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ON THE GROWTH OF LEBESGUE CONSTANTS
FOR CONVEX POLYHEDRA

YURII KOLOMOITSEV AND TETIANA LOMAKO

ABSTRACT. In this paper, new estimates of the Lebesgue constant
1 )
LW) = —— ¢tk 2) | g
W= L] 2

kewnzd
for convex polyhedra W C R® are obtained. The main result states that if W is
a convex polyhedron such that [0, m1] X - -x[0,mg] C W C [0,n1]X---%X[0,n4],
then

d d
c(d) [ log(m; +1) < L(W) < C(d)s [ ] log(n; + 1),
j=1 Jj=1
where s is a size of the triangulation of W.

1. INTRODUCTION

Estimates of the Lebesgue constants play an important role in the summation
of Fourier series, approximation and interpolation theory, and other branches of
analysis. Different asymptotic formulas as well as upper and lower estimates of
the Lebesgue constants on the d-dimensional torus T¢ have been known for years
(see [@], [12], and [2I), Ch. 9]).

In the one-dimensional case, the following asymptotic formula is well known:

1 =, 1
- Z ezkz de = —
2T T 5—0 2 T

sin((n + 1)x/2)
sin(x/2)

4
’d:z: o) Flogn.

There are numerous generalizations of this result to the multidimensional case. As
a rule one takes some set W C R? and defines the Lebesgue constant by

LW) = @ /Td Z e'k @)

kewnzd
The following important result was proved by Belinskil [4] (see also [14] and [3]).

dex.

Theorem A. For any convex d-dimensional polyhedron W C R% and n > 1, there
exist two positive constants C1 and Cy such that

(1.1) C1 (W) logh(n 4 1) < L(nW) < Co(W)logh(n + 1).
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See also in [2] an analog of this theorem for L, Lebesgue constants.

The following question seems to be very natural. Is it possible to write a certain
asymptotic relation instead of the ordinal estimate (1)) or at least to find good
estimates for the constants Cy and C5?

It turns out that asymptotic relations for £(nW) can be obtained only for some
special polyhedra with good arithmetical properties. For example, it follows from
the result of Skopina [20] (see also [13], [15]) that if slopes of sides of the s-sided
convex polyhedron W C R? are rational and this polyhedron has no parallel sides,
then

(1.2) L(nW) = 2—§ log®n + O(logn),
T

where O depends on W.
At the same time, if W has irrational slopes of sides, then asymptotics (2] do
not hold in general (see [I3], [I5]). It is also unclear how O depends on W.
Nevertheless, it is possible to find good estimates of the constant Ca (W) in (L.I)).
It is known (see [22]) that if W is an arbitrary s-sided polyhedron in R? of diameter
n > 1, then

(1.3) L(W) < Cslog?(n+ 1),

where C' is some absolute constant.

In special cases, it is possible to improve asymptotics (2] and inequalities ((LT])
and ([3). The simplest case is that W = R,,,,  », = [0,n1] X - - X [0, n4]. By the
corresponding one-dimensional result, one has

d
4
(14) E(Rnl,,..,nd) = H (F lognj) .
j=1
For other types of polyhedra W, the problem becomes more complicated and
has been considered mainly in the case d = 2. Let us mention the result of Kuznet-
cova [11] for the Lebesgue constant of the rhomb

Ay = {(51,52) S 1}.

n 2

It was proved that the asymptotic equality
32 16
(1.5) L(Anyny) = -y log ny logno — = log? ny 4+ O(logny)

holds uniformly with respect to all natural ny, no, and I = na/ny.

What differentiates this result from many others is that no dilations of a certain
fixed domain are taken. Note that nothing is known about analogs of (LX) for !
other than integer and the case of several variables, d > 3.

In this paper, we obtain the following improvement and generalization of (L))
and (L3) related to the formulas ([4) and (IH). We prove that if W is a bounded
convex polyhedron in R¢ such that

[0,m1] x -+ x [0,mg] C W C [0,n1] X --- x [0,n4],

then for sufficiently large (ni,...,nq) we have
d d
(1.6) c(d) H log(m; +1) < L(W) < C(d)s H log(n; + 1),

j=1 j=1
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where s is a size of some triangulation of W (see Theorem [£1] and Theorem [4.3]
below).

Recall that the size of a triangulation is the number of tetrahedra (simplices) in
the triangulation. It is well known that any convex polyhedron W with m vertices
can be represented as a union of at most O(m) tetrahedra Tj, j = 1,...,0(m),
such that T; N T;, ¢ # j, is either empty or a face of both tetrahedra (see [5]; see
also [16], p. 842]).

It is easy to see that (L) complements ([LH) in the case of several variables
and yields a sharper version of (LI) and (L3]) for some classes of polyhedra. For
example, if

d
A, = 56&1&1:2%9 ,
j=1 "

then
d d

c(d) [J log(n; + 1) < £(An) < C(d) [ log(n; + 1),
j=1 j=1
where ¢ and C' are some positive constants depending only on d.

In this paper, we also obtain new estimates of growth of the L, Lebesgue con-
stants for convex polyhedra (see Theorem [ and Theorem below). These
estimates represent improvements of the corresponding results of the papers [I]
and [2].

Finally, let us note that the results of this paper can be applied to the multivariate
interpolation on the Lissajous—Chebyshev nodes (see [6]). In particular, if d = 2,
then the two-sided inequality (LLG]), see also ([{8) below, gives new sharp estimates
for the error of approximation of functions by polynomials of the bivariate Lagrange
interpolation at the node points of the Lissajous curves (see [10]).

1.1. Work organization. The paper is organized as follows: In Section 2 we
provide the basic notation and preliminary remarks needed everywhere below. In
Section 3 we collect auxiliary results. In Section 4 we prove the main results of
the article and provide some examples of their applications to particular classes of
polyhedra. Section 5 is devoted to the L, Lebesgue constants of convex polyhedra.

2. BASIC NOTATION AND PRELIMINARY REMARKS

Let T? ~ (-7, 7]% d = 1,2,..., be the d-dimensional torus. We use the following
notation z¢ = (z1,...,24) € T, k? = (ky,...,kq) € Zi, €= (&,...,8) € Ri,
(x?, k?) = kyxy + - + kgrg, and

Hf@ﬂﬂ—</ﬂmeﬁ>, 1 <p<oc
'H‘d

Denote n¢ = (ny,...,nq) € RY, m(d = (mgd), . 7mgid)) € R4, and
nq 0 0 .- 0
no m(ll) 0 cee 0
M@ — | ns m§2) mg) e 0
ng m@D @D L ey
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With such vectors n¢, m®, and the matrix M (9 we associate the following vector
function:

= (A1,...,Ag) : RET s RY
where A1 = ng and

(21) A=A & = A5 MY) i=ny — (mbY g5 s=23....

By P(A?) we denote a polyhedron in R? which is defined as a set of vectors &%
satisfying the system

0<& <Ay,
(22) { 0< & <A€Y, s=2,....d,

(see also ([23) below). In particular, if the matrix M(® is such that mj =0 for

j=1,...,sand s=1,...,d—1, then P(Ad) = [0,n1] X - -+ x [0, n4] is a rectangle.
At the same time, if

ni 0 0 0
Up) ng/nl 0 0

M@ — | ns n3/ni nz/ny .- 0 ,
ng ng/ni nz/ng - ng/na-

then

3|b

d
PAY) =A,={¢cR:: Z
is a d-dimensional tetrahedron.
The floor, the ceiling, and the fractional part functions are as usual defined by
|z =max{m € Z : m <z},

[z] =min{n € Z : n >z},

and
{e} =2 — =],
correspondingly.
By [z] we denote |z] or [x]. If necessary, we will specify in the corresponding
line the meaning of [-]. In a similar manner, by (z) we denote {z} or x — [z].
One of the main objects of this paper is the following Dirichlet type kernel:
(A7) [Ad) [Ae(k)]  [Aa(RH] L
D SELELED i SRt SRV
kd=0 ki=0 kz=0 ka=0
Note that, if P(A?) is defined by ([22), then
[Ad] [A2(R1)]  [Aa(B4H)]
O o D M
kdEP(Ad)ﬂZd k1=0 ko=0 kq=0
[A1] [Az(k1)]  [Aa(k'7h)]
= pilk® x?)

k1=0 ko=0 ka=0
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At the same time, if P(Ad) is defined as a set of vectors £€¢ = (&1,...,&;) which
satisfy the system

(2.3) { 0<& <A +1,

0<&<A(E7H)+1, s=2,....d,
then
[A1] [A2(k1)] [Aa(k?=1)]

Z RICEES Z Z Z pilk? a?)

ke P(AY)NZS k1=0 Fko=0 kq=0

Throughout the paper, we suppose that ) 3, ., = 0 and ZkB:A(. ..)=0if A > B.
We always take into account this remark, when using the equality
B B A-1

(2.4) Y= 0=-> )
k=A k=0 k=0
for 0 < A< B.
Let d =2,3,.... Denote
Gage (27)
1 ; _ _ _
— m (el("d+1)mdDM(d71)(md 1 m(d 1)xd) o DM(d—l)(:l’d 1))
and
i(ng+1)zq (At
€ 7 1 ogdml_gpld-1y —1 )z
Fageo (@) i= Sy 3 e (i),
kd—1=0
where m(*)y, := (mgS)u, ,m$u) and u € TL.

By deg,T,1=1,...,d, we denote the order of a trigonometric polynomial T'(x%)
in the variable x;. Throughout the paper we use the notation A < B for the
estimate A < ¢B, where A and B are some nonnegative functions and ¢ is a
positive constant independent of the appropriate variables in A and B. Up to
Section [0l this constant ¢ depends only on the dimension d. Below A < B means
that A < B and B < A simultaneously. In what follows the sign “<” means “<”
or “<”. The concrete meaning of “<” will be explained in the appropriate place.
By C(-) or Cj(-), j = 1,2,..., we denote some positive constants that depend on
indicated parameters.

3. AUXILIARY RESULTS
Lemma 3.1. Let d > 2. Then
(3.1) Dpra (%) = Gppe () + Fpgea (2%).
Proof. Note that

(At [Aa(k?~1)]
. d—1 d—1 .
(32) DM(d) ((Bd) = Z el(k ) & ) Z elkdﬂid
kd—-1=0 kq=0
and
[Ad(kd—l)] i([Ad(kdil)]ﬁ-l)wd 1

ikqx _6
(3.3) > ethare = o

ka=0
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Thus, by using (3.2)) and (B3] and taking into account that

ei([Ad(kdfl)]-i-l):cd -1

— ei(Ma(kT D+ 1)za _ + oi(Aa(k™)+1)za (e—iU\d(kd’le — 1) ,

we get (B.I)).
Lemma 3.2. Let
it+z _ 1
e
Si(z) == w1 t>0, zeT.
Then
(3.4) 1St £y (rr) < log(t + 1).
Proof. To prove (34]), we note that for |z| < 1/(t+ 1)
i(t+1)z _ 1
e
and for 1/(t+1) < |z| <7
i(t+1)x _ 1 ) 1
e
3.6 - . < —.
0 e e

Now, by using (B) and (B6), we get
R I |
i</ J1@rn<el<n
dx

< / (t+ 1)dz +/ T <og(t + 1).
|2 <1/(t+1) 1/(t+1) <l < 2]

Lemma 3.3. Let N > N; =deg; Dpga+ny > 1,1=1,...,d+ 1. Then
(3.7) |G arasn ||z, (rarry S log(N + D[ Dag [z, (rey-
Proof. Denote

d d
 Dyp (2% = m{V2a11) = Dpgo (@ = mP 3a41)

dy .
‘/l(w )_ e”dﬂ—l ’
where
ml(d)de :=(0,...,0, ml(d)de, e ,m((id)xdﬂ) € Ri, l=1,...,d,
——
-1
and
d
m&ﬁlxdﬂ = (0, ceey 0) S Ri
One has
G () = Dpgeaoy (@) Sy, (Tasa)
n DM(d) (:cd — m(d)xd+1) — DM(d) (:zcd)
eirart — 1
d

= Dy (@) Sy, (as1) + Y Vi(@?).
=1
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Therefore, taking into account that 0 < ngy1 < N and Lemma B2l we get

d
IG arcavllpyrasny < ISnup Ly @) IPascar |y cray + D Vil oy rasy

(3.8) ] =1

Slog(N + 1) Dpgallzyray + Y IVillz, o).
=1

To estimate ||Vi| 1, (ra+1), we denote m; = max{|ml(d) |,1}. We have

(39)  Villp, o) = / + / 5L+ D
|wat1]>1/(Nmy)) |wat1]<1/(Nmy))

It is easy to see that |ml(d)| < 2N. Indeed, 0 < Agyq (k) = ngyr — (Mm@ k) <
Ny for all admissible k¢ € Zi (that is, for those k? which belong to the region

d
of summation in ZLAdz]o) Hence, |ml(d)|kl < Ngt1 + nag+1 < 2N and we obviously
have the desired inequality, from which we derive

(3.10) log(Nmj) = log N + log (max{|ml(d)|, 1}) < 2log N + 1.
Using BI0), we get
(3.11)

[Dago (22 = mP2a11)| + [Dpgn (20 = mi? war1)|

d$d+1

ne
241|121/ (Nm}) |[Tat]
|Dppea (24|

s [ dzgs1dzt S (10g N + 1) Dagen 1, (ro
wasa|>1/(Nmp)  |Zatal

Now, let us estimate I,. Denote h = ml(d)xdﬂ - ml(i)lxd_l'_l. By the classical

Bernstein inequality (see [7, p. 102]), we get

0
/T1 |DM(d) (.’Bd — h) - DM(d) (zcd)|d:1:l S |h‘ /El ‘6—J:ZDM(d)(md) dl‘l

(3.12)
< 11N [ 1Dagin &
T

Therefore, by ([B12]), we have

I </ dzgq
2 5 T
|zat1|<1/(Nm]) |Tat1] Jpa
(d)

S ——IIDr@ Ly ray S NDpr |l 1y (ray-
Nmj B L

Combining (39), 311]), and BI3]), we obtain
(3.14) Vil Ly (rasny S (log N + D[ Dagean ||z, (v

foreachl=1,...,d.
Finally, combining (3.8)) and B.14), we get (3.7). O

|Dpscr (2 = h) = Dy ()| da?
(3.13)
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Everywhere below, we denote nj = (n;1,...,n;) € R®, mg-s) =( 551), . ,mgi))
€ R?,
1 0 0 L 0
Nj2 (1) 0 ce 0
M = | nys (2) m%) s 0
J _ ’
s—1 o1 o1
Njs (1 ) mﬁ-z b mg'sq)

A; = (Ajla- . -;Ajs) : R171 — RS,
where Aj; = nj; and Aj = Ajs(€571) i=ny, — (m;sfl),fs_l) fors=2,3....

Lemma 3.4. Let f € R, a? = (ai,...,aq) € RY, and

TM(d) Z akde ke, =) , apa €C.
ka=0
Then
(A7)
(3.15) Z akdez(k =) = Zej M(d)( d),
k=0 Jj=1
B=(ad, k)

where R < C(d), e; € {—1,1}, and

[Af]
(d) E Qped ez(k a
kd=0

are such that deg; T ;) < deg; Tpg for allj=1,...,Randl=1,...,d.

Proof. The system

implies that

0§k1§A1 (OI‘ 0§k1</\1+1),
0<ks <Ag(k1) (or 0<ks <Ay Y)+1), s=2,...,4,
B < (af, k7).

To see this, one may use the fact that for n € Z the inequality n < |z is equivalent
to n < z and the inequality n < [x] is equivalent to n < x + 1.

Next, by the Fourier-Motzkin elimination method (see [19, Ch. 12] and [18]), the
above system can be rewritten as a union of r (r < C(d)) systems of the following
form:

A<k <A,
Ajs(ks_l)ﬁks A (kg 1) 822,...,d,



THE GROWTH OF LEBESGUE CONSTANTS FOR CONVEX POLYHEDRA 6917

where 1~\js and IN\jS, j=1,...,r, have the form (2IT]). Therefore, one has

[A]

Z akdei(kd,md)

ﬁﬁlfzd:,%d)
(3.16)

-y Y )

J 1/~\j1<k1</:\jl ]\js(ksfl)ﬁksﬁf\js(ksfl)
Now, BI6) and equality 24) imply (BI5). O
Lemma 3.5. One has
(A9
Li(Td) J

(3.17) S itk
kd=0
Agyr(kd)ezy

|DM;d> Il 2, (ray

R
|
=1

where R < C1(d) and the matrices M;d), 7=1,..., R, are such that
(3.18) deg; Dy ) < Co(d)deg; Dpgay  forall 1=1,...,d and j=1,...,R.

Proof. Let us prove the following equality, from which [BI7) can be easily derived:

(A7)

S:= Z ei(k?, =%

kd=0
(3.19) Agpr (s

R
:Zajei(ﬁ?,md)DMEd)(rgmd+a5_1)x2_i_m_'_a;dq)xd)’

j=1
where ¢; € {-1,0,1}, ﬁ? € 74, r? € N¢, r}imd = (rjiz1,...,7jq%q), and agl) =
(a§l1)7...,a§-ll),0,...,0) cRYforall j=1,...,Randl=1,...,d—1.
We prove (BI9) by using induction. First, let d = 1 and
ni
S = Z ek,
k=0

ng—mi k€LY

Consider four cases for the parameters ny and m;:

1) If no ¢ Q and my € Q, then it is obvious that S = 0.

2) If ny € Q and m; ¢ Q, then there are only two possibilities: S = 0 or there
exists at most one integer 5 € [0, n;] such that ny — fmy € Zy. Otherwise, if there
existed also an integer 5’ € [0, n1] such that no — 8'my € Z, then we would have
that (8" — 8)my € Z, which is impossible. Therefore, we have

g e if there exists B € [0,n1] N Z: ny — fmy € Zy,
10 otherwise.

3) If no € Q and m; € Q, then it is easy to see that

S = 1, Nng € Z+,
1 0 otherwise.
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4) Finally, let ny,m; € Q be such that m; = p1/q and ny = pa/q, where g € N.
Then the condition ne — m1k € Z is equivalent to

(3.20) pik =ps (mod g).

Let ¢ = ged(p1, ¢) (the greatest common divisor). If ¢ # 1 and ¢ 1 pa (¢ does not
divide p2), then ([B20) does not have any solution and one can put S =0. If c =1
or ¢ | p2 (c divides ps), then the solution of ([B20) can be represented as

k=pB+ry, 0<pB<r, v € Z.
From the inequality 0 < k < ny, we get that —| A] < v < |B], where A = 3/r and
B = (ny — B)/r. Therefore,
LB] LB]

S = Z ei(ﬁ-ﬁ-rv)w _ eiBw Zeirum,
v=0 v=0

which implies (3I9) in the case d = 1.

Now, let us fix d and assume that (BI9) holds in any dimension less than d.
As in the above case d = 1, we consider several cases for the parameters in the
following condition:

d
(321) Ad+1(k:d) =Ng+1 — Zmlk‘l € Z+.
1=1

1) If ngeyy € Qand m; € Q, 1 = 1,...,d, then condition ([B2I)) implies that
S=0.

2) Let ng+1 € Qand m; ¢ Q, 1 =1,...,d. In this case we have two possibilities:

S = 0 or there exists a nonzero vector k1 = (k1,1,...,k1.4) € Zi such that
d
(3.22) Nd+1 — Zmlkl,l =N, €Z,.

1=1

In the last case, supposing that k; 4 # 0, we obtain from (322)) that
d—1
(3.23) Mg = a1ngs1 + Z biymi + ¢,
1=1

where a1 = 1/k1,4 and ¢1,01, € Q, 1l =1,...,d — 1. Then we derive from (B.23)
that in the considered case, [B.2I)) is equivalent to

d—1

(1 — alkd)ndﬂ — Zml(k‘l + bl,lkd) — Clkd S Z+.

1=1
We again have two possibilities: S = 0 or there exists a nonzero vector ko =
(k271, ceey k?,d) S Zi such that

d—1
(324) (1 — alkd)nd+1 — Zml(kQJ + b17lk27d) — Cle,d =Ny € Z+.
1=1
Supposing that ks g1 + b1 g—1k2.q—1 # 0, we derive from ([B.24) that
d—2
Ma_1 = agngpr + Y baymy + 2,
1=1

where 0 # a2 € Qand 2,09, € Q, 1 =1,...,d—2.



THE GROWTH OF LEBESGUE CONSTANTS FOR CONVEX POLYHEDRA 6919

Repeating this procedure (d times if necessary), in the final step we again derive
that there are two possibilities: S = 0 or there exist v}, u; € Q such that
(325) m; :Vj—i—nd_,_l,uj, ]:1,,d

It is clear that this representation is unique.

Next, from (B2I) and [B25]), we get
d d
Nd+1 (1 - th) —> vk € Zy.
=1

1=1
In view of ng11 € Q, we derive that this condition is possible only if

d d
(326) Zﬂlkl =1 and Z vk € Z+.
=1 =1

It is clear that pug # 0. Thus, the first formula in (B26) yields that kg = 8 —
(a? 1 k1) € Z,, where 8 = 1/ug and oy = y;/pg, Il = 1,...,d — 1. Combining
this with the second formula from [B26]), we get

(Af1]
(3.27) 5= 3 G @) (B (et K g

kd—-1=0
p—(ed=1 pd=h<[Ay (kI )], f—(&d =1 kd=T)ez,

By Lemma [34] (327 can be rewritten as

~d—1
R’ [Aj ]
i pd—1 d—1_ _d—1
(3.28) S = ¢ihTa E 5;_ E iR 2T —a xd),
Jj=1 d—1—

p—(ed—1 kd=1)ez
where €} € {~1,1} and R’ < C(d). Thus, applying the induction hypothesis to
each sum in (28], we obtain (B19).

3) Let us consider the case ngy1 € Q, my,,...m;, ¢ Q for some t < d and
1<h<---<l;<d,and my, € Q for k #1;, j =1,...,t. Suppose for simplicity
that my,...,mq ¢ Q. In this case, the condition Ay, (k?) € Z implies

d
(3.29) Zmlkl € Q.
=t

It is clear that ([B:29]) holds for k; = --- = kg = 0. If there are no other admissible
ke, ..., kq such that B29) is fulfilled, then (B2I]) is equivalent to the following

condition:
t—1

nd+1—Zmlkl EZ+ and ki =---=kgy=0.
1=1
If t = 1, then this condition implies that S =1 if ng41 € Z4 and S = 0 otherwise.
In the case t > 1, the above condition implies that
(A1
. t—1 t—1
(3.30) S = UG A
nd+17(mt71,kt71)62+
Thus, applying the induction hypothesis to [3.30), we derive ([B.I9). Note that we
have the same conclusion in the case t = d.
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Let us suppose that ¢ < d and there exists a nonzero vector (kiy,...,k1,4) €
Zfl[tﬂ such that [3.29) is fulfilled. Let, for example, k1 4 # 0. Then, from (B3.29)
it follows that

mqg = a1,d-1Md—1 + a1,4-2Md—2 + -+ -+ a1 m¢ + c1,

where ¢1,a1;, € Q, 1 =t,...,d — 1. Thus, (8:29) can be rewritten in the following
form:

d—1
(3.31) Zmz(kz + a1, kq) € Q.

I=t

As above, let us consider two cases for (B31]). First, let (831 hold only if
k:l—f—al,lkd:O, l=t,...,d—1.

It is clear that for some Iy € {¢,...,d — 1} one has a1, # 0. Let, for simplicity,
lo = d — 1. Then we derive that kg = al_lli_1 = vkg—1. Thus, in this case, 321 is
equivalent to

d—1
Ng+1 — Zmzkz — mgyka—1 € Zy.
=1
Hence,
(A4
copd—1 _d—1y
(3.32) S= 3 iK' @) ivka1ma
kd-1=0

Yhg_1<AG(RA=D)] ng g —(md— 1 kd=1)—m vk €Ly

Thus, applying Lemma[34 and the induction hypothesis to ([B:32]), we derive (319).
Now, let us consider the case of an existing nonzero vector (kay,...,koq) €
Zfl[tﬂ such that
d—1
(3.33) Zml(kQ,l + al,lkld) €eQ
1=t
and for some Iy € {t,...,d -1}
(3.34) ka1, + a1,10k2,q # 0.
Let, for example, [B34)) hold for iy = d—1. In this case, combining (B33) and (334),

we derive
Mmg—1 = G2,d—1Md—2 + -+ + az My + Ca,
where ¢g,a2; € Q, 1 =t,...,d — 2. Thus, (B3] can be rewritten in the following
equivalent form:
d—2
Zmz (ki + ag ka1 + (a201,4-1 + a1,1)kq) € Q.
1=t

It remains to apply the previous arguments a necessary number of times.

Other cases for my,,...m;, € Q can be considered in a similar way.

4) The case ng41 € Q, my,,...my, € Q forsomet <dand 1 <1l <--- <l <d,
and my € Q for k #1;, j = 1,...,t, can be considered by analogy with the cases
2) and 3).

5) It remains to consider the case ng41 € Q and m; € Q, 1 =1,...,d. We can
suppose that n441 = pa+1/q and m; = p;/q, 1l =1,...,d, where g € N.
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Denote ¢g = ged(pa,q). If cg = 1 or cq|par1 — (p? 1, k%1), then, by the well-
known formula for the Diophantine equations, the condition A4 (k%) € Z implies
that

(3.35) kg =by— (a1 k7Y 4y, veZ,
where
g4y _q a4y 1
T:i>1 b :pd+1 ]ﬁ ¢(Cd) a :& @ w(Cd) l:1 d—l
ca = 4, 0 ca cd ) l ca ca ’ PR )

and ¢ is Euler’s function. It is clear that one can rewrite ([8.35) such that
kqg=1b— (ad_l7 kd_l) +rv, veZ,
and
(adfl, kd*l) —b > 0

for all admissible k¢ € Zi.
Since 0 < kg < Ag(k?1), we get

% (@ " k™) —b) <w< % ([Aa(k1)] + (@, k1) —b)

and, therefore, it follows that

(A1) [Aa(R?™h)]
S = Z PRICE Z pikaza
kd—1=0 kq=0
(3 36) (Pd+1*(Pd71=kd*1))/Cd€Z+ kg=(b—(ad=1, kd=1))4{ry
' (A% [B(k?~1)]
_ eibmd Z ei(kdfl,mdflfadflzd) Z eirl/:r:d,’
kd—1=0 v=[A(kd=1)]
(Pd+1*(Pd711kd71))/Cd€Z+
where
_ 1 _ _
A(k:d 1):;((ad 1,kd 1)—b)
and
[B(k™)]
L (Aalkt1) + (@1, K1) — b)) (Aak1)] = [Ag(ke1)].

[L(Ag(k*1) + (@1 k41) —b+1)] =1 otherwise.

Next, to ensure ([BI8) we choose b € Z and @’ € Z4~! such that
b
deS -—b Sl—f—de
r

and

deg‘ﬂ—al‘gude, I=1,....d—1,
T
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where Ny = degy Dps@. Thus, we get

(B(k~1)] ) (B(k~1)] )
Z eirvTa — eir(bf(&d_l,kd_l))md Z eir(uf(bf(&d_l,kd_l)))md
v=[A(k?"1)] v=[A(kI"1)]
(3:57) [B(k—)]
_ir(b—(a% 1t kT Yz Z irvTg
=e e ,
v=T Akt )]
where

0 < Ak < B(k41) < 2dNy.

Finally, combining (3.36]) and 3.31), and using (24 and the inductive hypothesis,
we obtain ([BI9). O

Lemma 3.6. Let r € N and Agy1(k?) > 0. In terms of Lemma B35, one has

(A
copd o .d
> e EN N (k)
k=0 Ly(T4)
(3.38) 17« a4
r i(kd,xd v
S Iy e + 32 (1) | X = thana )
j=1 v=1 kd=0

L1 (T%)

Proof. Inequality (3.38) is obvious for (x) = {«}. Let us consider the case (x) =
x — [z]. Using the equality

x € 7,

0,
<w>=w—m={{$}_1’ oy

we derive
(A9
. d d
S e A (k)
k=0
(A7) (A7)
3 d d T - d d
Y e (R 1) 1y Y e
ki=0 kd=0
Agyq(kd)ez
[A9] [A9]
. d _d . d d
— (_1)r+1 Z ez(k T )+ Z ez(k: %)
ki=0 k1=0

Agyq(kd)ez
(A7)

+ Z(—l)“"@ > M A (k)"

ki=0
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Therefore,
[A] [A]
Z ez(k ,a? Ad+1( )>r < Z ei(kd’wd)
(3 39) e La (1) Adfld(i‘(l))EZ L (T
[A] (A“] o
+| D et e +Z< ) > e A (k)
ki=0 Li(Td) v=1 kd=0 L1 (T4)

It remains to apply Lemma B35l to the first sum in the right-hand side of (339). O

Lemma 3.7. One has

© (gny || A%
HFM<d+1>||L1 Tty S Z Z ¢kt Ad+1(k )*
s=1 ! kd—0 L1 (T4)
Proof. We have
| Engcasn || oy (raery
T L= .
S/ Z PO (6—1<Ad+1(k NTar1 _ 1) dadt?!
ot Toar] | 2=,
< 1 & i(k?, z%) = (—izd+1)° A dy\s d+1
< /T o T | 2 G ) e
oo s (A]
SR [T e | et
=1 5 T
The lemma is proved. |

Lemma 3.8. Let s € N and Agyq(k?) = ng1 — (m@D k%) > 0, where ngy 1 =
pa+1/q € Q and ml(d) =p/qeQ,l=1,...,d, withq € N. Then

(A7)
(3.40) > e A (k) < log(s(a + 1) Dago 1, ¢ray-

k=0 Ly(T4)

Proof. To prove ([3.40), let us consider the following auxiliary 1-periodic function:

u®, 0§u§1—%,
h(u) :== s
(1—%) q(1 —u), —%gugl.
One has (see [1}, p. 1063])
~ 1 ~ sq
h(k)| S — d |h kel
\()|N|k| an |()\N|k‘2, €Z,
and
(3.41) > [h(k)| S log (s(g+1))
keZ

where {h(k)} are the Fourier coefficients of h.
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Now, using ([3.41]), we obtain

(A7) (A7)

. d d . d d
> )| = [ ]S h (k) | et
kd=0 Ly (T4) T4 | ga—g

[Ad] d .d d
— i(k , L ) /ﬁ 27TiVA(H,1(k: ) d d
/Td Z e (Z (v)e > x
kd=0 vEeL
N [A] o
<> )] > ke dgd
= T | ka=o

S log(s(g + D)IIDpr |z, ooy

O

Lemma 3.9. Let N > deg; Dpsarny, I =1,...,d+1. In terms of Lemma B, one

has
(A .y R

(3.42) || > e *Hm Ay (KT} S (log s(N + 1)+25)ZIIDM;d>HL1<w>~
k=0 L1 (Td) j=1

Proof. By Dirichlet’s theorem on simultaneous diophantine approximation, for any
@ > 1thereexist pp € Zy,l=1,...,d+1,and ¢ € N, 1 < ¢ < Q, such that

Dd+1 1

Nd41 — —— I

q qQ
and
1
‘mg@_& < 1=1,...,d
q qu
Denote

_ Pd+1 @ Db .
Yd+1 = Nd+1 — P n=m ——, l=1,...

’Yl:(’Yla-~-a’Yl)7 pl:(plv"'apl)v l:177d+1

Let us take @ = N@+D* In what follows, we may suppose that N > 2. Then
it is easy to see that

(A1 (6} = var1 = (7" k) + {Rana (k) }

1, va41 < (7%, k%) and Agi1 (k) € Z,
+ .
0 otherwise,

where
~ _ d kd
Agr (k%) = Pan —PLE) q(p : )-
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Thus, we get
[A]
§:= > e s (k)
kd=0
[A] s
= 30 e (g = (v k) + {Rana (kD )
kd=0
[A]
+ Z ei(kd’wd) = 51 + Sz.
kd=0

Va1 < kD), Ryiq (kP ezy
Let us consider the polynomial S;. We have

(A7)

S = Z ez’(kzded) Z (j) (’7d+1 . ('Yda kd))u {Kd+1(kd)}87y
ka=0 v=0
[A] i
=2 ik =) {T\dﬂ(kd)}
ki=0
s s [Ad] 4 a . o
+ Z <I/> Z el(k ,x) (’-Yd-i-l _ (’Yd,kd)) {Ad+1(kd)}
v=1 kd=0
= S11 + Sha.

Taking into account that ¢ < Q = N@+D? and using B40), we obtain
2
(3.43) 1511l (ray < log (S(N(d+1) + 1)) [Dase Ly (tay-

Since a1 — (v, k)| £

~

ﬁ, it follows that

s [A9]
S 1
(3.44) S22/l 7, (ray < <V> > vt S 2 S 2 I Da iy
v=1 kd=0

Thus, combining [3.43) and ([B.44), we derive
(3.45) 151l (rey S (log s(1 + N) +2°) | Dpg ||, (ray-

At the same time, by Lemma [3.4] and Lemma 3.5 we obtain
R
(3.46) 152l Ly zey S IDpg @l cre)-
j=1

Finally, combining (345) and (340]), we get ([3.42).

6925

]

Lemma 3.10. Let N > deg; Dpgasny, L = 1,...,d+ 1. In terms of Lemma B3]

one has
R

[ Engcasn ||z, (rarry S log(N + 1) Z ||DM§d> | 2, (14)-
j=1
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Proof. By Lemma [3.7] Lemma [3.6] and Lemma [3.9, we obtain

(Z HDM(4>HL1(Td

[ Fagcan |y (ray S Z

“k‘“wd>{Ad+l<kd>}”
kd 0
R
(ZI (@ 2, (re)
s R
V) ( logv(N +1)+2") > Dy, (d)||L1(Td)>>
j=1

S S R
Z 1P pyco s ey,

Ll(Td)>

oo
<log(N +1) Z
s=1

where
R
ZHDMy)HLl(w ZHD (@ 2, (re) +ZHD @ |y re).
j=1 j=1
The lemma is proved. O

Now, let us find an estimate of the Lebesgue constant for the following Dirichlet
kernel:

(A1) [A2(R)] [Aa(R)]
(3.47) Dpra () = Z Z Z ik’ 2
k1=0 ko=0 ka=0
Lemma 3.11 (Main Lemma). Let N; = deg; Dpge) > 1,1=1,...,d. Then
d
(3.48) IDaro oy S [Tlog(™: + 1).

=1
Proof. One can suppose that Ny < Ny < --- < Ny. Otherwise, one can change the
order of summation (using equality (24])) and rearrange the variables (z1,...,zq)
such that the following representation holds:

Dy (z E ;D M (x (J)a"'?xi((j)),

where r < C(d), ¢; € {—1,1}, and (zg ). ,ig)) is a rearrangement of (1,...,d)
such that

(3.49) degigﬂ DM]@ <. < degi;ﬂ DMJ@, j=1,...,m

and

(3.50) degil(j) DM(d) < degil(j) Dpray, 1=1,...0d, j=1,...,r
J

Therefore, since

I Dns ||y (ray < Z HDM(d) 2y (Teys
j=1
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to prove the lemma, one has to estimate the norm of D, ) for each j =1,...,r
i

and take into account ([349) and (E50).
Let us prove ([348) by induction. For d = 1, the inequality ([B.4]]) is obvious.

Suppose that for any s = 2,...,d one has

(3.51) | D e +1),

where D ., is some polynomial of the form (3.47) such that deg; D ;) < C(d)Ny,
l=1,...,s. Let us prove that

d+1
(3.52) D g+ ||L1(']1‘d+1) S H log(N; + 1),
=1
where
(A1) [Aa(k)]  [Aa(e™ )] [Aaga(B)] e an
Dupeniy = 30 S0y Y
kl 0 k72 0 k?d 0 k}d+1 0

Nay1 = degyy Dpgarny > Ny, and Agyq1(k?) > 0 for all admissible vectors k<.
Indeed, by Lemma 3] Lemma B3] and Lemma [3.10, we obtain
||DM(d+1) ||L1('H‘d+l)

< NG preaen oy (rarry + ([ Fageasn | oy ra)
(3.53) R

Slog(Nat1 + DI Dag |l o, ray +log(Nagr +1) Y ||DM§d> | 2 (1)
j=1

where DM§d> is such that deg; DM§d) < C(d)N;foralll=1,...,dand j=1,...,R.

Therefore, applying ([3.51) to the last inequality in [353), we get ([B.52).
The lemma is proved. |

4. MAIN RESULTS

In the following theorem, we obtain an estimate from above of the Lebesgue
constant for a general convex polyhedron.

Theorem 4.1 (Main Theorem). Let P C RY be a bounded convex polyhedron such
that P C [0,nq] x --- x [0,ng], n; > 1, 5 = 1,...,d, and let s be a size of the
triangulation of P. Then

d
(4.1) L(P) < C(s,d) [ ] log(n; + 1).

j=1
Moreover, if minj—y . qgn; — oo in [@I), then C(s,d) < C(d)s.

Proof. We start from the triangulation of the polyhedron. Let P be triangulated
by s tetrahedra T} such that

P= O T;
j=1



6928 YURITI KOLOMOITSEV AND TETIANA LOMAKO

and T; NT;, i # j, is either empty or a face of both tetrahedra (see [5], [16], p. 842]).
Using the inclusion—exclusion principle, we obtain

(42) <Zc Z > LNt

v=2 \1<li<-<ly<s

Note that the dimension of the tetrahedron 7j, N---N7T;, is less than d. Thus,
to prove the theorem it is sufficient to prove ([@IJ]) for any tetrahedron 7" such that
T C [0,n1] X --- x [0,n4]. In particular, this and (@2 yield

d d
L(P)<C(d sHlognj—l—l )+ C(d,s) ZHlognj—l—l

1 j=11i=1
Jj= J ZL¢

U

This inequality implies the statement of the theorem.
Suppose that a tetrahedron T C [0,n1] X - -+ x [0,n4] is given as a set of vectors
¢l e Ri such that

(4.3) (@l e < B,

where al( ) = (al(f),.. (d))ERd and B eR, 1=1,...,d+ 1.

Solving the system of inequalities (£3]) by the FourierfMotzkin elimination
method (see, e.g., [19) Ch. 12] and [I§]), one can verify that T' can be represented
in the following form:

R
= U P;
j=1

where R < C(d) and P; C T are (nonclosed) polyhedra such that P; N P; = &,
i # j, and for each j = 1,..., R the set P; can be defined as a set of vectors & € R‘i
satisfying the system

{ AJ1 S §1 ]1) _

—js(&s 1) _<§3 N A]’S(5571)7 S:2a"'7d7

where A;; and Kjl are positive numbers and the functions A, and st, s=2,...,d,
have the form (l?ﬂd]) (we associate X? = (Aj1,...,Ajq) and A? =(Ajy,...,A;,) with
the matrixes M; ) and M ;d), correspondingly). Thus, we have

Z Gilk, @)

d
keTNZ

i(k, x)

(4.4) e

€P;NLY.

L, (T4)

By using equality (2.4]), we derive the following representation for each P;, j =
1,...,R:

(45) Z Z(k ®) = ZEV_] M(d) )a

v,j
keP; ﬂZd
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where R; < C(d), €,; € {~1,0,1}, and D (0 has the form ([3.47). Tt is obvious
that we can choose the matrixes ]\7[,5? such that deg; DM@) < n; for each | =
~ v»J
d,j=1,...,R, and v = 1,..., R;. Finally, combining (@4) and ([&I]) and
applying Lemma B 1T to each D ), we derive
v.j

d

Mﬁd} Iz, (rey < C(d) Hlog(nj +1).
, iy

I Mﬁ?‘

R
The theorem is proved. |

Remark 4.2. In the case d = 2, more accurate calculations show that the inequal-
ity (1)) holds with C(s,2) = cs, where ¢ is some absolute constant.

In the next theorem, we obtain an estimate from below of the Lebesgue con-
stant for one class of convex polyhedra. In particular, the result below shows the
sharpness of Theorem (.11

Theorem 4.3. Let P be a bounded convex polyhedron in R? such that [0,n1] % - - - X
[0,n4) C P, C R‘i and letn; > 1, j=1,...,d. Then

d
(4.6) [T 10g(n; +1) $ L(P).

j=1

Proof. By using a multidimensional generalization of Hardy’s inequality (see [17],
p. 69])

Iakl
(4.7) Z dZ: (k1 +1)...(kg+1)

k1=0

i(k, x)

ki=0  kq=0 Ly (T4)

and the induction argument, we get

Z ei(k,a:)

1
>
L1 (T4) ~ Z (k1+1)(k52+1)...(k3d—|-1)

kePnzd kePNZ{
N [n1] [n2] [na) 1
~ 00 o (k1 + 1) (ka+1)...(ka+ 1)
d
2 [ log(n; +1).
j=1
The theorem is proved. |

Now, let us consider some examples of application of Theorem E.Il and Theo-
rem

The simplest example is the rectangle R, = [0,n1] X -+ x [0,n4]. One has

(see (LA))
d
= H log(n; + 1

The problem becomes nontrivial for tetrahedra.
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Corollary 4.4. Letn; > 1, j=1,...,d, and
d ¢
Ap = geRi:Zn—{g
j=1 "

Then
d

L(A,) = H log(n; +1).

j=1
Proof. To prove the corollary, it is sufficient to note that
[0,n1/d] x -+ x [0,n4/d] C Ay C[0,n1] X -+ x [0,n4]
and use Theorem 1] and Theorem E3 O
By analogy, we can prove the following result which can be applied in multivariate

polynomial interpolation on the Lissajous—Chebyshev nodes (see [6]; see also [10]
in the case d = 2).

Corollary 4.5. Letn; > 1, j=1,...,d, and

Tn:{EERi§+§_]§17 fOT z#;% 7’7‘7:177d}

n; U

d
(4.8) L(Ty) = H log(nj +1).

5. ESTIMATES OF THE L, LEBESGUE CONSTANT FOR CONVEX POLYHEDRA

Let

p

e dx

kewnzd

1
= | e /.

be the L, Lebesgue constant for the set W C R¢,

Above, we obtained the estimates of £(WW), for convex polyhedra in the case
p = 1. It turns out that all these results can be transferred to the case 1 < p < 0o
after some minor changes.

In particular, in the following results, we improve and generalize the main results
in [1] and [2]. Everywhere below, 1 < p < oo and constants in “<” and “2” depend
only on p and d.

Theorem 5.1. Let P C R? be a bounded convex polyhedron such that P C [0,n;] x
x[0,nqg], n; >1,7=1,...,d, and let s be a size of the triangulation of P. Then

d
(5.1) L(P) <CsdenJ+1

Moreover, if minj—y,_ qgn; — oo in ([B1)), then C(s,d,p) < C(d,p)s.
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Proof. Inequality (B.I) can be proved repeating step by step the proof of Main
Lemma B.TT] and other auxiliary lemmas. Here, we only note that instead of (3.4)
one has to use the inequality

IS¢,y S+ 1)

Theorem 5.2. Let P be a bounded convex polyhedron in R? such that [0,n1] % - - - X
[0,nq] C P C Ri and letn;j > 1,j=1,...,d. Then

d
(5.2) H (nj+1)'"% < L(P),.

Proof. The proof of estimate (5.2)) is almost the same as the proof of (£6]). The only
difference is that instead of (7)) we have to use the following L, Hardy-Littlewood
inequality (see [8])

|lak|”
Z Z 1) (ke + 1))27

k1=0 kq *O

Ny

Z Z akez(k x)

k1=0 kq=0

Lp(Td)7

where the coefficients {ak}kezi satisfy the condition ar, < am, if k; > my for all
I=1,...,d O
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