that a], <, b/, for all n and

! 1 . _b/ * > €
||a’n - Ezul nqu = 5
i=1

for all n-tuples of unitaries uy,...,u, € A,. Consider the positive elements a =
(al)5ey and b = (b))%, in [][;2, A,. Since a), <, b, for all n we have, by

Proposition 5] that a <1 b. Also, 1 —al, <7 1—¥/, for all n, and so 1 —a <1 1—b.
By Theorem [[1] (keeping Remark 4] in mind), we have that a <, b. Hence, there
exists N € N and unitaries wy, ws, ..., wy € HZO:1 A,, such that

1 & €
lla — N;w,bwl | < 3

Projecting onto Ay we arrive at a contradiction. (]
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Theorem 5.2. For each € > 0 there exists N € N such that if A is a C*-algebra
with strict comparison of positive elements by traces and a,b € Ay, are contractions
such that a <. b, then

1N
lo— % > dibd;|| < e
i=1
for some contractions dy,...,dy € A.

Proof. Tt is easy to argue, using Proposition[Z3] that it suffices to prove the theorem
letting a and b range through all positive contractions. One can then proceed as in
the proof of Theorem [[.2] arguing by contradiction and relying on Proposition 5.1l
The details are left to the reader. |

Next we prove the same uniform majorization among C*-algebras with a uniform
bound in their nuclear dimension. We start by recalling the definition of nuclear
dimension and some background facts.

A completely positive contractive (c.p.c.) map ¢: A — B is called of order zero
if it preserves orthogonality, i.e., ab = 0 implies ¢(a)p(b) = 0 for all a,b € A. By
[WZ09, Theorem 2.3], such a map has the form ¢(a) = hmy(a), where my: A —
M(C*(¢(A)) is a homomorphism and where h € M(C*(¢(A))) is a positive element
commuting with m4(A). (Here M(C*(¢(A))) denotes the multiplier algebra of the
C*-algebra generated by ¢(A).) With the aid of this theorem one can easily deduce
the preservation of various relations under c.p.c. order zero maps. For example, if
a = x*z and b = zz* for some = € A, then ¢(a) = y*y and ¢(b) = yy* for some y €
B (we can choose y = h'/?74(x)). The submajorization relation is also preserved
under c.p.c. order zero maps. For if a,b € Ag, are such that a = % Zfil d;bd; for
some contractions d; € A, then ¢(a) = + vazl T(d;)p(b)my(d;)*. Although the
contractions my(d;) belong to M (C*(¢(A))) rather than B, by Lemma 25(i) we
still have that ¢(a) <. ¢(b) in B. If, more generally, a <. b in A, then an argument
passing to limits readily proves that ¢(a) <. ¢(b) in B.

Let m € N. Following Winter and Zacharias [WZ10] we say that a C*-algebra
A has nuclear dimension at most m if for each finite set ' C A and € > 0 there
exist c.p.c. maps A BLN Cy h A with k = 0,1,...,m such that Cy is a finite-
dimensional C*-algebra for all k, ¢, is an order zero map for all &k, and

la — Z(bkwk(a)ﬂ <e forallaeF.
k=0

In [WZ10}, Proposition 3.2], Winter and Zacharias show that it is possible to arrange
for the maps ¥, to be asymptotically of order zero. In this way one obtains c.p.c.
order zero maps

AL Ny 2 A
for kK =0,...,m such that

L= Z Ek%-
k=0

Here A = (I], A\)/(, Ax) is a sequence algebra over some upward directed
set A, t: A — A, denotes the canonical embedding of A in A, as “constant
sequences”, and N = ([, Cr,\)/(D, Ck,r), where Cj 5 is a finite-dimensional
C*-algebra for all A € A and all k =0,...,m.
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Lemma 5.3. Each C*-algebra Ny as defined above has the property of strict com-
parison of positive elements by traces.

Proof. This is a consequence of Nj being the quotient of a product of finite-
dimensional C*-algebras. More specifically, as remarked in the proof of Proposition
B a product of C*-algebras with strict comparison by traces again has strict com-
parison by traces (in fact, by traces ranging in a suitable compact set K). Since
each Cj  is finite dimensional it has strict comparison by traces. Thus, the same
holds for [], Ci x. Also, the property of strict comparison by traces also passes
to quotients. Indeed, by [NR16, Proposition 3.6 (i)], strict comparison by traces is
equivalent to “strict comparison by 2-quasitraces and 2-quasitraces are traces”. It
is clear that if all the lower semicontinuous 2-quasitraces of a C*-algebra are traces,
the same holds for its quotients. Strict comparison by 2-quasitraces also passes to
quotients since, by [ERS1I] Proposition 6.2], it is equivalent to almost unperforation
in the Cuntz semigroup and the latter passes to quotients by [RT17, Proposition
2.2] (it is called O-comparison in this reference). O

Lemma 5.4. For each € > 0 there exists N € N such that if A is a C*-algebra of
nuclear dimension at most m and a,b € A, are such that a <7 b, then

N(m+1) N(m+1)
(a—e)y = Z x;z; and Z xixy <b
i=1 i=1
for some x1,...,ZN(m41) € A.
Proof. Let A —> N — Ay, for k = 0,...,m, be c.p.c. order zero maps as
in the discussion above. Fix k = 0,...,m. We have remarked above that c.p.c.

order zero maps preserve the submajorization relation (which, by Theorem 2]
agrees with <r). Hence, a <1 b implies that ¢;(a) <1 1% (b) in Ni. By Lemma
the C*-algebra algebra Nj has the property of strict comparison of positive
elements. Hence, by Theorem [£.2] there exists a number N € N and elements
dk,l; C ;dk,N € N such that

(e - S di (B
i=1

N
€
1 and z;d;“ ri <1
=

The number N depends only on € and m. If we set yy ; = (wk(b))%dk,i then we can
rewrite these inequalities as

N
kua) = U aka|| <
1=1

Applying ¢, on both inequalities and using that it is an order zero map we deduce
that

+1 and Zykzykz < Yy (b).

"¢k'¢’k Z Uk,iTk.i

N
€ ~
1 and ‘_E - Yk.,ilYk.i < st'l/)k(b)

for some §; € Axo. Addlng over all k we get that

m N m N
H“‘ZZ@JZ,iﬂk,i < e and ZZ el <
k=0 i1=1

k=0 i=1
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We can lift the elements g, ; to [[, A so that these inequalities are preserved. Then
from those lifts we find elements x;; € A such that the same inequalities hold in
A; namely,

m N m N
Ha—g E Ty, Tk < € and E E TkiT); < b

k=0 1i=1 k=0i=1

By a well-known lemma of Kirchberg and Rgrdam, if ||a — d/|| < ¢, then (a — )4 =
da'd* for some contraction d € A ([KR02, Lemma 2.2]). Applying this lemma

with @’ =Y, i]\il } ;xk, we can turn the inequalities above into the relations
claimed by the lemma. (Il

Proposition 5.5. Let Ay, Ay, ... be a sequence of C*-algebras with uniformly
bounded nuclear dimensions. Let a = (a,)52, and b = (b,)52, be positive ele-
ments in [[ -, An such that a, <1 by, for alln. Then a <7 b in [[ Ay

Proof. 1t suffices to show that 7(a) < 7(b) for all 7 € T([],~; Ay), for then the
same argument applied to (a — t)4 and (b — t)4 in place of a and b gives us that
T((a—t)4) < 7((b—1t)4) for all 7. Let € > 0. From the previous lemma we deduce
that for each n there exist o1 ;. .., Zn(m+1),n € An such that

N(m+1) N(m+1)
(a’n - €)+ = Z xznxi,n and Z xi,nx;n < bn
i=1 i=1

The sequences (2;,,),, are necessarily bounded. So if we set 2; = (@ ,)n € [y An,
then

N(m+1) N(m+1)
(a—e)y = Z x;x; and Z xx; <b.
i=1 i=1

This implies that 7((a — €)4+) < 7(b) for all lower semicontinuous traces 7 on
[1,2, A,. Since € > 0 is arbitrary, we get that 7(a) < 7(b) for all 7, as desired. O

Theorem 5.6. Let m € N. For every € > 0 there exists N such that if A is a

unital C*-algebra with nuclear dimension at most m and a,b € A are selfadjoint
contractions such that a € co{ubu* | u € U(A)}, then

N
a — N u;au;
i=1

for some uy,...,uy € U(A).

<e

Proof. The same proof of Theorem [[2lapplies here relying on Proposition G5l rather
than on Proposition [B.11 a

Example 5.7. In [Robl5 Theorem 1.4] an example is given of a simple unital
C*-algebra A with a unique tracial state 7 such that for each n € N there exists a
selfadjoint element a,, € A of norm 1 such that 7(a,) = 0 and the distance from a,,
to the set {d°1 ,[b,b;] | b; € A} is 1. In this C*-algebra the property of uniform
majorization cannot hold. Indeed, by Haagerup and Zsidd’s theorem from [HZ84],
we have 0 <, a, for all n. We claim, however, that no convex combination of at
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most n unitary conjugates of a,, can have norm less than 1. For suppose that there
were unitaries uq,...,u, € A such that

n
H Z tiu;anu;
i=1
for some ¢; € [0,1] such that > ; ¢, = 1. Then

Jan = 5.

i=1
1

where b; = t2u;(1 + an)% for ¢ = 1,...,n. This contradicts the property of a,.

Thus, no such unitaries exist.

<1

‘<1,

Theorem 5.8. Let A1, Ao, ... be unital C*-algebras with strict comparison of pos-
itive elements by traces or with a uniform bound on their nuclear dimensions. Let
A=TI2, 4/ B;2, Ai and let B C A be a separable C*-subalgebra. Then for each
a € A, we have that

co({uau* |u € U(A)})N(B'NA) # 2.

Proof. Let (an)n € [[,—; Ayn be a lift of a with a,, € (A,)sa and [ja,| < ||a|| for
all n. Let (b%l))n, (bg))n, ... € [I52, A, be lifts of a sequence b, 62, ... € B
dense in B. [KR14, Lemma 6.4] asserts that given an element and a finite set in
a C*-algebra we can find a convex combination of unitary conjugates of the given
element that almost commutes with the given finite set. (This is derived from
Dixmier’s approximation property in A**.) Applying this lemma, we can find for
each a,, € A, a selfadjoint element a}, <, a, such that ||[a},, bg”]” < Llafl 1o @] for
all 1 < i, < n. Let a’ denote the image of (a’,),, in A. Then a’ commutes with b(/)
for all 7, and so @’ € B'N A. On the other hand, from the fact that a), <, a, for
all n we get that (al,),, <u (@n)n in [[,2; A,. In the case that all the C*-algebras
have strict comparison by traces, this follows from Proposition 5.1l If their nuclear
dimensions are uniformly bounded, this follows from Proposition Passing to
the quotient we get that a’ <, a in A. That is, a’ € co{uau* | u € U(A)}). O
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