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ABSTRACT. For an appropriate class of convex functions ¢, we study the
Fourier extension operator on the surface {(y, |y|? + ¢(y)) : y € R?} equipped
with projection measure. For the corresponding extension inequality, we com-
pute optimal constants and prove that extremizers do not exist. The main
tool is a new comparison principle for convolutions of certain singular mea-
sures that holds in all dimensions. Using tools of concentration-compactness
flavor, we further investigate the behavior of general extremizing sequences.
Our work is directly related to the study of extremizers and optimal con-
stants for Strichartz estimates of certain higher order Schrédinger equations.
In particular, we resolve a dichotomy from the recent literature concerning the
existence of extremizers for a family of fourth order Schrédinger equations and
compute the corresponding operator norms exactly where only lower bounds
were previously known.
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1. INTRODUCTION

Recently there has been considerable interest in the study of extremizers, opti-
mal constants, and sharp instances of various Fourier extension inequalities. The
purpose of the present paper is three-fold. Firstly, we establish a sharp Fourier
extension inequality on certain noncompact hypersurfaces in Euclidean space. Sec-
ondly, we use concentration-compactness tools to study the qualitative behavior
of extremizing sequences for this sharp inequality. Thirdly, we explore the link
between Fourier extension inequalities and Strichartz estimates for certain higher
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order Schréodinger equations and resolve some dichotomies concerning the existence
of extremizers that have appeared in the recent literature.
Throughout the paper, we normalize the Fourier transform as follows:

fo) = [ fae o g

where (-, -) denotes the usual inner product in R?. Given a sufficiently nice function
¢ : R4 = R, consider the hypersurface in R4+1,

(1.1) So = 191> + o(y)) : y € RYY,
endowed with projection measure
(1.2) a(y.t) = 8(t = [yI> — o(y)) dy dt,

which in turn is defined by requiring that the identity

/ oy, 1) do(y, 1) = / 9y Iyl + 6(y)) dy
Rd+1 R4

holds for every Schwartz function g. The Fourier extension operator for the hyper-
surface X is defined as

Fot) = [ fly)e—"em et 460 qy  (z1) € REH.
Rd

Estimates for this operator stem from the seminal works of Tomas [31], Stein [29],
and Strichartz [30]. In particular, under certain fairly general convexity assump-
tions on ¢, the inequality

HfUHL2+%(Rd+1) ,Sd@ ||fHL2(Rd)

holds in dimensions d > 1; see e.g. [I8/19,2T]. To pursue this point further, let
us specialize the discussion to the two-dimensional case d = 2. Using the fact that
in this case the exponent 2 + % = 4 is an even integer together with Plancherel’s
Theorem, the inequality

I folloamsy S¢ l1fllL2re)

can be rewritten in bilinear convolution form as
(1.3) 1fo* follLe@s) So I1f 1172 qme)-

We emphasize that, since the surface ¥, is not compact, inequality (L3]) does not
hold in general if the projection measure is replaced by the usual surface measure
on Xy. Inequality (L3]) will be established under some mild assumptions on ¢ in
Theorem [[2 below. As we will see, it will follow from the fact that the convolution
o * o defines a measure which is absolutely continuous with respect to Lebesgue
measure on R? and whose Radon-Nikodym derivative is given by an essentially
bounded function.

In the first part of the paper, we address the question of existence of extremizers
for the sharp version of inequality (I3]) and compute the optimal constant. More
precisely, consider the sharp inequality

(1.4) Ifo * follLe@s) < REIFI72me),
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where the optimal constant is given by

1
| fox fol3

(1.5) Ry= sup —— )
ozfer2®?) I fllze@2)

Definition 1.1. An extremizing sequence for inequality (4 is a sequence {f,} C
L*(R?) satisfying || f || r2(r2) < 1, such that

[ fn0 * fnollL2@ms) = RE, as n — <.
An extremizer for inequality (I4) is a nonzero function f € L?(R?) which satisfies
| fo = fUHL2(R3) = R<2b||f||2L2(R2)-

The unperturbed case ¢ = 0 was treated by Foschi [I1], who proved that ex-
tremizers for the corresponding extension inequality on the paraboloid ¥ are given
by Gaussians and computed Ry = ( %)i A key step in Foschi’s program was the
elementary but crucial observation that the convolution of projection measure on
the two-dimensional paraboloid defines a constant function in the interior of its
support; see [I1l Lemma 3.2] and Remark below. Alternative approaches are
available: Hundertmark—Zharnitski [I7] base their analysis on a novel represen-
tation of the Strichartz integral, and Bennett et al. [3] identify a monotonicity
property of such integrals under a certain quadratic heat-flow. These proofs rely
on the large symmetry group enjoyed by the paraboloid. Perturbed paraboloids ¥4
with ¢ # 0 no longer enjoy this special feature, and understanding the associated
Fourier extension operator in sharp form is an important step towards the under-
standing of general manifolds with positive Gaussian curvature. This motivates our
first main result.

Theorem 1.2. Let ¢ : R?> — R be a nonnegative, twice continuously differen-
tiable, strictly convex function, whose Hessian H(¢) satisfies one of the following
conditions:

(i) H(¢)(yo) =0 for some yo € R?, or
(ii) there exists a sequence {y,} C R? with |y,| — oo, such that H(¢)(y,) — 0,
as n — oo.

Let o denote the projection measure on the surface Xy,. Then the inequality
(1.6) [ fo* follL2rs) <R3>Hf||%2(ua2)

holds for every f € L*(R?) and is sharp with optimal constant given by

T\ 1
The sequence {fn/llfullz2} defined via

—n(P(y) =¥ (yo)— (VY (yo),y—vo)) ; (i)
e , in case (i),
(18) fn(y) = { efan(w(y)*w(yn)7<v"/}(yn):yfyn»’ m case (11)’
where 1 := | - |* + ¢ and {a,} is an appropriately chosen sequence, is extremizing

for inequality (LT). Moreover, extremizers for inequality (L6) do not exist.

Let us briefly comment on the proof of Theorem In order to compute the
optimal constant R and to show that extremizers do not exist, we employ methods
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from [241[26] that are based on Foschi’s ideas [I1], with a novel ingredient which we
highlight below. The main steps are the following:

e One shows that R;ﬁ <o xol|pe < 0.
e One exhibits an explicit sequence {f,} C L?(R?) such that

2
lim inf —ana * fnU”Lz

> loxo .
minf =, 2 ool

e From the previous two steps, one concludes that Ry = [|o # o[ L~

e One proves that the set {(£,7) € R**! : (0% 0)({,7) = ||o * o L=} has
Lebesgue measure zero.

e A careful review of Foschi’s method then implies that

Ifo * foll: < RE|IfII7,

for every nonzero f € L%(R?). In particular, extremizers do not exist.

The first and fourth steps above are based on a new comparison principle that
translates into a pointwise inequality between convolution of projection measures
on the perturbed surface ¥, and the paraboloid ¥g, respectively. It leads to the
computation of the exact numerical value of the optimal constant R,. The com-
parison principle holds in all dimensions d > 2, and we state it precisely as follows.

Theorem 1.3. Ford > 2, let ¢ : R? = R be a nonnegative, continuously differen-
tiable, strictly convex function. Let o = |-|* and ¢ = |-|* + ¢. Let 0,0 denote the
projection measures on the hypersurfaces 3o, Xy, respectively. Then

(1.9) (0% 0) (&, 20(6/2) + 7) < (00 % 00) (&, 20(/2) + 7),

for every € € R? and 7 > 0. Moreover, this inequality is strict for almost every
point in the support of the measure o * .

Certain related but distinct comparison principles have already proved useful
in understanding the effect of global smoothing. See [28] for an instance in which
such a principle was used to derive new estimates for dispersive (and nondispersive)
equations from known ones, as well as an effective means to compare estimates for
different equations. The link with optimal constants and extremizers for a broad
class of smoothing estimates is established in [4].

In the second part of the present paper, we adapt ideas from the concentration-
compactness principle of Lions [22] to examine the behavior of general extremizing
sequences for inequality (L@). Generally speaking, the theory of concentration-
compactness has proved a very efficient tool to exhibit the precise mechanisms
which are responsible for the loss of compactness in a variety of settings. In our
concrete problem, extremizers fail to exist because extremizing sequences concen-
trate. Concentration can only occur at points where the convolution oo attains its
maximum value or at spatial infinity. To make these concepts precise, we introduce
the relevant definitions.

Definition 1.4. A sequence {f,} C L?(R?) concentrates at a point yo € R? if, for
every g, p > 0, there exists N € N such that, for every n > N,

/ Fu )2 dy < el ol 2o
{ly—yol|=p}
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A sequence {f,} C L?(R?) concentrates along a sequence {y,} C R? if, for every
g, p > 0, there exists N € N such that, for every n > N,

/ a2 dy < el fall2ge)-
{ly—yn|=p}

A sequence {f,} C L?(R?) concentrates at infinity if, for every ¢, p > 0, there exists
N € N such that, for every n > N,

/ Fn ) dy < el foZages).
{ly|<p}

The following result holds under the general hypotheses of Theorem

Theorem 1.5. Let ¢ : R? — R be a nonnegative, twice continuously differentiable,
strictly convez function, whose Hessian satisfies condition (i) or condition (ii) from
Theorem [L2 Then any extremizing sequence for inequality (LE) has a further
subsequence which either concentrates at some point yo € R? satisfying H(¢)(yo) =
0 or concentrates at infinity.

It has long been understood that Tomas—Stein extension type inequalities are
related to Strichartz estimates for linear partial differential equations of dispersive
type. To illustrate this connection in the present situation, consider the multiplier
operator

Myg =g
acting on Schwartz functions g and the associated Schrodinger equation

{z’ut+M¢u—uAu: 0, pu=0,

(1.10) u(-0) = f € L2(RY),

whose solution can be written as
1 ~ . .
(1.11) u(z,t) = —— f(y)e“’”’we’t(“‘ylzﬁb(y)) dy, (z,t) € R
(2m)? Jpa
In the third part of the paper, we consider Strichartz inequalities for solutions of
equation (LI0) in the two-dimensional case d = 2. In particular, we investigate the

family of inequalities
15 —
(1.12) (s + V1) 2 CIVD=ED) £l a oy Sy 112 )

and mostly focus on the particular instance of a quartic perturbation, ¢ = | -
In this case, inequality (I.I2)) can be proved via the method of stationary phase
together with the main theorem of [20]; see the remarks preceding [19, Proposition
2.4] and [2L21L25] for further details. In the spirit of what had been done in the
one-dimensional setting in [I8], this instance of inequality (II2)) was refined in [19],
with the goal of establishing a linear profile decomposition for a family of fourth
order Schrodinger equations. As a consequence, the authors of [19] obtained a
dichotomy result for the existence of extremizers in the cases p € {0, 1}, which by
scaling extends to the general case u > 0 and can be summarized as follows: Either
extremizers exist or extremizing sequences exhibit a certain classical Schrodinger
behavior. See [19, Theorems 4.1 and 4.2] for a precise formulation of these results.
Along the way, the authors of [I9] obtained lower bounds for the norms of the
corresponding Fourier extension operators. The methods we use to study the sharp
bilinear convolution inequality (L) are robust enough to resolve this dichotomy

.
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and to determine which situation actually happens. In particular, we prove that
extremizers exist if u = 0, but fail to exist if 4 = 1. In the latter case, we also
compute the operator norm exactly.

To state our results precisely, let us start by considering the case of 4 = 0 and
¢ = | -|*. Then inequality (LIZ) can be restated with the help of the Fourier
transform, here denoted by F, as

(1.13) IFCf-12v) ] pamsy S 1122 w2y,

where the measure v is given by v(y,t) = 5(t — \y|4) dy dt. By Plancherel’s Theo-
rem, inequality (II3)) can be rewritten in sharp form as

1 1
(1.14) IF1- 120 % 1 12V Lo ey < QI fII72me),

with optimal constant Q. The following result should be compared to [19, Theorem
4.1].

Theorem 1.6. The optimal constant for inequality (LI4) satisfies the bounds
T T

—— <Ot < =

44/3 4

Moreover, there exists an extremizer for inequality (L14).

(1.15)

Still taking ¢ = | - |4, let us now consider the case of u = 1. Then inequality
([CI2) can be restated as

(1.16) IFCA+T- P Eo)lnsms) S [1F 22,

where the measure o is given by o(y,t) = (¢t — |y|* — |y|*) dy dt. By Plancherel’s
Theorem, inequality (LI6) can be rewritten in sharp form as

(1.17) 1fVwo * fv/woL2@s) < S?FI172 2y,

with weight w = (14| - |2)% and optimal constant S. The following result is a
special case of Theorem below.

Theorem 1.7. The value of the optimal constant for inequality (LIM) is given by
St = 5. Moreover, extremizers for inequality (LIT) do not exist, and extremizing
sequences concentrate at the origin.

In particular, Theorems [ and [L7 imply that Q* < 8§* = Z. The shape of (the
Fourier transform of) a general extremizing sequence for inequality (I7) is then
given by [19, Theorem 4.2] and the remarks following it. Furthermore, as mentioned
in [19], it is of interest to extend the analysis to more general perturbations of the
Schrédinger equation. Our methods allow us to make progress in a number of
previously untreated cases, and we comment on this in Remark and §6.4] below.

Our results complement the recent, vast, and very interesting body of work
concerning sharp Fourier extension and Strichartz estimates. In addition to the
works previously cited in this introduction, see [6H8,[12,[14] for results in sharp
Fourier extension theory on spheres and [BL[9,[10[15,23]27] for other instances.
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Overview. The paper is organized as follows. In Section[2] we briefly comment on
the model case of a pure power perturbation of the paraboloid and derive a useful
integral formula for the convolution of projection measure on a generic convex
perturbation of the two-dimensional paraboloid. Section [3] is the technical heart
of the first part of the paper and is devoted to the aforementioned comparison
principle. In particular, we prove Theorem [[.3] and briefly remark on possible
extensions of this result to n-fold convolutions if n > 3. The proof of Theorem
is presented in Section @l We discuss the behavior of general extremizing sequences
in Section Bl In particular, we establish a precise form of the geometric principle
that distant caps interact weakly, show some auxiliary results of concentration-
compactness flavor, and prove Theorem Finally, we deal with sharp Strichartz
inequalities in Section We treat the case of quartic perturbations in Section
[61] establishing a generalization of Theorem [ We study the convolution of
projection measure associated to pure powers in Section and use this knowledge
to tackle the case of the pure quartic in Section [6.3] establishing Theorem [[.G] and
of other pure powers in Section

A word on forthcoming notation. The usual inner product between vectors
z,y € R? will continue to be denoted by (x,%). This is to clarify the distinction
from the d x d matrix obtained as the matrix product between the vector x and
the transpose of the vector y, denoted x - y”. The usual matrix product between a
d x d matrix A and a vector z € R? will likewise be indicated by A -x. The d x d
identity matrix will be denoted by I4, or simply by I if no confusion arises. The
open ball of radius r > 0 centered at z € R? will be denoted by B,(x). If z = 0,
then we will simply write B, instead of B,.(0). The corresponding closed balls will
be denoted by B,(z) and B, = B,(0), respectively. The alternative notation for
the Fourier transform F(f) = f will occasionally be used. Finally, 15 will stand
for the indicator function of a given subset £ C R%, and the complement of E will
at times be denoted by EC.

2. ON SCALING AND CONVOLUTIONS

2.1. An explicit example. For d > 1, a > 0, and p > 2, consider the family of
Fourier extension operators associated to certain polynomial perturbations of the
paraboloid equipped with projection measure, given by

(2.1) To(f)(z,t) :/ f(y)e*i@ffﬂ)(;Z’t(\z/|24r<z\y|”)dy7 (z,t) € R4+,
Rd

The family {T,} enjoys the following scaling property. Given a,b > 0, let A\ =
(g)ﬁ Changing variables y ~» Ay in the integral ([2.I]), we see that

To(f)(@,t) = A% [ fa(y)e " Dom) el qy — STy (fy) (Ax, A2),
R4

where the rescaled function fy(y) = A? f(\y) satisfies || fr]lr2 = ||f]|z2. It follows
that

HTa(f)HLZJr%(RGH,l) = ||Tb(f)\)HL2+% (R‘H’l)?
and therefore
||Ta(f)HL2+% (Rd+1) . ||Tb(f)||L2+%(Rd+1)

sup = sup
0£fEL?(RY) 11l L2 ey 0£fEL?(RY) 1 £1l 22 (e
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From this identity, we conclude that optimal constants are independent of a and
that extremizers exist for some value of @ > 0 if and only if they exist for every
value of @ > 0. If extremizers exist for one value of a > 0, then the simple dilation
indicated above produces an extremizer for any other value of a > 0. Theorem
provides a refinement of this rudimentary analysis in the two-dimensional case. In
particular, it states that the optimal constant is also independent of p and that
extremizers do not exist.

2.2. Convolution of singular measures. The goal of this section is to exhibit an
explicit formula for the convolution of projection measure on perturbed paraboloids.
For the sake of concreteness, we limit our discussion to the two-dimensional case
d = 2. See [1, Lemma 3.1] for a formula in the same spirit of identity (Z2]) below.

Proposition 2.1. Let ¢ := | - |> + ¢, where ¢ > 0 is a conver C*(R?) function.
Let o denote projection measure on the surface ¥4. Then the following assertions
hold for the convolution measure o * o:

(a) It is absolutely continuous with respect to Lebesgue measure on R3.
(b) Its support is given by

supp(o * o) = {(§,7) € R*™ 17 > 20(£/2)}.
(¢) Its Radon—Nikodym derivative, also denoted by oo, is given by the formula

22 Geoen= [ ([ wrwie e o a) .,

-1

provided T > 21(£/2). Here, the measure pu denotes arc length measure on
the unit circle S, and the function o is given by

(2.3) a(€,7,0) = V]2 — (RN (Vr/2 = 0(E2w),

where the function X is implicitly defined via identity (2.8) below.

(d) The convolution o x o defines a continuous function of the variables &, 7 in
the interior of its support. It extends continuously to the boundary of the
support, with values given by

(2.4) (0% 0)(§,2¢(¢/2)) =

det(H(4)(€/2))

Remark 2.2. In the special case ¢ = 0, the Hessian of ¢ is a constant multiple of the
identity matrix, and formula (2.2) recovers the result from [1I} Lemma 3.2] for the
convolution of projection measure o on the two-dimensional paraboloid ¥y C R3:

For 7 > [£]?/2,
(o9 *x09)(&,T) = /S1 (/11<w,2w> dt)ilduw = g

Proof of Proposition 21l The absolute continuity of o * o with respect to Lebesgue
measure follows in the same way as in the proof of [I, Lemma 3.1(b)], with minor
modifications only. We provide the details for the convenience of the reader. In
order to show that the pairing (o x g, 1 g) = 0 for each set E of Lebesgue measure
zero in R® set y = (y1,vy2), 2 = (z1,22), and change variables t; = y; + z,
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s;=yj—2; (j=1,2) to get

orots)= [ | Ll +0) dyds

1
:—/(/ /ﬂE(t17t27Ft(51752))d51dt)dSQ,
4 Jo \Jr2 Jr

where the function F} is defined as
t+s t—s
Fi(s) _w( 2 ) J”/’( 2 )
The key observation is that Fi(s1,s2) is a strictly convex function of s; for each
fixed so and ¢. The change of variables s; — u given by the (at most 2-to—1) map
u = Fy(s1, $2) shows that the triple integral in (s1,t) is zero (for each s3) since E
is a Lebesgue null set. This establishes (a).
For (b), consider vectors 3,4y’ € R?, and note that

{=y+y and 7:=9(y) + YY)
satisfy 7 > 2¢(£/2) because the function i is convex. For the reverse inclusion,

let (£,7) € R?*T! be given, such that 7 > 29(£/2). We want to find y,y’ € R?
such that

y+y' =¢ and P@y) +y(y) =T
It is enough to find y such that ¥(y) + ¥ (£ —y) = 7, for then y' = £ —y. Note that
P(y) + (€ —y) = 2¢(£/2) by convexity of ¢, with equality if y = £/2. Moreover,
U(y) + (€ —y) = oo, as [y| — oo.

The function y — ¥(y) + (€ —y) is continuous because ¥ is convex, and the result
follows from applying the Intermediate Value Theorem in the appropriate direction.

We now come to part (c). Let (£, 7) be such that 7 > 2¢(£/2). Fubini’s Theorem
and a simple change of variables yiel

ralen) = [ ([ alr—t—w(e=1) (- vw)ay)ar
(25) = [ 8 —wter2+ ) — ez ) o

We would like to perform another change of variables y = T'(w), where T'(w) = Aw
and A = A(w) > 0 is an implicit real-valued function of w which takes only positive
values and is defined via

(2.6) D(E/2+ Mw) +(8/2 = dw) = 2w|* + 24(¢/2).

For fixed &, a unique positive solution A = A\(w) exists if w # 0. By the Implicit
Function Theorem, equation (2.6]) defines A as a continuously differentiable function
of w as long as the derivative of the map

A= P(E/2+ dw) + (/2 — dw)

is nonzero. In view of the strict convexity of the function v, this is indeed the case
if A > 0. Further details in a more general context will be provided in the course of
the proof of Lemma below. Since the function A is continuously differentiable
and T'(w) = A(w)w, we have that

(2.7) T (w) = A+ V- w,

IFor a treatment of integration on manifolds using delta calculus, see [I3, Appendix A].
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where I denotes the 2 x 2 identity matrix, the gradient is taken with respect to
w, and the term V- w” stands for the 2 x 2 matrix obtained as the product of
the gradient VA (seen as a vector in R?) and the transpose of the vector w. To
compute the gradient VA, note that implicit differentiation of (Z8]) with respect to
w yields
(2.8)  T'(w)-u=4w, where u = u(w,§) := Vi(£/2 + Mw) — V(£/2 — \w).
From (Z7) and (23], it follows that
4w — A

(2.9) VA=

(w,u)

One easily computes
det T'(w) = det(A + VA - w?h) = (1 4+ X" {w, VA)) det(\]),
and identity (29) then implies that
Aw[*Mw)
(w, u(w,§))’
Note that this is a nonnegative quantity because of the strict convexity of 1. Going

back to the integral expression for ¢ * o, changing variables as announced, and
switching to polar coordinates yield

(c*x0)(&T)= /R2 (5(7’ —29(&/2) — 2|w|2)det T (w) dw

(2.10) det T"(w) =

:/0 8(r — 20(£/2) - 2@)(/81 det T (1) dp ),

where 1 denotes arc length measure on the unit circle S! ¢ R2. Using expression
(ZI0) for the Jacobian factor det T, changing variables 2r? = s, and appealing to
Fubini’s Theorem, we have that

(oxo)(&,T)= /Sl (/000 8(1—20(8/2) — ) \/7\/\/5? )de~

Evaluating the inner integral,

VT2 - OEAVT2 —0E/2)e)
st (W u(VT/2= 9(E/2)w, ) i

Defining the function o = (€, 7,w) as in (Z3]), and recalling the expression in (Z.8)
for the vector wu,

211)  (o#0)(E7) :/

Sl

(0 x0)(E,7) =

<w, V(€/2 + aw) —

(67

Vip(£/2 — aw) >—1 .

Formula (22) now follows from the Fundamental Theorem of Calculus.

As for part (d), the continuity in the interior of the support follows from an
inspection of representation formula ([2.2]) after recalling the fact that the function
A is continuous. The boundary value is obtained by noting that, for each w € S!,
the function a(€, 7,w) tends to 0 as (£, 7) approaches the boundary of the support
from its interior, since the function A satisfies 0 < A < 1. This yields

(76206 = 5 || G
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from which identity (Z.4) follows by using an orthonormal basis of R? consisting of
eigenvectors of the Hessian matrix H(¢)(£/2). The proof is now complete. O

Remark 2.3. Identity (2I1) already implies a weak form of the comparison principle
(Theorem [[3) in the two-dimensional case. Analogous reasoning leads to similar
formulae for higher dimensional hypersurfaces. This is one of the motivations for
the next section, which shares some features with the proof of Proposition 21
However, the analysis there seems more flexible and may be adaptable to other
situations as well.

3. A COMPARISON RESULT

This section is devoted to the proof of Theorem [[.3] which holds in dimensions
d > 2. Before stating the technical lemmata that will be used in its proof, let us
consider two convex functions v, ¢ : R* — R. Given &,y € R?, define the following
auxiliary functions of one real variable:

(3.1) g(t) = (&/2 = ty) + ¥(&/2 + ty) — 2(£/2),
(3.2) h(t) == @(§/2 —ty) + p(§/2 + ty) — 2¢(£/2).

Note that ¢ = h = 0 if y = 0. Some properties of the functions g, h in a useful
special case are collected in the following lemma.

Lemma 3.1. Let ¢, ¢ : RY = R be differentiable, convex functions such that their
difference 1) — ¢ is also convex. Given &,y € R, define the functions g, h as above.
Then:

) g(t) = h(t) =0, for every t € R.

) The functions g and h are convex.

) 9'(0) = 1'(0) = 0.

) If ¥ is strictly convex and y # 0, then g attains its unique global minimum
att=0.

(e) If o is strictly convex and y # 0, then there exists a unique nonnegative

A= Ay, &) such that

and moreover A € [0,1].
(f) If h(1) > 0, then A > 0. If h(1) < g(1), then A < 1.

Proof. The inequality h > 0 follows from the (midpoint) convexity of the function
. The inequality g > h follows from the (midpoint) convexity of the function ¢ —p.
This establishes (a). Statement (b) is a consequence of the following two general
facts: sums of convex functions are convex, and restrictions of convex functions to
lines are convex. Differentiability of the functions g, h follows from that of i, ¢. In
light of (a), both g and h attain a (local, and therefore global) minimum at ¢ = 0
since g(0) = h(0) = 0, and (c) follows. Further notice that g is strictly convex if
1) is strictly convex, provided y # 0. Since a strictly convex function can have at
most one global minimum, (d) follows from (c). We now consider statement (e).
Since g is continuous and ¢g(0) < h(1) < g(1), the Intermediate Value Theorem
ensures the existence of A € [0, 1] such that k(1) = g(A). There exists no A in the
interval (1,00) with the same property because g is strictly convex, and therefore
g(t) > g(1) if t > 1. The uniqueness of A also follows from the strict convexity of
g. Statement (f) is immediate, and this concludes the proof of the lemma. O
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Henceforth we restrict our attention to continuously differentiable functions 1,
which are strictly convex and introduce two sets which will play a role in the proof
of Theorem [[3l Given ¢ € R? and ¢ € R, define the 1-ellipsoid as

(3-3) Ep(€,0) = {y € R 9(€/2 — y) +¥(€/2 +y) — 20(¢/2) = c},

and similarly for the p-ellipsoid £,(€,c). We will abuse notation mildly by occa-
sionally referring to these sets simply as “ellipsoids”. The sets (&, ¢) and £,(§, c)
are nonempty provided ¢ > 0 and are codimension 1 hypersurfaces if ¢ > 0. This
claim requires a short justification, which goes as follows. Since the function 1 is
differentiable and strictly convex, its gradient V1) is a strictly monotone mapping,
in the sense that

(Vip(z) — Vp(2"),z — 2") > 0, for every x # ';
see, for instance, [I6, p. 112]. As a consequence, any positive number ¢ > 0 is a

regular value of the function Fj : R? — R, defined via

y = Fyly) = ¢(E/2 —y) +9(&§/2+y) — 29(5/2),

and the claim follows for the ellipsoid £y (€, c) = F,; (¢). The assertion for ¢ can
be verified in an identical way. Further note that, for each fixed £ € R?, the disjoint
union of the ellipsoids £y (, ¢) as the parameter ¢ > 0 ranges over the nonnegative
real numbers equals the whole of R?, and similarly for ¢.

After these preliminary observations, define the transformation

(3.4) T:RN\A{0} = RY T(y) = Ay, &)y,
where A(y, £) is given by part (e) of Lemma [BIl In other words, the real number

A = A(y, &) is the unique nonnegative solution of the equation

(3:5) @(§/2—y) +¢(&/2+y) —20(§/2) = ¥(£/2 = My) +P(§/2 + Ay) — 24(£/2).

Relevant properties of the transformation 7" are recorded in the next result.

Lemma 3.2. Let 1, : R — R be continuously differentiable, strictly conver
functions with a convex difference 1 — @. Let & € R? be given, and consider the
transformation T given by [B.4]). Then:

(a) T is injective.

(b) T is continuously differentiable.

(¢) If T'(y) denotes the Jacobian matriz of T at a point y # 0, then

(Vo(§/2+y) = Ve(€/2 —y),y)
(VY(E/2+T(y) — Vo(E/2 = T(y)),y)

(d) T defines a bijection from the ellipsoid £,(§,c) onto the ellipsoid £y (€, c),
for every ¢ > 0.

(3.6) det T'(y) = A(y)" "

Proof. To prove (a), let us consider nonzero vectors y,z € R% such that T(y) =
T(z). Then

(/2 = Ay)y) +9(€/2+ AMy)y) = ¥(§/2 = M2)2) + 9(£/2+ A(2)2),

where, for notational convenience, we have dropped the dependence of A on &. This
implies that

o(§/2—y)+ (/2 +y) =p(€/2 - 2) + p(§/2 + 2).
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Since y = rz for some r > 0, and the function ¢t — p(§/2 — tz) + p(&/2 + tz) is
strictly increasing on (0, 00), we obtain r = 1. This means y = z, as desired.

Property (b) will follow from the Implicit Function Theorem after showing that
the derivative of the map t — g(t) = ¥ (£/2 —ty) + ¥ (£/2+ty) — 2¢)(£/2) is nonzero
for each &,y € RY with y # 0, provided ¢ > 0. This derivative equals

g'(t) = (Vip(&/2 + ty) — Vp(£/2 — ty), ),

which is nonzero because of the strict convexity of 1. Indeed, in the proof of Lemma
B we have already argued that g is a strictly convex C! function which attains
its unique global minimum at ¢ = 0; hence ¢'(t) > 0 for every ¢ > 0. Alternatively,
recall that the gradient Vi is a strictly monotone mapping.

To verify (c¢), we compute the Jacobian matrix of T in an analogous way to what
was done in the proof of Proposition 211 Implicit differentiation with respect to
the variable y of identity B3] with A = A(y) yields

A +VA-yl)u =,
where the vectors u,v € R? are defined by

u=Vi(§/2+T(y) - Vy(&/2-T(y)),
v=Ve(/2+y) - Ve(/2-y).
For y # 0, it follows that
v — Au
(uyy)
where the denominator (u,y) is strictly positive because the gradient Vi is strictly

monotone and the vector T'(y) is collinear with y. Using this together with the
Matrix Determinant Lemma, we arrive at identity (3.6]):

VA=

(v, )
(u,y)”

We finally turn to (d). That the transformation T has the desired mapping
properties from &, into &, follows from the defining identity (B.5). In view of (a),
the restriction of 1" to the set £, is an injective map. So we are left with verifying
surjectivity. The previous considerations show that, given ¢ > 0 and z € £4(§, ¢),
it suffices to find any vector y € R¢ for which T(y) = z (for such y will then
necessarily belong to £,(§,¢)). But T is a continuous map which preserves rays
emanating from the origin, such that |Ty| < |y| for every y # 0, and

det T’ (y) = det(M + VA -y7) = det(A1) (1 + A" {y, VA)) = X4~1

lim |Ty| = co.
ly|—o0
The result follows from the Intermediate Value Theorem. O

Recall that |T(y)| < |y|, for every y # 0. We would like to argue that the
transformation 7' is contractive in the sense that |det 7’| < 1. Unfortunately, an
explicit computation involving the example ¢(z) = |z|* and ¢ (z) = |z|? + |z|* + |z
reveals that, perhaps unintuitively, one should not expect that to be the case in
general. We will be interested in convex perturbations of the paraboloid, and so
the following result will suffice for our purposes.
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Lemma 3.3. Letd > 2. Let ¢ = |-|? and let 1 = |-|?> + ¢, where ¢ > 0 is a strictly
convex C1(R?) function. Let & € R? be given, and consider the transformation T

given by BA). Then
(3.7) |det T (y)| < 1, for every y # 0.

Proof. Fix y # 0. For the particular choices of 1, ¢ as in the statement of the
lemma, define real-valued functions g, h via identities (B1) and (32). In this case,
h'(t) = 4|y|*t, a homogenous function of degree 1. Identity (3.6) then implies that

’ a1 M) a2 (Ay)
35 W =000 YT e
We have already argued that g — & is a nonnegative, differentiable, strictly convex
function satisfying (g —h)(0) = 0 and (g —h)’(0) = 0. It follows that (g—h)’'(t) > 0
for every t > 0, which means that the fraction on the right-hand side of identity
B8) is strictly less than 1 as long as A(y) > 0. That this is indeed the case follows
from part (f) of Lemma B3] since h(1) = 2|y|?> > 0. The proof is finished by noting
that A(y) < 1 and d > 2 together imply \(y)?~2 < 1. O

We have now collected all the ingredients needed to prove Theorem

Proof of Theorem [LL3l As in the proof of Proposition 2] the convolutions can be
written as

(3.9) (0% 0)(€7) = / §(r — (/2 — y) — B(E/2+ ) dy.

Rd
(s n)(er) = [ 8= e(e/2= 1)~ ole/2+ 1) du

A straightforward adaptation of the arguments there shows that the convolution
o x o is supported on the region {(§,7) : 7 = 2¢(£/2)}. Since ¢ > 0, this region
is contained in the support of the convolution oy * oy, i.e., the set {(§,7) : 7 >
20(£/2)}-

For each fixed ¢ € R?, consider the transformation T given by (B3.4]), which by
Lemma maps the ellipsoid £,(&,7) bijectively onto £y(&,7), for every 7 > 0.
Changing variables y ~ Ty in the expression ([3.9) for o * ¢ and appealing to the
defining identity (B.0) yield

(3 o)(Em) = [ 8(r = vl6/2=Ty) = v(e/2+ T) | det T' () dy

(3.10) = [ (= 20(6/2) = ple/2 = 1) = o(€/2+ )| det T )] .

From Lemma B3] we know that |det 7’| < 1, and so Holder’s inequality implies
that
(0% 0)(§,7) < (00 % 00) (&, T — 20(£/2)),

for every ¢ € R% and 7 > 0. This is equivalent to inequality (L3). We now use
the full power of [B7) to argue that this inequality must be strict at every point
in the interior of the support of o * . Let (£,7) be one such point, for which
c:=1—2¢¥(&/2) > 0. It is straightforward to check that the singular measure that
is being integrated in (BI0) is supported on the ellipsoid £,(&,c). Since ¢ > 0,
this ellipsoid does not contain the origin, and by Lemma [B.3] the strict inequality
|det T"(y)| < 1 holds at every point y € £,(§,¢). This can be strengthened to
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|det T (y)| < ¢o for some fixed ¢g < 1 (which depends on ¢, &, 7 but not on y),
since the set €, (¢, ¢) is compact and the function y — det T7"(y) is continuous. The
result now follows from replacing the d-function appearing in the integral (BI0)
by an appropriate e-neighborhood of the ellipsoid £,(&,¢) and then analyzing the
cases of equality in Holder’s inequality. To conclude the proof of the theorem, let
g— 0T, O

Remark 3.4. The previous discussion can be partially generalized to the case of
n-fold convolutions for n > 3. Defining the functions

n—1 n—1

gn(t) = D _U(E/n—ty;) +0(E/n+1Y_y;) = n(€/n),
=1 =1

alt) = 3 E/n — ty) + ol€/n+ 13 y3) ~ mipl€/m),

we have the following generalization of Lemma Bl whose straightforward proof
(omitted) can be done by induction on n.

Lemma 3.5. Let n > 2. Let 1, ¢ : R* — R be differentiable, convex functions,
such that their difference v — ¢ is also conver. Given &, y1,...,yn—1 € R?, define
the functions g,,h, as above. Then:
(a) gn(t) = hn(t) =0, for every t € R.
) The functions g, and h,, are convez.
() 4.,(0) = h},(0) = 0.
) If ¢ is strictly convex and (y1,...,Yn—1) # (0,...,0), then g, attains its
unique global minimum at t = 0.
(e) If o is strictly convex and (y1,...,Yn—1) 7% (0,...,0), then there exists a
unique nonnegative A = Ay1,...,Yn—1,&) such that

hn(1) = gn(N);
moreover X € [0, 1].

(f) If hp(1) > 0, then A > 0. If hyp(1) < gn(1), then X < 1.

An n-linear version of Theorem [[3] would follow from satisfactory substitutes
for Lemmata and B3l The latter is more intricate if n > 3, and the authors
have not investigated the extent to which the argument would need to be changed.

4. OPTIMAL CONSTANTS AND NONEXISTENCE OF EXTREMIZERS

This section is devoted to the proof of Theorem[[.2l In what follows, the function
¢ : R? — R is assumed to be nonnegative, twice continuously differentiable, and
strictly convex; o denotes projection measure on the surface ¥, C R3; and ¢ =
|- |2+ ¢. We start by stating two lemmata which explore the connection between
pointwise values of the convolution measure o * o and concentration at a point.

Lemma 4.1. Let yo € R? be given, and let {f,} C L*(R?) be a sequence concen-
trating at yo. Then

ano * fnU”%?(RS)

(4.1) lim

7 H4 < (0 % 0)(2y0, 2¢(y0))-
n—o00 nllL2(R2)
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Lemma 4.2. Let yg € R? be given, and let f,(y) = e~ (¥~ (wo)={V(yo).y=v0)
Then the sequence { fn/||fnllz2} concentrates at yo, and

| frno * an'HQLz(Rs)

(4.2) lim

n—oo

Vol ) (200, 200))

Proof of Lemma L2l We first prove that the given sequence concentrates at yo.
With that purpose in mind, fix p > 0. The function

V() =) = ¥ (yo) = (VY (yo),y — yo)
satisfies v = 0, ¥(yo) = 0, Vy(yo) = 0 and H(v)(yo) = 2I + H(¢)(yo). It follows
that, for any sufficiently small € > 0, there exists r = r. > 0 such that the inequality

1) < (1) (19 = 90 + 50— 90, H()(w0) - (v — 0)))

holds for every y € R? satisfying |y — yo| < r. The L? norm of the function f,, can
be bounded from below as follows:

”an%Q:/ e—2n7(y)dy>/ ¢~ 2n(42) (ly=v0[*+3 (y=30.H(&) (w0)-(s=w0) g,
R? {ly—yol<r}

:/ O+ AY) gy s L / e—2n(+)lul? g
{lyl<r} (det A)z J{jyl<ary

o 1— e—2n(1+a)a2r2
(det A)z  4n(l+e)

where the (positive-definite) matrix A is given by A = I + $H(¢)(yo), and a > 0
denotes the square root of the smallest eigenvalue of A. Noting that

(W) =y — wol* + o(y) — d(yo) — (Vo(yo),y — vo) = |y — ol

we obtain

/ WPy < [ e~2nlu=wl® 4y = 97
{ly—yol|=p} {ly—yo|=p}

Therefore

2
e—2np

2
67271/)

—2 2 1
Iz [ I < (et ) e 0

as n — 00, as had to be shown. We now turn to the proof of identity (£2]). Start
by noting that the function v equals the restriction of the linear affine function

(& 7) =71 =Y(yo) — (VY(y0), € — vo)
to the surface Xy C R3. Tt follows that

(frno * fno)(&,7) = e T {V¥(10).6) 20 (¥ (o) =(Ve (o) o) (5 % 5) (€, 7),
which in turn implies the pointwise identity
(4.3) (fna*fng)z = (fga*fga)(o*a).
Given r > 0, let
B, = {(y,9(y)) € R*"'|y € B.(y0)} C By
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denote the cap of radius r and center (yo,%(yo)) on the surface X. From identity
@3), it follows that

||fn0*fn0||2Lz(Rs) = /}R3 (fELHETJ*fgﬂErU)(f,T)(U*a)(gvT) d¢dr
+/R$(f,%11EEa*fgnEEa)(g,T)(a*a)(g,T)dng

w2 [ (1m0 f210) (€ D)o <o)l m) de

where EE stands for the complement of the set E,. in Y. Dividing by || f,[|72, we
can bound the last summand by

£l [ (21505 £21ppo) (€)oo (60 d

I fulerl3s [ fnlgell?.
< sup (ox0)(&71) z
(&, m)ER? ’ ||fn||%2 ||fn||%2 ’

where E! := B,(yo) C R?, and E stands for the complement of the set E! in
R2. The right-hand side of this inequality tends to zero, as n — oo, because the
sequence {f./|lfrllz2} concentrates at the point yy. The second summand can be
treated in an analogous way. The first summand, after appropriate normalization,
is bounded from above by

Il [ (50 21, 0) (6 7)o 2 0) €. ddr

an]lE’.
< W sup  (ox0)(,7)
nllpz  (§,7)€EE+E,

4
L2

and from below by

Il [ (1m0 215 0)(E7) (o 2 0) €. dé e

[T

Z Ol @nert

(0% a) (&, 7).

Since || fnlgr|[z2/|| full2 — 1, as n — oo, we obtain

||fn0 * fnU||2L2(R3)

lim sup 1 < sup  (ox0)(&T)
n—00 ||fn||L2(R2) (¢,7)€EE,.+E,

and

fno * frnol?
tmint 17" Z LETCI (0% 0)(, 7).
nreo Il fn ||L2(R2) (¢,7)EE+E,

Identity (2] follows because the convolution o * o defines a continuous function
up to the boundary of its support, and r > 0 was arbitrary. Taking r — 07 finishes
the proof. 0

Sketch of proof of Lemma 1] Integrate the pointwise bound
|(fox fo) (&) < (IfPo = |f?0) (& 7) (0% 0)(&T),
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which was observed in [111,241[26] to hold almost everywhere, and proceed as in the
proof of the corresponding inequality in Lemma (Il

Proof of Theorem [IL2l As in the proof of Lemma 1] the Cauchy—Schwarz inequal-
ity implies that

(4.4) 1fo % follfasy < llo* ollpoe @) 72 g2y

It follows that (a possibly nonsharp version of) inequality (L6) holds as long as the
L norm of the convolution o * ¢ is finite. This, in turn, can be seen using identity
([22), since the Hessian of v satisfies H(¢)) = 2I 4+ H(¢), and the matrix H(¢)(x) is
positive semidefinite for every x € R2. Estimate (f4) also shows that the optimal
constant in inequality (L0l satisfies

Ry < lo* ol

Now, let oy denote the projection measure on the paraboloid ¥y. From Theorem
L3 and Remark 2.2, we know that ||o x o||z~ < |log * 09|~ = 5. That these two
quantities are actually the same follows from the fact that the convolution o * o
attains the value 7/2 at the boundary point (2yo, 2¢(yo)) in case (i) or at infinity
in case (ii). Identity (I7) will then follow from the inequality

(4.5) R > T

which we establish using the sequences given by (L8). We consider the two cases
separately. In case (i), since H(¢)(yo) = 0, it follows from identity (Z4) that
(0 0)(20, 20(y0)) = &, and therefore the sequence {fy/|[fullz2}, where

fn(y) = e*n(lb(y)*Q/J(yo)*<V1/1(yo),y*7m>)7

is extremizing for inequality (L) in light of Lemma In case (ii), we have that

(0% 0)(2yn, 2¢(yn)) — 5, as n — oo. Choose a sequence {a,} C N in such a way

that, for every n € N, the function given by
fuly) = e~ (VW)=Y (yn) = (Vi (yn),y—yn))

satisfies
| frno * fnUH%2 1
- (U* a (2yn72'¢) yn) S —
‘|mg_ )2 20(Wn))| < 3
and
1
(4.0 / a0 dy < Sl
{ly—ynl=2} n

That this is possible follows again from Lemma Since

[0 * fno|l7

Il 72
the sequence {f. /|| fnllr2} is again extremizing for inequality (LC8]). This establishes
@A) in both cases (i) and (ii), and therefore identity (L) is proved. Incidentally,

note that condition ({.0) ensures that {f,, /|| f.|/r2} concentrates along the sequence
{yn}. Since |y,| — oo, as n — oo, it concentrates at infinity.

s
—>§, as n — o0,
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We finish by showing that extremizers for inequality ([.6) do not exist. Aiming
at a contradiction, let f be an extremizer. An application of Cauchy—Schwarz and
Hoélder’s inequalities yields

Rollflz2 = Il fo = foll

</ |(f20 * f20)(&, 7)l(0 + 0)(&, 7) dE dr

R3

< HU*UIILw/ |(F20 * f0)(&,7)| dgdr
R3

= llo*ollz< |l fl7--

Since Ré =|lo *xol|lr~ = § and f # 0, all inequalities in this chain of inequalities
must be equalities. In particular, the convolution ¢ * 0 must be constantly equal
to ||o * 0|/~ almost everywhere inside the support of f20 x f20, which is a set of

positive Lebesgue measure since f # 0. This contradicts the strict inequality
(c%0)(&,T) < |lo*c||L=, for almost every (£, 7) € supp(o x 7),

which in turn is an immediate consequence of the second part of Theorem [[.3l This
contradiction shows that extremizers do not exist. The proof of the theorem is now
complete. O

5. ON EXTREMIZING SEQUENCES

From the previous section, we know that extremizers for inequality (L&) do
not exist. As mentioned in the Introduction, this failure of compactness can be
understood via the concentration-compactness principle, which is the subject of
the present section. Heuristically, an extremizing sequence for inequality (L8]
should concentrate around the points where the function o % o achieves its essential
supremum. Lemma [£1] and formula (Z4) imply that if an extremizing sequence
concentrates at a point yo, then necessarily H(¢)(yo) = 0. Lemma[4.2] provides the
construction of an explicit extremizing sequence concentrating at any point g € R?,
provided H(¢)(yo) = 0. Therefore, concentration occurs at a point if and only if
the Hessian vanishes at that point. Further information concerning extremizing
sequences concentrating at spatial infinity will be obtained below.

5.1. Weak interaction between distant caps. Reasoning in a similar way to
the proof of (22) from Proposition 2] we find that the identity
f(€/2 4 a(§, T, w)w)g(§/2 — af§, 7, w)w)

5.1 oxgo)(,T)= dpte
( ) (f g )(& ) ot f_11<w,H(1Z))(f/2+ta(f’7'vw)°")'w>dt e

holds, in particular, in the case when f, g are indicator functions of balls or their
complements. Formula (B.I) allows for a quantification of the general principle
that “distant caps interact weakly”. This is a geometric feature that translates into
useful bilinear estimates and has been observed in a variety of related contexts; see,
for instance, [7L23]. The precise statement is as follows.

Lemma 5.1. Let r,p > 0 satisfy p > 3r. Then, for any yo € R?,

1 . 2r
(5.2) 1L B, (y0)7 * LBt y) Ol @) < 5 arcsm(p - r)'
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As a result, the following statements hold:

(a) For anyr >0 and yo € R?,
(5.3) ph_?(}oH]lBr(yo)U* HBE(yD)Ul|L°°(R3) =0.
(b) For any p > 0 and yo € R?,
Tl_i}%l_*_ || HBr(yo)U * HBE (yO)O'”Loo(Rs) =0.
(¢) For anyr >0,

(54) i sup 1L, ()0 * L) 0ll e me) = 0-

Moreover,
(d) If B, B’ C R? are disjoint balls, then

™
HHBO'* ]].B/O'”Loo(RS) < Z

Proof. We establish identity (5.2)) for yo = 0 only, the case of general yg € R? being

similar. Let p > r > 0. If f = 1, and g = 1 z¢, then the integrand in (B.1)) is
P

nonzero only if the point (&, ) satisfies

E2+al¢,T,wwe B, and {/2—a(l, T,ww ¢ B,,.
By the triangle inequality, this can happen only if
(5.5) €1 2 16/2 = a(§, T w)w| = [€/2 + o, T, w)w| = p — 7.

In this case, if p > 3r, then |£/2| > r, and therefore the ray £/2+tw, t > 0, intersects
the ball B, only if w belongs to an arc of S' of measure exactly 2arcsin(%).
Denoting arc length measure on the unit circle by p as usual, we conclude that

p{w e St €/2+ a(é, T, w)w € By, £/2 — a(é, T,w)w ¢ B,})

. 2r . 2r
< 2arcsin (—) < 2arcsin (—)
p—r

3
It follows that, for every (£,7) € R3,

(1p,0x* ]1350)(5,7') < %arcsin (pQ_TT),
where we bounded the denominator in (51I) from below by 4. Parts (a) and (b)
follow at once, and a similar reasoning for yo # 0 establishes (¢). For part (d), note
that the definition ([Z6]) of the function A implies A(—w, &) = A(w, &) for every w, &,
and therefore the function « satisfies a(¢,7,—w) = a(¢, 7,w), for every w € St.
It then follows that if £/2 + «(¢,7,w)w € B and £/2 — a(§,7,w)w € B’, then
&2+ a(l,T,—w)(—w) ¢ Band £/2—a(é,7,—w)(—w) ¢ B’. As a consequence, the
subset of S! where the integrand in (5.I)) is nonzero has measure bounded from
above by 7, and the result follows as before. O
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5.2. Concentration-compactness. The three lemmata in this section hold under
the general hypotheses of Theorem [[.2] which for brevity will not be included in
the corresponding statements.

Lemma 5.2. Under the hypotheses of Theorem [L2, suppose that there exist a
subset X C (R%)? and § > 0 such that, for every (y,z) € X,

(0 0)(y+2,¢(y) +¥(2)

||O' * O'HLoo(RS)

Let {fn} C L*(R?) be any extremizing sequence for inequality (L8). Then

/ @)1 (2)Edydz — 0, asn — oo,
X

(5.6) <1-4.

In particular, if X contains a subset of the form A x B, for some A, B C R?, then
/ | fn(m)]? dy/ |fn(2)|?dz = 0, as n — oco.
A B

Proof. Let {f,} C L*(R?) be an extremizing sequence for inequality (L8). The
first step is to verify that

67 mt [ R@PIG)

n—r oo

2o o)yt 2 0) £ 0G) g

HO’*O’”Loo

With this goal in mind, estimate

/ \(fno*fna)(€77)|2d§dT</ (Ifal?0 | ful?0) (€, 7) (0 % o) (€, 7) dEdr
R3 R

B /mw @) PLa(2) P (0% 0) (y + 2,9(y) +9(2)) dy dz

<lo* ol el fullZ2-

The first and the last terms in this chain of inequalities converge to ||o % o|L=, as
n — 0o, and therefore so does the third term, and ([B.7) follows. We next observe
that

liminf/ \fn(y)|2|fn(z)|2dydz = lim \|fn||%2 =1.
(Rz)z n—oo

n—oo
Writing XC for the complement of the set X in (R2)2, we have an inequality
(0x0)(y +2,¢(y) +9(2))

L VPP

lo* ol e

dydz

<(=8) [P R+ [ £0PER s

Since || fullz2z — 1 as n — oo, we conclude from (57) that

v<timint ([ 1.0F ds) =6 [ 1.00P15) P dyaz)

n— oo

— 1 — 5limsup /X @) P1fu(2)]? dy dz.

n—oo

It follows that
lim sup /X @)1 (2)[2 dy dz = 0,

n—oo
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which establishes the first statement. The second statement follows at once, and
the proof is complete. O

The preceding lemma implies the following modest amount of control over ex-
tremizing sequences that split their mass in a nontrivial way.

Lemma 5.3. Under the hypotheses of Theorem [L2, let {f,} C L*(R?) be any
extremizing sequence for inequality ([LO). Let 0 < ry < ro <13 < 0o be arbitrary.
Then

/ |fn(y)|2dy/ |fn(2)]?dz = 0, asn — oco.

1 BT3 \BTQ
Proof. Let X = B,, x (B, \ By,). Appealing to the continuity of the convolution
o * o on its support and to the fact that the essential supremum is only achieved
on the boundary of the support (as observed in the course of the proof of Theorem
[L3), together with the compactness of the set X and the fact that r; < ry, we can
ensure the existence of 0 = 0, r,,r, > 0 such that

(ox0)(y+2,9(y) +1U(2))

<1-9¢
| * oL h ’

for every (y, z) € X. The conclusion now follows from Lemma O

Lemma [5.3] can be upgraded in a way that reveals that an extremizing sequence
can only split its mass in a nontrivial way if neither of the corresponding supports
remains in a bounded region. We formulate one version of this principle which will
be useful for our purposes.

Lemma 5.4. Under the hypotheses of Theorem [L2, let {f,} C L*(R?) be any
extremizing sequence for inequality (LO). Let 0 < ry < ro < oo be arbitrary. Then

2 2
(5.8) /BT1 | fn ()| dy /RZ\BT2 |fn(2)]?dz = 0, as n — co.

Remark 5.5. If conclusion (B.8)) holds for one pair (r1,72) satisfying 0 < r1 < re <
00, then it holds for any pair (p1, p2) satisfying 0 < p; < pa < 0o and 1 > p1. To
see this, start by noticing that the case 11 > p; and r9 < ps is clear. On the other
hand, if r; > p; and ro > po, then

[ oneray [ R
B R2\B,,

p1 2

<f, 1wt [ ineras |

which tends to zero, as n — oo, by (B.8) and Lemma B3l Moreover, in view of
the uniform bound with respect to y € R? from part (c) of Lemma Bl the proof
given below can be adapted to the case of balls centered at any point y € R2, not
necessarily the origin.

Fal)? dy / Fa(2)2dz,

o ra \Bpy

Proof of Lemma 54l Let r1 > 0 be given. If

/ Fu()Pdy = 0, as 1 o,

1
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then the conclusion follows at once since || f,||r2 < 1. Therefore no generality is
lost in assuming, possibly after passing to a subsequence, that

(5.9) 5= inf/ | ()2 dy > 0.
neN B,

It suffices to show that
(5.10) / |fn(2)]?dz = 0, as n — oo.

R2\B,,

Take r3 > ry. From Lemma [53] and inequality (G.9), we know that

(5.11) / |fn(2)|?dz = 0, as n — oo.

By \Bry
Decompose

fon=Ffolp,, + falrng,, + fnlp,\B,, = Fo+ Gn+ Hpy,
and note that
fno* fro=Fyox F,o+ GpoxGpo+ 2F,0 x G0+ R,

where, in view of inequality (L) and estimate (BI1l), the remainder term R,
satisfies
||Rn||L2(R3) < CHHn”LQ(RQ) — 0, as n — oo.

The key step is to bound the quantity ||F,o * G,ol|3.. We have the pointwise
inequality

(Fno % Gro) (& 1) < (|Ful?0 % |Gol?0) (€, 7) (L, 0 * Lr2\B,,0) (&, 7),

which follows from an application of the Cauchy—Schwarz inequality as before. As
a consequence,

|1 Fno % Grolamsy < 07 (2, 73) | Fnll 22 g2y |Gl 72 g2y,
where the function p is given by
p(re,m3) i= ||]1B’r2J * ﬂRz\Br30||zm(R3)'

For large values of r3, the sets B,, and R?\ B,, interact weakly as discussed in
§5.11 Part (a) of Lemma [51] implies that, for each fixed r5 > 0,

p(ra,r3) — 0, as r3 — oco.

Two applications of Plancherel’s Theorem, together with the triangle inequality,
imply the following bound for the inner product:

|(Fn0 % Fo,Gno % Gpo) 2| < ||Fno * Grol|3e.

It follows that there exists an absolute constant C' < oo, which can be explicitly
computed but whose exact numerical value is unimportant for our purposes, for
which

1fn0 % faoll7e < || Fuo * Frollia + [Gno * Guol|72 + Cplra,73) + 0,(1)
T
5 (IFallzz +11Gnll22) + Cplra,rs) + 0n(1)

N

™
= §\|fn||iz = || FullZ2llGullZs + Cp(ra, rs) + 0 (1).
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Here, we used the sharp inequality ([L6) and orthogonality considerations. The
function o, (1) may depend on r3, but satisfies 0, (1) — 0, as n — oo, for each fixed
r3, and is allowed to change from line to line. Taking n — oo in the previous chain
of inequalities, we conclude that

limsup || |72 11Gnl72 < Cplra,ms).
n—oo

Consequently,

= Q

limsup||Gn||2Lz < p(?‘z,?”g),
n—00

where § was defined in (59), and therefore,
) C
limsup(||Gnl|72 + || HplF2) < gﬂ(rz,%),
n— 00
which is equivalent to

lim sup / a2 dz < Epra, ).
RQ\B.,Q 5

n—oo

Since the left-hand side of this inequality is independent of r3 and the right-hand
side tends to 0 as r3 — 0, conclusion (BI0) must hold. The proof of the lemma is
now complete. O

We have collected all the ingredients necessary for the proof of Theorem

Proof of Theorem [LH. Let {f,} C L?(R?) be any extremizing sequence for inequal-
ity (C6]). Take any subsequence and slightly abuse notation by again calling it { f, }.
If this subsequence {f,} does not concentrate at infinity, then there exist a further
sub-subsequence, still denoted by {f,}, and a number ¢ < co, such that

it [ 1) dy > o
)

neN Jp

From Lemma [5.4] we conclude that
/ |fn(y)|? dy — 0, as n — oo.
R2\ Bz

It follows that

(5.12) / \fn(y)|2dy—> 1, as n — oo.
Bayr,

As a consequence of Lemma B.2 |1p,, o * 1p,, 0lr~ = [0 * of|L=, and the
supremum is achieved inside the ball By,,. In particular, case (i) holds, and the set

E = {y € R*|H(¢)(y) = 0}
is nonempty. For € € (0,1), let N.(E) denote the open e-neighborhood of E, and
consider the set

Y :={(y,2) € Bsry X B3po|ly € No(E),z € NAE), |y — 2| < €}
Let X := (Bsy, X Bar,) \ Y. We claim that there exists § = §(g) > 0, such that
(0 0)(y+ 29y +¥(2)

llo* || L

(5.13) <1-6,

for every (y,z) € X. This follows from the compactness of the set X, together
with the fact that if (y,2) € X, then the point (y + 2z, ¢¥(y) + ¢¥(2)) is away from
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the portion of the boundary of the support where the convolution o * o attains its
essential supremum in a quantifiable way that depends only on . Since inequality
(E13) holds for every (y, z) € X, Lemma [5.2] implies that

/ a1 (=) dydz — 0, as 1 — oo,
X

In light of (BI2)), it then follows that

(5.14) /Y\fn(y)|2|fn(z)|2dydz—> 1, asn — co.

The remainder of the proof coincides with the second part of the proof of [26]
Proposition 6.3], with minor modifications only. We include it for the convenience
of the reader. We seek to locate a sequence {y,} C R? along which concentration
occurs. Fubini’s Theorem and the fact that || f,,||z2z < 1 together imply that

2 2 _ 2 2
Linwrineraes= [ nwe(f, iy P aE) a

<N fulpy, mn.e)lliz  sup |fn(2)]?dz < 1.

y€B3,, NN (E) /Bgm NN:(E)NB:(y)
From (5.14), it then follows that

lim sup |fu(2)|?dz = 1.

N00 € By, NN:(E) /BSTO NN.(E)NB.(y)

This implies the existence of a function N : (0,1) — N, such that

sup / [Fa(2)dz > 1~ =, for every n > N(e).
Y€ Byry N () J {|2—y|<e} 2

Hence, there exists a sequence {y5 },> () C Bsr, N E, such that
/ |fn(2)]?dz = 1 — ¢, for every n > N(e).
{lz—yn1<2¢e}

Here, we exchanged the neighborhood N (E) for the set E at the expense of an

extra € in the domain of integration. We proceed to construct the sequence {yy,}

via a diagonal process. Take ¢ = ,#2 We obtain a strictly increasing sequence
Ni :=max{N(g;)|1 < j<k}+k

and sequences {y*},>n, , satisfying

1
/ Fu(2)Pde> 1+,
{l2—yk|<2} k

for every k > 1 and n > Nj. For each n > Ny, let ¢,, := sup{k € N| N, < n}. This
is a finite number since the sequence { N} is strictly increasing. Further note that
n > Ny, . Define

. yln, ifn > Ny,
= Yo, if’l’L<N1,

where yo € E is arbitrary, but fixed. It is then clear that

1
/ (P s> 1=
{lzfyn|<%n} n
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for every n > Ny, which implies that {f,} concentrates along the sequence {y,}
since £, — 00, as n — oo. The statement about subsequences of {f,} follows by
compactness of the set E N Bj,,, since every subsequence of {y,} has a further
sub-subsequence that converges to a point in E N Bg,.,. O

5.3. Some consequences. The methods of the proof of Theorem [[Alspecialize to
at least two distinct situations of interest. The first one is a direct consequence of
the statement of Theorem

Corollary 5.6. Let ¢ : R2 — R be a nonnegative, twice continuously differentiable,
strictly convex function such that
(i) H(o)(y) # 0, for every y € R?, and
(i) there exists a sequence {y,} C R? with |y,| — oo, such that H($)(yn) — 0,
as n — 0o.

Then any extremizing sequence for inequality (L8] concentrates at infinity.

An example of a function that satisfies the hypotheses of the preceding corollary
is ¢(y1,v2) = e¥* + €2, (y1,y2) € R% The next result shows that extremizing se-
quences will not concentrate at spatial infinity if a suitable nondegeneracy condition
is placed on the function ¢.

Corollary 5.7. Let ¢ : R? — R be a nonnegative, twice continuously differen-
tiable, strictly convex function such that the set E := {y € R?|H(¢)(y) = 0} is
nonempty. Suppose that there exist 1o > 0 and a function © : R? — [0, 00) satisfy-
ing inf gy~ O(y) > 0, for every r > 1o, and such that the matriz

(5.15) H(¢)(y) — O(y)I

is positive semidefinite, for every y € R2. Then every extremizing sequence {fu} C
L?(R?) for inequality (LG) concentrates along a sequence of points in E. More-
over, given any subsequence of {f,}, there exist a point yo € EN Bro and a sub-
subsequence which concentrates at yg.

Condition (G.I5]) implies the existence of a constant 6 > 0, for which

(0xa)(y+2,9(y) +¥(2) < (1 =d)]lo* oL,

for every (y,2) € (R?)?\ (Bsy, X Bs,,) such that (y,2) > 0, and Lemma [5.2] can
then be invoked to preclude concentration at infinity. Further note that (5.15)) is
fulfilled by the functions ¢ = | - |P, for each p > 2. In this case, we can take ro = 0,
and so concentration can only occur at the origin.

In the case of extremizing sequences concentrating at infinity, we can further
refine the analysis as follows. Let {f,} C L*(R?) be a sequence such that || f,,|/zz —
1, as n — oco. We say that the sequence {f,} satisfies the splitting condition if the
following holds. There exists « € (0, 1) such that, for every e > 0, there exist r > 0,
no = 1, and sequences {y,} C R2, {r,} C R, with r,, — 0o, as n — oo, such that

the functions g1 := fulp, (y,) and gn 2 := fnﬂRQ\BTn(yn) satisfy

(5.16)  Ifn = (901 + 90272 <& llgnallie —al <& llgn2li> — (1 - a)l <,
for every n > ng. The following result holds.
Proposition 5.8. Under the hypotheses of Theorem L2, let {f,} C L*(R?) be any

extremizing sequence for inequality (LO). Then {f,} does not satisfy the splitting
condition.
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Sketch of proof. Aiming at a contradiction, suppose that the extremizing sequence
{fn} satisfies the splitting condition for a given a € (0,1). Let € > 0, and suppose
that there exist r > 0, {y,} C R?, and {r,} C R for which condition (5I8]) holds.
Decompose fy, = gn,1+ Gn,2 + hn, where ||hn||2L2 < e. Part (¢) of Lemma Bl implies
the uniform estimate

lgn10 % gn.201I72 < p(r,70) I gn.all72llgn 2072

where the function

p(r,ry) == sup ||1p, ()0 * Lr2\p, (1)o7
yEeR2

satisfies p(r,r,) — 0, as n — oo. By an argument similar to the one following
(EI7) in the proof of Lemma [5.4] we obtain

. . 1
limsup [|gn1]1Z2 lgn 2/|Z> < Climsup p(r,ry) + Ce?,
n—r oo n—oo

for a universal constant C' < co. We conclude that
(1—a—e)(a—¢)<Ce?,

which yields the desired contradiction if € is chosen small enough, depending on «.
|

We finish this section by reformulating some of our conclusions in the language
of the original concentration-compactness principle of Lions, according to which
three scenarios may occur: (I) compactness, (II) vanishing, or (III) dichotomy. See
[22, Lemma I.1] for the precise definitions. Up to extraction of subsequences, an
extremizing sequence for inequality (L6]) which satisfies condition (I) with respect
to a bounded sequence will concentrate at a point. An extremizing sequence which
satisfies condition (II), or condition (I) with respect to an unbounded sequence, will
concentrate at infinity. Condition (IIT) is only possible if neither of the supports
of the split sequence remains in a bounded region, in which case the extremizing
sequence again concentrates at infinity. Furthermore, if condition (III) occurs, then
condition (IT) must also occur. In this case, no fixed positive fraction of the L?
mass of an extremizing sequence { f,} can remain on any ball of fixed radius in the
limit as m — oo. To see this, note that the proof of [22] Lemma I.1] implies that
condition (III) could otherwise be upgraded to the splitting condition considered
above, which in light of Proposition 5.8 does not hold for any extremizing sequence

of inequality (Lg]).

6. SHARP STRICHARTZ INEQUALITIES

In this section, we consider a number of sharp instances of the Strichartz in-
equalities (LI2). All cases will follow a common pattern, which we now illustrate
by focusing on a particular example. With this purpose in mind, let ¢ = 1 and
consider a function ¢ as in the statement of Theorem In this case, inequality
(LI2) can be restated as

(6.1) IFFQ+]- P Top)lrams) S Ifllzze),

where the projection measure o = o is defined in (L2)), and the subscript empha-
sizes that we are no longer taking ¢ = | - |* as in (LI6). Inequality (G.I)) can be
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rewritten in sharp convolution form as
1 fv/wog « fv/wogl Lz@sy < Syllfll72(re):

with weight w = (14 |- |?)2 and optimal constant Ss. The usual Cauchy-Schwarz
argument implies that

(6.2) IfVwog * fvwoslzms) < lwog * wog| Lo @)l £l 22 g2y
whence the upper bound
(6.3) S¢ |lwog * wog|| Lo r3)-
On the other hand, recalling formulae ([2:4]) and (51I), the boundary values of the
convolution measure woy * wo, are given by
mw?(§/2)
det(H (¢)(£/2))

where we set ¢ = |- |2 + ¢ as usual. A slight modification of Lemma 2] then yields
the lower bound

(6.4) (wa¢ * wa¢) (&,2¢(¢/2)) =

2
(6.5) Sg > sup L(f)
gerz /det(H(1)(€))
Inequalities (@3] and (G5 provide upper and lower bounds for the value of the
optimal constant Syg. If these bounds happen to coincide, then this determines the
value of Sp. In this case, if the supremum in (6.3) is achieved only at the boundary
of the support of the convolution measure, then extremizers are seen not to exist as
before. In other cases, the following result will be useful in revealing some instances
in which inequality (63) may be strict.

Lemma 6.1. Given a strictly conver function ¥ : R? — R, consider the measure
v(y,t) = 5(t - Py )) dydt. Let E denote the support of the convolution measure

vxv. Given s > 0 and a nonnegative function w on R?, let fi(y) = e *YW /w
Then the following inequality holds, for every fs € LQ(RQ) for which fs\/_u *

foy/wv € L2(R3):
A A O A e

(6.6) > 7 .
||f5||L2(R2) fEe 27 d¢dr

In particular,

sup ”f\/_V*f\/_VHLZ(]R'i) ”fS”L?(]R?)
0£fEL2(R2) 11172 (gay s>o fEe 257 4 dr

Proof. For simplicity set s = 1, the general case being similar. Note that the

function f(y) = e~ Y /uw( com(ndes with e7t\/w(y) on the support of the
measure v. Therefore the followmg identities hold:

(fVwv s fyw)(§,7) = e (wr * wr)(§, 7),
(fPvx fPo) (1) = e T (fVwr * fYwr)(E,T).

Together with
[ e dsar = 511
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the preceding identities and the Cauchy—Schwarz inequality then imply that

Il = [ (v fyam)(e g dr
<( /E e dedr)” | fvw = f v e,

from which (G6]) easily follows. This completes the proof of the lemma. O

6.1. Quartic perturbations. We consider a slight generalization of inequality
([I6), given for a > 0 by
IF(f(X+al- ) i0)ll sy S 1FI2w2),

where the measure o is again given by o(y,t) = &(t — |y|* — |y|*) dydt. This
inequality can be equivalently rewritten in sharp form as

(6.7) 1f Viwao * fy/wao |l Lams) < Selfl1Z2(e2)s

with weight w, = (1+al-|?)2 and optimal constant S,. With the notation just intro-
duced, we have the following result, which specialized to a = 1 yields Theorem [L.7

Theorem 6.2. If 0 < a < 2, then the value of the optimal constant for inequality
@.7) is given by St = 5. Moreover, extremizers for inequality (6.7) do not exist,
and extremizing sequences concentrate at the origin. If a > 2, then the following
estimates hold:

T oaV2m _/3\2 am
6.8 {—,—r(—> }gs“g—.
(6.8) R ARV «S 7
Proof. For every a > 0, the trivial estimate
[fo* foll < llflvwao * | fly/waol >

and Theorem [[2 together imply that Si > Z. This lower bound coincides with the

value of the right-hand side of (6.5)) in the special case when ¢ = | - |*. Tt follows
that
(6.9) T < 8% < ||wao * wao | 1o,

2

for every a > 0. We are thus reduced to studying the convolution measure w,o*wqo.
Formulae (2I7)) and (5.0) imply that

[ wal§/2+ aw)we(§/2 — aw)
(6.10) (W0 * wa0)(€,7) = /Sl <w V1/J(£/2+QW)—V¢(5/2—O“’J)> Hos

where ¢ = |- |2 4+ |- |*, and the function a = a(¢,7,w) is given by Z3). A
straightforward computation shows that the numerator of the integrand in (610)
equals

(6.11)  wa(§/2 + aw)wa(§/2 — aw) = (1 +a([¢/2]* + a®))? — aa®(€,w)?)?,
while the denominator equals

(612) (o, THE2H0) ~T(E/2 o)

@
We split the analysis into two cases.

=

> =4(1+2(1¢/2* + a?) + (£, w)?).
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Case 1. 0 < a < 2. To compare ([6.11) and ([6.12), note that the inequality

613 (1+a(le/2? +0?)" - a2a2(e.w)? < (1+2(/20 +0?) + (€.0)?)

holds for every a € [0,2], £ € R% w € S', and a > 0. Moreover, necessary and
sufficient conditions for equality in (G.I3) to hold for every w € S! are ¢ = 0 when
a=2,and £ =0 and @ = 0 when a < 2. It follows that i is an upper bound for
the integrand in (G.I0). Therefore, for every (£,7) € R*+1,

(6.14) (woo % w,o)(§,7) < 3.

Moreover, this inequality turns into an equality if and only if (£, 7) = (0,0) when
a < 2 and if and only if £ = 0 when a = 2. To justify this, note that

(warsad)(0.7) = [ 87 = 20l + D)) dy = 5 (5+ 525 ) Lo (7),

which specializes to
0
(weo * weo)(0,7) = 5 Lirsop(7).

As a consequence of estimates ([6.9) and (614, we conclude that S} = Z for every
0 < a < 2. Nonexistence of extremizers is a consequence of inequality (6.14)
being strict at almost every point, as in the proof of Theorem Concentration
at the origin can likewise be established in an analogous manner. We point out
that the normalized sequence {f,,/||fnllz2}, where f,(y) = exp(=n(|y|* + |y|*)), is
extremizing for inequality (67)).

Case 2. a > 2. Start by noting that the inequality
2 a? 2
(1+alle/2P +02)) - aa(g,w)? < % (1+2(1€/21 +02) + (€ w)?)
holds for every a > 2, £ € R?, w € S, and a > 0. It follows that
ar
4 )
yielding the upper bound 8% < 4. On the other hand, along the boundary of the
support of w,o * w,o, we have that

7Tw2(§/2) B m(1+ al¢/2?)
VAet(HW)(E/2))  2y/(1+2I€/217)(1+6[¢/2P)

(wao * we0) (€, 7) <

(wao xwa0)(€,29(£/2)) =

and therefore

Shs (1 + ar) {E G/]T}
"/r>02\/1+2r 1+6r) 2" 4/3

This yields the preliminary bounds

(6.15) max{g 4‘1\7;_} <Si< %.

The lower bound can be sharpened by invoking Lemma [6.]] With this purpose in
mind, let f,(y) = e Y@\ /w,(y). Its L? norm is given by

A / e 2P+ (1 1 aly )} dy = / e 204 (1 + ar)? dr.
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On the other hand, letting F denote the support of the measure o * o,

e 2 o 2
/ e~ BT dedr = / (/ e 28T dT) d¢ = —ﬂ-/ e+ qp,
E B2 MJ2(| 5124519 s Jo

It follows that
s (fooo 672S(T+T2)(1 + ar)% d’r)2
>0 2 Jo et dr '

The limit as s — 0™ of the expression inside this supremum is easily calculated via
a change of variables u = /sr, yielding

4. o (fooo e~y 3 du)2 av2m _ /3\2
stz Mo - r(—) :
2 fo e~4v du 8 4
Since @F(%)Q > 4%/5, this indeed sharpens the lower bound in (6I5]), and the
proof is complete. O

Remark 6.3. We can consider more general perturbations ¥ = |- |2 + |- |4 + ¢,
with ¢ as in the statement of Theorem [[.2] satisfying H(¢)(0) = 0. These corre-
spond to perturbations of the cases considered in Theorem Letting oy (y,t) =
6(t — U(y)) dydt, a similar analysis reveals that, for every a € [0,2], the sharp
inequality

T
(6.16) 1/ VWaow * f/Waow |72 (gs) < 5||f”%2(R2)
holds, extremizers do not exist, and extremizing sequences concentrate at the origin.

6.2. Convolutions of pure powers. In this section, we study the convolution of
the projection measure

(6.17) vp(y,t) = 5(t — |y|p) dy dt,

where p > 2 and (y,t) € R?®T!. A scaling argument shows that there exists a unique
possible Strichartz estimate in L*(R?), namely

p—2
(6.18) IFC 177 vp)llparey S 12 we)-
As before, the analysis of the sharp form of inequality (GI8)) leads to the study of
the convolution measure wv, * wy,, with weight w = | - |p2;2 We record its main

properties in the following result, which should be compared to Proposition 2.1}
Proposition 6.4. Given p > 2, let w = | - |¥ Let v, be the measure defined by
(€IT). Then the following assertions hold for the convolution measure wv, * wp:
(a) It is absolutely continuous with respect to Lebesgue measure on R3.
(b) Its support, denoted by E,, is given by
E,={(& ) e R¥ 7 > 2l PP

(c) Its Radon—Nikodym derivative, also denoted by wvp*wv,, defines a bounded
continuous function in the interior of the set E,.
(d) It is radial in & and homogeneous of degree zero in the sense that

(wrp * wrp) (A, APT) = (wup * wip) (€, 7), for every A > 0.
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(e) It extends continuously to the boundary of E,, except at the point (§,7) =
(0,0), with values given by
T

(wup * wip) (€, 27 PIEIP) = =T if § # 0.

(f) If p > 2, then the mazimum value of wy, x wy, is only attained along the
vertical azis {(0,7) : 7 > 0}, where it equals %.

Proof. Properties (a) and (b) follow as in the proof of Proposition 2l Property (d)
is also straightforward to check. We then start by showing that wu,, * wy, defines
a continuous function inside its support. Reasoning as in ([Z3]), we have that

p=2 p=2
<va*va><f,7>:/R2 S(r—I5+ul =15 —uP)I5 + ol 7 15 —ul7 dy.

Write 7 = A|¢|P with & = 2e;, where e; denotes the first canonical vector. Changing
to polar coordinates with polar axis parallel to e;, we obtain

21 poo
(wrprwrp)(§; AlEF) = / / 8(2PX — 2 — (1)) ((r*+1)*—4r* cos® 0)“T rdrdé,
o Jo
where the function
(6.19) wo(r) := (r> + 1+ 2rcosf)* + (r> +1 —2rcosf)* —2

is convex in the variable r for each fixed 8, with unique global minimum at r = 0
as a result of Lemma Bl A change of variables s = py(r) yields

((r? +1)? — 472 cos? 9)PT72
©p(r)

27 [e'e)
(wp % wy) (€, MEP) = / / 5(2PA—2—s) T dsdo

2
(6.20) = H{Aﬂlfp}()\)/ ((r* +1)* — 4% cos? 9)%2 (#) de,
0 ©y(r)
where 7 = @, 1(2p)\ — 2), and ¢, denotes the derivative of the function ¢y with
respect to r. A calculation shows that

wy(r) =pr((r* +1 —|—27"(:059)p7_2 +(r* 41— 2rcos€)pT_2)
(6.21) +peosf((r® + 1 —|—27"(:059)p7_2 — (41— 2rcos€)pT_2),

which only vanishes at r = 0. Using part (d), we see that (wv, * wyp)(§,7) =
(wvp * wrp) (e, |€]7PT), for every & # 0. Therefore continuity of the convolution
measure at a point (£, 7) in the interior of the set E,, for £ # 0, follows from that of
(wvpxwuy)(e1, A), for X > 2177, The latter is seen to hold via the Implicit Function
Theorem, given that r is a differentiable function of A and 6. As for continuity
along the positive 7-axis, note that, given 7 > 0 and a sequence (§,,7,) — (0,7),
as n — oo, with &, # 0, for every n, we have

- ™49 w
(6.22) (wrp *xwip)(€n, Tn) = (Wrp * wrp) (e, W) — /0 oM = >’ as n — oo.
Here we used that A, := K:—lp — oo and that r = r(\,, ) = oo for each fixed 0, as
n — co. Boundedness is a consequence of the inequality

(6.23) 2pr(r? + 1 4 2r cos 9)1%2 (r? +1 — 2rcos 9)17772 < p(r),
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which holds for every r > 0, 8 € [0, 27|, and p > 2. To verify (6.23)), recall expression
(@210 for ¢, and note that, as long as p > 2,

peosf((r? +1 —|—27ﬂcos,0)p%2 — (41— QTCOSQ)%Z) >0,

for every » > 0 and 6 € [0,2n]. This concludes the verification of (¢). We can
continuously extend the value of the function (wv, * wy,)(&, A€[P) to A = 217P
by noting that » — 0% as A — (217P)*. This yields the following value for the
extension:

2T 49 2 do 77
21Pgp) = / - / = .
(wp * wryp)(€ 1) o ©00) Jo 2p(1+(p—2)cos20)  pyp—1

Alternatively, an analogous formula to (64]) can be obtained for w = |- |p_52 and vy,
from which the boundary value 7/(p\/p — 1) follows at once. Property (e) is now
proved. Finally, if p > 2, then a discussion of the cases of equality in ([G:23)) reveals
that the strict inequality

(6.24) (W, W) (€,7) < %ﬂ{wwlglp}@,r)

holds for every (&, 7) with £ # 0. Moreover, the value along the 7-axis was already
calculated in ([6.22), is alternatively given by

_ T
(wvy * w1 (0, 7) :/RQ (= 2al)lyl” > dy == Loy (7),

and therefore equals the maximum value. This concludes the verification of (f) and
the proof of the proposition. O

Remark 6.5. The boundedness of wu, * wv, given by part (c) of Proposition
implies the validity of the Strichartz estimate (6I8). Moreover, parts (e) and
(f) imply that the optimal constant Q, for the corresponding sharp inequality in
convolution form,

(6.25) IfVwvy * fVwvllLe@s) < ol fII72 @2,
satisfies
T T
6.26 — < Qi <~
(6.26) pVp—1 P op

Contrary to the case of the quartic perturbation studied in §6.11 this does not
determine Q,, since the upper and lower bounds do not coincide for p > 2.

In order to sharpen the lower bound in (6:26]), we will use the following straight-
forward consequence of Lemma

Corollary 6.6. Givenp > 2, let v,(y,t) = 6(t — |[y[’) dy dt and w = ||pT_2 Then
the following estimate holds for the function f(y) = exp(—|y|p)|y|pT_2:

2
||f\/m’/p*f\/al/p||%2(m3) LT F(%‘F%)

||f||%2(R2) p21_% F(%)

(6.27)
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6.3. The pure quartic. In this section, we consider the case p =4 of ([6.25]). Let
v = vy be given by (6I7). The next result records the additional simplifications
which appear in the integral formula (620) for the convolution |- |v * | - |v.

Corollary 6.7. Let v(y,t 6(t |y\4) dy dt. Then the following integral formula
holds, for every £ # 0 cmd A= %

(6.28) (|- |v*|-[)(& M)
1 /2”()\—1—(:0529—1—260549—2(2)\4—605294—00546‘)%00526‘)%(10
=5 ,

2\ + cos? 0 + cost 0

Additionally,

(- | [9)(0,7) = Sy (1), and (-l |- )&, 5 = =, i 0.

We are now ready to prove Theorem

Proof of Theorem [0l In view of [19, Theorem 4.1], the existence of extremizers for
inequality (LI4) follows from the strict 1nequahty ot > 7 In order to establish

it, consider the function f(y) = exp(—|y|*)|y|2. Invoking Corollary 6.6, we have
that

A Bl PBul3s 7 T VER L3\ m
(6.29) Q' > Hf” >4\/§ I‘(%) 8 F<4) >4\/§7

as desired. The upper bound @* < Z holds in view of part (f) of Proposition
for p = 4. That this upper bound is strict follows from the existence of extremizers
and the fact that the pointwise inequality |-[v*|-|v < T is strict almost everywhere,

as quantified by (G24). O

Remark 6.8. A direct calculation shows that the function f(y) = exp(—|y[*)|y|2
satisfies

1 1
Il 1Zv s fl- 2 vlfagey 2

2v2 2 —2
(0:30) 7T e R, (el e

Invoking formula (G.28)) for the convolution |- |v#|-|v, the integral on the right-hand
side of (G.30) can be evaluated numerically. With precision 5 x 107, one checks
that

I - |50 £ |02
(6.31) LR ~ 0.489333.

1T e
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Note that the lower bound @I‘(%P ~ 0.470508 obtained in (6.29) already amounts
to about 96% of the value in (631]). This indicates that the Cauchy—Schwarz argu-
ment from Lemma is quite sharp for p = 4. We expect the same argument to
work for other values of p as well and remark on that in the next section.

6.4. Other pure powers. In this section, we briefly comment on how to approach
the problem of existence of extremizers for inequality ([6.28) in the case of pure
powers other than the quartic. Given p > 2, let Q, be the optimal constant in
inequality (6.:25]). The following result provides a partial replacement for Theorem
when p # 4.

Proposition 6.9. There exists po > 5 such that, for every p € (2,po),
Q4
PV

Sketch of proof. The upper bound holds in view of part (f) of Proposition
Invoking Corollary as before, we obtain the lower bound (6217). We are thus
reduced to showing that

)

s F(%+%)2 s
j >

s T2 pvp—1
or equivalently
1 1\ 28 2
(6.32) r(z+-) > r(z).
2 p p—1 \p
Figure [l illustrates the validity of this inequality inside the claimed range. (Il
1.05F
1.00
0.95F
0.90F
0.85F
- V/3lue of p
4 6 8 10

FIGURE 1. Plot of the ratio ELHE of inequality (632), for 2 <
p < 10. The p-coordinate of the intersection (red) point has been

numerically determined and equals 5.061147 (6 d.p.).

Let py be the exponent promised by Proposition [69 For every p € (2,po),
extremizing sequences for inequality (6.20]) are seen not to concentrate at a point
of the boundary, except possibly at the origin. Then, arguments similar to the ones
from [7,[19] can presumably establish the existence of extremizers, provided that
a “cap bound” holds, together with a principle quantifying the weak interaction
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between distant caps, in the spirit of Lemma 5.l As a final remark, we record the
following generalization of formula ([G30) for generic values of p > 2:

FYwvy, x fF/wvy||? . p: INE 2
Iy « Vvl _ p <p>)2 [ e ha,
0

||fH%2(R2) S 2 F(% +

1
P

which could be of interest for further numerical explorations.
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